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ABSTRACT. In this article we consider a mathematical model for the weak
decay of muons in a uniform magnetic field according to the Fermi theory of
weak interactions with V-A coupling. With this model we associate a Hamil-
tonian with cutoffs in an appropriate Fock space. No infrared regularization
is assumed. The Hamiltonian is self-adjoint and has a unique ground state.
We specify the essential spectrum and prove the existence of asymptotic fields
from which we determine the absolutely continuous spectrum. The coupling
constant is supposed sufficiently small.
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1. INTRODUCTION.

In this paper we consider a mathematical model for the weak decay of muons
into electrons, neutrinos and antineutrinos in a uniform magnetic field according to
the Fermi theory with V-A (Vector-Axial Vector)coupling,

(1.1) P = e+ T+,

(1.2) Py = ey +Ve+ T,

(1.2) is the charge conjugation of (1.1).

This is a part of a program devoted to the study of mathematical models for
the weak interactions as patterned according to the Fermi theory and the Standard
model in Quantum Field Theory. See [21].
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In this paper we restrict ourselves to the study of the decay of the muon u_
whose electric charge is the charge of the electron (1.1). The study of the decay of
the antiparticle p1, whose charge is positive, (1.2) is quite similar and we omit it.

In [23] we have studied the spectral theory of the Hamiltonian associated to the
inverse (8 decay in a uniform magnetic field. We proved the existence and uniqueness
of a ground state and we specify the essential spectrum and the spectrum for a small
coupling constant and without any low-energy regularization.

In this paper we consider the weak decay of muons into electrons, neutrinos
associated with muons and antineutrinos associated with electrons in a uniform
magnetic field according to the Fermi theory with V-A coupling. Hence we neglect
the small mass of neutrinos and antineutrinos and we define a total Hamiltonian H
acting in an appropriate Fock space involving three fermionic massive particles-the
electrons, the muons and the antimuons - and two fermionic massless particles-
the neutrinos and the antineutrinos associated to the muons and the electrons re-
spectively.In order to obtain a well-defined operator, we approximate the physical
kernels of the interaction Hamiltonian by square integrable functions and we intro-
duce high-energy cutoffs. We do not need to impose any low-energy regularization
in this work but the coupling constant is supposed sufficiently small.

We give a precise definition of the Hamiltonian as a self-adjoint operator in the
appropriate Fock space and by adapting the methods used in [23]we first state that
H has a unique ground state and we specify the essential spectrum for sufficiently
small values of the coupling constant.

In this paper, our main result is the location of the absolutely continuous spec-
trum of H. For that we follow the first step of the approach to scattering theory in
establishing, for each involved particle,the existence and basic properties of the as-
ymptotic creation and annihilation operators for time ¢ going to £00. We then have
a natural definition of unitary wave operators with the right intertwining property
from which we deduce the absolutely continuous spectrum of H. Scattering theory
for models in Quantum Field Theory without any external field has been considered
by many authors. See, among others, [1, 3, 16, 17, 19, 26, 27, 28, 29, 30, 31, 32, 33,
34, 35, 36, 37] and references therein. A part of the techniques used in this paper
are adapted from the ones developed in these references. Note that the asymptotic
completeness of the wave operators is an open problem in the case of the weak
interactions in the background of a uniform magnetic field. See (1.1) for a study of
scattering theory for a mathematical model of the weak interactions without any
external field.

In some parts of our presentation we will only give the statement of theorems
referring otherwise to some references.

The paper is organized as follows. In the second section we define the regularized
self-adjoint Hamiltonian associated to (1.1). In the third section we consider the
existence of a unique ground state and we specify the essential spectrum of H. In
the fourth section we carefully prove the existence of asymptotic limits, when time t
goes to o0, of the creation and annihilation operators of each involved particle, we
define a unitary wave operator and we prove that it satisfies the right intertwining
property with the hamiltonian and we deduce the absolutely continuous spectrum
of H. In Appendices A and B we recall the Dirac quantized fields associated to the
muon and the electron in a uniform magnetic external field together with the Dirac
quantized free fields associated to the neutrino and the antineutrino.

2. THE HAMILTONIAN.
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In the Fermi theory the decay of the muon p is described by the following four
fermions effective Hamiltonian for the interaction in the Schréodinger representation
(' see [21], [24] and [41]):

Hint =
Gr

01 7 ) @t (=20 @) (Te()a(1 - 25) s, ()

Gr — —
75 &% (T, (2)7a(1 = 75) Ve () (Ppu(2)7* (1 = 75) Vs, (2))
Here v*, a = 0,1,2,3 and 75 are the Dirac matrices in the standard representation.
U y(z) and W((x) are the quantized Dirac fields for e, u, v, and v.. ¥(,(z) =
U()(2)"4". G is the Fermi coupling constant with G ~ 1.16639(2) x 10~°GeV 2.

See [12].
We recall that m. < m,. v, and v, are massless particles.

2.1. The free Hamiltonian.
Throughout this work notations are introduced in appendices A and B.
Let

(2.2) F§=FQ®F,.®F,®@F,, @5z,
Let
w(&) = B (p?)  for & = (s,n,p",p?)
w(&) =EWM (D) for & = (s,n.p",p%)

23 wl&s) = ol for &= (p.3)
w(@)=Ipl for & = (p,~).

Let Hj(je) ( 1"esp.Hj(3“’),Hj(3“+)7 and Hg’) ) be the Dirac Hamiltonian for the elec-
tron (resp.the muon, the antimuon and the neutrino )

The quantization of H,(je), denoted by Héfl)) and acting on §., is given by
(2.4) B == [ wen @b (6)de

Likewise the quantization of HY~) HY+) H7) and HY*) denoted by Héf%,

H, 5775) and Héf’g) respectively, acting on §,, §7, and §,, respectively, is given by
15 = [w@m @ es

HY) = / W(E)b" (€2)b_(E2)dE
(2.5)

13 = [w(@w - (@)
1S = [ wlebi (€b(@d

We set HY/) = H{'y) @1 +1@ HY'S). HY) is defined on §, ® .

For each Fock space §. let D) denote the set of vectors ® € F) for which
each component ®(") is smooth and has a compact support and ®() = 0 for all
but finitely many r. Then H(g;)D is well-defined on the dense subset ©() and it is
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essentially self-adjoint on ®() . The self-adjoint extension will be denoted by the
same symbol Hé')D with domain D(Hézj))
The spectrum of Hé% in §(.) is given by

(2.6) spec(H{) = {0} U [me, o0)

{0} is a simple eigenvalue whose the associated eigenvector is the vacuum in §(¢)

denoted by Q(©). [me, 00) is the absolutely continuous spectrum of H&e) .

Likewise the spectra of Héf%, Hézg) and Héf’g) in §) @ Fys Swe) and F,)
respectively are given by

spec(Hy'}) = {0} U [y, 00)

(2.7) spec(H(()’Vg) =10, 00)
) = [0,00).

Y=

spec(H,"t

QW Q@) and Q#r) are the associated vacua in Sw) @)y Swr) and §(,,) re-
spectively and are the associated eigenvectors of Hé“ g,H&Uf)) and Hétjf,) respectively
for the eigenvalue {0}.

The vacuum in §, denoted by €2, is then given by
(2.8) Q=09 e0W e g

The free Hamiltonian for the model, denoted by Hy and acting in §, is now given
by

29) Hy=H)ololelel+lo ) olelel
’ +10lele Y o1+1olle 10 HY'p.

H, is essentially self-adjoint on ® = D@ DMW D)0 ¥u),

Here ® is the algebraic tensor product.

spec(Hp) = [0,00) and £ is the eigenvector associated with the simple eigenvalue
{0} of Hy.

Let S(®) be the set of the thresholds of Hé%:

5@ = (SSf);n € N)

with sgf) = /m?2 + 2neB.

Likewise let S() be the set of the thresholds of Hé” [)):

S — (s%“);n c N)

with s%") = ,/mﬁ + 2neB.

Then
(2.10) S =5 uysw

is the set of the thresholds of Hy.

Throughout this work any finite tensor product of annihilation or creation op-
erators associated with the involved particles will be denoted for shortness by the
usual product of the operators (see e.g (2.13) and (2.14)).
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2.2. The Interaction.

Similarly to [8] [5], [9], [10] [11],[22]and [23], in order to get well-defined operators
on §, we have to substitute smoother kernels F(&3,&) and G(&1,&3) for the J-
distribution associated with (2.1)( conservation of momenta) and for introducing
ultraviolet cutoffs.

Let
(2.11) I =P3+Py
We get a new operator denoted by H; and defined as follows
(2.12) Hr=Hj+ (H})*+ H} + (H})*
Here
1" = [ deudadgadgs ( [ aute s
(213) (U(Vu) (54)70‘(1 _ VS)U(,U,) (1‘2, 52)) (U(e) ($2, gl)'yoz(l _ VS)U(V) (54)>)
F(§2,84) G(&1, €307 (€4)b7 (§1)07 (83)b+ (£2)-
and
) = / d¢1d&d€sdes ( / daem ™"
(2.14)

(T (€ ra(l = 35) W (0%, £)) (T (02, 6)7°(1 = 35) W (3)) )
F(§2,84) G(£1,&3)07 (€4)7 (&2)07 (£1)D7 (&3).

H}l) describes the decay of the muon and H§2) is responsible for the fact that
the bare vacuum will not be an eigenvector of the total Hamiltonian as expected
from physics.

We now introduce the following assumptions on the kernels F'(¢2,&4) and G(&1, &3)
in order to get well-defined Hamiltonians in §.

Hypothesis 2.1.
F(&,&) € L*(T1 x R?)

(2.15) Gy, 83) € LA(T) x R®)

These assumptions will be needed throughout the paper.

By (2.12)-(2.15) Hy is well defined as a sesquilinear form on ® and one can
construct a closed operator associated with this form.

The total Hamiltonian is thus

(2.16) H=Hy+gH;, g>0.

g is the coupling constant that we suppose non-negative for simplicity. The con-
clusions below are not affected if g € R.

The self-adjointness of H is established by the next theorem.

Let

C =17"a(l = ¥5)lles 177> (1 = ¥5) [l cs-
(2.17) 11 1

N e
For ¢ € D(Hy) we have
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[peagel]

2
L2C|F (., )2, xes) |G, -)||L2(F1><]R3)(M||HO¢” +[1ll).

(2.18) follows from standard estimates of creation and annihilation operators in
Fock space (the N, estimates, see [20]). Details can be found in [7, proposition 3.7].

Theorem 2.2. (Self-adjointness). Let go > 0 be such that

C
(2.19) 490 I )L, mn |G ) ey sy < 1.

Then for any g such that g < go H is self-adjoint in § with domain D(H) = D(Hy).
Moreover any core for Hy is a core for H.

By (2.18) and (2.19) the proof of the self-adjointness of H follows from the
Kato-Rellich theorem.

o(H) stands for the spectrum and o.55(H) denotes the essential spectrum. We
have

(2.18)

Theorem 2.3. (The essential spectrum and the spectrum) Setting
E =info(H)
we have for every g < go
0(H) = 0ess(H) = [E, 0)
with £ <0 .

In order to prove the theorem 2.3 we easily adapt to our case the proof given
in [11] (see also [4], [38] and [23]) . The mathematical model considered in [11]
involves also one neutrino and one antineutrino. We omit the details.

3. EXISTENCE OF A UNIQUE GROUND STATE.

In the sequel we shall make some of the following additional assumptions on the
kernels F(€27§4) and G(£17£3)'

Hypothesis 3.1. There exists a constant K(F,G) > 0 such that for o >0

(7 Mdﬁld& < o0. (i) |G(& &)

5 5 dé1dés < .
I'; xR3 | P4l I'; xR3 |ps]

(i) / P60, €0)[2dede | < K(F,G)o.
Ty x{|py|<o}

=

1
2

(iv) / Glen, &)2dendss | < K(F,G)o.
T1x{|ps|<a}

We then have

Theorem 3.2. Assume that the kernels F(.,.) and G(.,.) satisfy Hypothesis 2.1
and 3.1. Then there exists g1 € (0, go] such that H has a unique ground state for

g< g1

In order to prove theorem 3.1 it suffices to mimick the proofs given in [5], [11]
and [23]. We omit the details.

In [2] fermionic hamiltonian models are considered without any external field.
Without any restriction on the strengh of the interaction a self-adjoint hamiltonian
is defined for which the existence of a ground state is proved. Such a result is an
open problem in the case of magnetic fermionic models.
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4. THE ABSOLUTELY CONTINUOUS SPECTRUM.

As stated in the introduction , in order to specify the absolutely continuous
spectrum of H, we follow the first step of the approach to scattering theory in
establishing, for each involved particle, the existence and basic properties of the
asymptotic creation and annihilation operators for time t going to +oo. The exis-
tence of a ground state is quite fundamental in order to get a Fock subrepresentation
of the asymptotic canonical anticommutation relations from which we localize the
absolutely continuous spectrum of H.

4.1. Asymptotic ﬁelds Let
1 +, t(fl) = eZtHe_itHob§,+

(fr)eoe ittt

0y 4 4(f2) = He 0D, | (fo)ettHoe™tH
(fs)

)

(41) f3)_ tH 7’LtH0bﬁ

i itHo ,—itH
b3 _t fa)e %

)_ itH —thobﬁ (f

4 eitHoe—itH.

(
Vi alf
where, for i = 1,2, f; € L*(I'1) and, for j = 3,4, f; € L*(R?).
The strong limits of bﬁt() when the time t goes to oo for models in Quantum
Field Theory have been considered for fermions and bosons by [33]-[35] and [27]-[31]
and , more recently, by [17], [3], [26], [36], [37] and [6] and references therein.

In the sequel we shall make some of the following additional assumptions on the
kernels F'(&2,&4) and G(&1,&3).

Hypothesis 4.1.

(i) /] (6.61)

w [ (%)2%,@)

Hypothesis 4.2.

(i) / }vqu(§27§4>12d&d§4 <o, / IV, G(E, &) 2 d€rdes < oo .

i [|5s

We then have

Theorem 4.3. Suppose Hypothesis 2.1-Hypothesis 4.2 and g < go. Let f1,fs €
L?(Ty) and f3, f4 € L2(R3) . Then the following asymptotic fields

B4 soe(f1) = slim B (1)

d§1d§3 <.

d§2d§4 < 00 /‘8 5 (61,83)

2
dé1dés < o .

déades < oo | / ‘ (881)3> G616

2
dé1dés < oo .

d&d@ <o / ‘ (6.6

3;01 8 3 527645)

2 =+, tool(f2) = S'lim bg =+, +(f2)
(4.2) 4
b3,7,j:oo(f3) = S_}lirgo bs - t(f3)
b4 . too(f1) = tilirgo b4 o+, (fa).
exist.

Proof. The norms of the b__;(f)'s are uniformly bounded with respect to t. Hence,
in order to prove theorem 4.1 it suffices to prove the existence of the strong limits
on D(H) = D(H,) with smooth f.
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Strong limits of b}  ,(f1) and b5 ,(f2) .
Let

(4.3) D ={f cl’T)|f(s,n,.,.) € C(R*\ {0}) for all s and n ,and
f(,m,.,.) =0 for all but finitely many n}.
Let f1, fo € © . According to [27, lemmal] we have
(4.9) b, (f1)D(H) C D(H) and b} (f2)D(H) C D(H).
Moreover we have
(45) e Hov] | (fr)e 0w =0, (e f1) ¥,
eitHobﬁQ,i(f2)e—itHo\I, :bgi(eitE“ f2)\1’

where ¥ € D(H).
Let us first prove the existence of b§7+7ioo(f1).

Let U, ® € D(H) and f1 (&) = (e7#*F" f1)(&1). By (4.4),(4.5) and the strong
differentiability of e’ we get

(@,01,4,7(f1)¥) = (@, b1,4,1,(f1)¥)

4.6 T T ) .
(0 = Q/TO %((I)abl,—ht(fl)ql) = ig/TO (@, [Hy, by 1 (fro)le T W) dt

By using the usual canpnicol anticommutation relations (CAR) (see(A.4)) we
easily get for all ¥ € D(H)

[ b (1] 0 = [ deidgadgaats ([ aate =

WD (O (€)ra = 15) U (22, £)) (T (22, 1)y (1 — %)W@)(gg)))

J1.4(§0)F (82, 84)G (61, §3)07 (§4)bZ (§3)b4 (§2) V.

[H b1 (0] ¥ = = [ drdgadgades( [ oo

48) (T (e)r (1 = 45) W (a2, £)) (T (22, €1)7a (1 — 75) W 7 (£5))

L€ F (2, €06 (€1,6) )b V" (€)1 ().

(4.9) () b (Fr)| @ = [ b ()| =0

where U = Ut4Y.
Similarly we get

(@67 4 2 (f1)®) — (@65 4 1, (f1) V)

= 9/ pn (®,0 4 (f1)¥) = Zg/ (@, ™ [Hp, b} | (f1,0)]e” W) dt
To Ty
with
(4.11) [H}l),bi_;'_(fl,t)] U = [H]@)vbi-i,-(fl,t)} U =0

and
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() b ()| W = = / dé1d6dgdés ( / ™
(412) (W(De)(fi’:)’)’a(l - ’YS)U(e) (1'27 61)) (U(l‘) (LL'Q, 52),70((1 _ 75)U(VH)(§4)))
F(&2,84) G(&1,83) f1,6(§1)0% (§2)b— (€3)b4 (E4) V.

2.2

() b1 (0] @ = / dé1deadésaes ( / da2ei’"

A13) (77 )y (1= 9a)U 9 (22,60)) (W (22, €)1 — 75)U ) (€)))
F(&2,€4) G(&1,63) f1,6(§1)b—(€3)b—(§2)b+ (§4) 0.

By (4.6) and (4.10), in order to prove the existence of b§7+7ioo(f1), we have to
estimate

"M [Hy, by 4 (fre)]e "MW
and
et [H, bi,+(f1,t)]e_th‘I’

for large |t|.
By (B.5), the N, estimates (see [20] and [7, Proposition 3.7]), (A.8), (A.11) and
(A.13) we get

SHHD by (frole 0| <

(4.14) C</dz2(/d§3 /d&U(e)(IZ,fl)fl,t(fl)m

1FC )2 ry xmey NN + 1) Ze™ 0.

[N

)

and

€itH[HI(2), bly.t,.(fl’t)}eiitH\I/H <

(4.15) C</dx2(/d§3 /d&U(e)(xQ,&)fl,t(El)m

1
IFC )2 ry sy | (Vg + 1) Ze™ 0.
By (2.18)and (2.19) we have
(4.16) [H¥|| < al|Hool| + bl ||
with

2 3
X
C4

C
a= 4M”F(" Mz, xes) |G, 2, xr3)

and
b=2C|F(, Mz, xrs) |G )Lz (r, xre)

Hence we obtain
(4.17) | Ho®|| < al| HW|| + b|| ¥
with

- b
and b = go

azlfgoa 1—goa
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Therefore we have

P — 1 ~ 7
|(Ne+ 130 < — (@[ HY| + (b+m.)| ¥])
e

(4.18) . 1 3
[Ny +1)2e™ 0| < —— (@[ HP|| + (b + m) [ P])-
i
where m,, is the mass of the muon.

Hence we get

e [Hp, by o (fr,)]e” "M <

(419) 20 ( / dxz( / dés

1
IEC M2y sy 7 (IIH‘PII+(b+mu)II\I’II

2 \\3
X
Cc4

/ AU (2, 1) fr.4(61) T Er, &)

Moreover we have

2
/d$2</d§3 /dflU(e)(‘r27gl)fl,t(fl)G<§la53)
Cc4

(4.20) A ,

:Z/dx (/dfi% /dflU( 22,€)e” "POWD £ ()G (51@3))

=1
where (U;L 1 J( (2%,&)) are the four components of the vectors (A.8) and (A.11)
eCt
Note that
(e)

(4.21) O d) _ LE (00) d _ipep)

it pd  dp}
By (4.20) and(4.21), by a two-fold partial integration with respect to p? and by

Hypothesis 4.1 one can show that there exits for every j a function, denoted by
H(7(€1,€3), such that

5 oo o

=1

o foe( [

Jj=1

2

/ A6 U (22, 6p)e 1B “p?)fl(él)G(fl,gS))

[

(4.22)

~

2
/ A6 U (a2, ¢1)H (&@)‘“Eff’(pi)‘

IN

4
1 e
Crg Z [ g @l 6. 6)P) < o
Here xy, (.) is the characteristic function of the support of fi(.) and (A.13) is used.
By (4.6) and (4.19)- (4.22) the strong limits of by 4 +(f1) on § when t goes to
+00 and for all f; € L?(I'y) exist for every g < go.
By (4.11)-(4.13) and by mimicking the proof of (4.14) and (4.15) we get

(4.23)

sup<
<ol ([

1
x [|F(., )||L2(F1><R3) ( || + (b + my,) | ¥]).

€itH[(H1E1))*, T7+(f1,t)]e_itH\IIH ,

eitH[(H§2))*, T7+(f1,t)]e_itH‘1/“ )

)

/ A6 U (22, €1) fr.4(6)) T e, &)
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It follows from (4.10) and (4.20)-(4.23) that the strong limits of b7 | ,(f1) exist
when t goes to 400, for all f; € L?(I';) and for every g < go.
We now consider the existence of bg,e, Loo(f2)

Let U, ® € D(H) and fa(&) = (e " fo) (&) with fo € D. By (4.4), (4.5) and
the strong differentiability of e’ we get

(@,024,7(/HT) = (2, b2,1,1,(f2) D)
4.24 Ty T ,
424 _Q/TO P (@, b2,1(f2)¥) =g /TO (@, [Hy,ba 1 (fo)]e "M W) dt
with

(425)  [HY oo (o) | W = [ (), b (fo)| 0 = |(HP)" by (Fo)| W = 0

and

{(H§1))*7b2,+(f2,t)} U= / d¢rdéadésdey ( / dg2eie®r

(A26) (W7 (€)92 (1 = 95)U ) (22, 0)) (T (2%, £2)7a1 = 35)U ) (€4)) )
F(&2,€4) G(&1,83) f2,1(§2)b—(§3)b+ (&1)b4 (€4) W

Similarly we obtain

|  [Hy, ba 1 (fa,)]e W] <

(4.27) C(/dac2(/d§4 /dfo(”)(5€2>52)F(§2,€4)f2,t(51)

L
G (s M 2oy xisy (Ve + 1) Ze 0.
It follows from (4.16)-(4.18) that

2 \\ 4
X
Cc4

— 1
(4.28) I(Ne +1)2e || < . @l + (b+me)|| .

Hence

HeitH [HI, bgﬁ_;,_(fQ’t)}eiitH\I/H <

T

IGC M2y xre) - (IIH‘P||+(b+me)H‘I’H

(NI

/d§2U 2%, &) F (&2, 64) f2,0(&2)

)

Moreover we have

Jo( [
:jzl/dx?(/d@

where (U?:l U;“)(mz, &)) are the four components of the vectors (A.8) and (A.11)
€ C* for a = p.

2

/dfo(”) (2%,&2) f2,0(&2) F (&2, &4)

Cc4

/ dﬁzUﬁ‘”(ﬁ52>e-“Ef»“’(Pi>f2<52>F<52,@))

2
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By(4.30), by a two-fold partial integration with respect to pi and by Hypothesis

4.1 one can show that there exits for every j a function, denoted by H](ﬂ) (£2,&4)
such that

2
dz2< dés| [ deUM (a2, 6)e P W) fy (& >F(£,£>>
;/ / 4/ 2(G2 2,64
- 1 —it B (p3 ?
(4.31) =;t4/dx2(/d§4/dw (2%, &) B (&2, €)e Efv”%))

4
<O S / A€ad€ix s, (E) HP (62, £)]) < 0.

Here x,(.) is the characteristic function of the support of f>(.) and (A.13) is used.
Similarly we have

(®,05 4 7(f2)®) — (®,b5 4 1,(f2)¥)

T

T
:9/ (Z(‘I’ b4 1 (f2)0) = ig/ (®, ™ [Hy, b5, (for)le W) dt

To

(4.32)

with
(433) |(H{)" 55 4 (fo)| @ = [HP 65 (fo) | @ = |(HP) 05 (fo)| ¥ = 0
and

(4.34)
|((H), 05 ()| @ = = / d¢1déadéadey / daZeie""?

(T (2,077 (1 = 3)W ) () G(61, &) (T (€0)1a(1 = 1)U (0%, 2))
F(§2,84)G(€1,€3) f2,0(§2)b7 (§4) 07 (§1)07 (§3) V.

Similarly we obtain

e[, b3 1 (fa)le™ 0| <

e

IGC M2y xre) - (IIH\1’||+(b+me)H‘I’H

/d§2U 2%, &) F (&2, 6) f2,0(&1)

2 3
X
(C4

It follows from (4.29),(4.31) and (4.35) that the strong limits of b%(2, +,t)(f2)
exist when t goes to 400, for all fo € L?(I'; x R3) and for every g < go.

Let us now consider the strong limits of b%(2, —, t)(/f2).

We have for all f, € ©

(®, b2, 7(f)¥) — (D, b3, 1, (f2)¥)

4.36 T T ) .
B [ @ =g [ (@b (e )

To TO
with

(437) [H}Y o (fa)| W = () o (o) | € = |[(H) o (fo)| € = 0
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(4.38)
(H), o (fo)] ¥ = - / d1ddgadé ( / dae—ia®r
(T (@267 (1= 35)W T (€)) Gl61, &) (T (€0 ra(1 = 35)W ) (0%, £)) )
F(&2,84)G(&1,63) f2,6(E2)b7 (E4) b (&1)b7 (&3) 0.

By mimicking the proofs given above we get

HeitH [HI; bg’,(fgtt)]e_itH\IJH <

(4.39) C(/dffo(/d@ ;));x

/ A6 W ) (22, &) F (€2, €4) Jon (€1)

”G(, ')||L2(F1><]R3) mig(dHH\IIH + (6 + me)H\I/H
and
2
/dz2(/d€4 /dfgW(#)(x27£2)mF(£27§4)
(4.40) . 2

/ de;w <x2,52>e“Eff‘“pi)fz(sz)F(@,§4>>

é/dwz(/d@

where (U?:1 Wj(”)(xz, &)) are the four components of the vectors (A.14) - (A.16)
€ C* for a = p.
By(4.40), by a two-fold partial integration with respect to pi and by Hypothesis

4.1 one can show that there exits for every j a function, denoted by H ](“ ) (£2,&4)

such that
foe(
=1

(4.41) = Zt/dﬁ(/d@l

Jj=1

4 2

/ de;w (:ﬁ,sz)eitEff")<Pi>f2<£2>F(£z,54>>

<

2

[ a2 @) e 0 )

~~

IN

4
Cragi - ( [ dadeinn(@IE €60 P) < .
j=1

Here x,(.) is the characteristic function of the support of f2(.) and (A.17) is used.
It follows from (4.36),(4.39)-(4.41) that the strong limits of b(2, —,¢)(f2) exist
when t goes to 400, for all fo € L?(I'; x R?) and for every g < go.
We now have for all fo € ©

(,55,_ (f2)U) — (®,b5 _ 1 (f2)0)
(4.42) T ro * y

- /T g @B =i | (@ T [HL ()l W) dt
with

(443) [0 (2] @ = [ 85 _(f0)] 0 = [HP 0 _(20)] ¥ =0
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()55 (0] W= - [ deidgadgadsa ([ aote

A4 (77 )y (1 =)V (02,60)) (T (2%, €)1 = 75)U ) (1)) )

F(&2,84) G(&1,63) 2,0 (€2)b—(€3)b+ (§1)b+ (§4) V.
Similarly to (4.39) we get

e [Hy, b5 _(fa,)]e” "H W <
/ AW ) (22, 6)F (€, €4) fon (€1)

(4.45) C< / dwz( / dés
1

IGC e, xrey (@l H ]| + (b+me)[[¥].

2 \\ 3
X
Cc4

It follows from (4.43),(4.45),(4.40) and (4.41) that the strong limits of b(2, —, t)*(f2)
exist when t goes to 400, for all fo € L?(T'; x R3) and for every g < go.
Strong limits of bgﬁ,t(fg) and b3’+’t(f4) .

Let
(4.46) D' = {f(.) € C&(R>\ {(0,0,p)}); »° € R}.
Let f1, fo € ® . According to [27, lemmal] we have
(4.47) b, (f4)D(H) C D(H) and b} _(fs)D(H)C D(H).

Moreover we have
ez‘tHobﬁ&_(fS)e—z’tHo\I, :bg,_(eitlpslfg)q;7

(4.48) : _ _
OB, | (fa)e oW =bf , (e"'IPal f1)W.

where ¥ € D(H).
Let W,® € D(H) and f;.(¢;) = (e7"IPil £;)(&;) where j = 3,4.. By (4.4),(4.5)
and the strong differentiability of e® we get

(®,b3,—7(f3)®) — (®,bs,— 1, (f1)¥)
T T
:g/T ;t(‘I) bs—¢(f3)¥) = ig/T (®, ™ [Hy, by (fs,0)]e W) dt

By using the usual anticommutation relations (CAR)(see (A.4) and (B.4)) we
easily get for all ¥ € D(H)

{ (1) (f3t /d§1d§2d§3d§4 /dx e —iz3r

450 (@) (€0)ra (1 = 9a)U ) (22, 6)) (T (@2, €077 (1 = 25)W ) (&)
Fa1(€8)F (€2, 64)G (&1, Ea)b% (E4)bT (£1)b (€2) V.

(1D s~ (fa)] @ = / d&d@d@d@( / da?e™ "

(T (€)™ (1 = 3)W ) (02,6)) (T (2%, €0)7a (1 = 35) W) (&)
f3,4(€3)F (&2, €4) G (€1, §3)b7 (§4)DZ (£2)0] (§1) V.

(4.49)

2

(4.51)

and
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(4.52) [(H) b ()| 0 = [(HP)* by - ()] w =0
By (B.5) we get

(4.53)

[CESIE

fos [ )

H [ desdese i 0 €1 ~ a0 (xz,fz))bi(&)m(fz)‘PH .

and

06071 = 79) [ dese 5 W) (€6 61, 60 oG

(4.54)
1l 0] o]

oo

H/d€2d§4e e (W(Ull)(f) ol =75) UM (2 2752))bi(§4)b*(§2)‘1’H.

Moreover we have

[
=g/%

where (U?:1 WJ-(TE) (&3)) are the four components of the vector (B.12) € C*.
By a two-fold partial integration with respect to p* and p! and by Hypothesis

)

(T @2, 607" (1 — 5) / deze P W) (£)G (€1, &) For (@)

2

/dee_ipg’ZQW(TE)(&)fl,t(fl)G(fh53)

Cc4

(4.55) 2

/ dgse= P30 W) (6) (1P 5 €)G (€, )

4.2 one can show that there exits for every j a function , denoted by H;Ve)(fl, &3),
such that
2

4
;/dgl
as) -~y & [

[ dge W @) REICE &)

2
/dfge_ipgw WJ,(”E)(fg)HJ(Ve)(glafB)eit‘ps‘

4
1 , -
<ChLad / d€1dEsx s, ()e™Ps [ HT (¢1,65) 2 < 0.
j=1

Here xy,(.) is the characteristic function of the support of f3(.).
By the N, estimates and by (4.18),(A.13), (A.17) and (B.14) it follows from
(4.52)-(4.56) that, for every ¥ € D(H),

||6itH [(Hr,b3,—(f3,)] 67”H‘I’H <

2

4
(4.57) CCfsfz(Z / dfsldfsxf3<«sg>|H§”@><gl,53>|2) x
j=1

1 . ~
1P )ty = @D+ (5, )
W

[N

=
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Furthermore we have

(@05 _ 7 (f3)®) — (D,b5 _ 1,(f3)®)
4.58 T T ) .
B |G @) =g [ (@ b (0l )

with

{(H§1))*’b§)7(f3)t)} U = _/d§1d£2d€3d54 (/deem%z
(459) (W(fe)(éé)’)’a(l - ")/5)U(e) ($27 fl)) (U(M) ($2, 52),}/0((1 B VS)U(V“)(€4)))
F(&,84) G(&1,83) f3,6(§2)b7 (&2)b4 (&1)b4 (€4) W

[(H§2))*7b§77(f3’t)} U= /d§1d£2dfgd§4 (/dxzeiﬁﬁ

60) () (g3)y (1 = 35)U (2, €0) (W) (22, &2)7a(1 = 75)U ) (€0)) )
F((€2,€4) G(€1,83) f3,40+(£1)b—(§2)b4 (€4) V.

and

(4.61) (D), b5 ()| @ = [(H), 65 _(s)] w =0
By adapting the proof of(4.53)-(4.57) to (4.58)-(4.61) we obtain
HeitH[HI, bg,_(f37t)]€7itH\I/||

2

1/ _
(4.62) < ccf3t2<z [ deudeas €l ”(51,53)2) .
i=1

1 -
— (@l HV || + (b + my) W)

X HF(~>~)HL2(F1xR3) m (
nw

Here x,(.) is the characteristic function of the support of f3(.).
It follows from (4.49),(4.47),(4.58) and (4.62) that the strong limits of bg’it(f?))
exist when t goes to oo, for all f3 € L?(R3) and for every g < go.

(@, ba,4,7(f1)¥) = (P, 04,47, (1) ¥)
(4.63) T g T ‘ By
g [ G @b (W) =g [ (@ by (0l ) di
TO t TO
By using the usual canonical anticommutation relations (CAR)(see (A.4) and
(B.4)) we easily get for all U € D(H)

[ buc(Faa)] 0 = = [ ddadgadss( [ dae =

A6 @ (€)rall = 3509 (@2, 2)) (T (@2, €077 (1 = 95)W ) ()

fa(6a)F(&2,64)G (€1, €3)b7 (£1)bT (€3)b4(&2) 0.



WEAK INTERACTIONS IN AN UNIFORM MAGNETIC FIELD

[H}Q)’b47+(f4,t)} U =— /dfld§2d§3d£4 (/deQ—im2T2

465) . e -
(4.65) (U( “)(54)7a(1 - 75)W(“)(x2,§2)) (U( )(332,51)%(1 — ’Ys)W(VE)(fz)))
fa,(€a) F (2, 64)G (€1, §3)b7 (€2)b7 (§1)D7 (§3) V.
and
(4.66) (Y b ()] © = [P bai (fa)| @ =0
By (B.5) we get
(4.67)

[ b (0] 9] <

[ o

H/dfld&emgzz <U(e) (2*,&1),7"7a(1 - 75)W(7"‘)(§3)G(§1,§3)> b (&) (53)‘I’H :

< / A&, U W) (&4) fa4 (€)1 F (&5, €4), 707 (1 — 75>U<“>(x2,52>>

where (.,.) is the scalar product in C*.
and

(4.68)
H [H?)’ b47+(f4,t)} \Il” <

[

| [ dcrdgae e (01902 6092000 = )W )66, €00 3 (00 (E0)9

</d§4U(V”)(54)f47t(€4>eip‘2‘x2F(€2754)’707a(1 - 75)W(”)(5U2’§2)>

By adapting the proof of (4.57) to (4.67) and (4.68) one can show that there

exists for every j a function, denoted by H"»(&2,&4), such that

||eitH [Hb b4,+(f4,t)] 67itHle|| S

2

4
(4.69) CCﬂxtlz(Z/d52d€4><f4(§4)H](-U“)(§27£4)2> X
j=1

1 . ~
GG M2, xray 7~ (@IHP]| + (b +me) | ¥]])

with

4
> [ dadeans, @l (€0 ) < o0
j=1

Here x,(.) is the characteristic function of the support of f4(.).
Similarly we have

((I)’ bz,+,T(f4)\Ij) - ((I)a bZ,+,T0 (f4)\11)

(4.70) Ty g y
9/ dat (¢7b4,+,t(f4)\1’) = Zg/ (‘I’antH[HIab4,+(f4,t)]€ ZtH‘I’) dt
T(] TD

with
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() 05 (fa)] v = / At d&desde, ( / daci®™”

471 — (7, S AV 2 v
BT 7 (e = )00, ) @ (02, €270 1 35)0 ) (0))
F(&2,64) G(&1, §3) fa,6(84)b7 (§2)b—(§3)b4-(§1) W
[(H§2))*7bzv+(f4’t)i| \Il - /d§1d§2d§3d§4 </dxzela: r2
4.7 — (7 ), 2 v
T2 ) (e (L= 96U (2, €0) (T (22, €0l — 200U (60)
F((&2,€4) G(€1,€3) fatb—(€3)b4 (§1)b—(€2) V.
and
(4.73) 10,05 (F10)] = [ 05 (fa)] =0
By (B.5) we get
(4.74)

H[ H i) ¥ <

[

H / drdgse™ 7 (WD (€)1 7a (1 = 75)U ) (2%, £0) G (€1, &) ) b (61)b- (@)\PH :

)

<U(“)( :&2),7 (1—%)/d§4U(V“)(f4)f4,t(€4)eip‘2‘x2F(§27'§4)>

where (.,.) is the scalar product in C*.
and

(4.75)
H[ HE) s t)] ¥ <

oo

| [ asidemss=* (WD e 491001 = 26)079 0, 60 GTEL €T e €)1

By adapting the proof of (4.57) and (4.67) to (4.74) and (4.75) one gets

)

<U<“><x2,£z>n%a(1 ) / dw(”ﬂ(54)f4,t(§4)eipiZ2F<gz754)>

et [Hr, b (fan)] e 0| <

2

1
(4.76) Ccf4t12(Z/d§2d§4><f4(§4)HJ(V}L)(§27§4)2) X
=1

1
IGC M2y xrs) - (IIH‘I’H+(b+me)II‘PII)

It follows from (4.63),(4.69),(4.70) and (4.76) that the strong limits of b , ,(f4)
exist when t goes to +oo, for all f; € L?(R?) and for every g < go.

This concludes the proof of theorem 4.3.
O

N

[N
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4.2. Existence of a Fock space subrepresentation of the asymptotic CAR.

From now on we only consider the case where the time t goes to +o0o. The
following proposition is an easy consequence of theorem 4.1.

Proposition 4.4.

Suppose Hypothesis 2.1-Hypothesis 4.2 and g < g1. We have

i)Let f1,91, f2,92 € L*(T1) and f3, 93, f1,94 € L*(R3). The following anticom-
mutation relations hold in the sense of quadratic form.

{01,400 (1), 01 4 00 (91)} =(f1,91) L2(0 )1

{b2,6,00(f2)s b3,er,00(92)} =(f2, 92) L2(ry)0ee 1

{63, 00(f3), 03— oo (93)} =([3,93) L2(m3)1

{ba,4,00(f1), b3+, 00(94)} =(f1,94) L2(r3)1

161,400 (f1)5 01,4 00(91) ) ={07 4 oo (f1), 0] 4 oo(91)} =0

(b1 400 (f1), 5 o oo (F2)} ={b1400(f1) b (f3)} =0

{b1 400 (f1), b 4 oo (fa)} =0

{b2,¢,00(f2), b2 oo(92)} 2{52 cool(f2)s 5 e oo(g2)} =0

{bzicoo(f2)s U o (f2)} ={b2,cio0(f2): Vi 400 (fa)} = 0

{b3,— 00 (f3), 53 —oo(93)} ={b3 _ o (f3), 03— oo (93)} =0

{03, 00 (f3), b 1 oo (f2)} =0

{04,400 (1), ba 1 ,00(9a)} ={bi 1 oo (f4), V] 4 00 (94)} = 0.

Here e = +.
i)

MY L (1) = B 4 (€ ).
€Y, 4 o (f2) = Vo () fo)e .
“Hbi,,,ooo%) = b o (@ f)e .
S | o (fa) = bi (€ )

and the following pulltrough formulae are satisfied:

[H, b7 4 oo (f1)] = 1 4 oo (W(&1) f1), [H,b1,4,00(f1)] = =b1,4,00(w(&1) f1)
[H, 03 1 oo (f2)] = b5 4 oo (W(&2) f2), [H, b2, 00 (f2)] = —b2,4,00(w(&2) f2)
[H, 03 _ (f3)] = b5 _ oo (w(&3) f3), [H, b3,— 00 (f3)] = —b3,— 00 (w(&3) f3)
[H, 0] 1 oo(f2)] = U] 4 oo (W(€a) fa)s [H,ba v 0o(fa)] = —ba— oo(w(Ea) fa)

b1 4,00 (1) = b2,2 00 (f2)Q2g = b3, — 00 (f3)2g = a4 00 (f2)2g = 0
Here Qg is the ground state of H.
Our main result is the following theorem
Theorem 4.5. Suppose Hypothesis 2.1-Hypothesis 4.2 and g < g1. Then we have
= [E, ).
Proof. By (2.2) we have, for all sets of integers (p, q,q,7,s) in N°,
(4.77) 5= @ FPaars)

(P,4,3;75)
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with
(4.78)
FPetrs) = (RPL*(T1)) @ (®4L*(T1)) ® (®IL*(T1)) ® (@, L*(R?) @ (®5L*(R?)) .

Here p is the number of electrons, ¢ (resp. ¢) is the number of muons (resp.
antimuons), r is the number of antineutrinos 7 and s is the number of neutrinos
V.

' Let {ejli = 1,2,..},{e3]j = 1,2,..} and {f{|k = 1,2, ..} be tree orthonormal basis
of L*(Ty). Let {€}|l = 1,2,..} and {e} |m = 1,2,..} be two orthonormal basis of
L2(R3).

Consider the following vectors of §

(4.79)
]___[ bl + z(, H b2+ H b3, ( fk H b1 4 ( 61 H b4+ me)
1<a<p 1<a<q 1<a<q 1<a<lr 1<a<s

The indices are assumed ordered, ¢; < ... < i, J1 < ... < Jg, k1 < ... < kg,
1 <..<lp,and m; < ... < mg.
The set, for (p, q,q,7,s) given in N°,

DP-9ams) — {§ ¢ FPaD™) | $ is a finite linear combination of basis vectors

of the form (4.79)}

is a dense domain in %975, The set of vectors of the form (4.79) is an orthonor-
mal basis of FP4%75) (see [39, Chapter 10]). Hence the vectors obtained in this
way for p,q,q,r,s,=0,1,2,... form an orthonormal basis of § and the set

D= {V¥ € F | ¥is a finite linear combination of basis vectors
of the form (4.79) for p,q,q,7,s =0,1,2,---}

is a dense domain in §.
On the other hand we now introduce the following vectors of §

(480) H b1+oo To H b;,+,oo(6?a) H b;,—,oo(flga)

1<a<p 1<a<q 1<a<q
* 3 * 4
H b3,7,oo(ela) H b4,+,oo(ema)Qg
1<a<lr 1<a<s

Let 277" denote the closed linear hull of vectors of the form (4.80). Tt follows
from proposition 4.4 that the set of vectors of the form (4.80) is an orthonormal
basis of §LIT),

The set, for (p, q,q,7,s) given in N°,

DP975) = {$ € Fop | P is a finite linear combination of basis vectors
of the form (4.80)}.

. . ,q,9,T,8
is a dense domain in SS}; 9 ).

The asymptotic outgoing Fock pace denoted by §., is then defined by

(4.81) Foo = @ P aars)

P54,9,7:8
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The vectors of the form (4.80) obtained for p,q,q,r,s,= 0,1,2,... form an or-
thonormal basis of § and the set

Do = {P € Foo | P is a finite linear combination of basis vectors
of the form (4.80) for p,q,q,7,s =0,1,2,---}

is a dense domain in §.
(p,q,q:7,s)

We now introduce the following linear operators, denoted by Wag , and
defined on DP4@79) by
pqq” H by 4 H b2+ H b2—fk H bl+€l
1<a<p 1<a<q 1<a<q 1<a<r
H b2,+(efna)9
1<a<s
(4.82) o= , ,
*
H b1+ oo H b2+<>o g(, H b5 (fka) H bS,—,oo(ela)
1<a<p 1<a<q 1<a<g 1<a<r
IT biscolem )
1<a<s
Wég’q’q’m) can be uniquely extended to linear operators from ]D)(”’q:g”“’s) to
Dg’é’q’q’r’s). It then follows from prposition 4.4. that the operators Wég’q’q’r’s) can
be uniquely extended to unitary operators from D®437:5) to Dé’;""q“)
Let
(4.83) Wy, = ED W Pa.a.rs)

P,q,4,7,8

Hence W, is a unitary operator from § t0o §oo.

The operators b 1 oo (f1),07 1 00 (91):02,4 .00 (f2)s 05+ 06 (92)502,— 00 (f2), 05 _ o (92),03,— 0 (f3),
b3 00(93)s b4+ 00 (fa) and b} | . (g4) defined on Fo, generate a Fock representation

of the ACR (see Proposition 4.4 i)).
By proposition 4.4 ii) we have

(4.84)
T traelen) TT Waesctel) 11 ta-n() 11 05-clelr)
lsasp l<a<q 1<a<q 1<a<r
H bz,+,oo(efna)gg
1<a<s
H b . o zw(§1 )t 1a) H b;,—&-,oo elw (&)t 2 H b2 B zw(gg)tflza)
1<a<p 1<a<q 1<a<qg
H b3 B oo lUJ (&3)t 3 H b4 zw(&;)teiina)gg.
1<a<r 1gagé

Hence ef* leaves §oo invariant and H is both reduced by F.. and &fe Thus

T~ Foo & Foe

In view of (4.5), (4.48) and (4.84) we get
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W T bictel) T t3o(2) T w020 T1 b5l

1<a<p 1<a<q 1<a<q 1<a<r
H bZ,+(€fna)Q
1<a<s
(4.85) ‘(I;—;)t 1 2 2
= e’L W(XJ H b17+(eia) H b2,+7(€ja) H b27_(fk3a)
1<a<p 1<a<q 1<a<q
I o) T visten)e
1<a<lr 1<a<s
This yields
(4.86) Wt HotE) —— cifltyy
Hence the reduction of H to Foo is unitarily equivalent to Hy + E. Thus o..(H) =
[E,00) . This concludes the proof of theorem 4.5. O
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APPENDIX A. THE DIRAC QUANTIZED FIELDS FOR THE ELECTRONS AND THE
MUONS.

The appendices are based on the section 2 and section 3 of [23]. See also [13],
[14], [15] and [25].

(s,m,pt, p3) are quantum variables of the electrons,the positrons, the muons and
the antimuons in a uniform magnetic field. Here s = £1, n > 0, p' € R, p? € R.

Let & = (s,n,pl,p2) be the quantum variables of a electron and let & =
(s,m, pi, pz) be the quantum variables of a muon and of an antimuon.

We set I'; = {—1,1} x N x R? for the configuration space for the electrons, the
muons and the antimuons. L2(T';) is the Hilbert space associated to each species
of fermions.

(A1) L3(T) = I*(L*(R?)) @ I>(L*(R?)

Let §. and §, denote the Fock spaces for the electrons and the muons respec-
tively. Remark that §, is also the Fock space for the antimuons.
We have

(A.2) Fe=3u= ééﬁ(n)

n=0 a

Q. L?(I'y) is the antisymmetric n-th tensor power of L?(I'y).
Q. = (1,0,0,0,...) is the vacuum state in §, for a = e, p.

‘We shall use the notations
YR
R2

/ as,
Iy n>0

dg = ) Z/}RQ dp,,dp}.

I s=+1n>0

(A.3)

by (&1) (resp.b’(&1) is the annihilation (resp.creation)operator for the electron.
Let e = +.
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be(&2) (resp.bi(&2)) are the annihilation (resp.creation)operators for the muon
when € = + and for the antimuon when € = — .

The operators by (1), 0% (£1), be(&2) and b} (&2) fulfil the usual anticommuta-
tion relations (CAR)(see [40] and [23]). Therefore the following anticommutation
relations hold

{by (&), 05 (&)Y =0d(& - &),
(A4) {be(§2)a b:’ (Eé)} = 666’6(§2 - gé) 9
(b (€1), 0% (&2)} = 0.

where {b,b'} = bb’ + b'b and b* = b or b*.

In addition, following the convention described in [40, Section 4.1] and [40, Sec-
tion 4.2], we assume that the fermionic creation and annihilation operators of dif-
ferent species of particles anticommute ( see [8] arXiv for explicit definitions). In
our case this property will be verified by the creation and annihilation operators
for the electrons, the muons, the antimuons, the antineutrinos associated to the
electron and the neutrinos associated to the muons..

Recall that for ¢ € L?(I'y), the operators

MA@:AMmRQ%.

bmw:/w@mm%.
(A.5) o

bM@:A@@M@@.
b5 () = g bZ(&2)p(62)dEs.

are bounded operators on () and §,) respectively satisfying

15 ()l = llpll 22
15, (@)1l = llpll 22

Set a = e, u. The Dirac quantized fields for the electron and the muon, denoted
by W (4 (x), are given by

(A.6)

1 . 1,..1 3.3
‘D(a)(x) :% /d§1 (ez(%ﬁf e )U(a)(xQ’foc)b+(€a>

(A.7)
+ e paz Hpoa) py(a) (22, €4)b" (ga)).

where & = & and &, = &. See [17].
For & = (s,n,pk, p3) we have U(®)(a2,6,)=UL" (22, n, pL,p3).
Fors=1andn>1 Ufa)(x2,n,p1,p3) is given by

In—l(f)
(a)/ 3 1 0
. Ey7 (p?) +mg \ ?
A8 Ul 22, n,pt,p?) = () I S
(4.8) il ) 2B (p3) B (%) 4+ma In-1(9)

_ V2neB
B (p3)+ma (&)

where
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¢ =VeB(a? - i)

(A.9) eB

In(8) _<W> exp(—&~/2)Hn ().
Here H, (&) is the Hermite polynomial of order n and we define
(A.10) 146 =0

For n =0 and s = 1 we set
Uy (@2,0,p',p*) =0

Fors=—-1landn >0 Uioi)(x2,n,pl,p3) is given by

0
(@), 3 3 In(8)
En7(p°) +ma 2
(A.11) U(al)(ﬁ,n,pl,p?’)( ((a)) ) ——2meB 1 (€)
2B, (p3) B (p*)ma

1n(€)

- B (p®)+ma

Through out this work e will be the positive unit of charge taken to be equal to
the proton charge.

EX (p3), n >0, is given by

(A.12) E2(p®) = \/m2 + (p?)% + 2neB
Note that
(A.13) /dszs(a) (@2, n,p", ) TUL (@2, p", pP) = b,

where 1 is the adjoint in C*.

In order to study the spectral theory of our Hamiltonian it is not necessary to
know W) (22,£;) in (A.6). We have to know W) (22, &) explicitly.

For & = (s, n,pi,pi) with n > 0 we have

W (22 &) = V,(/”f)(x2,n, fplll, fpi) for &= (l,n,p}“pf’t),n > 0.
(A14) W (22 &) = Vi’f)(xQ,n, fplll, fpi) for & = (—1,n,pi,pi),n > 1.
W (22, 6) =0 for & =(=1,0,pp,p5).

Fors=1andn>1 Vi’f) (22, n,pt, p?) is given by

B
ESLH) () +m, Infl (f)
V2neB In (é—)

Ev(xw(Pg)""mu

[MES

(#) (.3
A1) Vet = (FE) )

2B (p%) L1 (€)
0

and for n = 0 we set
Vi (@?,0,p1,0%) =0

Fors=—-1landn>0 V_(’f)(mQ,n,pl,p?’) is given by
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G

N

E(”)(p?’)—i—m »
Al (1) (2 T3y (=2 M /T 7k ] L,(¢)
( 6) V_l («7: ,,p,p ) ( QESLM)(p?’) > E (p2)+my
L,(¢)
Note that
(A.17) /dﬁvy%x%mp%ﬁﬁwykﬁnuﬁdﬁw:@y

where 1 is the adjoint in C*.

APPENDIX B. THE DIRAC QUANTIZED FIELDS FOR v, AND V.

We suppose that neutrinos and antineutrinos are massless as in the Standard
Model.

The quantum variables of the neutrinos and antineutrinos are the momenta and
the helicities.

Let P = (P, P2 P?) be the generators of space-translations. H? is the helicity

operator %% where [P| = ( Z?Zl(Pi)z) and ¥ = (X1, 22 %3) withfor j = 1,2,3

(B.1) 2]‘:(‘3’ 2,)

The helicity of the neutrino associated to the muon is —%. v, is left-handed.

The helicity of the antineutrino associated to the electron is %.?6 is right-handed.
Let &5 = (p, %) be the quantum variables of the antineutrino 7, where p € R? is
the momentum and % is the helicity.Let &4 = (p, —%) be the quantum variables of
the neutrino v,, where p € R3 is the momentum and f% is the helicity.
L?(R?) is the Hilbert space of the states of the neutrinos v, and of the an-
tineutrinos 7..Let %’(,,“) and §(z,) denote the Fock spaces for the neutrinos and the
antineutrinos respectively.

We have

(B.2) Fu, = 3w = é éLQ(R?’)

n=0 a

Q5 =(1,0,0,0,...) is the vacuum state in §g for 5 = 7, y,,.
In the sequel we shall use the notations

/d&:/d%

R3 R3

/d&:/d%
R3 R3

b_(&3) and b* (£3)) are the annihilation and creation operators for the antineu-
trino associated to the electron respectively . by (&) and b% (£4)) are the annihilation
and creation operators for the neutrino associated to the muon respectively. The
operators b (£3) and bi (&4), fulfil the usual anticommutation relations (CAR) and

(B.3)

they anticommute with bﬂ(&) and bf (&) according to the convention described in
[40, Section 4.1]. See [8] arXiv for explicit definitions.
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Therefore the following anticommutation relations hold

{b-(€3), 2 (&)} = 0(&s — &3)

{64 (8a), b4 (€} = 0(&a = &4)

(B.4) {b° (&), b5 (€)} =0
{b%(&), bE(&2)} = {VE.(&), b (€0)} = 0.
(b (€4, bE(&2)} = {bh(6), D5 (€0)} = O,

Recall that, for ¢ € L?(R?), the operators

bi(e) = [ be(EaEd
(o) = [ bo()eENde.
Vi) = [ W(Ee(Ende
b0 = [ ¥ (@)e(E)e.

are bounded operators on §(,,,) and § ;) respectively satisfying

(B.6) 165, ()l = 1951 = llpll -

The Dirac quantized fields for the neutrinos and antineutrinos associated to the
electron and the muon respectively are denoted by ¥, )(x) and ¥, )(x).
We have

W () =% ([ dGae D00 @b E)

(B.7)
+ [ dgaem PRWE G ().
and
1 s )
U, (%) =(=)2 ([ déae’ DU (E4)by (&)
(B.8) 2m </ '

+ [ dGie O ().

where §~3 = (p, —%) and £~4 = (p, %) with, for g = 3,4,

/ dés = / d®p
g dép = / d*p
See [17].

For the purpose of this paper one only needs to know W) (&) and UMk (&)
explicitly. U")(£3) and W) (&4) are given in [23].
By [23, (3.6), (3.7), (3.24), (3.32)]and [39] we have

(B.9)

(B.10) Ut (&) = U(”“)(P»_%) =)= % (—hh_(?lz)>
with

S S o ]
(1) ()= 2|p|(lp| — p?) (Pl +ip2)
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and for |p| = p? we set

Moreover we have

12) W) = v pg) = o= (1 0P)

with

(B

arn

(B

il
2
3
4

5

6

[7

9
[10
[11

[12
[13

[14
15
[16
(17
[18

[19

_ 1 —p' + ip?
.13) h+(_P) = /72|p|(|p| +p3) ( p| +p3 )

d for |p| = —p® we set

Note that
14) [T Ea)lles = W ()l = 1
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