Resonances for a General Hamiltonian in the Born-Oppenheimer Approximation by Messirdi Bekkai and Senoussaoui Abderrahmane Université d’Oran Es-Sénia Département de Mathématiques Faculté des Sciences B.P 1524 El Mnaouer Oran 31000, ALGERIA

Abstract: We study the discrete spectrum of a general class of Born-Oppenheimer Hamiltonians of the type:

H = −h^2Δ_x + P (x, y, D_y) on L^2 � R^n_x × R^p_y � , n, p ∈ N^∗

when h tends to 0^+, here P (x, y, D_y) is a pseudodifferential operator on L^2 (R^p_y) . In the case where the first eigenvalue λ_1 (x) of P (x, y, D_y ) on L^2 (R^p_y) admits one non degenerate point-well, we obtain WKB-type expansions for all order in h^{1/2} of eigenvalues (in the interval [0, C_0h], C_0 > 0) and associated normalized eigenfunctions of H, and this for all orders in h^{1/2}.

AMS classifications: 35P15, 35Q20, 35P99, 35S99.

0 Introduction The Born-Oppenheimer approximation is a method introduced in [2] to analyse the spectrum of molecules. It consists in studying the behavior of the associate Hamiltonian when the nuclear mass tends to infinity. This Hamiltonian can be written in the form:

P = −h^2Δ_x − Δ_y + V (x, y)

where x ∈ R^n represents the position of the nuclei, y ∈ R^p is the position of the electrons, h is proportional to the inverse of the square-root of the nuclear mass and V (x, y) is the interaction potential.

In the last decade, many efforts have been made in order to study in the semiclassical limit the spectrum of P ( see e.g. [24], [12], [14], [17], [20], [?],...). These authors have shown that in many situations it is still possible to perform, by Grushin’s method, semiclassical constructions related to the existence of some hidden effective semiclassical operator.

It has been proved, both for smooth potentials [14] and for the physically interesting case of Coulomb interaction potentials (see , [12, 20]), the existence for the operator P of asymptotic expansions for eigenvalues and associated eigenfunctions of the types: � j≥0 α_j h^{j/2} and e^{−ψ(x)/h} � � � j≥0 a_j (x, y) h^{j/2} � � , where ψ (x) is the Agmon distance between x and the potential well.

Here we plan to give a unified version of the two results in [14] and [12], which can be applied to the general class of operators of the type H = −h^2Δ_x +P (x, y, D_y) , where P (x, y, D_y) is a pseudodifferential operator on H_2 = L^2 (R^p_y) (the so-called electronic Hamiltonian and its eigenvalues are the so-called electronic levels).

By using the h-pseudodifferential operators with operator-valued symbol and the general Feshbach reduction scheme (see [1, 22]), the spectral study of H on L^2 (R^n_x × R^p_y) is reduced to that of a matrix of h-pseudodifferential operators F (λ) on � L^2 (R^n_x)

�_{⊕m} (the so-called effective Hamiltonian) with principal symbol the diagonal matrix diag � ξ^2 + λ_j (x) � 1≤j≤m where m > 0

depends on the energy level and (λ_j (x))_{1≤j≤m} are the electronic levels. In particular, we obtain the following equivalence:

λ ∈ Sp (H) ⇐⇒ λ ∈ Sp (F (λ))

(here Sp stands for the spectrum).

The general theory of Helffer and Sjöstrand in [8] can be applied to the operator F (λ) and shows the existence of formal WKB-type expansions for eigenfunctions of this operator. This finally gives the formal WKB-type expansions for the operator H itself.

The argument of Martinez in [14] gives a justification to the formal WKBconstructions by showing that, modulo an error of size O (h^∞) , the formal eigenfunctions approximate correctly the true eigenfunctions of H.

The plan of this paper is the following. In the first section we introduce our assumptions and give preliminaries. The spectral reduction of the problem is given in the second section. The third section is devoted to state our main result and apply the reduction theorem obtained in the section 2 to establish the proof.

1 Assumptions and preliminaries

We study the resonaces of a general class of Born-Oppenheimer Hamiltonian of the type:

P (h) = −h^2Δ_x + P (x, y, D_y) on L^2 � R^n_x × R^p_y � , n, p ∈ N^∗

when h tends to 0^+, P (x, y, D_y) is a pseudodifferential operator on L^2 (R^p_y) with x-independent domain.

We assume that:

(H1) For every x ∈ R^n, P (x, y, D_y ) is selfadjoint and bounded from below on L^2 (R^p_y) . P (x, y, D_y) can be analytically extended on the complex strip

D_δ = {x ∈ C^n, |Im x| ≤ δ < Re x >} , δ > 0.

(H2) The spectrum of the pseudodifferential operator P (x, y, D_y) has two disjoint components for every x ∈ R^n:

Sp (P (x, y, D_y )) = {λ_1 (x) , λ_2 (x) , ..., λ_M (x)} ∪ σ (x) where λ_1 (x) , λ_2 (x) , ..., λ_M (x) are eigenvalues of P (x, y, D_y) depend continuously on x ∈ R^n and can be analytically extended on D_δ. There is a gap between the two components: inf λ∈σ(x),j∈{1,...,M}

|λ_j (x) − λ| ≥ δ.

In particular, this implies that the spectral projector π (x) of P (x, y, D_y) associated to {λ_1 (x) , λ_2 (x) , ..., λ_M (x)} is C^2-regular with respect to x (see [3]).

(H3) We also assume that λ_1 (x) , λ_2 (x) , ..., λ_M (x) are separated at the infinity:

∃ ~C > 0, inf_{j≠k}

|x|≥C

|λ_j (x) − λ_k (x)| ≥ ~C, C > 0.

This last assumption is essential in our work to obtain a good behavior of the spectral projectors of P (x, y, D_y) where |x| → +∞. This is because our technique stand strongly on pseudodifferential calculus, which requires a lot of regularity with respect to x.

(H4) P (x, y, D_y) ∈ C^∞_b � R^n, L � D (P (x, y, D_y)) , L^2 (R^p_y) � , here C^∞_b denotes the space of C^∞-functions that have their derivatives of any order uniformly bounded.

Examples:

• The operator P (x, y, D_y ) = −^{d2}_{dy2} + � 1 + x^2

�_{2l} y^2, x ∈ R, l ∈ R satisfies the assumptions (H1) to (H3) with domain

D (P (x, y, D_y)) = H^2 (R_y) ∩ � φ ∈ L^2 (R_y) ; y^2φ ∈ L^2 (R_y) � , λ_j (x) = (2j + 1) � 1 + x^2

�_l

; j = 1, ..., M and

Γ (x) = � (2j + 1) � 1 + x^2

�_l

; j ≥ M + 1 � . • A second example is the Born-Oppenheimer Hamiltonian (see e.g [20, ?, 12]) for the differential operator

P (x, y, D_y) = −Δ_y + V (x, y) ,

where V (x, y) is the Coulomb interaction potential. For the study of resonances of P (h) in this example see the works of Martinez-Messirdi [17] and those of Messirdi-Senoussaoui-Djellouli [?].

2 Preliminaries and main result

In this paper we characterize the resonances of P (h) by using the analytic dilation introduced by Hunziker [10]. More precisely, for θ real small enough we consider the transformation xe^θ and the associated dilation operator U_θ defined by:

U_θφ (x, y) = e^{nθ/2}φ � xe^θ, y � , φ ∈ C^∞_0 � R^n_x × R^p_y �

U_θ is an unitary operator on L^2 (R^n_x × R^p_y) . Now let the dilation P_θ (h) = U_θP (h) U^{−1}_θ of the operator P (h):

P_θ (h) = −h^2e^{−2θ}Δ_x + P � xe^θ, y, D_y � . Then using the assumption (H_1) the familly P_θ (h) can be extended to small enough complex values of θ as analytic family of type A (see e.g [11, ?]).

Definition 1 We say that a complex number ρ is a resonance of P (h) if Re ρ > inf σ_{ess} (P (h)) and there exists θ small enough, Im θ > 0, such that ρ ∈ σ_{disc} (P (h)) . σ_{ess} and σ_{disc} are respectively the essential and the discrete spectrum.

Notation 2 We denote by Γ (h) the set of resonances of the operator P (h) .

A family of unbounded operators A (h) on L^2 (R^n) , with fixed domain H^{k0} (R^n) k_0 ≥ 0, is said to be h-pseudodifferential if there exists a sequence (a_j (x, ξ))_{j∈N} of C^∞-functions on R^{2n} satisfying:

∀j ∈ N, ∀α, β ∈ N^n, � �∂_{αx} ∂β_ξ a_j (x, ξ) � � = O �< ξ >_{k0−|β|}�

uniformly on R^n, with < ξ >= � 1 + |ξ|^2

�_{1/2} and for any N ∈ N large enough, A (h) can be written

A(h) = N� j=0 h^j Op^w_h (a_j ) + h^N R_N (h)

where R_N (h) is uniformly bounded on L^2 (R^n) as h → 0^+, and Op^w_h denotes the Weyl h-quantization of symboles:

Op^w_h (a_j) φ (x) = (2πh)^{−n} � R^{2n}

e^{ih <x−y,ξ>}a_j � x + y 2 , ξ � φ (y) dydξ.

The function a_0 is called the principal symbol of A (h) .

Denote now λ_0 = inf {Sp (P (x, y, D_y )) \ {λ_1 (x) , λ_2 (x) , ..., λ_M (x)}} . Our main result is:

Theorem 3 Under assumptions (H1) to (H4), and for any z complex close enough to λ_0, there exists a family of M × M-matrixes A^{−+}_θ (z), θ complex small enough, of h-pseudodifferential operators on R^n depending analytically on θ such that:

z ∈ Γ(h) ⇔ ∃θ ∈ C, Im θ > 0, 0 ∈ σ_{disc}(A^{−+}_θ (z)).

In particular, F (z) = z−A^{−+}_θ (z) has the diagonal matrix diag � ξ^2 + λ_j (x) � 1≤j≤M

as principal symbol.

3 The dilation Feshbach method

The Feshbach reduction is a way to construct an effective Hamiltonian of the spectral problem of P_θ (h) . To get this construction in the context of h-pseudodifferential calculus we make use of a so-called Grushin problem involving a convenient choice of sections of Ranπ (x) , where π (x) denotes the orthogonal projector onto the eigenspace of P (x, y, D_y) associated to {λ_1 (x) , λ_2 (x) , ..., λ_M (x)} .

In fact, since we are interested in the resonances of P (h), we make all these constructions for the analytic dilation P_θ (h) of P (h) .

Using the constructions made in [18], we have the following lemma:

Lemma 4 Under (H1 ) to (H4), there exists an orthonormal family � v^θ_1 (x) , v^θ_2 (x) , ..., v^θ_M (x) � in D (P (x, y, D_y )) depending analytically with respect to θ complex small enough such that:

1. v^θ_j (x) ∈ C^∞_b (R^n, D (P (x, y, D_y))) for all j ∈ {1, ..., M} , 2. � v^θ_1 (x) , ..., v^θ_M (x) � generate the space^M � j=1 ker � P � xe^θ, y, D_y � − λ_j � xe^θ � .

If^M⊕_{j=1}ψ_j = (ψ_1, ..., ψ_M ) ∈ � L^2 (R^n)

�_{⊕M} and φ ∈ L^2 (R^n, D (P (x, y, D_y )))

then we define the two following operators R^±_θ by:

R^−_θ :^M � j=1 L^2 (R^n) −→ L^2 (R^n, D (P (x, y, D_y)))

ψ =^M⊕_{j=1}ψ_j −→ R^−_θ ψ = M� j=1 ψ_j v^θ_j (x)

and R^+_θ = � R^−_θ

�_∗ : L^2 (R^n, D (P (x, y, D_y))) −→^M � j=1 L^2 (R^n)

φ −→ R^+_θ φ =^m⊕_{j=1} < φ, v^θ_j (x) >_L2_{(R}n_) .

We then consider a Grushin problem that will lead to the Feshbach reduction. For z ∈ C, we consider the following matrix operator:

P_θ (z) = � P_θ (h) − z R^−_θ

R^−_θ 0 � on L^2 (R^n, D (P (x, y, D_y))) ⊕ � L^2 (R^n)

�_{⊕M} . Then we have:

Theorem 5 Assume (H1 ) to (H4 ). Then for any z complex such that Re z < λ_0, the Grushin operator P_θ (λ) : H^2 (R^n, D (P (x, y, D_y )))⊕ � L^2 (R^n)

�_{⊕M} −→ L^2 � R^n, L^2 (R^p) � ⊕ � L^2 (R^n)

�_{⊕M} , if we write it’s inverse as:

(P_θ (z))^{−1} = � A_θ (z) A^+_θ (z) A^−_θ (z) A^{−+}_θ (z) �

then A_θ (z) , A^±_θ (z) and A^{−+}_θ (z) are h-pseudodifferential operators. Moreover, we have the following spectral reduction:

z ∈ Sp (P_θ (h)) ⇐⇒ z ∈ Sp (F_θ (z)) , Im θ > 0 (2.1)

where F_θ (z) = z − A^{−+}_θ (z) is a M × M matrix of h-pseudodifferential operators on � L^2 (R^n)

�_{⊕M}

with the diagonal matrix diag � ξ^2 + λ_j � xe^θ � 1≤j≤M as

principal symbol.

Proof. We can consider the Grushin operator P_θ (z) as an h-pseudodifferential operator with operator-valued symbol p_θ (x, ξ; z) given by:

p_θ (x, ξ; z) = � ξ^2 + P � xe^θ, y, D_y � − z R^−_θ R^+_θ 0 � . (2.2)

Using the fact that for any z ∈ C such that Re z < λ_0 and x ∈ R^n, Re � ^π_θ (x) P � xe^θ, y, D_y � ^π_θ (x) − z � > 0 (2.3)

the symbol p_θ (x, ξ; z) is invertible and its inverse q_θ (x, ξ; z) is given by:

q_θ (x, ξ; z) = � ^π_θ (x) � ξ^2 + ^π_θ (x) P � xe^θ, y, D_y � ^π_θ (x) − z

�_{−1} ^π_θ (x) R^−_θ R^+_θ � z − ξ^2 − λ_j � xe^θ � 1≤j≤M �

(2.4) where ^π_θ (x) = 1 − π_θ (x) , π_θ (x) denotes the orthogonal projection on the

space^M � j=1 ker � P � xe^θ, y, D_y � − λ_j � xe^θ � . Due to (H4) and (2.3) , we can consider the Weyl quantification Q_θ (z) = Op^w_h (q_θ (x, ξ; z)) : L^2 � R^n, L^2 (R^p) � ⊕ � L^2 (R^n)

�_{⊕M} −→ H^2 (R^n, D (P (x, y, D_y)))⊕ � L^2 (R^n)

�_{⊕M} . The symbolic calculus and especially the composition theorem of h-pseudodiff-erential operators allows us to obtain, � P_θ (z) Q_θ (z) = I + hR_1; ‖R_1‖_L(_{L2(Rn,L2(Rp))⊕(L2(Rn))}⊕M ) = O (1)

Q_θ (z) P_θ (z) = I + hR_2; ‖R_2‖_L(_{H2(Rn,D(P (x,y,Dy)))⊕(L2(Rn))}⊕M ) = O (1) . Here, the estimates of ‖R_1‖ and ‖R_2‖ are uniform with respect to h. As a consequence, for h small enough, P_θ (z) is invertible and its inverse is given by the Neumann series:

(P_θ (z))^{−1} = Q_θ (z) � I + +∞� k=1 h^kR^k_1 � = � I + +∞� k=1 h^kR^k_2 � Q_θ (z) . (2.5)

In view of (2.5) and the expression of the symbol q_θ (x, ξ; z) it remains to prove

the equivalence (2.1) . This comes from the two following algebraic identities:

((P_θ (h) − z) u = v) ⇔ P_θ (z) (u ⊕ 0) = v ⊕ (< u,^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_))

⇔ (u ⊕ 0) = (P_θ (z))^{−1} (v ⊕ (< u,^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_)))

((P_θ (h) − z) u = v) ⇔ � � � � u = A_θ (z) v + A^+_θ (z) (< u,^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_))

0 = A^−_θ (z) v + A^{−+}_θ (z) (< u,^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_))

(2.6) and � A^{−+}_θ (z) α = β � ⇔ (P_θ (z))^{−1} (0 ⊕ α) = � A^+_θ (z) α � ⊕ β ⇔ 0 ⊕ α = P_θ (z) ( � A^+_θ (z) α � ⊕ β)

� A^{−+}_θ (z) α = β � ⇔ � � � 0 = (P_θ (h) − z) � A^+_θ (z) α � +^M⊕_{j=1}v^θ_j (x) β

α =< A^+_θ (z) α,^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_)

. (2.7)

If z /∈ Sp (P_θ (h)) , then from (2.7) we deduce:

A^{−+}_θ (z) α = β ⇔ � � � � A^+_θ (z) α = − (P_θ (h) − z)^{−1} (^M⊕_{j=1}v^θ_j (x) β)

α =< − (P_θ (h) − z)^{−1} (^M⊕_{j=1}v^θ_j (x) .),^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_) β .

In particular,

0 /∈ Sp � A^{−+}_θ (z) � and � A^{−+}_θ (z)

�_{−1}

= − < (P_θ (h) − z)^{−1} (^M⊕_{j=1}v^θ_j (x) .),^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_) .

Conversely, if 0 /∈ Sp � A^{−+}_θ (z) � , then (2.6) gives:

(P_θ (h) − z) u = v ⇔ � � � < u,^M⊕_{j=1}v^θ_j (x) >_L2_{(R}p_)= − � A^{−+}_θ (z)

�_{−1}

(A^−_θ (z) v)

u = A_θ (z) v − A^+_θ (z) � A^{−+}_θ (z)

�_{−1}

A^−_θ (z) v .

As a consequence,

z /∈ Sp (P_θ (h)) and (P_θ (h) − z)^{−1} = A_θ (z) − A^+_θ (z) � A^{−+}_θ (z)

�_{−1}

A^−_θ (z)

References

[1] A. Balazard-Konlein. Calcul fonctionnel pour des opérateurs hadmissibles à symboles opérateurs et applications. Thèse de 3ème cycle, University of Nantes, France, (1985).

[2] M. Born, R. Oppenheimer. Zur Quantentheorie der Molekeln. Annal.

Phys. vol 84, 457, 1927.

[3] J.M. Combes, R. Seiler. Regularity and asymptotic properties of the discrete spectrum of electronic Hamiltonians. Int. J. Quant. Chem., Vol. XIV, p. 213-229, (1978).

[4] J.M. Combes, P. Duclos, R. Seiler. The Born-Oppenheimer approximation. Rigorous atomic and molecular physics, (eds. G. Velo, A. Wightman), p. 185-212, Plenum New-York (1981).

[5] F. Daumer. Equation de Schrödinger dans l’approximation du tightbinding. Thèse de Docctorat 1990. Université de Nantes, France.

[6] G. A. Hagedorn. High order corrections to the time-independent Born- Oppenheimer approximation. I-smooth potentials. Ann. Inst. Henri Poincaré 47, p. 1-16 (1987).

[7] G. A. Hagedorn. High order corrections to the time-independent Born- Oppenheimer approximation. II-diatomic Coulomb. Comm. Maths. Phys. vol 116, 1988, p23-44.

[8] B. Helffer, J. Sjöstrand. Résonances en limite semi-classique. Mémoires S.M.F., tome 114, fasc. 3 (1986).

[9] L. Hörmander. Fourier integral operators I, Acta Math. vol 127, 1971, p33-57.

[10] W. Hunziker. Distortion analyticity and molecular resonance curves.

Ann. Inst. Henri Poincaré 45, p. 339-358 (1986).

[11] T. Kato. Perturbation theory for linear operators. Springer-Verlag, 1966. [12] M. Klein, A. Martinez, R. Seiler, X.P. Wang. On the Born-Oppenheimer expansion for polyatomic molecules. Comm. Maths. Phys. 1992, p607- 639.

[13] A. Martinez. Développements asymptotiques et effet tunnel dans l’approximation de Born-Oppenheimer. Ann. I.H.P. vol 49, (3), 1989, p239-257.

[14] A. Martinez. Asymptotic expansions in Born-Oppenheimer Approximation. Journées Equations aux dérivées partielles. p1-4, 1988.

[15] A. Martinez. An introduction to semiclassical and microlocal analysis.

Springer-Verlage New-York, UTX series, 2002.

[16] A. Martinez. Résonances dans l’approximation de Born-Oppenheimer I.

J. Diff. Eq. vol 91, n.2, p. 204-234, 1991.

[17] A. Martinez, B. Messirdi. Resonances of diatomic molecules in the Born- Oppenheimer approximation. Comm. P.D.E. vol 19 (7/8), 1994, p1139- 1162.

[18] B. Messirdi. Asymptotique de Born-Oppenheimer pour la prédissociation moléculaire (cas de potentiels réguliers). Ann. Inst. Henri Poincaré, Vol.

61(3), p. 255-292 (1994).

[19] B. Messirdi. Problèmes de résonances en limite semi-classique. Thèse de Doctorat d’Etat es-sciences, University of Oran, Algeria, 1994.

[20] B. Messirdi, A. Senoussaoui. Méthode BKW formelle et spectre des molécules polyatomiques dans l’approximation de Born-Oppenheimer. Canadian Journal of Physics, vol 79, (4), 2001, p757-771.

[21] D. Robert. Autour de l’approximation semi-classique. Birkauser 1987. [22] A. Senoussaoui. Opérateurs h-admissibles matriciels à symboles opérateurs. To appear in African Diaspora Journal of Mathematics.

[23] Calderon, A. P., Vaillancourt, R.: On the boundness of pseudodifferential operators. J. Math. Soc. Japan 23, 1972, p374-378.

[24] Gérard, C., Martinez, A., Sjöstrand, J.: A mathematical approach to the effective hamiltonian in perturbed periodic problems. Comm. Math. Physics vol 142 (4), 1991.