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Abstract

We consider the gravity-capillary water waves equations for a bi-dimensional fluid
with a periodic one-dimensional free surface. We prove a rigorous reduction of this system
to Birkhoff normal form up to cubic degree. Due to the possible presence of 3-waves
resonances for general values of gravity, surface tension and depth, such normal form may
be not trivial and exhibit a chaotic dynamics (Wilton-ripples). Nevertheless we prove that
for all the values of gravity, surface tension and depth, initial data that are of size € in a
sufficiently smooth Sobolev space lead to a solution that remains in an e-ball of the same
Sobolev space up times of order ¢ ~2. We exploit that the 3-waves resonances are finitely
many, and the Hamiltonian nature of the Birkhoff normal form.

1 Introduction and main results

We consider an incompressible and irrotational perfect fluid, under the action of gravity, occu-
pying at time ¢ the bi-dimensional domain

Dy :={(z,y) e TxR; —h<y<n(taz)}, T:=R/(2rZ),

periodic in the horizontal variable, with depth » which may be finite or infinite. The time-
evolution of the fluid is determined by a system of equations for the free surface 7(¢, z) and the
function ¥ (¢, ) := ®(¢, x, n(t, x)) where ® is the velocity potential in the fluid domain. Given
the shape 7)(t, z) of the domain D, and the Dirichlet value (¢, z) of the velocity potential at
the top boundary, one recovers ® (¢, z, y) as the unique solution of the elliptic problem

A®=0inD,, 0yP=0aty=—-h, ®=vyon {y=n(tuz)}.
According to Zakharov [35]] and Craig-Sulem [13]], the (7, ) variables evolve under the system
on =G}y

1
O = —gn — §¢§ +

1 (netz + G(n)0)? o (1.1)
2 1+n2 —|—m9$((1+77%)5)

where g > 0 is the acceleration of gravity, £ > 0 the surface tension, and G(7) is the nonlocal
Dirichlet-Neumann operator defined by G(n) := (0, ® — 1,0, P)(t, z,n(t, z)).



As observed by Zakharov [35]], the equations (I.I)) are the Hamiltonian system

8t77 = V1/JH(777 w) ’ 8t¢ = _vﬂH(n7 Qp) 5

where V denotes the L2-gradient, with Hamiltonian

1
H(n,vy) :—2/T@/JG(n)@bda:—l—gAn2dx+m/1I\/l+n§dx (1.2)

given by the sum of the kinetic and potential energy of the fluid and the energy of the capillary
forces. We remind that the Poisson bracket between two functions H (1, 1)), F'(n,1) is

{H,F} = / (VyHV 4 F — VyHV, F)dx. (1.3)
T

The “mass” fT ndz is a prime integral of and, with no loss of generality, we can fix it
to zero by shifting the y coordinate. Moreover (I.1)) is invariant under spatial translations and
Noether’s theorem implies that the momentum ;. 7, ()1(z) dz is a prime integral of (TT).

Let H*(T) := H®, s € R, denote the Sobolev spaces of 2m-periodic functions of .
The variable 7 belongs to the subspace H{(T) of H*(T) of zero average functions (for some
positive s). On the other hand, the variable ) belongs to the homogeneous Sobolev space
H*(T) := H?*(T)/~ obtained by the equivalence relation 11 () ~ 1o(z) if and only if
P1(x) — 2(x) = cis a constant. This is coherent with the fact that only the velocity field
V2,4 ® has physical meaning, and the velocity potential @ is defined up to a constant. For sim-
plicity we denote the equivalence class [¢] in H* by 1 and, since the quotient map induces an
isometry of H *(T) onto H(T), we conveniently identify ) with a function with zero average.

The water waves equations are a quasi-linear system. In the last years, they have
been object of intense research both in the periodic setting € T¢, d = 1,2, and in the
dispersive case 2 € R? with data decaying at infinity. A fundamental difference between these
cases concerns the dynamical behavior of the linearized water waves equations at (1, )= 0. In
d = 1 they are

Om = G(0)y G(0) = tanh(hDYD, D = -0, (1.4)
3t1/1 = —gn + KNga , 1
with dispersion relation
Q(E) := Qyen(€) = (slE[* + gl€]) (tamh(l¢]))? (1.5)

Notice that, if h = +o0, the Dirichlet-Neumann operator is G(0) = |D| and the dispersion
relation Q(&) = (k|€]3 + g€ |)% In the case x € R, the solutions of disperse to zero
as t — 4o00. On the contrary, if x € T4, all the solutions of the linear system (I.4)) are time
periodic, or quasi-periodic, or almost periodic in time, with linear frequencies of oscillations
Q(4), j € Z%. In such a case a natural tool to analyze the nonlinear dynamics of (T.I)), at least
for small amplitude solutions, is normal form theory, that is particularly difficult due to the



quasi-linear nature of the nonlinearity. In [14], Craig and Sulem developed a Birkhoff normal
form analysis for (I.)) starting from the Taylor expansion of the Hamiltonian (1.2),

H=H® + g® 4 g4

where (up to a constant)

H® ;:1/¢G(0)¢dag+g/n2+”/n§dm
2 )t 2 Jr 2 Jr

1

(1.6)
H® = /sz(DnD - G(O)nG(O))wd:U

and H(ZY collects all the terms of homogeneity in (n,1) greater or equal than 4. Unfor-
tunately, in this Taylor expansion there is a priori no control of the unboundedness of the
Hamiltonian vector field associated to H (=%,

Normal form theory for gravity-capillary water waves, even in x, has been developed in
Berti-Delort [6], proving, for most values of the parameters (g, ), an almost global existence
result for the solutions of (I.I) in Sobolev spaces. A key point is, in analogy with the KAM
theory approach in [[8], to transform the unbounded water waves vector field to a paradifferen-
tial one with constant coefficient symbols, up to smoothing operators. Very recently, Birkhoff
normal form and long time existence results for periodic pure gravity water waves in infinite
depth, where no parameters are available, have been proved in Berti-Feola-Pusateri [7]. A key
point is a normal form uniqueness argument which allows to identify the paradifferential nor-
mal form with the formal Hamiltonian Birkhoff normal form up to fourth degree, which turns
out to be completely integrable.

Complementing these works, the goal of this paper is to prove that, for any value of
(k,g,h), kK > 0, the gravity-capillary water waves system (I.I]) is conjugated to its Birkhoff
normal form, up to cubic remainders that satisfy energy estimates (Theorem [I.T)), and that all
the solutions of (I.1)), with initial data of size ¢ in a sufficiently smooth Sobolev space, exist
and remain in an e-ball of the same Sobolev space up times of order £ 2, see Theorem Let
us state precisely these results.

Main results. To state our first main result, concerning the rigorous reduction of system (L.I])
to its Birkhoff normal form up to cubic degree, let us assume that, for s large enough and some
T > 0, we have a classical solution
0 s+% rs— L
(7777#) € C ([_TaT];HO X H 4) (17)
of the Cauchy problem for (I.1)). The existence of such a solution, at least for small enough 7,
is guaranteed by local well-posedness theory, see the literature at the end of the section.

Theorem 1.1. (Cubic Birkhoff normal form) Let k > 0, g > 0 and h € (0,+0c]. There
exist s > 1 and 0 < € < 1, such that, if (n, ) is a solution of (1.1)) satisfying (1.7) with

- (Inll ey + N1l amg) <&, (1.8)
- 0

)



s+4

then there exists a bounded and invertible linear operator 8(n,1) : H, x H1 — Ho,
which depends (nonlinearly) on (n,1), such that
B(n, + 1B, )M, 1 <
IOyt o IO ooy S

L+ C(s)((nl H;ﬁrWHHé 1)

and the variable z := B(n,)[n, 1| satisfies the equation
0z = 1UD)z + 10:Hy p(2,2) + X, (1.10)

where:

(0) Q(D) is the Fourier multiplier with symbol defined in (L.5)) and 05 is defined in (5.3),
(1) the Hamiltonian Hg’])\,F(z, Z) has the form

(3) =\ § : 01,02,03 01 02 03
HBNF(Z7Z) - Hj1,j2,j3 Zj1 % zjs

o1j1+02j2+02j3=0,0;==, (1.11)
019Q(j1)+02Q(j2)+032(53)=0,5; €Z\{0}
where z;r =z, z; =7 and zj denotes the j-th Fourier coefficient of the function z (see
(2.2)), and the coefficients
A(j2)
01,02,03
102,03 . _ +Gi G : 1.12
J1,2,53 8\/>(0'10—3]1j3 J1 ]3)A( 1)A(]3) ( )

with A(j) defined in (3.2) and G := tanh(hj)j;

(2) X85 := X550, ¢, 2, %) satisfies || X. 3H 3 < C(S)HZHZS and the “energy estimate”

Re/ |D|*XS; - [Dszdx < O(s)| 2| 5. - (1.13)
- >

The main point of Theorem is the construction of the bounded and invertible transfor-
mation B (7, ¥) in (I.9) which recasts (I.1)) in the Birkhoff normal form (I.10), where the cubic
vector field satisfies the energy estimate (I.13). We remark that Craig-Sulem [[14] constructed
a bounded and symplectic transformation that conjugates (I.1)) to its cubic Birkhoff normal
form, but the cubic terms of the transformed vector field do not satisfy energy estimates.

We underline that, for general values of gravity, surface tension and depth (g, , h), the

“resonant” Birkhoff normal form Hamiltonian H 1(331)V 7 in (I.TT) is non zero, because the system

o12(j1) + 02Q(j2) + 03Q2(j3) =0, o1j1 + 02j2 + 0353 =0, (1.14)

for o; = £, may possess integer solutions j1, j2, j3 # 0, known as 3-waves resonances (cases
with absence of 3-waves resonances are discussed in remark [4.5)). The resonant Hamiltonian
H g’])v - gives rise to a complicated dynamics, which, in fluid mechanics, is responsible for the
phenomenon of the Wilton ripples. Nevertheless we are able to prove the following long time
stability result.



Theorem 1.2. (Quadratic life span) For any value of (k,g,h), K >0, g > 0, h € (0,400,
there exists so > 0 and, for all s > sq, there are eg > 0, ¢ > 0, C' > 0, such that, for any
0 < € < g, any initial data

s+2 SN | .
(n0,%o) € Hy *(T,R) x H*74(T,R) with ||l ph [Yoll o1 <&, (115)
there exists a unique classical solution (n,v) of (1.1) belonging to
sil .
CO([—TE,TE],HOJ”*("JI‘,R) X HS—%(T&R)) with T > ce™2,

satisfying (1,)),_, = (10, %0). Moreover

sup n o 1+ || .1) < Ce. (1.16)
te[iT&TE}(H I - 10l y)

Before presenting the literature about e =2 existence results for water waves, we describe
some key points concerning the proof of these results:

1. The long time existence Theorem [I.2] is deduced by the complete conjugation of the
water waves vector field to its Birkhoff normal form up to degree 3, Theorem|[I.1] and not
just on the construction of modified energies.

2. Since the gravity-capillary dispersion relation ~ |£]% is superlinear, the water waves
equations (I.1)) can be reduced, as in [6]], to a paradifferential system with constant coefficient
symbols, up to smoothing remainders (see Proposition[3.2)). At the beginning of Section 4] we
remark that, thanks to the z-translation invariance of the equations, the symbols in (3.9) of the
quadratic paradifferential vector fields are actually zero. For this reason, in Section [] it just
remains to perform a Poincaré- Birkhoff normal form on the quadratic smoothing vector fields,
see Proposition

3. Despite the fact that our transformations are non-symplectic (as in [6], [[7]), we prove,
in Section using a normal form identification argument (simpler than in [7]]), that the
quadratic Poincaré-Birkhoff normal form term in (.9) coincides with the Hamiltonian vector
field i0-H ), . with Hamiltonian (L.11).

4. The Hamiltonian H fﬂr )z-Z dx is a prime integral of the resonant Birkhoff
normal form 0;z = iQ(D )z + 185H ])V F(z, Z). Moreover, since (1.14) admits at most finitely
many integer solutions (Lemma the Hamiltonian Hg)z)v r(2,2) = Hg’])v (21,Z1) where
2L = Y o<)j<c zje%, for some finite C > 0. Therefore, any solution z(t) of the Birkhoff
normal form satisfies, for any s > 0,

L)%, Ss lz®]2: S B (z1(t) = HE (21(0)), Vt R,

and ||z(t )H2 remains bounded for all times. Finally we deduce the energy estimate (5.27) for
the solution of the whole system , where we take into account the effect of X;rg, which
implies stability for all |¢| < ce™



Literature. Local existence results for the initial value problem of the water waves equations
go back to the pioneering works of Nalimov [27], Yosihara [34]], Craig [12] for small initial
data, Wu [30, 31]] without smallness assumptions, and Beyer-Giinther [9] in presence of surface
tension. For some recent results about gravity-capillary waves we refer to [4} 26, [11} 28, (10} [1]].
Clearly, specializing these results for initial data of size €, the solutions exist and stay regular
for times of order e L.

Global well-posedness. In the case 2 € R? and the initial data decay sufficiently fast at infinity,
global in time solutions have been constructed exploiting the dispersive effects of the system.
The first global in time solutions were proved in d = 2 by Germain-Masmoudi-Shatah [17]] and
Wu [33]] for gravity water waves, by Germain-Masmoudi-Shatah [18]] for the capillary problem,
and for gravity-capillary water waves by Deng-lonescu-Pausader-Pusateri [15]. In d = 1 an
almost global existence result for gravity waves was proved by Wu [32], improved to global
regularity by lonescu-Pusateri [23]], Alazard-Delort [2], Hunter and Ifrim-Tataru [20, 21]]. For
capillary waves, global regularity was proved by Ionescu-Pusateri [24] and Ifrim-Tataru [22].

Normal forms. For space periodic water waves in absence of 3-waves resonances, existence
results for times of order £ ~2 have been obtained in [32},129] 23] [2 20] for 1d pure gravity waves,
in [24} 22] for pure capillarity waves, and in [[19] for 1d gravity waves over a flat bottom. If
r € T? we refer to [25] for an e73% result. The only £~3 existence result for parameter
independent water waves is proved in [7], and it is based on the complete integrability of the
fourth order Birkhoff normal form for 1d pure gravity water waves in infinite depth.

An almost global existence result of periodic gravity-capillary water waves, even in z,
for times O(s~") has been proved by Berti-Delort [6], for almost all values of (g, ). The
restriction on the parameters (g, k) arises to verify the absence of N-waves interactions at
any N. The restriction to even in x solutions arises because the transformations in [[6] are
reversibility preserving but not symplectic. Almost global existence results for fully nonlinear
reversible Schrodinger equations have been proved in [[16].

We finally mention that time quasi-periodic solutions for have been constructed in
Berti-Montalto [8]] and, for pure gravity waves, in Baldi-Berti-Haus-Montalto [J5]].

Acknowledgements. The research was partially supported by PRIN 2015 KBOWPT-005 and
ERC project FAnFATrE, n. 637510.

2 Functional Setting and Paradifferential calculus

In this section we recall definitions and results of para-differential calculus following Chapter
3 of [6], where we refer for more information. In the sequel we will deal with parameters

s>sg>K>p>1.

Given an interval I C R, symmetric with respect to ¢ = 0, and s € R, we define the space
CE(I, H5(T,C2)) := MK, Ck(I; H* 2¥(T; C2)) endowed with the norm

. k
Sup [[U(, ) [rc.s - where [T, ) := ZHa 20]| PO TS



With similar meaning we consider .C'f{(l; H*(T;C)). We denote by C% (I, H*(T,C?)) the
subspace of functions U in C[ (I, H*(T,C?)) such that U = [%]. Givenr > 0 we set

BE(I;r) i= {U € CE(ILE*(T;€%)) : sup [U(t, s <7} @.1)
tel

We expand a 27-periodic function u(z), with zero average in z, (which is identified with u in
the homogeneous space), in Fourier series as

inT 1

u(n) := m/qru(x)e_im dz . (2.2)

= Uy, := u(n). Wesetu™(z) := u(w)

We also use the notation u,} := u,, := u(n) and u
and u™ (z) := u(x).
For n € N* := N\ {0} we denote by II,, the orthogonal projector from L?(T; C) to the

subspace spanned by {e!"*, e~ "} ie. (I,u)(x) := u(n) \8/”% +u(—n) 6\721: , and we denote

by II,, also the corresponding projector in L?(T,C?). If U = (Un,...,Up,) is a p-tuple of
functions, 77 = (n1,...,np) € (N*)P, we set [I;U := (IL,, Uy, ..., I1,,,Up).
We deal with vector fields X which satisfy the x-translation invariance property

Xormg=mo0X, VOeR, where 7p:u(z)— (r9u)(x) :=u(z+0).

Para-differential operators. We first give the definition of the classes of symbols, collecting
Definitions 3.1, 3.2 and 3.4 in [6]. Roughly speaking, the class I';" contains homogeneous sym-
bols of order m and homogeneity p in U, while the class I} ;, , contains non-homogeneous
symbols of order m which vanish at degree at least p in U, and that are (K — K')-times differ-
entiable in £.

Definition 2.1. (Classes of symbols) Ler m € R, p, N € Nwithp < N, K, K' in N with
K' <K,r>0.

(7) p-homogeneous symbols. We denote by fgL the space of symmetric p-linear maps from
(H*(T; C2))? to the space of C™ functions of (z,€) € T x R, U — ((z,€) = aU;z,€)),
satisfying the following. There is u > 0 and, for any o, B € N, there is C > 0 such that

p
0200 a0, )| < Clal = (€)™ T] M, Uyl 23)
j=1

foranyU = (Uy,...,U,) in (H®(T;C*))P, and i = (ny,...,ny) € (N*)P. Moreover we
assume that, if for some (no, ...,np) € N x (N*)?, I, a(Il,, Uy, ... 1, Up;-) # 0, then
there exists a choice of signs oy, ...,0, € {—1,1} such that Z?:o ojnj = 0. Forp =0
we denote by 1:6" the space of constant coefficients symbols & — a(&) which satisfy (2.3)) with
a = 0 and the right hand side replaced by C (§>m_ﬁ . In addition we require the translation
invariance property

a(r;z,&) = ald;2 4+ 60,8), VO e€R. (2.4)



(ii) Non-homogeneous symbols. Let p > 1. We denote by L'} 1 [r] the space of functions
(Ust,z,8)—~a(U;t,x, &), defined for U € BK(I 1), for some large enough so, with complex
values such that for any 0 < k < K — K', any 0 > s, there are C > 0, 0 < r(o) < r and
forany U € BE (I;r(co)) N CHE (I, H?(T;C?)) and any o, § € N, with o < o — s

080300 a(U t, 2, )| < O™ PNUI jer oo 1T k47,0 - (2.5)

(¢é¢) Symbols. We denote by X' 1/ [r, N| the space of functions (U, t,z,£) — a(U;t, z,§)
such that there are homogeneous symbols aq € f;”, q=p,...,N—1, and a non-homogeneous

symbol an € I' 1/ N[r] such that a(U;t, x, &) = ZN_l aq(U,...,U;x,&) +an(Ust, x,§).

q=p
We denote by ZFK k1 plTs N]@ Mo (C) the space 2x 2 matrices with entries in XU 1/ [r, NJ.

As a consequence of the momentum condition (2.4)) a symbol a; in the class I'}", for some
m € R, can be written as

aU;z,8) = > (a)](©ufe” (2.6)

JEZ\{0},0=+
for some coefficients (a1)J (§) € C, see [7].

Remark 2.2. A symbol a; € T T of the form (2.6)), independent of x, is actually a; = 0.
We also define classes of functions in analogy with our classes of symbols.

Definition 2.3. (Functions) Fix N,p € Nwithp < N, K, K eNwithK' <K, r>0. We
denote by fp, resp. Fi. i plr], XFp[r, N], the subspace of IO resp. L9[r], resp. XT9[r, N],
made of those symbols Lvhich are independent of . We write FX, resp. F % K plT) Z]—"II,R [r, N],
to denote functions in F, resp. Fi i p[r], $Fp[r, N|, which are real valued.

Paradifferential quantization. Given p € N we consider functions x, € C*°(RP x R;R) and
X € C(R x R;R), even with respect to each of their arguments, satisfying, for 0 < § < 1,

suppxp C {(€,8) e RP X R; €] < 6(8)},  xp(€,&) =1 for €] <6(8)/2,
suppx C {(£,€) e Rx R; [€'] < 6(E)}, x(€,6) =1 for | <(6)/2.

For p = 0 we set yg = 1. We assume moreover that |3§‘8§Xp(£’,£)| < Cppl&)—o 18l

Ya €N, B € NP, and [920, x (&', €)| < Cap(€) ™%, Va, BEN.
If a(x, &) is a smooth symbol we define its Weyl quantization as the operator acting on a
27-periodic function u(x) (written as in (2.2)) as

k eikx
Op" (a)u = mZ(Z k-, +])u(]))\/ﬁ (2.7)

keZ j€eZ

where a(k, £) is the k*"—Fourier coefficient of the 2 —periodic function  + a(z, £).



Definition 2.4. (Bony-Weyl quantization) If a is a symbol in rm, respectively in I'} ./ p[r],
we set
ay, U z,) = D Xp (71, €) a[lzlh; 2, ),
nENP

1/ (¢.€)aU;t, ¢, e wde’,

ay(Ust,z,§) == 5

where in the last equality @ stands for the Fourier transform with respect to the x variable, and
we define the Bony-Weyl quantization of a as

Op™(a(U;-)) = Op" (ay, U;-),  Op"V(a(Ust, ) = Op™ (ay (Ust, ).

If ais a symbol in XI'g 1, [r, N, we define its Bony-Weyl quantization OpPWV(a(U;t,-)) =
Y OpPV (ag(U, ... U3 ) + OpPWV (an (U5 t,-)) -

Paradifferential operators act on homogeneous spaces. If a is in XI'% 1, [, V], the corre-

sponding para-differential operator is bounded from H* to H~™, forall s € R, see Proposi-
tion 3.8 in [6]].

Definition is independent of the cut-off functions x,, x, up to smoothing operators
that we define below (see Definition 3.7 in [6]). Roughly speaking, the class ﬁ; P contains
smoothing operators which gain p derivatives and are homogeneous of degree p in U, while
the class R;f K'p contains non-homogeneous p-smoothing operators which vanish at degree at
least p in U, and are (K — K')-times differentiable in ¢.

Given (n1,...,np+1) € NP1 we denote by maxa(nq,...,n,41) the second largest among
the integers n1, ..., np41.

Definition 2.5. (Classes of smoothing operators) Let N € N*, K, K’ € Nwith K' < K € N,
p>0andr > 0. N

(i) p-homogeneous smoothing operators. We denote by R, ” the space of (p + 1)-linear
maps R from (H*®(T;C?))P x H*(T;C) to H*®(T;C), symmetric in (Uy,...,U,), of the
form (Ur,...,Upy1) = R(Ui,...,Up)Ups1 that satisfy the following. There are i > 0,
C > 0 such that

p+1

H ML, Ujll 2

maxa(ny, ..., Npt1)”

T, AL, Ul < O et

foranyU = (Uy,...,U,) € (H®(T;C?)P, Uyyy € H®(T;C), @i = (n1,...,n,) € (N*)P,
any ng, np+1 € N*. Moreover, if

Wy R, Uty . Ty Up) L, Upsr # 0, (2.8)

then there is a choice of signs oy, .. .,0p+1 € {£1} such that Zfié ojnj = 0. In addition we
require the translation invariance property

R(1oU)[1Up 1] = 79(RU)Ups1) , VO €R. (2.9)



(ii) Non-homogeneous smoothing operators. We denote by R KK N[ r] the space of maps

(V,U) = R(V)U defined on BE (I;r) x CE(I , H*0(T, C)) which are linear in the variable
U and such that the following holds true. For any s > sq there are C > 0 and r(s) €]0,r]
such that, for any V € BE (I;r) N CE(I, H*(T,C?)), any U € CE(I, H*(T,C)), any 0 <
k<K —K'andanyt € I, we have

107 (RONU) (t ) e gisn < D C(!\U\\kf',s!!V\léVf+Kf,so
KR =k (2.10)

1 o IV I e IV 1)

(iii) Smoothing operators. We denote by ZRK K’ p [r, N] the space of maps (V,t,U) —
R(V;t)U that may be written as R(V ;1)U = ZN : R,(V,....,V)U + Rn(V;t)U for some
R, anq P,q=p,....,N —1land Ry in R} K,N[ r].

We denote by ¥R/ ki plrs N] @ Ma(C) the space of 2 x 2 matrices with entries in the
class SRy [ N].

Below we introduce classes of operators without keeping track of the number of lost
derivatives in a precise way (see Definition 3.9 in [6]). The class M denotes multilinear
maps that lose m derivatives and are p-homogeneous in U, while the class M7 ., , contains
non-homogeneous maps which lose m derivatives, vanish at degree at least p in U, and are
(K — K')-times differentiable in ¢.

Definition 2.6. (Classes of maps) Let p, N € N, withp < N, N > 1, K,K' € N with
K' < K andm > 0. -

(i) p-homogeneous maps. We denote by M} the space of (p + 1)-linear maps M from
(H>(T;C?))P x H®(T;C) to H*®(T;C) which are symmetric in (Uy,...,Up), of the form
(Ui,...,Upp1) = M(Uy,...,U,)Upy1 and that satisfy the following. There is C > 0 such
that

p+1
[ Tng M ()T, Upt [ 22 < Clng + 11 + -+ + mp)™ [ [ T, Uyl 2
j=1

foranyU = (Uy,...,U,) € (H®(T;C?))?, any Ups1 € H®(T;C), @i = (ny,...,np) in
(N*)P, any ng,ny+1 € N*. Moreover the properties 2.8)-2.9) hold.

(ii) Non-homogeneous maps. We denote by M . N(7] the space of maps (V,u) —
M(V)U defined on BE (I;r) x CE(I, I, H* (T, C)) which are linear in the variable U and
such that the following holds true. For any s > sg there are C > 0 and r(s) €]0, r| such that
foranyV € BE(I;r)nCE (1, H*(T,C?)), anyU € CK(I, H*(T,C)), any0 < k < K—K’,
t € I, we have that ||0F (M (V)U) (t, )||HS_%,C_m is bounded by the right hand side of (2.10).

(iii) Maps. We denote by SMR 1/ [r, N] the space of maps (V,t,U) — M(V;t)U
that may be written as M (V;t)U ZN "M (V,..., VYU + Mn(V;t)U for some M,
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in ./\731" g=mp,....,.N—1and My in M%7K,7N[r]. Finally we set Mp = Umzoﬂg‘,
MK7K/7p[T] = UmzoM%7K/7p[T], ZMK’K/’p[T‘, N] = UmZQZM%J{/’p[T].

We denote by M i, [r, N|@ M2 (C) the space of 2x 2 matrices whose entries are maps
in EME g [r, N We set EM i p[r, N @ Ma(C) 1= UnmerEME g [, N] @ Mo(C).

Given an operator R in ﬁfp (or in MT), and 292, o9 = &, the momentum condition (2.9)
implies that
Ry (U)[z72] = > R)IuT R7HtoR) @2.11)
J1,j2€Z\{0},01==%

01,02

for some (Ry)}, 7 € C, see [7].

Proposition 2.7. (Compositions) Letm,m' € R, N, K, K' € Nwith K' < K, p1,p2,p3 € N,
phz Oandr > 0. Leta € XT'R 1, [r,N], R € SR [r, Nl and M € SME ., [r, N].
Then:

(i) R(U;t) o OpBWV(a(U;t, z,€)), Op®W(a(U;t,x,€)) o R(U; t) are in ERI_{;ZJﬁpz [r, N];

(i1) R(U;t)o M (U;t) and M(U;t)o R(U;t) are smoothing operators in ZR[_(?;TP;-‘FZB [r, N;

(iii) If R1 € Ry, p1 > 1, then Ry(U, ..., U, M(U; t)U) belongs to ER[_('?;Z:’;D1+p3 [r, N].
p1—1

Proof. See Propositions 3.16, 3.17 in [6]. The translation invariance properties for the com-
posed operators and symbols in items (i)-(ii) follow as in [7]. L]

Real-to-real operators. Given a linear operator R(U)]-] acting on C (it may be a smoothing
operator in ER;{'D 1 Oramap in XM k1) we associate the linear operator defined by

R(U)[] := R(U)[p], VwveC.

We say that a matrix of operators acting on C? is real-to-real, if it has the form

_ (Ru(U) Ry(U)
R(U) = (R;(U) Ri(U)> . (2.12)

If R(U) is a real-to-real matrix of operators then, given V = [%], the vector Z := R(U)[V]

has the form Z = [%] , 1.e. the second component is the complex conjugated of the first one.
Given two linear operators A, B (either two operator-valued matrices acting on C? as in

(2.12))), we denote their commutator by [A, B] = AB — BA.

e The notation A <, B means that A < C(s)B for some positive constant C'(s) > 0.

3 Paradifferential reduction to constant symbols up to smoothing
operators

The first step in order to prove Theorem [I.1]is to write (I.1)) in paradifferential form, to sym-
metrize it, and reduce to paradifferential symbols which are constant in x, see Proposition

11



These results are proved in [6] (up to minor details). We denote the horizontal and vertical
components of the velocity field at the free interface by

V= V(U,w) = (&E(I))(:L‘, ( )) wﬂﬁ 7795

Gy + nxw:r:
B = B(n, ) := (9,® = T e
and the “good unknown” of Alinhac
w = = O0p™(B(n ), (3.1)
as introduced in Alazard-Metivier [3]. The function B(n, ) belongs to X.F | [r, N], for any

N > 0 (see Proposition 7.4 in [6]). Then, by the action of a paraproduct, if n € H, S+4

(NS H5~1 then the good unknown w is in J2
Define the Fourier multiplier A of order —1/4 as

1 1
A := A(D) := (Dtanh(hD))% (g + kD*) "% (3.2)
and consider the complex function
Lot A L Au—7) LAt m (3)
U= —=Aw+ — , =—=Au—-7u), w=-—x uU+U .
RV NG

where A~! acts on functions modulo constants in itself.

Let K € N. We first remark that, if (1), 1) solves the gravity-capillary system (I.1I)), then
the function u defined in (3.3)) satisfies, by Proposition 7.9 in [6], for s > K, as long as u stays
in the unit ball of H*(T, C),

107 ull e Ssrc llull e, YOSk < K. (34
As a consequence, if (1.8) holds then
sup  |OFul| .. s, <CsxE, VO<k<K. (3.5)
te[~T.T] H™ 2

Proposition 3.1. (Paradifferential complex form of the water waves equations) Let N, K €
N*, p > 0. Assume that (n,) solves the gravity-capillary system (1.1)) and satisfy (1.8) for
some T’ > 0 and s > K. Then the function U := [%], with u defined in (3.3)), solves

DU = Q(D)EU + Op®"V(A(U;t,2,))U + RU; U, E:=[§ %],  (3.6)
where D; = %Ot and

e (D) = OpBWV(Q(€)) where Q(&) € 2 is the dispersion relation symbol defined in (1.5)).
o the matrix of symbols A(U;t,x,€) € EFK 1117 N] @ M2(C) has the form

AU; t,2,€) = (C(Us t,z) ()+A1(Utfv€)[6 1]
+ (s, 2)QE) + A1 (Ust,2,6)) [0 '] 3.7
+ M (Uit 2, 6)[§9 ]+A0Utw€[?}
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where

o the function ((U;t,x) is in 2}—%0,1[“ NJ;

o the symbols \;(U;t,x,§) are in Z]I‘%Ql’l[?"7 NJ], j =1,0,1/2,—-1/2, and Im \;(U;t,z,§)
are in EF]I'(_,ll,l[r’ Nlforj=1,1/2;

o the matrix of smoothing operators R(U;t) is in ¥R, | [r, N] @ M2 (C);

o the operators iOpBW (A(U;t, x,€)) and iR(U; t) are real-to-real, according to [2.12).

Proof. Ttis Corollary 7.7 and Proposition 7.8 in [6]. The only difference is that U (x) is not even
in z. The property that the homogeneous components A,(U;t,z,¢), R,(U;t),p =1,...,N,
of the matrices A(U; t,x, &), R(U;t) satisfy (2.4) and (2.9) is checked as in [[7]. O

System (3.6) has the form
DU = Q(D)EU + M(U; t)U (3.8)

where M (U t) is a real-to-real map in XM7Y, | [r, N] ® My(C) for some m; > 3/2 (using
that paradifferential operators and smoothing remainders are maps, see (4.2.6) in [6]).

As in [6], since the dispersion law (I.3)) is super-linear, system (3.6) can be transformed
into a paradifferential diagonal system with a symbol constant in z, up to smoothing terms.

Proposition 3.2. (Reduction to constant coefficients up to smoothing operators) Fix p > 0
arbitrary. There exist sg > 0, K' :== K'(p) such that, for any s > s, for all 0 < r < ro(s)
small enough, for all K > K' and any solution U € BX(I;r) of (3.6), there is a family of
real-to-real, bounded, invertible linear maps SG(U ), 0 € [0, 1], such that the function

Z:=[%] = 3 (U))jp=1[U]
solves the system
DiZ = Op®W ((1+ ¢(U;1))QUEE + H(U;t,£)) Z + R(U; t)[Z] (3.9)

where

o the function ((U;t) € SFR 1 [r, N| and the diagonal matrix of symbols H(U;t,€) €
ZF}{’K,J [r, N| ® M2(C) are ifldf;pendent of x;

e the symbol Im H (U ; t, £) belongs to EF?QK,J[T‘, N]® Mo (C);

e R(U;t) is matrix of smoothing operators in ERI}? K 1lm N @ M2(C)

o the operators iOpBW (H (U; t,£)) and iR(U;t) are real-to-real, according to 2.12);

o the map F°(U) satisfies, forall 0 < k < K — K', forany V € Cﬁ{K'(I; H*(T;C?)),

[ plial <[V

-3k + Haf(ge(U))il[V]H k,S(l + CS,T,KHUHK,S()) (3.10)

Hs I_'Isf%k

uniformly in § € [0, 1]. Moreover the map §°(U) = U + OM;(U)[U] + M>2(0; U)[U] where
My(U) is in My ® M2(C) and M>2(6;U) € M g 2[r] ® Ma(C) with estimates uniform
inf € [0,1].

13



Proof. This statement collects the results of Propositions 4.9, 5.1 and 5.5 in [6]. The remainder
in (5.2.9) in [6] has the form (3.9) expressing U = (SQ(U));:IZ and using the estimates
(3.10), which follow by Lemma 3.22 in [6]. Another difference is that Z(z) is not even in
x. The x-invariance properties (2.4) for the symbols and (2.9) for the smoothing operators are

checked as in [7]. The last statement follows using Lemma A.2 in [[7]. ]

4 Poincaré - Birkhoff normal form at quadratic degree
From this section the analysis strongly differs from [6].

e Notation: for simplicity in the sequel we omit to write the dependence on the time ¢ in
the symbols, smoothing remainders and maps, writing a(U; x, &), R(U), M (U) instead
of a(U;t,z,€), R(U;t), M(U;t).

The aim of this section is to transform system (3.9) into its quadratic Poincaré-Birkhoff
normal form, see system (@.9). We first observe that the paradifferential vector field in (3.9)) of
quadratic homogeneity is actually zero.

Lemma 4.1. (Quadratic Poincaré-Birkhoff normal form up to smoothing vector fields)
The system (3.9) with N = 2 has the form

0,2 =iQ(D)EZ + R, (U)[Z) + X>3(U, Z) (4.1)
where R (U) € ﬁl_p ® M2 (C) and

Xo3(U, Z) = i0p"W (H22(U3€)) Z + R2(U) (7] (4.2)

where H>o(U;§) € I‘?I}/’QK,’Q[T] ® Ms(C) is a diagonal matrix of symbols independent of x,
such that

Im H>5(U3€) € T ger o[r] © Ma(C), (4.3)

and R>2(U) € Rl or] ® Ma(C). The operators Ri(U) and Xs3(U, Z) are real-to-real.

Proof. We expand in homogeneity the function ((U) = (1(U) + (>2(U), (1 € FR | the diago-
nal matrix of symbols H(U; &) = H1(U; &) + H>2(U; ), Hi(U;€) € T} @ My(C), and the
smoothing remainder R(U) = —iR; (U) — iR (U), R (U) € R;” ® My(C). Since the func-
tion (1 (U) and H;(U; €) admit an expansion as and are independent of x (see Proposition

[3.2), Remark 2.2]implies that (; (U) = 0, Hy(U; &) = 0. This proves @I)-@-3). O

System (@.1)) is yet in Poincaré-Birkhoff normal form at degree 2 up to smoothing remain-
ders and the cubic term A>3 in {@.2)) admits an energy estimate as (I.13)), since H>2(U;§) is
independent of x and purely imaginary up to symbols of order 0, see (4.3).
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The goal is now to transform the quadratic smoothing term Ry (U)[Z] in (&.I)) to Poincaré-
Birkhoff normal form at degree 2, see Definition The remainder Ry (U) in @.1)) is real-
to-real (i.e. has the form (2.12)), satisfies the momentum condition (2.9), thus it has the form
(2.11)), and so we write it as

(RO ®mO): ;o v T
w) = (RG] ®O) € R m@) = ®m@) 2 @b

for 0,0’ = +. For any o, 0/ = + we expand
/

R1(U))F =D (Rre(U))T 4.5)

e==+

where, for e = +, and (R (U))? € R " is the homogeneous smoothing operator

(Rl,E(U»;‘,’z”’:\/% S (X Rz e (4.6)

J€Z\{0}  keZ\{0}

with entries

o’ 1 0,0 ¢ .
(R‘LE(U»U’]’-k = 7\/27 E (rl,e)n”k Uy s Ty kecZ \ {0} s (47)
T nez\{0}
en+o'k=cj

!
for suitable scalar coefficients (rl,E)Z’Z € C. The restriction en + o’k = o is due to the
momentum condition.

Definition 4.2. (Poincaré-Birkhoff Resonant smoothing operator) Given a real-to-real,
smoothing operator R (U) € R{" ® Ms(C) as in [@4)-@7), we define the Poincaré-Birkhoff
resonant, real-to-real, smoothing operator R1**(U) € 7:\’:1_’) ® Ma(C) with matrix entries
( 7I”GES(U))ZIJR defined as in such that, for any €,0,0' = +, j, k € Z\ {0},

res ok 1 0,0’ €
ELO)5 = 7 > (r1,)05 uf, - (4.8)
T n€Z\{0} ,en+o'k=0j
o Q(j)—o'Q(k)—eQ2(n)=0

In the next Proposition we conjugate (#.I)) into its complete quadratic Poincaré-Birkhoff
normal form.

Proposition 4.3. (Quadratic Poincaré-Birkhoff normal form) There exists py > 0 such that,
forall p > po, K > K' with K' := K'(p) given by Proposition[3.2] there exists so > 0 such
that, for any s > sq, for all 0 < r < ro(s) small enough, and any solution U € BX(I;r) of
the water waves system (3.6), there is a family of real-to-real, bounded, invertible linear maps

Qfe(U ), 6 € [0,1], such that, if Z solves [@.1), then the function

Y = [Y] = (€(U)(2]) g
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solves
oY =iQ(D)EY +RI*(Y)[Y]+ X>3(U,Y) 4.9)

where:

e E is the matrix in (3.6) and Q(D) has symbol (1.5));

e R1°(Y) € ﬁ;(pfpo) ® Ma(C) is the real-to-real Poincaré-Birkhoff resonant smoothing
operator introduced in Definition 4.2}

o X>3(U,Y) has the form

Xea(U)Y) = [ ] = 00V (Hoa (U )Y] + Rea@)Y] @10

>3t

where H>2(U; §) is defined in (4.2) and satisfies @.3), while R>2(U) is a matrix of real-to-real
smoothing operators in R;((f(_,go) [r] @ Ma(C);

o the map €9 (U) satisfies, forany0 < k < K — K,V € Cﬁ{K,(I; H*(T;C?)),
105’ @)WVIIl g + 1OF(E @) VI g @i

< Vllks(t+ Cor Ul K 50) 4 Cor k [IV 150 [U | 1, 5

uniformly in 6 € [0, 1]. Moreover the map €°(U) = U + OM; (U)[U] + Mx2(0; U)[U] where
My(U) is in My ® M2(C) and M>2(8;U) € Mg g 2[r] ® Ma(C) with estimates uniform
inf € [0,1].

In order to prove Proposition we first provide lower bounds on the “small divisors”
which appear in the Poincaré-Birkhoff reduction procedure.
4.1 Three waves interactions

We analyze the possible three waves interactions among the linear frequencies (1.5). We first
notice that they admit an expansion as

Q(n) = /In[tanh(hln[)(g + kn2) = Viln|? +x(n), [r(n)] < Cln|"2  @12)
for some constant C' := C(g, k, h) > 0.

Lemma 4.4. (3-waves interactions) There exist c, C > 0 such that for any ny, na, ng € Z\{0},
0,0’ = &, such that
n1+0n2+0'/n3:0, (4.13)

and max(|n1|, |na|, |n3|) > C, we have
|Q(n1) + 0Q(n2) + 0'Q(n3)| > c. (4.14)

If max(|ni|, |n2|, |n3|) < C, then, either the phase Q(ni) + oc€Q2(n2) + o'Q(ng) is zero, or

®@.14) holds.
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Proof. If 0 = o’/ = + then the bound @.14) is trivial for all ny,n2,ng € Z\ {0}. Assume
o = —and ¢’ = — (the cases (0,0') = (+,—) and (0,0’) = (—,+) are the same, up to
reordering the indexes). Then, by @.13), we have ny = n2 + ng and we may suppose that
|n1| > |nal, |ns|, otherwise the bound (@.14) is trivial. Without loss of generality we assume
n1 > 0, thus, also ny and ng are positive. In conclusion we assume that n; > ng > ng > 1.

By @.12),

3 3 3 3C
> \/E((ng +n3)z —ng — n§) i (4.15)
3
Now
( E 3 .32 2 2) 3 3
3 3 3 no +n3)° —(ny +n 3(nsns + naong) — 2nin
(n2 +n3)2 —ng —nj = . <2; 35) _ 3ng 258
(n2+n3)z +n3 +n3 (ng+mn3)2 +n5 +n3
9(n3ng + nan2)? — 4n3n3 1
= 3 3 3 3

(ng + ng)% +n3 +n2 3(n3ng+non3) +2nin?
9(nin3 + n3ni) + 14n3n3

= 3 3 3 3
((7’L2 + ng)% +n; + n§) (3(71%713 + ngng) +2n3 ng)
9 A/
e (4.16)

“a+vnV s

using that ny > nz > 1. By and (4.16) we deduce that the phase

1Q(n1) — Qng) — Q(nz)| > \/rTz(‘f - \/%) > \/772\1/0% (4.17)

if nang > (300)? /k, in particular, since ng > 1, if
no Z Cl = (300)2/I€.
Recall that ny = ng + ng < 2ny. Therefore ne > n1/2 and we conclude that

JR

ny = max(nl,ng,ng) > 201 = no > Cl — \Q(nl) — Q(HQ) — Q(’I”L3)‘ > \/nng .
For the finitely many integers ny, ng, ng satisfying max(|n1|, |n2|, |n3|) < C := 2C} such that
the phase 2(n1) — Q(n2) — Q(n3) # 0, the lower bound @.14)) is trivial. O

Remark 4.5. The constant C(g, &, h) in @12) is bounded by c¢(\/k h=2 + g~1/2), for some
constant ¢ > 0 independent of k, g, h. Then, there are hg, kg such that, if h > hg, K >
Kog, then holds, for all n1,n2,n3 € Z \ {0}. As a consequence there are no 3-waves
interactions, i.e. @.14) holds for all ny,na,n3 € Z \ {0}.

Notice that, for some values of the parameters (g, x, h), there could be 3-waves interactions.
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4.2 Poincaré-Birkhoff normal form of the smoothing quadratic terms
In order to prove Proposition[4.3] we conjugate (4.I)) with the flow
0% (U) = a () (U), W)=1d, (4.18)

with an operator G;(U) in ﬁ;p ® M2 (C), of the same form of Ry (U) in @.4)-(.7), to be
determined. We introduce the new variable Y := [%] = (¢?(U)[Z]) s

Lemma 4.6. IfG,(U) € fél—p ® Ma(C) solves the homological equation
G1(iD)EU) + [61(U),iQD)E] + R (U) =R[**(U), (4.19)
where R{*(U) is the Poincaré-Birkhoff resonant operator in Definition then
Y =iQ(D)EY + R (U)[Y] +i0p®V (H>2(U;€))Y + Rs2(U)[Y] (4.20)

where H>2(U; €) is the same diagonal matrix of symbols in @.2) and R>2(U) is a real-to-real
smoothing operator in R ;" ;g,m; [r] @ Ma(C) with my > 3/2 (fixed below (3.8)).

The flow map €%(U) in @I8) satisfies @11) and & (U) = U+OM;(U)[U]+M>2(0; U)[U]
where My (U) is in My © My(C) and Ms5(0;U) € M k1 2[r] @ Ma(C) with estimates
uniform in 6 € [0, 1].

Proof. Since G1(U) is a smoothing operator then the flow in is well-posed in Sobolev
spaces and satisfies the estimates (4.11]), as well as the last statement, by e.g. Lemma A.3 in
[7]. To conjugate we apply the usual Lie expansion up to the first order (see for instance
Lemma A.1 in [7]). Denoting Adg, := [G1, ], we have

¢HUQUD)E(E (U)) = UD)E + [61(U), UD)E]
- /1(1 — 0)e”(U)Adg, (1 [UD)EN(U)~Hdf . (4.21)
0

Using that G; (U) belongs to 751_'0 ® M3(C), Proposition [2.7|and (.TT)), the integral term in
43
(#@.21)) is a smoothing operator in R KP;QFQ [r] ® M2(C). Similarly, we obtain

CHUOP"Y (Haa(U; ) (U) = OpP™ (H22(U36))
up to a matrix of smoothing operators in R;f;,%z [r] ® M2(C). Finally
¢ (U) (R1(U) 4+ Rx2(U)) (€' (U)! =Re (V)

plus a smoothing operator in R 7} ,[r] @ Ma(C).
Next we consider the contribution coming from the conjugation of 0;. Applying again a
Lie expansion formula (see Lemma A.1 in [7]]) we get

2 (U)(CHU) ™! = a1 (U) +
1

3 [G1(U),0,61(U)] + ;/01(1 - 9)2¢9(U)Ad§1(U) [8,G1(U)] (¢?(U))~1db. (4.22)
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Recalling (3.8) we have
061 (U) =G (IQD)EU 4+ iM(U)[U]) = ;1 (i(D)EU) (4.23)

up to a term in R 715" [r] @ My (C), where we used Proposition By @23), the fact that

G1(IQ(D)EU) isin ﬁfﬁ(gm ® M3(C) and @.T1)), we deduce that the term in (#.22)) belongs
to SR r, N] @ Ma(C). Collecting all the previous expansions, and using that G1(U)
solves (#.19), we deduce (#20). O

We now solve the homological equation @.19).

Lemma 4.7. (Homological equation) Let G1(U) be an operator of the form @4)-@.7) with
coefficients

(g1 )o,a’ — (rl’ﬁ)z”gl (4.24)
Elnk i(UQ(j) —o'Q(k) — eQ(n)) ’ .

forany o,0’ e =+, j,n, k € Z\ {0}, satisfying

oj—ad'k—en=0, oQ(j) — o'Q(k) — eQ(n) £ 0, (4.25)

and (g175)fb’2/ .= 0 otherwise. Then G(U) is in R;” ® My(C) and solves the homological
equation

Proof. The coefficients in (#.24) are well defined by (#.25) and, by Lemma [d.4] they satisfy
the uniform lower bound |0€Q(j) — o'Q(k) — €Q(n)| > c. Then the operator G1(U) is in
Ri"” ® My(C), see e.g. Lemma 6.5 of [7].
Next, recalling (@.4), the homological equation amounts to the equations
(G(AD)EV)F + (61(U))7 o'iD) = si(D)(G ()5 + (Ra(U))g = (R (U));

for 0,0’ = =+, and, setting F1(U) := G1(iQ(D)EU) to the equations, for any j,k € Z \ {0},
€ = &,
(FLAUNGS + (@105 (= ai00) + i0K)) + (Ra. (V)
res o'k
= ( l,e (U))UJ‘ .
Expanding (G1(U))9 as in (@3)-@.7) with entries
1

G =—= Y (el us, jkeZ\{0},
v 2m nez\{0}

en+o'k=0j

(4.26)

we have that F1 (U) := G1(iQ2(D)EU ) satisfies

o! 1 o0 (s €
FLU)e)=—7= > @ik (@meu.
g n€Z\{0},en+o’'k=oj
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Hence the left hand side in (4.26) has coefficients
_(gLE)Z”Z i(aQ(j) —o'Q(k) — eQ(n)) + (rle)z%

for j,k,n € Z\ {0} and 0, 0’, e = + with en + o’k = 0. Recalling Definition 4.2| we deduce
that G; (U) with coefficients in (4.24)) solves the homological equation (4.19). O

Proof of Proposition We apply Lemmata[4.6|and[4.7] The change of variables that trans-
forms @.1)) into @20) is Y = &?(U)Z where ¢?(U) is the flow map in (#.18) that satisfies
(@.T1) and the last statement in Lemma4.6] Moreover, using also the last item of Proposition

[3.2] we may express
Y = (V) o §(U))y, [U] = U + MU)[U], w2
M(U) € ZM%?K’,I[’F? 2] & MQ((C) , Mg > 3/2. ‘
Then system (#.20) can be written as system (4.9) with X>3(U,Y’) given in (4.10) and
R>9(U) = R{®(U) — R{*(U + M(U)[U]) + Bx2(U) .
1 i —(p=po)
By (@.27) and Proposition (m) we have that R>o(U) € YRy’ ® Ma(C) where

po := max{my, ma}. O

5 Birkhoff normal form and quadratic life-span of solutions

In this section we prove Theorems [I.1]and [1.2] We first recall the Hamiltonian formalism in
the complex symplectic variables

w\ . _g(" _ b A +iA"1p UAp—T _ 1 [—iMu—7) 5.1)

a) TP\e) T B\ -ty ) \g) a) = vz \ A wrm))
where A is the Fourier multiplier defined in (3.2).

A vector field X (n, ) and a function H (7, 1)) assume the form

XC.=B*X :=BXB!, He:=HoB™ !, (5.2)

The Poisson bracket in (1.3)) reads { F¢, Hc} := iZjeZ\{O} Ou; He Oy Fo — Og; He Oy, Fe.
Given a Hamiltonian F¢, expressed in the complex variables (u, @), the associated Hamil-
tonian vector field X, is

10z Fc 1 < 105—F eik® )
Xp. = . = — Ak . , 5.3
Fc <_1(9ch> /*271_ ke;\:{o} _laUk F(C e ikx ( )

that we also identify, using the standard vector field notation, with

Xp. = Z 100, 0 Fc Oug
keZ\{0},o0==+
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If X is the Hamiltonian vector field of the Hamiltonian F' := F o B, we have
X5 :=B"Xp = Xp.. (5.4)

The push-forward acts naturally on the commutator of nonlinear vector fields, defined in (5.14)),
namely
B*[X,Y] = [B*X,B*Y] = [X©, Y]. (5.5)

Recalling (1.6), the Hamiltonian (I.2)) admits, in complex coordinates, the expansion
He=HoB ' =HY + HY + ...
where, recalling (3.3), (I.3), (2.2),

(2 _ N (3) _ 01,02,03, 01, 02, 0
HZ = Y Q(wwg,  HE' = > Hj ads Wi Uiy Uy (5.6)
JEZ\{0} o1j1+02j2+03j3=0

and H7 7> are computed in (L.12), for ji, j2, j3 € Z \ {0}.

5.1 Normal form identification and proof of Theorem (1.1

A normal form uniqueness argument allows to identify the quadratic Poincaré-Birkhoff reso-
nant vector field R1**(Y)[Y] in (4.9) as the cubic resonant Hamiltonian vector field obtained
by the formal Birkhoff normal form construction in [14].

Proposition 5.1. (Identification of the quadratic resonant Birkhoff normal form) The
Birkhoff resonant vector field R1**(Y')[Y] defined in (4.9) is equal to

R (V)[Y] = X 5.7)

H
where H 1(%‘3])\7 - is the cubic Birkhoff normal form Hamiltonian in (1.11]).

The proof follows the ideas developed in Section 7 in [7]. Recalling (I.6), we first expand
the water waves Hamiltonian vector field in (1.1)-(1.2) in degrees of homogeneity

Xg=X1+Xo+ X3 where X1 =Xy, Xo:=Xge) , (5.8)

and X>3 collects the higher order terms. System (4.9) has been obtained conjugating (I.1)
under the map

Y =F'(U)oBogG[,], (5.9)
where G is the good-unknown transformation (see (3.1)))
n._ n
(2] =G[4] = [y-0pV(Bmwm] - (5.10)
the map B is defined in (5.1)) (see (3.3) and Proposition [3.1), and
F'(U) = (U)o3°(U), 0€l0,1], (5.11)
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where F%(U), ¢?(U) are defined respectively in Propositions (3.2 and In order to identify
the quadratic vector field in system (4.9)), we perform a Lie commutator expansion, up to terms
of homogeneity at least 3. Notice that the quadratic term in may arise by only the conju-
gation of X; + X9 under the homogeneous components of the paradifferential transformations
G and F1(U), neglecting cubic terms.

We use the following Lemma [5.2] that collects Lemmata A.8, A.9 and A.10 in [7]. The
variable U may denote both the couple of complex variables (u, ) or the real variables (7, )).

Lemma 5.2 ( [[7]). (Lie expansion) Consider a map 6 —> F%Q(U), 0 € [0, 1], of the form

FL,(U)=U + M (U)[U],  Mi(U) € My ® M>(C). (5.12)
Then:
(7) the family of maps G%Q(V) =V — OM;(V)[V] is such that

G0§2 ° F0§2(U) =U + M>2(0;U)[U], F952 ° GGSZ(V) =V + M>2(0;U)[U],

where M>2(0;U) is a polynomial in 0 and finitely many monomials M,(U)[U] for M,(U) €

Mp X M?(C)’ D= 2;
(ii) the family of maps G%Q(V) satisfies
WGL(V) = S(GL (V) + Mxa(: U)[U],  GL(V) =V,

where S(U) = S1(U)[U] with $1(U) € My ® Ms(C) and M>2(0;U) is a polynomial in 6
and finitely many monomials My,(U)[U] for maps M,(U) € M, @ M2(C), p > 2.
(iii) Let X (U) = M(U)U for some map M(U) = Mo+ M1(U) where My is in /{/lv[)@./\/lg((C)
and My (U) in M1 @ M3 (C). If U solves 8,U = X (U), then the function V := FL,(U) solves

oV =X\V)+[S, X](V)+---, (5.13)

up to terms of degree of homogeneity greater or equal to 3, where we define the nonlinear
commutator
[, X1(U) := duy X (U)[S(U)] = duS(U)[X(U)]. (5.14)

¢ Notation. Given a homogeneous vector field X, we denote by 3 X the induced (formal)

push forward (see (5.13))
X =X +[SX]+- (5.15)

where the dots - - - denote cubic terms.

Proof of Proposition |5.1

Step 1. The good unknown change of variable G in (5.10). First of all we note that G(n,¢) =
(®7(n,%))o=1 Where

(I)e[z?” - [¢—6’OpBV:/7(B(n7¢))7I] , 0€][0,1].
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Since B(n,%) is a function in XFk K01l 2] we have that ®%(n,1) has an expansion as in
(3.12) up to cubic terms. Hence, by Lemma - , we regard the inverse of the map
G<o, obtained truncating G up to cubic remainders, as the (forrnal) time one flow of a quadratic
vector field

So = S1(n, ) [ 4], Si(n,v) € My ® Ms(C). (5.16)
By (5.8), (5.15) and (5.16)), we get
g, (X1 4+ Xo) = X1+ Xo 4 [So, X + -+ . (5.17)

Step 2. Complex coordinates B in (5.1)). In the complex coordinates (3.1)), the vector field

(5.17) reads, recalling (5.2) and (5.5),
B*®F, (X1 + Xo) = X7 + X5 + [85, X7+ - (5.18)
where, by (5.4), §.8), (5.6),

XC = X e = i) oQ()ufdu, X5 =X
j!o-

ICR (5.19)

Step 3. The transformation F! in (5.11). By the last items of Proposmon and Propos1t10n
the map F?(U) has the form (5.12) up to cubic terms. Thus, by Lemma.- ), the
approximate inverse of the truncated map F<2 can be regarded as the (formal) time-one ﬂow
of a vector field -

Ty = Ty (U)[U], Ty(U) € My ® Ms(C). (5.20)
By (3.18), (5.19), (5.13), we get
1B P (X1 + Xo) :XH<2 + X ® + [sS +To, Xpo] +-- . (5.21)
(C

Comparing (£.9) and (5.21)) we deduce that
RIC(Y)Y] = X 0 + [85 + T2, X o] - (5.22)
C C

The vector field R{**(Y)[Y] is in Poincaré-Birkhoff normal form, recall Definition[4.2] There-
fore, defining the linear operator ITy, acting on a quadratic monomial vector field uS* u”28

J1 )2
as
I ultu’2d, ) — ujllu;‘;a if — UQ(]) + UlQ(jl) + UQQ(jQ) =0 (5.23)
ker\ T e 0 otherwise, '
we have that
RI“(V)[Y] = Hyer (RT**(Y)[Y]) - (5.24)

In addition, since

[uf) uZ; Oug ,XH<2)]] =1i(0Q(j) — 1Q(j1) — 02Q(j2) ) u?

g2
J1 g2 811, 3

]1 ]2
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we deduce
e, [SS + To, Xye] =0. (5.25)

In conclusion, (5.24), (5.22) and (5.23)) imply that

R (V)Y = Tger (X

where ng)v - is the Hamiltonian in (I.TT). This proves (5.7).

Proof of Theorem [I.1, Hypothesis (I.8) implies that the variable u defined in (3.3) satisfies
(B3) and therefore the function U = [%] belongs to the ball BE (I;r) (recall @21)) with
r=Cské < land I = [-T,T]. By Propositionthe function U solves system (3.6). Then
we apply Proposition and the Poincaré-Birkhoff Proposition with s> K > K'(p) and
K'(p) given by Proposition taking £ small enough. The map F!(U) in (5.11)) transforms
the water waves system (3.6) into (]Z;g[) which, thanks to Proposition[5.1] is expressed in terms
of the Hamiltonian Hé ])V 7 in as

By = 1Q(D)y + i0pH ) 1 (y, ) + X3y

where X 3 is the first component of X>3(U, Y') in (.10). Renaming y ~~ z, the above equation
is (L.I0). We define z = B(n,1)[n, ] as the first component of the change of variable (5.9),

namely of FL(U) 0B o G[n, 4], with U written in terms of (1, ) by (3:3), (3.1). By I1)) and
(3-10) with k = 0, and using that U € BX(I;r), we get

12O s ~s Nul®ll g » (5.26)
and (T.9) follows, using also (3.3), (3.T). The cubic vector field X, in @I0) satisfies the es-
timate H 3HH§ s |z H by Proposition 3.8 in [6] (recall that H>2(U;€) € F%QK, [r] ®

C)), by (m with & = 0, and (34), (5:26). Moreover, the vector field X', satisfies the
energy estimate (T.13) since the symbol H>2(U; €) is independent of « and purely imaginary
up to symbols of order 0, see (4.3)) (for the detailed argument we refer to Lemma 7.5 in [[7]).

5.2 Energy estimate and proof of Theorem[1.2]

We now deduce Theorem[I.2]by Theorem|[I.T]and the following energy estimate for the solution
z of the Birkhoff resonant system (T.10). By time reversibility, without loss of generality, we
may only look at positive times ¢ > 0.

Lemma 5.3. (Energy estimate) Fix s, > 0 as in Theorem[I.1)and assume that the solution

V) of (L) satifies (1.8). Then the solution z(t) of (1.10) satisfies

2. < C()12(0)]%. +C(8)/0 (7l 7, vt € [0,T]. (5.27)
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Proof. By Lemma the Birkhoff resonant Hamiltonian H ](33])\,  in (T.TT)) depends on finitely

. + 4+ ...
many variables 2}, 25, 250, j1, j2, j3 € Z \ {0}, because

o1j1 + 02j2 + 0353 =0 .
{ = max(|j1], |72, |73]) < C. (5.28)

1Q(j1) + 029Q(j2) + 03Q(j3) =0

For any function w € H *(T) we define the projector II;, on low modes, respectively the
projector 11z on high modes, as

wy, = lpw:= —— Z w] , wy = lgw := f Z wjeij‘”.
V2 S 2T i
We write w = wy, + wg and we define the norm
2
lwli? = HE (wp) + wil|,
where (see (5.6))
H? (w) = / QUD)w-wdzr = Y Qw5 . (5.29)
T

JEZ\{0}

Since §2(j) > 0, Vj # 0, and wy, is supported on finitely many Fourier modes 0 < |j| < C, we
have that, for some constant Cs > 0,

CoHwlls < wllge < Csllwlls, (5.30)

i.e. the norms || - ||s and || - || ;. are equivalent. We now prove the estimate for the
equivalent norm || - [[5.

We first note that, by (5.28)), Hg’])\,F(z, Z) = HSJ)VF(ZL, Z1,). Therefore HH(‘)EHSJ)VF(Z, Z) =
0 and the equation (T.10) amounts to the system

{ZL — (D)2, +10:H (21, 71) + T (X25(U, 2)) (5.31)

iy = iQ(D)zy + Ty (X,(U, 2)) .

Moreover since the Hamiltonian H g})\, 7 in (L.TI)) is in Birkhoff normal form, it Poisson com-
mutes with the quadratic Hamiltonian Hg) in (5.29), i.e.

(HS . HD} =0. (5.32)

We have
01 (2p) & (5®) (2)}+2Re/Q(D)HL(X>+3(U,Z))-zde
i >

@2Re/HLQ(D)(X;“3(U, 7)) -Mpzde <, ||2|% (5.33)
i >
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using that ||1'ILQ(D)A.’§’3||H0 <s ||z||§{s by item (2) of Theoremu Moreover, since 1z and

II;, project on L2-orthogonal subspaces,
31 _
Ollzs % = (DI 21, | DI*2) 2 2Re/ DIl (X2,(U, 2)) - |D*ly= da
T >
:2Re/ |DIPX2,(U, Z) - |Dszdx2Re/ |D|*I, (X3,(U, 2)) - |DI*T1 1z d
T - T -

I3
So N2l + I AL e 022l e Ss 2l (5.34)

by item (2) of Theorem|L.1] Integrating in ¢ the inequalities (3-33), (53-34), we deduce

Iz <s HZ(O)H§+/0 ()1 3. d7

which, together with the equivalence (5.30), implies (5.27). O

Conclusion of the Proof of Theorem Consider initial data (1), 1o) satisfying (I.13)) with
s > 1 given by Theorem |[I.1] Classical local existence results imply that

1 .
(n,v) € C°(10, Toe], Hy " *(T, R) x H* (T, R))

for some Ti,. > 0 and thus (I.8) holds with € = 2¢ and T' = Tjo.. A standard bootstrap

argument based on the energy estimate (5.27) (see for instance Proposition 7.6 in [7]) implies

that the solution z(¢) of (T.I0) can be extended up to a time T := coe 2 for some ¢y > 0, and

satisfies

sup |[2(¢)[| s Ss € (5.35)

te[0,T¢]
We deduce (1.16) by (5.35)), the equivalence (5.26)), and going back to the original variables
(n,%) by (3.3) and (3.1). O
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