RESPONSE SOLUTIONS TO QUASI-PERIODICALLY FORCED
SYSTEMS, EVEN TO POSSIBLY ILL-POSED PDES, WITH
STRONGLY DISSIPATION AND ANY FREQUENCY VECTORS
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ABSTRACT. We consider several models (including both multidimensional or-
dinary differential equations (ODEs) and partial differential equations (PDEs),
possibly ill-posed), subject to very strong damping and quasi-periodic exter-
nal forcing. We study the existence of response solutions (i.e., quasi-periodic
solutions with the same frequency as the forcing). Under some regularity as-
sumptions on the nonlinearity and forcing, without any arithmetic condition
on the forcing frequency w, we show that the response solutions indeed exist.
Moreover, the solutions we obtained possess optimal regularity in € (where ¢
is the inverse of the coefficients multiplying the damping) when we consider ¢
in a domain that does not include the origin € = 0 but has the origin on its
boundary. We get that the response solutions depend continuously on £ when
we consider ¢ tends to 0. However, in general, they may not be differentiable
at € = 0. In this paper, we allow multidimensional systems and we do not
require that the unperturbed equations under consideration are Hamiltonian.

One advantage of the method in the present paper is that it gives results
for analytic, finitely differentiable and low regularity forcing and nonlinearity,
respectively. As a matter of fact, we do not even need that the forcing is
continuous. Notably, we obtain results when the forcing is in L? space and the
nonlinearity is just Lipschitz as well as in the case that the forcing is in H!
space and the nonlinearity is C1+Lip,

In the proof of our results, we reformulate the existence of response solutions
as a fixed point problem in appropriate spaces of smooth functions. Based on
the fixed point problem, we will obtain response solutions as well as some
regularity with respect to the singular perturbation parameter € except at the
origin € = 0. More precisely, in the analytic case, we use the contraction
mapping principle to get response solutions analytic in € for € in a complex
domain. In the highly differentiable case, to obtain optimal regularity in e,
we combine with the classical implicit function theorem. In the low regularity
case, such as H!, the contraction argument we use will be somewhat more
sophisticated. Particularly, we do not use dynamical properties of the models,
so the method applies even to ill-posed equations and we give some examples.
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1. INTRODUCTION

In recent times, there has been much interest in the study of response solutions
for nonlinear mechanical models subject to strong dissipation and quasi-periodic
external forcing. We recall that response solutions are solutions with the same
frequency as the forcing. The mechanical systems are second order equations. Since
the large coefficients of dissipation are factors of terms involving the first derivative,
this is a singular perturbation.

We are interested in finding response solutions for two kinds of equations. We
first consider an ODE model of the form:

(1.1) o+ %xt +g(x) = f(wl), = € R™.

The equation (1.1) is referred as “varactor” equations in the literature | )

’ I ? }

We also consider PDE models. One particular example is obtained from the
Boussinesq equation (derived in the paper [ ) by adding a singular friction
proportional to the velocity:

1
(1.2)  uy + gut — BUgprr — Uz = (u2)m + f(wt,x), € T=R/27Z, 5 >0,

where 8 > 0 is a parameter. Of course, the equation (1.2) will be supplement-
ed with periodic boundary conditions. We note that the positive sign of 5 makes
equation (1.2) ill-posed. That is, there are many initial conditions that do not
lead to solutions. It is, however, possible that there is a systematic way to con-
struct many special solutions, for some ill-posed Boussinesq equations, which are
physically observed (we refer to the papers | , , , D).

In both equations (1.1) and (1.2), € is a small parameter in R and w € R? with
d € Ny := N\ {0}. The forcing f is quasi-periodic with respect to time ¢t. Note that
in the PDE (1.2), the forcing may depend on the space variable. At this moment,
we think of the forcing as a quasi-periodic function taking values in a space of
functions.

In equation (1.1), one considers the nonlinearity g as a function from R™ to R
with n € N and the forcing f as a function from T? to R™. We will obtain several
results depending on the regularity assumed for f and g. First, we will consider
that the functions f and g are real analytic such that they take real values for
real arguments, which are what appears in physical applications, with ¢ € R. We
will also consider highly differentiable functions f and g, such as f € H™(m > %)
and g is C™*!, 1 =1,2,---. In addition, we will obtain results for rather irregular
functions f and g. For example, the forcing f is in the L? space, the nonlinearity
g is just Lipschitz or f is in the H! space, g is C1+HP,

In equation (1.2), we consider the function f : T¢ x T — R. Analogously
to the case of (1.1), we will present results for f being real analytic and finitely
differentiable with high regularity. Note that in the study of the PDE model (1.2),
we will just focus in the physically relevant case of a specific nonlinearity (u?),,. It is
possible to discuss general nonlinearities in a regularity class, but being unaware of
a physical motivation, we leave these generalizations to the readers. We emphasize
that, in (1.2), the nonlinearity (u?);, is unbounded from one space to itself, but
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the fixed point problem we consider overcomes this problem since there will be
smoothing factors.

From the point of physical view, the parameter ¢ is real. However, it is natural
to consider € in a complex domain when we consider our problem in an analytic
setting. It is important to notice that the complex domain we use does not include
the origin but accumulates on it. Indeed, the solutions fail to be differentiable at
¢ = 0 in the generality considered in the present paper (see Remark 16). However,
we will show that the response solutions depend continuously on € as € tends to 0.

1.1. Some remarks on the literature. The problem of the response solutions for
dissipative systems has been studied by several methods. One method is based on
developing asymptotic series and then show that they can be resummed using com-
binatorial arguments, which are established using the so-called “tree formalism”.

This can be found in the literature | , , , ]. Recent pa-
pers developing this method are | , ]. We point out that one important
novelty of the papers | , ] is that no arithmetic condition is required in

the frequency of the forcing. A later method is to reduce the existence of response
solutions to a fixed point problem, which is analyzed in a ball in an appropriate
Banach space, centered in the solution predicted by the asymptotic expansion. In
this direction, we refer to | , ] and references there. Note that the
papers | , ] considered the perturbative expansion to low orders
on € and obtains a reasonably approximate solutions in a neighborhood of ¢ = 0.
Nevertheless, to obtain the asymptotic expansions, one needs to solve equations in-
volving small divisors and assume some non-degeneracy conditions. Note that the
small divisors assumed in | , ] are weaker than the Diophantine
conditions in KAM theory. In this paper, we will not assume any small divisors
conditions since we do not attempt to get the approximate solution through an
asymptotic expansion.

Since the literature is growing, it is interesting to compare systematically results.
There are several figures of merit for results on the existence of response solutions.

(1) The arithmetic properties required in the external forcing frequency, such
as Diophantine condition, Bryuno condition, or even weaker conditions, etc.
(2) The analyticity domain in e established. Since we do not expect that the
asymptotic series converges, this domain does not include a ball centered at
the origin. Note that the shape of this analyticity domain is very important
to study properties of the asymptotic series. For example, Borel summa-

bility in | , ]. In the generality we consider in this paper, the
solutions we construct fail to be even differentiable at the origin e = 0. (See
Remark 16).

(3) Whether the method gives some asymptotic expansions for the solutions.

(4) Whether the method can deal with the forcing function f which has low
regularity (e.g. f € L? or f € H') and the nonlinearity function g of low
regularity (the case of piecewise differentiable functions appears in some
applications).

(5) The generality of the models considered (e.g. whether the method requires
that the system is Hamiltonian, Reversible, etc.)

(6) Smallness conditions imposed on functions f and g.
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Notice that all these figures of merit cannot be accomplished at the same time.
Obtaining more conclusions on the solutions (e.g. the existence of asymptotic
expansions) will require more regularity and some arithmetic conditions on the
frequency.

1.2. The method in the present paper. From the strictly logical point of view,
our paper and | , | are completely different even if they are motivated
by the same physical problem for the model (1.1). More precisely, the present paper
deals with not only analytic problems but also finitely differentiable problems and
even just Lipschitz problems by the method of fixed point theorem. In contrast,

the papers [ , | apply resummation methods to establish the existence
of response solutions under analytic condition.
In the multidimensional case in equation (1.1), compared with | ], the

methods presented in this paper do not need that the oscillators without dissipation
are Hamiltonian or that the linearization of g at the origin (i.e. Dg(0), which is a
n X n matrix) is positive definite. Further, we do not assume that the matrix Dg(0)
is diagonalizable or symmetric. We allow Jordan blocks that appear naturally in
problems at resonance | ) ].

However, we note that our method for analytic case involves smallness assump-
tions in the forcing f but not in the nonlinear part § of g. In the case of L? and H!,
we involve just smallness assumptions on ¢ but not f. For the highly differentiable
case (ie. H™ m > %), we choose either smallness assumption for f or §. (See
Section 2.4).

As a further application, we consider adding dissipative terms to the Boussinesq
equation of water waves in (1.2). We note that the equation (1.2) is ill-posed and not
all initial conditions lead to solutions. Nevertheless, we construct special solutions
which are response.

The approach followed in | , | for similar problems (1.2) has
two steps. In the first step, one constructed series expansions in ¢ that produced
approximate solutions. In a second step, one used a contraction mapping principle
for an operator defined in a small ball near the approximate solutions obtained in
the first step. Of course, this approach requires a very careful choice of the spaces
in which the approximate solutions lie and the fixed point problems are formulated.
One important consideration is that the spaces are chosen such that the operators
involved map the spaces into themselves. Since some of the operators involved
are diagonal in Fourier series, it is important that the norms can be read off from
the Fourier coefficients. It will also be convenient that we have Banach algebras
properties and that the nonlinear composition operators can be readily estimated.
We have to say that it is the idea in | , ] that inspires our present
treatment for the equations (1.1) and (1.2).

To motivate the procedure adopted in this paper, we note that in the method
of [ , ], the fixed point part does not depend on any arithmetic
condition on the forcing frequency. We will modify slightly the fixed point part to
get response solutions with some regularity for our model (1.1). In this way, we
first reformulate the existence of response solutions for equation (1.1) as a fixed
point problem. Then, under certain regularity assumptions for the nonlinearity
and the forcing, we obtain the response solutions with corresponding regularity on
€ when € ranges over an appropriate domain without any circle centered at the
origin e = 0. It is quite possible that the response solutions constructed are not
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differentiable with respect to € at e = 0 (see Remark 16) since we do not assume
any Diophantine conditions for the frequency w. Therefore, when we consider &
goes to 0, we just get the response solutions depend continuously on ¢.

The method of the proof in this paper (very different from resumming expan-
sions) consists in transforming the original equations (1.1) and (1.2) into fixed point
equations (see (2.9) and (7.7), respectively). The main observation that allows us
to solve the fixed point equations is that we are allowed to use the strong dissipation
in the contraction mapping principle.

Our method also works for finitely differentiable problems. In such case, we will
introduce Sobolev spaces, in which the norms of functions are measured by size of
the Fourier coefficients.

We think that the regularity results obtained in this paper are close to optimal.
As for the optimality for the domain, we find that there exist arbitrarily small
values of ¢ for which the map we constructed is not a contraction and the method
of the proof breaks down. Therefore, we conjecture that this is optimal and that
indeed, regular solutions do not exist for these small parameter values and general
forcing and nonlinearity. We also show in Remark 16 that, both in the analytic
and in the finitely differentiable case, there are examples in which the solution is
not differentiable in € at € = 0 when we remove the Diophantine condition on the
forcing frequency w.

The lack of differentiability at € = 0 is a reflection of the problem being a singular
perturbation. In the case considered here that there are no non-resonance condi-
tions on the frequency, the problem is more severe than in previously considered
cases.

1.3. Some possible generalization. Our method could deal easily with the gen-
eral case with the form of

1
(1.3) PTi + gqxt +g(z,wt) = f(wt), zeR",

where p, q are diagonal constant matrix and g(z,wt) = Az + §(z,wt), where A is
a matrix in Jordan Block form and §(x,wt) : R® x T¢ — R™ is sufficiently regular.
We leave the easy details to the interested readers. See Remark 13, which gives
some simplified calculations after we have carried out the case in (1.1).

1.4. Organization of this paper. Our paper is organized as follows: In Section 2,
we present the idea of reformulating the existence of response solutions for equation
(1.1) as a fixed point problem. To solve this fixed point equation, in Section 3,
we give the precise function spaces that we work in and we list their important
properties, such as Banach algebra properties and the regularity of the composition
operators. We state our three main results: analytic case, highly differentiable
case and low regularity in Section 4. Section 5 is mainly devoted to the proof of
our analytic result by contraction mapping principle. In the process, we need to
pay more attention to the invertibility of operators and regularity of composition
operators. In Section 6, we prove our regular result in the finitely differentiable
case by the contraction argument and the implicit function theorem. Section 7 is
an application to the ill-posed PDE (1.2) by a similar idea to used for ODE (1.1).
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2. THE FORMULATION FOR EQUATION (1.1)

In this section, we give an overview of our treatment for ODE model (1.1), which
can be rewritten as

(2.1) exy + 2t +eg(x) = ef(wt), x € R™,

where, as indicated before, the mappings ¢g : R* — R”, f : T¢ — R". We will
reduce the existence of response solutions of equation (2.1) to an equivalent fixed
point problem. To this end, it is crucial to make some assumptions for equation
(2.1).

2.1. Preliminaries. For the analytic and highly differentiable functions f and g
defining the equation (2.1), we assume that:

H: The average of f is 0 and g(0) = 0. Denote A = Dg(0), which is a n X n
matrix, the spectrum A; (j =1,--- ,n) of A is real and \; # 0.

Actually, we could weaken the assumptions on the regularity of the function g
when considering low regularity results (e.g, L? or H'). As we will see in Section 6.2,
instead of assuming ¢ is differentiable, we just assume that:

H: g is Lipschitz in R™ and it can be expressed in the form of
9(z) = Az + g(z),

where A is a n X n matrix and its spectrum is real and nonzero. Moreover, the
nonlinear part ¢ satisfies that Lip(¢) < 1 in the whole of R™.

Note that in both assumptions H and ﬁ, we are not including that the matrix A
is diagonalizable. Non-diagonalizable matrices appear naturally when considering
oscillators at resonance, which is often a design goal in several applications in
electronics or appear in mechanical systems with several nodes.

We emphasize that the assumption H involves assumptions on g for all values
of its argument. This is needed when we consider solutions in L?(T¢) which may
be unbounded.

It is important to note that, once we have established the conclusion for g un-
der the assumption H, we can accommodate several physical situations such as
piecewise linear nonlinearity with small breaks.

Without loss of generality, we assume that
(2.2) w-k#0,Vkez\ {0}

Indeed, if there is a kg € Z? \ {0} such that w - kg = 0, we could reformulate
the forcing with only (d — 1)—dimensional variables which are orthogonal to kg.
Namely, the map f: T¢"! — R™.

The condition (2.2) is called the “non-resonance” condition. If the non-resonance
condition (2.2) is satisfied, the set {wt};cr is dense on T<.

2.2. Quasi-periodic solutions, hull functions. In this paper, we are interested
in finding the quasi-periodic solutions with frequency w € R%. These are functions
of time ¢ with the form

(2.3) 2. (t) = U.(wt)

for a suitable function U. : T — R", indexed by the small parameter €. The
function U, is often called the “hull function”. Substituting (2.3) into equation (2.1)



RESPONSE SOLUTION FOR DISSIPATIVE SYSTEMS 7

and using that {wt},cr is dense in T?, we obtain that (2.1) holds for a continuous
function U, if and only if the hull function U, satisfies

(2.4) e(w-09)° Us(0) + (w - 09) U(8) + eg(U.(8)) = £ f(6).

Hence, our treatment for equation (2.1) will be based on finding U, which solves
(2.4). We will manipulate (2.4) to reformulate it as a fixed point problem that can
be solved by the contraction argument (or the implicit function theorem).

The equation (2.4) we will solve involves parameter € (the inverse of coefficient
multiplying the damping). We will obtain solutions with delicate regularity in
e, which are objects in a space of functions. Precisely, in the analytic case (see
Section 5), we will get a solution U, of equation (2.4) depending analytically on
€ when ¢ ranges on a complex domain 2 which does not include the origin € = 0
but so that the origin is in the closure of Q. In the finitely differentiable case (see
Section 6), the solution U, is differentiable in € when ¢ is in a real domain Q which
does also not include zero but includes it in its closure.

However, when we consider the regularity for the solution U, of equation (2.4)
as € goes to 0, we get that U, is continuous in € in the topologies used in the fixed
point problem (see Lemma (17)). Moreover, we will show that, in the generality
considered in this paper, there are cases in which the solution is not differentiable
at € =0 (see Remark 16).

Later, we will develop analogous procedures for the PDE model (1.2) (see Sec-
tion 7). We anticipate that the treatment is inspired by this section presenting the
formulation for ODE. The unknowns will not take values in R™, but rather will take
values in a Banach space of functions. In addition, the partial differential equation
(1.2) is ill-posed and its nonlinearity is unbound, which make us do some more
drastic rearrangement for its fixed point equation (see (7.4)).

2.3. Formulation of the fixed point problem. In this part, we just present the
formal manipulations. The precise set up will follow, but it is natural to present
first the formal manipulations since the rigorous setting is chosen to make them
precise.

Our goal is to transform equation (2.4) into an equivalent fixed point problem.
We rewrite (2.4) as

(2.5) e(w- 89)2 Ues(0) 4+ (w-09) U (0) + AU (0) = e f(0) — eg(U-(9)),
where A is a constant matrix and
9(x) = g(x) — Az.

Note that, in both the analytic case and the highly differentiable case , we use
assumption H. It is obvious that
(2.6) §(0) = 0, D(0) =0.
Namely,

() = O(z*), Dy(x) = O(x),

where O(z) denotes the same order as x. As a consequence, D§ is small (in many
sense) in a small neighborhood of the origin 2 = 0. We could also assume that Dg
is globally small. This is trivial in the sense of complex analyticity by Liouville’s

theorem. When g is just Lipschitz, we need that Lip(g) is globally small as condition
H.
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Based on equation (2.5) and denoting by Id the n x n identity matrix, we intro-
duce the linear operator L. as

(2.7) Lo=c(w- 09)° Id+ (w-0g) Id +cA,

defined on n—dimensional periodic functions of @ € T¢. Then, (2.5) can be rewritten
by

(2.8) Lc(U:(0)) = ef(0) — eg(Ue(0)).

As shown in Section 5.1, the operator L. is boundedly invertible in the space
HP™ defined in Section 3 when € ranges in a suitable complex domain. This allows
the equation (2.8) to be transformed into a fixed point problem as

(2.9) Ue(0) = eLZ[f(0) — §(U-(0))] = T=(U:)(0),

where we have introduced the operator 7.. For a fixed €, we can obtain a solution
U, for equation (2.9) by the contraction mapping principle. Further, we want to
get a solution U, possessing optimal regularity in . This can be achieved by
considering operator 7 above in a function space consisting of functions regular in
¢ (see Section 5.2 for analytic case and Section 6.1.1 for highly differentiable case).
Specially, in the highly differentiable case, we will use the classic implicit function
theorem to get the results with optimal regularity in €. For convenience, we now
introduce the operator T involving the arguments € and U as the following:

(2.10) T(e,U) :=U —T(g,U).

This makes it clear to obtain the solution U = U,, as a function of ¢, having the
same regularity as T by the classical implicit function theorem.

Two subtle points appear in this strategy. One is the invertibility of the linear
operator L. and the bound of its inverse. Another is the regularity of the com-
position operator § o U in (2.9). We also need to study the dependence on the
parameter € of the solution U, satisfying equation (2.9).

We observe that the linear operator L. is diagonal in the basis of Fourier func-
tions. This suggests that we use some variants of Sobolev (or Bergman) spaces
which provide analyticity — or in the low regularity case L? or H'. Hence, it will
be useful that the spaces we consider have norms that can be estimated very eas-
ily by estimating the Fourier coefficients. The estimates of the Fourier coefficients
involves the assumptions that the eigenvalues of A are nonzero real number and
that the range of € is restricted to a domain accumulating at the origin € = 0. (See
Section 5.1.2 for details).

For the nonlinear estimates, we need that the composition operator defined by
g o U is smooth considered as a mapping acting on the spaces we consider. The
regularity of the composition on the left by a smooth functions acting on variants
of Sobolev spaces have been widely studied | , , ]. In Sections 3,
we will present the precise spaces and some properties in these spaces used to
implement our program.

2.4. Some heuristic considerations on the smallness conditions required
for the present method. Recall the fixed point equation (2.9), the operator we
consider has the structure

U=cel'f—eL'9(U) = T(U).
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To solve it by iteration, roughly, we need that the map U — e£L-'Go U is a
contraction in a domain that contains a ball around e£_ ! f. Of course, the notions of
contraction and smallness depend on the spaces under consideration. The results of
existence are sharper if we consider spaces of more regular functions and the results
of local uniqueness are sharper if we consider spaces of less regular functions.

Both the contraction properties of e£-1g o U and the smallness properties of
gL' f are formulated in appropriate norms (which change with the regularity con-
sidered). As we will see in Section 5.1, the operator e£-! can be bounded in
appropriate norms, which allows us to just consider the smallness of f and the
properties of the composition g o U.

To this end, it is clear that we can trade off some of the smallness assumptions
in g and f. If we are willing to make global assumptions of smallness on g, we do
not need any smallness assumption on f. If, on the other hand, we assume that
g is smooth and §(0) = D§(0) = 0, we have that § is small (in many senses) in a
small neighborhood at the origin. From this point of view, it is necessary to impose
smallness condition on f in this small neighborhood.

There are some caveats to these arguments:

In the analytic case, assuming that Dg is small globally (even bounded) in the
whole complex space C", Liouville’s theorem shows that it is constant, namely, §
is linear. This makes our result true, but it is trivial and we will not state it. Of
course, Liouville’s theorem is only a concern for analytic results.

In the low regularity cases (e.g. L? or H* when d > 2), the range of f may be
the whole of R™, hence we need to make global assumptions on smallness in g. In
the case of H™ regularity with m > g, we prove our results under two types of
smallness assumptions (See Section 6.1).

We also advance that in the case of H! regularity, the contraction argument we
use will be somewhat more sophisticated. (See Section 6.2).

3. FUNCTION SPACES

3.1. Choice of spaces. To implement the fixed point problem outlined in Sec-
tion 2, we need to define precisely function spaces with appropriate norms. The
discussion in Section 5 will make clear, it is very convenient that the norms can be
expressed in terms of the Fourier coefficients of functions. In such a case, the inverse
of the linear operator L. can be easily estimated just by estimating its Fourier co-
efficients. We are allowed to use the base in a such way that the Fourier coefficients
of the multiplier operator £, have the Jordan standard form. (See Section 5.1.1).

We also need the spaces to possess other properties allowing us to control the
composition goU in (2.9) with ease, such as Banach algebras properties under multi-
plication and the properties of the composition operators. To study the analyticity
in e, we will define spaces of analytic functions of € in Section 5.2. In this section,
we use the same notations for Banach spaces as in | ) , ]

For p > 0, we denote

T¢ = {0 € C?/(27Z)" : Re(0;) € T, Im(0;)| < p, j=1,...,d}.

We denote the Fourier expansion of a periodic function f(6) on Tﬁ by

f(a) — Z ﬁceikﬂ’

kezd
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where k - 0 = k16, + - - - + kg0, represents the Euclidean product in C? and fk are

the Fourier coefficients of f. If f is analytic and bounded on ’]I‘g, then the Fourier

coefficients satisfy the Cauchy bounds
|fil < Me=IFle
with M being the maximum of |f(0)| on ']I‘g and |k| = |ki| + ... + |kal.

Definition 1. For p > 0, m, d, n € N4, we denote by H?™ the space of analytic
functions U in Tﬁ with finite norm :

HP™ : = HP™(TY)

= {U: T¢ = C" | |UIR,, = > 12> H (k2 +1)™ < +oo}.
kezd

It is obvious that the space (H”™, || -|,.m) is a Banach space and indeed a
Hilbert space. From the real analytic point of view, we consider the Banach space
H?™ of the functions that take real values for real arguments.

For p = 0, H™(T4) := H%™(T?) is the standard Sobolev space, we refer to

the references | , ] for more details. In this case, when m > g, by
the Sobolev embedding theorem (see chapter 2 and 6 in | 1), we obtain that

H™H(T?) (1 =1,2,---) embeds continuously into C!(T¢9).
For p > 0, functions in the space H?™ are analytic in the interior of ’]I‘z and
extend to Sobolev functions on the boundary of Ti.

Remark 2. As a matter of fact, when p > 0 and m > d, the space HP™ can
be identified with a closed space of the standard Sobolev space Hm(']I‘ﬁ) consist-
ing of functions which are complex differentiable. The manifold T;‘f has 2d real
dimension so that, when m > d, the standard Sobolev embedding theorem shows
that HP™ (1 = 1,2,---) embeds continuously into Cl(']I‘g), Since the uniform
limit of complex differentiable functions is also complex differentiable, we conclude
that our space is a closed space of the standard Sobolev space of Tg considered as
a 2d—dimensional real manifold. Several variants of this idea appear already in
Bergman spaces in | , ].

We also point out that the set of functions in HP™ which take real values for
real arguments is a closed set in HP™ (this set is also a linear space over the reals).
Since we will show that our operators map this set into itself, we get that the fized
point we produce will be such that they give real values for real arguments.

3.2. Properties of the chosen spaces H”"* above. We note several well-known
properties of the space H”™ defined in the Section 3.1, which will play a crucial
role in what follows.

Lemma 3. (Interpolation inequalities) For any 0 < i < m, 0 < v < 1, denote
s = (1—v)i+vm, there exist constants C; ,, depending on i, m such that

(1) -Sobolev case: for f € H™, we have that

(3.1) £l < Cim - W ILE" - 1
(2) -Analytic case: for p >0, g € H"™, we have that

(3.2) lgllzes < Cim - llgllzzsts - gl zrom-
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The inequality (3.1) is the very standard Sobolev interpolation inequality in the
literature [ , ]. Since, as mentioned before, the spaces H”™(T%) can be
considered as a subspace of the standard Sobolev space in ']I‘g, we also have (3.2).

Lemma 4. (Banach algebra properties)

(1) -Sobolev case (see | , 1): Letm > ¢, there exists a constant Cy, 4
depending only on m,d such that for uy, ue € H™, the product uy-us € H™
and

leruzllzm < Conallun szl
(2) -Analytic case: For p >0, m > d, there exists a constant C, . q depending
on p,m,d such that for uy, ug € H?™, the product uy - us € H?”™ and
vt s0m < Gl 20 szl s

In particular, H”™ is a Banach algebra when p, m, d are as above.

To analyze the operator defined in (2.9), we also need to estimate the properties
of the composition operator g o U. The following are well known consequence of
Gagliardo-Nirenberg inequalities.

Lemma 5. (Composition properties)
(1) -Sobolev case (see | ) ): Let g € C™(R™, R™) and assume that
g(0) = 0. Then, for u € H™(T¢, R") N L>®(T%, R"™), we have
lg(u)llam < cllullze (1+ llullam),
where ¢ := ¢(n) = SUP|; <y, a<m |D9(@)|. Particularly, when m > 4 (so
that, by the Sobolev embedding theorem H™ C L*°), if g € C™%2, then
(3.3)
lgo(u+v)—gou—Dgou-v|pgm < Cngd

Jull oo (1+ [[ullzm) llgllomez ol Fm,

(2) -Analytic case: Let g : B — C™ with B being an open ball around the origin
in C™ and assume that g is analytic in B. Then, for u € H”vm(Tg, Cc"n
L>(T%, C") with uw(T%) C B, we have

lg(u) | zrom < Culltall oo (ray (L + [l rom)

where Cy, is a constant depending on the norm of u. In the case of m > d,
we have that

lgo(u+v)—gou—Dgou-v|gemn < CpmallullLe(ray (1 + llullzzom) [0]F0m.

The complete proof of Lemma 5 can be found in Proposition 3.9 in | ] or
Proposition 2.20 in | ], Proposition 1 in | ]. To make the paper self-
contained, we just give an sketch of the ideas for the inequality (3.3), but refer the
interested readers to the references above.

Since

1 t
g0 (u+v)(8) - gou(®) — Dgou(h) - v(9) = / / D2g o (u+ tsv)(0) - v2(0)dsdt,

we get the desired result by the facts that D?go (u+tsv) € H™ and its H™ norm is
bounded uniformly in ¢, s and that H™ is a Banach algebra under multiplication by
Lemma 4. The range of the derivative Dg is a n X n matrix, which can be identified
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with R"". Note that the dimension of the range of g does not play any role in our
arguments.

The proof of Lemma 5 is rather elementary in the analytic case.

As a matter of fact, Lemma 5 gives not only the composition operator is differ-
entiable but also presents formula for the derivative. It is easy to check that the
same argument leads to higher derivatives of the composition operator if we assume
more regularity for function g. More precisely, we have the following proposition:

Proposition 6. (Regularity of composition operators)
(1) -Sobolev case: Let m > g. Then, the left composition operator
C,: H™(TY,R™) — H™(T4 R")
defined by
Cylul(0) = g(u(®)),
has the following properties:
If g € C™TH(R"™,R"™), then C, is Lipschitz.

If g € C™HFYR™ R™), (I = 1,2,---), then Cy is C'. Moreover, the
derivative of the operator C4 is given by

(DCqlulv)(0) = Dg(u)v(0).

(2) -Analytic case: Let p > 0. Assume that m > d and g : B — C", where B
is an open ball around the origin in C™, is analytic in B.
Let ug € HP™ be such that uo(Tﬁ) C B. Then for allu in a neighborhood
U of ug in HP™, the operator Cq : U — H”™ is analytic. Moreover, for
v € H?™, the derivative of the operator Cq is given by

(DCy[ulv)(8) = Dg(u)v(6).

Proof. In fact, Lemma 5 shows that the operator C, is C' when g € C™%2. For
g € O™l we can proceed by induction. If we have proved the result for [ and
the formula for the derivative, we obtain the case for [ + 1. Indeed, if g € C™ !+,
we have C, is C'. Then, for ¢ € C™*2 Dg € C™H*L we get DC, is C! by
induction. Namely, C, is C'*+1.

In the analytic case, we start by observing that u('I[‘ﬁ) C B is a compact set
by the Sobolev embedding theorem. Hence, it is at a bounded distance from the
boundary of B. If the neighborhood of u is sufficiently small, the range of all the
functions will also be contained in B. Then, we obtain our result by Lemma 5. We
can also refer to | | for more details. O

Note that, for the Sobolev case in Proposition 6, the regularity of C, is not
optimal, we refer to | , , ] for more results. Note also that, for
the analytic case in Proposition 6, the result is not the most general result. There
are results in the case of regularity that the Sobolev embedding theorem does not
give continuity. In these cases, we need to take more care of the ranges of the
functions. Since the functions are differentiable in the complex sense, we obtain
that the composition operator C, is differentiable in the complex sense by the chain
rule to obtain the derivative. Further, to get that the operator C, is analytic, we
just recall the Cauchy result that also holds for functions whose arguments range
over a complex Banach space. See | ]
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4. STATEMENT OF THE MAIN RESULTS

In this section, we state several results for the model (2.1). These results are
aimed at different regularity of the forcing f: analyticity (Theorem 7), finite (but
high enough) number of derivatives (Theorem 9) and low regularity (Theorem 10).

Theorem 7. Suppose that f € HP™(T9) for some p >0, m > d and g is analytic
in an open ball around the origin in the space C™. If the condition H is satisfied,
then, for e € Q(o, u), where

(4.1) Q:=Q(o,u) ={e €C : Re(e) > p|Ilm(e)|, o < |e] < 20}

with > po for py > 0 sufficiently large and o > 0 sufficiently small, there is a
unique solution U, € HP™(T?) for equation (2.4).

Furthermore, considering U, as a function of €, the mapping ¢ — Uz : Q1 —
HP™(T?) is analytic when m > (d + 2).

In addition, as € — 0, the solution U. — 0 and the mapping € — U, is continu-
ous.

Remark 8. The statement of Theorem 7 does not impose any Diophantine condi-
tion on the forcing frequency w. Since we do not expand the solution as a power
series in €, there is no equation involving the small divisor appearing. We will,
however, not get that the solution is differentiable with respect to € at the origin
e = 0 and this may indeed be false in the generality considered in this paper. (See
Remark 16).

Theorem 9. Suppose that f € H™(T?) with m > % and g € C™H(R",R") (I =
1,2,--+). If the condition H is satisfied, then, for e € Q(U), where

(4.2) Q:=Q0)={e€R: 0 <|e| <20}

with sufficiently small ¢ > 0, there exists a unique solution U. € H™(T) for
equation (2.4).
Moreover, we have the following regularity in e:
If g € C™TYR"™,R"™), then the mapping € — U, : Q — H™(T?) is Lipschitz.
If g € C™HHL(R™ R™), then the mapping € — Uy : @ — H™(T?) is C'.
In addition, when € — 0, the solution U. — 0 and ¢ — U; is continuous.

We note that the regularity in € in Theorem 9 depends on the regularity of the
composition operator g o v in Proposition 6. Even if we show that the derivatives
with respect to ¢ exist for all € > 0, we do not make any claim about the limit of
the derivatives as € goes to 0.

The following Theorem 10 is for the situation when the forcing and the nonlin-
earity are rather irregular.

Theorem 10. Suppose that f € L?>(T?) and g is globally Lipschitz continuous on
R™ satisfying the condition H. Then, fore € Qc R\ {0} being the sufficiently small
domain, there is a unique solution U. € L*(T%) for equation (2.4). The solution
U, is continuous in €.

Under the above assumptions if f € H(T?) and g € C*H1P, then, the unique
solution U, constructed above is in No<s<1H?’.
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Note that Theorem 10 applies to some piecewise linear models (the Lipschitz con-
stant of the derivatives has to be sufficiently small). Such models appear naturally
in many areas.

We also stress that in Theorem 10, for f € H'(T?), we cannot claim that the
solution is in H', but only that it belongs to the intersection Np<s<1H*. We do
not have a contraction argument in this case, but we can estimate the speed of
convergence of the iterative procedure in the space H® for 0 < s < 1.

In the analytic case (Theorem 7) and in the highly differentiable regularity (The-
orem 9), when m > (£ +2), we have that the solution U, is C? with respect to the
argument 6. Hence, the quasi-periodic solutions z(t) obtained through (2.3) is also
a twice differentiable function of time. As a consequence, the solutions we have
produced satisfy the differential equation (1.1) in the classical sense. In the lower
regularity case, the solutions we produce solve the equation in the sense that the
Fourier coefficients of (2.4) are the same in both sides. This is equivalent to solving
(1.1) in the weak sense since the trigonometric polynomials are dense in the space
of C*° test functions.

In this paper, we also present some results for PDE’s model (1.2). Since the
formulation requires new definitions and auxiliary lemmas, we postpone the formu-
lation of the results till Section 7.

5. ANALYTIC CASE: PROOF OF THEOREM 7

We prove Theorem 7 in the analytic sense by considering the fixed point equation
(2.9) in the Banach space H”™ for any € € Q(o, ). Recall the equation (2.9)

(5.1) Ue(0) = L [e£(0) — £g(U=(0))] = T=(U:)(9).

The first concern is the invertibility of the linear operator L. and the quantitative
bounds on its inverse when e ranges over the complex domain Q(o, ) defined in
(4.1). We remark that it is impossible to obtain the same bounds if € belongs to
the imaginary axis. In fact, we conjecture that the optimal domain of ¢, when the
solution U, of equation (5.1) is considered as a function of €, do not extend to the
imaginary axis.

Secondly, since we want to obtain a solution U, analytic in &, we will define
a space consisting of functions analytic in e. (See the space H”™ defined in
Section 5.2). By reinterpreting the fixed point problem in the space H”"™%, we
obtain rather directly the analytic dependence on ¢ of the solutions U.. The delicate
steps are to show that the operator 7 defined in (5.1) maps a ball centered at the
origin in the space H”™* to itself and it is a contraction in this ball.

5.1. Estimates on the inverse operator £_!. For the analytic nonlinearity g,
the linear part A is dominant with respect to the nonlinear part §. Moreover, the
Lipschitz constant of § can be small enough in a sufficiently small domain.

We now study the linear operator defined by

Lo=¢c(w-09)° Id+ (w-8p) Id+eA.

Our main result in this section includes that L. is boundedly invertible from the
analytic function space H”™ to itself when ¢ ranges over a complex conical domain
Q(o, 1), which is away from imaginary axis. Of course, this result requires the
assumptions on A in H.
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A key ingredient for the result is that the norms of the functions can be read off
from the sizes of the Fourier series and that the operator L. acts in a very simple
matter in Fourier series. Indeed, if the matrix A was diagonal, the operator £, will
be just a Fourier multiplier in each component (this case is worth keeping in mind
as a heuristic guide).

5.1.1. Some elementary manipulations. A consequence of the assumption H is that

there exists a basis of generalized eigenvectors ®; € C™ (i = 1,2,--- ,n) such that
(5.2) AD = JO, & = (®y,---,D,)",
where J is the standard Jordan normal form. That is,
Ji 0 Aj 0
Jo 1A
J = » Ji= , 1<j<p l<p<n
0 JIp 0 1A

When we write a function U.(f) € H”™ in the Fourier expansion as
Us(g) = Z ﬁk,seik.e = Z ﬁk,s(beik.ea
kezd kezd

with Uk,s, Tj’hs € C™ and ® being in (5.2), the operator L. acting on the Fourier
basis becomes

L.(2e* ) = (—e(k - w)?Id+i(k - w)ld +eJ) ®e™? = L (k- w)Pe™?,

where
L.(a) = —ed®Id +iald + ¢J
LE,I(G) 0
(5.3) L. 2(a)
0 La,p(a)
with
le,j(a) 0
g lg’j (a)
Le.(a) (1<j<p)
0 e lej(a)
and
(54) l&j(a) = —5a2+ia—|—8Aj7 ]: 1,27... , P
The formula (5.3) gives that
L_1(a) 1 0
L, 5(a)
(55) L;l(a) _ £,2
0 L;;(a)
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with
(5.6)
-1
l:s?j (a) O
—el_ (@) (@)
L;;(a) _ %5 (a) —al;?(a) l;]l-(a)
n-1_n—1;-n . 3 2 -1
(_1) le 1ls,j (a) e Ele,j (a’) _Els,j (a’) le,j (a‘)

Consequently, to estimate the inverse of L., it suffices to estimate

(5.7) L. :=sup |LZ*(a)| = sup [LZH (k- w)l.
a€R kezZa

In the following part, for ease of notation, we will drop the index j in I, j(a) defined
in (5.4). That means [.(a) stands for I, ;(a).

5.1.2. Estimating the Fourier coefficients LZ1 in (5.5) of the inverse operator L21.
For the matrix L. (a) with special form defined in (5.3), once we obtain the infimum
of |lc(a)] in (5.4) for a € R, we get the estimates of T'. defined in (5.7). The
following estimates are similar to those in | ], which considered only the
1—dimensional case. We now present the details for n—dimensional case.

Note that the estimates we obtain also apply to the standard Sobolev space H™,
which allows to conclude very quickly the results for the finitely differentiable case
presented in Section 6. We first deal with two special cases, which throw some light
in the general case. Of course, from the purely logical point of view, these special
cases can be omitted since they can be covered in the general discussion. We note
that Case 1 with € € R is te only case needed in the finite differentiability result.
So it is worth dealing with it explicitly.

Case 1. When ¢ € R, we have
le(a)]? = | — ea® +ia+e;[?
= (—ea® +e)j)? +a®
=cZa* + (1 —262\))a® + 52)\?.
Take G(v) = *v® 4 (1 — 26*)v 4 €A} with v = ¢® > 0. Tt is obvious that G(v) >

G(0) = €*A? since DG(v) = 2e%v + (1 — 2e®X;) > 0 due to the smallness of e.
Therefore, we have

. > lenl.
(5.8) inf [le(a)] = |eAs]
Namely,

sup [l (a)| 7" < e 7h
a€R

Together with (5.6), we have that
. =sup|LZ ' (a)] < [e|7'Cx
a€R

for a positive constant C'y depending on the eigenvalues A1, Ao, -+, Ap.

Case 2. When ¢ is pure imaginary, i.e. € = is with o < |s| < 20. In this case,
there exits a real root a such that |I.(a)| = 0 since the discriminant 1 + 4s?X; > 0
(by the smallness of s) for —sa?+a+s\; = 0. Hence, the operator L. is unbounded
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if the small parameter ¢ locates in the imaginary axis, which makes the contraction
mapping principle inapplicable.

We conjecture that no solutions for the equation (2.5) exist when € is purely
imaginary because zero divisors can be considered as resonance.

To study the analyticity in € of the function U, satisfying (5.1), it will be inter-
esting to study the inverse of £. when & ranges over the complex domain Q(o, p).

Proposition 11. For I'. defined in (5.7), when € € Q(o, 1), we have

I, < 0'_10)\’”
with a positive constant Cy ,, depending on the eigenvalues A1, A2, -+ , Ay and p.
Proof. Fix

€ = 51 + 183,

for e lining on a conical domain Q(o, p), we have s; > pulsz|, where u > pg with
some sufficiently large positive constant jg, and 02 < s? + 53 < 402. Namely,

/ 1 / 1

Then, one obtains that
l-(a)|* = | — ea® +ia + e\ |?
(5.10) = [—s1(a® = Xj) —i(s2a® — a — s2]\))]
= si(a® = \j))% + [s2(a® — N\j) — a]2 .
If A\; <0, it is obvious that
(5.11) (@) > s3(a% = \)? > 8302

2

The remaining task is to estimate |l (a)|? in the case of A\; > 0. Since a®—\; =0
holds at the point a = +,/)A;, we divide the domain of a into two parts, for
0 < § < 1, denoted by

Li=[(1=8)VAy, (L+0)VNIU[(-1=8)vXy, (140Nl L =R\ L.
When a € I, we obtain the estimate
(5.12) l-(a)* = s3(a® = Xj)* = s{Ch,
where C) depends on the choice of  as well. When a € Iy, it is clear that
[s2(a®* — ;) — a] = O(s2) — a. Therefore,
(5.13) 1.(a)|? > [s2(a® = \;) —a]® = [O(s2) — a]?* >

by the smallness of s; and ss. Note that the last inequality in above estimate is
very wasteful but we want to get estimates comparable to the ones we have in the
other pieces. The inequalities (5.9), (5.11), (5.12) and (5.13) allow that

(5.14) sug l-(a)| 7t < s7'Cy < 071Cy .
ac

Combing with the formulas in (5.5) and (5.6), we obtain that

(5.15) Lo =sup|LH (@)l S o707 Chy S 07 Ore
ae



18 F.WANG AND R.DE LA LLAVE

It follows from Proposition 11 that, for € € Q(o, ),
(5.16) leL: ()| <007 C
This inequality is crucial in the contraction mapping argument used in Section 5.2.

Remark 12. By (5.15), we see that T can be bounded by o~! when o is the
minimum distance to the origin in the domain Q(o, 1). Then it follows from (5.16)
that the bad factors o~ can be dominated by the good factor o. This is the reason
why we choose o < |e| < 20, whose mazimum and minimum distance to the origin
are comparable. Note, however, that the estimate for eL-1 are independent of o,
so we obtain uniqueness of solutions for different o, i.e. the solutions obtained for
different o agree for the € in the intersection.

Remark 13. We note that the method presented in this present paper can accom-
modate small modifications leading to several generalizations. For example, we have
the general equation (1.3) with p = diag(p1,- - ,Pn), 4 = diag(qy, -+ ,qn) being
a diagonal matriz satisfying pj, q; € R\ {0}, j =1, --- ,n. In this general case,
the only modification with the present exposition is that the calculation for l.(a) in
(5.10) becomes

l-(a)|* = | — epja® +igja + e)y|?
. 2
= [—Sl(Pja2 = Aj) - I(Szpja2 —q;a— 82)\j)]
2
= s%(pja2 — )\j)Q + [sz(pjaQ —Aj) — qja} ,
which makes no difference in our discussion in Proposition 11.

5.2. Analyticity in ¢ of the solution U.. As the discussion in Section 2, we
rewrite (2.9) as

(5.17) U(9) =L [f(6) = 3(U(9))] = T(U)(H)

with U being a function of ¢ defined by U, = U.(8). In addition, we define the
operator 7T, acting on functions analytic in €, given by

(5.18) TU) =L [f = 5(U)]

with 7 being a function of (¢, U). Since we want to obtain the solution U, depending
analytically on e, we reinterpret 7 above as an operator acting on space H?"™
consisting of analytic functions of € taking values in H”™ with € ranging over the
domain Q(o, 1t). We endow the space

HPm™ = {U e > Uz Q— HP™ is analytic and bounded}

with the supremum norm

Ul

pom. = Sup [|Uel|pm-

e€eN
The supremum norm in € makes H?"™ a Banach space. Moreover, it is also a
Banach algebra under multiplication when m > d by Proposition 4.

We now show that the operator 7~ defined in (5.18) maps the space H”™ into
itself.



RESPONSE SOLUTION FOR DISSIPATIVE SYSTEMS 19

Lemma 14. Assumem > (d+2). IfU € HP"™% then T(U) € HP™, Precisely,
if the mapping € — U, : Q@ — HP™ is complex differentiable, then, the mapping
e = Te(Ue) : Q@ — HP™ s complex differentiable as well.

Proof. From the definition (5.18), we know that the operator 7 is composed of
operators e£_-! and §. It is clear that the map € — g(U.) : Q — H”™ is complex
differentiable since § is analytic and it does not depend on ¢ explicitly. Therefore, it
suffices to show that the map ¢ — e£-1(VZ) : Q — HP™ is complex differentiable
when V_, considered as a function from €2 to H?", is a complex differentiable.

We prove that the derivatives of e£Z1(V.) with respect to € exist in the space
HP™~2 instead of H”™. Then, we apply somewhat surprising Lemma 32 in the
Appendix A to conclude that the derivatives we consider indeed exist in the space
HpPm,

For a fixed € € Q, we expand V.(0) as

VE(Q) = Z ?k,eeik.ay

kezd
with
(5.19) Viee = [ Ve(0)e g
T3
satisfying
(5.20) “716,5 Vel e (B2 +1) 77

Taking the derivative with respect to ¢ for (5.19), we have that

d = d .
el _ el 0 71k.0d0
(5.21) 7z Vi /Tg (dEVE> (0)e
with
d & d —plk| (1712 -z
(5.22) Vi< SHVE e PHI(Ik* +1)7%.
de de ||, m

It follows from Section 5.1 that

eLTVL) = Z el (w- l{:)f/k,geik"9
kezd
with L1 defined in (5.5). By (5.14), we have that

de
=ln- " Mw k) =g 0w k) (W k)2 A+ ) |
< Cn,)\,u . O'_1|k|2.

Together with the formulas (5.5) and (5.6), we have that

’jg (5L€_1(w . k)f}k,s)

etz k)]‘

i, _ ) d o
(5.23) < ‘de (eL: Hw- k))’ ‘Vk,g + }ELE Hw- I<;)| ’devk,s
~ d ~
Scm)\,u'O'*l‘kF <’Vk7g +‘Vk,s) .
de
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Hence, (5.20), (5.22) and (5.23) yield that

d ik-0
HdE <€ (w k ) p,m—T
< G P ([T Vke)Hei“Hp,w
<Cprp-0 1|k|2 <||V| Vs >6p|k|(|k2+1)
pym
ek
-1 d 2 ——1)
< Cn,)\,u'a ||Vv€||;0,m+ Ig% (|k| +1)
pym

By ZIkIZHl = 29kd1 |k = (ky,--- ,kq) € Z¢ and choosing d +2 < 7 < m, we
obtain that

(o)
STURP+1) G Y <o Y (W2 +1)TTE T <o
kezd k=0

As a consequence, it follows from Weierstrass M-test that the series

S A (L w R
k

€z

converge uniformly on € € € in the space H?™~7. The fact that these formal deriva-
tives are uniformly convergent shows that they are the true derivatives. Namely,

a4 _ d (i D k-6
(L (Vs))sz = (LM W)V, ) €.

€zd

Therefore, we have that the mapping ¢ — e£L-1 (V) : Q — HP™™T is complcx dif-
ferentiable. Since H»™ C H”™™ 7, we conclude that the mapping ¢ — e£L-1(V.) :
Q — HP™ is complex differentiable with derivatives in H”™~7 by Lemma 32 in
Appendix A. O

5.3. Existence of the fixed point. The proof of the existence of the solutions for
equation (5.17) is based on the fixed point theorem in the Banach space H? ",
We consider a ball B,.(0) around the origin in H#™ with radius r > 0 such that
T(B,(0)) C B-(0) and T is a contraction in the ball B,(0).

By (5.16), we get

(5.24) ||5£5_1Hp7m,9 < Crp-

Moreover, it follows from (2.6) ( g(0) = Dg(0) = 0) and Proposition 6 that the
Lipschitz constant of the composition operator g o U is bounded by a constant
times the radius r when U € B,.(0). Therefore, for U € B,(0), one has

IT@)llpm.0 < [T O)lpme +[ITW) = T(0)]p.m.0
< eL lpma (1flpma +190) = 3(0)pm.0)
< Cx i (Ifllpm. @ + Lip(g) - U] p,m.2)
< O (1 £llp.m.0 + OCr) - U]

p,m,Q) < r,
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whenever we take f and r such that

T 1
. m S ) 5"
(5.25) Il < 55— Cru0) < 5

Note that we need the smallness assumption for f in this case. Thus, T (B,(0)) C
B.(0).
For any elements Uy, Us € B,.(0), we have that
IT(U) = TU2)ll gm0 = €L 3(U1) = eL214(U2)]| pms2
< CxuO(r)||UL = Uallp.m.0

1
< -|U = U:
<5l -0

pym, Q2+

Therefore, T is a contraction in the ball B,.(0) satisfying (5.25). It follows from
the fixed point theorem in the Banach space H?™ that there exists a unique
solution U € HP™ analytic in ¢ for equation (2.4).

Remark 15. When we consider the operator T defined in (5.18) in the Banach
space HP"™S | the solution U, obtained via fized point theorem does not lose any
regularity on €. That is, the solution U naturally depends analytically on the pa-
rameter €. However, in the finitely differentiable case, when we take ¢ € Q C R
instead of ¢ € 2 C C, the contraction mapping principle is not enough to get a
solution U, with optimal reqularity in € since when p = 0, the space HP™ js
no longer a Banach space with supremum in €. We will combine with the implicit
function theorem to get the optimal regularity. (See Section 6.1 for more detail-
s). It is worth pointing out that in the low regularity, especially in H', we need
more sophisticated contraction argument in some sense since there is no Lipschitz
property for the composition operator §gowu in H'. (See Section 6.2).

Remark 16. We emphasize that the general solution U, obtained above maybe not
differentiable in € at the origin € = 0 since we do not impose any Diophantine
condition for the frequency w. Indeed, if U, was differentiable, we denote the de-
rivative UM (9) := dUdEiE(e) le=0 and assume U, = 0 at point € = 0. Then, taking the
derivative in e at e = 0 for equation 2.4, UV would satisfy that

(5.26) (w-9) UM (0) = £(0).

If w is sufficiently Liouvillean (e.g, |w - k| < exp(—|k|?), such w can be easily con-
structed for infinitely many k), we can easily construct analytic function f so that
UM () solving (5.26) cannot be even a distribution.

Lemma 17. For the solution U, constructed above, we have that the mapping
e — U, is continuous when ¢ — 0.

Proof. We take p; > p > 0 so that both the space H”*"™™ and the space H”™ satisfy
the assumptions of the Theorem 7. Denote by U2, U. the solutions obtained by
applying Theorem 7 to HP*™  HP™ respectively. Then, we observe that U} = U,
by Ul € HPv™ C HP™ and the uniqueness conclusion in H”™. Moreover, we note
that the set {UE1 le € ﬁ}, where ) denotes the closure of €, is bounded in H**™
and hence it is precompact in H”"™ topology.

To show that U, is continuous in € at € = 0, it suffices to verify that the graph
G of U. That is,

G:={(c, Us)|e € Q}
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is compact in the H”™ topology. Since a ball in H”*-™ is precompact in H”™, we
just need to prove that G is closed. Indeed, the sequence (g,, U, ) € G if and only
if (2.8) is satisfied, that is

L., (U, (0) =enf(0) —eng(Ue,(0)).

Taking the limits of €, = ¢, U, — U* for n — oo, one can obtain that
L (U(0)) = exf(0) — e.g(U(0)).
Hence, we conclude that (e., U*) € G. O

6. FINITELY DIFFERENTIABLE CASE: PROOFS OF THEOREM 9 AND THEOREM 10

In this section we present the proof of Theorem 9, which concerns the highly
differentiable forcing f. We also prove Theorem 10 in which the forcing is assumed
to be L? or H'. The method used for the finitely differentiable case, especially H!,
is different from that for the analytic case.

6.1. Proof of Theorem 9. When the forcing term f and the nonlinear term g
are finitely differentiable, we consider ¢ € R in equation (1.1).

6.1.1. Regularity in €. In order to get solutions U, with some regularity in e, we
need to consider the operator 7 defined in (2.9) acting on the space H™ consisting
of differentiable functions of ¢ taking values in H™ with ¢ ranging over the domain
Q defined in (4.2). Moreover, we endow H™* with the supremum norm

(6.1) 1Ul . = sup |Uel| zrm,
e€N

which is similar to the analytic case in Section 5.2. Note that H™ is a Banach
space and it is a Banach algebra when m > % by Proposition 4. However, H™* (in

contrast with the analytic version H p’mvﬁ) is not a Banach space with the supremum
norm defined in (6.1). In this case, if we just apply the fixed point theorem to the

proof of Theorem 9 in the space H™*, we may lose some regularity in the argument
€. To avoid this shortcoming, we will combine the contraction argument with the
implicit function theorem such that the solution U. with optimal regularity in &
can be obtained. N

More precisely, as shown in Section 6.1.2 at Step 1, for some ¢y € €2, we first
produce a solution Uy, of equation (2.9) such that T(gg, U, ) = 0, where T is defined
in (2.10). To get the optimal regularity of the map taking Q to H™, we apply the
classic implicit function theorem (we refer to the references | , , D
for the operator T. In L this process, it is crucial to study the differentiability of the
operator T, mapping ) x H™ to H™, with respect to the arguments (¢,U) as well
as the invertibility of DoT(eq, U, ).

By equation (2.9), we can easily get the differentiability of the operator T with
respect to the argument U € H™ since the operator L. are linear and the dif-
ferentiability properties of the left composition operator g o U are already studied
carefully in [ , ]

The key to our results will be the differentiability of the operator T in (2.9) with
respect to € as the following:
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Proposition 18. Fiz any m € N with m > % and o > 0. We consider the map
that L1 € B(H™,H™) for every € € Q, where B(H™, H™) denotes the set of
bounded operators from the space H™ to itself.

For any | € N, the map ¢ — L1 is C! considered as a mapping from Q to
B(H™,H™). Moreover, for anyl € N and ¢ € Q, & o (E.C Y e B(H™ H™).

As a matter of fact, something stronger is true. The map ¢ — €L is real
analytic for e € Q and the radius of analyticity can be bounded uniformly for all
e e

Proof. The key to the proof is the observation that, as noted in (5.8) in Section 5.1.2,
lle(a)| > [e]|Aj]| > o|A,| for e € Q.
To study the expansion in powers of ¢ for [_ 5( a), we rewrite:
l5+5( a) = ((e +8)(\; — a®) +1ia)
= (5()\j —a?) +1ia + SN — a2))

— Oy —a+ia) " (14 5”) |

(6.2) -

It is easy to see that the factor Eey Ai— is bounded uniformly in a (compute the

a?)+ia
limit as |a| tends to infinity and obserzle that the function is continuous in a since
the denominator does not vanish) and uniformly in € when € ranges in an interval
bounded away from zero.
._az
—a?)+ia
geometric series formula. Moreover, the radii of convergence are bounded uniformly
in ¢ € Q and the values of the coefficients in the expansion are also bounded
uniformly in a € R, e € Q.
Using the formula (5.6) in Section 5.1.1 for the inverse £, we also obtain that

the matrices LE s can be expanded in powers of § with coefficients that are bounded

~1
Therefore, we can expand (1 + (5 ) in (6.2) in powers of § using the

uniformly in a € R, e € Q.
We note that the operator £-! are multiplier operators (in the sense used in
Fourier series). That is, for fi being the Fourier coefficients of function f in the

space H™, the Fourier coefficients (£z'f), of function (£Z!f) in the space H™
have the structure:

(6.3) (L )y = Lo g

where each LE_}C is m X n matrix (see (5.6) for details). From the discussion in above
paragraph, we know that, for each k, LE_}C is uniformly analytic in €. Thus, we
conclude that the operator £Z! is analytic in € by (6.3).

In addition, we know that the Fourier indices k only enter into the multipliers
Ly 1 through w - k and the supremum of LE i over the Fourier index is bounded by
the supremum in a, which is studied in the previous Section 5.1. Together with
the fact that the norms of functions in Sobolev spaces are measured by size of the

Fourier coefficients, we have that, for all m > %, the norm of £ ! considered as an
operator from the Sobolev space H™ to itself is defined by

(6.4) 7o

Mo = sup 1L
kezd
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Note that the norms of L;,lC are just finite-dimensional norms. As a consequence,
we can bound ||£Z || gm_ gm by the supremum of the multipliers defined in (6.4).

Therefore, when we write E;ig =Yoo L26™, 1L gm - mm can be bounded by

the way of (6.4). That means j—;l(gﬁgl) € B(H™, H™) for every ¢ € €. O

6.1.2. Ezistence of the solutions. With all the above preliminaries established, now
we turn to finishing the proof of Theorem 9. We divide the proof into two steps.
First, for a fixed ¢ € €, we find a fixed point U, of T defined in (2.9) by considering
a domain P C H™ with 7(P) C P on which T is a contraction. Secondly, we use
the classical implicit function theorem to verify that the solution U, we obtained
in the first step possesses the optimal regularity in €. Namely, we conclude that
U, € H™*,

Step 1. As we state in Section 2.4, there are two ways to prove that 7 is a
contraction. One is that we choose a small ball in H™ such that Lip(§) is small in
this ball. Meanwhile, we impose smallness condition on f in this ball. In this way,
the operator 7 maps this ball into itself and it is a contraction in this ball. (We
omit the details here since it is similar to Section 5.3). Another is that we assume
that Lip(g) (or Dg) is globally small in the whole of R™. In this case, for a fixed
e € Qand Uy, Uy € H™, it follows from (5.24) that

IT(U1) = T(U2) | = €L (G(UL) = §(U2)) | 1m
< Oz uLip(g) - UL — Uz g

1
< §||U1 = Uslgm.

This makes 7 a contraction in the whole space H™.

In summary, we get a fixed point U,, € H™ of the equation (5.18) for some
o € ﬁ

Step 2. It follows from Proposition 6 and Proposition 18 that the operator T
is C! with respect to the argument (¢,U). Namely, T(s,U) := U — T (¢,U) is C"
in the domain of € x H™. Based on Step 1, we have T(go,Us,) = 0. Moreover,
D5T(go,Uey) = Id — D2T (0,Ue,) = Id — Eoﬁgong(Ugo) is invertible since Eoﬁgol
is bounded and D§(U,,) is sufficiently small. Therefore, by the implicit function
theorem, there exist an open neighborhood included in © x H™ of (Us,, o) and a
C! function U, satisfying T(e,U.) = 0 on this neighborhood.

6.2. Proof of Theorem 10. In this section, we will prove Theorem 10 in a different
way from the first two cases (analytic and highly differentiable cases). The key
problem is the properties of the composition operator § o u in space H'(T%) or
space L?(T).

Proposition 19. For the composition operator defined by:
(6.5) Cylu](0) = g(u(0)),
we have the following properties:

If we consider Cy acting on L2(T4,R™) and assume that § is globally Lipschitz
continuous on R™, then

C; : L*(TY R") — L*(T% R")

is Lipschitz continuous.
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If we consider Cy acting on H*(T,R™) and assume that g € C*TLP then
C;: HY(T* R") — H'(T*,R")

is bounded and continuous. In particular, given € > 0, there is ¢ := (e, Lip(g), §(0)) >
0 so that ||ul|g: < & implies ||Cy(w)|| g < e.

Proof. Since g is globally Lipschitz continuous on R", denote M = Lip(§) (for ease
of notation, we will use M in the following part) and for u,v € L?(T¢ R"), we get

|9(u(0)) = §(v(0))| < Mlu(0) —v(0)]-

Therefore,

gou—govllr: < Mlu—v|L.
We refer to | , | for the properties of the operator C; mapping space
HY(T?, R") to itself . O

Remark 20. We emphasize that for our results in L? and H™ (m > g) , it is
needed to assume that M = Lip(g) is globally arbitrary small. This allows us to
obtain that the operator T in (2.9) is a contraction in the whole space.

However, due to the lack of Lipschitz regularity for the operator C4 acting on
the space H' (see | 1), we need to choose a ball belonging to H* so that the
operator T maps this ball into itself. Note that the chosen ball does not need to be
small. We also do not require that the forcing is small in H'.

Now, we go back to the proof of Theorem 10.

Proof. First we give the proof for the result in space L?. By Parseval’s identity,
we know that the L?—norm is also expressible in terms of the Fourier coefficients.
Together with the bound of e£-! in (5.24), we have that T(L?) C L?. Also, for
u,v € L?, one has

1T (u) = T(@)l|z2 = lle£ (g ou—gov)lr2 < CrpuMlju—vl|e.

It follows from M := Lip(g) < 1 in assumption H that 7 is a contraction in L2
This gives the L? result.

Now, we present the proof for the result in H'. Using the interpolation inequality
in Lemma 3, we obtain, for n < 1, that

(6.6)
1T (w) = T (W)l ms < Oxpu T (w) = T () |2 1T () = T (w) [ 372
< Cou(M™)! 2T () = ull 32T () = T ()13
We have that the function (M™)!~* is decreasing exponentially.
The remaining task is to show that |7 (u)—T"(u)|| g1 in (6.6) can be bounded

independently of the iteration step n. As a matter of fact, from Proposition 19, we
know that v € H' implies § ou € H'. Moreover, it is easy to check that

g0 ullm < Mijullm.
Therefore, for the operator T defined in (2.9), we get
1Tl = e£2t (f +gow) [lmr < Capll fllas + Co M |l a1
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We now choose a ball B,.(0) centered at the origin in H' such that B,.(0) is mapped
by T into itself. This can be achieved whenever we take r such that Cy .|| f|l g +
Cx,pMr <7, which is equivalent to

_ Coullfle

6.7 .
( ) -1 70)\7/LM

This can be done since M is small enough. Note that the radius r chosen by (6.7)
depends on the function f, which can be any function in H!. As a consequence,
for every u € B,(0) and n € N, we obtain that 7"(u) € B,(0) and

177 () = T () e < 27
Thus, (6.6) becomes
(6.8) 177 () = T (W)llrre < O o (M) (20)(|T () — wl| 72",

which indicates that the sequence 7"(u) has a limit u* € H® and the fixed point
obtained by the contraction mapping in L? should be in H*. Note that (6.8) allows
one to bound the distance in H® from an initial guess to the true solution. That is,

* s — 3 n _ s
[u* = ullre = || lim T"(u) —ullm

= 1> [T W) = T"(W)] |-

< Cou(2r)*||T () = ull2° Y (M™)'
n=0

< Crp(2r)* (1= M) 7Y T (w) — ul|}3"
O

Remark 21. As shown in | |, the conditions for composition operators map-
ping H' to itself are very strict. There are many mapping results for the com-
position in H'FO N L, but it is not clear how the L™ norm behaves under the
Fourier multipliers.

Therefore, using the methods of this paper, it seems that there is gap between the
treatments possible for the forcing. Either H® (0 < s <1) or H™ (m > d/2).

7. RESULTS FOR PDEs

An important observation is that, since the treatment of (1.1) did not use any
properties of the dynamics of equation, we can treat even ill-posed partial differ-
ential equations. The ill-posed equation (1.2) is a showcase of the possibilities of
our method for model (1.1). The heuristic principle is that we can think of evolu-
tionary PDE as models similar to (1.1) in which the role of the phase space R™ is
taken up by a function space (of functions of the spatial variable x). Note that the
nonlinearities in PDE models can be not just compositions but more complicated
operators (even unbounded). For example, the non-linearity (u?),, in equation
(1.2) is an unbounded operator from a function space to itself. However, the fixed
point problem under consideration in the Banach space we choose overcomes this
tricky problem. (See Section 7.3).
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The solutions produced in this section point in the direction that ill-posed equa-
tions, even if, lack a general theory of the existence and uniqueness of the solution,
may admit many solutions that have a good physical interpretation.

For convenience, we rewrite equation (1.2) as

(7.1)  eugy + U — eBUpre — ElUgy = e(u?)pe +ef(Wt,z), 2 €T, tER, >0

with periodic boundary condition.
We define the full Lebesgue measure set

1
(7.2) 0= {B > (0 : —=is not an integer} .
VB
Note that we shall only work with values of 8 in O so that the eigenvalues of the
linear operator €80,440 + €04 in (7.1) are different from zero in a such way that
the operator AV; defined in (7.5) is invertible. (See Section 7.3 for the details).

Remark 22. There are other models of friction besides the u; term in (7.1) that
one could consider. The treatment given in the present paper is a very general
method and could be applied to several friction models, such as Uiyy.

We note also that our method for the ill-posed equation (7.1) with positive param-
eter (8 also applies to well-posed equation (7.1) with negative parameter B. It is even
easier for well-posed case since the eigenvalues of the linear operator €50,4p0 + €024
in (7.1) are not zero such that we can invert the operator N defined in (7.5).

However, we just consider the ill-posed model (7.1) that serves as motivation for
the readers. This ill posed case is what appears in water wave theory | ].

7.1. Formulation of the fixed point problem. Similar to Section 2 for ODE

model, we need to reduce the equation (7.1) to a fixed point problem. In this section,

we just present the formal manipulations omitting specification of spaces. Indeed,

the precise spaces defined in Section 7.2 will be motivated by the desire to justify

the formal manipulations and that the operators considered are a contraction.
Our goal is to find response solutions of the form

(7.3) ue(t, ) = Ug(wt, x),

where, for each fixed ¢, U. : T¢ x T — R. Inserting (7.3) into (7.1), we get the
following functional equation for U, :

e(w-09)° Us(0,2) + (w- 09) Us(, ) — efOU(0, ) — eD?U.(0, )
= &(U2)ze +£(0, ).

The solution of equation (7.4) will be the centerpiece of our treatment.
Denote by A the linear operator

(7.4)

(7.5) NU(0,2) = [e (w-8p)° + (w-8y) — BBt — eag} U.(, ).
Then, (7.4) can be rewritten as
(7.6) NLU(0,2) = 2(U2)2 + £ (0,2).

As we will see in Section 7.3, the operator N is boundedly invertible in some
appropriate space for € € Q(o, 1) defined in (4.1). Namely, (7.6) becomes

(7.7) Ue(0,2) = eNT [(U2)aa + f(0,2)] = To(U:(0, 2)),
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where, for convenience, we introduce the operator 7;. In Section 7.4 dealing with the
analytic case, we will show that there exists a solution U, analytic in ¢ for equation
(7.7) by the contraction mapping argument. Moreover, in Section 7.5 carrying out
finitely differentiable case, we will combine contraction mapping principle with the
classical implicit function theorem to get the regular results.

From the formal manipulation above, we find that the first key point is to study
the invertibility of the operator NV; and give quantitative estimates on its inverse
for € in a complex domain. Note that the linear operator N defined in (7.5) used to
study PDE models is much more complicated than the linear operator £. defined
in (2.7) for ODE models since N: involves not only the angle variable § € T? but
also the space variable x € T. This leads to different calculation for the inverse of
N: (See Section 7.3).

The second crucial part is that the nonlinearity (U2),, maybe unbounded from
one space to itself. However, it happens that eN1(U?),, is bounded. (See Lem-
ma 25 and Lemma 26 for more details).

To get a fixed point for equation (7.7), analogous to the smallness arguments in
Section 2.4 for ordinary partial differential equation (1.1), we also need to impose
some smallness conditions for partial differential model. However, we only consider
a specially nonlinear map U — eN_*(U?),,, which is analytic, be a contraction in
a domain that contains a ball around e N1 f. Tt is nontrivial to choose a sufficiently
small ball and the forcing f is assumed to be small in this ball.

7.2. Choice of spaces and the statement of our results. In this section, we
give the concrete spaces we work in. Again, we note that the main principle is that
the norms of the functions needed to be expressed in terms of the Fourier coefficients
associated to the Fourier basis in arguments 6 and x. This permits us to estimate
the inverse of the linear operator A just by estimating its Fourier coefficients. We
also need these spaces to possess the Banach algebra properties and the properties
of composition operator so that the nonlinear terms can be controlled. From the
point of view analyticity in € , it is necessary to define spaces consisting of analytic
functions with respect to €.

In a way analogous to the definition in Section 3, for p > 0, m,d € Z,., we define
the space of analytic functions U in ']I‘gJr1 with finite norm

MO s = (T

= {U : Tﬁ“ —-C|U@®,z)= Z ﬁk}jei(kﬂ%—jw),

kezd, jeZ
01 = 3 G0y PR 4+ i 4 1) < oo,
keZd, jeZ
It is obvious that the space (H”™, ||-||,,m) is a Banach space as well as a Hilbert

space.
We actually consider H{™, which is a subspace of H*"™, consisting of functions
U e HP™ with

(7.8) A%waMxO

In the physical applications, we also consider the closed subspace of H”™ in which
the functions take real values for real arguments.
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Note that the choice of the normalization condition (7.8) is motivated by the

assumption that
27

f(0,2)dx = 0.
0

Here and after, we consider our fixed point problems in the space H{™. To sim-
plicity the notation, we still write H”™ as H5™.

For p > 0, H*™ consists of function which are analytic in the domain Tﬁ‘H. For
p =0, H™ :=H"™ is just the regular Sobolev space.

Similar to Proposition 4, when p > 0, m > (d+ 1) or p =0, m > %, we still
have the Banach algebra properties in space H”™.

Now we are ready to state our main results on the existence of quasi-periodic
solutions for PDE (7.1) in the cases of analyticity and finite differentiability.

Theorem 23. Assume that f € HP™(T4Y) with p > 0, m > (d +1). Then, for
e € Qo,u) defined in (4.1), there exists a unique solution U. € HP™(T4+1) for
equation (7.4).

Furthermore, considering U, as a function of €, we have that e — U : Q@ — HP™
is analytic when m > (d + 5). In addition, when € — 0, the solution U. — 0 and
e — U, is continuous.

Our method also applies to finitely differentiable forcing., but we leave the details.

Theorem 24. Assume that f € H™(T) with m > %, Then, fore € Q defined
in (4.2), there exists a unique solution U. € H™(T*L) for equation (7.4).
Furthermore, for anyl € N, the map e — U, is C' (even real analytic) considered

as a mapping from Q to H™. In addition, when € — 0, the solution U. — 0 and
the map € — U, is continuous.

7.3. The boundness of the operator 7. defined in (7.7) taking H”™ into
itself. For the PDE model (7.1), the nonlinear map U — (U?),, (which in the
ODE case was a composition operator with goU) is an unbounded operator from a
space to itself. We will show, however, that the map U — eN-}(U?),, is bounded
from a space to itself. To this end, we give the following lemmas and propositions.
Some of the results would generalize for a nonlinearity of the form U — (¢(U))sz-
We will not pursue these specialized results in this paper, but we think it would be
an interesting subject.
Lemma 25. Let U € HP™. Denote by
(7.9) h(U) = (U%)zz.
Then, h is analytic from the space HP™ to the space HP™ 2. Moreover, for V €
HP™ we have that
IDRU)V [|p.m—2 < 20Ul pmlIV [l o.m-
Proof. We rewrite h = hy o ho with
R
U — Uy

and
ho : HP™ — HP™

U — U2
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It is obvious that both h; and hs are analytic. Therefore, the composition operator
h : HP™ — HP™=2 is analytic. Moreover,

d d
Dh(U)V = —h(U +£V) = — ((U + £V)2)M =2(UV) 4z,
d o o
which shows that
DUV [lp.m—2 < 21UV ]| p.m < 2[[U [l pm IV [l o,m
by the Banach algebra property in the space H”™. (I

Lemma 25 allows that the map U — (U?),, is bounded from the space H*™
to HP™=2. To prove the boundedness of the operator 7. defined in (7.7), the
remaining task is to show that eN! : HP™™2 — 3™ is bounded.

Lemma 26. For a fived € € Q(o, i), the operator eN! taking the space HP™?2
into HP™ is bounded.

Proof. We verify that ||[eNZ"1|40.m—2_y300.m can be bounded by the supremum of
its multipliers, as we argued in the proof of Proposition 18.
For V € HP™=2 by (7.5) and (7.8), we have the following Fourier expansion

1 _ L
NNV (0,2) = Z —e(k-w)? +i(k - w) — e(Bj* — j?)

JEZ\{0}
Note that, by (7.2), Bj* — 72 # 0 for j € Z\ {0}.
To obtain the desired results, we now estimate the supremum of N, defined by
(7.10)
N.(k.j)

Ve jeithotia),

_ k2 +32
T ek w)? ik w) — (8%~ 52)

k2 J2
- <—E(k WP (k@) (B3t~ 2) | ek w) (k- w) — (B - j2))
for k € 7, j € Z\ {0}. In fact, (7.10) includes two terms, which have similar

estimates, we just give the details for the second term. Note that it is an easy case
for £k = 0. We will estimate the infimum of

—ea® +ia — e(Bt? — t)
t
Taking € = s1 +is2 € (o, i), we have

(7.11) IN.(a,t)]* = s {‘f —(1— ﬂt)r + {52 (Cf -(1- Bt)> - ?r ;

which has an infimum controlled by ¢ by a similar argument to Proposition 11. We
now estimate (7.11). When 8 > 1, we have that 1 — 8¢t < 0. Thus, |N.(a,t)|*> >

Nc(a,t) = , a:=(k-w) e R\ {0}, t :=j%2€Z,.

2
82 [% —(1- Bt)} > (B —1)?s% := s3Cj for a positive constant Cz depending on
B. In the following part, to simplify the notation, we denote C'3 by all constants
depending on f.

We focus mainly on the case of 0 < 5 < 1. We divide ¢t € Z, into two regions as
the following;:
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Case 1. When t > [5] + 1, we have that 1 — At < 0. Therefore

2 2
M@ tP > % - 0= 0] 20

Case 2. When 1 <t < [%], we get that t(1 — 8t) € [C}, C3] with C3 > C} > 0.
It is clear that “t—z — (1 = Bt) = 0 holds at a*> = t(1 — ft) € [C}, C3, namely,

a € [=/CF,—/Csl U [/C},+/C3]. Now, we define two regions in a € R, by

choosing a constant 0 < § < 1, as follows

I = [(~1-0)/C3, (14 6)/CH U[(1 - 8),/C}, (1 +8),/C3), b =R\ 1.

The case of a € I yields that
2

2
Na0P 2[5 - - p0| = e,

If a € I, %2 — (1 — pBt) can be bounded so that we can bound the second term in
|N.(a,t)|?, that is

a2

a 2
N0t > [~ (- g0) - 5

a2
= [0(s2) = 3] = s%cp

whenever || is sufficiently small. The above estimates for |N¢(a,t)| give that
|Ne(a,t)] > s1Cp.

Therefore,

7.12 inf N.(a,t)| > $1Cg > oC
(7.12) ae]R,ltIelZ\{O}| (a,t)| > 5105 > 0Cp

for a positive constant Cj ,, depending on 8 and p, by the domain of € € Q(o, u).
Consequently, for N, (k, j) defined in (7.10), we obtain

(7.13) sup  |N.(k,j)| < sup |No(a,t) <o 'Cs,.
kezd, jez\{0} a€ER, tEZy

It follows that
INC V) llpm < 07 CullV || pm—2-
This allows us to define

NS sup  [NL(k, j)|-

kezd,jeZ\{0}
That means e V! can be bounded from H™~2 to H™. O

Haem-2y3em =

As a matter of fact, Lemma 25 and Lemma 26 give that the operator T defined
in (7.7) is analytic from the space H”™ to itself.

Remark 27. Note that the previous Lemma 26 includes the case of € € R, which
will be used in the later finitely differentiable case (see Lemma 29).

Note also that for the equation (7.1), the nonlinearity will always be regular.
Therefore, we just consider the finitely differentiable version with m > 9. The

2
analogue of the low regularity results for ODE case would be easier to consider.
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7.4. Proof of Theorem 23. In this section, we give the proof of Theorem 23.

7.4.1. Regularity in €. Since we want to obtain solutions depending analytically
on g, proceeding as in Section 5.2, we consider T := 7: defined in (7.7) acting on
the space H”™ consisting of analytic functions of € taking values in H?"™ with e
ranging over the domain Q(o, ). We endow H”™ with supremum norm

U

Ip,m,ﬂ = sup ||UE||p,m7
c€Q(o,pn)

which makes H”™ a Banach space. Moreover, it is also a Banach algebra when

m > (d +1). Based on Lemma 26, we show that the operator 7 maps the space

HP™ into itself. The idea of the proof is similar to Lemma 14, but the details

are different since PDE model (7.1) involves a space variable .

Proposition 28. If m > (d +5), then the operator T defined in (7.7) maps the
analytic Banach space HP™ into itself. Precisely, if the mapping ¢ — U. : Q —
HP™ 4s complex differentiable, then, ¢ — To(Uz) : Q — HP™ is also complex
differentiable.

Proof. From the fixed point equation (7.7), we know that 7Z is composed by e N
and h defined in Lemma 25. Lemma 25 gives that h(H”™) Cc HP™~ 22, Hence,
it suffices to verify that eN1(HP™=22) C HP™L In the following step, we use
a similar method as that in the proof of Proposition 14.

For a fixed € € Q, we expand V.(0,2) € HP™ 2 as

Vo(b,2) = > Ve
kezd, jeZ\{0}

with
_ | N
(7.14) ‘VME Vel oy e POEHED (P 4 [j2 4 1)~
and
(715) ‘dﬁ”g : HdVE e PURIHIID (2 4 |2 + 1) 5
de b de pim—2

It follows from (7.5) that
eNH(Ve) = Z eN (k- w, j)171@,;‘,5ei(k'eﬂ"’“)7
kezd, jeZ\{0}

where

1 . N1
—e(k-w)2 +i(k-w) —e(Bjt—42) N

NZH (k- w, 5) =
By (7.13), one has

’cZ: (ENE_IXA/;W»,E)

_ d - d -
-1 -1 -1
<IN | + e 2N | Vo] + 1N | 22 Ve
—1) 12 = d =
<Cpu-o il ’Vk,j,s o Veie| ) -
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Together with (7.14) and (7.15), we get

H €N 1Vk]a>6 k-0+j-x)
7 p,m—T
< CBVH 'Uﬁl‘j‘Z (‘ ‘ Vk] € ) He (k-0+-2) p,m—T
1. d B .
<Cgp,-0 1m2 (HVng,mz + HdVE ) e—PEl+13D)
o pym—2

(k2 152+ 1) PRI (k2 4 52 1)

d
Ip,m—2 + Hd«’?%

<Cppu-0! (IIVa >(|k|2+|jl2+1)‘(5_2)-

By choosing d + 5 < 7 < m, we obtain that

pym—2

ST RPHEP+ ) ED <Y (R 1)TTE S <o
keZ?, jeZ\{0} v=0

As a consequence, by Weierstrass M-test, we conclude that the series
d 15 i(k-0+j-x
Z % (‘C:Ns 1Vk,j7s> € (k-6+5-2)
kez?, jeZ\{0}
converge uniformly on ¢ € ) in the space H”™ 7. Therefore,
d _ d 15 .
- (E./V-E 1(V5)) = Z e (EN8 1Vk,j,s> eilk-0+j-x)
kezd, jeZ\{0}

In conclusion, we have that the map ¢ — eN-1(V.) : Q@ — HP™ is complex
differentiable with derivatives in H?™~" by HP™ C HP™™7 and Lemma 32 in
Appendix. O

7.4.2. Proof of Theorem 23. We now start to deal with the fixed point equation
U@,z) =N" [&:(UQ)M +ef(0,2)] =TU)0,z).

in the space HP™®. We will find a fixed point of 7 by considering a small ball
B, (0) C HP™ with Cg,, - < & such that 7(B.(0)) C B,(0)and T is a contraction
in this ball.

It follows from Lemma 26 that

||5N571||p,m79 < Csu-
Hence, if U € B,(0), Lemma 25 shows that
I7(U) (Ollpm, 0 + [IT(U) = T(0)
< NeNTHpma (Il pme + DRV |l pm—2.0)
< Copu (1f lp.m.2 + 1V o210l pm.0)
< Cau (1fllpma +1r?) <,

provided that we impose the smallness condition for f satisfying

[ llpm.0 <

r
20/3,#
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Moreover, for Uy, U, € B,(0), we get that

IT(U) = TU2) gm0 = [eNTR(UL) = eNT AU | pm.0
< CB7H . I'||U1 - U2||p,’rn,Q

1
< 3101 = Usllpma,

which implies that 7 is a contraction in the ball B,(0). In conclusion, there is a
unique fixed point U in the space H”™ for equation (7.7). Namely, we obtain
a solution U analytic in ¢ for equation (7.4). For ¢ — 0, we have ¢ — U, is
continuous, whose proof is similar to Lemma 17.

7.5. Proof of Theorem 24. In this section, we consider T := 7 defined in (7.7)
acting on space H™* consisting of differentiable functions of ¢ taking values in H™
with e ranging over the domain Q(c, 1). We endow H™* with supremum norm

(7.16) [Ullm,0 =" sup ||Ucllm.
c€Q(o,p)

We only have the result that the space H™ is a Banach space and it is also a
Banach algebra when m > “EL but not the space H™* with the supremum norm
with respect to € defined in (7.16). Consequently, the contraction mapping principle
is not enough to get the solution U, with optimal regularity in e. We will combine
with the implicit function theorem to obtain the regular solutions.

In order to use the implicit function theorem, analogous to Section 6, the main
issue is to study the differentiability of the operator T (e,U) in (7.7) considered as
an operator from € x H™ to H™ as well as the invertibility of Dy7 (e, U).

We first present the result with respect to the argument U. Since Lemma 25
and Lemma 26 also hold in the finitely differentiable setting, we have the following
result when we work in the space H™.

Lemma 29. For a fized € € fl(cr, 1), the operator T¢ is analytic from the space H™
to itself.

Now, we give the following proposition with the result that the operator 7 in
(7.7) is differentiable in the argument . Note that 7T is composed by e Nt and h
defined in (7.9). Since h(H™) C H™ 2, we need to verify that the derivatives of
eN1 with respect to € is bounded from the space H™ 2 to the space H™. Similar
to Proposition 18, we have:

Proposition 30. Fiz any m € N with m > % and o > 0. We consider the

map that to every € € Q, eN-t € B(H™ 2, H™). Moreover, for any l € N and
€€ fl, the map € — eN! is C' considered as a mapping from Q to B(H™=2 H™).
Namely, %(5./\/';1) € B(H™ 2, H™).

As a matter of fact, something stronger is true. The mapping € — eN_1 is real
analytic for e € Q and the radius of analyticity can be bounded uniformly for all
ee .

Proof. The idea of the proof is similar to Proposition 18. Based on the estimates
|Ne(a,t)] > 0Cg, in (7.12) in Lemma 26, we now expand Na__fé(a,t) in powers of
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-1

By the estimates in Lemma 26, we observe that the factor

bounded uniformly in ¢« € R,t € Z4 and ¢ € Q.

(£ -(-p1)]
—E[Lf—(1—/3t)]+i%
0 using the geometric series formula and the radii of convergence are bounded
uniformly and the values of the function are also bounded in a ball which is uniform
ina €R,t€Z; and e € Q. That means N_ ! is uniformly analytic in ¢ for each
aceRteZ,.

In the Fourier space, we know that A/ is multiplier operator with the multiplier

N . ,i - Precisely, for J?lw' being the Fourier coefficients of function f in the space

H™~2, the Fourier coefficients (J\/‘Elf)kj of function (N1 f) in the space H™ have
the structure:

-1
Therefore, we can expand (1 -0 > in (7.17) in powers of

(Nailf)k,j = N;Ii,jka'

Hence, we get that A1 is analytic in e.
Moreover, we can bound [|N.!||ym-2_2m by the norm defined by

—1 o —1
(7.18) e kezd?;lfz\{O} INensl

since the uniform boundness of N} - in k € Z¢, j € Z\ {0}. Therefore, when we

€,k,j
write N2k = 30 (N 16", INZ | 3m-2—,3m can be bounded by the definition in
(7.18). That means dd—;(&/\/’g_l) € B(H™2),H™ for every ¢ € Q. O

Now, we start to prove Theorem 24 by constructing a fixed point U, for ¢y € Q
first and then using the implicit function theorem to obtain the optimal regularity
of U in €. It is similar to the proof in Section 6.1.2. We omit some details here.

Proof. First, when we choose a small ball B,(0) C H™, the similar process to
Section 7.4.2 allows us to obtain a fixed point U,, € H™ for some ¢y € Q by the
contraction argument in this ball.

Then, according to Lemma 29 and Proposition 30, we obtain that the operator
T defined on € x H™ is C! in arguments ¢ and U. Namely, T(e,U) :=U—-T(g,U)
is C! in Q x H™. Based on the first step, we have T(eo,U.,) = 0. More-
over, DyT(e0,Us.,) = Id — D37 (g0, Us,) = Id — egNZ,' Dh(U,,) is invertible since
60N€;1Dh(UEO) is sufficiently small in a small domain of the origin. Therefore, by
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the implicit function theorem, there exist an open neighborhood included in QxH™
of (Us,,€0) and a C! function U, satisfying T(e,U.) = 0 on this neighborhood. [

APPENDIX A. SOME PROPERTIES IN ANALYTIC AND FINITELY DIFFERENTIABLE
BANACH SPACES

A.1l. Analytic functions in Banach space.

Definition 31. Let X, Y be complex Banach spaces and O C X is open . We say
that f : O — Y is analytic if it is differentiable at all points of O and there exists
a function v := v, (||z|]), with w‘ﬁﬂ) — 0 as ||z|| = 0, such that

Il

If(z+2) = f(z) = Df(x) - 2| <(ll2])
for allz € O and z € X such that (x + z) € O.

Note that Definition 31 is a rather weak version of differentiability, but it is
enough for this paper. For more analyticity of nonlinear functions in Banach spaces,
we refer to | , ].

The main result of this appendix is the theory of complex analytic functions in
Banach space, bootstraping the meaning of derivatives of analytic functions. The
result could be deduced from stronger results in [ , |, but we thought it
would be useful to present a self-contained proof since this lemma could be useful
in other applications.

Lemma 32. Let U C C be open and X, Y be complexr Banach spaces, X CY with
continuous embedding. Let f : U — X, which is differentiable in Y for all x € U,
and

(A1) lim w_f(z) -0

Then, f'(z) € X and

(A.2) lim w —f'@)|| =o.

We start proving the Cauchy-Goursat theorem for functions satisfying (A.1).
The proof is rather straightforward. This will lead to a Cauchy formula, from
which we can deduce (A.2).

Proposition 33. Let g: U — X CVY, be differentiable at everywhere in the sense
of Y differentiable. Let v be a triangle contour contained in U. Then

Lg(z)dz =0.

Of course, by the usual approximation procedures, one can get the result for
more general paths. This will not be needed for our purposes. Note that, by the
fact that g is continuous as a function from U to Y, we know that the integrals
over paths involved can be understood as Riemann integrals.

Proof. Suppose 7 is a triangular contour with positive orientation, we construct four
positively oriented contours that are triangles obtained by joining the midpoints of
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the sides of . Then, we have

L g(x)dz =Y L G

i=1

Let ~1 be selected such that

/g(z)dz < Z /.g(z)dz <4 / g(z)dz| .
If f7 g(2)dz = b # 0, we get
/71 g(2)dz| > %|b|.

Proceeding by induction, we get a sequence of triangular contours {~v,}, whose
length equals 27"|y|, where |y| denotes the length of 7, such that

/ 9(2)dz

n

1
. > —1b|.
(A.3) Z 0l

By the choice of ~,,, we have

Interior of yn4+1 C Interiorof v,

and the length of the sides of ~,, goes to 0 as n — oco. Therefore there exists a
unique point zy € (), Interiorof v, € U.
Since g is differentiable at zg, there is a function R such that
9(2) = g(20) + ¢'(20) (2 — 20) + R(2, 20),
where
[R(z, 20)lly < |z = zolw(]z — 20])
with w(|z — z0]) — 0 when |z — 29| — 0. Integrating g along ,, we find that

/ o(2)dz = / g(z0)dz + / o)z — 20)dz+ | Rz, z0)dz

n n n Tn

— [g(z0) — ¢'(20) 0] / 1z + ¢/(z0) / sds+ / Rl
z/ R(z,20)dz.

n

n n

Therefore,
] [ o2z <l s 1RG0l
n Y ZE€EYn
N o bl (bl
(A.4) < - el (1

Iv[? Y]
<
=9 n\ g

by |2 — 20| < 3|7a| for z € 7,. Comparing (A.3) and (A.4), we get b = 0 as
desired. g
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As a corollary, we obtain the same conclusion, but assuming only that ¢ is
differentiable at all points inside of the triangle except for the center of the small
triangles.

Now we begin to prove Lemma 32. As it is standard, for the function f in
Lemma 32, fix € belonging to interior of v, we define

OES (CRN
ge(z): z €
fl(z)v Z=6

which satisfies the hypothesis of the Proposition 33 or its corollary. If 7 is an
triangle centered at ¢, then

0/{ge(z)dz /(z) dzf(e)L LN

’72_6 Z—€

Hence we satisfy the formula

M=1ﬁmw

27 zZ—€

Now, we can compute the derivative with respect to € in space X and obtain

, 1 z
f'(e) = 27r1[y (fo 6))2d2

Of course, since the derivative is obtained as limits of quotients, if the limit exists
in X, it has to agree with the limit in Y.

A.2. Finitely differentiable functions in Banach space. For arbitrary Ba-
nach spaces X1, -+, X;,Y,i > 1, we denote by A(X®"Y)) the space of symmetric
continuous s-linear forms on X®' := X; x --- x X; taking values in Y. Now we
present the converse to Taylor’s theorem (see page 6 in the book | D.

Lemma 34. Let O C X be a convex set and F: O =Y, f;: O — A(X®VY), i=
0,---,7. For any x € O and h € X such that (x + h) € O, we define R(x,h) by

- fl($>(h’ 7h)
F(a:—&-h):F(x)—i—Z#—i—R(m,h).
i=1
If for any 0 < i < r, f; is continuous and for any x € O, % — 0 as

|h||% — 0, then we say F is of class C" on O and D'F = f; for any 0 <i <r.

Definition 35. We denote by C"(0,Y) the space of functions f : O — Y with
continuous derivatives up to order to r. We endow C"(0O,Y) with the norm of the
supremum of all the derivatives. Namely,

— i .
(A.5) Ifller = gmax sup |[D*f](@)|xer v
with
| xeiy = sup [AGzy, -y
lz1llx, =1,...[|lzil| x, =1

As it is well known, the norm (A.5) makes C"(0,Y) a Banach space.
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Definition 36. We denote by C™tEP(0,Y) the space of functions in C"(0,Y)
whose r—th derivative is Lipschitz. The Lipschitz constant is

Dr —Dr .
LZpO’YDTf = sup | f(xl) f(x2)|X® Y .

x1,20€X H-Tl —IQHX
1 Fwg

We note that since O may be not compact, this definition is different from the
Whitney definition in which the topology is given by semi-norms of supremum in
compact sets. We will not use the Whitney definition of C” in this paper.

Definition 37. An open set O is called a compensated domain if there is a constant
C such that given x,y € O there is a C' path ~y contained in O joining x,y satisfying
vl < Cllz -yl

For O a compensated domain, we have the mean value theorem

1 (@) = FW)lly < Cliflleromlle —yllx-.

In particular, C' functions in a compensated domain are Lipschitz. It is not difficult
to construct non-compensated domains with C! functions which are not Lipschitz.

Of course a convex set is compensated and the compensation constant is 1. In
our paper, we will just be considering domains which are balls or full spaces. See
[ | for the effects of the compensation constants in many problems of the
function theory.

A.3. The standard Sobolev space. As a matter of fact, we define
H™(T%) := H™(T* R") := {U = (Uy,--- ,Un)|U; € H™(T4,R), i =1,--- ,n}
equipped with the norm
(A.6) Ul gm = Z Uil e
0<i<n
And
H™(TY,R) = {U € L*(T*,R) : DI*IU € L*(T%,R), 0 < |a| < m},

. . d
where we use multi-index notation o = (v, ,aq) € N, |a| = >, a; and

x= (1, - ,2q) € T4 DY := Dy = D1 --- D24, We define

1U| zrm (ram) = Z | DU| 2
0<|a|<m

with

1

U2 = (/T |U(9)|2d9> '

Indeed, by Fourier transformation, the norm defined in (A.6) is equivalent to the
norm defined by Definition 1 based on the Fourier coefficients. We refer to the book
[ , ] for more details.
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