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ABSTRACT. In this article Dirac operators A, r coupled with combinations
of electrostatic and Lorentz scalar é-shell interactions of constant strength n
and T, respectively, supported on compact surfaces ¥ C R? are studied. In the
rigorous definition of these operators the d-potentials are modelled by coupling
conditions at X. In the proof of the self-adjointness of A, . a Krein-type
resolvent formula and a Birman-Schwinger principle are obtained. With their
help a detailed study of the qualitative spectral properties of A, - is possible.
In particular, the essential spectrum of Ay, is determined, it is shown that
at most finitely many discrete eigenvalues can appear, and several symmetry
relations in the point spectrum are obtained. Moreover, the nonrelativistic
limit of Ay - is computed and it is discussed that for some special interaction
strengths Ay r is decoupled to two operators acting in the domains with the
common boundary 3.

1. INTRODUCTION

Working with the equations of motion there is a particular interest to find so-
lutions which are exact and which correspond to specific physical systems. Such
an ideal treatment was possible, for instance, in the quantum mechanical explana-
tion of the spectral properties of one-electron atoms. However, such situations are
rare and hence, the original model is often replaced by an idealized one which is
mathematically accessible and reflects at the same time the physical reality to a
reasonable degree. In many problems this can be achieved by using singular poten-
tials supported on sets of measure zero. This method is used highly successfully in
nonrelativistic quantum mechanics, cf. the monograph [1].

Life becomes more complicated when the systems under consideration are rel-
ativistic, described by the Dirac equation. Here there are only very few solvable
models and the physics becomes more complicated when other than electromag-
netic forces enter the picture. An example of such a situation is the quark dynam-
ics within the nucleon. An early attempt to describe it was made by Bogolioubov,
Struminski and Tavkhelidze, as cited in [12], who proposed to model them as con-
fined to a spherical cavity. The nature of the confinement was not consistent there,
but the idea inspired a little later the so-called MIT bag model [16, 17, 18, 19, 29].
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The requirement of relativistic invariance allows to distinguish several types of
potentials specified by their behaviour with respect to the Lorentz group transfor-
mations [41, Section 4.2]. The most common among them are the scalar and elec-
tromagnetic ones, and among the latter the electrostatic one plays an important
role. In this paper, we consider combinations of scalar and electrostatic potentials,
which differ by the presence and absence, respectively, of the Dirac matrix 3; a
useful feature of such potential combinations is that the mentioned matrix gives
rise to one of the possible supersymmetries of the Dirac equation [41, Section 5.1].

Let us now describe the aim of the paper in more details. To set the stage let
¥ C R? be a closed, bounded, and sufficiently smooth surface which splits R? into
a bounded domain Q2 and an unbounded domain €2_, and let v be the unit normal
vector field at 3 pointing outwards Q. Our goal is to study Dirac operators acting
in L?(R3)* which are formally given by

3
(1.1) Ay, = —icZajaj +mc*B + (nly + 78)ds,
j=1

where m is the mass of the particle, c is the speed of light, o, ag, oz, 3 € C*** are
the Dirac matrices defined in (2.2) below, I; € C**# is the identity matrix, 7,7 € R
are the interaction strengths, and the d-distribution acts in a symmetric way as

bof = 5(fels+fls)  fe=/104

In order to introduce A, - in a mathematically rigorous form as a self-adjoint op-
erator in L?(R3)* we require that functions in the domain of A, , satisfy suitable
coupling conditions on 3. To find them, we note first that the distribution A, ; f
acts on a test function p € C§°(R3)* as

nrfo) = [ 1o Vo T mBgida + [ (Fols+f-15) T +78)7ldo

where the notation o - x = o121 + asxs + agxs for a vector x = ($17$2,$3) was
used. On the other hand, one would expect that the operator A, . acts for x ¢ ¥
as

(1.2) Ay - f(x) = —ica - Vf(z) +m®Bf(x),

which leads via integration by parts in 24 to the observation that

= I (—=ica- Vo +me2Bo)de — / ica-v(fils — f-|x) -gngda
R3 )

should hold for f € dom A, ;. Comparing the two expressions for (A4, ;f, ) we
conclude that a function f € dom A, ; should satisfy the jump condition

(13) —icov(fyls — F-Ix) = S (la + 7B)(Fils + fIx)

Therefore, the operator A,  corresponding to the formal differential expression (1.1)
should be defined for functions satisfying the coupling condition (1.3) and act for
x ¢ ¥ asin (1.2).



The mathematical study of Dirac operators with singular potentials started in
the 1980s, when Gesztesy and Seba considered one dimensional Dirac operators
with point interactions [1, 26, 39]; for more recent contributions on Dirac operators
with point interactions see, e.g., [14, 15, 36]. Based on [26] and a decomposition to
spherical harmonics Dittrich, Exner, and Seba investigated the operator Ay - in the
case that X is the sphere in R3. In [20] they showed for a wide class of parameters
the self-adjointness of A, , and they were able to compute its resolvent and some
of its spectral properties. While some of the interesting properties of A, . like
the decoupling of the operator to two Dirac operators acting in 24 for interaction
strengths satisfying n? — 72 = —4c¢? were observed in [20], compare also Lemma 3.1
below, others like, e.g., unexpected spectral effects for n2 — 72 = 4¢? could not be
seen with this approach due to the decomposition to the spherical harmonics.

It took then 25 years until Dirac operators with singular interactions supported
on more general surfaces in R? were studied. In a series of papers [4, 5, 6] Arrizabal-
aga, Mas, and Vega showed the self-adjointness and derived several basic properties
of A, -, in particular for the special case of purely electrostatic interactions, i.e. for
7 = 0. Moreover, for purely electrostatic and purely scalar interactions it was
shown in [34] that A, . can be regarded as a limit of Dirac operators with squeezed
potentials. Inspired by the approach in [4] the authors of the present paper applied
the abstract concept of quasi boundary triples and Weyl functions from extension
theory of symmetric operators to Dirac operators with singular interactions and
provided in the recent paper [7] a deeper analysis of the spectral properties of
A, o for purely electrostatic potentials. We should note that in all of the above
mentioned papers the case n? — 72 = 4c¢? was excluded and it seems that in this
critical case the operator A, , has different properties as in the noncritical case
n* — 72 # 4c2. For purely electrostatic interactions the self-adjointness of A, o for
critical n = £2¢ was studied in [8, 33] and some surprising spectral effects like
possible appearance of additional essential spectrum were shown. Eventually, in
[27] a detailed study of the spectral properties of Ag , for purely scalar potentials
was provided; in particular, it was shown that the discrete eigenvalues in the large
mass limit are characterized by an effective operator on the surface ¥. Further-
more, there is a great interest recently in the study of self-adjoint Dirac operators
on domains with boundary conditions, see, e.g., [2, 3, 10, 11, 25, 30, 31, 35, 38].

Our goal in this note is to extend many of the above mentioned results, which
were shown for purely electrostatic or purely scalar interactions, to the more general
case of combinations of electrostatic and scalar interactions. For that we use a
uniform approach which is based on the considerations in [7, 8]. After presenting
some preliminary material on integral operators which are associated to the Green
function of the resolvent of the free Dirac operator, we introduce in Section 3 the
operator A, r in a mathematically rigorous way via the coupling condition (1.3).
Then we show for noncritical interaction strengths n? —72 # 4c? the self-adjointness
of A, » in Theorem 3.4. In the proof of the self-adjointness we also verify a Birman-
Schwinger principle, which translates the eigenvalue problem for the differential
operator A, ; to a nonlinear eigenvalue problem for a family of integral operators
acting on 3.

In Section 4 we provide the basic spectral properties of A, » for noncritical in-
teraction strengths. We compute the essential spectrum, show that at most finitely
many discrete eigenvalues appear and obtain several symmetry relations for the
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spectrum of A4, ;. We complement the results for noncritical interactions by a the-
orem from [8] which shows that the spectral properties of A, ; can be completely
different in the critical case.

Finally, we compute in Section 5 for purely electrostatic and purely scalar po-
tentials the nonrelativistic limit of A, ., which shows that A, ; is the relativistic
1

counterpart of the Schrodinger operator —5-A + nds and which gives another

justification that the jump condition (1.3) models the d-potential correctly.
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the Czech Science Foundation (GACR), Grant No. 17-01706S. PE also acknowl-
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2. THE FREE DIRAC OPERATOR AND ASSOCIATED INTEGRAL OPERATORS

In this preliminary section we collect some well known facts about the free Dirac
operator in R? and some associated integral operators that are needed to investigate
Dirac operators with singular §-shell interactions. For that we have to fix first some
notations.

2.1. Notations. Let us first collect some symbols from general operator theory.
Let H be a Hilbert space. Then we write H¢ := H ® C%. For a closable operator A
in ‘H its domain of definition, its range, and its kernel are denoted by dom A, ran A,
and ker T, respectively. The closure of A is A. Eventually, if A is self-adjoint, then
its resolvent set, its spectrum, the point, discrete, and essential spectrum are p(A),
0(A), 0p(A), disc(A), and oess(A), respectively.

For a domain ©Q C R? with a compact C?-smooth boundary ¥ := 09 we denote
by L%(2) the standard L2-spaces and L%(X) is endowed with the inner product
based on the integral with respect to the surface measure o. As usual, H'(f2)
stands for the Sobolev space of order one which consists of functions f € L?(Q)
with V£ € L?(Q)3, where Vf is the distributional gradient of f. Similarly H*(R?)
is introduced. Moreover, we define the trace space

HY2(S) = {flz: f € H'(Q)}
equipped with the norm |¢[|1/2 = inf{||f||gr() : f € HY(Q), fls = ¢}. One
verifies that the trace mapping
(2.1) HYQ) 5 [ fls € HY2(D)

is a bounded, surjective linear map and one can further show that H/?(%) ¢ L*(%),
cf. [28, Section 4.2 and Theorem 4.2.1].

Since we are not interested in the semiclassical limit, we choose units in (1.1) in
such a way that i = 1. However, we keep the mass of the particle m and the speed
of light ¢ both as positive constants. The Dirac matrices a := (a1, s, a3) and
are defined for j € {1,2,3} by

(2.2) o = (UOJ ?) and f:= <{)2 _012>,
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where I; denotes the d x d-identity matrix and o1, 09, o3 are the Pauli spin matrices

0 1 0 —i 1 0
g1 . — <1 0), 09 — <Z 0 ), 03 = (O _1) .

It is easy to see that the Dirac matrices satisfy
(2.3) ajop + ooy =260y and o+ Ba; =0, Jj,ke{1,2,3}.

For & = (21,72, 73) € R? we will often employ the notations

3 3
a-x:Zaka:k and 04~V=Zak8k.

k=1 k=1

Finally, if not stated differently, Q, C R? is always a bounded domain with
compact C?-smooth boundary 3, Q_ = R3\ Q,, and v denotes the unit normal
vector field at ¥ pointing outwards Q;. We will often write fi := f [ Qi for
f e L3(R3).

2.2. The free Dirac operator. We are now prepared to introduce the free Dirac
operator, which acts in the Hilbert space L?(R?)*

3
(2.4) Aof = —icY a;0;f +m®Bf,  dom Ay := H' (R,
j=1

Using the Foldy-Wouthuysen transformation it is easy to see that Ay is self-adjoint
and that

0(Ap) = Oess(Ag) = (=00, —mc?] U [mc?, 00),
cf. [41, Section 1.4]. Next, for A € p(4g) = C\ ((—o0, —mc?] U [mc?, o0)) the
resolvent of Ag is

(Ao — / Galz — ) f(w)dy, fe 2R, ¢ R,

where the Green function G is given for x # 0 by

b a2 ) i ei«/)\2/c27(mc)2|w\
Gi(z) = 6—2]4+mﬁ—|— 1—1 g—(mc) |z] Woz'm : prp ,

see [41, Section 1.E]; in the last formula the convention Im y/A2?/c? — (mc)? > 0 is
used.

2.3. Auxiliary integral operators. In this subsection we introduce several fam-
ilies of integral operators which are related to the Green function G\ and which
will play a crucial role later in the study of Dirac operators with singular §-shell
interactions. For a fixed A € p(Ag) = C\ ((—o0, —mc?] U [mc?, 00)) we define the
potential operator ®, : L?(X)* — L?(R®)* by

(2.5) Dyrp(x / Galz —y)e(y)da(y), o€ LX), zcR3,

and the strongly singular boundary integral operator Cy : L?(X)* — L?(X)* acting
as

(2.6) Crp(z) := lim Ga(z —y)e(y)do(y), ¢e LX), zex,
ENO S\ B(xe)
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where B(x,¢) is the ball of radius € centered at xz. Both operators ®) and Cy
are well defined and bounded, see [7, Proposition 3.4] or [5, Section 2], and @) is
injective by [7, Proposition 3.4 and Definition 2.3]. In particular, C, is uniformly
bounded for A € (—mc?,mc?), i.e. there exists a constant K > 0 independent of A
such that

(2.7) ICAl < K for all A € (—mc?, mc?),

cf. [7, Proposition 3.5] and also [5, Lemma 3.2]. Next, if ¢ € HY?(X)?, then

according to [8, Proposition 4.2]

(2.8) drpe H(Q ) @ HY(Q)* and Crp e H/?(D)

hold. Moreover, if A € p(Ag), then a function fy € H*(Q4)* @ HY(Q_)* satisfies
(—ica -V 4+mc*B —N)fr=0in Qu,

if and only if there exists a density ¢ € H'/?(X)* such that

(2.9) = 2xp;

see [8, Proposition 4.2].

Now, we describe how @, and C) are related to each other by taking traces. Let
@ € H/?(£)* and X € p(Ap). Then, the trace of the function
Drp = (Brp)s & (Brp)- € H'(Q) & H'(Q-)"
on X is )
(@rp)1)]5 = Crp F 5 (- )

this is shown in [5, Lemma 2.2] for A € (—mc? mc?), the case A\ € C \ R can
be proved in the same way. In particular, using (o - v)? = I one finds that the
identities

1
(2.10) 5 ((Pap)4ls + (Pap)—|5) = Crp,
(2.11) ica - v((@rp)+ls — (Pap)-|x) = ¢
hold. Finally, let us mention the mapping properties of the operators C§ - ﬁ.&

and C\8 + BCx which will be important for the analysis of A, . Using the anti-
commutation relation (2.3) it is easy to see for ¢ € L?(X)* that

etV A%/ 2= (me)? |z —y|

|z —y|

(3 + Cxioto) =2 (Zo4m) - [ Ply)doly),

i.e. BCx+Cyp is a constant matrix times the single-layer boundary integral operator
associated to —A + (me)? — i‘—j, cf. [32, equation (9.15)]. This together with [32,
Theorem 6.11], the fact that H'/2(X)* is compactly embedded in L?*(X)%, see, e.g.,
[28, Theorem 4.2.2], and [8, Proposition 4.4 (iii)], see also [33, Proposition 2.8],
yields the following proposition:

Proposition 2.1. Let A € p(Ag) = C\ ((—oo0, —mc?] U [mc?,00)). Then the
following holds.

(i) The operator C3 — —4i2 14 gives rise to a bounded operator
1
2 L T2(y)4 1/2 54
CR =gzl L2 — HY?(%)*

In particular, C3 — £ 14 is compact in L*(X)%.



(ii) The operator BCx + CB gives rise to a bounded operator
BCx +C\B: LA(D)* — HY? (D).
In particular, 3Cy + Cxf3 is compact in L?(X)*.

Finally, we note that the adjoint ®} : L*(R3)* — L?(X)* of ®, acts as
(2.12) 5f = (Ao =N )|y

or, in a more explicit way,
@)= | G-y, ] PE) ven

It follows from (2.1), (2.4), and (2.12) that ®}f € HY/2(X)* for any f € L?(R%)%.

3. DEFINITION AND SELF-ADJOINTNESS OF Anﬂ'

This section is devoted to the rigorous mathematical definition of the operator
Ay, - and the proof of its self-adjointness. In the following we will often make use
of the orthogonal decomposition L*(R3)* = L*(Q4)* @ L?(Q_)* and we write for
f € L?(R3)*, in this sense, f = f, & f_ with fi = f | Q.

As explained in the introduction, see (1.3), the d-shell interaction is modeled by
a coupling condition which has to be satisfied by functions in the operator domain.
We define for 0,7 € R the operator A, ; by

Aprf = (—ica -V + mc2ﬁ)f+ @ (—ica -V + mgﬂ)f*v
(31) domd,, = {f= /. [  HNO ) e H ()
ica-v(fils — f-|s) + 2(nls + 7B8)(f+]s + f-|x) = 0}.

In the following lemma we discuss some alternative representations of the cou-
pling condition which models the §-shell interaction:

Lemma 3.1. Let n,7 € R. Then the following hold.

(i) Ifn*—72 # —Ac?, then there exists an invertible matriz R, . given explicitly
in (3.3) such that a function f = f & f— € HY(Qy)* & HY(Q_)* belongs
to dom A, - if and only if

fils =Ry~ f-|s.

(ii) If n? — 7% = —4c?, then a function f = f, & f- € H' (Qy)* @ HY(Q-)*
belongs to dom A,, . if and only if

(2cls —i(a-v)(nls +78)) f]s =0, (2clsi+i(a-v)(nls+7B)) f-|x = 0.

Before we prove Lemma 3.1 let us discuss its meaning: if n2 — 72 # —4c?, then
item (i) shows that (1.3) is a coupling condition which relates the values of f; at ¥
to those of f_ at ¥ via the matrix R, ;. On the other hand, if n? — 72 = —4c?, then
assertion (ii) of the above lemma shows that A, - is decoupled to Dirac operators in
Q4 with the above boundary conditions. This implies a confinement meaning that
a particle which is initially located in €24 will remain in (24 in its time evolution.
In other words this means that the d-potential makes ¥ impenetrable for particles.
This is investigated in a more detailed way in [5, Section 5] and [20, Section V].
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In particular, using the anti-commutation relation (2.3) we see that the above
boundary conditions simplify for n = 0 and 7 = 2¢ to

(Is+iB(a-v)frls =0, (Is—if(a-v))f-|z =0,

which are the boundary conditions characterizing the MIT bag model of quarks
confined in a nucleon mentioned in the introduction [16, 17, 18, 19, 29] (note that the
normal v is pointing inside _). In this way, Ag 2. decomposes into the orthogonal
sum of an MIT bag operator in 2, and a Dirac operator in the “exterior bag” Q_
with similar boundary conditions. We remark that from the physical point of view
only the problem on a bounded domain is a model for the quark confinement, while
its direct counterpart on an exterior unbounded domain is merely a mathematical
object.

Proof of Lemma 3.1. Another way to write the coupling condition (1.3) is
_ 1 ) 1
32 (icta-v)+ 5uti+78)) fuls o+ (=ieta )+ 5ot + 7)) £ =0,

If n? — 72 # —4c?, then the matrix ic(a - v) + 3(nly + 7f) is invertible with

4

. 1 B
(zc(a V) + 5(77]4 + 7'5)) = m

Hence, if we set

<ic(a ‘v)+ %(77[4 - Tﬂ)) .

38 Ry o= (et + Juni+79) (~ietw )+ Sani 7))

then we deduce immediately the result of item (i). To show assertion (ii) one just
has to multiply (3.2) by the matrices +ic(a - v) + (nly — 78). Using (2.3) and
n? — 72 = —4c? one finds that these equations simplify to the claimed boundary
conditions. O

Using integration by parts and the coupling condition (1.3) we show first that
Ay - is symmetric:

Lemma 3.2. Let n,7 € R. Then the operator A, , defined by (3.1) is symmetric.

Proof. Let f,g € dom A, ;. Employing integration by parts in Q4 we get first
(A’V],Tf? g)LQ(R3)4 - (f7 A7),Tg)L2(R3)4
= (—ica vfy, g4+ ) 2y — (—ica- v, g )p2(s)

1, 1 :
= 5( —idco-v(fy — f-), 9+ +97)L2(2)4 - §(f+ + [y —ica v(gy _gf))Lz(E)“'

Using the coupling condition (1.3) for f and g, we conclude that the last term is

1 ) 1 )
5(_2004'1/(](‘-5- _f—)ag+ +g_)L2(E)4 - §(f+ +f_,—ZCOé'V(g+ _g—))Lz(E)zL

= (111(7714 +78)(f+ + f-), 9+ +g>

L2(%)4
1
- <f++f—’4(77]4+75)(9+ +g—)) =0.
L2(E)4
Since this is true for any f, g € dom A, -, the operator A, - is indeed symmetric. [
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Next, we prove a Birman-Schwinger principle for the operator A, -. This relates
the linear eigenvalue problem for the differential operator A, . to the nonlinear
eigenvalue problem for a family of bounded integral operators involving the maps
C» introduced in (2.6), which yields also a reduction of the space dimension for the
eigenvalue problem. We would like to note that this lemma can only be shown in
this simple form for noncritical interaction strengths, i.e. for n? — 72 # 4c%. The
result stated below follows from the general consideration in [7, Theorem 2.4] or [5,
Proposition 3.1], but to keep the paper self-contained, we add the short simple
proof here.

Lemma 3.3. Let n,7 € R such that n*> — 72 # 4c® and let the operator A, ; be
defined by (3.1).

(i) If for X € p(Ao) and ¢ € L2(X)* one has (Is+ (nls+7B)Cx )¢ € HY/2 (D)4,
then it follows ¢ € H'/?(%)%.
(i) A € p(Ag) Nop(Ay,) if and only if —1 € oy ((nls + 7B)Cy).
(i) For A € C\ R the inverse
(Is + (nIs +78)Cx) '+ LA(2)* = LA(%)*

ezists and is bounded and everywhere defined.

Proof. (i) If (Io + (n1s + 7B8)Cy) ¢ belongs to H/2()%, then by (2.8) also
1/) = (I4 — C)\(T]I4 - Tﬁ)) (I4 + (17]4 + Tﬂ)C)\)(p

2 .2
= (1 - M) 0+ T7(CAB+ BCA)p + (n* —T2) (1

2
4c? 4¢? La— CA) 4

belongs to H1/2(E)4. Making use of Proposition 2.1 this implies that also

4¢?

@:402—7724—7'2

(¢ —7(CAB+ BCx)p — (> — T%) <410214 - Cf) <p>

belongs to H'/?(X)*, which is the claim of item (i).

(i) Assume first that A € p(Ap) is an eigenvalue of A, ; with eigenfunction
fr # 0. Then, according to (2.9) there exists a density 0 # ¢ € H'/?(X)* such that
fr = ®rp. Since fy € dom A, - this function fulfils (1.3). Using (2.10) and (2.11)
this yields

. 1
0 =ica v((Prp)+ — (Brp)-) + o (s + 7B)((2ap)+ + (Brp)-)
= (s + (s + 7B)CA)p,

i.e. —1 is an eigenvalue of (nly + 75)Ci.

(3.4)

Conversely, assume that —1 is an eigenvalue of (nls + 75)Cy with eigenfunction
¢ # 0. Then it follows first from item (i) that p € H'Y?(X)* and hence f, :=
5 # 0 belongs by (2.8) to H}(Q1)* ® H*(Q_)*. Using again (2.10) and (2.11)
and (14 + (nls + 7)Cx)¢ = 0 we obtain in the same way as in (3.4) that fy fulfills
the coupling condition (1.3). This shows f\ € dom A, ;. Finally, equation (2.9)
yields

(Agr == (Apr = A)Pap =0
and hence X € o,(4,,7).
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(iii) To show the claim it suffices to prove that Iy + (nls +75)Cy is bijective. By
ii) it is clear that this operator is injective, as A € C\ R and A, . is symmetric by
7,
Lemma 3.2. Moreover,

ran [I4 + (nly + 78)Cx] D ran [(Iy + (nls + 78)Cx)(Is — (ns + 78)C)]
=ran [Iy — ((nls + TB)CA)Z]

holds. Note that I, — ((nls —|—T,@)C)\)2 is injective, as otherwise A would be a non-real
eigenvalue of one of the symmetric operators A, ; or A_, _, by (ii). Moreover,

I — ((nIy + Tﬂ)C)\)2 =1, — 7(CaB + BCx) (nIs + 78)Cx — (n? — 7%)C3

2 2
ne—T
= (1 —_ 402 >I4 +’CA7

(3.5)

where KCy is a compact operator in L?(X)* by Proposition 2.1. Therefore, Fred-

holm’s alternative implies that Iy — ((nls + Tﬁ)C)\)Q is also surjective. From (3.5)
we deduce that the injective operator Iy + (nIy + 78)Cy is also surjective, which
yields the claim of assertion (iii). O

Now we are prepared to show the self-adjointness of A, r in the case of non-
critical interaction strengths. Moreover, we prove an explicit Krein type resolvent
formula for A, . which relates the resolvent of A, , to the resolvent of Ay and a
perturbation term, which consists of the integral operators ®, and C, introduced
in (2.5) and (2.6), and contains the spectral information of 4, ;.

Theorem 3.4. Let 1,7 € R such that n* — 7% # 4c®>. Then the operator A, .
defined by (3.1) is self-adjoint in L*(R3)* and
-1 _ -1 .

(Apr = A) =(Ag =N =05 (Lu+ (nla + 7B)Cx) (nly +75)®%
holds for all A € C\ R.
Proof. We have already shown in Lemma 3.2 that A, ; is symmetric. Hence, it
suffices to prove that ran(4, , — \) = L?(R3)* for A € C\ R. Let A € C\ R and
f € L?(R?)* be fixed. We set

_ -1 .
gi=(Ag =N f = Or(Is+ (nIy +7B)CA) (nls + 7B) D% f.

Note that g is well defined by Lemma 3.3 (iii). We prove that g € dom A,, ; and
(A,—A)g = f. This shows then ran(A, . —\) = L?(R?)* and the claimed resolvent

formula.

First, we note that (nIy + 78)®%f € H'/2($)* by (2.12) and hence it follows
from Lemma 3.3 (i) that

(I + (s + TB)CA) ' (nly + TB)BLf € HYV2 (D)L,
Thus, we conclude from (2.4) and (2.8) that g € HY(Q,)* @ H(Q_)%
Next, since (A9 — A\)~1f € HY(R3)* the jump of its trace at ¥ vanishes and we
find, using (2.10), (2.11), and (2.12), that
. 1 _
ica - v(gyls —g-Is) + 5(77[4 +78)(g+ls +9-Is) = (nls + 75)((140 =) 1f)|2

— (Is+ (nIy + 78)Cx) (Is + (nls + Tﬁ)CA)_1(7714 +78)®5f =0,
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which shows f € dom A, . Employing finally (2.9) we get (4,,- —A)g = f. Hence,
the theorem is shown. (]

For the self-adjointness of A4, ; in the critical case of interaction strengths, i.e. for
n?—712 = 4c?, no result is known so far for combinations of electrostatic and Lorentz
scalar interactions. But we would like to review a result from [8] (see also [33]),
where the self-adjointness of A, ; was shown for purely electrostatic interactions in
the critical case, i.e. when n = +2¢ and 7 = 0. Already in this simplest example one
sees that the properties of A, . are completely different in the critical case as in the
noncritical case. The key observation in [8] and [33] to study the self-adjointness
of Aiaco is the fact that functions f € L?(Q4)* with o - Vf € L?(Q4)* in the
distributional sense have traces in H~Y/2(X)* := (HY?(X)*), which is a larger
space than L?(X)*. The idea below in (3.6) is to consider the jump condition (1.3)
not in L2(X)%, but in H~1/2(X)%.

Theorem 3.5. Let Aisco be defined by (3.1). Then Aisco is essentially self-
adjoint in L?*(R®)*. The self-adjoint closure Ay g is defined on the set

domAsoco ={f=f+ ® f- € L)' ® L2 Q)" : o Vi € L*(Q1)",
ia-v(fils — f-|g) = F(fels + f-|g) in H/2(2)*}

(3.6)

and acts as
Asocof = (—ica -V + me2B) fi ® (—ica -V +mc?p)f_.

The closure Aiaco is a proper extension of Atoco, i.e. Atoco # Ataco-

4. SPECTRAL PROPERTIES

In this section we provide the basic spectral properties of the operator A, -
defined by (3.1). In the case of noncritical interaction strengths, i.e. when n?—72 #
4¢?, we are able to provide a number of results about the qualitative spectral
properties. We close this section with a result from [8] on the spectrum of the
self-adjoint closure of A1s. ¢ in the case of purely electrostatic critical interactions,
which shows that the spectral properties for critical interaction strengths can be of
a completely different nature.

First, we discuss the basic results in the noncritical case. In particular, using a
perturbation argument based on the Krein type resolvent formula from Theorem 3.4
we compute the essential spectrum of A, .. Moreover, since the singular perturba-
tion is only supported on a compact surface and since functions in dom A,  have
H'-smoothness, we can show that A, ; has only finitely many discrete eigenval-
ues. Eventually, we deduce from the Birman-Schwinger principle that A, . has no
discrete eigenvalues, if the interaction strengths are sufficiently small.

Theorem 4.1. Letn, 7 € R such that n? —72 # 4c? and let the self-adjoint operator
A, -+ be defined by (3.1). Then the following assertions hold.

(1> Uess(An,T) = (_007 —mC2] U [’n’lCQ7 OO)
(i) oaisc(An,r) is finite.
(iii) There exists a constant K > 0 such that 0gisc(Ay ) =0, if In+ 7] < K and
In—7| < K.
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Proof. In order to show item (i) we note that for A € C \ R the operators
Py, @5, and (Iy+ (nls + TB)C)\)71

are bounded in the respective L2-spaces, see Lemma 3.3. Moreover, it follows
from (2.12) and the trace theorem (2.1) that ®% is bounded from L*(R*)* to
H'2(¥)* and since HY/?(X)* is compactly embedded in L?(X)?, see [28, Theo-
rem 4.2.2], we get that @7 is compact. Hence, using the resolvent formula from
Theorem 3.4 we conclude that

(Apr =N = (Ao = N) = =5 (La + (nla + TB)CA)_l(nLL +76)®3

is compact in L?(R3)%. Therefore, it follows from [37, Theorem XIII.14] that
Oess(An.r) = Tess(Ao) = (—00, —mc?] U [mc?, o0).

The proof of statement (ii) follows ideas from [27, Proposition 3.6]. We note first

that the number of discrete eigenvalues of A, ; in the gap (—mc?, mc?) is equal to

the number of eigenvalues of (A, -)? below the threshold of its essential spectrum
(mc?)?. Let us denote the quadratic form associated to (A, ;) by a. Then for any
f=f+®f-€domA,,=doma

alf] = | Ay fll72gays
= ||(—ica -V + m025)f+H2LQ(Q+)4 + H(—ica -V + mczﬂ)f,HQLz(Q_)4
= [le(e- V) 4l F20y0 + el V) f- )72 ya + (me®)?[| fl1F2rs)
+ (—ica - Vv, me®Bf )2, )s + (mc®Bfy, —ica - Vfi) 2@,y
+ (—ica - Vi ,me®Bf_)r2q_ys + (mBf-, —ica- Vf_)r2q_)s
holds. Employing integration by parts and (2.3) we see that
(—ica- Ve, me?Bf+)r2.ys + (mc®Bfy, —ica -V fi)r2a,
= F(ica - vfi|s, mPBfils)L2(n)
which yields then
alf] = lle(e- V) flI 2 uays + (M) [ 122 (mays
— (ica - vfi|s, me®Bf1|s) 2z + (ica - vi_|s,mBf_|5)L2(m)s

To proceed choose R > 0 such that ¥ C B(0, R) and define the closed and semi-
bounded sesquilinear forms bi,; and beyt by

bint[f] := lle(a - V) 20, v nBo.r))t + ()21 F1 2280, R))

— (ica- vfy|s,me®Bfy]s) 2y + (ica-vf_|s,meBf-|2) 2,

dom by, — {f e fo e HYQ) e HY(Q_ N B(O,R))" -

iela V) (Fiks = F-ls) = 30T + T Fels + F-1s)

and
bext[f] := lle(a - V) fll72a\ o, mys + (M) FIl72 o\ B0, my)>
dom by := H'(R®\ B(0, R))*.

Then a is minorated in the sense of closed quadratic forms by b := bjy @ bext, that
means doma C domb and b[f] < a[f] for all f € doma. By the min-max principle
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this implies that, if the operator associated to b has finitely many eigenvalues below

(mc?)?, then (A, ;)? has only finitely many eigenvalues below (mc?)?.

Clearly, the operator Beyt associated to bey; is bounded from below by Beyt >
(mc?)2. Thus, the number of eigenvalues of (4, ,)? below (mc?)? is less or equal to
the number of eigenvalues of the operator Bj,; associated to the semibounded and
closed form by, compare for instance [37, Section XIII.15] for a similar argument.
Moreover, as dom by, C H*(Q4)* @ HY(Q_ N B(0, R))* is compactly embedded in
L2(B(0, R))*, cf. [32, Theorem 3.27], it follows that the resolvent of By is compact.
Therefore, the spectrum of Bjyt is purely discrete and consists of eigenvalues that
accumulate only at 0o, as Bjyt is bounded from below. Thus Bjy; has only finitely
many eigenvalues below (mc?)?. Hence, also the operator associated to b has only
finitely many eigenvalues below (mc?)?. This shows finally that (A4, ,)? has only
finitely many eigenvalues below (mc?)? which finishes the proof of assertion (ii).

Finally, item (iii) is just a simple consequence of the Birman-Schwinger principle
in Lemma 3.3 (ii) and (2.7). O

As it is often the case for Dirac operators we also have several symmetry relations
for the spectrum of A, ;. These symmetries are consequences of commutation
relations of A, . with the charge conjugation, the time reversal and a suitable
unitary operator. We would like to note that item (i) in the proposition below can
also be shown with the aid of the Birman-Schwinger principle from Lemma 3.3, cf.
the proof of [5, Theorem 3.3] for the purely electrostatic case. The presentation
below follows [27, Theorem 2.3], where the special case of purely scalar interactions
is treated.

Proposition 4.2. Letn,7 € R such that n? — 72 # 4c%. Then the following is true.

(i) Assume n® # 7% Then X € o (A_4c2n/(n2_7.2)7_4027./(772_7.2)) if and only if
A€ op(4,7).
(ii) A € op(Ay.+) has always even multiplicity.
(ili) A € op(Ay,7) if and only if —X € o,(A—y;, 7).

Proof. (i) Assume that f = f & f_ is an eigenfunction of A4,, ; for the eigenvalue A.
Then the function g := fy & (—f-) € H'(Q4)* @ HY(Q_)* fulfils
—ica - v(gils +9-|s) = —ica-v(fils — f-|z)

= SOl 7B (il 4 I1s) = (nla+ 78)(0: ] — g-I)

as f € dom A, ;. A multiplication of the last equation with the constant matrix
(nly+78)~ ! = nziﬂ (nly — 73) yields

ic 1
————=mla—7B)a-v(gils +9-Is) = 5(9+]s — 9-Ix).
ne—T 2
By using the anti-commutation relation (2.3) and multiplying this equation then
with —2ica - v one easily sees that

1 4

*5772_77_2(7714 +78)(g+x + 9-Ix) = —ica - v(gils — g-Iv),



14 J. BEHRNDT, P. EXNER, M. HOLZMANN, AND V. LOTOREICHIK

which shows that g € dom A_4c2, /(2 —72), —4c2r/(n2—72). Finally, since f is an eigen-

function of A, ; corresponding to A one deduces immediately that also
Ascrn)(rp—r2),—ac2r /(2729 =AY,

which shows item (i).

For the proof of statement (ii) we define the (nonlinear) time reversal operator
o 2 (3y4 0 I
Tf:=—iysoaf, feL (R, 75:= L 0)°

Note that B8ys = —y58 and (a - x)ys5 = v5(a - x) for any € R3. First we show
that f € dom A, ; implies T'f € dom A,, . Indeed, if one takes for f € dom A4, ;
the complex conjugate of the coupling condition (1.3) and multiplies this equation
with the matrix —iysas we deduce

~insagic - w(Frls — T Is) = ~ssea(nls + 76)(Frls + o).

Using a3 = —ag (where the complex conjugate is understood component wise)
and (2.3) we deduce from the last equality that also T'f satisfies (1.3) and hence
TfedomA, .

Employing again @z = —as one finds T?f = —f. Furthermore, using (2.3) we
get

(—ica -V +me?B)Tf = (—ica -V +mc?B)(—iysaaf)
= —ivsag(ica -V +mc*B)f = T((—ico - V + mczﬁ)f).
This shows A, ;T f = TA, f for f € dom A, .. Another calculation using again

(4.1)

2 = —ay gives (—insanf, f)ct = (f,i7502f)ct which implies
(Tf, f)r2msys = /R3 Tf(x)- f(z)dz = 0.

Hence, if f is an eigenfunction of A, -, then also T'f € dom A4, ; is a linearly inde-
pendent and non-trivial eigenfunction of A, . for the same eigenvalue. Therefore,
also assertion (ii) is proven.

Eventually, to prove statement (iii) we introduce the (nonlinear) charge conju-
gation operator

Cf:=ifasf,  [feL*(R%)"

A simple calculation similar as above shows C2f = f. Moreover, it is not difficult to
see that f € dom A, , if and only if C'f € dom A_,, ;. Finally, a similar calculation
as in (4.1) shows

(—ica -V +mc*B)COf = —C(—ica -V +mc?p)f.

Hence, we deduce f € dom A,  fulfils A, - f = Af if and only if Cf € domA_,, ;
and A_, ;Cf = —ACf. This yields then the claim of item (iii). O

By combining Theorem 4.1 (iii) with Proposition 4.2 we find that A, . does not
have discrete eigenvalues also for large interaction strengths. This is in contrast to
what is known for Schrodinger operators with singular -potentials. For the nonrel-
ativistic Hamiltonians with attractive d-interactions in R? there are no eigenvalues
for small interaction strengths [23], but always eigenvalues for large values of the



15

interaction strength [21]. The difference is obviously due to the presence of the
‘lower continuum’ for the Dirac operator.

Corollary 4.3. Let n,7 € R such that n? — 7% ¢ {0,4c?} and let K be the same

constant as in Theorem 4.1 (iii). Then ogisc(Ayr) = 0, if In + 7| > % and

42
ln —7] > 2.

Theorem 4.1, Lemma 3.3, and Proposition 4.2 give a detailed picture of the
spectral properties of A, .. For purely electrostatic and purely Lorentz scalar in-
teractions, which are the most interesting ones of the potentials considered here
for applications in relativistic quantum mechanics, many of these findings simplify
significantly; hence, we summarize the spectral properties for these two important
cases in the following corollaries. We start with the purely electrostatic case:

Corollary 4.4. Let n € R\ {£2c}. Then the following assertions hold.
(i) For A € C\R the resolvent of A, is given by

(Ao =N = (Ag = N1 = &y (I +1Cy) "'yt

) Oess(An0) = (—o0, —mc?] U [mc?, 00).
) A€ op(Ay0) N (—mc?, me?) if and only if —1 € o,(nCy).
) If n#0, then A € 0,(Ay0) if and only if X € 0 (A_se2/n0)-
(v) A€ op(Ayo) if and only if =X\ € o, (A_y0).
) Odisc(Ay0) is finite.
) Eigenvalues of A, o have always even multiplicity.
) There exists a constant K > 0 such that ogisc(An0) = 0, if [n] < K or

42
Inl > &

Next, let us discuss Dirac operators with purely Lorentz scalar é-shell interac-
tions, that means we assume 7 = 0. Note that in this case there is no critical
interaction strength, as —72 # 4¢? always in this case. On the other hand we have
for 7 = 4+2¢ confinement, compare Lemma 3.1. Note that most of the results below
are also formulated and proved in [27, Theorem 2.3].

Corollary 4.5. Let 7 € R. Then the following assertions hold.
(i) For A € C\ R the resolvent of Ay, is given by

(AO,T - )\)_1 = (AO - )\)_1 — &, (I4 + TﬁC,\)_lTB(I)§.

) Oess(Ao.r) = (—00, —mc?] U [mc?, o0).
) A€ op(Aor) N (=me?, me?) if and only if —1 € o,(78C)).
) If 7 #0, then X € 0,(Ag,-) if and only if X € o (Ag ac2)7).
v) A€ op(Ao,r) if and only if =X € 0,(Ao,r)-
) Gae(Aor) is finite.
) Eigenvalues of Ao have always even multiplicity.
) There exists a constant K > 0 such that oaisc(Ao-) = 0, if |7| < K or

42
IT| > %=

In addition to what we know about the spectrum of Ag . in the purely scalar
case from Corollary 4.5 an explicit formula for the quadratic form associated to
A%,T is shown in [27, Proposition 3.1]. This formula implies also that there are no
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discrete eigenvalues of Ay, for 7 > 0. For a further discussion of consequences of
this interesting result we refer the reader to [27].

Corollary 4.6. Let 7 € R\ {£2c}. Then the following assertions hold.
(i) If T #0, then it holds for any f € dom Ay,
o f e =< [ |ViPdosome)? [ (rPdose [ M]7ls a0
R3\3 R3 b

2me?

- 02/ M|f-|s|*do +
P

where M is the mean curvature at .
(ii) If T > 0, then ogisc(Ao,r) = 0.

/ Fels — f-|s[2do,
>

T

Eventually, we state that the difference of the third powers of the resolvents of
Ay - and Ag is a trace class operator. This result is of interest for mathematical
scattering theory, as it ensures the existence and completeness of the wave operators
for the scattering system {4, ., Ao} and implies that the absolutely continuous
parts of A, ; and Ay are unitarily equivalent, cf. [42, Chapter 0, Theorem 8.2] and
the standard definition of existence and completeness of wave operators. The proof
of this result in the purely electrostatic case, i.e. when 7 = 0, can be found in [7,
Theorem 4.6], in the general case one can follow it almost word by word. Hence,
we omit the proof here. Note that we have to assume some additional smoothness
of ¥ here to ensure that the result is correct.

Proposition 4.7. Assume that ¥ is C>-smooth and let n, 7 € R such that n?>—72 #
4c*. Then for any X € C\ R the operator

(Apr =077 = (Ao —N)7°

belongs to the trace class. In particular, the wave operators for the system { A, -, Ao}
exist and are complete, and the absolutely continuous parts of A, » and Ao are uni-
tarily equivalent

Finally, we formulate a result shown in [8, Section 5] about the spectral properties
of A, , in the case of critical interaction strengths. Again, the result is only known
for purely electrostatic interactions, i.e. for n = £2¢ and 7 = 0. Nevertheless, the
theorem below shows that the spectral properties of A, . can be of a completely
different type for the critical interaction strengths. To formulate the result, we say
that a surface ¥ contains a flat part, if there exists an open ¥y C ¥ such that
Yo is contained in a plane in R®. The complete proof of the following theorem as
well as further results on the spectrum, a variant of Krein’s resolvent formula, and
the Birman-Schwinger principle for the self-adjoint closure of A1s. ¢ can be found
in [8].

Theorem 4.8. Let Ais. o be defined by (3.1). Then (—oo, —mc?]U[mc?, 00) belongs
t0 Oess(Ax2c,0). If ¥ contains a flat part, then also 0 € Tess(Axaco)-

5. NONRELATIVISTIC LIMIT

In this section we study the nonrelativistic limit of Dirac operators with purely
electrostatic or purely Lorentz scalar §-shell interactions, that means we study this
limit of A,, ; in the cases that either 7 = 0 or = 0 which are of particular physical
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interest. In the nonrelativistic limit one subtracts/adds the energy of the mass of
the particle mc? from the total energy and computes the limit of the resolvent,
as ¢ — 00. The expected result is the resolvent of a nonrelativistic Schrodinger
operator which describes the same physical problem with the same parameters
times a projection onto the upper/lower components of the Dirac wave function. In
our case we will see that the Dirac operator with an electrostatic or a scalar §-shell
interaction converges in the nonrelativistic limit to a Schrédinger operator with a
d-potential of the same strength. This gives a further justification for the usage
of the operator A, o and A, as a Dirac operator with a singular J-interaction
supported on X. The presentation in this section follows closely [7, Section 5].

First, we introduce some notations which are necessary to formulate the main
result of this section, afterwards we discuss shortly the idea of the proof. As usual
let ¥ C R? be the boundary of a compact C?-domain. We define for n € R the
sesquilinear form

1
aylf,g] = %(Vﬁ V9)r2wsye + (0fls.9l2)2(s),  f.9 € doma, :== H'(R?).

It is not difficult to show that a,, is symmetric, semibounded from below and closed,
see for instance [13, Section 4] or [9]. The associated self-adjoint operator —A,, is

1 1
—Ayf = <—2mAf+> D <—2mAf+) )
dom (=A,)) ={f=fy®f € H Q)@ H*(Q )N H'(R®):
2mnfls = 0 f-|x — Oufrls},

where H?({+) is the Sobolev space containing all functions for which the first and
the second distributional derivatives belong to L?(2), and it is the Schrédinger
operator with a d-potential of strength 7 supported on ¥, i.e. formally it holds
-A, = —ﬁA + ndx; cf. [9, Section 3.2]. Next, we set

PJF::(IO2 8) and P::<8 g)

The following theorem treats the nonrelativistic limit of A, and Ay .. In partic-
ular, it shows that these operators are indeed the relativistic counterparts of —A,,
with electrostatic and Lorentz scalar interactions, respectively. Note that the result
holds for any n € R, as 4c¢ > n? for all sufficiently large ¢, and hence, we do not
have to take care of the critical interaction strengths.

Theorem 5.1. For any 1,7 € R and all A € C\ R there exists a constant K > 0
such that for all sufficiently large c

H(An,o —(A +mc2))71 — (A, — )\)—1P+H < g
and
U

An interesting aspect in Theorem 5.1 is the fact that the resolvents converge in
the operator norm. This means that the spectral properties of A, ¢ —mc? and Ao+ F
mc? are asymptotically the same for large ¢ as those of —A,; and FA,, respectively.
Since the spectral properties of Schrodinger operators with d-potentials are well-

studied, see, e.g., the review [22] or the monograph [24], one can deduce many
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effects for the corresponding Dirac operators as well. As an example of this idea
the following lemma is shown in [7, Proposition 5.5]; a similar statement can also

be proved for Ay ;.
Lemma 5.2. Let j € N. Then there is an 1 < 0 sufficiently large such that the
number of eigenvalues of A, o in the gap (—mc?, mc?) of oess(Ay0) is larger than j

for all sufficiently large c.

In the rest of this section we sketch how Theorem 5.1 can be shown; for details
on the proof for the statement on A, o see 7, Section 5], the claim for Ay . can
be verified with the same arguments. We also only discuss the convergence of A, o
here.

Sketch of the proof of Theorem 5.1. Having the Krein type resolvent formula from
Theorem 3.4 in mind, one expects that it suffices to investigate the limiting behavior
of (Ag—(A+me?)) ™1, @3 ez, Crpmez and <I>}‘\+m02. For that, we state first a similar
resolvent formula for —A,,. We define for A € C\ R the function

etV 2mA|z|

Ky(x):=2m , r € R\ {0},

47 |x|

and recall that
1 -1
(-omd =) S = [ K-t fePE), o R
m R3

see for instance [40, Chapter 7.4]. Moreover, we introduce the bounded integral
operators Wy : L2(X) — L?(R3) acting as

Uypo(x /K,\ z —y)e(y)do(y), peL*(%), zeR3,
and Dy : L*(X) — L3(Z
Dio(x /KA x—y)p(y)do(y), p e L*(%), zeX.
Furthermore, a simple calculation shows that the adjoint ¥% : L?(R3) — L?*(X) is
/ Ky (x —y)f(y)dy, feL*R?), rex.

Then it is verified, e.g., in [9, Theorem 3.5] or [13, Lemma 2.3] that for all A € C\R
the operator I; + 7D, is boundedly invertible in L?(X) and

1 —1
I el G- S0 ) BREL AR N8

Now concerning the limiting behavior of (4g — (A +mc?)) ™, @y 4mez, Cagmez and

®3 ., e it is proven in [7, Proposition 5.2] that there exists for any A € C\ R a

constant K > 0 independent of ¢ such that
- 1 ! K
(Ao —(A+ ch)) - <A - /\) Py —;

2m

K K
[Prmez — WPy ]| < —; [Crgme2 — DaPy| < —.
C C
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Combining this with the resolvent formula for A, o from Theorem 3.4 and (5.1) one
deduces the claim of Theorem 5.1. O
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