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Abstract

The aim of the current paper is to present, in a concise way, our recent, very general, mathe-
matically rigorous studies [1,2] on the dynamical properties of fermions and quantum-spin sys-
tems with long-range, or mean-field, interactions. In particular, they show that long-range dynam-
ics in infinite volume are equivalent to intricate combinations of classical and quantum short-range
dynamics, opening new theoretical perspectives, as explained in [3]. This phenomenon is a direct
consequence of the highly non-local character of long-range, or mean-field, interactions. Note
that [1-3] are altogether about 200 pages long. Therefore, as a simple example allowing to em-
phasize the key points of [1-3], we consider here the strong-coupling BCS-Hubbard model. The
dynamical properties of this model are technically easy to study, albeit non-trivial, and this ex-
ample is thus very pedagogical. From the physical point of view, this model is also interesting
because it highlights the possible thermodynamic impact of the (screened) Coulomb repulsion on
(s-wave) superconductivity, in the strong-coupling approximation. Its behavior at thermodynam-
ical equilibrium was rigorously known, but not its infinite-volume dynamics.
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1 Introduction

More than seventy years ago, Bogoliubov proposes an ansatz, widely known as the Bogoliubov ap-
proximation, which corresponds to replace, in many-boson Hamiltonians, the annihilation and cre-
ation operators of zero-impulsion particles with complex numbers to be determined self-consistently.
See [4, Section 1.1] for more details. However, even nowadays, the mathematical validity of this ap-
proximation with respect to the primordial dynamics of (stable) many-boson Hamiltonians with usual
two-body interactions is an open problem.

In the context of many-fermion systems, ten years after Bogoliubov’s ansatz, a similar approxi-
mation is used in the BCS theory of (conventional) superconductivity, as explained by Bogliubov in
1958 [5] and Haag in 1962 [6]. In 1966, this approximation is shown [7] to be exact at the level of
the thermodynamic pressure for fermion systems that are similar to the BCS model. See also [8,9].
The validity of the approximation with respect to the primordial dynamics was an open question
that Thirring and Wehrl [10, 11] solve in 1967 for an exactly solvable permutation-invariant fermion
model. An attempt to generalize Thirring and Wehrl’s results to a general class of fermionic models,
including the BCS theory, has been done in 1978 [12], but at the cost of technical assumptions that
are difficult to verify in practice.

In 1973, Hepp and Lieb [13] made explicit, for the first time, the existence of Poisson brackets in
some (commutative) algebra of functions, related to the classical effective dynamics. This is done for a
permutation-invariant quantum-spin system with mean-field interactions. This research direction has
been strongly developed by many authors until 1992, see [14-33]. All these papers study dynamical
properties of permutation-invariant quantum-spin systems with mean-field interactions.

Thereafter, the mathematical research activity on this subject considerably decreases until the
early 2000s when emerges, within the mathematical physics community, a new interest in such quan-
tum systems, partially because of new experiments like those on ultracold atoms (via laser and evapo-
rative coolings). See, for instance, the paper [34] on mean-field dynamics, published in the year 2000.
There is also an important research activity on the mathematical foundation of the Gross-Pitaevskii!
(GP) or Hartree theories, starting after 1998. For more details on the GP theory and mean-field dy-
namics for indistinguishable particles (bosons), see [35-39] and references therein. In which concern
lattice-fermion or quantum-spin systems with long-range, or mean-field, interactions at equilibrium,
see, e.g., [40-43]. Concerning the dynamics of fermion systems in the continuum with mean-field
interactions, see [44—53], as well as [36, Sections 6 and 7]. Such mean-field problems are even related
to other academic disciplines, like mathematical economics, via the so-called mean-field game the-
ory [54] developed from 2006 by Lasry and Lions. Mean-field theory in its extended sense is, in fact,

IThe so-called GP limit is not really a mean-field limit, but it looks similar.



a major research field of mathematics, even nowadays, and is still studied in physics, see, e.g., [55]
and references therein.

The current paper belongs to this research field, since it is an application of our recent studies [1,2]
on the dynamical properties of fermion and quantum-spin systems with long-range, or mean-field,
interactions. See also [3], on which [1,2] are conceptually based.

By long-range interactions for fermion systems, we mean for instance something like the BCS
interaction, which, written in the z-space, is of the form

1
_m Z Uy 40y |Gy |Gyt (D
T,yEAL

where a;; | (resp. a, ) creates (resp. annihilates) a fermion with spin's € {f, |} at lattice position z in
a cubic box A, = {Z N [~L, L]}¢ (d-dimensional crystal). For more details, see Section 2.1, in par-
ticular discussions until Equation (6). (1) explicitly shows the long-range character of the interaction.
It is a mean-field interaction since
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This is an important, albeit elementary, example of the far more general case studied in [1,2]. Indeed,
the results obtained in [1, 2] are far beyond previous ones because the permutation-invariance of
lattice-fermion or quantum-spin systems is not required:

e The short-range part of the corresponding Hamiltonian is very general since only a sufficiently
strong polynomial decay of its interactions and a translation invariance are necessary.

e The long-range part is also very general, being an infinite sum (over n) of mean-field terms
of order n € N. In fact, even for permutation-invariant systems, the class of long-range, or
mean-field, interactions we are able to handle is much larger than what was previously studied.

e The initial state is only required to be periodic. By [1, Proposition 2.2], observe that the set of
all such initial states is dense within the set of all even states, the physically relevant ones.

Long-range, or mean-field, effective models are essential in condensed matter physics to study,
from microscopic considerations, macroscopic phenomena like superconductivity. What’s more, they
are possibly not merely effective interactions. We discuss this issue in more detail in Section 3.

Observe also that, following Bona [56], [1-3] show that classical mechanics does not only appear
in the limit 2~ — 0, as explained for instance in [55,57]. In fact, Béna’s major conceptual contri-
bution [56, Section 1.1-a] is to highlight the emergence of classical mechanics without necessarily
the disappearance of the quantum world. In [3], a more general approach is proposed, leading to a
new mathematical framework in which the classical and quantum worlds are entangled. Such a fea-
ture is demonstrated in [1, 2] for the dynamics of macroscopic lattice Fermi systems with long-range
interactions, as shortly explained in Section 4.3.4.

The aim of the current paper is to present, in a concise way, central results of [1,2]. These ar-
ticles are indeed quite long and very technical and Section 2 is a pedagogical explanation of their
key points, by using the strong-coupling BCS-Hubbard model as a paradigm. This model is techni-
cally easy, albeit non-trivial, and it is rigorously studied at equilibrium in [41] in order to understand
the possible thermodynamic impact of the Coulomb repulsion on (s-wave) superconductivity, in the
strong-coupling approximation. The origin of this model and all its dynamical properties are ex-
plained in Section 2. Without the Hubbard part of the interaction, one gets the usual strong-coupling



BCS model and the results of [21, Section A] are recovered. Section 4 explains the general re-
sults of [1, 2] in simple terms. In particular, we formulate them in Section 4.4 in the special con-
text of permutation-invariant models, making the link with previous results on permutation-invariant
quantum-spin systems.

Here, we focus on lattice Fermi systems which are, from a technical point of view, slightly more
difficult than quantum-spin systems, because of the non-commutativity of fermionic creation and
annihilation operators on different lattice sites. However, all the results presented here or in [1,2] can
be applied to quantum-spin systems via obvious modifications.

2 The Strong-Coupling BCS-Hubbard Model

2.1 Presentation of the Model

The most general form of a translation invariant model for fermions (spin set S) with two-body inter-
actions in a cubic box A;, = {Z N [—L, L]}? (d-dimensional crystal) of volume |Az|, L € Ny is given
in momentum space by
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See [58, Eq. (2.1)]. Here, Aj is the reciprocal lattice of quasi-momenta (periodic boundary condi-
tions) associated with A; and the operator (NI;;S (respectively ay ¢) creates (respectively annihilates)
a fermion with spin s € S and (quasi-) momentum k£ € Aj. The function ¢, represents the kinetic
energy of a fermion with (quasi-) momentum £ and the real number . is the chemical potential. The
last term of (2) corresponds to a translation-invariant two-body interaction written in the momentum
space.

One important example of a lattice-fermion system with long-range interactions is given in the
scope of the celebrated BCS theory — proposed in the late 1950s (1957) to explain conventional type
I superconductors. The lattice version of this theory is obtained from (2) by taking S = {7,]} and
imposing
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for some function f: It corresponds to the so-called (reduced) BCS Hamiltonian
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where v, ,is a positive? function. Because of the term d;, _ s, the interaction of this model has a long-
range character, in position space. The choice v, , = v > 0 in (3) is a very interesting simplification
since, even when ¢; = 0, the BCS Hamiltonian qualitatively displays most of basic properties of real
conventional type I superconductors. See, e.g. [59, Chapter VII, Section 4]. The case €, = 0 is known
as the strong coupling limit of the BCS model. The dynamical properties of the BCS Hamiltonian
HBCS with Vrq = 7 > 0 can be explicitly computed from results of [1,2], but we prefer here to
consider another BCS-type model including the Hubbard interaction, as a richer example.

An important phenomenon not taken into account in the BCS theory is the Coulomb interaction
between electrons or holes, which can imply strong correlations. This problem was of course already

2The positivity of k,q imposes constraints on the choice of the function f.
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addressed in theoretical physics right after the emergence of the Frohlich model and the BCS theory,
see, e.g., [60]. This is a drawback of the conventional BCS theory since the Coulomb interaction
can be very important, for instance in cuprate superconductivity: In all cuprates, there is undeniable
experimental evidence of strong on-site Coulomb repulsions, leading to the universally observed Mott
transition at zero doping [61,62]. Recall that this phase is characterized by a periodic distribution of
fermions (electrons or holes) with exactly one particle per lattice site. Doping copper oxides with
holes or electrons can prevent from this situation. In this case, at sufficiently small temperatures,
a superconducting phase is achieved, as first discovered in 1986 for the copper oxide perovskite
Lag_xBaxCuO4 [63]

However, even after three decades of theoretical studies, including the metaphoric string theory
approach to condensed matter via the AdS/CFT duality, and in spite of many significant advances,
there is still no widely accepted explanation of the microscopic origin of cuprate, or more generally
high-T,, superconductivity. A large amount of numerical and experimental data is available, but no
particular pairing mechanism (through, for instance, antiferromagnetic spin fluctuations, phonons,
etc.) has been firmly established [64, Section 7.6]. In fact, the debate seems to be strongly polarized
between those using a purely electronic/magnetic microscopic mechanism and those using electron-
phonon mechanisms.

It is not the subject of this paper to discuss further theories for high-7, superconductivity, as we
recently did in [65]. In fact, even if many theoretical approaches have been successful in explaining
various physical properties of superconductors, only a few mathematically rigorous results related
to a microscopic description of such a material via a quantum many-body problem are available.
We present below a model, named here the strong-coupling BCS-Hubbard Hamiltonian, which is
rigorously studied at equilibrium in [41] in order to understand the possible thermodynamic impact of
the Coulomb repulsion on (s-wave) superconductivity. An interesting mathematical outcome of [41]
on the strong-coupling BCS-Hubbard Hamiltonian is the existence of a superconductor-Mott insulator
phase transition, like in cuprates which must be doped to become superconductors.

The results of [41] are based on an exact study of the phase diagram of the strong-coupling BCS-
Hubbard model defined, in a cubic box A, = {Z N [—L, L]}* (d € N) of volume |A;| for L € Ny, by
the Hamiltonian

He = —p ) (agtney) —h Y (e —ngy)
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for real parameters p,h € R and A,y > 0. The operator a; ¢ (resp. a, ) creates (resp. annihilates)
a fermion with spin s € {7, ]} at lattice position z € Z%, d = 1,2,3, ..., whereas n,s = a}, 4, is
the particle number operator at position = and spin s. They are linear operators acting on the fermion
Fock space F,, , where

Fa= O =2 (5)

forany A C Z¢ and d € N. The first term of the right-hand side of (4) represents the strong-coupling
limit of the kinetic energy, also called “atomic limit” in the context of the Hubbard model, see, e.g.,
[66,67]. The second term corresponds to the interaction between spins and the external magnetic field
h. The on-site interaction with positive coupling constant A > 0 represents the (screened) Coulomb
repulsion as in the celebrated Hubbard model. The last term is the BCS interaction written in the

x-space since
v 7y S
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See (3) with v, , = 7 > 0. This homogeneous BCS interaction should be seen as a long-range
effective interaction, the precise mediators of which are not relevant, i.e., they could be phonons, as
in conventional type I superconductors, or anything else.

2.2 Approximating Hamiltonians

The thermodynamic impact of the Coulomb repulsion on s-wave superconductors is analyzed in [41],
via a rigorous study of equilibrium and ground states of the strong-coupling BCS-Hubbard Hamil-
tonian: An Hamiltonian like H;, defines in the thermodynamic limit . — oo a free-energy density
functional on a suitable set of states of the CAR algebra I/ of the lattice Z%. See [41, Section 6.2] for
more details. Minimizers w of the free-energy density are called equilibrium states of the model and,
for any L € Ny, the Gibbs states w"), defined on the algebra B(Fy . ) of linear operators acting on the
fermion Fock space F,, (5) by

6_6HL
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at inverse temperature 3 > 0, converges® in the thermodynamic limit L — oo to a well-defined
equilibrium state. The important point in such an analysis is the study of a variational problem over
complex numbers: By the so-called approximating Hamiltonian method [8,9,68] one uses an approx-
imation of the Hamiltonian, which is, in the case of the strong-coupling BCS-Hubbard Hamiltonian,
equal to the c-dependent Hamiltonian

Ho(e) = —p ) (nag+ney) =h Y (Mag —nuy) + 20 nggna
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with ¢ € C, see also [10,11]. The main advantage of using this c-dependent Hamiltonian, in compari-
son with H,, is the fact that it is a sum of shifts of the same on-site operator. For an appropriate choice
of (order) parameter ¢ € C, it leads to the exact thermodynamics of the strong-coupling BCS-Hubbard
model, in the limit . — oco: At inverse temperature 3 > 0,
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and the (exact) Gibbs state w;, converges* to a convex combination of the thermodynamic limit L —
oo of the (approximating) Gibbs state w(™? defined by
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the complex number ? € C being a solution to the variational problem (9). Since v > 0, this can be
heuristically be seen from the inequality

VALl e + Hy (6) = Hy = (e = VIALle) (0 = VIAzle) 20,

3In the weak* topology.
“In the weak* topology.




where
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(resp. ¢;) annihilates (resp. creates) one Cooper pair within the condensate, i.e., in the zero-mode for
fermion pairs. This suggests the proven fact [41, Theorem 3.1] that
(L) (ko)
. w (W V)
9| = lim ——>9%~~ 12
ST (2

for any’ ® € C solution to the variational problem (9). The parameter [?| is the condensate density of
Cooper pairs and so, [0| > 0 corresponds to the existence of a superconducting phase, which is shown
to exist for sufficiently large v > 0. See also [41, Figs. 1,2,3].

2.3 Dynamical Problem in the Thermodynamic Limit

An Hamiltonian like the strong-coupling BCS-Hubbard Hamiltonian drives a dynamics in the Heisen-
berg picture of quantum mechanics: As is usual, the corresponding time-evolution is, for L € Ny, a
continuous group {TEL)}teR of x-automorphisms of the algebra 5(F), ) of linear operators acting on
the Fermion Fock space Fy, (see (5)), defined by

T (A) = M Ao L A€ B(Fa,), teR.
The generator of this time evolution is the linear operator ¢, defined on B(Fj, ) by
5L (A) :Z{HL,A] :Z(HLA—AHL) , AEB(.FAL) ,

that is,
Ti(A) = exp (itd) (A) . AEB(Fr,). teR.

If v = 0 then it is well-known that the thermodynamic limit of {TﬁL) }er exist as a strongly continuous
group {7 }+cr of *-automorphisms of the CAR algebra of the infinite lattice, as explained in Section
4.1.2. If v > 0 then the situation is not that obvious. A first guess is to approximate {T,SL)}teR by
{77} cr, where

TEL’C)( A) = itHL(€) g—itHL(c)

, AeB(Fp,), teR, (13)
for any L € Ny and some complex number ¢ € C. In this case, the linear operator
Orc(A)=iHy(c),A],  A€B(Fa,), (14)

is the generator of the dynamics {TEL’C)}tGR. A natural choice for ¢ € C would be a solution to the
variational problem (9), but what about if the solution is not unique ? As a matter of fact, as explained
in Section 4.1.3, in the thermodynamic limit I, — oo, the finite-volume dynamics {TgL)}teR does not
converge within the CAR (C*-algebra of the infinite lattice for v > 0, even if 9 = 0 would be the
unique solution to the variational problem (9)!

The validity of the approximation with respect to the primordial dynamics was an open question
that Thirring and Wehrl [10, 11] solve in 1967 for the special case

y
Hp|ma—h—0 = AL > ahsalayay; (15)
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SThis implies that any solution |d| to the variational problem (9) must have the same absolute value.
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which is an exactly solvable permutation-invariant model for any v € R. An attempt to generalize
Thirring and Wehrl’s results to a general class of fermionic models, including the BCS theory, has
been done in 1978 [12], but at the cost of technical assumptions that are difficult to verify in practice.
This research direction has been strongly developed by many authors until 1992, see [14-33]. All
these papers study dynamical properties of permutation-invariant quantum-spin systems with mean-
field interactions. Our results [1-3], summarized in Section 4, represent a significant generalization of
such previous results to possibly non-permutation-invariant lattice-fermion or quantum-spin systems.
To understand what’s going on in the infinite-volume dynamics, we now come back to our pedagogical
example, that is, the strong-coupling BCS-Hubbard model.

2.4 Self-Consistency Equations

Instead of considering the Heisenberg picture, let us consider the Schrodinger picture of quantum
mechanics. In this case, recall that, at fixed L € Ny, a finite-volume state p(L) is a positive and
normalized functional acting on the algebra B(F,, ) of linear operators on the fermion Fock space
Fa, - By finite dimensionality of F,,,

p(L) (A) = Trace;AL (d(L)A) , A€ B(Fa,),

for a uniquely defined positive operator A&} € B(Fy,) satisfying Trace Fa, (d9)) = 1 and named

the density matrix of p(*). Compare with (7) and (10). See also Section 4.2.1. At L € Ny, the time
evolution of any finite-volume state is

p=pPor?, teR, (16)

which corresponds to a time-dependent density matrix equal to dgL) = T(_Lt) (A1), Compare with (71).

The thermodynamic limit of (16) for periodic states can be explicitly computed, as explained in

Section 4.3.2. It refers to a non-linear state-dependent dynamics related to self-consistency: By (5)
with A = Ay = {0}, recall that

Fop = [\ ClOth = (17)
is the fermion Fock space associated with the lattice site (0,...,0) € Z% and so, B (f{o}) can be

identified with the set Mat (4, C) of complex 4 x 4 matrices, in some orthonormal basis®. For any con-

tinuous family w = (wy)cr of states acting on B (f{o}) , we define the finite-volume non-autonomous

(Lw)

dynamics (7, by the Dyson-Phillips series

)s,tER
¢ t lg—1
T;Ls’w) = “exp (/ 5f“du) =1, t Z/ dty -~ / dtk5itk 004"
s keN v 8 5

acting on B(F,, ) forany s, ¢ € R, with 15 7», ) being the identity mapping of B(Fa, ) and where 67
is the generator of the group {T£L70)}teR, defined by (14) for ¢ = p(ap+ao ), i.e.,

o7 (A) =i[H(plaorao,)), Al , A€ B(Fa,) -

Compare with (12)-(11). Note that, for every continuous family w = (w;);cr of on-site (even) states
acting on 5 (.7:{0}), s,t € R, Ly € Ny and all integers L > Ly,

T (A) =T A) . AeB(Fy,,). (18)

®For instance, (1,0,0,0) is the vacuum; (0, 1,0,0) and (0,0,1,0) correspond to one fermion with spin 1 and J,
respectively; (0, 0,0, 1) refers to two fermions with opposite spins.
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It follows that the family {T%i’w)}s,teR strongly converges in the thermodynamic limit . — oo to a
strongly continuous two-parameter family {7¢;} icr of *-automorphisms of the CAR algebra U of
the lattice. With these observations, we are in a position to give the self-consistency equations: By
(69) and (94), for any fixed initial (even) state p, on B (.7:{0}) at t = 0, there is a unique family
(zo(t; po) )ier Of on-site states acting on B (Fyo; ) such that

w(t;py) =pyotin ™, teR. (19)

Remark that T%(';p o) (B (.7-"{0})) Cc B (]:{0}), because this infinite-volume dynamics is constructed
from local Hamiltonians (8), which are sums of on-site terms. See, e.g., (18). Observe that (19) is an
equation on a finite-dimensional space, see (17).

2.5 Infinite-Volume Dynamics of Product States

For simplicity, as initial state (at t = 0), take a finite-volume product state

™) = @4, po (20)

associated with an even’ state p, on B (f{o}): Recall that even means that the expectation value of
any odd monomials in {ag , aos }se{r,} With respect to the on-site state p, is zero, while the product

state p(") is (well-) defined by

P (a0 (A1) - 0, (An)) = po(A) -+ po(An) @21

forall Ay,..., A, € B (.7-"{0}) and all zy,...,x, € Ag such that z; # x; fori # j, where oy, (A;) €
B (.7-"{3;].}) is the xj-translated copy of A, forall j € {1,...,n}, see (38) for more details. An example
of finite-volume product states is given by the approximating Gibbs states (10). Then, in this case, as
explained in Section 4.4, forany t € R, Ly € Ny and A € B(F, LO), one has that

lim pi” (4) = Jim porf") (4) = poriy ™ (4) , (22)

L—oo

with ng), o (+; p,) being respectively defined by (16) and (19) and where p = ®yap, is the (infinite-

volume) product state associated with the even state p, on B (}"{0}), see either (20)-(21) with A, = Z¢
or (89). Note that the restriction to B(Fy, ) of p is equal to p(~).
For any ¢ € R, the limit state
pEOO) =~ po 7.:(’)(')/)0)
is again a product state and hence, it is completely determined by its restriction to the single lattice
site (0,...,0) € 7%, that is, by the on-site state

(c0) @ (+p0)

Pt {0} =po Tz)(.;powlg(}'{o}) = PoCTro ro |B(.7-'{0}) = w(t§ Po)

forall t € R.

If one sees quantum states as elements of a state space in classical mechanics, it is natural to
consider complex or real-valued function of states. By using the self-consistency equation (19), we
thus define a classical space of observables as being the (commutative C*-)algebra C' (EEB}; C) of
continuous functions on the space Ef[)} of all even states acting on B(Foy). As explained in Section

4.4 4, the self-consistency equation leads to a group (V;)icr of automorphisms of C' (EEB}; C) defined
by

7Observe that even states are the physically relevant ones.
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This dynamics can be written in terms of Poisson brackets, i.e., as some Liouville’s equation of
classical mechanics: A polynomial in C (EEB}; C) is a function f of the form

fFp)=g(p(A),....p(An) ,  pEEy,

for some polynomial g of n € N variables and elements A, ..., A, € B(F). Such a polynomial
has (convex) derivative D f (p) equal to (75) for p € EEB}. The classical hamiltonian h € C (EEB}; C)
related to the strong-coupling BCS-Hubbard model is a polynomial defined by
h(p) = —pp (ng +ny) = hp (ng —ny) + 20 (nyny) = |p (aa)[*
the 0 indices of operators acting on o, having been omitted for notational simplicity. It leads to a
state-dependent Hamiltonian equal to
Dh(p) = —p(ny+ny)—h(n—mn)+2X(nyny) =7 (afalp (ayar) + p (aia]) ajar)
+ (o (g + my) + hp (ny = ny) = 2Xp (mny) + 27 |p (aya9)[%) 1 . (23)

Like (8), it is an Hamiltonian generating the restriction to B(Fyy ) of the quantum dynamics { TELC) Her
defined by (13) with ¢ = p (a,at): Forevery s,t € Rand all L € Ny,

r ) (A) = ) (4) = SPHO AT A e B(Frgy)
similar to (18). Then, using (97) we obtain Liouville’s equation:
Vi (f) =Vi({h, f}) ={b,Vi(S)} ., teR, (24)
where, by (76) and (98),
{h,f}(p) =p(i[Dh(p),Df (p)]) ,  pE€E,. (25)

Liouville’s equation is written here on a finite-dimensional state space and can easily be studied
analytically. Its solution at fixed initial state gives access to all dynamical properties of product states
driven by the strong-coupling BCS-Hubbard model in the thermodynamic limit. Below, we give the
explicit computations of the time evolution of the most important physical quantities related to this
model, in this situation:

Lemma 1 (Dynamical properties)

Fix any on-site state p € EEB}.

(i) Electron density: Let d(p) = p (ny +ny). Then, foranyt € R, V, (d) = d.

(ii) Magnetization density: Let m(p) = p (ny — ny). Then, for anyt € R, V; (m) = m.

(iii) Coulomb correlation density: Let w(p) = p (ntny). Then, foranyt € R, V; (w) = w.
(iv) Cooper pair condensate density: Let k(p) = |p (ayar)|>. Then, for anyt € R, V; (k) = k.

(v) Cooper field densities: Let o(p) = Re (p(a,ar)) and ¥(p) = Imp (ayaq). Then, for any t € R,
the functions @, = V; (p) and 1, =V, (1) on EEB} satisfy

{ 0 (p) = v/Kcos (tv (p) +6,)
Uy (p) = /sin (tv (p) +0,) ,

withv (p) =2 (u—N) +v (1 —d(p)) and € [0,1], 8, € [—m, 7) such that p (ajar) = \/Ke'.
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Proof. We start with elementary computations using the CAR (36): Recall that [A, B] = AB — BA
is the commutator and, for any s € {1, ]}, ny = a’as is the spin-s-particle number operator on the
lattice site 0 (with “{0}” being omitted in the notation for simplicity). By (36), for any s,t € {1,/},

[Ny, ay] = [ng,aq] = [ns,ne] =0, [ng, as] = —as , [a?aj,aT] =—a, [a?ai,%] =a; . (26)
It follows that, for any s € {7, ]},
[ns,ajat] = —ayay , [ns, a?aﬂ = ajaj , [a?aj, aiaﬂ =ny+n, —1. 27)
From the CAR (36) note also that
naja] = aia) ,  npaap = ajang =naar =0,  agang = agayp . (28)

Now, we are in a position to prove Assertions (i)-(v): Let f;(p) = p(ns) for all p € EEB} and

s € {1,4}. Then, by using (23), (26)-(27) and (75) for p € E{J“O}, we compute that
[Dh (p) , Df; (p)] = [Dh(p) ,ns] = 7 (p (ayay) afaj — p (afa}) ajar) -

By (24)-(25), we then deduce from the last equality that, for any ¢ € Rand s € {1,]}, Vi (f;) =,
which implies Assertions (i)-(i1). To get Assertion (iii), note from (23), (26)-(28) and (75) that, for
any p € B
Y P < oy
[Dh (p) , Dw (p)] = [Dh (p) ,mny] = v (afajp (ayar) — p (afa}) ayaq)

We then arrive at Assertion (iii) by combining this last computation with (24)-(25). To obtain Asser-
tions (iv)-(v), it suffices to study the time evolution of the function 3 defined, for any p € E{JB}, by

3(p) = p(a aq). Then, we use again (23), (26)-(28) and (75) to obtain that

[Dh (p), D3 (p)] = [Dh(p) , ayar] = 2 (1 — A) ayar — yp (ayar) (ny +ny — 1)

and, by (24)-(25) and Assertion (i), the function 3, = V; (3), t € R, evaluated at p € EEB} satisfies the
elementary ODE

VEeER: O3 (p) =i2(n—A)+7(1=dp))s(p) .  30(p) =plaa),

from which Assertions (iv)-(v) obviously follow. Note that the time evolution V; (x) of the non-affine
polynomial k(p) = |p (ayas)|? p € EEB}, could also have been obtained by using, from (75), that

Dr (p) = aialp (ayar) + p (aa}) aar — 2o (ajar) 1.

]

In the special case A = 0, i.e., without the Hubbard interaction, Lemma 1 reproduces the results
of [21, Section A] on the strong-coupling BCS model, written in that paper as a permutation-invariant
quantum-spin model.

From Lemma 1 observe that we recover the equation of a symmetric rotor in classical mechanics:
Fix p € EEB}. For any t € R, let Q,(t) = ¢, (p), Qa(t) = ¥, (p) and Q3 (t) = Vi (v) (p). Then, by
Lemma 1, or by using directly Liouville’s equation (24)-(25) as it is done in the proof of Lemma 1,
one easily checks that the 3D vector (§2;(¢), Q2(t), Q23(¢)) satisfies, for any time ¢ € R, the following
system of ODEs: ‘

Qi (1) = Qs (1) (1),
Oa () = 5 (1) Q4 (1)
Q3 (1) =0,

11



which describes the time evolution of the angular momentum of a symmetric rotor in classical me-
chanics.

Lemma 1 leads to the exact dynamics of a physical system prepared in a product state at initial
time, driven by the strong-coupling BCS-Hubbard Hamiltonian. This set of states is still restrictif
and our results [1-3], summarized in Section 4, go beyond this simple case, by allowing us to con-
sider general periodic states as initial states, in contrast with all previous results on lattice Fermi, or
quantum-spin, systems with long-range, or mean-field, interactions.

2.6 From Product to Periodic States as Initial States

The strong-coupling BCS-Hubbard model is permutation-invariant, which means that it is invariant
under the transformation P, : ays = Ar(z)s With z € Z% and s € {1, ]}, for all bijective mappings
7 : Z¢ — 79 which leave all but finitely many elements invariant. See Section 4.4.1. First, take
a permutation-invariant state, which means that p o p, = p, again for all bijective mappings 7 :
7% — 72 which leave all but finitely many elements invariant. As is explained in Section 4.4.2,
any permutation-invariant state can be written (or approximated to be more precise) as a convex
combination of product states. For instance, let p,, ..., p, be n € N product states and vy, ..., u, €
0, 1] such that u; + - - - +u, = 1, and

p=> up;, (29)
j=1

which is a permutation-invariant state. At fixed L € N, we take the restriction p(*) of p to B(Fy, ),
which is thus a finite-volume permutation-invariant state, like the Gibbs state (7) associated with the
strong-coupling BCS-Hubbard model. Then, in this case, forany t € R, Ly € Ny and A € B(fALO),
we infer from (22) that

Tim o) (4) = lim por(”) (4) = Zlujpj oo " (4) (30)
j=

where, by a slight abuse of notation, w(-; p) = @ (-; p|5( ;{0})). For general permutation-invariant
states, one has to replace the finite sum (29) by an integral with respect to a probability measure on
the set of product states to generalize (30). See again (96) for more details. As a consequence, by
combining Lemma 1 with such a decomposition of permutation-invariant states into product states,
we obtain all dynamical properties of the strong-coupling BCS-Hubbard model, in any permutation-
invariant initial state: For instance, taking the state (29) and combining (30) with Lemma 1, the
time-evolution ¢, = V; (¢) and ¢, = V; (¢) of Cooper fields are given, for any t € R, by

{ o (p) = Z?:l Uj\/:‘i_jCOS(tV (pj) + ij) )
by (p) = 225y wi/Rysin(tv (p;) +6,,)

where '
v(p) =2(n=N+7(1=p(np+ny)  and  p;(agar) = /rze™

forany j € {1,...,n}. Then, the Cooper pair condensate density defined by x(p) = |p (aya;)|” is not
anymore necessarly constant and can have a complicated, highly non-trivial, behavior, in particular
when p is not a finite sum like (29), but only the barycenter of a probability measure on the set of
product states.

The permutation-invariant case already applies to the (weak*) limit w(>) of the Gibbs state w()
(7) which is proven to exist as a permutation-invariant state w(®) because, by [41, Theorem 6.5], away

12



from the superconducting critical point,

1 [ 0
() ()= = (ore™ (1) dg 31
W () =5 [ G
with {0 = re® 6 € [0, 27]} being all solutions to the variational problem (9) and where the product
state w(*?) is the thermodynamic limit L — oo of the Gibbs state w(%® (-) defined by (10). In this
case, by [41, Theorem 6.4 and previous discussions],

(o) (aja1) = re? =, 0 € 0,2, (32)

and if one has a superconducting phase, i.e., r > 0, then, by [41, Eq. (3.3) and Theorem 6.4 (i)], one
always has the equality

WO (4 mg) = 14+ 297 (= A) 0 € [0,2] . (33)

Any equilibrium state is a state in the closed convex hull of {w(®>"¢"") ¢ € [0, 27]}. Equations (32)-
(33) imply that, for any equilibrium state w, like w(>), the frequency v(w), defined in Lemma 1 (v),
vanishes, i.e., v(w) = 0. Hence, in this case, by Lemma 1, all densities are constant in time for
any equilibrium state. The same property is also true at the superconducting critical point, by [41,
Theorem 6.5 (i1)]. This is of course coherent with the well-known stationnarity of equilibrium states.

The results presented above could still have been deduced from Béna’s ones, as it is done in [21,
Section A] for the strong-coupling BCS model. Of course, in this case, one has to represent the
lattice Fermi systems as a permutation-invariant quantum-spin system and a permutation-invariant
state would again be required as initial state.

Using [1,2] one can easily extend this study of the strong-coupling BCS-Hubbard model to a much
larger set of initial states: Indeed, if the initial finite-volume state p(*) is the restiction to B(F,,) of
an extreme (or ergodic) translation-invariant state on the CAR algebra of the lattice, which means in
particular that it is invariant, for any z € Z%, under the transformation a, s — a1y y € Z% and
s € {1, 1}, then Equation (96) also tells us that, forany ¢t € R, Ly € Ny and A € B(fALO),

lim pi” (4) = po 7y (A)

L—oo

where, again by a slight abuse of notation, @ (-; p) = @ (-; p|(7,))- What's more, since

0 (B (Frop)) € B (Froy)

because of its construction from local Hamiltonians (8) which are only a sum of on-site terms, the
electron, magnetization, Coulomb correlation, Cooper pair condensate and the Cooper field densities
can in this case directly be deduced for extreme, translation-invariant, initial states from Lemma 1,
and, similar to (29)-(30), these quantities for general translation-invariant states can be derived by
using their decompositions (66) in terms of extreme translation-invariant states.

All these outcomes can be extended to the case of general periodic initial states, via straightfor-
ward modications: for any (¢1,...,¢;) € N? and initial ({1, . . ., {4)-periodic state p (see Section 4.2.3
for more details) replace in all the above discussions on translation-invariant initial states terms like

p(ayar) = p(aoaos) by

1
T > p (e 100r) - (34)

r=(21,...,2q), ©;€{0,...,6;—1}

Cf. (67)-(68). This goes beyond all previous studies on lattice Fermi, or quantum-spin, systems with
long-range, or mean-field, interactions.
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3 Long-Range Interactions in Physics

Long-range, or mean-field, effective models are essential in condensed matter physics to study, from
microscopic considerations, macroscopic phenomena like superconductivity. They come from differ-
ent approximations or Ansétze like the choice v, , = v > 0 for the (effective) BCS interaction in
(3). The general form of the (effective) BCS Hamiltonian in (3) comes from the celebrated Frohlich
electron-phonon interactions. What’s more, they are possibly not merely effective models.

Long-range, or mean-field, models capture surprisingly well many phenomena in condensed mat-
ter physics. For instance, recall that the BCS interaction (1) allows us to qualitatively display most
of basic properties of conventional superconductors [59, Chapter VII, Section 4]. Ergo, one could
wonder whether such interactions may have a more fundamental physical relevance. Such a question
is usually not addressed, because these interactions seem to break the spacial locality of Einstein’s
relativity. For instance, the BCS interaction (6) can be seen as a kinetic term for fermion pairs that
can hop from y € Ay, to any other lattice site x € Ay, for each L € Nj,.

This non-locality property is reminiscent of the inherent non-locality of quantum mechanics, high-
lighted by Einstein, Podolsky and Rosen with the celebrated EPR paradox. Philosophically, this gen-
eral issue challenges causality, in its local sense, as well as the notion of a material object®. In [70],
Einstein said the following:

“If one asks what, irrespective of quantum mechanics, is characteristic of the world of ideas of
physics, one is first of all struck by the following: the concepts of physics relate to a real outside
world... it is further characteristic of these physical objects that they are thought of as a range in
a space-time continuum. An essential aspect of this arrangement of things in physics is that they
lay claim, at a certain time, to an existence independent of one another, provided these objects “are
situated in different parts of space”.

The following idea characterizes the relative independence of objects far apart in space (A and
B): external influence on A has no direct influence on B...

There seems to me no doubt that those physicists who regard the descriptive methods of quantum
mechanics as definitive in principle would react to this line of thought in the following way: they
would drop the requirement... for the independent existence of the physical reality present in different
parts of space; they would be justified in pointing out that the quantum theory nowhere makes explicit
use of this requirement.

I admit this, but would point out: when I consider the physical phenomena known to me, and
especially those who are being so successfully encompassed by quantum mechanics, I still cannot
find any fact anywhere which would make it appear likely that (that) requirement will have to be
abandoned.

I am therefore inclined to believe that the description of quantum mechanics... has to be regarded
as an incomplete and indirect description of reality, to be replaced at some later date by a more
complete and direct one.”

The debate on non-locality in Physics, experimentally shown, refers to the existence of quantum
entanglement, essential in quantum information theory. For a discussion on locality and realism in
quantum mechanics, see, e.g., [71] by Alain Aspect, who is one of the main initiators of experimental
studies on quantum entanglement, in the beginning of the 1980s.

The non-locality of long-range, or mean-field, interactions like the BCS interaction’ (1) can be
seen as an instance of the (controversial) intrinsic non-locality of quantum physics. Long-range inter-
actions are thus usually not considered by the physics community as being fundamental interactions,

8 According to the spatio-temporal identity of classical mechanics, the same physical object cannot be at the same time
on two distinct points of the phase space. This refers to Leibniz’s Principle of Identity of Indiscernibles [69, p. 1]. The
spatio-temporal identity of classical mechanics is questionable in quantum mechanics. See, e.g., [69].

9The strength of the BCS interaction (1) between two points of the space does not decay at large distances.
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in order to avoid polemics. We partially agree with this position and see long-range interactions as
possibly resulting from (more fundamental) interactions with (bosonic) mediators, like phonons in
conventional superconductivity.

Nonetheless, a long-range interaction like (1), being quantum mechanical, does not refer to an
actuality, but only to a potentiality. Physical properties of any (energy-conserving) physical system
do not just depend on its Hamiltonian but also on its state which accounts for the “environmental”
part of the system: This situation is analogous to the epigenetics'® showing that the DNA sequence
is only a set of constraints and potentialities, the physical realizations of which depend on the history
and environment of the corresponding organism. For instance, in a lattice-fermion system described
by the so-called (reduced) BCS Hamiltonian with v, , = -, pairs of particles may (almost) never hop
in arbitrarily large distances if the state!! p of the corresponding system is such that

li LZ (a*a*a a )—O
o IAL] POy Qg Oy, Gyt) = U -

T, YyeAL

This is the case for equilibrium states of this model at sufficiently high temperatures. It is thus too
reductive to a priori eliminate such kind of interaction from “fundamental” Hamiltonians of physical
systems.

On the top of that, as is well-known, the thermodynamic limit of mean-field dynamics is repres-
entation-dependent. This is basically Haag’s original argument proposed in 1962 [6] in order to
give a precise mathematical sense to the BCS model. In fact, the description of the full dynamics
requires an extended quantum framework [3], which refers to an intricate combination of classical
and quantum dynamics, as observed by Bona already thirty years ago [26]. In [3], the emergence
of a classical dynamics defined from Poisson brackets on state spaces is shown, without necessarily
the disappearance of the quantum world, offering a general mathematical framework to understand
physical phenomena with macroscopic quantum coherence. In the context of lattice-fermion systems,
it is explained in detail in [1]. Such an entanglement of classical and quantum worlds is noteworthy,
opening new theoretical perspectives, and is a direct consequence of the highly non-local character of
long-range, or mean-field, interactions.

4 Mathematical Foundations

4.1 Algebraic Structures
4.1.1 CAR Algebra of Lattices

Let Z“ be the d-dimensional cubic lattice and Py C 927 the set of all non-empty finite subsets of Z.
In order to define the thermodynamic limit, for simplicity, we use cubic boxes

Ap ={Zn[-L,L]}*, LeN,. (35)

Let S be a fixed (once and for all) finite set of spins. For any A € Py U {Z}, U, is the separable
unital C*-algebra!? generated by the elements {azs}zen ses satisfying the canonical anti-commutation
relations (CAR): for any x,y € Z? and s,t € S,

* *
ax,sa'y,t + a'y,taac,s = 0 ) ax,sa%t + ay,ta':c,s = 5s,t5x,yl . (36)

Quoting [72]: “Epigenetics is typically defined as the study of heritable changes in gene expression that are not due
to changes in DNA sequence. Diverse biological properties can be affected by epigenetic mechanisms: for example, the
morphology of flowers and eye colour in fruitflies.”

!1.e., a positive and normalized continuous functional on the CAR algebra.

12245 = B(C2"*") is equivalent to the algebra of 2!4>S x 2145 complex matrices, when A € P.
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Here, 0j,; is the Kronecker delta, that is, the function of two variables defined by d,; = 1 if k = [ and
01 = 0 otherwise. Note that we use the notation I/ = Uz and define

Uy = | J Uy, (37)

which is a dense normed *-algebra of ¢/. Elements of 4, are called local elements. The (real) Banach
subspace of all self-adjoint elements of I/ is denoted by U® ¢ U.

Translations are represented by a group homomorphism = — a, from Z? to the group of *-
automorphisms of ¢/, which is uniquely defined by the condition

p(ys) = Ayias, YEZ sES. (38)

The mapping © — «, is used below to define symmetry groups of states as well as translation-
invariant interactions of lattice-fermion systems.

The results presented in the current paper also hold true in the context of quantum-spin systems,
but we focus on lattice Fermi systems which are, from a technical point of view, slightly more difficult
because of the non-commutativity of their elements on different lattice sites. Indeed, the additional
difficulty in Fermi systems is that, for any finite subsets AV, A® € P with AW N A®) = (), the
commutator

[Bl,Bg] = BBy — BB =0, B EUA(l), By EUA(Q) ,

may not be zero, in general. For instance, the CAR (36) trivially yield [a, s, ay ] = 2a,sa,+ # 0 for
any z,y € Lands,t € S, (x,s) # (y,t). Because of the CAR (36), such a commutation property is
satisfied for all even local elements defined as follows: The condition

O-(am,s> = _am,57 S A7 ElS S ) (39)
defines a unique *-automorphism o of the C*-algebra /. The subspace
Ut ={Aecl:A=0(A)} (40)

is the C*-subalgebra of so-called even elements of /. Then, for any subsets AV A®) ¢ Pr with
ADNAR =,
[Bl,BQ] =0, By GZ/IAu)ﬂUJ“, By GZ/[A(z) .

This last condition is the expression of the local causality in quantum field theory. Using well-
known constructions!®, the C*-algebra U, generated by anticommuting elements, can be recovered
from U*. As a consequence, the C*-algebra /™ should thus be seen as more fundamental than
in Physics. In fact, U corresponds in this context to the so-called local field algebra. See, e.g., [73,
Sections 4.8 and 6].

The fact that the local causality in quantum field theory can be invoked to see U™ as being more
fundamental than ¢/ in Physics does not prevent us from considering long-range interactions as possi-
bly fundamental interactions, as explained in Section 3. The choice of U+ only compel us to consider
(local) observables satisfying the local causality as measurable physical quantities, the full energy
of lattice Fermi systems with short-range or long-range interactions being generally inaccessible in
infinite volume. In fact, the long-range part yields possibly non-vanishing background fields, in the
spirit of the Higgs mechanism of quantum field theory, in a given representation of the observable
algebra, which is fixed by the initial state.

13More precisely, the so-called sector theory of quantum field theory.
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4.1.2 Short-Range Interactions

A (complex) interaction is a mapping ® : Py — U™ such that &, € U, for all A € Py. The set of
all interactions can be naturally endowed with the structure of a complex vector space and using the
norm

[@lhy = sup > (Lo —y) P (41)

d
TYELE NPy, AD{wy}

for some fixed e > 0, we then define a separable Banach space WV of short-range interactions. Here
|-| is the Euclidean metric. Note that the particular positive-valued decay function

F(r,y)=1+z—y) ",  zyezi e>0,

in (41) is used for simplicity and other choices can be made, as discussed in [1, Section 3.1]. We use
in the sequel three important properties on short-range interactions:

(i) Self-adjointness: There is a natural involution ® + ®* = (®})acp, defined on the Banach space
W of short-range interactions. Self-adjoint interactions are, by definition, interactions ¢ satisfying
$ = &*. The (real) Banach subspace of all self-adjoint short-range interactions is denoted by W& ¢
W, similar to U® G U.

(i1) Translation invariance: By definition, the interaction @ is translation-invariant if

(DAer:OéI((I)A) , I’GZd,AG’Pf7

where
Az={y+zeZ’:yecA}.

Here, {«, },cza is the family of (translation) x-automorphisms of ¢/ defined by (38). We then denote
by Wi & W the (separable) Banach subspace of translation-invariant, short-range interactions on Z<.

(iii) Finite range: For any R € [0, 00), we define the closed subspace

Wh = {(I) €W, : &), =0for A € P; such that ma§{|x -y} > R} (42)
RIS

of finite-range, translation-invariant interactions. When R = 0, we obtain the space Wy = W? of
permutation-invariant interactions described in Section 4.4.

Short-range interactions define sequences of local energy elements: For any ® € VV and L € Ny,

UP = ®ycly, NUT, (43)
ACAL

where we recall that A;, = {Z N (=L, L)}4 is the cubic box used to define the thermodynamic limit
(see (35)). The energy elements UP, L € Ny, refer to an extensive quantity since their norm are
proportional to the volume of the region they correspond to: For any L € Nyand & € W,

(h

I, < ClALl®l,y, (44)

where

C=2 1

xEZd

(45)
+| | d+e
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Moreover, for any self-adjoint interaction ® € W® and L € Ny, UP € U¥, ie., UP = (U)*isa
local Hamiltonian.
Each local Hamiltonian associated with ® € WX leads to a local dynamics on the full C*-algebra

U via the group {T,SL’@)}teR of x-automorphisms of I/ defined by
T P(A) = Vi ATUE L AcU. (46)
It is the continuous group which is the solution to the evolution equation
vieR: Y =r"Yos?, Y =1y,
with 1;, being the identity mapping of I/ and 67 defined on ¢/, for any L € Ny and ® € WE, by
§7(A) =i [Up, Al =i (UFA— AUY) , Aclu.

This corresponds to a quantum dynamics, in the Heisenberg picture. Note that, for every L € Ny and
® € WE, 67 is a so-called symmetric derivation which belongs to the Banach space B(i) of bounded
operators acting on the C*-algebra U, see, e.g., [1, Section 3.3].

More generally, for possibly time-dependent interactions, the non-autonomous local dynamics
is defined, for any continuous function ¥ € C(R;WR®) and L € N, as the unique (fundamen-
tal) solutlon (TEI; 7
equatlon

),..cr in the Banach space B(U) to the (finite-volume) non-autonomous evolution

Vs, t € R: 8t7'tL ) Tﬁfs"l’) o 53(” , Tg’Ls’\I’) =1y . 47)

The solution to (47) can be explicitly written as a Dyson—Phillips series: For any s, ¢ € R,

i = 1y, +Z/ dt; - - / Aty ™ o057 (48)

keN

By [74, Corollary 5.2], in the thermodynamic limit L — oo, for any ¥ € C(R; W¥), the group
(Tﬁ, W))SvteR, L € Ny, strongly converges, at any fixed s, ¢, to a strongly continuous two-parameter

family (7}, ), ter Of *-automorphisms of U/:

lim DAY =1 (A, A€lU, steR, (49)
ﬁ k)

In other words, (time-dependent) self-adjoint interactions lead to an infinite-volume (possibly non-
autonomous) dynamics on the CAR algebra of the lattice.

4.1.3 Long-Range Models

We start with some preliminary definitions: Let S be the unit sphere of W;. For any n € N and finite
signed Borel measure a on the Cartesian product S™ (endowed with its product topology), we define
the finite signed Borel measure a* to be the pushforward of a through the self-homeomorphism

(T w) s (B (TW)) e s” (50)

of S”. A finite signed Borel measure a on S is, by definition, self-adjoint whenever a* = a. For any
n € N, the real Banach space of self-adjoint, finite, signed Borel measures on S™ endowed with the
norm

lallsem = lal(S"),  neN,

“Let H be some Hilbert space and (H;);cr some continuous family of bounded Hamiltonians acting on #. The
corresponding Schrodinger equation with 4 = 1 reads i0;p, = Hyp, and so, ¢, = Uy s, with U, ; being the solution to
0:U,s = HU; ;. Then, in the Heisenberg picture, the time-evolution of any (bounded) observable B acting on # at initial
timet =s € Ris By = 75 (Bs) = U} BsUy s for s, € R, which yields 0,7 s = 7¢ s 0 6; with 0; (A) =i[Hy, A].
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is denoted by S(S™). The set of all sequences a = (a,,),en of finite signed Borel measures a,, € S(S™)
gives origin to a (real) Banach space S by using the norm

lalls =Y n*C" aullsen » 0= (au)uen €S, (51)

neN

with the constant C > ( defined by (45).
The separable Banach space of long-range models is defined by

M={meW*x8:|m|,, <oo} (52)
with the norm of M being defined from (41) and (51) by
[mf[ e = 12fhy + llalls . m=(P,a) e M. (53)

The spaces W™ and S are seen as subspaces of M. In particular, ® = (®,0) € M for & € WE,
Using the subspace W of finite-range interactions defined by (42) for R € [0, c0), we introduce the
subspace
§*= | {(@)nen €S:¥n €N, |a,/(S") = [anl((SNWH)™)} . (54)
R€[0,00)

Long-range dynamics are studied for models in the subspaces
M®=WExS®  and P= W) x 8. (55)

Clearly, W® € M> C M and (W* N W) C M C M.
Similar to self-adjoint short-range interactions, each long-range model leads to a sequence of local
Hamiltonians: For any L € Ny and m € M,

UE£U2D+Z—1

Ve / urt o e, (A, de®) (56)
neN L "

with U and Ug’(k) been defined by (43). Note that U = (U}")* and straightforward estimates yield
the upper bound
10l < ClALL[[m]] L eNp. (57)
Compare with (44).
Similar to (46), each model m € M leads to finite-volume dynamics defined, for any L € Ny, by

T (A) = UL AT Ael. (58)

In contrast with short range interactions (see (49)), for any fixed A € U and ¢t € R, the thermodynamic
limit L — oo of T,SL"“) (A) does not necessarly exist in the C*-algebra &/. However, by [2, Theorem
4.3], for any m € M3°, it converges in the o-weak topology within some represention of I/. This
is reminiscent of the fact that the energy-density observable Uy /|Ar| does not converges in U, as
L — oo, but its expectation value with respect to any periodic state does. See Section 4.3 for more

details.

4.2 State Spaces
4.2.1 Finite-Volume State Space

Let U be the dual space of the local C*-algebra U, for any (non-empty) finite subset A C Z4, i.e.,
for A € P;. We denote by

EAi{pAEZ/{X:pAz()? pA(l):1}7 AEPf, (59)
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the space of all states on U,. By finite dimensionality of U/ for A € Py, the space E, is a norm-
compact convex subset of the dual space U/} and, for any p, € FE,, there is a unique, positive,
trace-one operator dy € B(F,, ) satisfying

pp (A) = Trace (dpA) Ael,, (60)

named the density matrix of p,. In fact, Iy is affinely equivalent to the set of all states acting on
the algebra of 2IAIXIS] s olAIXISI matrices. In comparison, the structure of the set of states for infinite
systems is more subtle, as demonstrated in [3,75].

Note that the physically relevant finite-volume states p,, A € Py, are even, i.e., py © |y, = pa
with o[y, being the restiction to U, of the unique *-automorphism o of U satisfying (39). It means
that p, vanishes on all odd monomials in {a, s, a} ;}sca ses. We define by

Ef={py, € Ex:ppoc|u, =prt C Eyp, A e Py, (61)

the space of all finite-volume even states.

4.2.2 Infinite-Volume State Spaces

For the infinite system, let /* = U7, be the dual space of U = Uza. In contrast with U, for A e Py,
U has infinite dimension and the natural topology on U/* is the weak* topology'® (and not the norm
topology). The topology used here on /* is always the weak™ topology and, in this case, /" is a
locally convex space, by [76, Theorem 3.10].

Similar to (59), the state space on U/ is defined by

E=FEu={pelU :p>0,p1)=1}. (62)

It is a metrizable, convex and compact subset of U/*, by [76, Theorems 3.15 and 3.16]. It is also the
state space of the classical dynamics we define in [3]. By the Krein-Milman theorem [76, Theorem
3.23], £ is the closure of the convex hull of the (non-empty) set of its extreme points, which are
meanwhile dense in £, by [1, Eq. (13)].

As explained below Equation (40), recall that the C*-algebra U should be considered as more
fundamental than ¢/ in Physics, because of the local causality in quantum field theory. As a conse-
quence, states on the C*-algebra U™ should be seen as being the physically relevant ones. The set
of states on U™ is canonically identified with the metrizable, convex and compact set of even states
defined by

EY=E,,={pcUU :p>0, p(1) =1, poo =p}, (63)

o being the unique *-automorphism of U/ satisfying (39). This space has the same geometrical struc-
ture than the full state space F, i.e., E* and F are equivalent by an affine homeomorphism. In
particular, £ is the closure of the convex hull of the (non-empty) set of its extreme points, which are
dense in E*. See [1, Proposition 2.1] and its proof.

Note that the spaces £ and E™, having a dense set of extreme points — or equivalently having
dense extreme boundary — has a much more peculiar geometrical structure than the finite-volume
state space )y for A € Py. At first glance, this structure may look very strange for a non-expert
on convex analysis, but it should not be that surprising: For instance, the unit ball of any infinite-
dimensional Hilbert space has a dense extreme boundary in the weak topology. In fact, the existence
of convex compact sets with dense extreme boundary is not an accident in infinite-dimensional spaces.
This has been first proven [77] in 1959 for convex norm-compact sets within a separable Banach

SThe weak* topology of U* is the coarsest topology on U/* that makes the mapping p ~ p (A) continuous for every
A € U. See [76, Sections 3.8, 3.10, 3.14] for more details.
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space. Recently, in [3, Section 2.3] and more generally in [75], the property of having dense extreme
boundary is proven to be generic for weak*-compact convex sets within the dual space of an infinite-
dimensional topological space. As a matter of fact, all state spaces of infinite-volume systems one is
going to encounter in the current paper have dense extreme boundary, except the set of permutation-
invariant states described in Section 4.4, because it can be encoded within a finite-dimensional space.

4.2.3 Periodic State Spaces
Consider the sub-groups (Zzﬂ, +) C (Z4,+), £ € N, where

ZE= 0T x - x UL |

At fixed £ € N, a state p € E satisfying po o, = p forall z € Z% is called Z-invariant on U

or E—periodic, o, being the unique *-automorphism of I/ satisfying (38). Translation-invariant states
refer to (1,...,1)-periodic states. For any ¢ € N, let

Ey={peE:poa,=p forallze Z}} (64)

be the space of Z—periodic states. By [43, Lemma 1.8], periodic states are always even and, by [1,
Proposition 2.3], the set of all periodic states

E,= | E;CE" (65)
feNd
is dense in the space E of even states.
For each ¢ € N¢, E; is metrizable, convex and compact and, by the Krein-Milman theorem [76,
Theorem 3.23], it is the closure of the convex hull of the (non-empty) set £ of its extreme points. In

fact, by [43, Theorem 1.9] (which uses the Choquet theorem [78, p. 14]), for any p € L, there is a
unique probability measure 1, on E with support in &7 such that'®

p= [ pan, ). (66)

g[
The set £, can be characterized by an ergodicity property of states, see [43, Theorem 1.16]. Moreover,
Eyis dense in £y, by [43, Corollary 4.6]. In other words, like the sets £ and ET, E;has dense extreme
boundary for any (e N

4.3 Long-Range Dynamics
4.3.1 Self-Consistency Equations

Generically, long-range dynamics in infinite volume are intricate combinations of a classical and
quantum dynamics. Similar to [3, Theorem 4.1], both dynamics are consequences of the existence of
a solution to a self-consistency equation. In order to present such equations we need some preliminary
definitions: For ¢/ € N¢, m = (®,a) € M and p € E, we define the approximating (self-adjoint,
short-range) interaction ®(™*) € WR by

n

LR Y / a, (U, dw®) Yt TT plege o) ©7)
Sn

neN m=1  je{l..n}j#m

16The integral in (66) only means that p € Ej is the (unique) barycenter of the normalized positive Borel regular
measure /i, on EZ' See, e.g., [43, Definition 10.15, Theorem 10.16, and also Lemma 10.17].
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where

_ 1 P
‘0.7 Oy ly Z Z |TA’ (68)

z=(T1,..,2q), ©i€{0,....,0;—1} AEPy, ASx

Recall meanwhile that M> = WR x S, see (54)-(55). Then, by [1, Theorem 6.5], for any m €
M there is a unique continuous!” mapping zo™ from R to the space of automorphisms'® (or self-
homeomorphisms) of £ such that

w™ (t;p) =po Tfjém’p) , teR, peF, (69)

with U(™2) ¢ C(R; WR), p € E, defined by
g () = =) e R, (70)
and where the strongly continuous two-parameter family (Tf’ ;m’p) )s,ter is the strong limit, at any fixed

s,t € R, of the local dynamics (7{=""""), ,cx defined by (47) for U = W(™), see (49) and [74,

Corollary 5.2]. Equation (69) is named here the self-consistency equation.

4.3.2 Quantum Part of Long-Range Dynamics

Recall that any model m € M leads to finite-volume dynamics (T§L’m))t€R, L € Ny, defined by (58).
Therefore, at L € Ny, the time-evolution (ng))teR of any finite-volume state p'*) € E, is given by

ptH = pB) o M) (71)
The corresponding time-dependent density matrix is dl(tL) = T(_Lt’m) (d9). Equation (71) refers to the
Schrodinger picture of quantum mechanics.

As already mentioned, for any fixed A € U and ¢ € R, the thermodynamic limit L — oo of
TiL’m) (A) does not necessarly exist in I/, but the limit L — oo of ng) can still make sense: Fix once
and for all a translation-invariant model m € MS°, see (55). Take 7 € N and recall that Ej;is the
space of f—periodic states defined by (64), with set of extreme points denoted by £;. Recall also (66),
i.e., that, for any p € Ej, there is a unique probability measure y1, on Ej with support in & such that

p= [ pan, ).

&

Since the set & is characterized by an ergodicity property (see [43, Theorem 1.16]), one can prove
that, for any A € U,

lim por®™ (4) = [ @™ () (A) dp, () = / port™ (A) du,(3) ()

L—oco
& &

with o™ being the solution to the self-consistency equation (69). See [2, Proposition 4.2, Theorem
4.3]. Using in particular, for any L € Ny, the restriction p(*) = P‘UAL of a state p € E;to Uy, then

(72) can also be seen as the thermodynamic limit . — oo of the expectation value ng)(A) of any
local element A € U, the time-dependent state ng) been defined by (71).

7We endow the set C (E; E) of continuous functions from E to itself with the topology of uniform convergence.
See [1, Eq. (100)] for more details.
181.e., elements of C (E; E) with continuous inverse.

22



Equation (72) means in fact that the thermodynamic limit L — oo of T§L’m) (A) exists in the GNS
representation'® (H,, 7,,$,) of U associated with the initial state p. In other words, one obtains a
dynamics (7{");cr defined by

TP om,(A) = lim myor(*™ (4),  AelU,
on the subalgebra 7,(Uf) of the algebra B (#,) of bounded operators on the Hilbert space H,. The
above limit has to be understood in the o-weak topology within 3(7{,) (and in many cases one could
even prove strong convergence). This refers to the quantum part of the long-range dynamics (in
some representation), which is generally non-autonomous, although the primordial local dynamics is
autonomous.

4.3.3 Classical Part of Long-Range Dynamics

For any ¢ € N the infinite-volume long-range dynamics of Z—periodic states, as given by (72),
involves the knowledge of a continuous flow™ on &;. Seeing £; or E; = ?[ as a (classical) phase
space, it becomes natural to study the classical Hamiltonian dynamics associated with this flow, as is
usual in classical mechanics. Note that, for a (possibly non-translation-invariant) model m € M,
w™ (t; 51;) conserves the space E* of even states defined by (63), but not necessarly £ If m € MS°

then the flow conserves the sets £ and £ for any /e N, see below (80). Here, we adopt a broader
perspective by taking the full state space £, defined by (62), because the classical dynamics described
below can be easily pushed forward, through the restriction map, from C(E;C) to C(E™;C) for
general m € M, and also to C'(Ep; C) for any (e N, whenm € M° is translation-invariant.

Note that C(E; C), C(E™"; C) and C(Ey; C), endowed with the point-wise operations and complex
conjugation as well as the supremum norm, are unital commutative C*-algebras. For any model m €
M, the mapping zo™, the solution to the self-consistency equation (69), yields a family (V,;™);cg of
k-automorphisms on C'(E; C) defined by

Vit (f)=few™(t), feC(EC), teR. (73)

It is a Feller group: (V;™);cr is a strongly continuous group of s-automorphisms of C'(E; C), which
is thus positivity preserving with operator norm equal to one, by [1, Proposition 6.7]. When it is
restricted to the dense subspace E,, C E* (65) of all periodic states, the ones we are interested in (cf.
(72)), the group (V;™);cr for any translation-invariant model m € M$° is generated by a Poissonian
symmetric derivation:

(i) Local polynomials: Elements of the C*-algebra U naturally define continuous and affine functions
A e C(E;C) by

Alp)=p(A), peE AclU.

This is the well-known Gelfand transform. Recall that 4, is the normed x-algebra of local elements
of U defined by (37). We denote by

P=Cl{A:Aecly} CC(E;C) (74)

the subspace of (local) polynomials in the elements of {fl : A € Uy}, with complex coefficients.

Recall that H,, is an Hilbert space, m, : U — B(H,) is a representation of ¢/ and €2, € H,, is a cyclic vector for
T, (U).

20That is, the continuous mapping zo™ from R to the space of automorphisms (or self-homeomorphisms) of E defined
by (69).
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(i1) Poisson structure: For any n € N, A;,..., A, € U and g € C* (R", C) we define the function
I'y e C(E;C) by

Fg(p)ig(p(Al)""ap(An))7 pGE.

Functions of this type are known in the literature as cylindrical functions. For such a function and any
p € F, define

DL, (0) = 3 (A — p(A) ) Dg (p(Ar) - p(A) . peE. (75)
j=1
This definition comes from a convex weak*-continuous Gateaux derivative, as explained in [1, Section
5.2]. Then, forany n,m € N, Ay,..., Ay, B1,..., B, €U, g € C1(R",C) and h € C' (R™,C),
we define the continuous function {I',, ', } € C(E;C) by

{In. Ly} (p) = p(i[DI'y (p), DLy (p)]) ,  pEE. (76)

This defines a Poisson bracket on the space I’ of all (local) polynomial functions acting on £E. By
contruction, for any ¢ € N¢,

{Calp+ Dolee } = A{Tn, Lot lmes {Tnley Uoled = AT Tod e, ATnley Dolet = {Tn, Tyl le,
(77
also define a Poisson bracket on polynomials of C'(E™"; C), C(Ey C) and C(&5; C), respectively. This
definition can be extended to the space
9) =C'(E;C)C C(E;C)

of continuously differentiable functions. See [1, Section 5.2] and [3, Section 3] for a more detailed
construction of such Poisson structures in quantum mechanics.

(iii) Liouville’s equation: Local classical energy functions [1, Definition 6.8] associated with m € M
are defined, for any L € N, by

U¢+Z|A & 1/ upty U™ a, (e, dv™) e C1(E;C). (78)
L

n

Compare with the local Hamiltonian U}" defined by (56). Then, by [1, Corollary 6.11], for each

translation-invariant model m € M?{°, any time ¢ € R and all local polynomials f € P, one has
V™ (f) € CYE;C) and

v (F) =V (Jim {np, £}) = Jim (B2, V() (79)

where all limits have to be understood point-wise on the dense subspace E, C E* of all periodic
states. We thus obtain the usual (autonomous) dynamics of classical mechanics written in terms of
Poisson brackets. See, e.g., [79, Proposition 10.2.3]. This corresponds to Liouville’s equation.

By [1, Eq. (110)], observe additionally that, for any m € M$° and I € N, the flow conserves the
sets £, Eyand & i.e.,

U="GEY) cEY, =™ (1E) CEp @™ (1) C & . (80)
teR teR teR
Therefore, ;" can be seen as a mapping from C(E™; C), C(Ej; C) or C'(E C) to itself:
Vit (fle) = (VEDler, ViIR(fle) = Vit Ples Vit (fle,) = (V" )le, (81)

forany ¢t € Rand f € C(E;C). By using the Poisson brackets (77), Liouville’s equation (79) can be
written on C'(E*; C), C(E C) or C(E C) for any m € M5° and ¢ € N

Remark 2

The mathematically rigorous derivation of Liouville’s equation (79) is non-trivial and results from
Lieb-Robinson bounds for multi-commutators [74], first derived in 2017.
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4.3.4 Entanglement of Quantum and Classical Dynamics

In the thermodynamic limit, the “primordial” algebra is the separable unital C*-algebra U, generated
by fermionic annihilation and creation operators satisfying the canonical anti-commutation relations,
as explained in Section 4.1.1. Fix once and for all m € M. Let K = FE, E™ or E; = & for any

le N¢, which is, in each case, a metrizable, convex (weak*-) compact subset of the dual space U/*.

(i) Classical dynamics: The classical (i.e., commutative) unital C*-algebra is the algebra C' (K;C)
of continuous and complex-valued functions on K. The mapping zo™, the solution to the self-
consistency equation (69), yields a strongly continuous group (V;™);cg of *-automorphisms of C' (K; C),
satisfying Liouville’s equation as previously explained.

(i1) Quantum dynamics: Similar to quantum-classical hybrid theories of theoretical physics, described
for instance in [80-85], consider now a secondary quantum algebra C'(K; C) ® U, which is nothing
else (up to isomorphism) than the C*-algebra C'(K,U) of all (weak*) continuous U/-valued functions
on states. By [1, Proposition 6.2] and (80), the mapping zo™ from R to the space of automorphisms
(or self-homeomorphisms) of K leads to a (state-dependent) quantum dynamics ™ = (T}'),cg on

C(K.U)=C(K:C)aU,

via the strongly continuous, state-dependent two-parameter family (7’ ™) s ser with U™ defined
by (70):
m . (m,p)
ZF D) =70 " (f(p), peK, feC(KU),tcR.

(iii) Entangledment of quantum and classical dynamics: By following arguments of [3, End of Sec-
tion 5.2], any (state-dependent) quantum dynamics on C'( K, U ) preserving each element of C'(K; C1) C
C(K,U) yields a classical dynamics, which, in the case of T™, is exactly (V;™);cr. More interestingly,
as we remark in [3, Section 4.2], each classical Hamiltonian, i.e., a continuously differentiable func-
tion of C'(K;R), leads to a state-dependent quantum dynamics. If the classical Hamiltonian equals
(78) then the limit quantum dynamics, when L. — oo, is precisely T™. In other words, on can recover
the classical dynamics from the quantum one, and vice versa. The classical and quantum systems are
completely interdependent, i.e., entangled. This view point is very different from the common under-
standing?! of the relation between quantum and classical mechanics, which is seen as a limiting case
of quantum mechanics, even if there exist physical features (such as the spin of quantum particles)
which do not have a clear classical counterpart.

The physical relevance of this mathematical structure comes from the fact that it encodes the
infinite-volume dynamics of general long-range models with periodic initial state. In fact, the classical
part of the long-range dynamics explicitly appears in the time evolution of extreme periodic states in
(72) while the quantum part can be found in the last integral over extreme states of (72). The fact
that the initial state must be a periodic state does not represent a serious constraint since any initial
even state p can be approximated by a periodic state constructed®? from its restriction p|uAl to Uy, for
sufficiently large | € Nj. See, e.g., [1, Proof of Proposition 2.3]. Since [ € Nj is arbitrarly large,
hence there is no real physical restriction in assuming that the initial state is a periodic one, noting

that the physical states are always even?.

21 At least in many textbooks on quantum mechanics. See for instance [86, Section 12.4.2, end of the 4th paragraph of
page 178].

22This is possible because of [87, Theorem 11.2].

231f the initial state is not even, we cannot a priori construct a periodic state from its restriction |y, for any A € Py.
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4.4 Permutation-Invariant Lattice Fermi Systems
4.4.1 Permutation-Invariant Long-Range Models

Recall that Wi = WV is the space of permutation-invariant (or on-site) interactions, defined by
Equation (42) for R = 0. Define

Mp = (W N Wy) x 8°. (82)

We name it the space of permutation-invariant long-range models, because associated local Hamilto-
nians are all invariant under permutations: Let I be the set of all bijective mappings from Z< to itself
which leave all but finitely many elements invariant. It is a group with respect to the composition of
mappings. The condition

Pr i Uys = Un(z)s, 2 EZY s€ES, (83)

defines a group homomorphism 7 > p, from II to the group of *-automorphisms of the C*-algebra
U. Then, for any m € My and L € Ny, the local Hamiltonian U}" defined by (56) is permutation-
invariant, that is,

p-(UL) =Ur, mell, m(Ar) =Ar. (84)

An example of permutation-invariant model is given by the strong-coupling BCS-Hubbard model:
Fix S = {1,1}. Let @74 WBCS € Wi N WE be defined by

quﬁbb = —p (Mg +npy) = h(Neg —ngy) + 22X 41,
‘Pfxc}s = Qg 0g1

for z € Z and @ = 0 = UBCS otherwise. Let aP?“® € S be defined, for all Borel subset B C S,
by
aPC% (B) = —41 [UPE € B] . (85)

for some y > 0, with 1 [-] being the indicator function?*. Then,
m - ((I)Hubb’ aBCS) c MH
is the strong-coupling BCS-Hubbard model since, in this case, the local Hamiltonian U™ is equal to
the strong-coupling BCS-Hubbard Hamiltonian H;, defined by (4).
4.4.2 Permutation-Invariant State Space

The set of all permutation-invariant states is defined by
En={peE:p=pop, forallmell}, (86)
p being the unique x-automorphism of U/ satisfying (83). Obviously,
EnC () E;CE".
feNd

Furthermore, Ey; 1s metrizable, convex and compact and, by [43, Theorem 5.3], for any p € FEyy, there
is a unique probability measure 1, on Ey; with support in the (non-empty) set &y of its extreme points
such that

p= /g peu, (p) (87)

241 [p] = 1if the proposition p holds true and 1 [p] = 0 otherwise.
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The set &1 can be characterized by a version of the Stgrmer theorem for permutation-invariant states
on the C*-algebra /. This theorem is a non-commutative version of the celebrated de Finetti theorem
of (classical) probability theory. It is proven in the case of quantum-spin systems in [88] and for
the fermion algebra I/ in [41, Lemmata 6.6-6.8]. It asserts that extreme permutation-invariant states
p € &n are product states defined as follows: First recall that the space E of finite-volume even
states is defined by (61) for any A € P;. Then, via [87, Theorem 11.2], for any p, € E{+o}’ there is a
unique even state
p=Qgap, € ET (88)
satisfying
P, (A1) -+ ag, (An)) = po(A1) - po(An) (89)

forall A;... A, € Upyand all 2y, ... 2, € Z< such that x; # xj for 7 # j. Recall that o, = € 7,
defined by (38), are the x-automorphisms of I/ that represent translations. The set of all states of the
form (88), called product states, is denoted by Eg. It is nothing else but the set £y of extreme points
of EH, i.e.,

Eg =¢&n. (90)

This identity refers to the Stgrmer theorem, see, e.g., [43, Theorem 5.2].
Since product states are particular extremal states® of Ej for any ¢ € N¢, it follows from (90) that

En=EsC ()& 91)
ZeNd

and the set Ey; C Ejis thus a closed metrizable face?® of E. For a more thorough exposition on this
subject, see [43, Sectlon 5. 1] By (90), the extreme boundary &n of Epp is also closed and, in contrast
with E, E* and Ej;for any (e N? , €11 1s not a dense subset of Fyy. This is not surprising since states
of &1 = Eg are in one-to-one correspondence with even states on the finite-dimensional C'*-algebra
Usoy.

4.4.3 Quantum Part of Permutation-Invariant Long-Range Dynamics

Fix once and for all m € My. If p € Ey = FEq .. 1), i.e, it is translation-invariant, then the
approximating interaction (67) satisfies

o) — o™Pluoy) c A WR (92)

and the infinite-volume dynamics constructed from this interaction, as defined by (49), preserves the
local C*-algebra U, for any A € Py. By (47)-(49) and (69)-(70), it also follows that

Ue"tEn) CEnC B,  |J®"(tEs) € Ey C En 93)

teR teR

(compare with (80)) and, for any A € Py, ¢t € R and translation-invariant state p € £} O Ffy,

" () luy = @™ (5 pluay) ln € EX ©4)

with £ being the space of finite-volume even states defined by (61) for any A € P.

2By [43, Theorem 5.2], all product states are strongly mixing, which means [43, Eq. (1. 10)]. They are, in particular,
strongly clustering and thus ergodic with respect to any sub-groups (Zd +) C (Z%,+), where (e N, By [43, Theorem

1.16], all product states belong to £ for any {e N
26 A face F of a convex set K is deﬁned to be a subset of K with the property that, if p = A1p; + -+ A\pp,, € F with
Prs-vsPn €EK A, A €(0,1)and Ay +---+ A\, = 1, then pq,...,p, € F.
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If the initial state p € Ey is permutation-invariant, then, by (72), (87) and (91), there is a unique
probability measure p, on Eyy with support in & = FE, such that, for any A € U,

Jim por™ ()= [ w60 () duy ()= [ pori™ (A) dn, () 09)
e Eg Eg
with zo™ being the solution to the self-consistency equation (69). In particular, by (93), the time-
evolution of a permutation-invariant state is uniquely determined by its restriction to the finite-dimen-
sional subalgebra oy (dimension 22°/).
If the initial state p € E£; O FEyy is translation-invariant, then Equation (72) restricted to the
finite-dimensional C*-algebra U, with A € P reads®’

lim ply, o 7™ (A) = | =™ (t:5) (A) du, (p) AclU, . (96)

L—oo +
Ey

For each fixed A € Py, this gives now a family of equations on the finite-dimensional algebra U, (di-
mension 2%A1%I81) These equations completly determine the time-evolution of a translation-invariant
initial states.

For any Z—periodic state p € Ej (5 € N%), the approximating interaction (67) also belongs to
Wi N WE. The only difference with respect to translation-invariant states is that the on-site state
Plug, n (92) has to be replaced with the finite-volume state 10|Uzz’ where, for £ = (01, ..., 0,) € N,

Zr={(21,...,2q) €2 : 2, € {0,...,(; = 1}} € Py .

Compare, as an example, with (34). Hence, if the initial state is periodic then Equation (72) leads
again to a family of equations on the finite-dimensional algebra U/, (dimension 2%/*xIS) for each
A € P; such that® A D Z;. These equations again determine the time-evolution of a periodic initial
state.

4.4.4 Classical Part of Permutation-Invariant Long-Range Dynamics

Fix again once and for all m € M. By (93), the strongly continuous group (V;™);cg of *-auto-
morphisms defined by (73) can be restricted to the unital C*-algebra C'(Eg; C) of continuous func-
tions on the compact space Eg of product states. See also [3, Section 5.4 with B = Uy,]. Without
any risk of confusion, we denote the restriction of (V;");cr to Eg again by (V,™);cr.

Using (88)-(90) we 1dent1fy E, with the space E{o} of on-site even states and see now (V;™);cgr
as acting on the algebra C'(F {0}; C). Similar to (74), the set of polynomials in this space of functions
is denoted by

Poy = C[{AIE{+ t A e Uy }] € C(E,:C) .

{0}’
Local classical energy functions [1, Definition 6.8] on Uy are defined by h{| B where, by (43) and
(78),
) n
hy _c1>{0}+2/ Wi T a, (PO, de™)
neN
Then, for any time ¢ € R and polynomials f € Pyq), Liouville’s equation (79) restricted to the algebra

C(E{O}, C) equals

V" (f) = V" ({hg, f}) = {hg', Vi ()} 97)

Z'Note that p in (72) is a probability measure on £y C E, but since the restriction mapping p — ply, is continuous

for any A € Py, p, can be pushed forward to a probability measure on EX

28 The restriction A D Z 7 can also be easily understood by seeing E_:periodic states as a translation-invariant state on the
CAR (™~ -algebra with new spin set Z; x S.
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where, forany n,m € N, Ay,..., A, By,...,B, €U, g € C* (R*,C) and h € C' (R™, C),
{Fh‘u{owrgb{o}} = {Fhv Fg}‘u{o} € C(E{t)]n C) (98)

defines again a Poisson bracket, which can be extended to the space CI(EEB}; C) of continuously
differentiable functions. Similar to (95), Liouville’s equation (97) is now written on the finite-
dimensional algebra U(o; (dimension 22181y and completly determines a continuous flow on the com-
pact space Eg of product states.
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