Riccardo Adami, Enrico Serra and Paolo Tilli

Nonlinear dynamics on branched structures and networks

Abstract. In these lectures we review on a recently developed line of research, concerning the existence of ground states with prescribed mass (i.e. L^2-norm) for the focusing nonlinear Schrödinger equation with a power nonlinearity, on noncompact quantum graphs. Nonlinear dynamics on graphs has rapidly become a topical issue with many physical applications, ranging from nonlinear optics to Bose- Einstein condensation. Whenever in a physical experiment a ramified structure is involved (e.g. in the propagation of signals, in a circuit of quantum wires or in trapping a boson gas), it can prove useful to approximate such a structure by a metric graph, or network. For the Schrödinger equation it turns out that the sixth power in the nonlinear term of the energy (corresponding to the quintic nonlinearity in the evolution equation) is critical in the sense that below that power the constrained energy is lower bounded irrespectively of the value of the mass (subcritical case). On the other hand, if the nonlinearity power equals six, then the lower boundedness depends on the value of the mass: below a critical mass, the constrained energy is lower bounded, beyond it, it is not. For powers larger than six the constrained energy functional is never lower bounded, so that it is meaningless to speak about ground states (supercritical case). These results are the same as in the case of the nonlinear Schrödinger equation on the real line. In fact, as regards the existence of ground states, the results for systems on graphs differ, in general, from the ones for systems on the line even in the subcritical case: in the latter case, whenever the constrained energy is lower bounded there always exist ground states (the solitons, whose shape is explicitly known), whereas for graphs the existence of a ground state is not guaranteed.

More precisely, we show that the existence of such constrained ground states is strongly conditioned by the topology of the graph. In particular, in the subcritical case we single out a topological hypothesis that prevents a graph from having ground states for every value of the mass. For the critical case, our results show a phenomenology much richer than the analogous on the line: if some topological assumptions are fulfilled, then there may exist a whole interval of masses for which a ground state exist. This behaviour is highly non-standard for L^2-critical nonlinearities.

Keywords. Minimization, metric graphs, critical growth, nonlinear Schrödinger Equation.

Mathematics Subject Classification (2010): 35R02, 35Q55, 81Q35, 49J40.

1 - Introduction: why dynamics on networks?

Evolution on metric graphs, or networks, is a mathematical model used in order to approximate the dynamics of systems located on branched spatial structures. Such structures are characterized by the fact that locally only one direction is important, except for some points where several directions are available. Such special points in the structure are called vertices, nodes or bifurcation points, and the (possible) connections between two of them are called edges.

The research on dynamics of networks started in 1953 with the seminal work by Ruedenberg and Scherr ([55]) where the dynamics of valence electrons in organic molecules was approximated by defining a suitable Schrödinger operator on the molecular bonds, treated as edges of a metric graph. This paper initiated the research line nowadays known as evolution on quantum graphs (see the milestone paper by Kostrykin and Schrader [44] and the treatise by Berkolaiko and Kuchment [17]). By definition, a quantum graph is a network, made of edges and vertices, on which functions are defined and a linear differential operator acts.

More recently, several papers appeared, in which a nonlinear evolution on branched structure was proposed ([19, 1, 2, 3, 5, 22, 52, 51, 35, 50, 59, 56, 23, 61, 58, 37]). The first systematic study of nonlinear dynamics on networks is contained in [11], however it is only in the last two years that a great deal of efforts in this direction has been carried out.

Here we focus on the problem of establishing the existence of ground states for the Nonlinear Schrödinger (NLS) Equation on metric graphs. In particular, we shall review the results given in [8, 9, 10].

The problem generalizes along two directions the issue of finding the ground state of a Bose-Einstein condensate: first, the chosen domain is not standard, as it consists of a network instead of a three-dimensional regular region, or a disc, or a ”cigar”; second, the nonlinearity we consider in the energy functional displays an arbitrary power, whilst typically for condensates in the so-called Gross-Pitaevskii regime the quartic power emerges as the effective one. Furthermore, we limit our analysis to the focusing case, i.e. the case in which the net effect of the nonlinearity on the time evolution is the concentration of the wave packets.

The present note is organized as follows: in the rest of the introduction we give a historical overview on the mean-field limit for a many-boson system and draw a link between the problem of minimizing the constrained energy, possibly on graphs, and the Bose-Einstein condensation; we finally give the basic definitions and notation and state the problem we shall focus on. In Section 2 we illustrate in a rather formal way the role of the so-called critical nonlinearity power, then we write down the Euler-Lagrange equation and the Kirchhoff condition. In Section 3 we give some well-known and some others less known examples in which the problem is solved, trying to convey some general ideas. Section 4 is devoted to the introduction of a topological hypothesis (Assumption (H)) that is the core of the key nonexistence result given in Theorem 5.1, to which Section 5 is devoted together with a review of rearrangement theory (for non-experts). In Section 6 we give many examples in which Assumption (H) is not satisfied and show how to prove existence of ground states through a technique of graph surgery. The point we stress here is that in all cases where topological information is not sufficient to solve the problem, analysis needs to be carried out case by case; to this aim, Theorem 6.2 with its operative Corollary 6.1 can give a great help, as it states that in order to ensure the existence of a ground state it is sufficient to find a state that does better than a soliton on the line, i.e. a state whose energy level is lower than the level of the solution to the same problem on the line. Finally, in Section 7 we treat the case of the critical power nonlinearity, where the role of topology overwhelms that of the metric, at least for simple cases, but the lack of compactness of minimizing sequences is much more serious. The analysis becomes thus more involved but, as a result, graphs can be classified in four disjoint categories, for each of those we give an exhaustive result (Theorems 7.1-7.4).

1.1 - Nonlinearity and Condensation

It is nowadays well-established both theoretically ([20, 28, 53]) and experimentally ([27, 26]) that, at a critical (usually very low, amounting to few Kelvin) temperature, an ultracold gas of identical bosons (e.g. atoms and ions like sodium, rubidium and potassium) in a magnetic and/or optical trap experiences a phase transition that turns the system into a Bose-Einstein condensate, i.e. a phase in which a macroscopic fraction of the elementary components acquires a one-particle quantum state (i.e. a wave function φ): furthermore, the bosonic symmetry imposes that such a state is the same for all particles. The system then can be thought of as a unique giant quantum particle lying in the state φ, called ground state of the condensate. Such a state can be found as a solution to the variational problem min u∈H^1 (Ω), � Ω u^2 =N

E_{GP} (u)

where the Gross-Pitaevskii functional E_{GP} reads

(1) E_{GP} (u) = 1 2 � Ω |∇u(x)|^2 dx + 8πα � Ω |u(x)|^4 dx.

Here α is the scattering length of the two-body interaction between the particles of the gas, Ω is the spatial domain defined by the trap, and N is the number of particles in the condensate.

Sometimes, the presence of the trap is not modeled just by bounding the integral to the domain Ω, but rather endowing the functional with an additional term that takes into account the presence of a confining potential, often a harmonic one.

The rigorous derivation of the functional (1) is the core result of the Gross- Pitaevskii theory, that is an effective theory used in order to describe the behaviour of a Bose-Einstein condensate. As we shall point out later in some more detail, the main merit of such a theory is that it reduces the complexity of the problem from N-body to one-body, even though the resulting system is nonlinear.

In the first experimental realizations of condensation, the shape of the trap was definitely three-dimensional and regular. Since then, the technology of traps underwent an impressive development, so that nowadays disc-shaped and cigarshaped traps are currently produced, and some indication of the occurrence of a Bose-Einstein condensation on a ramified structure (i.e. in a Josephson junction) has been recently provided ([49]).

1.2 - From a linear N-body to a nonlinear 1-body problem

The dynamics of the Bose-Einstein condensates naturally raises a question: given that quantum mechanics is a linear theory, where does the nonlinearity (i.e. the quartic power in the energy functional (1)) come from?

Such a problem can be formulated in the time-independent or in the timedependent framework.

The time-independent formulation is closer to the problem of the ground state. The validity of the Gross-Pitaevskii theory and of the functional (1) was rigorously established in a series of works by E.-H. Lieb, R. Seiringer and J. Yngvason (see e.g. [46, 47, 48]). Among their achievements, we recall that they found the correct scaling for the potential describing the pair interaction between the particles, namely

(2) V (x_i − x_j ) −→ V_N (x_i − x_j ) := N^2V (N(x_i − x_j )),

so that the scattering length of the interaction scales as 1/N.

A celebrated result in the cited paper is the proof of the Bose-Einstein condensation in the ground state of the N-body system of bosons. This means that in the ground state of the N-body Hamiltonian operator

H_N = N� j=1 (−Δ_{xj} + W (x_j )) + � i<j V_N (x_i − x_j )

representing the energy of the boson gas, the k-particle correlation function converges to the factorized state φ(x_1) . . . φ(x_k ) as the number of particles N grows to infinity. The resulting function φ minimizes the constrained functional (1).

In physical terms, in the limit N → ∞ all particles collapse in the same quantum state, represented by a wave function φ minimizing the Gross-Pitaevskii energy functional (1). Thus, one has condensation in the ground state.

On the other hand, the emergence of factorized states and of a nonlinearity out of a linear dynamics can be described also in the time-dependent framework. The time-dependent formulation of the problem of the description of a dilute boson gas in the Gross-Pitaevskii regime historically arises from one of the most topical and active fields of research of the mathematical physics in the last two decades, namely the mean field limit for the dynamics of many-body systems. The problem can be summarized as follows: one is interested in studying the evolution in time of a system made of a huge number N of identical particles. According to the basics of quantum mechanics, the state of the whole system at time t is represented by a wave function Ψ_N (t, x_1, . . . , x_N ), where x_i is the position variable of the i.th particle and the evolution of Ψ_N is described by the N-body, linear Schrödinger equation

i∂_tΨ_N (t, x_1, . . . , x_N ) = − N� j=1 Δ_{xj} Ψ_N (t, x_1, . . . , x_N ) + � i<j V (x_i − x_j )Ψ_N (t, x_1, . . . , x_N ) (3)

where the potential V models the (two-body) interaction between the particles.

Such an equation is in general impossible to solve or even to study numerically, due to the fact that N is often very large (from around millions to 10^{23}). However, it is well-known that physicists are used to deal with such a systems by reducing the equation from N-body to one-body, but paying the price of introducing a nonlinear term in the equation. Justifying such an approximation and providing an estimate for the error made when employing it, has been the main task of the research on mean-field limit for large systems of identical interacting bosons. In its simplest version, the problem of the mean-field limit can be expressed as follows: prove that the evolution provided by the equation (3) with the potential modified through a weak coupling scaling V −→ V/N, i.e.

i∂_tΨ_N (t, x_1, . . . , x_N ) = − N� j=1 Δ_{xj} Ψ_N (t, x_1, . . . , x_N ) + 1 N � i<j V (x_i − x_j )Ψ_N (t, x_1, . . . , x_N )

with the factorized initial data

Ψ_0(x_1, . . . .x_N ) = ϕ_0(x_1) . . . ϕ_0(x_N )

can be approximated by the evolution of N independent particles, following each the dynamics given by

(4) i∂_tϕ(t, x) = −Δϕ(t, x) + (V ⋆ |ϕ(t, x)|^2)ϕ(t, x).

More precisely, the task is to prove that in the limit N → ∞ the correlation functions of the k-particle subsystems converge to ϕ(t, x_1) . . . ϕ(t, x_k ) where ϕ(t, x) solves (4). The history of the main achievements of this research line starts with the work of K. Hepp ([41]), who stated the problem (even though his celebrated work is rather devoted to the classical limit of quantum mechanics). Then, J. Ginibre and G. Velo ([36]) treated the problem of mean field for Coulombian systems in the second-quantized framework. On the other hand, H. Spohn ([60]) proved the mean-field limit for systems of particles interacting through a bounded potential, using a first quantization formalism. In 2000, C. Bardos, F. Golse and N. Mauser ([14]) re-obtained Spohn’s result by splitting the problem in the issue of the convergence as N goes to infinity of the N-body Schrödinger equation to an infinite hierarchy, and in the problem of the uniqueness of the solution to such resulting hierarchy. For Coulombian systems, the latter problem was solved one year later by L. Erdős and H.-T. Yau ([33]).

All the cited works are purely mean-field, so that the main result they get is equation (4), that bears a non-local nonlinearity. The first result that opened the road to the derivation of an effective equation with a local nonlinearity was given in [29], where a mixed scaling V −→ N^{3γ} V (N^γ ·)/N was introduced. This can be formally interpreted as a mean-field theory for a smoothened Dirac’s delta. The effective equation yielded by the limit is then (4) with the replacement of V with the Dirac’s delta potential, so that

i∂_tϕ(t, x) = −Δϕ(t, x) + � V dx � |ϕ(t, x)|^2ϕ(t, x)

is the target dynamics: this is the time-dependent Gross-Pitaevskii equation that describes the evolution of Bose-Einstein condensates. The derivation was not complete, since the problem of the uniqueness of the solution to the limit hierarchy, stated in ([14]) was not solved.

Later, R.A., F. Golse and A. Teta ([6]) derived the cubic Schrödinger equation in dimension one by studying a scaling limit for a system of one-dimensional identical bosons interacting through a repulsive pointwise interaction: morally, again, the limit whose existence they proved is a mean-field limit with a Dirac’s delta potential. Since the result is limited to one-dimensional systems, its validity is restricted to cigar-shaped condensates. A more general result, valid for attractive interaction too, was given later in [25].

Finally, in a series of works dating from 2006 to 2010 ([30, 31, 32]), L. Erdős, B. Schlein and H.-T. Yau derived the Gross-Pitaevskii equation for three-dimensional systems. The scaling they adopted is the one discovered by E.-H. Lieb and R. Seiringer for the time-independent framework (2).

Once derived the effective equation, it remained to estimate the error made by replacing the N-body linear Schrödinger equation by the one-body nonlinear equation: for the pure mean-field scaling, the breakthrough came by I. Rodnianski and B. Schlein [54], who provided a new proof of the mean field limit, inspired to the work of Ginibre and Velo [36] and gave also the first estimate of the error. In 2010, A. Knowles and P. Pickl [43] gave a further proof of the limit, in the first-quantized formalism but avoiding use of hierarchies. The method allowed to deal with more singular potentials and produced a new estimate of the error.

Further improvements on the rate of convergence for the mean field have been achieved in [12, 13, 38, 39, 21, 45], while for the Gross-Pitaevskii regime a similar estimate has been proved in [15]. For a complete review on most recent results see the monography [16]

In this review there are no proofs of the condensation or of the Gross- Pitaevskii regime for systems on graphs. In fact, it is widely known that no condensation can occur in one-dimensional systems, in the sense that the phase transition that defines the condensation cannot take place: however, in 2015

J. Bolte and Kerner [18] proved condensation for free gas and no condensation for interacting gases in graphs, considered as quasi-dimensional systems, in the sense of the presence of the phase transition. Moreover, in 1996 W. Ketterle and N.J. van Druten [42] gave an evidence of a concentration phenomenon under some aspects analogous to condensation. Finally, one-dimensional condensates can be considered as squeezing limits of three-dimensional condensates, as proved by R. Seiringer and Lin [57].

1.3 - The problem

In these lectures we search for the simplest solutions to the nonlinear focusing Schrödinger equation on graphs, avoiding the problem of the rigorous derivation from first principles. Simplest solutions are particular cases of standing waves, that minimize the energy under some physical constraints: in particular, we consider the so-called mass constraint.

Before stating the problem precisely, we need some definitions and notation.

• A graph G i.e. a couple of sets (V, B), where B is a subset of V × V.

The set V is interpreted as the set of the vertices, i.e. points in the space, while B is the set of the edges or bonds, e.g. links between vertices: every edge is then identified with the couple of vertices it connects. The degree of a vertex v ∈ V is the number of edges starting from or ending at v.

Both V and B are finite sets, so that we shall always deal with graphs with a finite number of edges and vertices.

There is a non-empty subset V_∞ of V, made of vertices at infinity. Two vertices at infinity cannot be connected by edges, and every vertex at infinity has degree equal to one. We shall refer to edges ending at a vertex at infinity as to halflines.

Two graphs are topologically equivalent if they can be deformed into each other without changing the sets V, V_∞ and B.

• In order to construct a metric graph, an edge e is identified with an interval I_e := [0, ℓ_e], where ℓ_e ∈ [0, +∞]. This correspondence fixes the metric of the graph.

Given a topology, several metrics are possible, as every finite edge can have an arbitrary length. Conversely, the metric on the halflines is fixed. For a pictorial idea of a generic graph see Fig. 1, that show an example where selfloops, multiple connections, and haflines are present.

• A function u : G → C is a bunch of functions u = (u_e)_{e∈B}, with u_e : I_e → C. A function u is continuous on G if every u_e is continuous in I_e and if u is continuous at vertices, namely, if the value attained at a vertex v is independent of the edge chosen to reach v.

• A function u : G → C is integrable if every function u_e is integrable on I_e, and � G u dx := � e∈B �_{ℓe} 0 u_e(x_e) dx_e

The usual functional spaces can be defined as

L^p(G) := � e∈B L^p(I_e), ‖u‖^p_{Lp(G)} := � e∈B ‖u_e‖^p_{Lp(Ie )}.

The space H^1(G) is defined as the set of continuous functions u = (u_e)_{e∈B} such that

u_e ∈ H^1(I_e) ∀e ∈ B, ‖u‖^2_H1_{(G)} = � e∈B ‖u_e‖^2_H1_{(Ie)}.

We stress that continuity is imposed at vertices too, so that no jump can occur.

• Fixed μ > 0, we define H^1_μ(G) := {u ∈ H^1(G), ‖u‖^2_L2_{(G)} = μ}, that is the space of the functions in H^1(G) that fulfil the mass constraint.

On the metric graph G let us define E(u, G) = 1 2 ‖u^′‖^2_L2_{(G)} − 1 p ‖u‖^p_{Lp(G)},

that is a functional in C^1(H^1_μ(G), R) for all p ∈ [2, +∞). The problem we treat is the following:

Problem P. Given a connected, non-compact metric graph G and fixed μ > 0, does there exist a ground state at mass μ, namely a minimizer of E(·, G) in the space H^1_μ(G)?

In other words, we look for functions u ∈ H^1_μ(G) such that

E(u, G) = E_G (μ) where we introduced the notation (5) E_G (μ) := inf_{v∈H1μ (G)} E(v, G).

Notice that, as regards the problem of the existence of a minimizer, if G is compact, then every minimizing sequence is compact, so that a minimizer always exists. For this reason we restrict to non-compact graphs, i.e. graphs that contain at least one halfline. On the other hand, it will be clear from the analysis that if a graph is not connected, then minimizers concentrate on the most convenient connected component, so that the hypothesis that the graph is connected is not restrictive.

We end this introductory part by noticing that, due to the shape of the energy functional, we shall limit the analysis to nonnegative functions.

∞ ∞∞∞

Figure 1: How a connected, non-compact metric graph may look like.

2 - Preliminary remarks

2.1 - Mass constraint and lower boundedness

First of all observe that, regardless of the chosen graph G, if no constraint is imposed then the functional E(·, G) is not lower bounded. Indeed, fixed u ∈ H^1(G), one has

E(λu, G) = λ^2 2 ‖u^′‖^2_L2_{(G)} − λ^p p ‖u‖^p_{Lp(G)} → −∞, λ → +∞.

On the other hand, let us restrict to the case of star graphs made of halflines, and impose the mass constraint ‖u‖^2_{L2(G)} = μ. On these particular graphs, one can perform mass preserving transformations u(x) → √ λu(λx) := u_λ(x), so that

E(u_λ, G) = λ^2 2 ‖u^′‖^2_L2_{(G)} − λ^{p2 −1} p ‖u‖^p_{Lp(G)}.

Now,

• if p < 6, then kinetic energy prevails and this suggests that the energy is lower bounded. Indeed by using Gagliardo-Nirenberg estimates one can prove that this is actually the case. The problem with 2 < p < 6 is referred to as the subcritical case.

• If p > 6, then the potential term overwhelms the kinetic one and E(u_λ, G) → −∞, as λ → +∞, so the energy is not lower bounded. The problem with p > 6 is then referred to as the supercritical case.

• If p = 6, then there is a delicate balance between kinetic and nonlinear term. As we shall see, lower boundedness of E depends on the value of μ. The problem with p = 6 is referred to as the critical case.

2.2 - The Euler-Lagrange equation: Kirchhoff’s rule

As a minimum of the constrained functional, every ground state u must satisfy the Lagrange Multiplier Theorem

∇E(u, G)(u) = ω 2 ∇(μ − ‖u‖^2_L2_{(G)}) for some ω ∈ R (notice that in order to simplify notation here we called^ω_2 the Lagrange multiplier). Then, for every η ∈ H^1(G),

0 = ∇E(u, G)η − ω 2 ∇(μ − ‖u‖^2)η = � G (u^′η^′ − u^{p−1}η + ωuη) dx = � e∈B �_{ℓe} 0 (u^′_eη^′_e − u^{p−1}_e η_e + ωu_eη_e) dx_e

= � e∈B u^′_eη_e|^{ℓe}_0 + � e∈B �_{ℓe} 0 (−u^{′′}_e − u^{p−1}_e + ωu_e)η_e dx_e

Notice that the first term concerns vertices, while the second is determined by the values of the integrand inside the edges.

Now pick an edge ē and consider a function η ∈ C^∞_0 (ē). Then the second term only survives and forces the Stationary Nonlinear Schrödinger equation

(6) u^{′′}_ē + u^{p−1}_ē = ωu_ē

to hold inside ē, and, by arbitrarity of ē, on every edge.

Now consider η ∈ C^∞_0 (G) that vanishes in all vertices except one, say v̄. Then, boundary terms survive if and only if they refer to edges starting from or ending at v̄. Their contribution reads � e∈E u^′_eη_e|^{ℓe}_0 = � e→v̄

u^′_e(ℓ_e)η(ℓ_e) − � e←v̄

u^′_e(0)η(0)

= � � e→v̄

u^′_e(ℓ_e) − � e←v̄

u^′_e(0) � η(v̄)

where we denoted e → v̄ the edges ending at v̄ and e ← v̄ the edges starting from v̄.

Thus �

e→v̄

u^′_e(ℓ_e) − � e←v̄

u^′_e(0) = 0

that is called Kirchhoff’s rule, and is often expressed by saying that at every vertex the global ingoing (or outgoing) derivative vanishes. A common compact form of Kirchhoff’s rule is (7) � e≻v du_e dx_e

(v) = 0.

Let us finally recall that the Euler-Lagrange equations (6) together with the Kirchhoff’s conditions can be summarized in the equation

(8) Δ_K u(x) + u^{p−1}(x) = ωu(x)

where Δ_K is the operator acting as the laplacian on functions that are H^2 on every edge and fulfil Kirchhoff’s rule at all vertices. It is immediately seen ϕ_μ

Figure 2: The soliton ϕ_μ.

that equation (8) is the stationary equation associated to the time-dependent nonlinear Schrödinger equation

(9) i∂_tψ(x) = −Δ_K ψ(t) − |ψ(t)|^{p−2}ψ(t),

and it is well-known that for such equation the dynamics preserves the L^2-norm and the value of the energy E(·, G).

We stress that (8) is equivalent to the condition of stationarity of the functional, so that it is satisfied not only by ground states, but also by every standing wave of the nonlinear Schrödinger equation, namely by all solutions to (9) of the type ψ(t, x) = e^{iωt}u(x),

so that it is clear that the Lagrange multiplier ω has the dynamical meaning of a frequency.

3 - Examples

In this section we give some basic examples of graphs and the related results concerning the existence or the nonexistence of ground states.

3.1 - The real line

It is well-known ([62, 24, 40]) that for p ∈ (2, 6) and μ > 0 ground states exist and are all translated of the soliton (Fig. 2)

ϕ_μ(x) = Cμ^{26−p} sech^{2p−2} (cμ^{p−26−p} x).

where C and c are irrelevant constants dependent on p only and not on μ. If p = 4, i.e. in the case of the cubic Schrödinger equation, one gets

ϕ_μ(x) = μ 2 √ 2 sech � μ 4 x � , E(ϕ_μ, R) = − μ^3 96 . Let us point out that the solitons and their translated are the only stationary solutions to (9) on the line. In order to prove it, notice that the Euler-Lagrange equation on the line u^{′′} + u^{p−1} = ωu,

−6 6 −40 10 −6 6−5 5

Figure 3: Left: The profile of the potential V . Right: The phase portrait induced by the potential V .

ϕ_{2μ}

Figure 4: Half a soliton.

can be rewritten as

(10) u^{′′} = − dV du (u) where we defined V (u) = u^p p − ω u^2 2 Equation (10) can be interpreted as a mechanical conservative problem, whose phase portrait is displayed in Fig. 3.

It is then clear that all solutions are periodic (and therefore not in H^1(R)) except the non-constant ones contained in the separatrix, corresponding to solutions to (10) with vanishing mechanical energy. They turn out to be the solitons and their translated.

3.2 - The halfline

In the case G = R^+, p ∈ (2, 6) and μ > 0, there is exactly one ground state given by “half a soliton” (Fig. 4) of mass 2μ (notice that in this case the translational symmetry is broken). If p = 4, then

ϕ_{2μ}(x) = μ √ 2 sech �μ 2 x � , E(ϕ_{2μ}, R^+) = − μ^3 24 .

3.3 - A star-graph made of halflines

The cases of the halfline and of the line naturally generalize to the case of the star-graph S_n made of n halflines (the case n = 4 is represented in Fig. 5). Yet the result changes, as proved in [2, 3, 4, 5].

∞ ∞∞

Figure 5: A star-graph made of four halflines.

Indeed, for p ∈ (2, 6) and μ > 0,

E_{Sn} (μ) = E_R(μ)

but the infimum is not achieved, so that there is no ground state.

In order to prove it, restrict to the simplest case p = 4 and consider the stargraph S_3 made of three halflines H_1, H_2, and H_3, and a function u ∈ H^1_μ(S_3). Let us introduce the notation u = (u_1, u_2, u_3), where u_j is the restriction of u to the halfline H_j , and μ_j := ‖u_j ‖^2_{L2(Hj )}. With no loss of generality, suppose μ_1 = min(μ_1, μ_2, μ_3) and construct a function ~u ∈ H^1_μ(S_3) such that E(~u, S_3) ≤ E(u, S_3) proceeding as follows:

1. On H_1, replace u_1 with the half-soliton χ_R+ ϕ_{2μ1} 2. On H_2 ∪ H_3, replace the couple of functions (u_2, u_3) with the soliton ϕ_{μ2 +μ3} . At this point, on S_3 set the function (χ_R+ ϕ_{μ1} , χ_R+ ϕ_{μ2 +μ3} , χ_R+ ϕ_{μ2 +μ3} ), that may not be continuous.

3. Translate the soliton sat on H_1 ∪ H_2 in order to obtain a continuous function ~u on S_3. It is immediate that ~u belongs to H^1_μ(S_3).

Then, exploiting the minimum properties of the half-soliton on the half-line, and of the soliton on the line, E(u, S_3) = E(u_1, H_1) + E((u_2, u_3), H_2 ∪ H_3) ≥ E(χ_R+ ϕ_{2μ1} , R^+) + E(ϕ_{μ2 +μ3} , R) = − μ^3_1 24 − (μ − μ_1)^3 96 = E(~u, S_3).

By construction μ ≥ 3μ_1, then the minimum is attained for

μ_1 = 0.

Therefore, minimizing sequences concentrate on one halfline only, and reconstruct a soliton at infinity. An analogous result can be obtained for every p < 6.

This simple example provides at least two important messages: first, as regards the minimization of the energy, it is not convenient to spread the wave functions on many edges. Second, for every candidate ground state, the soliton is a serious competitor!

3.4 - The 3-Bridge B_3 The first non-star cases treated in literature were the so-called bridge graphs, first dealt with in [7] (the triple bridge B_3 is represented in Fig. 6). For p ∈ (2, 6) ∞ ∞

Figure 6: The 3-bridge B_3. and μ > 0, E_{B3} (μ) = E_R(μ) and again the infimum is not achieved, so that there is no ground state.

∞ ∞

Figure 7: Unfolding B_3 into a line.

Fixed μ > 0 It turns out that for every function u ∈ H^1_μ(B_3) one gets E(u, B_3) > E(ϕ_μ, R).

To prove it, the key observation is that B_3 is semi-Eulerian, namely, it can be unfolded into a line together with every function u ∈ H^1(B_3) (Fig. 7). So, let u ∈ H^1_μ(B_3) and ~u ∈ H^1_μ(R) its unfolded version on the line. Then, denoting by v_1, v_2 the two vertices, on the line they correspond to points x_1 < x_2 < y_1 < y_2 with x_i, y_i associated to the vertex v_i. Therefore, by continuity ~u(x_1) = ~u(y_1), ~u(x_2) = ~u(y_2).

Now, if ~u(x_1) < ~u(x_2), then there is a minimum in the interval (x_2, y_2).

If ~u(x_1) > ~u(x_2), then there is a minimum in the interval (x_1, y_1). If ~u(x_1) = ~u(x_2), then u takes the same value in four points. In all cases ~u cannot be a soliton, then E(u, B_3) = E(~u, R) > E(ϕ_μ, R) = E_R(μ).

Nevertheless, it is possible to define a sequence that asymptotically reconstructs a soliton on a halfline, so that E_{B3} (μ) = E_R(μ) but such a minimum is not attained.

3.5 - The double bridge B_2 The double bridge B_2 (Fig. 8) is not semi–Eulerian, and the problem of establishing the existence or the nonexistence of ground states becomes much more difficult than in B_3. ∞ ∞

Figure 8: The two-bridge B_2. However, once again, as we shall see E_{B2} (μ) = E_R(μ) and there is no ground state.

We can then conclude that on bridge–graphs the infimum is never achieved.

4 - A key assumption From the examples of existence and of nonexistence given in the last section, one can single out some observations:

1. It seems convenient to escape ”intricated” zones, e.g. vertices with high degree: at least, this is what happens for the star-graphs and for the bridges.

2. It is always possible to construct a soliton (possibly at infinity, as the asymptotics of a sequence), so, in order to be a ground state, a function must reach an energy level which is lower than the level of the soliton.

3. Therefore, in order to ensure existence of a ground state, the graph must exhibit structures able to trap functions that do better than the soliton.

∞ ∞∞∞_x

Figure 9: A point x in the graph and a trail containing x and two halflines.

∞ ∞∞∞

Figure 10: Once removed the only finite cut-edge of the graph, each connected component contains a halfline, and therefore a vertex at infinity.

4. On the other hand, in order not to have minimizers, it seems sufficient for the graph to be, in some sense, more intricated than a line.

The last observation is embodied in a topological assumption, that we call (H). We give three alternative formulations of such assumption. The proof of the equivalence of the three formulations is not completely straightforward, and will not be given here.

The first formulation is based on the graph-theoretical notion of trail (Fig. 9). A path made of adjacent edges, in which every edge is run through exactly once, is called a trail. Notice that in a trail vertices can be run through more than once.

Assumption (H), first formulation. Every x ∈ G lies on a trail that contains two halflines.

Assumption (H) can also be expressed as the absence of structure like ”bottlenecks”:

Assumption (H), second formulation. After removing an arbitrary edge from G, every resulting connected component contains a vertex at infinity (Fig. 10, 11).

The last formulation we give is more pictorial and considers the possibility of covering the graph (vertex at infinity included) by cycles.

Assumption (H), third formulation. After identifying all vertices at infinity, the graph G admits a cycle covering (Fig. 12).

∞ ∞∞∞

Figure 11: Assumption (H) in the second formulation applies to halflines too: After removing a halfline, two connected components result: one contains some halflines, and therefore vertices at infinity; the other is made of one vertex at infinity.

∞ ∞

Figure 12: A possible cycle covering.

4.1 - If (H) is violated

Assumption (H) can be violated in several ways. Notice indeed that (H) implies that G has at least two vertices at infinity, so it is violated by every graph having less than two halflines. Furthermore, it is immediately seen that (H) is violated not only by having less than two halflines, but also by the presence of a terminal edge or pendant (Fig. 13):

It is also possible to violate assumption (H) without having a pendant, like in the signpost graph (Fig. 14).

5 - A nonexistence result

The first general result we give on graphs is negative:

∞ ∞v ∞ ∞v

Figure 13: Left: line with a pendant. Right: after the removal of the pendant, there remains a connected compact component made of a vertex, violating (H) (see the second formulation).

∞ ∞ ∞ ∞

Figure 14: Left: Signpost graph. Right: after the removal of the pendant, there remains a connected compact component made of a loop, violating (H) (see the second formulation).

T h e o r e m 5.1 (Nonexistence). Assume that G satisfies assumption (H). Then, for any μ > 0 E_G (μ) = E_R(μ)

and the infium is never attained, so that a ground state does not exist, except if G is a “bubble tower” (Fig. 15).

∞ ∞

Figure 15: A bubble tower.

The key idea of the theorem is strictly related to rearrangement theory.

5.1 - Rearrangements

The technique of rearrangements is nowadays classical in calculus of variations, and is widely used in order to show the existence of minimizers and possibly to establish some of their features, like for instance the symmetries. Its first extension to graphs is due to L. Friedlander ([34]). In our proofs we use rearrangements to show the nonexistence of ground states. In what follows we give an intuitive and tutorial summary of the results we will use, for readers non familiar with rearrangements.

Given a nonnegative function u ∈ H^1_μ(G), we aim at constructing another nonnegative function v ∈ H^1(R^+) s.t. E(v, R^+) ≤ E(u, G). To this purpose, one can construct the so-called monotone rearrangement. The idea behind it

Figure 16: Monotone rearrangement of a piecewise constant function: this example shows pictorially the fact that integral norms are preserved while oscillations are reduced, so that the nonlinear term in the energy is left untouched, while the kinetic term is dumped, so that the energy has diminished.

can be roughly summarized as to cutting the graph of the function in vertical slices and locating them on a halfline in order of decreasing height.

As it appears from Fig.16, L^p-norms are preserved, while oscillations are suppressed, so that one can argue that, generalizing the procedure to regular functions, after rearranging a function the kinetic energy diminishes.

Of course, one can give a more formal and general definition of monotone rearrangement: let (Ω, F, m) be a measure space, and consider a nonnegative function f : Ω −→ R^+. One can define the distribution function ρ_f of the function f as ρ_f (t) := m({x ∈ Ω, f(x) > t}).

Clearly, ρ_f is defined R^+ −→ R^+ and is monotonically decreasing. The monotone rearrangement f^∗ of f is a function defined on R^+ with values in R^+, given by f^∗(x) := inf{t ≥ 0, ρ_f (t) ≤ x}.

It is straightforward that, if ρ_f is invertible, then

f^∗ = ρ^{−1}_f

Since ρ_f = ρ_f ∗ , f and f^∗ have the same level sets, so that

‖f‖_Lp_{(X)} = ‖f^∗‖_Lp_{(R}+_).

As an example, consider the measure space X = [−π, π], and the function f(x) = | sin x|. Then, one can directly compute ρ_f (t) = 2π − 4arcsinx and f^∗(x) = cos(x/4) (Fig. 17, 18).

The main result that we borrow from rearrangement theory consists in quantitatively estimating the decrease of the kinetic energy induced by a rearrangement.

−220.2 0.40.60.8 1 0.20.40.60.81 24 6

Figure 17: Left: f(x) = | sin x|. Right: ρ_f (t) = 2π − 4arcsinx.

−220.2 0.40.60.8 1

246 0.20.40.6 0.81

Figure 18: Left: f(x) = | sin(x)|. Right: f^∗(x) = cos(x/4)

To this aim, we first show that the kinetic energy of the monotone rearrangement

u^∗ ∈ H^1(R^+) cannot exceed the energy of the original function u ∈ H^1(G).

We limit ourselves to the case of a function u regular enough, so that ρ_u is

differentiable and G can be partitioned in intervals I_j = [a_j , b_j ] such that u is

monotone in every I_j (see Fig. 19). Then, it is easily seen that

246810 510

Figure 19: Partition of the domain of a function in intervals of monotonicity.

ρ(t + h) − ρ(t) = m({u(x) > t + h}) − m({u(x) > t}) = � j ( m({x ∈ I_j , u(x) > t + h}) − m({x ∈ I_j , u(x) > t})) ≃ h � j 1 |u^′(x_j (t))| , where x_j (t) is the only point in I_j where u = t. Then ρ^′(t) = � x, s.t. u(x)=t 1 |u^′(x)| . Thus, computing the kinetic energy one finds � G |u^′(x)|^2 dx = � j �_{bj}

a_j

|u^′(x)|^2 dx = � j �_{max[aj ,bj ] u(x)}

min_{[aj ,bj ]} u(x)

|u^′(x_j (t))| dt

= �_{‖u‖∞} 0 � x, s.t. u(x)=t

|u^′(x)| dt

where, in every interval I_j , t = u(x). Let a_j > 0. By Cauchy-Schwarz inequality,

N = N� j=1 1 = N� j=1 a^{1/2}_j a^{−1/2}_j ≤ � � N� j=1 a_j � � 1/2 � � N� j=1 a^{−1}_j � � 1/2 , so that, replacing a_j with |u^′(x)|, � G |u^′(x)|^2 dx ≥

�_{‖u‖∞} 0 N^2(t) � � � x, s.t. u(x)=t 1 |u^′(x)| � � −1

= �_{‖u‖∞} 0 N^2(t) 1 |ρ^′_u(t)| , where, for every t in the range of u, we defined the number of preimages of t N(t) := ♯u^{−1}(t).

Now, as u^∗ = ρ^{−1}, one gets � G |u^′(x)|^2 dx ≥

�_{‖u‖∞} 0 N^2(t) |ρ^′_u(t)| dt ≥

�_{‖u‖∞} 0 dt |ρ^′_u(t)| = �_{‖u‖∞} 0 |(u^∗)^′(x(t))| dt = � R^+

|(u^∗)^′(x)|^2 dx

0.511.52 0.20.4 0.60.8 1 −2−1120.20.4 0.60.81

Figure 20: Left: The monotone rearrangement u^∗. Right: The symmetric rearrangement ^u.

where equality holds iff N(t) = 1 for almost every t. We then proved the Pólya-Szegő inequality:

‖(u^∗)^′‖_L2_{(R}+_) < ‖u^′‖_L2_{(G)}.

Therefore, as the monotone rearrangement lowers the kinetic energy and preserves the nonlinear term, one has

E(u, G) ≥ E(u^∗, R^+).

Notice that this implies that the halfline is optimal among non-compact graphs:

E_R+ (μ) ≤ E_G (μ),

for every graph G containing at least one halfline.

5.2 - Symmetric rearrangement

To prove Theorem 5.1 we need to introduce the symmetric rearrangement (Fig. 20), defined as ^u(x) := u^∗(2|x|), x ∈ R One immediately has that ^u is even and

ρ_{^u} = ρ_u∗ (= ρ_u).

By an elementary change of variable, � R ^u^p dx = � R^+

(u^∗)^p dx � = � G u^p dx �

and, analogously to the case of the monotone rarrangement, one finally has � R (^u^′)^2 dx = 4 � R^+

[(u^∗)^′]^2 dx = 4

�_{‖u‖∞} 0 dt |ρ^′_u(t)| dt ≤ �_{‖u‖∞} 0 N(t)^2 |ρ^′_u(t)| dt = � G (u^′)^2 dx provided that N(t) ≥ 2 for almost every t.

We finally proved the following

P r o p o s i t i o n 5.1. Let G be a connected non-compact metric graph, and u be a nonnegative function in H^1(G). Then, denoted

N(t) := #{x ∈ G : u(x) = t}, t ∈ (0, max u],

the following inequality holds true: � R^+

|(u^∗)^′|^2 dx ≤ � G |u^′|^2 dx,

with strict inequality unless N(t) = 1 almost everywhere. Moreover, if N(t) ≥ 2 almost everywhere, then � R |(^u)^′|^2 dx ≤ � G |u^′|^2 dx,

where equality implies that N(t) = 2 almost everywhere, and thus

E(u, G) ≥ E(^u, R) ≥ E_R(μ) = E(ϕ_μ, R).

We are now ready to prove the Theorem 5.1.

Proof of Theorem 5.1. Let u ∈ H^1_μ(G), and let x_0 be a global maximum point for u.

Owing to Assumption (H) (see e.g. the first formulation), there exists a trail T passing through x_0 and containing two halflines. Clearly, the restriction of u to T belongs to H^1(T ) and max_T u = max_G u.

Furthermore, since T connects two vertices at infinity and x_0 ∈ T ,

#{x ∈ G : u(x) = t} ≥ #{x ∈ T : u(x) = t}≥ 2 for a.e. t.

Due to the proposition on symmetric rearrangement, and to the existence of runaway soliton sequences mimicking the soliton, the infimum can be attained by a function u, namely a ground state may exist, if and only if

1. Almost every point in Ran u has exactly two preimages.

2. E(u, G) = E(ϕ_μ, R)

Suppose that such a ground state u exists, and call x_0 a maximum point of u. Then, by assumption (H), there is a trail T passing through x_0 and containing two halflines. On this trail every value in Ran u is attained twice.

If there were other edges starting from (or arriving to) the trail, then further counterimages would be created, and some interval in Ran u would be made of points with at least three preimages, so that

E(u, G) > E_G (μ) contradicting the hypothesis of u being a ground state.

Then, G = T , i.e., G must be the real line (up to some possible identification of vertices), and u must be a soliton.

The only identification of vertices that preserve the symmetry of the soliton gives rise to the family of tower of bubbles. For an extended explanation of this point, see [8]. □ 6 - Ground states in the subcritical case

In this section, given an exponent p ∈ (2, 6) and a mass μ > 0, we continue our study on the existence of absolute minimizers (ground states) for the functional E(u, G) = 1 2 � G |u^′|^2 dx − 1 p � G |u|^p dx,

subject to the mass constraint � G |u|^2 dx = μ.

Here G is an arbitrary noncompact metric graph (see Figure 1), and the range (2, 6) for the exponent p is called the “subcritical case” (see Section 7 for the critical case where p = 6).

Therefore, in trying to investigate ground states, we shall be concerned with the case where G does not satisfy assumption (H).

A first result, regardless of ground states, is that the ground state energy level is always intermediate between the half-soliton’s (on the real halfline) and the soliton’s (on real the line) of the same mass μ. More precisely, we have the following

T h e o r e m 6.1 (Level-pinching). For every non–compact graph G,

E(ϕ_{2μ}, R^+) ≤ inf_{v∈H1μ (G)} E(v, G) ≤ E(ϕ_μ, R)

The first inequality is due to rearrangements: as explained in Sec. 5.1, given v ∈ H^1(G), its decreasing rearrangement v^∗ (over R^+) has a lower (possibly equal) energy. In other words, no function v on G can ever beat the half-soliton on R^+.

The second inequality (as explained in Section 4) is due to the possibility of constructing “quasi-solitons” escaping at ∞, along any half-line of G (since G is noncompact, at least one of its edges must be unbounded, i.e. a half-line). More precisely, G contains arbitrarily large intervals (in any half-line), and these intervals can be used to support functions arbitrarily close to a soliton of mass μ. Of particular relevance is the case where the second inequality is strict.

T h e o r e m 6.2 (Existence of ground states). If G is non–compact and inf v∈H^1_μ(G)

E(v, G) < E(ϕ_μ, R),

then the infimum in (5) is attained, i.e. G supports a ground state.

Observe that the non–strict inequality “≤” is always satisfied, due to the level–pinching inequality (Thm. 6.1).

The proof (see [9]) is quite delicate, and is based on the following dichotomy principle for minimizing sequences (relative to the infimum in (5)). It turns out that, in general, any minimizing sequence {u_n} is either

(i) weakly convergent to zero, or

(ii) strongly convergent to a ground state.

But it can be proved that (i) is (in this case) incompatible with the assumption of the theorem, because u_n would then “escape to ∞” along a halfline of G, approaching the shape of a soliton, and its energy level would then be equal to (and not less than) the energy level of the soliton, in the limit.

The previous result is quite abstract, but it has the following consequence, which is of quite practical use in the applications.

C o r o l l a r y 6.1 (Operative version of the existence theorem). If there exists a competitor u ∈ H^1_μ(G) such that E(u, G) ≤ E(ϕ_μ, R), then G admits a ground state.

A sketch of the proof is as follows. Let u be a competitor satisfying the assumption of the theorem: if, by any chance, u is a ground state, then there is nothing to prove. Otherwise u is not optimal, which amounts to inf v∈H^1_μ (G)

E(v, G) < E(u, G) ≤ E(ϕ_μ, R),

but in this case a ground state still exists (other than u) by the previous Theorem.

This corollary is quite useful in several concrete cases, where one can try to obtain estimates (on the ground state energy level) by graph surgery: starting from a soliton ϕ_μ on R, one can try to “fit it to G”, without increasing its energy. Whenever this can be done, the Theorem guarantees that G admits a ground state.

A simple example where this can be done is the real line with a pendant, that is, the graph in Fig. 21.

∞ ∞

Figure 21: A line with one pendant (bounded edge) attached to it

ℓ

Figure 22: First step: cut the head of the soliton

T h e o r e m 6.3. Let G be the real line with a pendant of length ℓ. Then inf u∈H^1_μ (G)

E(u, G) < E(ϕ_μ, R),

so that G admits a ground state.

The idea of the proof goes as follows. Due to the previous corollary, it suffices to construct a function u ∈ H^1_μ(G) such that E(u, G) < E(ϕ_μ, R), and this can be done by graph surgery combined with rearrangements, as follows.

(1) Take the soliton ϕ_μ centred at zero and “cut it” at a width ℓ (Fig. 22,23).

(2) Join the two resulting soliton tails at their maximum, and place them on the line in G, with the maximum at the vertex (Fig. 24).

(3) Rearrange the head of the soliton to a monotone function on the interval [0, ℓ] (Fig. 25).

−ℓ/2 ℓ/2 −ℓ/2ℓ/2

Figure 23: One is left with one head and two tails

0

Figure 24: Second step: glue the two tails together

0 ℓ −ℓ/2ℓ/2=⇒

Figure 25: Third step: rearrange monotonically the head of the soliton

This monotone rearrangement lowers the energy level of this portion of function.

(4) The function on the interval can be attached to the function on the line, thus building a function on G (Fig. 26):

In this way, one produces a function u ∈ H^1_μ(G) such that E(u, G) < E(ϕ_μ, R) (the strict inequality is due to the rearrangement performed on the interval, “from symmetric to monotone”, in step (3)). By the existence theorem, then, G admits a ground state.

We point out that we did not construct the ground state, but just a competitor u, with an energy level lower than the soliton’s.

Other examples of graphs where the corollary can be successfully applied are shown in Fig. 27, 28.

∞ ∞ 0ℓ

Figure 26: Last step: mount the function on G

∞ ∞∞ ∞

Figure 27: Left: A line with a tower of bubbles. Right: A signpost graph. ∞ ∞

Figure 28: Left: A tadpole graph. Right: A 3-fork graph

For each of these graphs, let us shortly see how one can build a function u ∈ H^1_μ(G) such that E(u, G) ≤ E(ϕ_μ, R), and thus prove the existence of a ground state.

The first case, the so called “bubble towers”, are graph of the kind portrayed in Fig. 29 (as already seen in Theorem 5.1):

Each of them is obtained from R, with the identification of some pairs of opposite points:

x_j ∼ −x_j , j = 1, . . . , n (n bubbles)

The symmetry of these graphs enables them to support a soliton ϕ_μ, exploting the even symmetry of the soliton:

ϕ_μ(x_j ) = ϕ_μ(−x_j ), j = 1, . . . , n.

As Fig. 30 shows, a soliton ϕ_μ can indeed be folded and placed, isometrically, on the line with two bubbles:

Thus, in a sense, G “supports” a soliton ϕ_μ and this fact, combined with the level-pinching inequality, shows that inf v∈H^1_μ (G)

E(v, G) = E(ϕ_μ, R).

∞ ∞∞ ∞∞ ∞

Figure 29: Some examples of bubble towers

=⇒ uvv w w^ℓ1^ℓ2^/2

ℓ_2 /_2 ∞ ∞ ℓ_1ℓ^2uv ww

Figure 30: How to cut a soliton to fix it on a given bubble tower

∞ ∞ uv ww=⇒∞ ∞ uv^∗ ww

Figure 31: From a bubble tower to a signpost

This “folded soliton” is therefore not just a competitor, but precisely the ground state.

In a similar way, one can see that any tower of bubbles supports a (suitably folded) soliton, hence any tower of bubbles has a ground state, and it is not difficult to show that the ground state is unique, up to multiplication by a phase.

Also in the second example, the “signpost graph”, there is a ground state. Indeed, a soliton ϕ_μ, initially folded on a “double bubble”, can be partially rearranged and fitted to the signpost (see Fig. 31)

In the above picture, v^∗ denotes the monotone rearrangement of v (from the circle to an interval of the same length, that is, “from symmetric to monotone”). The loss of preimages in passing from v (regarded as an even function) to v^∗ (regarded as a decreasing function) makes the energy decrease and go below E(ϕ_μ, R). As before, we did not build a ground state, just a good competitor.

Also in the case of the “tadpole graph” we can partially rearrange the competitor alredy built on the double bubble (see Fig. 32)

Here, in addition to the rarrangement of v, we also rearrange w (from the real line) to w^∗ (to the half-line), which further decreases energy.

Finally, a similar procedure applies to the case where the graph is a “3–fork”.

∞ ∞ uv w w =⇒ ∞ uv^∗ w^∗

Figure 32: From bubble tower to tadpole

∞ ∞ uv ww=⇒∞w^∗vuuv

Figure 33: Open the arcs in the bubble tower

Starting from the competitor on a double bubble, we first “open up” the two circles corresponding to the two bubbles, and we rearrange w to w^∗ (on the half-line), as illustrated in Fig. 33

Now, the arc of circle with the free endpoint from the lower bubble, and the two arcs of circle from the upper bubble, can be seen as the three bounded edges forming the fork (see Fig. 34). Of course, by a proper choice of the size of the bubbles and the cut-points, a 3-fork with edges of any size (not necessarily equal) can be handled.

In the examples we have seen, the topology of G was enough to guarantee a ground state, while the metric of G (i.e. the lengths of its edges) was irrelevant.

However, in general, things are more complicated, and also the metric of G may play a role.

We will consider two examples where this is the case:

∞w^∗vuuv

Figure 34: Reconstruct the 3-fork

∞

Figure 35: A graph with one halfline

• graphs with just one half-line;

• graphs where phase transitions occur, from existence to nonexistence of ground states, if we vary the length of just one edge.

Let G be a graph with just one half-line (Fig. 35).

The main question is, of course, whether G admits a ground state for every value of the prescribed mass μ. This is nontrivial, since one can check that such a graph (due to the presence of just one half-line) does not satisfy assumption (H), and hence the existence of ground states cannot be a priori ruled out.

As we have seen, several examples of graphs with just one half-line (tadpole, 2–fork, 3–fork) indeed admit a ground state for every μ.

However, this is not true in general, and counterexamples can be constructed. Let K be any compact graph, and let G be the graph obtained by attaching one half-line to K (Fig. 36):

T h e o r e m 6.4. There exists ε > 0 such that if

μ^β diam(K) + 1 μ^β length(K)

< ε, β = p − 2 6 − p , then G has no ground state with mass μ.

K ∞

Figure 36: A graph obtained by attaching a half-line to a compact graph K.

∞ K

Figure 37: The n-fork graph

The proof is quite involved and requires several sharp estimates, the interested reader is referred to [9]. The main idea, however, is simple: a small diameter of the compact core K, combined with a long total length, rules out ground states, because tangled compact parts are not energetically convenient. Any competitor u, due to the structure of K, is indeed forced to either oscillate (and thus have many preimages) or, on the contrary, to be almost constant, and neither behaviour is energetically convenient if u is compared to a soliton of the same mass.

A concrete case where this result applies is when G has the shape of an n–fork, namely n terminal edges of length ℓ, attached to a half-line (Fig. 37).

In this case, we clearly have diam(K) = 2 ℓ and length(K) = n ℓ. If we fix the value of the mass μ > 0, and then we take ℓ small enough (depending on μ) and n large enough (depending on μ and ℓ), then the theorem applies, and the resulting G has no ground state.

Explicit computations show that, at least when p = 4, any n ≥ 5 is sufficient for the counterexample, while on the other hand n > 3 is necessary, because we know that any 3–fork has a ground state.

Finally, it is not known whether one can build the counterexample with n = 4, that is, it is not known whether a 4-fork always has a ground state.

Now we discuss an example of a metric graph G such that varying the length of just one edge (without affecting the topology of G) may lead from existence to nonexistence of a ground state.

Let G_ℓ consist of three half-lines and one terminal edge of length ℓ, all emanating from a common vertex (Fig. 38)

Clearly, as long as ℓ > 0, the topology of G_ℓ is independent of the length ℓ. Nevertheless, we have the following

T h e o r e m 6.5 (phase transition). There exists a critical length ℓ^∗ > 0 such that:

G_ℓ has a ground state ⇐⇒ ℓ ≥ ℓ^∗.

The idea of the proof is that, once the mass μ has been fixed, if ℓ is long enough then G_ℓ has a ground state (this is true in general, as soon as a graph

∞ ∞ ∞ ℓ

Figure 38: A graph made of three half-lines and a terminal edge

G has a long enough terminal edge), which resembles a half-soliton with the head at the tip of the bounded edge. On the other hand, if G_ℓ had a ground state for every ℓ > 0, then by a compactness argument also the 3-star graph G_0 would inherit a ground state, which is a contradiction since G_0 is known to have no ground state. This shows that at least one transition (from existence to nonexistence of a ground state) must occur, as ℓ is decreased: then, the fact that exactly one transition occurs requires a more careful analysis, based on a monotonicity argument.

This example shows that, in general, the topology of G is not enough, alone, to establish whether G has a ground state of a given mass, and also the metric properties of G (together with its topology) should be considered.

7 - The critical case: p = 6

In this section we describe some results concerning the existence of ground states for the critical NLS energy functional

E(u, G) = 1 2 � G |u^′|^2 dx − 1 6 � G |u|^6 dx

on the space H^1_μ(G), where G is a noncompact metric graph (see Fig. 1). The content of this section refers to [10].

According to (6), the solutions to (5) are solutions of the L^2–critical stationary NLS equation u^{′′} + u^5 = ωu on G,

with Kirchhoff conditions (7) at each vertex v of the graph.

This problem is much more delicate than the subcritical one, where the exponent in the nonlinearity lies in the interval (2, 6). One of the reasons is that, as discussed in Sec. 2.1 under the formal mass-preserving transformation

u(x) → u_λ(x) = √ λu(λx),

the kinetic and the potential terms in E scale in the same way:

(11) E(u_λ, λ^{−1}G) = λ^2E(u, G), which is typical of problems with serious loss of compactness.

In the critical case the problem depends very strongly on the mass μ and on the ground state energy function E_G (μ) defined in (5), which will play a central role in all of our results.

E x a m p l e 7.1. The real line (G = R). The situation is very different from the one encountered in Sec. 3.1 for the subcritical case.

Indeed, it is known that there exists a number μ_R > 0, the critical mass, such that

E_R(μ) = � 0 if μ ≤ μ_R −∞ if μ > μ_R � μ_R = π √ 3/2 � . Moreover E_R(μ) is attained if and only if μ = μ_R. The ground states, called solitons, form a quite large family: up to phase and translations, they can be written as ϕ_λ(x) = √ λϕ(λx), λ > 0,

where ϕ(x) = sech^{1/2}(^{2√}_3 x).

E x a m p l e 7.2. The half-line (G = R^+). Again, there exists a number μ_R+ = μ_R/2, such that

E_R+ (μ) = � 0 if μ ≤ μ_R+ −∞ if μ > μ_R+ � μ_R+ = π √ 3/4 � . Moreover E_R(μ) is attained if and only if μ = μ_R+ . The ground states (halfsolitons) are the restrictions to R^+ of the family ϕ_λ.

Thus on the standard domains R and R^+ the minimization process (5) is extremely unstable, with solutions existing for a single value of the mass.

This behavior is due to the same homogeneity of the kinetic and potential terms under mass-preserving scalings and the invariance of R and R^+ under dilations.

On a generic noncompact graph G however, the problem can be highly nontrivial and entirely new phenomena may arise, depending on the topology of the graph.

Here we describe these new phenomena, essentially by classifying all graphs from the point of view of existence of ground states.

7.1 - The critical mass

The first thing to do is to understand the appearance of the critical mass μ_R (or μ_R+ ) in the problems on classical domains and to identify the same notion for general graphs. This is carried out by analyzing the Gagliardo-Nirenberg inequality, a fundamental tool in all the existence proofs.

The Gagliardo–Nirenberg inequality on R reads ‖u‖^6 ≤ C‖u‖^4_2 · ‖u^′‖^2 ∀u ∈ H^1(R).

The best constant (the smallest C) is

K_R = sup

u∈H^1 (R)

u≢0

‖u‖^6 ‖u‖^4_2 · ‖u^′‖^2

= sup

u∈H^1_μ(R)

‖u‖^6 μ^2 · ‖u^′‖^2 .

Therefore ‖u‖^6 ≤ K_Rμ^2‖u^′‖^2 ∀u ∈ H^1_μ(R).

Now for every u ∈ H^1_μ(R), 6E(u, R) = 3‖u^′‖^2 − ‖u‖^6 ≥ 3‖u^′‖^2 − K_Rμ^2‖u^′‖^2 = ‖u^′‖^2 � 3 − K_Rμ^2 � so that μ^2 ≤ 3/K_R =⇒ E(u, R) ≥ 0 for all u ∈ H^1_μ(R).

On the other hand, if μ^2 > 3/K_R, and u is close to optimality in the Gagliardo– Nirenberg inequality, i.e. ‖u‖^6 > (K_R − ε)μ^2‖u^′‖^2, then 6E(u, R) = 3‖u^′‖^2 − ‖u‖^6 ≤ ‖u^′‖^2 � 3 − (K_R − ε)μ^2 � < 0 for small ε, and therefore μ^2 > 3/K_R =⇒ E(u, R) < 0 for some u ∈ H^1_μ(R).

By mass–preserving scalings (11) it is then easy to see that μ^2 ≤ 3/K_R =⇒ E_R(μ) = 0, μ^2 > 3/K_R =⇒ E_R(μ) = −∞.

Therefore, μ^2_R = 3 K_R . This motivates the following definition.

D e f i n i t i o n 7.1. The critical mass for a noncompact metric graph G is the number μ_G = � 3 K_G , where K_G is the best constant for the Gagliardo–Nirenberg inequality on G.

∞ ∞ Figure 39: Case 1: a graph with a terminal point

R e m a r k 7.1. It is not difficult to see that for every noncompact G, K_R ≤ K_G ≤ K_R+ so that μ_R+ ≤ μ_G ≤ μ_R.

Thus every noncompact graph is in this sense intermediate between R^+ and R. In view of the preceding discussion it is easy to prove the following statements P r o p o s i t i o n 7.1. Let G be a noncompact metric graph. • If μ ≤ μ_G , then E_G (μ) = 0, and is not attained when μ < μ_G • If μ > μ_G , then E_G (μ) < 0 (possibly −∞) • If μ > μ_R, then E_G (μ) = −∞ C o r o l l a r y 7.1. A necessary condition for the existence of a ground state of mass μ is that μ ∈ [μ_G , μ_R].

7.2 - The results The necessary condition of Corollary 7.1 is far from being sufficient. The existence of ground states depends mainly on the topology of the graph G, according to the following four mutually exclusive cases:

1. G has a terminal point (Fig. 39) 2. G satisfies Assumption (H) introduced in Sec. 4 (Fig. 40, 41). 3. G has exactly one half-line and no terminal point (Fig. 42) 4. G has none of the above properties (Fig. 43).

∞ ∞ ∞

Figure 40: Case 2: a graph satisfying assumption (H)

∞ ∞ ∞ ∞

Figure 41: The graph portrayed in Fig. 40 and a covering made of 7 cycles

We now list the main results, case by case.

T h e o r e m 7.1 (Case 1). Assume that G has at least one terminal point. Then

• μ_G = μ_R+

• when μ ∈ (μ_R+ , μ_R], E_G (μ) = −∞

• when μ = μ_R+ , E_G (μ) = 0 but is attained if and only if G is a half-line.

The result shows that in the presence of a terminal point ground states do not exist (except when G = R^+).

The terminal edge behaves like R^+, almost supporting a half-soliton. The “almost” however cannot be eliminated, resulting in nonexistence of ground states.

It is easy to check the second statement in the theorem. Indeed, take u compactly supported on R^+, with ‖u‖^2 > μ_R+ , and such that E(u, R^+) < 0. The last condition can be fulfilled because the mass of u is strictly larger than μ_R+ , the critical mass for the half-line. Now scale u by introducing u_λ(x) = √ λu(λx), with λ so large that the support of u_λ is contained in an interval shorter than the terminal edge of G. Place u_λ on the terminal edge of G and extend it to zero elsewhere on G. Then

E(u_λ, G) = E(u_λ, R^+) < 0,

∞ Figure 42: Case 3: a graph with exactly one half-line.

∞ ∞ ∞

Figure 43: Case 4: a graph without terminal points, without cycle covering and with more than one half-line. No cycle can cover the thick edge.

so that

lim_{λ→∞} E(u_λ, G) = lim_{λ→∞} E(u_λ, R^+) = lim_{λ→∞} λ^2E(u, R^+) = −∞. T h e o r e m 7.2 (Case 2). Assume that G satisfies Assumption (H), so that it has a cycle covering. Then

• μ_G = μ_R • E_G (μ_R) = 0 and is attained if and only if G is R or a tower of bubbles. This result shows that in the presence of a cycle covering ground states do not exist, except when G is R or a tower of bubbles (Fig. 29).

T h e o r e m 7.3 (Case 3). Assume that G has exactly one half-line and no terminal point. Then

• μ_G = μ_R+ • E_G (μ) < 0 (and finite) for every μ ∈ (μ_R+ , μ_R] • E_G (μ) is attained if and only if μ ∈ (μ_R+ , μ_R] This result unveils totally new phenomena: first of all, ground states exist for a whole interval of masses, a feature that is completely absent on the standard

∞ ∞ ℓ_1ℓ_2μG < μR ∀ ℓ1, ℓ2

Figure 44: A signpost graph: for every value of ℓ_1, ℓ_2, this graph satisfies the hypotheses of Thm. 7.4

domains R and R^+. Secondly, ground states have negative energy, which is normal for subcritical problems, but highly unexpected in the L^2–critical case. The ultimate reason for this is the nontrivial topology of certain graphs with respect to that of R or R^+.

The proof of Theorem 7.3, is very involved. A sketch of some key steps will be given in Section 7.3.

We conclude with the last result, whose structure is a bit different from that of the preceding Theorems.

T h e o r e m 7.4 (Case 4). Assume that G has no terminal point, no cycle covering and more than one half-line. If, in addition,

μ_G < μ_R,

then

• E_G (μ) < 0 (and finite) for every μ ∈ (μ_G , μ_R]

• E_G (μ) is attained if and only if μ ∈ [μ_G , μ_R]

The same comments of Theorem 7.3 apply: again ground states exist for a whole interval of masses, and again ground states have negative energy. This time however a new feature appears: ground states exist also for μ = μ_G . This fact is particularly interesting from the functional analytic point of view. Indeed, since E_G (μ_G ) = 0, any sequence such that ‖u^′_n‖_L2_{(G)} → 0 is a minimizing sequence and clearly compactness is lost at this level: there exist minimizing sequences at level zero that are not precompact. However, a minimizer exists. To obtain a ground state it is therefore necessary to select accurately a particular minimizing sequence, in order to avoid falling onto a bad sequence.

Finally, some comments on the assumption μ_G < μ_R are in order. There are graphs where it is automatically satisfied, for example the signpost graph (44), independently of the lengths ℓ_1, ℓ_2:

The existence of graphs of the fourth kind where μ_G = μ_R is an open problem. We conjecture that in this case the sole topology of the graph is not enough to guarantee the existence of ground states. Most likely the metric properties of the graph play a role too in this case.

7.3 - Some key steps of the existence proofs

The main ingredient of the existence proofs in Theorems 7.3 and 7.4 is the following modified Gagliardo-Nirenberg inequality, whose proof is technically very involved.

L e m m a 7.1 (Modified Gagliardo–Nirenberg inequality). Assume that G has no terminal point and let μ ≤ μ_R. For every u ∈ H^1_μ(G) there exists θ ∈ [0, μ] such that

(12) ‖u‖^6_L6_{(G)} ≤ K_R(μ − θ)^2‖u^′‖^2_L2_{(G)} + Cθ^{1/2},

with C depending only on G.

We recall that the standard Gagliardo-Nirenberg inequality (with best constant) reads ‖u‖^6_L6_{(G)} ≤ K_G μ^2‖u^′‖^2_L2_{(G)} ∀u ∈ H^1_μ(G).

In (12) the constant θ depends on u. However, the inequality holds with a smaller constant (K_R ≤ K_G ), a smaller mass (μ − θ ≤ μ) and the price is reasonable: Cθ^{1/2} ≤ Cμ^{1/2}.

With this inequality, it is simple to show that minimizing sequences are bounded, which is the first (and in this case more delicate) step towards an existence result.

Indeed, take μ ∈ (μ_G , μ_R]. Then, by Proposition 7.1, E_G (μ) < 0, say E_G (μ) < −α < 0.

Let now u_n be a minimizing sequence for E and let θ_n be the constant in (12) associated to u_n. Then, for n large,

−6α ≥ 6E(u_n, G) = 3‖u^′_n‖^2 − ‖u_n‖^6 ≥ (by (12))

≥ 3‖u^′_n‖^2 − K_R(μ − θ_n)^2 ‖u^′_n‖^2 − Cθ^{1/2}_n

≥ ‖u^′_n‖^2 (3 − K_R(μ − θ_n)^2) − Cθ^{1/2}_n

≥ −Cθ^{1/2}_n ,

since 3 − K_R(μ − θ_n)^2 ≥ 3 − K_Rμ^2 ≥ 3 − K_Rμ^2_R = 0.

This shows that Cθ^{1/2}_n ≥ 6α, uniformly in n.

For this reason, 3 − K_R(μ − θ_n)^2 ≥ δ, so that

−6α ≥ δ 6 ‖u^′_n‖^2 − Cθ^{1/2}_n

from which we see that ‖u^′_n‖_2 is uniformly bounded. Once this is established, it is also very easy to see that ‖u_n‖_Lp_{(G)} is uniformly bounded too. Then one can extract suitable subsequences and the proof of existence follows easily (in most cases). Only in Theorem 7.4 (when μ = μ_G ) a supplementary analysis is needed in order to construct a particular minimizing sequence.

8 - Conclusions and perspectives

Inspired by physical applications, the problem of the existence of ground states for the focusing NLS on branched structures has proved challenging from the mathematical point of view too, giving rise to a new chapter in the Calculus of Variations, in which established techniques mix with graph theoretical notions and results. In particular, topology and metric of a graph interact in a highly nontrivial way, so that investigating the existence of a ground state can involve either topological consideration or hard estimates.

The results we presented here focus on graphs with a finite number of edges and vertices, that include at least one halfline. This means that, on the large spatial scale, all these graphs look as star graphs, and the compact core plays the role of a vertex, possibly with an internal structure. This large-scale point of view has never been seriously considered, but it could be effective in order to describe ground states at low masses.

However, in all these examples the large-scale structure is still the same of a network, while it would be interesting to consider examples in which such a structure becomes genuinely two-dimensional, reconstructing for instance a stripe in the plane or even the entire plane. For the first example, one could consider the case of a graph made of two parallel halflines joined together through infinitely many parallel edges, in such a way that the distance between two consecutive edges is constant (infinite ladder graph); for the second case, the most immediate example is surely given by the square grid. We are currently investigating this case, and we found that the two-dimensional large-scale structure plays a very important role resulting in a substantial change in the kind of results we are proving. Furthermore, periodicity avoids the presence of halflines and then of quasi-solitons, so that lack of compactness in minimizing sequences can be due either by spreading or by concentration only.

Beyond the problem of ground states, the issue of the existence and the shape of generic standing waves is very topical and will be addressed in forthcoming papers too.

Far beyond these investigations, one could also think of the possibility of approximating regular domains in more dimensions with metric graphs becoming more and more dense. This research line is very likely for a future long-term project.

References

[1] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, Fast solitons on star graphs. Rev. Math. Phys. 23(4) (2011), 409–451.

[2] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, On the structure of critical energy levels for the cubic focusing NLS on star graphs, J. Phys. A 45(19) (2012), 192001.

[3] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, Variational properties and orbital stability of standing waves for NLS equation on a star graph, J. Diff. Eq. 257(10) (2014), 3738–3777.

[4] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, Constrained energy minimization and orbital stability for the NLS equation on a star graph, Ann. Inst. Poincaré (C) An. Non. Lin. 31 (6) (2014), 1289–1310.

[5] R. Adami, C. Cacciapuoti, D. Finco, and D. Noja, Stable standing waves for a NLS on star graphs as local minimizers of the constrained energy, J. Diff. Eq. 260 (10) (2016).

[6] R. Adami, F. Golse, and A. Teta, Rigorous derivation of the cubic NLS in dimension one, J. Stat. Phys. 127 (2007), 1193–1220.

[7] R. Adami, E. Serra and P. Tilli, Lack of ground state for NLSE on bridge–type graphs, Springer Proceedings in Mathematics and Statistics 128 (2015), 1–15.

[8] R. Adami, E. Serra and P. Tilli, NLS ground states on graphs, Calc. Var. and PDEs 54 (2015), 743–761.

[9] R. Adami, E. Serra and P. Tilli, Threshold phenomena and existence results for NLS ground states on metric graphs, J. Funct. An. 271 (2016), 201–223.

[10] R. Adami, E. Serra and P. Tilli, Negative energy ground states for the L^2-critical NLSE on metric graphs, Commun. Math. Phys., to appear, doi:10.1007/s00220-016-2797-2.

[11] F. Ali Mehmeti, Nonlinear waves in networks, Akademie Verlag Berlin (1994).

[12] Z. Ammari,M. Falconi, and B. Pawilowski, On the rate of convergence for the mean-field approximation of many-body quantum dynamics, Comm. Math. Sci. 14 (5) (2016), 1417–1442.

[13] Z. Ammari, F. Nier, Mean-field propagation of Wigner measures and BBGKY hierarchies for general bosonic states, J. Math. Pures Appl. 95 (6) (2011), 585– 626.

[14] C. Bardos, F. Golse, and N. J. Mauser, Weak coupling limit of the N-particle Schrödinger equation, Math. Anal. Appl. 1 (2) (2000), 275–293.

[15] N. Benedikter, G. de Oliveira, and B. Schlein, Quantitative Derivation of the Gross-Pitaevskii Equation, Comm. Pure App. Math. 68 (8) (2015), 1399– 1482.

[16] N. Benedikter, M. Porta, and B. Schlein, Effective Evolution Equations from Quantum Dynamics, SpringerBriefs in Mathematical Physics 7 (2016).

[17] G. Berkolaiko and P. Kuchment, Introduction to quantum graphs, Mathematical Surveys and Monographs 186. AMS, Providence, RI (2013).

[18] J. Bolte and J. Kerner, Many-particle quantum graphs and Bose-Einstein condensation, J. of Math. Phys. 55 (6) (2014), 10.1063/1.4879497.

[19] J. Bona and R.C. Cascaval, Nonlinear dispersive waves on trees, Can. J. App.

Math 16 (2008), 1–18.

[20] S. N. Bose, Plancks Gesetz und Lichtquantenhypothese, Zeitschrift für Physik 26 (1924), 178–181.

[21] S. Buchholz, C. Saffirio, and B. Schlein, Multivariate central limit theorem in quantum dynamics, J. Stat. Phys. 154 (2014), 113–152.

[22] C. Cacciapuoti, D. Finco and D. Noja, Topology induced bifurcations for the NLS on the tadpole graph. Phys. Rev. E 91 (1) (2015), 013206.

[23] V. Caudrelier, On the Inverse Scattering Method for Integrable PDEs on a Star Graph. Commun. Math. Phys. 338(2) (2015), 893–917.

[24] T. Cazenave and P.-L. Lions, Orbital stability of standing waves for some nonlinear Schrödinger equations, Commun. Math. Phys. 85 (4) (1982), 549–561.

[25] X. Chen, and J. Holmer, Focusing Quantum Many-body Dynamics: The Rigorous Derivation of the 1D Focusing Cubic Nonlinear Schrdinger Equation. Arch. Rat. Mech. An. 221(2) (2016), 631–676.

[26] K.B. Davis, M.O. Mewes, M.R. Andrews, N.J. van Druten, D.S. Durfee, D.M. Kurn, and W. Ketterle Bose-Einstein Condensation in a Gas of Sodium Atoms, Phys. Rev. Lett. 75 (22) (1995), 3969–3973.

[27] E.A. Donley, N.R. Claussen, S.L. Cornish, J.L. Roberts, E.A. Cornell, and C.E. Wieman, Dynamics of collapsing and exploding Bose-Einstein condensates, Nature 412 (2001), 295–299.

[28] A. Einstein, Quantentheorie des einatomigen idealen Gases, Sitzungsberichte der Preussischen Akademie der Wissenschaften (1925), 3–25.

[29] A. Elgart, L. Erdos, B. Schlein, and H.-T. Yau, Gross-Pitaevskii equation as the mean field limit of weakly coupled bosons, Arch. Ration. Mech. Anal. 179(2) (2006), 265–283.

[30] L. Erdős, B. Schlein and H.-T. Yau, Derivation of the cubic non-linear Schrödinger equation from quantum dynamics of many-body systems, Invent. Math. 167 (2007), 515–614.

[31] L. Erdős, B. Schlein and H.-T. Yau, Rigorous derivation of the Gross- Pitaevskii equation with a large interaction potential, J. Am. Math. Soc. 22 (4) (2009), 1099–1156.

[32] L. Erdős, B. Schlein and H.-T. Yau, Derivation of the Gross-Pitaevskii equation for the dynamics of Bose-Einstein condensate, Ann. of Math. 172(1) (2010), 291–370.

[33] L. Erdős and H.-T. Yau, Derivation of the nonlinear Schrödinger equation from a many body Coulomb system, Adv. Theor. Math. Phys. 5 (2001),1169–1205.

[34] L. Friedlander, Extremal properties of eigenvalues for a metric graph. Ann.

Inst. Fourier (Grenoble) 55 (1) (2005), 199–211.

[35] S. Gilg, D. Pelinovsky, and G. Schneider, Validity of the NLS approximation for periodic quantum graphs, Nonlin. Diff. Eq. App. 23 (6) (2016), 63.

[36] J. Ginibre and G. Velo, The classical field limit of scattering theory for nonrelativistic many-boson systems. I and II, Commun. Math. Phys. 66 (1979), 37– 76. [37] S. Gnutzmann and D. Waltner, Stationary waves on nonlinear quantum graphs: General framework and canonical perturbation theory, Phys. Rev. E 93(3) (2016), 032204.

[38] M. Grillakis, M. Machedon, and D. Margetis, Second-order corrections to mean-field evolution of weakly interacting bosons I, Commun. Math. Phys. 294 (1) (2010), 273–301.

[39] M. Grillakis, M. Machedon, and D. Margetis, Second-order corrections to mean-field evolution of weakly interacting bosons II, Adv. Math. 228 (3) (2011), 1788–1815.

[40] M. Grillakis, J. Shatah, and W. Strauss, Stability theory of solitary waves in the presence of symmetry, I, J. Funct. An. 74 (1) (1987), 160–197.

[41] K. Hepp, The classical limit for quantum mechanical correlation functions, Commun. Math. Phys. 35 (4) (1974), 265–277.

[42] W. Ketterle and N.J. van Druten, Bose-Einstein condensation of a finite number of particles trapped in one or three dimensions, Phys. Rev. A 54 (1) (1996), 656–660.

[43] A. Knowles and P. Pickl, Mean-Field Dynamics: Singular Potentials and Rate of Convergence, Commun. Math. Phys. 298 (1) (2010), 101–138.

[44] V. Kostrykin and R. Schrader, Kirchhoff’s rule for quantum wires, J. Phys.

A: Math. Gen. 32 (1999), 595–630.

[45] M. Lewin, P.T. Nam, and B. Schlein, Fluctuations around Hartree states in the mean-field regime, Am. J. Math. 137 (6) (2015), 1613–1650.

[46] E.H. Lieb and R. Seiringer, Proof of Bose-Einstein condensation for dilute trapped gases, Phys. Rev. Lett. 88 (2002), 170409.

[47] E.H. Lieb, R. Seiringer, and J. Yngvason, Bosons in a trap: a rigorous derivation of the Gross-Pitaevskii energy functional. Phys. Rev. A 61 (2000), 043602.

[48] E.H. Lieb and J. Yngvason, Ground state energy of the low density Bose gas, Phys. Rev. Lett. 80 (1998), 2504–2507.

[49] M. Lorenzo, M- Luccia, V. Merlo, I. Ottaviani, M. Salvato, M. Cirillo, M. Müller, T. Weimann, M. G. Castellano, F. Chiarello, and G. Torrioli, On Bose-Einstein condensation in Josephson junctions star graph arrays, Phys. Lett. A 378 (7-8) (2014), 655–658.

[50] J. Marzuola, and D. Pelinovsky, Ground state on the dumbbell graph, App.

Math. Res. EX. 1 (2016), 98–145.

[51] D. Noja, D. Pelinovsky, D., and G. Shaikhova, Bifurcations and stability of standing waves in the nonlinear Schrödinger equation on the tadpole graph. Nonlinearity 28 (7) (2015), 243–278.

[52] D. Pelinovsky and G. Schneider, Bifurcations of standing localized waves on periodic graphs, Ann. Henri Poincar (2016). doi:10.1007/s00023-016-0536-z.

[53] L.P. Pitaevskii and S. Stringari, Bose-Einstein Condensation, Clarendon Press (2003).

[54] I. Rodnianski and B. Schlein, Quantum Fluctuations and Rate of Convergence Towards Mean Field Dynamics, Commun. Math. Phys. 291 (1) (2009), 31–61.

[55] K. Ruedenberg and C. W. Scherr, Free-Electron Network Model for Conjugated Systems. I. Theory, J. Chem. Phys. 21 (1953), 1565–1581.

[56] K. Sabirov, Z. Sobirov, D. Babajanov, and D. Matrasulov, Stationary nonlinear Schrödinger equation on simplest graphs, Phys. Lett. A 377 (12) (2013), 860–865.

[57] R. Seiringer and J. Yin, The Lieb-Liniger Model as a Limit of Dilute Bosons in Three Dimensions, Commun. Math. Phys. 284 (2008), 459–479.

[58] E. Serra and L. Tentarelli, Bound states of the NLS equation on metric graphs with localized nonlinearities, J. Diff. Eq. 260 (7) (2016), 5627–5644.

[59] Z. Sobirov, D. Matrasulov, K. Sabirov, S. Sawada, and K. Nakamura, Integrable nonlinear Schrödinger equation on simple networks: Connection formula at vertices. Phys. Rev. E 81 (2010), 066602.

[60] H. Spohn, Kinetic equations from Hamiltonian dynamics, Rev. Mod. Phys. 52 (3) (1980), 569–615.

[61] L. Tentarelli, NLS ground states on metric graphs with localized nonlinearities, J. Math. An. App. 433(1), (2016) 291–304.

[62] V.E. Zakharov and B. Shabat, Exact Theory of Two-Dimensional Self- Focusing and One-Dimensional Self-Modulation of Waves in Nonlinear Media, Soviet Phys. JETP 34 (1) (1972), 62–71.

Riccardo Adami Dipartimento di Scienze Matematiche, Politecnico di Torino Corso Duca degli Abruzzi 24 Torino, 10129, Italy e-mail: riccardo.adami@polito.it

Enrico Serra Dipartimento di Scienze Matematiche, Politecnico di Torino Corso Duca degli Abruzzi 24 Torino, 10129, Italy e-mail: enrico.serra@polito.it

Paolo Tilli Dipartimento di Scienze Matematiche, Politecnico di Torino Corso Duca degli Abruzzi 24 Torino, 10129, Italy e-mail: paolo.tilli@polito.it