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Abstract

A family of linear singularly perturbed g—difference differential equations is examined. These equations
stand for a g—analog of singularly perturbed PDEs with irregular and Fuchsian singularities in the
complex domain recently investigated by A. Lastra and the author. A finite set of sectorial holomorphic
solutions is constructed by means of an enhanced version of a classical multisummability procedure due
to W. Balser. These functions share a common asymptotic expansion in the perturbation parameter
which is shown to carry a double scale structure which pairs ¢g—Gevrey and Gevrey bounds.
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1 Introduction

In this work, we focus on singularly perturbed linear partial g—difference differential equations
which couple two categories of operators acting both on the time variable, so-called g—difference
operators of irregular type and Fuchsian differential operators. As a seminal reference concerning
analytic and algebraic aspects of g—difference equations with irregular type we quote the book
[22] and for a far reaching investigation of Fuchsian ordinary and partial differential equations
we mention the textbook [7].

Our equations are presented in the following manner

(1) Q(:)ult, z,€) = Rp(d:)e™P ™0 (P0kg2R10, )" Pult, 2, €) + P(t, 2, €, tF o gy, 10y, 0: u(t, 2, €)
+ f(t, 2 €)

for vanishing initial data (0, z,€) = 0, where k,6p,mp > 1 are integers, o, represents the
dilation map t — gt acting on time ¢ for some real number ¢ > 1, Q(X), Rp(X) stand for poly-
nomials in C[X]. The main block P(t, z, €, V1, Vi, V3) is polynomial in the arguments ¢, Vi, Va, V3,
holomorphic in the perturbation parameter € on a disc D(0,€p) C C centered at 0 and in the
space variable z on a horizontal strip of the form Hg = {2z € C/[Im(z)| < 8} for some § > 0.
The forcing term f(¢, 2, €) is analytic relatively to (z,e) € Hg x D(0,¢y) and defines an entire
function w.r.t ¢ in C with (at most) g—exponential growth (see (29) for precise bounds).



This paper is a natural continuation of the study [15] by A. Lastra and the author and will
share the same spine structure. Indeed, in [15], we aimed attention at the next problem

(2) Q(0:)y(t, z,€) = Rp(0:)e*P (tF119,)°P (t0;) Py (t, 2, €)
+ H(z,e, tF+19,, o, 0.)y(t, z,€) + h(t, z,¢€)

for vanishing initial data y(0,z,€¢) = 0, where Q(X), Rp(X), H(z,¢, V1, V2, V3) stand for poly-
nomials in their arguments X, Vi, V5, V3 as above and where h(t, z,€) is like the forcing term
f(t,z,€) but with (at most) exponential growth in ¢. Under convenient conditions put on the
shape of (2), we are able to construct a set of genuine bounded holomorphic solutions expressed
as a Laplace transform of order k along a halfline L, = Ry exp(\/jlvp) and Fourier inverse
integral in space z,

Feo T AT
Tk
yp(t, z,€) = 1/2/ /L Tmeexp( (et))e Tdm

where the Borel/Fourier map V,,(7,m, €) is itself set forth as a Laplace transform of order k' =
kép/mp,
Vp(r,m,€) = k' Wy (u, m, €) exp (f(g)k/) du
L+, T u
where W), (u, m,€) has (at most) exponential growth along L., and exponential decay in phase
m on R. The resulting maps y, (¢, 2, €) are therefore expressed as iterated Laplace transforms fol-
lowing a so-called multisummability procedure introduced by W. Balser, see [1]. These functions
define bounded holomorphic functions on domains 7 x Hg x £, for a well selected bounded sector
T at 0 and where £ = {& }o<p<c—1 is a set of sectors which covers a full neighborhood of 0 and
is called a good covering (cf. Definition 6). Additionally, the partial maps € — y,(t, 2, €) share
on &, a common asymptotic expansion y(t, z,€) = > <, yn(t, 2)e” with bounded holomorphic
coefficients y,,(¢,2) on T x Hg. This asymptotic expansion turns out to be (at most) of Gevrey
order 1/k with k = kk’/(k + k'), meaning that we can single out two constants C,, M, > 0 such
that

n
(3) sup  |yp(t, z,€) ym(t, 2)e™| < C,MIT(1 + —)|e|™
tET,zGHﬁ’ Y Z m( P=p K |

forall n > 1, all € € &,.

We plan to obtain a similar statement for the problem under study (1). Namely, we will
construct a set of genuine sectorial solutions to (1) and describe their asymptotic expansions
as € borders the origin. We first notice that our main problem (1) can be seen as a g—analog
of (2) where the irregular differential operator t**19; is replaced by the discret operator tkaq;t.
This terminology originates from the basic observation that the expression f(qt) — f(t)/(qt —t)
approaches the derivative f’(t) as ¢ tends to 1. Here, as mentioned in the title, we qualify the
g—analogy as partial since the Fuchsian operator t0; is not discretized in the process. This
suggests that in the building procedure of the solutions (that will follow the same guideline as in
[15]), the classical Laplace transform of order k shall be supplanted by a g—Laplace transform
of order k as it was the case in the previous work [18] of the author where a similar problem
was handled. However, due to presence of the Fuchsian operator t0;, we will see that a single
g—Laplace transform is not enough to construct true solutions and that a new mechanism of
iterated g—Laplace and classical Laplace transforms is required. Furthermore, we witness that



this enhanced multisummability procedure has a forthright effect on their asymptotic expression
w.r.t e. Namely, the expansions in the perturbation parameter are neither of classical Gevrey
order as displayed in (3) nor of g—Gevrey order 1/k as in [18] (meaning that I'(1 + %) has to

2
be replaced by qu in the control term of (3)). The asymptotic expansions we exhibit present a
double scale structure which has a g—Gevrey leading part with order 1/k and a subdominant tail
of Gevrey order %, that we call Gevrey asymptotic expansion of mixed order (ﬁ; (q,1/k))
(cf. Definition 8). Such a coupled asymptotic structure has already been observed in another
setting by A. Lastra, J. Sanz and the author in [16]. Indeed, we considered linear g—difference
differential Cauchy problems with the shape

(tog)™(20.) 05 X (t, 2) = B(z,togs, 04-1.., 0:) X (¢, 2)
for suitably chosen analytic Cauchy data
(PLX)(t,0) = ;) , 0<j<S—1

and properly selected complex number g € C* with |¢| > 1 where r; > 0, 3,5 > 1 are integers
and B stands for a polynomial. When r; > 1, the Fuchsian operator (20,)" is responsible
of the classical Gevrey part of the asymptotic expansion X (t,z) = Y >0 Xn(2)t" of the true
solution X (¢, z) which is shown to be of mixed order (r1/72; (g, 1)) (in the sense of Definition 8)
outside some g—spiral A\¢Z for some A € C* w.r.t t near 0, uniformly in z in the vicinity of the
origin. Here the solutions are expressed through a single g—Laplace transform and the I' (%n)
contribution in the asymptotics emerges from a discrete set of singularities that accumulates at
0 in the Borel plane.

It is worthwhile mentioning that the approach which consists in building solutions by means
of iterated ¢g—Laplace and Laplace transforms stems from a new work by H. Yamazawa. In [27],
he examines linear g—difference differential equations of the form

(4) L(t, og, 0z )u(t, @) = f(t, )

for given holomorphic forcing term f(t, z) near the origin and where L(t, V7, V2) is a polynomial
in V1, Vo with holomorphic coefficients w.r.t ¢t near 0. Under special conditions on the structure
of (4), he is able to construct a genuine solution u(t,z) obtained as a small perturbation of
iterated truncated g—Laplace and Laplace of order 1 transforms of the iterated Borel and g—Borel
transforms of a formal solution (¢, x) = >+, uk(z)t* of (4). Furthermore, he gets in particular
that u(t, z) has a(t,x) as asymptotic expansion of mixed order (1; (g, 1)) w.r.t ¢, uniformly in z
near 0.

Notice that in our paper, the solutions are built up as complete iterated g—Laplace and
classical Laplace transforms that are shown to be exact solutions of our problem (1). This is why
the process we follow can actually be understood as an enhanced version of the multisummation
mechanism introduced by W. Balser, see [1].

In a larger framework, this work is a contribution to the promising and fruitful realm of
research in g—difference and g—difference-differential equations in the complex domain. For
recent important advances in this area, we mention in particular the works by H. Tahara and H.
Yamazawa, [23], [25], [26]. Notice that the fields of applications of ¢g—difference equations has
also encounter a rapid growth in the last years. Some forefront studies in this respect are given
for instance by [19], [20], [21] and references therein.

Now, we describe a little more precisely our main results obtained in Theorem 1 and 3.
Namely, under convenient restrictions on the shape of (1) detailed in the statement of Theorem 1,



we can manufacture a family of bounded holomorphic solutions w,(t, z, €) on domains 7 x Hz x &,
for a suitable bounded sector 7 at 0, Hg a strip of width 8 > 0 and &, belonging to a good
covering in C*, which can be displayed as a g—Laplace transform of order k£ along a halfline
L., =Ry exp(v/—17p) and Fourier integral

(t ) 1 /+OO Wbp( ) 1 izm dud
Up(t, 2,€6) = ———= U,M,€) ———e° " —dm
v ran @2 | Ji, 0,1 (5" u

The g—Borel /Fourier map W (u, m, €) is itself shaped as a classical Laplace transform of order
kép along L.,
0, 0 h ko dh
W (u,m,e) = kdp w? (h, m, €) exp(—(—) D)W
u

Ly,

where w® (h,m,€) has (at most) g—exponential growth of some order 0 < k; < k along L.,
(see (113)) and exponential decay in phase m € R. In Theorem 3, we explain the reason for
which all the partial functions e — wu,(t, 2, €) share a common asymptotic expansion 4(t, z,€) =
Ym0 hm(t, 2)€™ on £, with bounded holomorphic coefficients hy,(t,2) on T x Hg, which turns
out to be of mixed order (%; (¢,1/k)). This last result leans on a new version of the classical
Ramis-Sibuya theorem fitting the above asymptotics which is fully expounded in Theorem 2.
Our paper is arranged as follows.

In Section 2, we recall the definition of the classical Laplace transform and its g—analog. We
also put forward some classical identities for the Fourier transform acting on functions spaces
with exponential decay.

In Section 3, we set forth our main problem (16) and we discuss the formal steps leading to
its resolution. Namely, a first part is devoted to the inquiry of solutions among g—Laplace
transforms of order k£ and Fourier inverse integrals of Borel maps W with g—exponential growth
on unbounded sectors and exponential decay in phase leading to the first main integro-differential
q—difference equation (34) that W is asked to fulfill. A second undertaking suggests to seek for
W as a classical Laplace transform of suitable order kdp of a second Borel map w with again
appropriate behaviour. The expression w is then contrived to solve a second principal integro
g—difference equation (44).

In Section 4, bounds for linear convolution and g—difference operators acting on Banach spaces
of functions with g—exponential growth are displayed. The second key equation (44) is then
solved within these spaces at the hand of a fixed point argument.

In Section 5, genuine holomorphic solutions W of the first principal auxiliary equation (34) are
built up and sharp estimates for their growth are provided (cf. (93) and (94)).

In Section 6, we achieve our goal in finding a set of true holomorphic solutions (109) to our
initial problem (16).

In the last section, the existence of a common asymptotic expansion of Gevrey type with mixed
order (%; (g,1/k)) is established for the solutions set up in Section 6. The decisive technical
tool for its construction is detailed in Theorem 2.

2 Laplace transforms of order %', g—Laplace transforms of order
k and Fourier inverse maps

Let ¥ > 1 be an integer. We remind the reader the definition of the Laplace transform of order
k' as introduced in [12].



Definition 1 We set S;5 = {7 € C* : |d — arg(7)| < d} as some unbounded sector with
bisecting direction d € R and aperture 20 > 0 and D(0, p) as a disc centered at 0 with radius
p > 0. Consider a holomorphic function w : Sq5UD(0, p) — C that vanishes at 0 and withstands
the bounds : there exist C > 0 and K > 0 such that

(5) w(r)| < Clr|exp(K|7|¥)
for all T € Sqs5. We define the Laplace transform of w of order k' in the direction d as the

integral transform
L (w)(T) =K /
L

(e du

w(u) exp(~()) %

along a half-line L, = ]RJre‘/le C Sq5 U {0}, where v depends on T and is chosen in such a
way that cos(k'(y — arg(T))) > 61, for some fized real number 51 > 0. The function L3, (w)(T)
is well defined, holomorphic and bounded on any sector

S =T €C*:|T] < BV | |d—arg(T)| < 0/2},

where 0 < 0 < 7; +20 and 0 < R < 01/K.
If one sets w(r) = anl wn,T", the Taylor expansion of w, which converges on the disc

D(0,p/2), the Laplace transform L%, (w)(T) has the formal series

n
::j{:lUnF(Z;)Tm
n>1
as Gevrey asymptotic expansion of order 1/k’. This means that for all 0 < 61 < 6, two constants
C, M > 0 can be selected with the bounds

£, (w pr )T < CMT(1+ o 2T

forallm>2, all T € Sde1 RL/K -
In particular, if w(T) represents an entire function w.r.t T € C with the bounds (5), its
Laplace transform L, (w)(T) does not depend on the direction d in R and represents a bounded

holomorphic function on D(0, Rl/k) whose Taylor expansion is represented by the convergent
series X(T') = 351 waI'(77)T™ on D(0, RV,

Let £ > 1 be an integer and ¢ > 1 be a real number. At the next stage, we display the
definition of the g—Laplace transform of order & which was used in a former work of the author,
[18].

Let us first recall some essential properties of the Jacobi Theta function of order k defined
as the Laurent series

n(n—1)
(6) Opun(x)=> q = 2"

nel

for all x € C*. This analytic function can be factorized as a product known as the Jacobi’s triple
product formula,

—n—1
k

Q@) = [[1—a )1 +aq F)1+2

n>0

)

x

for all z € C*, from which we deduce that its zeros is the set of real numbers {—¢"/*/m € Z}.
We recall the next lower bounds estimates on a domain bypassing the set of zeroes of © 1/« (x),
from [18] Lemma 3, which are crucial in the sequel.



Lemma 1 Let A > 0. There exists a constant Cyj > 0 depending on q,k and independent of
A such that
k log?(|])

> R1og {|Z])\ 1/2
7) On(2)] = Cprexp(z - )

for all x € C* satisfying |1 + xq%| > A, for all m € 7Z.

Definition 2 Let p > 0 be a real number and Sy be an unbounded sector centered at 0 with
bisecting direction d € R. Let f : D(0,p) USq — C be a holomorphic function, continuous on

the adherence D(0, p), such that there ezist constants K,a >0 and § > 1 with

klog?(|z| + 0)
8 f(@)| < K|x|exp(=———F—= + alog(|z| + ¢
(8) |f ()] ] exp (3 Tog(q) g(lz] +9))
for all x € SqU D(0,p). Let v € R with V=17 € S, We put Tk = logk(q). We define the
q— Laplace transform of order k of f in direction v as

1 U du
@@= [ ef/( oh

where L, = ]RJre\/_i17 1$ a halfline in the direction ~y.

The following lemma is a slightly modified version of Lemma 4 from [18].

Lemma 2 Let A > 0 chosen as in Lemma 1 above. The integral transform 53,1/k(f(x))(T)
defines a bounded holomorphic function on the domain Ry A N D(0,r1) for any radius 0 < rq <
g #(@FD) /2 where

eV—1v
Rya={TeC"/|I1+

r| > A, for all v > 0}.

Notice that the value L7

q,l/k(f(m))(T) does not depend on y € R such that e¥=17 € Sy due to the
Cauchy formula.

The next lemma describes conditions under which the ¢—Laplace transform defines a convergent
series near the origin.

Lemma 3 Let f : C — C be an entire function with Taylor expansion f(x) = Zn21 fnz" ful-
filling the bounds (8) for all x € C. Then, its g— Laplace transform of order k, E;l_l/k(f)(T) does

not depend on the direction d € R and represents a bounded holomorphic function on D(0,r1)

with the restriction 0 < r; < q_%(o‘“
n(n—1)

series Y(T') = 3,5y faq 2% T™.

)/2 whose Taylor expansion is given by the convergent

Proof The proof is a direct consequence of the next formulas

1 pn L n(n—1)

1 un—l
du=T" dv = T”q 2k
Tq1/k /LW © 7k (u/T) T Jr, Oq/n(v)

whenever T' € R, 5 and 7/ = v — arg(T’), where the last equality follows (for instance) from the
identity (4.7) from [5], for all n > 1. O

We restate the definition of some family of Banach spaces mentioned in [12].



Definition 3 Let 8,u € R. We set Eg ) as the vector space of continuous functions h : R — C
such that

h(m)ll (g, = sup (1 + [m])" exp(B|m])[h(m)]
meR
is finite. The space Eg ) endowed with the norm ||.||(g,, becomes a Banach space.

Finally, we remind the reader the definition of the inverse Fourier transform acting on the
latter Banach spaces and some of its handy formulas relative to derivation and convolution
product as stated in [12].

Definition 4 Let f € Eg ) with 8> 0, u > 1. The inverse Fourier transform of f is given by

1

FUN@) = Gy [ Sm)exp(iam)dim

for all x € R. The function F~1(f) extends to an analytic bounded function on the strips
9) Hy = {z € C/|Im(2)| < ).

for all given 0 < B’ < 3.
a) Define the function m +— ¢(m) = imf(m) which belongs to the space E(g,_1y. Then, the
next identity

(10) 0:-F 1 (f)(2) = F1(9)(2)

occurs.
b) Take g € Eg, and set

1

+oo
1/2/_00 f(m —mq)g(mq)dm,

vim) =

as the convolution product of f and g. Then, ¢ belongs to Eg ) and moreover,

(11) FHAHERF H9)(2) = FH)(2)
for all z € Hg.

3 Layout of the principal initial value problem and associated
auxiliary problems

We set k > 1 as an integer. Let mp,dp > 1 be integers. We set

(12) kK = kép

We consider a finite set I of N3 that fulfills the next feature,

(13) lo > 1+ 1K

whenever (lg,11,l2) € I and we set non negative integers A; > 0 with

(14) A —1p>0



for all 1 = (lo,ll,ZQ) el
Let Q(X), Rp(X), Ri(X) € C[X], 1 € I, be polynomials such that

(15) deg(Q) > deg(Rp) = deg(R1) , Q(im) #0 , Rp(im) # 0

forallm e R, alll e [I.
We consider a family of linear singularly perturbed initial value problems

L )u(t, z,e) = Rp(0,)e o 2to)"Pu(t, z, €
(16) Q(8:)ult, z,€) = Rp(d,)e’P*mp (9050248, ™D ut, 2, €)

+ Y alz R0t 0l (t0) P ult, 2, €) + f(t, z,¢€)
1=(lo,l1,l2)€[

for vanishing initial data u(0, z,¢) = 0. Here ¢ > 1 stands for a real number and the operator
0g:t is defined as the dilation by ¢ acting on the variable ¢ through g u(t, z,€) = u(qt, z, €).

The coefficients ¢j(z,€) are built in the following manner. For each 1 € I, we consider a
function m — Cy(m,€) that belongs to the Banach space Eg ,) for some §,u > 0, depends
holomorphically on the parameter e on some disc D(0, ¢y) with radius ¢y > 0 and for which one
can find a constant C} > 0 with

(17) sup ||C’1(7TL7 6)||(5,,u) < Cl
e€D(0,ep)
We construct
1 oo :
alz,e) = )i Ci(m,e)e*"dm

as the inverse Fourier transform of the map Cj(m,¢) for all1 € I. As a result, ¢(z, €) is bounded
holomorphic w.r.t € on D(0, ¢p) and w.r.t z on any strip Hg for 0 < 8’ < /8 in view of Definition
4.

The presentation of the forcing term requires some preliminary groundwork. We consider a
sequence of functions m +— 1, (m, €), for n > 1, that belong to the Banach space Eg ) with the
parameters 3, u > 0 given above and which relies analytically and is bounded w.r.t € on the disc
D(0,¢€p). We assume that the next bounds

1
(18) sup ||vn(1m, €)ll(5,0) < Ko(7-)"
e€D(0,60) 0
hold for all n > 1 and given constants Ky, Ty > 0. We define the formal series

’I’L

(7,m,€) an (m,€) (g )yn(n=D/2

n>1
for some real number 0 < k1 < k. We introduce the next Banach space

Definition 5 Let ky, B, p, 7, > 0 and q,0 > 1 be real numbers. Let Uy be an open unbounded

sector with bisecting direction d € R centered at 0 in C. We denote Exp‘(lk1 B ar) the wvector

space of complex valued continuous functions (u,m) — h(u, m) on the adherence UsUD(0,r) xR,
which are holomorphic w.r.t w on Ug U D(0,r) and such that the norm

ml 1
(19)  [[A(u, m)“(kl,ﬁ,u,a,r) = sup (1+|m|)ﬂeﬁ‘ ‘m

u€U4UD(0,r),meR
2
“ ox (_kllog (lu] +9)
2 log(q)

_ alog(Jul + 6)) ()|



is finite. One can check that the normed space (EXp((]khﬁ,u,a,r)’ I[[(k1,8,1,0,7)) TEPTESENES @ Banach
space.

Remark: The spaces above are faint modifications of the Banach spaces already introduced in
the works of the author and his co-authors T. Dreyfus and A. Lastra, [6], [10], [11].

The next lemma is a proper adjustment of Lemma 5 out of [18] to the new Banach spaces
from Definition 5.

Lemma 4 Let Ty be fized as in (18). We take a number o > 0 such that
a+1

1
(20) To > q*1 /g 7

Let k1, B, 1 be chosen as above. Then, the function (u,m) — ¥ (u, m,€) belongs to the Banach
space Exp‘(lk1 B ) for any unbounded sector Uy, any disc D(0,r). Moreover, one can find a
constant Cy > 0 (depending on q, k1, o, Ty) with

(21) sup Hi/}(u,m,e)H(khB%a,T) < Ko(4
e€D(0,e0)

Proof The bounds (18) imply that

u
|14 (u, m, E)H(kzl,ﬂ,p,,a,r) < Z |4 (m, G)Wﬂ(kl,ﬂ,u,a,r)
n>1
1 1 _ k1 log?(|ul| + )
<) Ko(=)"—7——% sup |u/"Texp <— — alog(|u| +6)
7; Ty’ (gi/*kr)n(n=1)/2 weT,UD 07 2 log(q)
According to the elementary fact that the polynomial h(z) =z(n —1—«) — %1 loﬁq) admits its
maximum value %(n —1-a)atx= %(n — 1 — «), we deduce by means of the change
of variable z = log(|u| 4+ ¢) that
k1 log® 5
(22) sup  |u|"Texp (_1og(|u|+) — alog(|u] + 5))
weTUD(0,7) 2 log(q)
k1x2 (n—l—a)2
<supexp(z(n —1—«a) — < 2k1
for all n > 1. Therefore, we deduce that
(1+a)? o\
1+« q2 1
16 (s )y ) < Kog 7 Y <+1>
n>1 \1pgq
which converges provided that (20) holds, whenever € € D(0, €). O
We define
o d
(23) Ca(rm,e) = K | w(um. ) exp(—(2)F) =
Ly T Uu

as the Laplace transform of 1(u, m,€) w.r.t u of order k’ in direction d € R. Notice that two
constants K1, Ky > 0 (depending on k1, ¢, «, 6, k") can be found such that

o log? (Jul + )

+ alog(|ul + 6 SKluk/—i—Kg
o a(lul +9) < Kalul



10

for all u € C. As a result, owing to the bounds (21) and the last part of Definition 1, we deduce
that W, does not depend on the direction d and can be written as a convergent series

a(T,m,€) anme F(k/) ™

1/k1) n(n—1)/2
n>1

w.r.t 7 near the origin. Now, we fix some real number ko such that 0 < k1 < k3 < k. Then, one
can sort a constant Cy (depending on ¢, k1, k2, k') such that

() 1

(24) (q/F =172 = 02( [/kz)n(n=1)/2

for all n > 1. This inequality is a consequence of the Stirling formula which states that
(25) [(z) ~ V2me %z~ /27
as z tends to +o0o and from the existence of a constant K3 > 0 (depending on ¢, k1, k2, k') with

n, n(n—1)log(g) _ n(n—1)log(q)
L g2 <
K ot o losl) + ks = 2k

+ K3

for all n > 1. Consequently, it turns out that W,(7, m,€) represents an entire function w.r.t 7
such that
(I7]/To)"

alrsm ) < KaCald+ ™ 3 e s

for all 7 € C. Furthermore, owing to the bounds (22), we know that
n (noe)? ko 2
ImI" <q * exp 5 log™(J7| + ) + arlog(|7] + )

for all n > 1, all 7 € C. Henceforth, we get the next global bounds

1—2a
a? 2k
(26) [Wa(r,m, )] < KoCag®2 3 (L= )"(1 + |m[) e A1
= 1o
ka . o
x exp (<2 log?([7] +6) + alog(|r| + 9)
provided that
1—2a
(27) To > q 22

for all 7 € C, m € R and € € D(0, €9).
Next, we set

Z,€) = —————————= U, m,€)————¢€ —dam
d ] 7Tq1/k (27.[.)1/2 oo Ld d 9 9 @ql/k (u/T) U

as the g—Laplace transform of W;(u, m,€) w.r.t u of order k in direction d and Fourier inverse
integral w.r.t m. We put

1 too

Fo(z,e) = W

Y (m, €)e* ™ dm
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for all n > 1. We first provide bounds for this sequence of functions. Namely, we can get a
constant C, g g > 0 (relying on p, 3, 5') with

K 1 n e — —B|m| _—Im(z)m
@28) Bl 0] € () [ (Lt e e m o,

—00

Ky 1 +00 Couppko, 1
<=0 _(=)n 1 =Bl g, < Cup o 1,
=T /_oo( * ) mS T om g

for all n > 1, whenever € € D(0, ¢y) and z belongs to the horizontal strip Hg for some 0 < 5’ < 3
(see Definition 4). Owing to Lemma 3, we deduce that the function F;(T),z,€) converges near
the origin w.r.t 7" where it carries the next Taylor expansion

a(T, z,€) ZF Z,€) ( o ﬁ)”(”_l)ﬂT"

n>1

for all e € D(0,€p) and z € Hg . In particular, the function Fy is independent of the direction d
chosen.

We now show that Fy(T), z, €) represents an entire function w.r.t 7" and supply explicit upper
bounds. Namely, in accordance with (24), we obtain

KyC 55/02 1 ’T|
FyT,z )| < £ )"
’ d ‘ Z 27T 1/2 (qéfi)n(nfl)/Q(TO

Again, the estimates (22) yield

n A (n—a)? </§2 10g2(|T| + 5) )
T|™ < g2r2 exp| ————— F+alog(|T|+ 6
Tl < o (2 (17| +9)

for all T € C, all n > 1, where k9 > 0 is defined by %2 = é — % By gathering the two last

above inequalities, the next global estimates can be figured out

1—2«
.[(()C’7 ) Cy o2 q*2 ., K210g2 T+ 6
20)  FT 20 < RS S (e 21(()|g(’q))+0410g<\T!+5)
n>1

for all T'e C, all z € Hg and € € D(0, ¢), provided that

1—2a
(30) Ty > q 22
Lastly, we define the forcing term f as a time rescaled version of Fy,
ft,z,€) = Fy(et, z,€)

that represents a bounded holomorphic function w.r.t z € Hg and € € D(0,¢) and an entire
function w.r.t ¢ with g—exponential growth of order xo.
Throughout this paper, we are looking for time rescaled solutions of (16) of the form

u(t, z,e) = Ulet, z,€)
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As a consequence, the expression U(T), z, €), through the change of variable T' = et, is asked to
solve the next singular problem

(31) Q(O:)U(T, z,¢) = Rp(8:)(T°P*o0.T0r) " U (T, z,¢)+

Yo ez, e Ri(0.) 0l (TOr)2U (T, 2,€) + Fo(T, 2,€)
1:([0,11 ,lz)el

At the onset, we seek for a solution U(T, z,¢€) that can be expressed as an integral repre-
sentation via a g—Laplace transform of order k and Fourier inverse integral

U,(T, z,€) L /+OO/ W (u, m, €) L eizmdudm
y Ry €) = ———————7> y M, €) o
R 7Tq1/k (271_)1/2 —00 L, (—)ql/k (U/T> u

where the inner integration is performed along a halfline L., = ]R+eﬁ7 in direction v € R. Over-
all this section, we assume that the partial functions u — W (u, m, €) have at most g—exponential
growth of order k on some unbounded sector Sy centered 0 with bisecting direction d and m
W (u,m, €) belong to the Banach space Eg ,) mentioned in Definition 3, whenever e € D(0, €).
Precise bounds will be given later in Section 5. Here we assume that L, C Sy U {0}.

Our aim is now the presentation of a related problem fulfilled by the expression W (u,m,¢).
We first need to state two identities which concern the action of ¢—difference and Fuchsian
operators on g—Laplace tranforms.

Lemma 5 The actions of the q—difference operators Tloall;;T for integers lg,l1 > 0 and the
Fuchsian differential operator TOr are given by

(32) Tool Uy(Toze) e — [T
gGTZ Y\~ 7Tq1/k(277)1/2 oo i, (ql/k)lo(lofl)/Q

l
ll—?o 1 izm du
X g ¥ W(u,m,e)

O ,1/k (u/T)6 u

dm

and

1 +00 1 ; du
33 To UNT - 8uW sy ) N Ty —d
(33)  TorUy(T:2,0 = o i /. /“ o) o "

Proof The first identity is a direct consequence of the commutation formula (40) displayed in
Proposition 6 from [18]. For the second, a derivation under the integral followed by an integration
by parts implies the sequence of equalities

!/
1 —+o00 1 1 .
TorU., (T = ——W T)e"*™dud
T ’Y( 7Za€) 7Tq1/k(27r)1/2 /—oo /[M/ T (U, m, 6) <@q1/k> (u/ )6 uam

—1 +0o0o 1 '
= i w Du 7| ™ dud
e ), W (<@qw><u/ >)e i

-1 oo 1
- | Wmag

Tk (2 gL/

)/ T e dm

u=

+oo .
1 )1/2 / I auW(uv m, 6)( =) ! )(U/T)ezzmdudm

T1/k (27‘1’ qi/k



13

from which the forecast formula follows since the map u — W (u, m,€) is assumed to possess a
growth of g—exponential order k and vanishes at u = 0. O

The application of the above identities (32) and (33) in a row with (10) and (11) leads to the
first integro-differential g—difference equation fulfilled by the expression W (u,m,¢) as long as
Uy(T, z,€) solves (31),

1

A—lp 1 e
+ Z € W C](m — ma, 6)
1=(lo,l1,l2)el >

(34) Q(im)W(r,m,€) = Rp(im) (T(SDkH@T)mDW(T,m,e)

lo )
T li—+ l .
X WU%T k ((7'67—) 2I/I/(’I', mi, 6)) R](Zml)dml + ‘I/d(’r, m, 6)
We turn now to the second stage of the procedure. Solutions of this latter equation
are expected to be found in the class of Laplace transforms of order k' since by construction

U4(7,m, €) owns this structure after (23). Namely, we take for granted that

(35) W(r,m,e) = k://L w(u, m, ) exp(—(T)k/)dZu

U

where L, = R+eﬁ7 stands for a halfline with direction v € R which belongs to Uy U {0} where
U, represents an unbounded sector centered at 0 with bisecting direction d. Within this step,
we assume that the expression (u,m) — w(u,m,€) belongs to the Banach space Expgkhﬁ%a’r)
introduced in Definition 5, for all e € D(0, ¢y), where the constants k1, 8, 4 and « are selected
accordingly to the construction of the forcing term f(¢, z, €).

The next lemma has already been stated in our previous work [15].

Lemma 6 For all integers | > 1, positive integers a,; > 1, 1 < q <1 can be found such that

l
(36) (o) = agt'0f

q=1

With the help of this last expansion, Equation (34) can be recast in the form

, , 1 .

(37) QUMW (7, €) = Rp(im) s spny/2 (rOPEH )W (7,m, €)
+ Z eMilo ! - Cy(m — mq, €)Ry(im );
emi2 ) ! b T (k) oo =1)/2

1:(l0,ll ,lz)GI

_lo
X ooy F (Z _Ohls ot b 9hY) (7, my, e)) dmy + Vy(r,m, )
' =2
h=1(q" %)
This last prepared shape allows us to apply the next lemma that repharses the formula (8.7) p.

3630 from [24], in order to express all differential operators appearing in (37) in terms of the
most basic one 7114,

Lemma 7 Let k',6 > 1 be integers. Then, there exit real numbers Asp, 1 < p < §—1 such that
(38) P = ()T D Agyrt 0TI D)
1<p<é-1

By convention, we take for granted that the above sum El§p§5_1[..] vanishes when § = 1.
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Indeed, by construction of the finite set I, we can represent the next integers in a specific
way
lo+h= h(l + k/) + enio
where e, , = lo —hk’ > 1 for all (lp,l1,l2) € I and 1 < h <. As a consequence, we can further
expand the next piece of (37) in its final convenient form

(39) Tl°+h8fW(7', mi,€) = Teh,loTh(Hkl)@fW(T, my, €)

= 7¢hlo (Tlirlar)h + Z Ah7p7'k/(h7p) (Tk/JrlaT)p W(T7 my, 6)
1<p<h-1

and we can remodel the equation (37) in such a way that it contains only primitive building
blocs

1

(40) Q(im)W (1, m,€) = Rp(im) (R R =1)/2

(Tk/+187)mDW(T, m,€)

+o0o 1

1

Ayl ,

+1 (l; )e]E | 0(%)1/2 —o0 Cl(m_ml’e)Rl(Zml)(ql/k)l(’(l“_l)/2
=\l0,t1,t2

l2
lhi—= Z Gp,1 ’
X ogr " ( 715 Teh’lo((Tk +187)h

+ Z Ah,ka/(hfp)(Tle(?T)p)W(T,ml,e) dmy + Wy(1,m,€)
1<p<h—1

Similarly to our previous technical lemma 5, we disclose some usefull commutations formulas
dealing with the actions of the basic irregular operator 7% 18, multiplication by monomials

7" and of the g—difference operator Ogirs

Lemma 8 1) The action of the differential operators T8 t10, on W (7, m, €) is given by

(41) YW m, ) = K / Kk w(u, m, €) exp(— (L)) 2

L, T u

2) Let m' > 1 be an integer. The action of the multiplication by ™ on W (r,m,e€) is described
through the next formula

(42) W (r,m,e€) = k’/
L'Y

k' ut’ ’
u/ (W = 5) ¥ (s m, 6)@ eXp(—(g)kl)@
I ) Jo S

(% T U

3) Let v € Z be an integer. The action of the operator og.r is represented through the integral
transform

U, g\ du
—)FHY=

a7 q;u T U

(43) ol W (T, m,e) :k"/ ol w(u,m,e)exp(—(

~

Proof The first two formulas have already been given in our previous works [14], [15]. We focus
on the third equality. By definition,

T W) =k [ wlum, ) exp(—())

5
. qT U
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and if one deforms the path of integration L. through u = ¢”v which keeps the path invariant
since ¢ € R4, we get the formula (43). O

Departing from the arranged equation (40) with the help of the above lemma 8, we can
exhibit an ancillary problem satisfied by the expression w(u,m,€),

(k/)mD

(44) Q(im)w(u,m,€) = Rp(im) (qURymoF 1]

!
5 uF ™MD (u,m, €)

1 +oo 1

+ Z Ml Ci(m —my,e)Ri(imy) —F———75
172 ’ 1/kYlo(o—1)/2
1:(l0,11712)€f (271') - (q )0 ’
l2 k./ uk’
ll*llg ah l2 u / k/ ehle —1 "\h _h l/k/ ds
og; d (u® —s)7% (K)"s"w(s " ,my, e)—
S et (e | ;
Ukl Uk, 1% ehvlo-‘—k/(h_p)il ND P 1/]6‘/ dS
+ Z Ah’pW'(h—P)/ (u™ —s) % (K"PsPw(s ,ml,e)? dmq
1<p<h—1  T(=——7) /0
+ Y(u,m, €)

4 An integral ¢g—difference equation with complex parameter

The objective of this section is the construction of a unique solution of the equation (44) just
established overhead. This solution will be built among the Banach space displayed in Defini-
tion 5. Within the next three propositions, continuity of linear convolutions and g—difference
operators acting on Exp‘(]kh B.r) is discussed.

Proposition 1 Let k' > 1 be an integer and v1 > 0, v2,73 be real numbers such that k'(vy2 +
3 + 2) is an integer that are submitted to the next constraint

1
(45) NH1>0 gt +1>0 0 2K (pts+2) 20
Let a,(u) be a continuous function on (Uy U D(0,7)), holomorphic w.r.t u on Uy U D(0,7)
submitted to the bounds

M%

(46) |aqy, (u)| < A+ u)r

for all w € Uy U D(0,7), for some constant M,, > 0. Then, the linear functional

fe Ck’,’h,w,’ys (f)(u,m) = Ay (U)Uk/ /0 (uk/ —5)2s7 f(s

%,m)ds

(k.5
1,9, 14,07
some constant My > 0 (depending on k', ~v1,v2,73) can be found with

represents a continuous map from the Banach space Exp ) into itself. In other words,

(47) ||Ck’,’yl V2,73 (f)(u7 m) H(kl,ﬁ,u,a,’/‘) < MlM’Yl Hf(u7 m)‘ |(k1,ﬁ,u,a,7‘)

for all f € BXD{y, 5.0
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Proof Let f belong to Exp‘gkhﬁ%a’r). The map Ci/ , o4 (f) (1, m) can be rewritten using the

parametrization s = u*'p for 0 < p < 1, namely

1
(48) C oy () (u,m) = any (“)“klm—wgﬂ) / (1- p)wp%f(upl/k,a m)dp
0
for all u € U3 U D(0,7), whenever m € R. By definition, the next upper bounds

ﬁlogQ(lu\ +9)
2 log(q)

hold for all w € Uy U D(0,7), m € R. It follows that

7 ()] < 110t )y ] 60 ( + arlog(Jul + 6)) (1+ f]) e A

M |u\k/(v2+73+2) 1 N
Tl /0 (L= p) = % dpl £ (u, )ty 00 ]
2 log(q)

for all w € U3 U D(0,7), all m € R. Under the conditions (45), the expected bounds (47) follow.
O

(49)  [Ch 71 71295 () (w, M| <

+ alog(|u| + 5)> (1+ \m|)_“e_ﬁ|m|

Proposition 2 Let a € C be a complex number, v1 > 0 be an integer and v2 > 0 be a real
number withstanding the condition

(50) ki1va > m
Then, we can sort a constant Mo > 0 (depending on 1,2, q, @, d,7,a) with
(51) [1(u+ @) og® f (us M)l (ks B,y < Mol (s M)y, 1,000

for all f € Bxpl 5. 00-

Proof The proof is proximate to the one of Proposition 1 in [18] and similar to the one of
Proposition 1 from [11]. We provide however a complete proof for the sake of a better readability.

Let f(u,m) belong to Exp‘(zk1 Bononr)” By definition, we can perform the next factorization
_ 1
(a4 )02 Ftsm) | gy = sup (14 [m]ypeBm L

ueU4uD(0,r) ‘

2
% <_k110g(’“‘+5) — alog(Ju| + 5)) w4 al™

2 log(q)
1 ky log?(| %] + 0) u
72 pBlml__ * _MTe Mgl T u
x {\f(U/q ,m)| (14 [m|)Fe |u/q72|exp< 5 o (q) alog(!q72|+5)
log?(|-%| + &)
—p—Blm| [U] 1 ¢z 79 u
X {(1 + Im|)"*e oz &P ( 5 oa(@) + ozlog(!q72 | +9)

Since the contractive map u + u/q"? keeps the domain Uy U D(0,r) invariant, we deduce

(52) ||(u =+ a)’Yl J;ng(uv m) | |(k1,ﬁ,u,a,r) < MQ‘ |f(ua m)| |(k1,6,u,o¢,7")
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with My = q% SUD,, 7-UD (0. A(u) where

ki log?(Ju| + 9)

Alw) = |u+ a™ exp( — alog(|yl +5)>

2 log(q) ,
X exp (721 o ﬂ)qg%q’)—i_ ) + oalog(|q%| + 6))
We observe that
(53) M, < q;maX(Mz.l,Mz.z)
where My = SUD,, 0,7 A(u) is finite since A(u) is continuous on D(0,7) and My is equal to

SUD,, e jul>r A(u). ]
In the remaining part of the proof, we show that Ms 5 is also finite. We first need to rearrange
the pieces of A(u). Namely, we expand

1) 1)
(54)  log?(|u| + &) = log? |u| + 2log |u|log(1 + —) + log?(1 + —),
|ul |ul
9 u . 9 9 u q’YQ 9 q'72
log (\q@’ﬂs) = log” |u| =272 log(q) log |ul+(72log(q)) +210g\qﬁ\10g(1+m5)+10g (1+m5)

and
Y2

5
(55) log(|u| + &) = log u| +log(1 + W)’ log(!q%! +6) = log |u| — y21og(q) + log(1 + L‘]ﬂ

Since log(1 4+ z) ~ z as x — 0, we get two constants A;, A2 € R (depending on r,d, q,v2) with

9)

u q72
—) <Ay, A <2log|—]log(l+-—9) < A
"LL|)_ 25 1> Og‘q,m‘ Og( + ‘u’ >_ 2

for all u € Uy, |u| > r. Gathering (54), (55) with (56) gives rise to the bounds

(56) Ay < 2log |ullog(1 +

~ \u =+ aPl ]Cl’y% Agkl k1 9 q’Y2
57) Mso < _— —=1 1 1+—56
07 Moz = (ue%lim P P\ 72 Og(q>+2log(Q) " 2log(0) gt
kl q72
—_— = 1 log(1+ —
SToglg) ~ “721o8(a) +alog(l+ 5))
which is finite owing to (50). O

Proposition 3 We set polynomials Q(X), R(X) € C[X] such that

(58) deg(R) > deg(Q) , R(im) #0 , p>deg(Q)+1

Consider (u,m) — b(u, m) a continuous function on (UyU D(0,7)) x R, holomorphic w.r.t u on
Uqa U D(0,7) with the bounds

(59) sup  [bu,m)| < My
u€ULUD(0,7)
meR
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for some constant My > 0. Then, there exists a constant Ms > 0 (depending on Q,R and )
such that

1 oo
oM / f(m = ma)Qim)b(u, m) g, m)dma oy 1)

< MMyl f (m)] (g, 19 (s M) (1 8,0,007)

q

whenever [ belongs to Eg ) and g belongs to Exp(k,1 B’

Proof The proof shares the same ingredients as the one of Proposition 2 of [15]. Again, we
give a thorough explanation of the result. We take f inside E(g ,) and select g belonging to

Exp? . We first recast the norm of the convolution operator as follows
(klvﬁvu’?avr)

1 oo .
(61) Mo =l [ fm = m)QUim)b( gt s
2
= sup (1+ ‘mDuieﬁlml exp <l€110g(|u|+5) — alog(|u| + 5))
w€ULUD(0,r),meR |ul 2 log(q)

+oo
X |R(3m)/_oo {(1 + |m — mq|)* exp(B|m — m1|) f(m — mq) }b(u, m)

2
peflml Lo (JﬁlogﬂM

x {(1+|m1]) ] 2 log(q)

— alog(|u| + (5)> g(u,m1) }A(u, m, my)dm|

where

Alu,m,my) = Q(im1) exp(—pB|m1|) exp(—pB|m — m1|) | exp (/ﬁlogQ(\uy—i—é)

(L4 [ma)#(L + |m = ma[)# 2 log(q)

By construction of the polynomials () and R, one can sort two constants 2, 9% > 0 with

+ alog(|ul + 5)>

(62) [Q(ima)| < Q1+ [ma )4 [R(im)| > R(1 + |m])?=)

for all m,m; € R. As a consequence of (61), (62) and (59) with the help of the triangular
inequality |m| < |mi| + |m — m1], we are led to the bounds

No < M3 My|[f(m)|] (8, 119(ws )| k1,8, 10,00,7)

where

dm1

Q I 1
M =" su 1 + |lm U_deg(R)/
35 R mE%( Im|) oo (L4 |m —my)H(1 + |my|)p—des(@)

is a finite constant under the first and last restriction of (58) according to the estimates of
Lemma 2.2 from [4] or Lemma 4 of [17]. O

We disclose now additional assumptions on the leading polynomials Q(X) and Rp(X). These
requirements will be essential in the transformation of our main problem (44) into a fixed point
equation, as explained later in Proposition 4.

With this respect, the guideline is close to our previous study [15]. Namely, we assume the
existence of an unbounded sectorial annulus

(63) So.r, = {7z € C*/|z| > rq.rp, larg(2) — do.rp| <nQ.Rp}
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with direction dg g, € R, aperture 19 g, > 0 for some given inner radius rg r,, > 0 with the
feature

(64) ( Q(im)

- cR}C S
RD(zm) / m } Q.Bp
We consider the next polynomial

(k/)mD
(q1/F)mpk (K =1)/2

kE'mp

(65) Pou(u) = Q(im) — Rp(im)

In the following, we need lower bounds of the expression P,,(u) with respect to both variables
m and u. In order to achieve this goal, we can factorize the polynomial w.r.t u, namely

| (kymo
(66) Pm(u) = _RD(Zm) (ql/k’)ka’/(kl—l)/2 H (U - Ql(m))
=0

where its roots ¢;(m) can be displayed explicitely as
1
k'm
|Q(im)| ’ V! Qim)

o exp (arg( v
. kYD ! . k') D
’RD (Zm)’ (ql/k)EnD)k’(k’—l)/Z k'mp Rp (Zm) (ql/k)EnD)k/(k/—l)/z

qi(m) = ) + 2nl)

for all 0 <1 < k'mp — 1, for all m € R.
We set an unbounded sector Uy centered at 0, a small disc D(0,r) and we adjust the sector
SQ,rp in a way that the next condition hold : A constant m > 0 can be chosen with

(67) lu—q(m)| = m(1+ |u])

for all 0 <1 < kK'mp — 1, all m € R, provided that v € Uy U D(0,7). Indeed, the inclusion (64)
implies in particular that all the roots ¢;(m), 0 <1 < k'mp — 1 remain apart of some neighbor-
hood of the origin, i.e satisfy |g;(m)| > 2r for an appropriate choice of » > 0. Furthermore, when
the aperture ng g, > 0 is taken close enough to 0, all these roots ¢;(m) stay inside a union U of
unbounded sectors centered at 0 that do not cover a full neighborhood of 0 in C*. We assign a
sector Uy with

UsNnU=10

By construction, the quotients g;(m)/u live outside some small disc centered at 1 in C for all
ueUgmeR, 0<1<k'mp—1. Then, (67) follows.
We are now ready to supply lower bounds for P, (u).

Lemma 9 A constant Cp > 0 (depending on k,k',mp,q,m) can be found with
(68) |Pr(u)] > Cp|Rp (im)| (1 + [u])* P
for allu € U; U D(0,7), all m € R.

Proof Departing from the factorization (66), the lower bounds (67) entail

(k/)mD
(q1/F)ymok (W=1)/2

[P ()] > w2 R (im) | (1 4 [u])* P

for all w € Ug U D(0, ). O

The next proposition discusses sufficient conditions under which a solution w?(u,m,€) of the

main integral g—difference equation (44) can be built up in the space Exp((lk1 B )"
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Proposition 4 Let us assume the next extra requirements

l
(69) g—hzo, pu > deg(Ry)

for all1 = (lg,11,l2) € I. Furthermore, for each 1 = (ly,l1,l2) € I, we set an integer py, 1, such
that

l
(70) 0 < pigay < k(3 — 1)
and we take for granted that
(71) Plogy +K'mp > o

holds. Then, for an appropriate choice of the constants Cy > 0 (see (17)) that need to be taken

close enough to 0 for alll € I, a constant @ > 0 can be singled out in a manner that the equation

(44) gets a unique solution (u,m) — w(u, m,€) in the space EXp((]k1 Boponr) with the condition
d

(72) Hw (uv m, 6)"(k17ﬁ,ﬂ,0477”) Sw

whenever € € D(0,€y), where Ug,r are chosen as above and k1,3, u, « are specified in Section 3
on the way to the construction of the forcing term f(t,z,¢€).

Proof The proof relies strongly on the next lemma which discusses contractive properties of a
linear map.

Lemma 10 For all e € D(0,€p), we define the map H, as

+oo . 1
Ci(m — ml,e)Rl(zml)W

(73) He(w(u,m)):= > el 1

1/2
1=(lo,l1,l2)el (27) e

k/

lo 1% u
1 -l Al “ / K Dol g0 nh ok 1K ds
——0y: E : u’ — 8) K k)" w (s, mq)—
Pm(u) e ) 0 ( ) ( ) ( 1)

i (e \T(enio /K 5
K u e, 1o +k (h—p)
u— k}/ _ ’1»1071_1 Np .p l/k’ @
! 1<pz<;L_1 Ah,pf(ww)/o (u s) k (K" sPw(s' /% my) ; dmy
IRCICLCD)
P (u)

Under the additional requirements (69), (70) and (71), one can select the constants C; > 0, for
1€ 1, and a real number w > 0 in a way that this map acts on some neighborhood of the origin
of the space Expgkl,,@,u,a,r) in the following way:

i) The inclusion

(74) He(B(0,w)) C B(0,w)

holds where B(0,w) stands for the closed ball of radius w centered at 0 in Exp‘(]k1 B cr)’ for all
e € D(0,¢).
ii) The map H. is contractive, namely

1
(75)  [[He(wz(u,m)) = He(wr(w, m)ll ks p,m0.r) < 5llwz(u,m) —wi(u, m)ll gy 6,00,

whenever w1, wy € B(0,w), for all e € D(0, ).
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Proof We first control the forcing term. Owing to the bounds (21) in Lemma 4, together with
(68), we can exhibit a constant C; > 0 (relying on ¢, k1, v, Tp) with

¢(u’ m’ 6)

H o
P () (k1,8,p,0,7)

76 < - ;
( ) ” — Cp mMin,,cr |RD('Lm)|

where Ky > 0 is a constant that is set in (18), whenever € € D(0, €p).

We deal with the first property (74). Let us take w(r,m) in Exp‘(lk1 B0,y under the con-
straint ||w (T, m)||k, 8,par) < @-

We fix some complex number wy such that wg ¢ Uy U D(0,r) and we redraft the norm of the
next integral expression as follows

+o0 1
(77) I = | Ci(m —my, e)Ry(imq)
—c0 P (u)
_170 ! Ukl ! ¢ ) /
X aél;u k (uk / (uk —3) };'ZO _lsh_lw(sl/k ,ml)ds) dml”(kl,ﬂ,u,a,r)
0
1 teo . —(R—l1) ut
= HW N Ci(m — mu, €) Ru(ima)B(u, m)(u — wa)Pott og* ((u_wd)lo

u , €h,l ’
% / (uk _ S) 0 —lsh—lw(sl/k ,ml)d8> dm1||(;§175,u7a7r)
0
for alll1 € I, 1 < h <l where py,;, > 0 is an integer chosen as in (70) and

(qf(l?ofll)u — wd)loRD(im)

B(u,m) = (u — wq)Plor Py (u)

We observe that a constant Mp > 0 (depending on ¢, lo, 1, piyi,, &k, k', mp,wq, m) can be picked
up with

(78) 1B(u,m)| < Mg

for all uw € U3 U D(0,r), m € R. Indeed, from (68), we get
g~ (F )y — o

1
B(u,m)| < — su ;
’ (U )| = p |u _ OJd|pZO’l1 (1 + ‘u|)k mp

P u€UyUD(0,r)

for all w € Uy U D(0,r), m € R where the right handside is finite owing to the suitable choices
of wg and py,, in (71).

Under the requirements (15) and (69), an application of Proposition 3 yields a constant
M3 > 0 (depending on Rp, Ry and p) such that

(79) Iy < M3, Mpg||Ci(m, €)l] (s, I2

where

k/

!
—(lop) uk w / Chilo 4 p_ /
I = |[(u — wg)'orogy* 1 <(U — wg)lo /0 <uk —8) " 1w<81/k s 1m)ds | |k 8,0,0,m)
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The conditions (69) and (70) allow us to call back Proposition 2 in order to get a constant
Ms1 > 0 (depending on lo, l1, piy 1,5 K, ¢, @, 8, 7, wq) with

(80) I < Mo 113

where
kl

B uk‘/ u " Eh,/lo 1 he1 1/k d
I =l | (@ =97 T Tl m)dsll e, g0

Lastly, Proposition 1 gives rise to constants M,,;, > 0 (depending on wg,ly) and My > 0
(depending on k', ly,l3) with

(81) I3 < Ml-led,lon(uvm)”(kl,ﬂ,u,a,?")
By compiling (79), (80) and (81), we get
(82) Iy < M1 Maa M3 1 MMy, i1, ||Cr(m, €)] 8,0l [w (s m)] |k, 8,,0,)

forallle I, 1< h<ls.
We now turn to the second principal pieces of H.. Following the same lines of arguments as
above, we get that

1
P (u)

l U ep. 1ok (h—p)
o K B I DN 1)
X g " <u (u® —s) % sPTw(s / ,m1)ds dml”(kl,,@’,u,a,r)
0

< Mo 1 M31Mp||Cr(m, €)|](8,u) /3

(83) Jy = ||/_+oo Ci(m — my, ) Ry(imy)

where
K’ K

U U i Ph,l0+k/ (h P)il 1 1/K
B ||(u—wd)l0/0 (W =)= (s m)dsl

forallle I, 2 < h<lpand 1 <p < h—1. In order to give bounds for J3, we make use of

Proposition 1 which affords a constant M 5 > 0 (depending on £/, ly, l2) with

(84) J3 < Mo Moy o] [w(w, m)||(ky,8,.0,r)

By combining (83) and (84), we obtain

(85) J1 < MyoMa i My 1 MMy, 1, ||Ci(m, €)1 (8, 1w (w, M)k, 8,0,0,)

foralllel,2<h<land1<p<h-1.
In the next step, we impose the constants C} > 0, 1 € I, to stay close enough to 0 in order
that a constant w > 0 can be singled out with

Al 1 |ahz
(86) Z € 0( 27)1/2 (q1/F) lo(lo 1/22 ;

g1yl
1=(lo,l1,l2) €l ! 0

(k)"
X F(ehJO)M1.1M2.1M3.1M6de7l001w
k/
KoC
+ Z \Ah,p| 2 l() My oMy M3 1 MM, 1,01 | + e L <w

1<p<h—1 e )) Cpminger |Rp(im)| —
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The collection of (76), (82) and (85) submitted to the condition (86) yields the inclusion (74).

The next part of the proof is devoted to the explanation of the contractive property (75).
Indeed, consider two functions wy(u, m) and wa(u, m) inside the ball B(0,w) C EXp'(]k1 B’

Then, an application of the two inequalities (82) and (85) overhead leads to
400 1

(87) || 3 Cl(m—mhﬁ)Rl(’iml)Pm(u)

- u Chily 1 5
X Ogu * (uk /O (uF —s) v L 1(w2(31/k',m1)—wl(sl/k',ml))ds> dmal| (k6. juacr)

< M1 M1 M3 1 MpM,

2ol [Crm, )| (5, [lwa (w, m) — w1 (w, m)|| (,,8,1,0,r)
forallle I, 1 <h<ly; and
+o0o 1

(88) || 3 Ci(m — my, E)Rl(iml)Pm(u)

-l o u W ehylo-Hc’(h—P) 1 p-1 1/K 1/k
X O U (u” —s) K’ sPTHwe (s my) —wi (s ,my))ds dml”(kl,ﬁ,u,a,r)
0

< My oMy M3 MM, i,

|Cr(m, )] (8, | [wa (w, m) — w1 (w, m)|| (k,,8,1,0,)

foralllel,2<h<lband1<p<h-1.
This time, we require the constants C} > 0, 1 € I, to withstand the next inequality

l2
E : - ! 1 |an,, |
(89) GOAl lo T 25: ,12
1=(lo,l1,l2) €l (2m) /2 (g/k)lollo=1)/ W1 (g

(k)"
X | —a7—Mi1.1 My 1Mz 1 MM, 1,Ch

F(G}’:/ZO ) d,lo

(k)"
+ > |Ah,p\WMmMz.lMs.lMBde,loCl <1/2
1<p<h—1 (—%—)

Owing to (87) and (88) under the demand (89), we obtain (75).
In conclusion, we choose the constants C} > 0, 1 € I in order that both (86) and (89) hold
conjointly. This yield Lemma 10. O

We go back to the core of Proposition 4. For @ > 0 chosen as in the lemma above, we consider

the closed ball B(0,w) C Expflk1 B 0r) that stands for a complete metric space for the distance

d(z,y) = || = Yll(k,,8,ma,r)- According to the same lemma, we observe that H. induces a

contractive application from (B(0,w), d) into itself. Then, according to the classical contractive
mapping theorem, the map H, carries a unique fixed point that we set as w?(u, m, €), meaning
that

(90) He(w(u,m, €)) = w(u, m,e),

that belongs to the ball B(0,w), for all € € D(0,¢p). Furthermore, the function w?(u,m, ¢)
depends holomorphically on € in D(0,¢p). Let the term

(k,)mD
(q/F)ymok (F=1)/

Rp(im) 2ukl"”’w(u, m,€)
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be taken from the right to the left handside of (44) and then divide by the polynomial P,,(u)
defined in (65). These operations allows (44) to be exactly recast into the equation (90) above.
Consequently, the unique fixed point w?(u, m,€) of H, obtained overhead in B(0,w) precisely
solves the equation (44). O

5 An integro-differential ¢—difference equation with a complex
parameter

In this section we build up a solution W4(r, m, €) to the integro-differential g—difference equation
(34) with the shape of a Laplace transform of order ¥’ in direction d. Furthermore, we provide
sharp bounds of this solution for large values of its ¢g—Borel and Fourier variables 7, m.

Proposition 5 We depart from the solution w®(u,m,€) of the integral equation (44) that has
just been constructed in Proposition 4. We define

(91) Wd(T,m, €) —k’/ wd(u,m, €) exp(—( )k/)d—u

L, T U

u

as the Laplace transform of w¥(u,m,€) of order k' in direction d where the integration path
L,= RJrem'V belongs to the sector Uy U {0}. Then, for all e € D(0,€y), the map (7,m,€) —
W(r,m, €) is continuous on a domain Sq x R x D(0,¢y) and depends holomorphically on (T,€)

in Sq x D(0,e9) where Sy represents an unbounded sector with bisecting direction d and opening
O that fulfills

T

(92) 0< 0 < 7 + Ap(Ud)

for Ap(Uy) defined as the aperture of the sector Ug. Furthermore, the map (1,m, €) — We(,m,€)
withstands the next accurate bounds:

1) One can single out three constants Ey > 0 (depending on k', k1,0,q,c), Fa > 1 (depending
on ki,k',q) and 0 < E3 <1 (relying on k', 0, Ap(U)) such that

k1 log®(|7|/ E3)
%W +(a+ Es) log(\T!/ES))

k1log(|7|/E3) | 1 k1 log(|7|/ Es)
MOBNTI/Z3) 4 2 ) jog ( A208UTI/Z8)
<o (" Phnta *2) o (M Por
for all T € Sy with |7| > 2Y/¥ E38, m € R and € € D(0, ¢).
2) One can find a constant Ey > 0 (depending on k', k1,0, q,a) with
(94) (W(r,m, )| < Eow(1+ |m])~eFIm!

whenever T € Sg with |7| < 2Y/% E36, allm € R, all e € D(0, €).
In particular, one can sort two constants Ey, E5 > 0 (depending on k', k1,98, q, «, 0k, Ap(Uy) )
with

(93)  [We(r,m,e€)| < Erw(1 + |m|) e M exp <

ko log?(|7| + )
2 log(q)
for all 7 € Sy, m € R and ¢ € D(0,¢), where k; < ko < k was introduced in Section 3 just
above (24).

Finally, W(r,m, €) satisfies the first auziliary integro-differential q— difference equation (34)
on the domain Sq x R x D(0, €).

(95) \Wd(T,m, 6)] < Byw(1+ \m|)_“6_ﬂ|m| exp ( + (a+ Es5) log(|7| + 5))
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Proof The bounds (72) in Proposition 4 can be recast as

o kilo 2(|u| +9)
a - o —Blm ki log(Jul + 0)
(96) |w(u, m,e)| < w@w(1+|m|)"He lu| exp 5 og(q)

which holds for all (u,m,e) € (U U D(0,7)) x R x D(0,€p). The integral representation (91)
yields

+ alog(|ul + 6)>

+oo k1 log?(r 4 6)
97) W (r,m, e Sk"/ w(1+ |m|) He Pl ex (1+alo r—|—5>
o1 Wirmal <k [ @ ) e R )
rk +oo
X exp(—w cos(K' (v — arg(r)))dr < k’/ w(1 4 |m|) " Fe PIml
T 0
k1 log?(r + ) k'
- | ) ———09)d
X ex (2 og(q) + alog(r 4+ 0) | exp( T 9)dr

whenever 7 € Sy for a well chosen direction 7 (that may depend on 7) such that cos(k'(y —
arg(7))) > 2 for some fixed constant 0 < §3 < 1 that exists under the requirement (92).
In the second part of the proof, we are scaled down to provide bounds for the next associated

function
k/

= +Ooex ﬁilogQ(r—ké) alog(r exp(——)dr
B) = [ o (5B s atogtr+0) ) exn(- T

when « > 0 is chosen large enough. The next lemma holds

Lemma 11 One can select two constants Ey > 0 (depending on k' k1,0,q,a) and Ey > 1
(relying in k1,k', q) such that

99) E@) < Fiew ("“M o+ By log@l/k'))

2 log(q)
k1 log(x/*") 1 k1 log(z'/*")
Xexp{< Vg T2) "B\ Wloglg T

Proof We first make the change of variable 7 = ¥’ /x in the integral above,

for all z > 26%".

1

+00 k1 log?((F) /¥ z1/F 4 6) /KK SO
Be) = [ e (2 oatg) T loel) e 0) e R

On the other hand, we need the next expansions

(99) log?((F)V/* z'/* 4 5)
P

= log?(z"/*") + 21og(z"/*) log((7) /¥ + 7w )
xl/

)+ log2((77)1/k/ +

Y

log(F)Y¥ £/ + 8) = log(a'/*') + log((N/* + —

We cut the integral expression in two pieces

(100) E(z) = Eq(z) + E(z)
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where

A=) (g Tog?((7)V/F 2V + 6) ) (7!

z ~\1/k" 1/k' —7 1/k" 3~

Eqi(z) :/0 exp | o (q) + alog((F)YF 2 K 4 8) | e T * dF
and

+oo loo2((FYL/K p1/K . (At
EQ(SL‘) :/ exp ﬁ og ((T) € +5) —|—ozlog((f)1/k l‘l/k + 5) e (T> k, fL‘l/k A7

(1= ¥ 2 log(q) k

provided that z > 26%".
We control the first piece Ey(z). We observe that log((7)/* + —%) < 0 when 7 € [0, (1 —

21/K

)

W)k,] From (99), we deduce the inequalities

logQ((f)l/k/wl/k/ +9) < logz(xl/k/) + log2((f)1/k/ + ), log((F)l/k/xl/k/ +0) < log(xl/k,)

o 1/K

for all 7 € [0, (1 — =-)*] and 2 > 26*. Therefore,

21/K

k?l 10g2 (l’l/k/) 1/k' 1/k!
< ——= = J 1 / La
(101) Ei(z) < exp ( 2 log(q) + alog(z™") | x 1.2(x)
where s 2 i 5
1 0= ky log= (7)™ + —=7) o
E _ 1 w k1 z —F () &1 g
or = [ e (S ) i

By construction, a constant Fj5 > 0 (depending on k', k1,4, ¢) can be found with
(102) E12(7) < Ep2
for all x > 26K

In a second step, we evaluate the part Eo(z). The expansions (99) affords us to write

ﬁlogQ(ajl/k/)

(103) Eo(z) < exp ( 2 " log(d)

+ alog(ml/kl)> 2V ¥ By (x)

where
o xl/k/
E l 1/ 5\ e
2'1(1;) o /(1_ 5 )k/ (’I") * :L‘l/k’

21/K
log?((F)Y* + =5 / ) 21
X exp (kl g (7 z2/k ) + alog((A)Y* + ) efr—(f)%fldf

2 log(q) /K k!

Besides, we can check that there exists a constant Es; > 0 (depending on k', k1,4, ¢, &) such
that

(104)

oy log”(MY¥ + —07) 5
P log(q)

e 1,1 .
o5 + alog((7)'/* + xl/k/)> E(T)kl/ L< Bype'/?
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provided that 7 > (1 — ﬁ)kl, when z > 20%. We deduce that
oo NLY la
/ oglgq -~
(105) E2_1($) S Eg‘l (’F)l/k + 7 €_T/2df S EQ.lEQ'Q(CL')
(=2 i/
21/K
where W
k1 log(z/*")
oo Y 1 Tog(q) aro L
Eoo(x) = /(1_1)k/ <(7“)1/]C + 21/k,) e 2d7
21/K’

when x > 26~ Furthermore, one can sort a constant Fy9 > 1 (depending on k') such that

~\1/K' \1/k
forall 7 > (1 — ﬁ)k/ Hence,
kplos@/K)  qoo Ky log(e1/k) ky log(z /K
(106) ]EQ.Q(x) S E2.2 log(q) ('F)W log(q) e—T‘/Qd,}; S E2A2 log(q) ]EQB(x)
(1= ¥’
2

with

TO kg log@!/*)
Baale) = [ (D e
0

when z > 26", We perform the linear change of variable h = 7 /2 in this latter integral

kq log(zl/k/) 400 kq log(zl/k/) k1 log(zl/kl) k 1 1/’{’
4] T —— 41 110g(x
0

E = 9 *log(q) Mlog(a) e Mdh = 2 # log(@)
2:(2) ‘ k'log(q)

in order to express it in term of the Gamma function I'(x). Keeping in mind the Stirling formula
(25), we get a constant Es3 > 0 (which depends on ki, k’, q,0) such that

(107) Egg(z) < Eag(Z) ¥ios@ + ) log( k'1og(q)

gwﬂex kilog(z'/*) 1 k1 log(z'/*") D
e P k' log(q) 2

ki log(z'/%) 1 k1 log(z'/*")
<FE ———~ 4+ log(——————+1
= F28Oxp <( g T2 gy )

for all z > 26~
Finally, the splitting (100) together with the collection of bounds (101), (102), (103), (105),
(106) and (107) give rise to the expected bounds (98). O

This last lemma combined with the estimates (97) yield the announced upper bounds (93) and
(94). In order to deduce the particular estimates (95) from (93) and (94), we observe that for
any given x > 0 (even close to 0), we can sort a constant A, j i/ s > 0 (which relies on
X, k, k', q, E3,0) such that

k1
log (k/log(q) log(2/E3) + 1> < xlog(z +6) + Ay ki q.E5,6

for all z > 2+ E35.
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In the final part of the proof, the function W4(7,m,¢€) is shown to fulfill the second main
equation (34). In this respect, we tread rearwards the construction discussed in Section 3. In-
deed, according to the fact that w?(u, m, €) solves (44) and appertains to the space Equkh Boonr)
for a well chosen sector Uy, the three identities of Lemma 8 can be applied in order to check that
W(r,m,€) is a genuine solution of the integro-differential-¢—difference equation in prepared
form (40). Ultimately, a successive play of Lemma 7 followed by Lemma 6 transforms Equation
(40) into the expected one (34). O

6 Construction of a finite set of true sectorial solutions to the
main initial value problem

We return to the first part of the formal constructions undertaken in Section 3 in view of the
gain made in solving the two auxiliary problems (44) and (34) throughout the above sections 4
and 5.

We need to state the definition of a good covering in C* and we introduce an fitted version
of a so-called associated sets of sectors to a good covering which is analog to the one proposed
in our previous work, [15].

Definition 6 Let ¢ > 2 be an integer. We consider a set £ of open sectors &, centered at 0,
with radius €9 > 0 for all 0 < p < ¢ — 1 for which the next three properties hold:

i) the intersection £,NEpt1 is not empty for all 0 < p < ¢—1 (with the convention that £ = &),
i1) the intersection of any three elements of £ is empty,

it1) the union U;;lé’p equals U\ {0} for some neighborhood U of 0 in C.

Then, the set of sectors € is named a good covering of C*.

Definition 7 We consider

a) a good covering € = {&pto<p<c—1 of C* whose radius € satisfies 0 < ¢y < 1.

b) a set U of unbounded sectors Uy,, 0 < p < ¢ —1 centered at 0 with bisecting direction 9, € R
and small opening QU% > 0,

c) a set S of unbounded sectors Sp,, 0 < p < ¢ —1 centered at 0 with bisecting direction 9, € R
and aperture 0 < 0s, < {7 + Ou,, for some integer k' > 1,

d) a fized bounded sector T centered at 0 with radius r7 > 0 and a disc D(0,r),

suitably selected in a way that the next features are conjointly satisfied:

1) the bounds (67) hold provided that u € Uy, U D(0,7), for all0 <p <¢—1,

2) the set S fulfills the next properties:

2.1) the intersection Sy, N Sy, is not empty for all 0 < p < ¢ — 1 (with the convention that
So. = Sno)s

2.2) the union U;;%)Sap covers C\ {0}.

3) For all0 <p<c¢—1, foralle € &, allt €T,

(108) et € Ro, A

where
V=10,

T

e

Ropn ={T €C*/|1+ r|>A for allr >0}

with A > 0 any fized real number close to 0.
When the above features are verified, we say that the set of data {€,U,S,T,D(0,r)} is
admissible.
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We settle now the first principal result of the work. We construct a set of actual holomorphic
solutions to the main initial value problem (16) defined on sectors &£,, 0 < p < ¢ — 1, of a good
covering in C*. Besides, we are able to monitor the difference between consecutive solutions on
the intersections &, N Ep11.

Theorem 1 We ask the record of requirements (12), (13), (14), (15), (17), (18), (20), (27),
(30), (64), (69), (70) and (71) to hold. Let us distinguish an admissible set of data

A= {§ = {EP}()SPSCfla U= {UDP}OSPS@LE = {pr }Oépﬁcfla T, D(O, 7”)}

as described in the definition above.

Then, for a suitable choice of the constants Cy > 0 (c.f. (17)) close enough to 0 for alll € I,
a collection {uy(t, z,€) }o<p<c—1 of true solutions of (16) can be singled out. More precisely, each
function u,(t, 2, €) stands for a bounded holomorphic map on the product (TND(0,0)) x Hg x &,
for any given 0 < ' < B and appropriate small radius o > 0. Additionally, uy(t,z,€) is
represented as a q— Laplace transform of order k and Fourier inverse integral

(109) up(t, z,€) = 1/+0° W (u,m 6);eizmd—udm
PR 7rq1/k(27r)1/2 00 JLy, T @ql/k(u/ét) u

where L., = R+eﬁ'ﬁ’ C Sy, U{0}. Furthermore, the map (1,m,e) — W (r,m,e) is itself
fashioned as a Laplace transform of order k'
od

(110) Worrom, ) =k [ wrm ) exp(~(4))

L, T u

Tp
whose integration halfline L., is enclosed in Uy, U {0} and where (u,m) — w® (u, m, €) belongs
to the Banach space Exp?k1 Boper) for the unbounded sector Uy, provided that e € D(0, €o).

Finally, some constants Ap, B, > 0 can be found with

2
(111) Sup ’up-‘rl(th?e) - up(t,z,e)\ < AP(BP)NF( ’ )qﬁ‘e
teTND(0,0),2€H g

for all integers N > 1, all 0 < p < ¢ — 1, whenever € € E,41 N E,, where by convention, we set
uc(t, z,€) = up(t, z,€).

Proof We first single out an admissible set of data A. Under the requirements enounced in
Theorem 1, Proposition 5 can be call in in order to find a family of functions

2 / 0 U gy du
(112) WP(T,m,E) =k w P(u,m,e)exp(—(—) )7

L, T u
7p

expressed as a Laplace transform of order &’ in direction ~;, such that Ly =Ry eV 1% ¢ Uy, U{0}
of a Borel map w® (u, m,€) which is holomorphic w.r.t u on Uy, U D(0,7), w.r.t € on D(0,€)
and continuous relatively to m € R, coming along with a constant w® > 0 such that

ﬁlogz(lu\ +9)

113 w' (u,m, €)| < @ (1 +|m _“e_'Bmuexp<
(13) s am,9] < @1+ ) e exp (S

+ alog(|u| + 5)>
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for all uw € Uy, UD(0,7), m € R, € € D(0, ¢g). Furthermore, the functions W (7, m,€) solve the
first auxiliary integro-differential g—difference equation (34) on S, x R x D(0, ¢9) and suffers
the bounds

kg log®(|7| + 0)

114 W (r,m, )| < p(1+|m “eﬁ|m|exp<
(114) (W (rm, )] < (1 +|m) 2o (7l

+ (a+ o) log(l7] +6>>

for some constants p?” >0, for j = 1,2, provided that 7 € Sy,, m € R and € € D(0, o).
We now revisit the first stage of the formal construction from Section 3. Namely, we set the
next g—Laplace transform of order k£ and Fourier inverse map

(115) U, (T, z,€) ! /+oo/ Wer( Je— Ty
,2,6) = ————— P(T,m,€ e —dm
R 7rq1/k(27r)1/2 S © 1k (T/T) T

along a halfline L, = ]RJFeﬁ'YP C Sy, U{0}. Paying heed to the upper bounds (114) and to
the lemma 2 together with basic features about Fourier transforms discussed in Definition 4, we
notice that U, (T z, €) stands for
a) a bounded holomorphic function w.r.t 7" on a domain Ry, A N D(0,7q) for some small radius
ro > 0 where Ry, A is described in (108),
b) a bounded holomorphic application relatively to the couple (z,€) on Hg x D(0, €), for any
given 0 < 8/ < 3.
Additionally, since W° (7, m, €) solves (34), Lemma 5 leads to the claim that U, (T, z,€) must
fulfill the singular equation (31) on (Rq, A N D(0,70)) x Hg x D(0, €o).

In conclusion, the function defined as

(116) up(t, z,€) = U, (et, 2, €)

represents a bounded holomorphic function w.r.t ¢ on 7N D(0, o) for some o > 0 close enough to
0,e €&y, z € Hy for any given 0 < ' < 3, owing to the assumption 3) of Definition 7. Moreover,
up(t, z, €) solves the main initial value problem (16) on the domain (7 ND(0,0)) x Hg x &,, for
any 0 <p<¢—1.

In the second half of the proof, we explain the bounds (111). Here, we follow a similar
roadmap based on paths deformations arguments as in our previous work [15]. Indeed, for
Il =p,p+ 1, the partial function
WP (1,m,€)

Ok ()T

is holomorphic on the sector Sp,. By the Cauchy theorem, we can bend each straight halfline
L., 1l =p,p+1into the union of three curves with appropriate orientation depicted as follows:
1) a halfline L., ,, = [r1,+00) exp(v/—17;) for a given real number 71 > 0,

2) an arc of circle with radius r1 denoted Ch, 5,4, ., joining the point 71 exp(v/=1v;p+1) which
is taken inside the intersection Sp, NSy, (that is assumed to be non empty, see Definition 7,
2.1) to the halfline L., ,,,

3) a segment Ly 0 = [0,71] exp(v/=1yppt1)-

As a result, the difference u,11 — u, can be decomposed into a sum of five integrals along these

T
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curves,
+oo i 1 o AT
(117)  upyi(t, z,€) —up(t, z,€) = i W+t (1, m, €) ————e"*"—dm
m 1/k (2) Loyppm1 @ql/k(g) T
Foo 1 md
; 2/ / W (1,m, €) —————e*™ T im
T 1/k (2m) / Loy, @ql/k(g) T
oo 1 - dr
+ / / WO+t (1, m, €) ————e"*"—dm
ﬂ'ql/k(2ﬂ')1/2 N O,k (%) T
1 oo 1 om @
- 1/2/ / Wap(r,m,e)ﬁelzmldm
T 1/k 27T _ Cry 1p1ppt @ql/k(g) T
/+OO/ WDP“(T m,e) — W (r,m e)) #eizmdldm
ﬂ- 1/k 27T 1/2 L’Yp p+1:0,71 @ql/k(é) T

Bounds for the first piece

+0o0 1
2/ / WP (7,m, €) ———e"*™ dem
s 1/k 27T 1/ L @&/k(&) T

Tp+1071

I =

are now considered. The arguments followed are proximate to the ones displayed in the proof
of Theorem 1 from [18]. Owing to Lemma 1 and the bounds (114), we obtain

“+oo +oo D
1 — —
I < - 1/k o 1/2/ / p+ (1+ |m|) e Blm|

ks log?(r + 0) ) ( klog2<r/ret\>>
Xexp | —————+ (a+p" " )log(r+90) | ————7exp | —5———=
p(2 o ol 9 e (500

X exp(—mlm(z))g

foralle e &1 NEy, t € TND(0,0), z € Hg. We need the next two expansions,

log?(r + 6) = log?(r) + 2log(r) log(1 + g) +log?(1 + g)’

IOgQ(é) = log?(r) — 21og(r) log(|e|) — 21og(r) log([t]) +log? (|e]) + 2log(|e[) log(|]) +log?(|¢])

Hence,
Op+1 2
P1 1/2 k log (|€|)>
118) 1 < t —_—
(118) 1—wq1/k(2w>1/20q,kA|€| eXp( 2 log(q)
<[ " exp(— (8 — #)ml)dmex (—’“ 1og<|e|>log<|t|>> ex (—k 1og2<|t|>)
o P P\ log(q) P\ 2l0g(q)

+oo log?(r) 1 ko ) ko ) )
< e <‘210g<q> - '“2)> 372 P <1og<q> log(r) lo(1 + 7} + gogrgy 08 (1 +7)

o+ ) log(r +8) + —— log(r) log(I#]) + log<r>1og<|e|>)dr

k k
log(q) log(q)
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foralle € £,11NE,, t € TND(0,0), 2 € Hg. We now specify estimates for some pieces of these
last upper bounds. Namely, since log(l + x) ~ z as z tends to 0, we get a constant A;; > 0
(depending on 71, d) such that

(119) log(r) log(l + g) S Al.l

for all » > 1. Since 0 < ¢y < 1, we also notice that

(120) exp (-klog(|e|)log(]t])> < |e|” st 18 (rT)
log(q) = ,

k —k__ log(r1)
< log(q)
exp (oo o(r) og((e) ) < e

forallt € TND(0,0), € € Epy1 NEy, r > ry. Furthermore,

k =k log(r1)
121 ex log(r) log(|t < |t|los(@)
(121) p (log(q) g(r) log(] ’)) < |t]

whenever 11 <r <1 and 0 < ¢ < 1 together with

(122) exp< i log(r) log(t])) < rios@ 8(%)
log(q) N

provided that r > 1. Finally, there exists a constant K}, ,, , > 0 (depending on k, 71, ¢) with

(123) Sup &% @ ) oxpy (—2 o2(@) 10g2(5€)> < Kiyg

The inequality (118) together with the collection of bounds (119), (120), (121), (122), (123)
yield two constants I1; > 0 and I;2 € R (which rely on k,q, A, ko, §,r1, p?”l,pgp“,ﬂ,ﬂ’) such
that

k log?(le])
124 I < I qle]™2 —=
(124) 1 < I11le[™? exp ( 2 Tog(q)

for all e € .41 NEp, t € TND(0,0), 2 € Hy. We want now to express these last bounds in
terms of sequences. The discussion hinges on the next lemma

Lemma 12 The following inequality

k log? 13 2
(125) le| =V €| 12 exp <_2C1)§gé|q€)|)) < q%(q—ll.z/k)ng—k
holds for all e € C*, all integers N > 1.

Proof By performing the change of variable x = log(|e|) with the help of the computation
already undertaken in Lemma 4, we obtain

flog k_a? (15—
o (= st = 3500 ) < g (o =i ) <7

2
L)
2k

. w2
= g2 (g "2/MNgax



33

for all given € € C* and integer N > 1. O

Consequently to (124) and (125), two constants I3 3,114 > 0 (depending on I3 1,13 2,q,k) can
be picked up with

(126) I < Is(Ia) Vg [N

whenever € € £,41NE,, t € TND(0,0), 2 € Ha, for all integers N > 1.
With a similar discussion, we can exhibit comparable bounds for the next term

oo 1 md
@ 1/2/ / W (1, m, 6>@7L6 L im
s l/k ) L ql/’“(et) T

Tp ;71

I =

Namely, two constants I5; > 0 and 22 € R (depending on k, ¢, A, ko, d, 71, p?”, pgp,ﬁ, B') can be
found with

k log®(le])
< 122
(127) I, < 1€ exp< 2 Toa(q)

for all e € £ NEy, t € TND(0,0), 2 € Hg. Furthermore, we can single out two constants
Ir3,154 >0 (resting on Is1,159,q, ]C) such that

(128) Iy < Ip3(I24)N (12’“ el

provided that € € £,1.1 N &y, t € TN D(0,0), 2 € Hy, for all integers N > 1.
In the next step, we turn to the first integral along an arc of circle

1 +oo 1 o d
ﬂ / / W Oopr+1 (7-7 m, 6) ﬁezzm ldm
7Tq1/k( 7[') —o0 ql/k(et) T

CT1¢/p+1wp,p+1

(129) Iy =

Making use of Lemma 1 and (114) gives rise to the inequality

1 +oo Vp,p+1 0 i —Blm|
(130) B< o [ [T e
qu/k( 7T) —00 Yp+1

ko log?(ry + 6)
e < 2 log(q)

1
CorAry’?/|et[1/2

klog?(r1/et])
X exp <_210g@)> exp(—mlIm(z))df| dm

foralle e &1 NEy, t € TND(0,0), z € Hg. We require once more the expansion

ot ) logn +5))

(131) logz(%) = log*(r1) — 2log(r1) log(|e|) — 21og(r1) log(|¢]) + log?(|e|)

+2log(|e]) log [t + log*([t])
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We deduce that

Op+1

(132) I3 < 201 —
/6 (2m)V2C 1 Ary (8 — )

(Rt D) e N Rl | e, [ klog(e)
p(2 og(q) T @Tr )lg(l”’) p( 2log<>)”' p< 2log<q>>

k k k
<exp (ot togr) o) ~ o tou(ll o) ) ex (2 ot o)

og(q)
K log®(|t])
eXp( 2 log(q) >

Owing to the hypothesis 0 < €y < 1, we check that (120) holds and bearing in mind (123)
we arrive at the existence of two constants Is; > 0 and I3 € R (depending on the constants
kyq, A\ ko, 8,71, 7, portt B, B7) with

h’p-l—l - ’Yp,p+1\

k: 1og?(le])
< I3.2 _
(133) I3 < I31]€|32exp < 2 Tog(q)

foralle € £,41NE,, t € TND(0,0), z € Hy. Calling back Lemma 12 gives rise to two additional
constants I3 3, I3 4 > 0 (subjected to I31, 32, q, k) with

2
(134) Is < I;3(I5.4) Vg 7% ||V

foralle € £,41NEy, t € TND(0,0), z € Hg, for all given integers N > 1.
The second integral along an arc of circle

1 too 1 md
1/2/ / WaP(T,m, 6)77_6 7—dm
7Tq1/k (27‘&') — JC @ql/k(g) T

1P Vp,p+1

(135) Iy =

can be managed in the same way. Indeed, one can single out two constants I;; > 0 and Iyo € R
(relying on k, q, A, ks, 0, rl,p?p, pg”,ﬁ,ﬁ’) such that

klog(le])
1 Iy < Iyqlelfs2
( 36) 4 S 4‘1‘6‘ exp( 9 log( )

provided that € € £,11 NEy, t € TN D(0,0), 2 € Hg. Moreover, we can find two constants
Iy3,144 > 0 (that hinge on Iy 1,142, q, k) such that

(137) It < Lis(Lia) Vg o | N

whenever € € £,11NE,, t € TND(0,0), z€ Hy, for all integers N > 1.
In the remaining part of the proof, we inspect the last integral along the segment

+oo
(138) Is = T 1/k 27‘(‘ 1/2/ / Wap+1 (T,m,ﬁ) - Wap(Tvma 6))

vp p+1,0,71

1 iom AT

(%4

_— —dm
@ql/k(é) T

X

We require a lead-in lemma which supplies exponential flatness for the difference W+t — W0,
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Lemma 13 For each 0 < p < ¢ —1, we can sort two constants K;V, MXV > 0 such that

w

M
(139) 170 7, €) = W 7, m, )] < K exp(— i) (1 ) e

for all e € D(0,¢€), allm € R, all T € Sy, ., NSy, N D(0,7r1) whenever it is assumed that

01— 90 /
(140) 0<r < (—2)Vk

Ay
for some fized 0 < d2 < d1 close enough to 0 and any given positive real number Ao > 0, under

the convention that W% = W%,

Proof we first observe that all the maps u — w® (u,m,¢€), 0 < p < ¢ — 1, are analytic con-
tinuations on the sector U,, of a unique holomorphic function that we name w — w(u,m,e€)
on the disc D(0,r) which suffers the same bounds (113). Furthermore, the application u —
w(u, m, €) exp(—(u/T)k/)/u is holomorphic on D(0,7) when 7 € Sy, ., N Sy, and its integral is
therefore vanishing along an oriented path described as the union of
a) a segment linking 0 to (r/2) exp(v/ =17, )
b) an arc of circle with radius /2 joining the points (r/2) exp(v/~1v,, ) and (r/2) exp(v/=17;)
c) a segment attaching (r/2)exp(v/—1~;) and the origin.

As a result, taking heed of the integral representations (112) of W%+ and W?°, we can
convert the difference W°+1 — W? into a sum of three integrals

(141) WDP“(T, m,e) — Wor (t,m,€) = k:'/ waP“(u, m,€) exp(f(g)k/)d—u
Tpt17/2 ! "

/ N u g du o, u, g du

—k w° (u, m, €) exp(—(=)" )— + k w(u,m,€) exp(—(=)")—

L, T u C T u

! /
Ypor/2 /29D Vpt1

where the integrations paths are two halflines and an arc of circle staying aside from the origin
that are depicted as follows

Lﬂ/;)+1,r/2 = [T/Qa +OO) eXp( \ _1/71,7—&—1)7 LA/;,T/Z = [T/Qa +OO) exp( \Z _1’71/))7

r
C”/27'Yz/w’yz/z+1 - {5 exp(V—10): 6 € [71,7"71/&1]}

We consider the first integral along a halfline in the above splitting
u. g du
—)Fy=

T u

J1 = k’/ W+ (u, m, €) exp(—(

Tpt1:7/2

The direction ~,,,; (which might depend on 7) is properly chosen in order that

cos(K (141 — arg(r))) = b

forall 7 € Sy, ,NS,,, for some fixed 41 > 0. Besides, let As > 0 be any given positive real number
(even close to 0). Then, we can find a constant By 1 > 0 (depending on k1, k', d, ¢, o, 7, Ag) such
that

k1 log?(s + )

1 §) < Axst + B
2 loa(q) + alog(s +0) < Ags™ 4+ By

(142)
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for all s > r/2. According to the estimates (113), we get that

teo k1 log?(s + )
143) J Sk'/ w1 (1 4+ |m *“e*mm'sexp <1+alo 3+5>
() h<k [ () o) alog(s 9
‘ox _cos(k:’(’y]’DJrl - arg(T)))Sk, ds

/_dp+1,B11 —p,—Bm| e s* K
< E'w'r et (1 + |m|) Fe exp = (01 — |7|¥ Ag) | ds
r/2 T

+oo L
< KwrieBri(l 4 ]m\)_“e_mm'/ exp d2 | ds
r/2

GG

<k’wDP“eBl-l(l—l—]m\)_“e_mm'wkl ! /+OO 02 k's¥ 1 exp —8—kl<52 ds
B Oy K(r/2¥ 1 frpp | ¥

v (r/2)*
— ko +1eBri(q —u,—Blm| ‘T‘ _ 5
w € ( + |m‘) € 62 /{:/(T/Q)kl_l eXp |7_|k,/ 2

for all € € D(0,€p), all m € R, provided that 7 € Sy, ,, N S, with
51— 02 1
(144) < (2
2

for a given 0 < do < d71.

In a similar manner, we disclose bounds for the next integral over a halfline
U, du
—)Ey=

T u

Jo =

v [ e mexn(—

Vpsr/2

Indeed, the direction +, (that relies on 7) is properly chosen in order that
cos(K (), — arg(r))) = &1

for all 7 € Sy,,, NSy, for some fixed §; > 0. The use of (113) together with a record of bounds
ressembling (143) allows

S (r/2)"
145 Jo < K'awdrePri(l ~1g—Bm] 7| _UE7 s
(145) 9 < K'w'e”t1(1+ |m|) Fe 5 W (r /2P exp = 5

to hold whenever € € D(0,¢), m € R, 7 € Sy, NSy, restricted to (144) for given 0 < d2 < &y
and Ay > 0.
In the remaining part of the lemma, we evaluate the third integral along an arc of circle

U g du
Jy = K / wlu,m, ) exp(—(=)F) =
Coror o T u

/29 V41

The circle C., satisfies the lower bounds

/2771/17'7;,_‘.1

cos(k'(0 — arg(7))) > 61
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for some fixed &1 > 0, for all § € [y, 7,44] (if 7, < vp11) or € € [v,40, %] (if 7,11 <) granting
that 7 € Sy, ; N Sp,. Again, the estimates (113) together with (142) for s = r/2 bring on

’71/,+1 o r k‘l logZ(K + 6) T
146) J3 < k' max(w®, w’+1)(1 + |m|) He B|m‘fexp ———=2 7 toalog(=+94
(146) 7 )1+ fml) e e (52 (L +9)
k(0 — /
X exp <_COS( ( |T’];irg(7—)>) (g)k > d9| < % max(w3p7w0p+1)|f}/]l)+l o 71,2|€Bl'1
x(1-+]nﬂ)_“e_5m”g

cosp [~ G Ay ) <k % ) of B
xp |7 [* (01 — 7" A2) | <K max(w™, @™ )|[y,41 — Yple

/

92 k
<1+ ) e 1 (-2

for all € € D(0,¢0), m € R and 7 € Sy, , NSy, submitted to (144) for given 0 < 2 < &1 and
Ay > 0.

By collecting the above inequalities (143), (145) and (146) applied to the splitting (141), we
achieve the announced bounds (139). O

Onwards, we take for granted that the real number r; > 0 selected in the above deformation
1),2),3) suffers the restriction (140) and 0 < r; < 1. The bounds (139) in a row with Lemma 1
yield

KW
147 Is < P
(147) ° = man(2m)2C,

- m MY klog”(5)\ 1
_ _p K |et]
Is(et) _/o P < ¥ ) eXp( 2 log(q) ) r3/ 34"

for all e € 41N Ey, allt € TND(0,0), all z € Hg. Bounds control given below in (153) are
now provided for this parameter depending last integral. The ongoing reasoning leans on the
next elementary lemma.

+oo N
[ el (8 = &)t (et

where

Lemma 14 1) The next inequality

(148) (%)Nexp (— Aﬁv ) < Crw O (N/K)T(N/K)

holds for all integers N > 1, all positive real numbers r > 0, where C = (1/M[YV)1/’“/ and
Cr i > 0 is a constant depending on k'.
2) For all T >0, all €,t € C*, the estimates

og? (L 2
(149) (eL)N exp <_"/’1g(|€l)> <5

arise for all integers N > 1.
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Proof For the first item 1), using the change of variable z = (1/r)¥ we observe that

L N Log oy ow N/K w N \ME /
(150) sg%(;) exp —(;) M, :sg%x exp (—zM, ) = WA exp(—N/k')

for all integers N > 1. On the other hand, from the Stirling formula (25), we get a constant
Cr i > 0 (depending on k') such that

(151) ezt < prk/‘rl/QF(:z:)

for all z > 1/k’. Gathering (150) and (151) yields (148).
The second item 2) can be treated in a similar way through the successive changes of variables
y = r/|et| and x = log(y) by using the computation already done in Lemma 4,

lo (—) 2
N k108" (1 N ( k log (y)>
sup (—)" exp =supy " exp | —=
'r>0,e,t€(C*( |€t|) ( 2 log(q) ) y>0 2 log(q)

(o0 i) =¥
= Sup ex xT ! 2
xeg P 210g(Q) I

whenever N > 1. O

A consecutive application of (148) and (149) gives rise to the bounds

2/ r
- N+1 N+1, (™ klog” () 1
< oN+ Y T e VT L N+1 5 |et]
(152) Is(et) < Crp O (=) T )/0 g eXp( 2 Toalg) ) 32"

2/ r
N +1 N + 1 r klog” () 1
= Cr N (— )T (— ) t’NH/ (|6t’)N+1eXp <— ] dr

k! 2 log(q) | r3/2
N+1 N+1 o 1 N2
< CF7I€ICN+1(kj/)l/2]'_‘(k/)|€t’N+1/0 r 1/2d7,H 2k
N+1 N+1, n?

< 2yMCrpCN o)V () T (g el

for all e € C*, all t € D(0,0), all integers N > 1. In other words, we get two constants
Cr,.1,Cr; 2 > 0 (which rely on rq,0, K, MJV) such that

N +1 2
Ly SR ey

(153) Is(et) < Cr, 1(Cry 2)VT(

whenever € € C*, t € D(0,0) for all integers N > 1.
Finally, blending (147) and (153) yields two constants I5 1, Is.2 > 0 (which rely on
€0, 0, K;/V,q, k,Cor, A, 5,5, Ci;1,Cl, 2) with the estimates
N +1 2
¥
provided that e € £,11 N E,, t € TN D(0,0), z € Hy, for all integers N > 1.

Lastly, the collection of estimates (126), (128), (134), (137) and (154) applied to the splitting
(117) induces the next bounds

(154) I5 < I51(I52) VT

(155) sup |upt1(t, 2, €) — up(t, 2, €)|
teTND(0,0),2€Hp,

4
N2 N+1, w2
- <zld-3(ld-4)Nq 2% + I51(I5.2)"T( W )q2k> le| Y
d=1
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for all € € 41 NEp, all integers N > 1. Since the sequence (I'(YF))y>1 grows faster than any

geometric sequence (IV)ys1 with ratio I > 0, the last inequality (155) warrants the forecast
bounds (111). 0

In the next proposition, we show that the differences (111) of neighboring solutions of (16)
turn out to be flat functions for which accurate bounds are displayed.

Proposition 6 Let {u(t, 2, €) bo<p<c—1 be the set of actual solutions of (16) built up in Theorem
1. Then, we can find constants 9 > 0, A,, B, > 0 (which rely on Ay, By, k, k', q) such that

~ 1
(156) W it = up(t, 0] < Ayexp (5w
tETAD(0,0),5€ Hy 2k
where ~ ~
k B B
U =——— |1 Py _ og(l b -1
(2) =5 Tog(d) <og(xk,) og( og(wk,))>

provided that € € E,11 N Ey with |e| < VI, for all 0 < p < ¢ — 1, where by convention us = uy.

Proof Let A,, B, > 0 be real numbers and k, k" > 1 be integers. We define the function

— N
flx) = ]%/nzfl ApB, T'( 7

for all x > 0. Keeping in mind the Stirling formula (25), we can find two constants C, D > 0
(depending on k') with

N+1 N N
IN¢ o ) < CDV exp <k’10g(k:’)>
for all integers N > 1. Hence,
. N ~n N2
(157) f(z) < h(z) = ]%fnzfl APJB;)\,[l(?)k/q o N

where A,1 = A,C and B,; = B,D. In the next part of the proof, we exhibit explicit bounds
for the function h(z). We follow a similar strategy as in the recent work [27]. We select a real
number ¥ > 0 small enough in order that for all given z € (0,4;), there exists a positive real
number N > 1 such that

N m 1
A
P17

(158)

We focus on the integer N = | N |, where || denotes the floor function. By construction, we
have N < N. Therefore,

N ~ N s 1
wlh sSger = B2
which implies that
Poae” < (N)';’q%2
K
and hence
(159) A B ()P g3 o < Aprg
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On the other hand, we can express N in term of the variable x by means of the Lambert function.
Namely, we set W(z) as the principal branch of the Lambert function defined on (—e~!, +00)
and which solves the functional equation

W (=) exp(W(2)) = =

for all z € (—e™!, +00). Since the relation (158) can be recast in the form

\T 1./ \T 1./ N2 o
(A;k 10g(61)> exp (A;k log(Q)> _ (K) loglg)

k/ k/
kB, x

we deduce that

c_ K (K")* log(q)
(160) N= K log(q)W ( kB;f:lfck” )

Furthermore, owing to the paper [8], the next sharp lower bounds
(161) W (2) > log(2) — log(log(2))

hold for all z > e. Finally, since N < N + 1, the above facts (159), (160), (161) give rise to the
bounds

N2 lo
(162 MBI < Ao (B D w20 )

k (k") 1og(q) (k')?1og(q)
= Fog(a) (I"g( bBE, o > Sl (“g ( KB, ))) -

provided that 0 < x < ¢ = min(¥1,J2) where ¥ = ((k;j;%@))l/k/. Finally, from (157) and
p.1€
(162) we deduce that

where

@) < Ao (5D ()

whenever 0 < z < 1, which implies the forseen bounds (156) when looking back to the estimates
(111). O

7 Asymptotic expansions in the perturbation parameter

7.1 Asymptotic expansions with double Gevrey and ¢—Gevrey scales. A
related version of the Ramis-Sibuya theorem.

We first put forward the notion of asymptotic expansion with double Gevrey and ¢—Gevrey
scales for formal power series introduced by A. Lastra, J. Sanz and the author in the paper [16].
Here we need a version that involves Banach valued functions which represents a straightforward
adaptation of the original setting.
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Definition 8 Let (F,||.||r) be a complex Banach space. We set k,k' > 1 as two integers and
q > 1 as a real number. Let £ be a bounded sector in C* centered at 0 and f : &€ — F be a
holomorphic function. Then, f is said to possess the formal series

= ane" € Fl[e]

n>0

as Gevrey asymptotic expansion of mized order (1/kK';(q,1/k)) on & if for each closed proper
subsector W of £ centered at 0, one can choose two constants C, M > 0 with

N¥+2)<N+n|‘N+1

n < CMN+1F
150 - S anels < (-2

n=0
for all integers N > 0 and any e € W.

In the literature, the Ramis-Sibuya theorem is known as a cohomological criterion which
ensures the existence of a common Gevrey asymptotic expansion of a given order for families of
sectorial holomorphic functions (see [2], p.121 or [9], Lemma XI-2-6). Here we propose a variant
of this result which is adapted to the Gevrey asymptotic expansions of mixed order disclosed in
the above definition.

Theorem 2 Consider a complex Banach space (F, ||.||r) and set a good covering {Ep}o<p<c—1 in
C* (described in Definition 6). Let {Gp}o<p<c—1 be a set of holomorphic maps G, from &, into
F. We define the cocycle Ap(e) = Gpyi1(e) — Gple), 0 < p < ¢ —1, that stands for a holomorphic
function from Z, = €41 NE, into F, with the convention & = & and G = Go.

Assume that the ensuing two requirements hold.

1) The functions G,(€) are bounded on &,, for 0 <p <¢—1.

2) The functions Ap(e) suffer the next sequential constraint on Z, : there exist two constants
Ap, By, > 0 with

(163) [18p(e)llr < Ap(Bp) " T(—— ) o]V

provided that € € Z,, for all integers N > 1, all 0 < p < ¢ — 1. In other words, A,(€) has the
null formal series 0 as Gevrey asymptotic expansion of mized order (1/K';(q,1/k)) on Zy, for
0<p<¢—1.

Then, all the functions Gy(e), 0 < p < <—1, share a common formal power series G(e) € F[[€]]
as Gevrey asymptotic expansion of mized order (1/k';(q,1/k)) on &,.

Proof The entire discussion leans on the following central lemma

Lemma 15 For all 0 < p << —1, the cocycle Ap(€) splits, which means that bounded holomor-
phic functions ¥, : £, — F can be singled out with the next feature

(164) Ay(€) = Tpia(e) — Ty(e)

for all € € Z,, where by convention V. = Wq. Furthermore, a sequence {pm tm>0 of elements in
F can be built up such that for each 0 < p < ¢ —1 and any closed proper subsector VW C &, with
apex at 0, one can find Kp, M, > 0 with

M+2 (M;U|4M+1

(165) [1@p(c Zwme [le < (M) T (=)

for all e e W, all integers M > 0.
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Proof The proof mimics the arguments of Lemma XI-2-6 from [9] with fitting adjustment in the
asymptotic expansions of the functions ¥, constructed by means of the Cauchy-Heine transform.
For all 0 < p < ¢ —1, we choose a segment

Cp = {teV= t € [0,r]} C ENEpir.

These ¢ segments divide the open punctured disc D(0,r) \ {0} into ¢ open sectors &, . .. , €1
where .
E ={ecC"/0,_1 <arg(e) <bp,lef<r} , 0<p<c¢—1,

where by convention 6_; = 6._1. Let

Uple) =

SN

for all € € ép, for 0 < p < ¢—1, be defined as a sum of Cauchy-Heine transforms of the functions
Ap(e). By deformation of the paths C,_1 and C), without moving their endpoints and letting
the other paths Cp, h # p — 1,p untouched (with the convention that C_; = C._1), one can
continue analytically the function ¥, onto &,. Therefore, ¥, defines a holomorphic function on
Ep, forall 0 <p<¢—1

Now, take € € £, N Ey41. In order to compute ¥y, 1(€) — ¥p(e), we write

166) W)= 5 [ et S [

h=0,hap

—1 A(§)
Wyer(6) = 2t .S =

2my/—1 Jg, §—¢€ 277\/ hOh;é c —e
where the paths C'p and C’p are obtained by deforming the same path C), without moving its
endpoints in such a way that:
(a) Cp C & NEpt1 and Cp C &N Epy,
(b) T'p pt1 := —Cp+C) is a simple closed curve with positive orientation whose interior contains
€.

Therefore, due to the residue formula, we can write

(167) Upia(e) — Wp(e) = p(€)

271—\/7 P p+1
for all e € £, N Epy1, for all 0 < p < ¢ — 1 (with the convention that ¥, = ¥y).

In a second step, we derive asymptotic properties of ¥, Wefixan 0 <p<¢—1anda
proper closed sector VW contained in &,. Let C (resp. Cp 1) be a path obtained by deforming
Cp (resp. Cp_1) without moving the endpoints in order that W is contained in the interior of
the simple closed curve ép_l + v — C'p (which is itself contained in &), where ~, is a circular
arc joining the two points reV=10-1 and reV=1%. We get the representation

—1 Ap(&)

(168) Wp(0) = o [ =

d¢ + d§

27/ — /p1 E—¢
"
zwﬁh Oh;épp e 5—6
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for all ¢ € W. One assumes that the path C'p is given as the union of a segment L, =
{teV=1wr /t € [0,71]} where r; < r and w, > 6, and a curve T}, = {u,(7)/7 € [0,1]} such
that £,(0) = reV 1w, pp(l) = reV=10 and r| < |pp(T)| < r for all 7 € [0,1). We also assume
that there exists a positive number ¢ < 1 With || < ory for all e € W. By construction of

the path I',, we get that the function € — o F fF 5) d¢ defines an analytic function on the
open disc D(0,77).

It remains to give estimates for the integral Qﬂxlﬂ / L, Ag’_(f) dé. Let M > 0 be an integer.
From the usual geometric series expansion, one can write
M
1 Ap(§) M
169 Pl de = m TE
( ) 27T\/jl L, €—€ 3 mzzap,me te P7M+1(€)
where
1 Ap(§)
170 « d , E €) = P d
( ) p,m 271'\/7/ §m+1 5 p,M+1() 27’(’\/—71 L fM—"_l(f—E) g
for all e € W.

Keeping in mind (163) for the special value N = m + 1 and (170), we get some constants
Ap, B, > 0 such that

m4 2, men2 7M1
k! )q %k ———dT

Terl
A m+ 2, (m+1)?
S Tﬂ_p(Bp)erlr( k'/ )q 2k

(171) [l < /A 2

A~ A

for all 0 < m < M. In particular, we deduce the existence of two constants A,, B, > 0
(depending on Ay, By, r1,q, k, k') with

m+1, m2
1 )q2k

for all 0 < m < M. Indeed, recall from [2], Appendix B, that for any given real number a > 0,
I'(z)x® ~ I'(x + a) as x tends to +o0o. Hence, a constant Ky > 0 (depending on k') can be sort
with

(172) l|apmllr < Ap(Bp)mF(

m+ 2 m —|— 1 . om—+1
2) < K (TR ()
for all m > 0. Consequently, (172) follows from (171) and (173).
Moreover, one can choose a positive number 7 > 0 (depending on W) such that |{ — €| >

|| sin(n) for all £ € L, and all € € V. Bringing to mind (163) for the peculiar value N = M +2
and (170) give rise to two constants A, B, > 0 such that

(173) I(

M+3, o7 M+2
1Bl < g [ (B2 5 Tar
rlAp M2 M+ 3, +2)?
—— (B r k
— 27 sin(n)( ) ( K Ja

For that reason, we can find constants Ap, B > 0 (relying on A, By, 71,4, k, k', n) such that

M +2 (M+1>2

(174) [1Ep a1 (e)lle < Ap(Bp) 0 (—7=)q 20—
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for all e € W. Namely, from (173) we notice that

M+3 M +2

M+ 2
K )SKk‘/( K T

k’)

I'( )L

Using comparable arguments, one can give estimates of the form (169) (170) (172) (174) for the

other integrals

-1 / Afm(f)dg —1 A7 (6)
21/ —1 6,1 E—€ Toomy/—1Jg, E—c¢

dg

for all h # p,p — 1.
As a consequence, for any 0 < p < ¢ — 1, there exist coefficients ¢, ,, € F, m > 0 and two
constants K, M, > 0 such that

M +
)

2
Qe e

M
(175) [¥p(e) — Z epme™|[F < KP(MP)MJrlF(

m=0

q

for all integers M > 0, all e € W.

Besides, the identity (167) and the sequential assumption (163) imply in particular that the
difference W, 1(¢) — W, (e) has the null formal series 0 as asymptotic expansion (in the Poincaré
sense) on Z,. Owing the to the unicity of the asymptotic expansions on sectors, we deduce
that all the formal series ), <o @pm€e™, 0 < p < ¢ —1, are equal to some formal series denoted

Gle) = Ym0 ¢me™ € E[[e]]. The Lemma 15 follows. O

We introduce the bounded holomorphic functions

ap(€) = Gp(e) = Up(e)

forall 0 <p <¢—1,all € € £, By definition, for any p € {0,...,¢ — 1}, we observe that

ap+1(€) — ap(€) = Gpi1(€) — Gple) — Ap(e) =0

for all e € Z,. Therefore, each ap(e) stands for the restriction on &, of a global holomorphic
function called a(e) on D(0,r) \ {0}. Since a(e) remains bounded on D(0,r) \ {0}, the origin
turns out to be a removable singularity for a(e) which, as a result, defines a convergent power
series on D(0,r).

Finally, one can recast

Gp(e) = ale) + ¥y(e)

for all € € &, all 0 < p < ¢ — 1. Furthermore, a(€) represents a convergent power series and
W, (€) has the formal series G(€) = >~ pm€™ as Gevrey asymptotic expansion of mixed order
(1/K';(q,1/k)) on &, for all 0 < p < ¢ — 1. The conclusion of Theorem 2 follows. O

7.2 Parametric Gevrey asymptotic expansions of mixed order for the actual
solutions of the main initial value problem

Within this subsection, we explain the second principal result of our work. Namely,

Theorem 3 We set F as the Banach space of complex valued bounded holomorphic functions
on the product (T ND(0,0)) x Hp equipped with the supremum norm where the sector T, radius
o and width 8" are settled in Theorem 1.
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Then, for all 0 < p < ¢ — 1, the bounded holomorphic functions € — uy(t, z,€) from &, into
F constructed in Theorem 1 share a common formal power series

i(t,z,€) =Y hm(t,2)e™ € Flle]

m>0

as Gevrey asymptotic expansion of mized order (1/k'; (q,1/k)). Videlicet, for all0 <p <¢—1,
two constants Cp, M, > 0 can be found with

2, (n+1)?
(176) sup [up(t, 2, €) Z hn(t, 2)e™| < CPM;‘HF(TH: T |ntt
LETND(0,0),2€ H k

for all integers n > 1, provided that € € &,.

Proof We focus on the set of functions w,(t,2,€), 0 < p < ¢ — 1 constructed in Theorem 1. For
all 0 <p<¢—1, we set
Gpe) :==(t,2z) = up(t, 2, €)

Each G, defines a bounded holomorphic map from &, into the Banach space ' described in
the statement of Theorem 3. Furthermore, the bounds (111) imply that the cocycle Ay(e) =
Gp+1(€) — Gp(e) fulfills the sequential bounds (163) on Z, = 11 NEp for any 0 < p < ¢ — 1.
Then, the theorem 2 can be applied in order to get a formal power series G(e) € F|[e]] which
stands for the Gevrey asymptotic expansion of mixed order (1/k; (g, 1/k)) of each Gp(€) on &,
foral0 <p<¢-—1. O
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