ESSENTIAL CLOSURES AND AC SPECTRA FOR REFLECTIONLESS CMV, JACOBI, AND SCHRÖDINGER OPERATORS REVISITED

FRITZ GESZTESY, KONSTANTIN A. MAKAROV, AND MAXIM ZINCHENKO

Dedicated with great pleasure to L. J. Lange on the occasion of his 80th birthday.

Abstract. We provide a concise, yet fairly complete discussion of the concept of essential closures of subsets of the real axis and their intimate connection with the topological support of absolutely continuous measures.

As an elementary application of the notion of the essential closure of subsets of R we revisit the fact that CMV, Jacobi, and Schrödinger operators, reflectionless on a set E of positive Lebesgue measure, have absolutely continuous spectrum on the essential closure E^e of the set E (with uniform multiplicity two on E). Though this result in the case of Schrödinger and Jacobi operators is known to experts, we feel it nicely illustrates the concept and usefulness of essential closures in the spectral theory of classes of reflectionless differential and difference operators.

1. Introduction

In this note we revisit the notion of essential closures of subsets of the real line and their intimate connection with the topological support of absolutely continuous measures. As an elementary application of this concept we consider unitary CMV operators and self-adjoint Jacobi operators on Z, and Schrödinger operators on R, which are reflectionless on a set E of positive Lebesgue measure and recall the elementary proof that the essential closure of E, denoted by E^e, belongs to their absolutely continuous spectrum.

We emphasize that this paper is in part of expository nature. Still, we feel it is worth the effort to systematically highlight properties of essential closures of sets, and recall how this concept naturally leads to the existence of absolutely continuous spectra of certain well-known classes of operators, especially, in the presence of a reflectionless condition.

While our emphasis here is on reproving the existence of absolutely continuous spectrum with most elementary methods, the absence of singular spectrum is quite a distinct matter that typically requires entirely different methods not discussed in this paper (in the context of reflectionless operators, see however, [17], [20], [30], [33], [36], [52]–[55], and the literature cited therein).

Next, we briefly single out Schrödinger operators and illustrate the notion of being reflectionless: Reflectionless (self-adjoint) Schrödinger operators H in L^2(R; dx)

Date: March 21, 2008.

2000 Mathematics Subject Classification. Primary 34B20, 34L05, 34L40; Secondary 34B24, 34B27, 47A10.

Key words and phrases. Absolutely continuous spectrum, reflectionless Jacobi, CMV, and Schrödinger operators. 1

can be characterized, for instance, by the fact that for all x ∈ R and for a.e. λ ∈ σ_{ess}(H), the diagonal Green’s function of H has purely imaginary normal boundary values, G(λ + i0, x, x) ∈ iR. (1.1)

Here σ_{ess}(H) denotes the essential spectrum of H (we assume σ_{ess}(H) ≠ ∅) and

G(z, x, x^′) = (H − zI)^{−1}(x, x^′), z ∈ C\σ(H), (1.2)

denotes the integral kernel of the resolvent of H. This global notion of reflectionless Schrödinger operators can of course be localized and extends to subsets of σ_{ess}(H) of positive Lebesgue measure. In the actual body of our paper we will use an alternative definition of the notion of reflectionless Schrödinger operators conveniently formulated directly in terms of half-line Weyl–Titchmarsh functions, we refer to Definitions 3.1, 3.4, and 3.7 for more details. For various discussions of classes of reflectionless differential and difference operators, we refer, for instance, to Craig [9], De Concini and Johnson [11], Deift and Simon [12], Gesztesy, Krishna, and Teschl [15], Gesztesy and Yuditskii [17], Johnson [25], Kotani [30]–[32], Kotani and Krishna [33], Peherstorfer and Yuditskii [36], [37], Remling [40], [41], Sims [51], Sodin and Yuditskii [52]–[54], and Vinnikov and Yuditskii [57]. In particular, we draw attention to two recent papers by Remling [40], [41], that illustrate in depth the ramifications of the existence of absolutely continuous spectra in one-dimensional problems.

Analogous considerations apply to Jacobi operators (see, e.g., [8], [56] and the literature cited therein) and CMV operators (see [44]–[47], [49] and the extensive list of references provided therein and [19] for the notion of reflectionless CMV operators). For an exhaustive list of references on reflectionless Jacobi and Schrödinger operators we refer to the bibliography in [20].

In Section 2 we review basic facts on essential closures of sets and essential supports of measures. In Section 3 we consider CMV, Jacobi, and Schrödinger operators reflectionless on sets E of positive Lebesgue measure and recall that the essential closure E^e of E belongs to their absolutely continuous spectrum. For brevity, we provide proofs in the CMV case only as this case has received considerably less attention when compared to Jacobi and Schrödinger operators.

The methods employed in Section 3 are elementary and based on the facts discussed in Section 2 and on the material presented in Appendices A and B. The latter provide a nutshell-type treatment of properties of Herglotz and Caratheodory functions as well as certain elements of Weyl–Titchmarsh and spectral multiplicity theory for self-adjoint Jacobi and Schrödinger operators on Z and R, and unitary CMV operators on Z.

2. Basic facts on essential closures of sets and essential supports of measures

The following material on essential closures of subsets of the real line and the unit circle and essential supports of measures is well-known to experts, but since no comprehensive treatment in the literature appears to exist in one place, we have collected the relevant facts in this section.

For basic facts on measures on R relevant to this section we refer, for instance, to [3]–[5], [10, p. 179], [13], [21]–[24], [34, Sect. V.12], [39, p. 140–141], [43], [50].

All measures in this section will be assumed to be nonnegative without explicitly stressing this fact again.

Since Borel and Borel–Stieltjes measures are incomplete (i.e., not any subset of a set of measure zero is measurable) we will enlarge the Borel σ-algebra to obtain the complete Lebesgue and Lebesgue–Stieltjes measures. We recall the standard Lebesgue decomposition of a measure dμ on R with respect to Lebesgue measure dx on R,

dμ = dμ_{ac} + dμ_s = dμ_{ac} + dμ_{sc} + dμ_{pp}, (2.1)

dμ_{ac} = fdx, 0 ≤ f ∈ L^1_{loc}(R; dx), (2.2)

where dμ_{ac}, dμ_s, dμ_{sc}, and dμ_{pp} denote the absolutely continuous, singular, singularly continuous, and pure point parts of dμ, respectively.

In the following, the Lebesgue measure of a Lebesgue measurable set S ⊆ R will be denoted by |S| and all sets whose μ-measure or Lebesgue measure is considered are always assumed to be Lebesgue–Stieltjes or Lebesgue measurable, etc.

Definition 2.1. Let dμ be a Lebesgue–Stieltjes measure and suppose S and S^′ are μ-measurable.

(i) S is called a support of dμ if μ(R\S) = 0.

(ii) The smallest closed support of dμ is called the topological support of dμ and denoted by supp (dμ).

(iii) S is called an essential (or minimal ) support of dμ (relative to Lebesgue measure dx on R) if μ(R\S) = 0, and S^′ ⊆ S with S^′ | · |-measurable, μ(S^′) = 0 imply |S^′| = 0.

Remark 2.2. Item (iii) in Definition 2.1 is equivalent to (iii^′) S is called an essential (or minimal ) support of dμ (relative to Lebesgue measure dx on R) if μ(R\S) = 0, and S^′ ⊆ S, μ(R\S^′) = 0 imply |S\S^′| = 0.

Lemma 2.3 ([21]). Let S, S^′ ⊆ R be μ- and | · |-measurable. Define the relation ∼ by S ∼ S^′ if μ(SΔS^′) = |SΔS^′| = 0 (2.3) (where SΔS^′ = (S\S^′) ∪ (S^′\S)). Then ∼ is an equivalence relation. Moreover, the set of all essential supports of dμ is an equivalence class under ∼.

Example 2.4. Let dμ_{pp} be a finite pure point measure and

μ_{pp}({x}) = { c(x) > 0, x ∈ [0, 1] ∩ Q, 0, otherwise.

(2.4)

Then, supp (dμ_{pp}) = [0, 1]. (2.5) However, since [0, 1] ∩ Q is an essential support of dμ_{pp} and since |[0, 1] ∩ Q| = 0, also |S_{μpp} | = 0 (2.6) for any other essential support S_{μpp} of dμ_{pp}.

Remark 2.5.

(i) Any two essential supports of dμ differ at most by sets of Lebesgue measure zero.

(ii) Assume dμ = dμ_{ac} and let S, S^′ ⊆ R be μ- and |·|-measurable. Then |SΔS^′| = 0 implies μ(SΔS^′) = 0. In particular, |SΔS^′| = 0 implies that S is an essential support of dμ if and only if S^′ is.

Indeed, one can use the following elementary relations, S_1 = (S_1 ∩ S_2) ∪ (S_1\S_2), S_2 = (S_2 ∩ S_1) ∪ (S_2\S_1), (2.7) S_1 ∪ (S_2\S_1) = S_2 ∪ (S_1\S_2), (2.8) valid for any subsets S_j ⊆ R, j = 1, 2.

Definition 2.6. Let A ⊆ R be Lebesgue measurable. Then the essential closure A^e of A is defined as A^e = {x ∈ R | for all ε > 0: |(x − ε, x + ε) ∩ A| > 0}. (2.9) The following is an immediate consequence of Definition 2.6.

Lemma 2.7. Let A, B, C ⊆ R be Lebesgue measurable. Then, (i) If A ⊆ B then A^e ⊆ B^e. (2.10) (ii) If |A| = 0 then A^e = ∅. (2.11) (iii) If A = B ∪ C with |C| = 0, then A^e = B^e. (2.12) (iv) A^e is a closed set. (2.13) Proof. Since items (i)–(iii) are obvious, it suffices to focus on item (iv). We will show that the set

R\A^e = {x ∈ R | there is an ε_0 > 0 such that |(x − ε_0, x + ε_0) ∩ A| = 0} (2.14) is open. Pick x_0 ∈ R\A^e, then there is an ε_0 > 0 such that |(x_0 −ε_0, x_0 +ε_0)∩A| = 0. Consider x_1 ∈ (x_0 − (ε_0/2), x_0 + (ε_0/2)) and the open ball S(x_1; ε_0/2) centered at x_1 with radius ε_0/2. Then, |S(x_1; ε_0/2) ∩ A| ≤ |(x_0 − ε_0, x_0 + ε_0) ∩ A| = 0 (2.15) and hence x_1 ∈ R\A^e and S(x_0; ε_0/2) ⊆ R\A^e. Thus, R\A^e is open. □ Example 2.8.

(i) Consider dμ_{pp} in Example 2.4. Let S_{μpp} be any essential support of dμ_{pp}. Then S_{μpp}^e = ∅ by (2.11).

(ii) Consider A = [0, 1] ∪ {2}. Then A^e = [0, 1]. Lemma 2.9. Let S_1 and S_2 be essential supports of dμ. Then, S_1^e = S_2^e. (2.16) Proof. Since |S_1\S_2| = |S_2\S_1| = 0, (2.16) follows from (2.7) and (2.12). □ Actually, one also has the following result:

Lemma 2.10. Let dμ = dμ_{ac} = fdx, 0 ≤ f ∈ L^1_{loc}(R). If S is any essential support of dμ, then, S^e = {x ∈ R | f(x) > 0}^e = supp (dμ). (2.17)

Proof. Since {x ∈ R | f(x) > 0} is an essential support of dμ, it suffices to prove

{x ∈ R | f(x) > 0}^e = supp (dμ). (2.18)

We denote U = R\supp (dμ). Then U is the largest open set that satisfies μ(U) = 0. Next, let U^′ = R\{x ∈ R | f(x) > 0}^e. By Lemma 2.7 (iv), U^′ is open. “⊇”: Let x ∈ U^′. Then there is an ε_0 > 0 such that

|(x − ε_0, x + ε_0) ∩ {y ∈ R | f(y) > 0}| = 0. (2.19)

Hence, f = 0 | · |-a.e. on (x − ε_0, x + ε_0) (2.20) and thus, μ((x − ε_0, x + ε_0)) = 0. The collection of all such open intervals forms an open cover of U^′. Then selecting a countable subcover, one arrives at μ(U^′) = 0. Since U is the largest open set satisfying μ(U) = 0, one infers U^′ ⊆ U and hence

{x ∈ R | f(x) > 0}^e ⊇ supp (dμ). (2.21)

“⊆”: Fix an x ∈ U. Since U is open, there is an ε_0 > 0 such that (x − ε_0, x + ε_0) ∩ supp (dμ) = ∅. Thus, μ((x − ε_0, x + ε_0)) = 0. Actually, μ(B) = 0 for all μ-measurable B ⊆ (x − ε_0, x + ε_0) and hence f = 0 | · |-a.e. on (x − ε_0, x + ε_0). Consequently, one obtains

|(x − ε_0, x + ε_0) ∩ {y ∈ R | f(y) > 0}| = 0 (2.22)

which implies x ∈ U^′, U^′ ⊇ U, and

{x ∈ R | f(x) > 0}^e ⊆ supp (dμ). (2.23) □ We remark that a result of the type (2.17) has been noted in [6, Corollary 11.11] in the context of general ordinary differential operators and their associated Weyl–Titchmarsh matrices. In this connection we also refer to [56, p. 301] for a corresponding result in connection with Herglotz functions and their associated measures.

Lemma 2.11. Let A ⊆ R be Lebesgue measurable. Then,

(i) A^e ⊆ A. (2.24)

(ii) | A\A^e | = 0. (2.25)

(iii) ( A^e )e = A^e. (2.26)

(iv) | |A^e | | ≥ |A|. (2.27)

Proof. (i) Let x ∈ A^e. Then for all ε > 0, |(x − ε, x + ε) ∩ A| > 0. Choose ε_n = 1/n, n ∈ N, then (x−ε_n, x+ε_n)∩A ≠ ∅ and we may choose an x_n ∈ (x−ε_n, x+ε_n)∩A. Since x_n → x as n → ∞, x ∈ A and hence A^e ⊆ A.

(ii) Let f = χ_A be the characteristic function of the set A. Then Lemma 2.10 applied to the measure dμ = fdx implies that A^e = supp (dμ). Thus, (2.25) follows from Definition 2.1 (i),

0 = μ(A\supp (dμ)) = |A\supp (dμ)| = | |A\A^e | |. (2.28)

(iii) By (i), A^e ⊆ A. Hence, ( A^e )e ⊆ A^e = A^e since A^e is closed by Lemma 2.7 (iv).

Conversely, let A_1 = A ∩ A^e. Then (2.25) and Lemma 2.7 (iii) yield

A^e = A_1 ∪ ( A\A^e )e = A_1^e. (2.29)

Since A_1 ⊆ A^e = A_1^e, it follows from Lemma 2.7 (i) that A_1^e ⊆ ( A_1^e )e . Thus,

(2.29) implies A^e ⊆ ( A^e )e , and hence (2.26) holds.

(iv) Equation (2.25) and A = ( A ∩ A^e ) ∪ ( A\A^e ) imply (2.27),

|A| = | A ∩ A^e | ≤ | A^e | . (2.30) □ As the following example shows, the inequality in (2.27) can be strict.

Example 2.12. Let {r_n}_{n∈N} be an enumeration of the rational numbers in [0, 1]. Then the set A = ⋃ n∈N ( r_n − 1 4^n

, r_n + 1 4^n ) (2.31)

satisfies

|A| ≤ ∑ n∈N | | | ( r_n − 1 4^n

, r_n + 1 4^n )| | | = ∑ n∈N 2 4^n = 2 3 . (2.32)

Next, taking x ∈ [0, 1] and ε > 0, then (x − ε, x + ε) ∩ [0, 1] contains at least one rational number r_m for some m ∈ N. Hence,

|A ∩ (x − ε, x + ε)| ≥ | | | | ( r_m − 1 4^m

, r_m + 1 4^m ) ∩ (x − ε, x + ε) | | | | > 0. (2.33)

Thus, | A^e | ≥ |[0, 1]| = 1 >^2_3 ≥ |A|.

In addition, using |A^e| = |A^e ∩ A| + |A^e\A|, one concludes that

|A^e\A| = |A^e| − |A^e ∩ A| ≥ |A^e| − |A| ≥ 1 − 2/3, (2.34)

and hence | |A^e\A | | ≥ 1/3, but | |A\A^e | | = 0 by (2.25).

Remark 2.13. Similar definitions and results also hold for sets and measures on the unit circle, denoted by ∂D in the following. In particular, we single out the following ones for later use: Let A ⊆ ∂D be Lebesgue measurable, then the essential closure of A is defined by

A^e = { e^{iθ} ∈ ∂D | | for all ε > 0: | |Arc(e^{i(θ−ε)}, e^{i(θ+ε)}) ∩ A | | > 0}, (2.35)

where we used the notation Arc ( e^{iθ1} , e^{iθ2} ) = { e^{iθ} | | 0 ≤ θ_1 < θ < θ_2}, 0 ≤ θ_1 < θ_2 < 2π. (2.36)

Let dμ be a Lebesgue–Stieltjes measure on ∂D and suppose S ⊆ ∂D is μ-measurable, then S is called a support of dμ if μ(∂D\S) = 0. The smallest closed support of dμ is called the topological support of dμ and denoted by supp (dμ). S is called an essential support of dμ (relative to Lebesgue measure on ∂D) if μ(∂D\S) = 0 and S^′ ⊆ S with μ(S^′) = 0 imply |S^′| = 0. An essential support S of an absolutely continuous measure dμ = fdθ satisfies the identity

S^e = { e^{iθ} ∈ ∂D | | f(eiθ) > 0}^e = supp (dμ). (2.37)

3. AC spectra for CMV, Jacobi, and Schrödinger operators reflectionless on sets of positive Lebesgue measure

In this section we apply the results collected on essential closures of subsets of the unit circle and the real line and essential supports of measures in Section 2 to determine absolutely continuous spectra of CMV, Jacobi, and Schrödinger operators reflectionless on sets of positive Lebesgue measure.

We start with the case of unitary CMV operators reflectionless on subsets of the unit circle of positive Lebesgue measure and treat this case in some detail.

Let {α_n}_{n∈Z} be a complex-valued sequence of Verblunsky coefficients satisfying

α_n ∈ D = {z ∈ C | |z| < 1}, n ∈ Z, (3.1)

and denote by {ρ_n}_{n∈Z} an auxiliary real-valued sequence defined by

ρ_n = [ 1 − |α_n|^2

]_{1/2} , n ∈ Z. (3.2)

Then we introduce the associated unitary CMV operator U in ℓ^2(Z) by its matrix representation in the standard basis of ℓ^2(Z),

U =

.. . .. . .. . .. . . . . 0 0 −α_0ρ_{−1} −α_{−1}α_0 −α_1ρ_0 ρ_0ρ_1 ρ_{−1}ρ_0 α_{−1}ρ_0 −α_0α_1 α_0ρ_1 0 0 −α_2ρ_1 −α_1α_2 −α_3ρ_2 ρ_2ρ_3

0^{ρ1ρ2 α1ρ2 −α2α3 α2ρ3 0} . . . .. . .. . .. . .. . = ρ^−ρ δ_{even} S^{−−} + (α^−ρ δ_{even} − α^+ρ δ_{odd})S^− − αα^+

+ (αρ^+ δ_{even} − α^{++}ρ^+ δ_{odd})S^+ + ρ^+ρ^{++} δ_{odd} S^{++}, (3.3)

where we use the notation for f = {f(n)}_{n∈Z} ∈ ℓ^∞(Z),

(S^±f)(n) = f(n ± 1) = f^±(n), n ∈ Z,

S^{++} = (S^+)^+, S^{−−} = (S^−)^−, etc. (3.4)

Here terms of the form −α_nα_{n+1} represent the diagonal (n, n)-entries, n ∈ Z, in the infinite matrix U, and δ_{even} and δ_{odd} denote the characteristic functions of the even and odd integers,

δ_{even} = χ_{2Z} , δ_{odd} = 1 − δ_{even} = χ_{2Z+1} . (3.5)

Moreover, let M_{1,1}(z, n) denote the diagonal element of the Cayley transform of U, that is,

M_{1,1}(z, n) = ((U + zI)(U − zI)^{−1})(n, n) = ∮ ∂D dΩ_{1,1}(ζ, n) ζ + z ζ − z , z ∈ C\σ(U), n ∈ Z, (3.6)

where dΩ_{1,1}(·, n), n ∈ Z, are scalar-valued probability measures on ∂D (cf. [18, Section 3] for more details). Since for each n ∈ Z, M_{1,1}(·, n) is a Caratheodory function (i.e., it maps the open unit disk analytically to the complex right halfplane), Ξ_{1,1}(ζ, n) = 1 π lim_{r↑1} Im[ln(M_{1,1}(rζ, n))] for a.e. ζ ∈ ∂D (3.7) is well-defined for each n ∈ Z. In particular, for all n ∈ Z, −1/2 ≤ Ξ_{1,1}(ζ, n) ≤ 1/2 for a.e. ζ ∈ ∂D (3.8) (cf. [19, Section 2] for more details).

In the following we will frequently use the convenient abbreviation h(ζ) = lim_{r↑1} h(rζ), ζ ∈ ∂D, whenever the limit is well-defined and hence (3.7) can then be written as Ξ_{1,1}(ζ, n) = (1/π)Arg(M_{1,1}(ζ, n)). Moreover, in the context of CMV operators we will use the convention that whenever the phrase a.e. is used without further qualification, it always refers to Lebesgue measure on ∂D.

Associated with U in ℓ^2(Z), we also introduce the two half-lattice CMV operators U_{±,n0} in ℓ^2([n_0, ±∞) ∩ Z) by setting α_{n0} = 1 which splits the operator U into a direct sum of two half-lattice operators U_{−,n0−1} and U_{+,n0} , that is, U = U_{−,n0−1} ⊕ U_{+,n0} in ℓ^2((−∞, n_0 − 1] ∩ Z) ⊕ ℓ^2([n_0, ∞) ∩ Z). (3.9) The half-lattice Weyl–Titchmarsh m-functions associated with U_{±,n0} are denoted by m_±(·, n_0) and M_±(·, n_0),

m_±(z, n_0) = ((U_{±,n0} + zI)(U_{±,n0} − zI)^{−1})(n_0, n_0), z ∈ C\σ(U_{±,n0} ), (3.10) M_+(z, n_0) = m_+(z, n_0), z ∈ C\∂D, (3.11)

M_−(z, n_0) =

Re(1 + α_{n0} ) + iIm(1 − α_{n0} )m_−(z, n_0 − 1) iIm(1 + α_{n0} ) + Re(1 − α_{n0} )m_−(z, n_0 − 1)

, z ∈ C\∂D. (3.12)

Then it follows that m_±(·, n_0) and ±M_±(·, n_0) are Caratheodory functions (cf. [18, Section 2]). Moreover, the function M_{1,1}(·, n_0) is related to the m-functions M_±(·, n_0) by (cf. [18, Lemma 3.2])

M_{1,1}(z, n_0) =

1 − M_+(z, n_0)M_−(z, n_0) M_+(z, n_0) − M_−(z, n_0)

. (3.13)

Next, we introduce a special class of reflectionless CMV operators associated with a Lebesgue measurable set E ⊆ ∂D of positive Lebesgue measure (cf. [19] for a similar definition).

Definition 3.1. Let E ⊆ ∂D be of positive Lebesgue measure. Then we call U reflectionless on E if for some (equivalently, for all ) n_0 ∈ Z, M_+(ζ, n_0) = −M_−(ζ, n_0) for a.e. ζ ∈ E. (3.14) We will denote by R(E) the class of all CMV operators U reflectionless on E.

We note that if U is reflectionless on E, then by (3.7), (3.13), and (3.14), one has for all n ∈ Z, Ξ_{1,1}(ζ, n) = 0 for a.e. ζ ∈ E. (3.15) Next, we prove the following useful result:

Theorem 3.2. For each n ∈ Z, the set

{ζ ∈ ∂D | − 1/2 < Ξ_{1,1}(ζ, n) < 1/2} = {ζ ∈ ∂D | Re(M_{1,1}(ζ, n)) > 0} (3.16) is an essential support of the absolutely continuous spectrum, σ_{ac}(U), of U. In particular, for each n ∈ Z, the absolutely continuous spectrum coincides with the essential closure of the set in (3.16), σ_{ac}(U) = {ζ ∈ ∂D | − 1/2 < Ξ_{1,1}(ζ, n) < 1/2}^e. (3.17) Proof. It follows from (3.13) that for a.e. ζ ∈ ∂D,

Re(M_{1,1}(ζ, n)) = Re(M_+(ζ, n))(1 + |M_−(ζ, n)|^2) − Re(M_−(ζ, n))(1 + |M_+(ζ, n)|^2) |M_+(ζ, n) − M_−(ζ, n)|^2

. (3.18)

Since the functions ±M_±(·, n) are Caratheodory, that is, ±Re(M_±(z, n)) ≥ 0, z ∈ D, (3.11), (3.12), and (3.18) implies that up to sets of measure zero, {ζ ∈ ∂D | Re(M_{1,1}(ζ, n)) > 0} = {ζ ∈ ∂D | Re(M_+(ζ, n)) > 0} ∪ {ζ ∈ ∂D | Re(M_−(ζ, n)) < 0} = {ζ ∈ ∂D | Re(m_+(ζ, n)) > 0} ∪ {ζ ∈ ∂D | Re(m_−(ζ, n − 1)) > 0} (3.19) = S_+(n_0) ∪ S_−(n_0).

Theorem B.3 implies that the sets S_±(n_0) are essential supports of dμ_{+,ac}(·, n) and dμ_{−,ac}(·, n − 1), the absolutely continuous parts of the spectral measures of U_{+,n} and U_{−,n−1}, respectively. Thus, by (3.16) and (3.19), {ζ ∈ ∂D | − 1/2 < Ξ_{1,1}(ζ, n) < 1/2} is an essential support of the absolutely continuous spectrum of U_{+,n} ⊕ U_{−,n−1}. Since U is a finite-rank perturbation of U_{+,n} ⊕ U_{−,n−1} and the absolutely continuous spectrum is invariant under finite-rank perturbations, (3.17) follows from (2.37). □ With this result at hand we can give the first proof of the principal result on reflectionless CMV operators:

Theorem 3.3. Let E ⊂ ∂D be of positive Lebesgue measure and U ∈ R(E). Then, the absolutely continuous spectrum of U contains E^e, σ_{ac}(U) ⊇ E^e. (3.20) Moreover, the absolutely continuous spectrum of U has uniform multiplicity equal to two on E.

Proof. Since U is reflectionless on E, by Definition 3.1, one has for each n ∈ Z, Ξ_{1,1}(ζ, n) = (1/π)Im[ln(M_{1,1}(ζ, n)] = 0 for a.e. ζ ∈ E. (3.21) By (3.17), this implies σ_{ac}(U) = {ζ ∈ ∂D | − 1/2 < Ξ_{1,1}(ζ, n_0) < 1/2}^e ⊇ E^e (3.22) for some n_0 ∈ Z.

Equations (3.13) and (3.14) imply

M_{1,1}(ζ, n_0) =

1 + |M_±(ζ, n_0)|^2 ±2 Re[M_±(ζ, n_0)] for a.e. ζ ∈ E. (3.23)

Finally, combining (3.14), (3.23), and (B.31) then yields that the absolutely continuous spectrum of U has uniform spectral multiplicity two on E since for a.e. ζ ∈ E, 0 < ±Re[M_±(ζ, n_0)] < ∞. (3.24) □

One can also give an alternative proof of (3.20) based on the reflectionless property of U as follows (still under the assumptions of Theorem 3.3): Alternative proof of (3.20). Fix n_0 ∈ Z. Since U ∈ R(E), (3.15) yields

Ξ_{1,1}(ζ, n_0) = 1 π Im[ln(M_{1,1}(ζ, n_0))] = 0 for a.e. ζ ∈ E (3.25)

and hence Im[M_{1,1}(ζ, n_0)] = 0 for a.e. ζ ∈ E. (3.26) If there exists a measurable set A ⊆ E of positive Lebesgue measure, |A| > 0, on which Re(M_{1,1}) vanishes, that is, Re[M_{1,1}(ζ, n_0)] = 0 for a.e. ζ ∈ A, (3.27) then (3.26) and (3.27) yield M_{1,1}(ζ, n_0) = 0 for a.e. ζ ∈ A. (3.28) Since M_{1,1}(·, n_0) is a Caratheodory function, Theorem B.2 (ii) yields the contradiction M_{1,1} ≡ 0. Thus, no such set A ⊆ E exists and one concludes that Re[M_{1,1}(ζ, n_0)] > 0 for a.e. ζ ∈ E. (3.29) Moreover, since M_{1,1}(ζ, n_0) exists finitely for a.e. ζ ∈ ∂D by Theorem B.2 (i), this yields 0 < Re[M_{1,1}(ζ, n_0)] < ∞ for a.e. ζ ∈ E. (3.30) Let dΩ_{1,1}(·, n_0) denote the measure in the Herglotz representation (B.4) of the function M_{1,1}(·, n_0). Then by (B.9) S_{ac}(n_0) = {ζ ∈ ∂D | 0 < Re[M_{1,1}(ζ, n_0)] < ∞} (3.31) is an essential support of the absolutely continuous part dΩ_{1,1,ac}(·, n_0) of the measure dΩ_{1,1}(·, n_0). Thus (3.30) implies supp [dΩ_{1,1,ac}(·, n_0)] = S_{ac}(n_0)^e ⊇ E^e. (3.32) Next, we introduce the 2 × 2 matrix-valued Weyl–Titchmarsh m-function associated with U,

M(z, n_0) = ( M_{0,0}(z, n_0) M_{0,1}(z, n_0) M_{1,0}(z, n_0) M_{1,1}(z, n_0) )

= ( (δ_{n0 −1}, (U + zI)(U − zI)^{−1}δ_{n0−1}) (δ_{n0−1}, (U + zI)(U − zI)^{−1}δ_{n0} ) (δ_{n0} , (U + zI)(U − zI)^{−1}δ_{n0−1}) (δ_{n0} , (U + zI)(U − zI)^{−1}δ_{n0} ) )

= ∮ ∂D dΩ(ζ, n_0) ζ + z ζ − z

, z ∈ D, (3.33)

where dΩ = (dΩ_{j,k})_{j,k=0,1} denotes a 2 × 2 matrix-valued nonnegative measure satisfying ∮ ∂D d |Ω_{j,k}(ζ)| < ∞, j, k = 0, 1. (3.34)

It is proven in [18, Corollary 3.5] that dΩ(·, n_0) is the spectral measure of U, that is, U is unitarily equivalent to the operator of multiplication by I_2id (where I_2 is the 2 × 2 identity matrix and id(ζ) = ζ, ζ ∈ ∂D) on L^2(∂D; dΩ(·, n_0)). Then since the matrix-valued measure dΩ(·, n_0) and its trace measure dΩ^{tr}(·, n_0) = dΩ_{0,0}(·, n_0) + dΩ_{1,1}(·, n_0) are mutually absolutely continuous, one has σ_{ac}(U) = supp(dΩ_{ac}(·, n_0)) = supp(dΩ^{tr}_{ac}(·, n_0)). (3.35)

Note that by (3.33) M_{0,0}(z, n_0) = M_{1,1}(z, n_0 − 1), (3.36) and hence dΩ^{tr}(·, n_0) = dΩ_{1,1}(·, n_0 − 1) + dΩ_{1,1}(·, n_0). (3.37) Thus, it follows from (3.32), (3.35), and (3.37) that σ_{ac}(U) = supp [ dΩ^{tr}_{ac}(·, n_0) ] ⊇ E^e. (3.38) □ We note that the strategy of proof in (3.25)–(3.38) is well-known. It goes back to Kotani [30]–[32] and has been exploited in [34, Theorem 12.5].

Next, we briefly turn to Jacobi operators on Z.

We start with some general considerations of self-adjoint Jacobi operators. Let a = {a(n)}_{n∈Z} and b = {b(n)}_{n∈Z} be two sequences (Jacobi parameters) satisfying a, b ∈ ℓ^∞(Z), a(n) > 0, b(n) ∈ R, n ∈ Z, (3.39) and denote by L the second-order difference expression defined by L = aS^+ + a^−S^− + b. (3.40) Moreover, we introduce the associated bounded self-adjoint Jacobi operator H in ℓ^2(Z) by (Hf)(n) = (Lf)(n), n ∈ Z, f = {f(n)}_{n∈Z} ∈ dom(H) = ℓ^2(Z). (3.41) Next, let g(z, ·) denote the diagonal Green’s function of H, that is, g(z, n) = G(z, n, n), G(z, n, n^′) = (H − zI)^{−1}(n, n^′), z ∈ C\σ(H), n, n^′ ∈ Z. (3.42) Since for each n ∈ Z, g(·, n) is a Herglotz function (i.e., it maps the open complex upper half-plane analytically to itself), ξ(λ, n) = 1 π lim_{ε↓0} Im[ln(g(λ + iε, n))] for a.e. λ ∈ R (3.43) is well-defined for each n ∈ Z. In particular, for all n ∈ Z, 0 ≤ ξ(λ, n) ≤ 1 for a.e. λ ∈ R. (3.44) In the following we will frequently use the convenient abbreviation h(λ_0 + i0) = lim_{ε↓0} h(λ_0 + iε), λ_0 ∈ R, (3.45) whenever the limit in (3.45) is well-defined and hence (3.43) can then be written as ξ(λ, n) = (1/π)Arg(g(λ + i0, n)). Moreover, for the remainder of this section we will use the convention that whenever the phrase a.e. is used without further qualification, it always refers to Lebesgue measure on R.

Associated with H in ℓ^2(Z), we also introduce the two half-lattice Jacobi operators H_{±,n0} in ℓ^2([n_0, ±∞) ∩ Z) by H_{±,n0} = P_{±,n0} HP_{±,n0} |_ℓ2_{([n0,±∞)∩Z)}, (3.46) where P_{±,n0} are the orthogonal projections onto the subspaces ℓ^2([n_0, ±∞) ∩ Z). By inspection, H_{±,n0} satisfy Dirchlet boundary conditions at n_0 ∓ 1, that is, (H_{±,n0} f)(n) = (Lf)(n), n ⋛ n_0, f ∈ dom(H_{±,n0} ) = ℓ^2([n_0, ±∞) ∩ Z), f(n_0 ∓ 1) = 0. (3.47) The half-lattice Weyl–Titchmarsh m-functions associated with H_{±,n0} are denoted by m_±(·, n_0) and M_±(·, n_0),

m_±(z, n_0) = (δ_{n0} , (H_{±,n0} − zI)^{−1}δ_{n0} )_ℓ2_{([n0,±∞)∩Z)}, z ∈ C\σ(H_{±,n0} ), (3.48) M_+(z, n_0) = −m_+(z, n_0)^{−1} − z + b(n_0), z ∈ C\R, (3.49) M_−(z, n_0) = m_−(z, n_0)^{−1}, z ∈ C\R, (3.50) where δ_k = {δ_{k,n}}_{n∈Z}, k ∈ Z. An equivalent definition of M_±(·, n_0) is M_±(z, n_0) = −a(n_0) ψ_±(z, n_0 + 1) ψ_±(z, n_0)

, z ∈ C\R, (3.51) where ψ_±(z, ·) are the Weyl–Titchmarsh solutions of (L − z)ψ_±(z, ·) = 0 with ψ_±(z, ·) ∈ ℓ^2([n_0, ±∞) ∩ Z). Then it follows that the diagonal Green’s function g(·, n_0) is related to the m-functions M_±(·, n_0) via g(z, n_0) = [M_−(z, n_0) − M_+(z, n_0)]^{−1}. (3.52) Next, following [15], we introduce a special class of reflectionless Jacobi operators associated with a Lebesgue measurable set E ⊂ R of positive Lebesgue measure (cf. also [40] and [56, Lemma 8.1]).

Definition 3.4. Let E ⊂ R be of positive Lebesgue measure. Then we call H reflectionless on E if for some (equivalently, for all ) n_0 ∈ Z, M_+(λ + i0, n_0) = M_−(λ + i0, n_0) for a.e. λ ∈ E. (3.53) Equivalently, H is called reflectionless on E if for all n ∈ Z, ξ(λ, n) = 1/2 for a.e. λ ∈ E. (3.54) We will denote by R(E) the class of all Jacobi operators H reflectionless on E.

We recall the following result on essential supports of the absolutely continuous spectrum of Jacobi operators originally proven in [16] (see also [56, Lemma 3.11, (B.28)]):

Theorem 3.5 ([16]). For each n ∈ Z, the set {λ ∈ R | 0 < ξ(λ, n) < 1} (3.55) is an essential support of the absolutely continuous spectrum, σ_{ac}(H), of H. In particular, for each n ∈ Z, the absolutely continuous spectrum coincides with the essential closure of the set in (3.55), σ_{ac}(H) = {λ ∈ R | 0 < ξ(λ, n) < 1}^e. (3.56) With this result at hand we can give a short proof of the principal result on reflectionless Jacobi operators:

Theorem 3.6. Let E ⊂ R be of positive Lebesgue measure and H ∈ R(E). Then, the absolutely continuous spectrum of H contains E^e, σ_{ac}(H) ⊇ E^e. (3.57) Moreover, the absolutely continuous spectrum of H has uniform multiplicity equal to two on E.

Proof. Since H is reflectionless on E, by Definition 3.4, one has for each n ∈ Z, ξ(λ, n) = (1/π)Im[ln(g(λ + i0, n)] = 1/2 for a.e. λ ∈ E. (3.58) By (3.56) and Lemma 2.7, this implies σ_{ac}(H) = {λ ∈ R | 0 < ξ(λ, n_0) < 1}^e ⊇ E^e (3.59) for some n_0 ∈ Z.

Equations (3.52) and (3.53) imply

−1/g(λ + i0, n_0) = ±2i Im[M_±(λ + i0, n_0)] for a.e. λ ∈ E. (3.60) Finally, combining (3.53), (3.60), and (A.32) then yields that the absolutely continuous spectrum of H has uniform spectral multiplicity two on E since for a.e. λ ∈ E, 0 < ±Im[M_±(λ + i0, n_0)] < ∞. (3.61) □ Next, we briefly turn to Schrödinger operators on R. Let V ∈ L^∞(R; dx), V real-valued, (3.62) and consider the differential expression L = −d^2/dx^2 + V (x), x ∈ R. (3.63) We denote by H the corresponding self-adjoint realization of L in L^2(R; dx) given by Hf = Lf, f ∈ dom(H) = H^2(R), (3.64) with H^2(R) the usual Sobolev space. Let g(z, ·) denote the diagonal Green’s function of H, that is, g(z, x) = G(z, x, x), G(z, x, x^′) = (H − zI)^{−1}(x, x^′), z ∈ C\σ(H), x, x^′ ∈ R. (3.65) Since for each x ∈ R, g(·, x) is a Herglotz function, ξ(λ, x) = 1 π lim_{ε↓0} Im[ln(g(λ + iε, x))] for a.e. λ ∈ R (3.66) is well-defined for each x ∈ R. In particular, for all x ∈ R, 0 ≤ ξ(λ, x) ≤ 1 for a.e. λ ∈ R. (3.67) Associated with H in L^2(R; dx) we also introduce the two half-line Schrödinger operators H_{±,x0} in L^2([x_0, ±∞); dx) with Dirchlet boundary conditions at the finite endpoint x_0 ∈ R,

H_{±,x0} f = Lf, f ∈ dom(H_{±,x0} ) = { g ∈ L^2([x_0, ±∞); dx) | g, g^′ ∈ AC([x_0, x_0 ± R]) for all R > 0;

lim_{ε↓0} g(x_0 ± ε) = 0; Lg ∈ L^2([x_0, ±∞); dx) } . (3.68)

Denoting by ψ_±(z, ·) the Weyl–Titchmarsh solutions of (L−z)ψ(z, · ) = 0, satisfying ψ_±(z, ·) ∈ L^2([x_0, ±∞); dx), (3.69) the half-line Weyl–Titchmarsh functions associated with H_{±,x0} are given by

m_±(z, x_0) = ψ^′_±(z, x_0) ψ_±(z, x_0)

, z ∈ C\σ(H_{±,x0} ). (3.70) Then the diagonal Green’s function of H satisfies g(z, x_0) = [m_−(z, x_0) − m_+(z, x_0)]^{−1}. (3.71) We note that the condition V ∈ L^∞(R) in this section is only used for simplicity.

The general case V ∈ L^1_{loc}(R) and L in the limit point case at ±∞ is discussed in detail in [17].

Next, we introduce a special class of reflectionless Schrödinger operators associated with a Lebesgue measurable set E ⊂ R of positive Lebesgue measure. Definition 3.7. Let E ⊂ R be of positive Lebesgue measure and pick x_0 ∈ R. Then H is called reflectionless on E if m_+(λ + i0, x_0) = m_−(λ + i0, x_0) for a.e. λ ∈ E. (3.72) Equivalently, H is called reflectionless if for each x ∈ R, ξ(λ, x) = 1/2 for a.e. λ ∈ E. (3.73) We will denote by R(E) the class of Schrödinger operators H reflectionless on E.

We recall the following result on essential supports of the absolutely continuous spectrum of Schrödinger operators on the real line proven in [16] (see also [4, p. 383]):

Theorem 3.8 ([16]). For each x ∈ R, the set {λ ∈ R | 0 < ξ(λ, x) < 1} (3.74) is an essential support of the absolutely continuous spectrum, σ_{ac}(H), of H. In particular, for each x ∈ R, σ_{ac}(H) = {λ ∈ R | 0 < ξ(λ, x) < 1}^e. (3.75) Given Theorem 3.8, the principal result for reflectionless Schrödinger operators then reads as follows:

Theorem 3.9. Let E ⊂ R be of positive Lebesgue measure and H ∈ R(E). Then, the absolutely continuous spectrum of H contains E^e, σ_{ac}(H) ⊇ E^e. (3.76) Moreover, the absolutely continuous spectrum of H has uniform multiplicity equal to two on E.

Proof. Since H is reflectionless, one has for each x ∈ R, ξ(λ, x) = (1/π)Im[ln(g(λ + i0, x)] = 1/2 for a.e. λ ∈ E. (3.77) By (3.75) and Lemma 2.7, this implies σ_{ac}(H) = {λ ∈ R | 0 < ξ(λ, x_0) < 1}^e ⊇ E^e (3.78) for some x_0 ∈ R.

Equations (3.71) and (3.72) imply

−1/g(λ + i0, x_0) = ±2i Im[m_±(λ + i0, x_0)] for a.e. λ ∈ E. (3.79) Finally, combining (3.72), (3.79), and (A.32) then yields that the absolutely continuous spectrum of H has uniform spectral multiplicity two on E since for a.e. λ ∈ E, 0 < ±Im[m_±(λ + i0, x_0)] < ∞. (3.80) □ Remark 3.10. (i) As in the case of CMV operators one can formulate alternative proofs of Theorems 3.6 and 3.9 based on the reflectionless property of H precisely along the lines of (3.25)–(3.38).

(ii) One particularly interesting situation occurs in connection with Definition 3.1 when σ(U) = σ_{ess}(U) is a homogeneous set (cf. [7], [53], [55] for the definition of homogeneous sets) and U is reflectionless on σ(U). This case has been studied by Peherstorfer and Yuditskii [35], [36], and more recently, in [20]. The same applies to Definitions 3.4 and 3.7 in the case of Jacobi and Schrödinger operators which were studied by Sodin and Yuditskii [52]–[54], and more recently, in [17], [20]. (iii) As shown in [17] for reflectionless Schrödinger operators with σ(H) = E, and in [20] for reflectionless CMV, Jacobi, and Schrödinger operators on E, under some additional assumptions on E (such as E a homogeneous set, etc.), it is possible to prove the absence of any singular spectrum of U and H on E. But unlike the most elementary proofs presented in this section, the results in [17] and [20] rely on sophisticated techniques due to Zinsmeister [58] and Peherstorfer and Yuditskii [35], [36], respectively.

Appendix A. Herglotz Functions and Weyl–Titchmarsh Theory for Jacobi and Schrödinger Operators in a Nutshell

The material in this appendix is known, but since we use it repeatedly at various places in Section 3, we thought it worthwhile to collect it in an appendix.

Definition A.1. Let C_± = {z ∈ C | Im(z) ≷ 0}. m : C_+ → C is called a Herglotz function (or Nevanlinna or Pick function) if m is analytic on C_+ and m(C_+) ⊆ C_+.

One then extends m to C_− by reflection, that is, one defines

m(z) = m(z), z ∈ C_−. (A.1) Of course, generally, (A.1) does not represent the analytic continuation of m | C_+

into C_−.

The fundamental result on Herglotz functions and their representations on Borel transforms, in part due to Fatou, Herglotz, Luzin, Nevanlinna, Plessner, Privalov, de la Vallée Poussin, Riesz, and others, then reads as follows.

Theorem A.2. ([2, Sect. 69], [4], [14, Chs. II, IV], [28], [29, Ch. 6], [38, Chs. II, IV], [42, Ch. 5]). Let m be a Herglotz function. Then, (i) m(z) has finite normal limits m(λ ± i0) = lim_{ε↓0} m(λ ± iε) for a.e. λ ∈ R. (ii) Suppose m(z) has a zero normal limit on a subset of R having positive Lebesgue measure. Then m ≡ 0.

(iii) There exists a nonnegative measure dω on R satisfying ∫ R dω(λ) 1 + λ^2

< ∞ (A.2) such that the Nevanlinna, respectively, Riesz–Herglotz representation

m(z) = c + dz + ∫ R dω(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+,

c = Re[m(i)], d = lim_{η↑∞} m(iη)/(iη) ≥ 0

(A.3)

holds. Conversely, any function m of the type (A.3) is a Herglotz function. (iv) The absolutely continuous (ac) part dω_{ac} of dω with respect to Lebesgue measure dλ on R is given by dω_{ac}(λ) = π^{−1}Im[m(λ + i0)] dλ. (A.4) Next, we denote by dω = dω_{ac} + dω_{sc} + dω_{pp} (A.5) the decomposition of dω into its absolutely continuous (ac), singularly continuous (sc), and pure point (pp) parts with respect to Lebesgue measure on R. Theorem A.3. ([21], [24]). Let m be a Herglotz function with representation (A.3) and denote by Λ the set Λ = {λ ∈ R | Im[m(λ + i0)] exists (finitely or infinitely)}. (A.6) Then, S, S_{ac}, S_s, S_{sc}, S_{pp} are essential supports of dω, dω_{ac}, dω_s, dω_{sc}, dω_{pp}, respectively, where

S = {λ ∈ Λ | 0 < Im[m(λ + i0)] ≤ ∞}, (A.7) S_{ac} = {λ ∈ Λ | 0 < Im[m(λ + i0)] < ∞}, (A.8) S_s = {λ ∈ Λ | Im[m(λ + i0)] = ∞}, (A.9)

S_{sc} = { λ ∈ Λ | | | Im[m(λ + i0)] = ∞, lim_{ε↓0} (−iε)m(λ + iε) = 0 } , (A.10)

S_{pp} = { λ ∈ Λ | | | Im[m(λ + i0)] = ∞, lim_{ε↓0} (−iε)m(λ + iε) = ω({λ}) > 0 } . (A.11)

Moreover, since |{λ ∈ R | |m(λ + i0)| = ∞}| = 0, (A.12) ω({λ ∈ R | |m(λ + i0)| = ∞, Im[m(λ + i0)] < ∞}) = 0, (A.13) also S^′_s, S^′_{sc}, S^′_{pp} are essential supports of dω_s, dω_{sc}, dω_{pp}, respectively, where S^′_{ac} = {λ ∈ Λ | Im[m(λ + i0)] > 0}, (A.14) S^′_s = {λ ∈ Λ | |m(λ + i0)| = ∞}, (A.15)

S^′_{sc} = { λ ∈ Λ | | |m(λ + i0)| = ∞, lim ε↓0 (−iε)m(λ + iε) = 0 } , (A.16)

S^′_{pp} = { λ ∈ Λ | | | |m(λ + i0)| = ∞, lim_{ε↓0} (−iε)m(λ + iε) = ω({λ}) > 0 } . (A.17)

In particular (cf. Lemma 2.3), S_s ∼ S^′_s, S_{sc} ∼ S^′_{sc}, S_{pp} ∼ S^′_{pp}. (A.18) Next, consider Herglotz functions ±m_± of the type (A.3),

± m_±(z) = c_± + d_±z + ∫ R dω_±(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+,

c_± ∈ R, d_± ≥ 0,

(A.19) and introduce the 2 × 2 matrix-valued Herglotz function M

M(z) = ( M_{j,k}(z) ) j,k=0,1, z ∈ C+, (A.20)

M(z) = 1 m_−(z) − m_+(z) ( 1^1_2 [m_−(z) + m_+(z)] 1 2 [m_−(z) + m_+(z)] m_−(z)m_+(z) ) (A.21)

= C + Dz + ∫ R dΩ(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+, (A.22)

C = C^∗, D ≥ 0

with C = (C_{j,k} )_{j,k=0,1} and D = (D_{j,k})_{j,k=0,1} 2×2 matrices and dΩ = (dΩ_{j,k})_{j,k=0,1} a 2 × 2 matrix-valued nonnegative measure satisfying ∫ R d|Ω_{j,k}(λ)| 1 + λ^2

< ∞, j, k = 0, 1. (A.23)

Moreover, we introduce the trace Herglotz function M^{tr}

M^{tr}(z) = M_{0,0}(z) + M_{1,1}(z) =

1 + m_−(z)m_+(z) m_−(z) − m_+(z)

(A.24)

= c + dz + ∫ R dΩ^{tr}(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+, (A.25)

c ∈ R, d ≥ 0, dΩ^{tr} = dΩ_{0,0} + dΩ_{1,1}.

Then (cf., e.g., [8, p. 21]), dΩ ≪ dΩ^{tr} ≪ dΩ (A.26) (where dμ ≪ dν denotes that dμ is absolutely continuous with respect to dν). (A.26) follows from the fact that for any nonnegative 2×2 matrix A = ( A_{j,k} ) 1≤j,k≤2

with complex-valued entries,

|A_{j,k}| ≤ A^{1/2}_{j,j} A^{1/2}_{k,k} ≤ (A_{j,j} + A_{k,k})/2, 1 ≤ j, k ≤ 2, (A.27) and hence dΩ_{j,k} ≪ dΩ_{j,j} + dΩ_{k,k} ≪ dΩ^{tr}, 1 ≤ j, k ≤ 2. (A.28) The next result holds for the Jacobi and Schrödinger cases. In the Jacobi case we identify m_±(z) and M_±(z, n_0), z ∈ C_+, (A.29) where M_±(z, n_0) denote the half-lattice Weyl–Titchmarsh m-functions defined in (3.49)–(3.51) and in the Schrödinger case we identify m_±(z) and m_±(z, x_0), z ∈ C_+, (A.30) where m_±(z, x_0) are the half-line Weyl–Titchmarsh m-functions defined in (3.70). One then has the following basic result.

Theorem A.4. ([23], [26], [27], [48]).

(i) The spectral multiplicity of the Jacobi or Schrödinger operator H is two if and only if |M_2| > 0, (A.31) where

M_2 = {λ ∈ Λ_+ | m_+(λ + i0) ∈ C\R} ∩ {λ ∈ Λ_− | m_−(λ + i0) ∈ C\R}. (A.32)

If |M_2| = 0, the spectrum of H is simple. Moreover, M_2 is a maximal set on which H has uniform multiplicity two.

(ii) A maximal set M_1 on which H has uniform multiplicity one is given by M_1 = {λ ∈ Λ_+ ∩ Λ_− | m_+(λ + i0) = m_−(λ + i0) ∈ R} ∪ {λ ∈ Λ_+ ∩ Λ_− | |m_+(λ + i0)| = |m_−(λ + i0)| = ∞} ∪ {λ ∈ Λ_+ ∩ Λ_− | m_+(λ + i0) ∈ R, m_−(λ + i0) ∈ C\R} ∪ {λ ∈ Λ_+ ∩ Λ_− | m_−(λ + i0) ∈ R, m_+(λ + i0) ∈ C\R}. (A.33) In particular, σ_s(H) = σ_{sc}(H) ∪ σ_{pp}(H) is always simple.

Appendix B. Caratheodory Functions and Weyl–Titchmarsh Theory for CMV Operators in a Nutshell In this appendix we provide some basic facts on Caratheodory functions and prove the analog of Theorem A.4 for CMV operators.

Definition B.1. Let D and ∂D denote the open unit disk and the counterclockwise oriented unit circle in the complex plane C, D = {z ∈ C | |z| < 1}, ∂D = {ζ ∈ C | |ζ| = 1}, (B.1) and C_ℓ and C_r the open left and right complex half-planes, respectively, C_ℓ = {z ∈ C | Re(z) < 0}, C_r = {z ∈ C | Re(z) > 0}. (B.2) A function f : D → C is called Caratheodory if f is analytic on D and f(D) ⊂ C_r. One then extends f to C\D by reflection, that is, one defines f(z) = −f(1/z), z ∈ C\D. (B.3) Of course, generally, (B.3) does not represent the analytic continuation of f | D into C\D.

The fundamental result on Caratheodory functions then reads as follows: Theorem B.2. ([1, Sect. 3.1], [2, Sect. 69], [46, Sect. 1.3]). Let f be a Caratheodory function. Then, (i) f(z) has finite normal limits f(ζ) = lim_{r↑1} f(rζ) for a.e. ζ ∈ ∂D. (ii) Suppose f(rζ) has a zero normal limit on a subset of ∂D having positive Lebesgue measure as r ↑ 1. Then f ≡ 0.

(iii) There exists a nonnegative finite measure dω on ∂D such that the Herglotz representation

f(z) = ic + ∮ ∂D dω(ζ) ζ + z ζ − z

, z ∈ D,

c = Im(f(0)), ∮ ∂D dω(ζ) = Re(f(0)) < ∞,

(B.4)

holds. Conversely, any function f of the type (B.4) is a Caratheodory function. (iv) The absolutely continuous part dω_{ac} of dω with respect to the normalized Lebesgue measure dω_0 on ∂D is given by dω_{ac}(ζ) = π^{−1}Re[f(ζ)] dω_0(ζ). (B.5)

Next, we denote by dω = dω_{ac} + dω_{sc} + dω_{pp} (B.6) the decomposition of dω into its absolutely continuous (ac), singularly continuous (sc), and pure point (pp) parts with respect to Lebesgue measure on ∂D.

Theorem B.3. ([46, Sects. 1.3, 1.4]). Let f be a Caratheodory function with representation (B.4) and denote by Λ the set Λ = {ζ ∈ ∂D | Re[f(ζ)] exists (finitely or infinitely)}. (B.7) Then, S, S_{ac}, S_s, S_{sc}, S_{pp} are essential supports of dω, dω_{ac}, dω_s, dω_{sc}, dω_{pp}, respectively, where

S = {ζ ∈ Λ | 0 < Re[f(ζ)] ≤ ∞}, (B.8) S_{ac} = {ζ ∈ Λ | 0 < Re[f(ζ)] < ∞}, (B.9) S_s = {ζ ∈ Λ | Re[f(ζ)] = ∞}, (B.10)

S_{sc} = { ζ ∈ Λ | | Re[f(ζ)] = ∞, lim r↑1 (1 − r)f(rζ) = 0 } , (B.11)

S_{pp} = { ζ ∈ Λ | | | | Re[f(ζ)] = ∞, lim_{r↑1} ( 1 − r 2 ) f(rζ) = ω({ζ}) > 0 } . (B.12)

Moreover, since

|{ζ ∈ ∂D | |f(ζ)| = ∞}| = 0, ω({ζ ∈ ∂D | |f(ζ)| = ∞, Re[f(ζ)] < ∞}) = 0. (B.13)

In addition, S^′_{ac}, S^′_s, S^′_{sc}, S^′_{pp} are essential supports of dω_{ac}, dω_s, dω_{sc}, dω_{pp}, respectively, where

S_{ac} = {ζ ∈ Λ | Re[f(ζ)] > 0}, (B.14) S^′_s = {ζ ∈ Λ | |f(ζ)| = ∞}, (B.15)

S^′_{sc} = { ζ ∈ Λ | | | |f(ζ)| = ∞, lim_{r↑1} (1 − r)f(rζ) = 0 } , (B.16)

S^′_{pp} = { ζ ∈ Λ | | | |f(ζ)| = ∞, lim_{r↑1} ( 1 − r 2 ) f(rζ) = ω({ζ}) > 0 } . (B.17)

Next, consider Caratheodory functions ±m_± of the type (B.4),

± m_±(z) = ic_± + ∮ ∂D dω_±(ζ) ζ + z ζ − z

, z ∈ D,

c_± ∈ R,

(B.18)

and introduce the 2 × 2 matrix-valued Caratheodory function M by M(z) = ( M_{j,k}(z) ) j,k=0,1, z ∈ D, (B.19)

M(z) = 1 m_+(z) − m_−(z) ( 1^1_2 [m_+(z) + m_−(z)] −^1_2 [m_+(z) + m_−(z)] −m_+(z)m_−(z) ) , (B.20)

= iC + ∮ ∂D dΩ(ζ) ζ + z ζ − z

, z ∈ D, (B.21)

C = C^∗ = Im[M(0)], where dΩ = (dΩ_{j,k})_{j,k=0,1} a 2 × 2 matrix-valued nonnegative measure satisfying ∮ ∂D d |Ω_{j,k}(ζ)| < ∞, j, k = 0, 1. (B.22)

Moreover, we introduce the trace Caratheodory function M^{tr}

M^{tr}(z) = M_{0,0}(z) + M_{1,1}(z) =

1 − m_+(z)m_−(z) m_+(z) − m_−(z)

(B.23)

= ic + ∮ ∂D dΩ^{tr}(ζ) ζ + z ζ − z

, z ∈ D, (B.24)

c ∈ R, dΩ^{tr} = dΩ_{0,0} + dΩ_{1,1}. Then, dΩ ≪ dΩ^{tr} ≪ dΩ (B.25) (where dμ ≪ dν denotes that dμ is absolutely continuous with respect to dν). By the Radon–Nikodym theorem, this implies that there is a self-adjoint integrable 2 × 2 matrix R(ζ) such dΩ(ζ) = R(ζ)dΩ^{tr}(ζ). (B.26) Moreover, the matrix R(ζ) is nonnegative and given by

R_{j,k}(ζ) = lim_{r↑1}

Re[M_{j,k}(rζ)] Re[M_{0,0}(rζ) + M_{1,1}(rζ)] for a.e. ζ ∈ ∂D, j, k = 0, 1. (B.27)

Next, we identify m_±(z) and M_±(z, n_0), z ∈ D, (B.28) where M_±(z, n_0) denote the half-lattice Weyl–Titchmarsh m-functions defined in (3.11)–(3.12). One then has the following basic result (see also [48]). Theorem B.4.

(i) The CMV operator U on ℓ^2(Z) is unitarily equivalent to the operator of multiplication by I_2id (where I_2 is the 2 × 2 identity matrix and id(ζ) = ζ, ζ ∈ ∂D) on L^2(∂D; dΩ(·)), and hence, σ(U) = supp (dΩ) = supp (dΩ^{tr}), (B.29) where dΩ and dΩ^{tr} are introduced in (B.21) and (B.24), respectively. (ii) The spectral multiplicity of U is two if and only if |M_2| > 0, (B.30) where

M_2 = {ζ ∈ Λ_+ | m_+(ζ) ∈ C\iR} ∩ {ζ ∈ Λ_− | m_−(ζ) ∈ C\iR}. (B.31) If |M_2| = 0, the spectrum of U is simple. Moreover, M_2 is a maximal set on which U has uniform multiplicity two.

(iii) A maximal set M_1 on which U has uniform multiplicity one is given by M_1 = {ζ ∈ Λ_+ ∩ Λ_− | m_+(ζ) = m_−(ζ) ∈ iR} ∪ {ζ ∈ Λ_+ ∩ Λ_− | |m_+(ζ)| = |m_−(ζ)| = ∞} ∪ {ζ ∈ Λ_+ ∩ Λ_− | m_+(ζ) ∈ iR, m_−(ζ) ∈ C\iR} ∪ {ζ ∈ Λ_+ ∩ Λ_− | m_−(ζ) ∈ iR, m_+(ζ) ∈ C\iR}. (B.32) In particular, σ_s(U) = σ_{sc}(U) ∪ σ_{pp}(U) is always simple.

Proof. We refer to [18, Lemma 3.6] for a proof of (i). To prove (ii) and (iii) one observes that by (i) and (B.26),

N_k = {ζ ∈ σ(U) | rank[R(ζ)] = k}, k = 1, 2, (B.33)

denote the maximal sets where the spectrum of U has multiplicity one and two, respectively. Using (B.20) and (B.27) one verifies that N_k = M_k, k = 1, 2. □

Acknowledgments. We are indebted to Jonathan Breuer for helpful discussions on this topic.

References

[1] N. I. Akhiezer, The Classical Moment Problem, Oliver & Boyd., Edinburgh, 1965. [2] N. I. Akhiezer and I. M. Glazman, Theory of Operators in Hilbert Space, Vol. I, Pitman, Boston, 1981.

[3] N. Aronszajn, On a problem of Weyl in the theory of singular Sturm–Liouville equations, Amer. J. Math. 79, 597–610 (1957).

[4] N. Aronszajn and W. F. Donoghue, On exponential representations of analytic functions in the upper half-plane with positive imaginary part, J. Analyse Math. 5, 321–388 (1956–57).

[5] N. Aronszajn and W. F. Donoghue, A supplement to the paper on exponential representations of analytic functions in the upper half-plane with positive imaginary parts, J. Analyse Math. 12, 113–127 (1964).

[6] D. Buschmann, Spektraltheorie verallgemeinerter Differentialausdrücke – Ein neuer Zugang, Ph.D. Thesis, University of Frankfurt, Germany, 1997.

[7] L. Carleson, On H^∞ in multiply connected domains, in Conference on Harmonic Analysis in Honor of Antoni Zygmund, Vol. II, W. Beckner, A. P. Calderón, R. Fefferman, and P. W. Jones (eds.), Wadsworth, CA, 1983, pp. 349–372.

[8] R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Birkhäuser, Basel, 1990.

[9] W. Craig, The trace formula for Schrödinger operators on the line, Commun. Math. Phys.

126, 379–407 (1989).

[10] H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon, Schrödinger Operators, Springer, Berlin, 1987.

[11] C. De Concini and R. A. Johnson, The algebraic-geometric AKNS potentials, Ergod. Th.

Dyn. Syst. 7, 1–24 (1987).

[12] P. Deift and B. Simon, Almost periodic Schrödinger operators III. The absolutely continuous spectrum in one dimension, Commun. Math. Phys. 90, 389–411 (1983).

[13] R. del Rio, B. Simon, and G. Stolz, Stability of spectral types for Sturm-Liouville operators, Math. Res. Lett. 1, 437–450 (1994).

[14] W. F. Donoghue, Monotone Matrix Functions and Analytic Continuation, Springer, Berlin, 1974.

[15] F. Gesztesy, M. Krishna, and G. Teschl, On isospectral sets of Jacobi operators, Commun.

Math. Phys. 181, 631–645 (1996).

[16] F. Gesztesy and B. Simon, The ξ function, Acta Math. 176, 49–71 (1996). [17] F. Gesztesy and P. Yuditskii, Spectral properties of a class of reflectionless Schrödinger operators, J. Funct. Anal. 241, 486–527 (2006).

[18] F. Gesztesy and M. Zinchenko, Weyl–Titchmarsh theory for CMV operators associated with orthogonal polynomials on the unit circle, J. Approx. Th. 139, 172–213 (2006).

[19] F. Gesztesy and M. Zinchenko, A Borg-type theorem associated with orthogonal polynomials on the unit circle, J. London Math. Soc. 74, 757–777 (2006).

[20] F. Gesztesy and M. Zinchenko, Spectral properties of reflectionless Jacobi, CMV, and Schrödinger operators, preprint, 2008.

[21] D. J. Gilbert, Subordinacy and Spectral Analysis of Schrödinger Operators, Ph.D. Thesis, University of Hull, 1984.

[22] D. J. Gilbert, On subordinacy and analysis of the spectrum of Schrödinger operators with two singular endpoints, Proc. Roy. Soc. Edinburgh 112A, 213-229 (1989).

[23] D. J. Gilbert, On subordinacy and spectral multiplicity for a class of singular differential operators, Proc. Roy. Soc. Edinburgh A 128, 549–584 (1998).

[24] D. J. Gilbert and D. B. Pearson, On subordinacy and analysis of the spectrum of onedimensional Schrödinger operators, J. Math. Anal. Appl. 128, 30-56 (1987).

[25] R. A. Johnson, The recurrent Hill’s equation, J. Diff. Eqs. 46, 165–193 (1982). [26] I. S. Kac, On the multiplicity of the spectrum of a second-order differential operator, Sov.

Math. Dokl. 3, 1035–1039 (1962).

[27] I. S. Kac, Spectral multiplicity of a second order differential operator and expansion in eigenfunctions, Izv. Akad. Nauk SSSR 27, 1081–11112 (1963). Erratum, Izv. Akad. Nauk SSSR 28, 951–952 (1964). (Russian.)

[28] I. S. Kac and M. G. Krein, R-functions–analytic functions mapping the upper halfplane into itself, Amer. Math. Soc. Transl. (2) 103, 1-18 (1974).

[29] P. Koosis, Introduction to H_p Spaces, 2nd ed., Cambridge Tracts in Mathematics, Cambridge University Press, Cambridge, 1998.

[30] S. Kotani, Ljapunov indices determine absolutely continuous spectra of stationary random one-dimensional Schrödinger operators, in “Stochastic Analysis”, K. Itǒ (ed.), North- Holland, Amsterdam, 1984, pp. 225–247.

[31] S. Kotani, One-dimensional random Schrödinger operators and Herglotz functions, in “Probabilistic Methods in Mathematical Physics”, K. Itǒ and N. Ikeda (eds.), Academic Press, New York, 1987, pp. 219–250.

[32] S. Kotani, Link between periodic potentials and random potentials in one-dimensional Schrödinger operators, in Differential Equations and Mathematical Physics, I. W. Knowles (ed.), Springer, Berlin, 1987, pp. 256–269.

[33] S. Kotani and M. Krishna, Almost periodicity of some random potentials, J. Funct. Anal. 78, 390–405 (1988).

[34] L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators, Springer, Berlin, 1992.

[35] F. Peherstorfer and P. Yuditskii, Asymptotic behavior of polynomials orthonormal on a homogeneous set, J. Analyse Math. 89, 113–154 (2003).

[36] F. Peherstorfer and P. Yuditskii, Almost periodic Verblunsky coefficients and reproducing kernels on Riemann surfaces, J. Approx. Th. 139, 91–106 (2006).

[37] F. Peherstorfer and P. Yuditskii, Finite difference operators with a finite-band spectrum, arXiv:math.SP/0611816.

[38] I. I. Priwalow, Randeigenschaften analytischer Funktionen, 2nd ed., VEB Verlag, Berlin, 1956.

[39] M. Reed and B. Simon, Methods of Modern Mathematical Physics. IV: Analysis of Operators, Academic Press, New York, 1978.

[40] C. Remling, The absolutely continuous spectrum of Jacobi matrices, arXiv:0706.1101. [41] C. Remling, The absolutely continuous spectrum of one-dimensional Schrödinger operators, arXiv:0710.4128.

[42] M. Rosenblum and J. Rovnyak, Topics in Hardy Classes and Univalent Functions, Birkhäuser, Basel, 1994.

[43] B. Simon, L^p norms of the Borel transform and the decomposition of measures, Proc. Amer.

Math. Soc. 123, 3749–3755 (1995).

[44] B. Simon, Analogs of the m-function in the theory of orthogonal polynomials on the unit circle, J. Comp. Appl. Math. 171, 411-424 (2004).

[45] B. Simon, Orthogonal polynomials on the unit circle: New results, Intl. Math. Res. Notices, 53, 2837–2880 (2004).

[46] B. Simon, Orthogonal Polynomials on the Unit Circle, Part 1: Classical Theory, Part 2:

Spectral Theory, AMS Colloquium Publication Series, Vol. 54, Providence, R.I., 2005. [47] B. Simon, OPUC on one foot, Bull. Amer. Math. Soc. 42, 431–460 (2005). [48] B. Simon, On a theorem of Kac and Gilbert, J. Funct. Anal. 223, 109–115 (2005). [49] B. Simon, CMV matrices: Five years later, J. Comp. Appl. Math. 208, 120–154 (2007). [50] B. Simon and T. Wolff, Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians, Commun. Pure Appl. Math. 39, 75–90 (1986).

[51] R. Sims, Reflectionless Sturm–Liouville equations, J. Comp. Appl. Math. 208, 207–225 (2007).

[52] M. Sodin and P. Yuditskii, Almost periodic Sturm-Liouville operators with Cantor homogeneous spectrum and pseudoextendible Weyl functions, Russ. Acad. Sci. Dokl. Math. 50, 512–515 (1995).

[53] M. Sodin and P. Yuditskii, Almost periodic Sturm-Liouville operators with Cantor homogeneous spectrum, Comment. Math. Helvetici 70, 639–658 (1995).

[54] M. Sodin and P. Yuditskii, Almost-periodic Sturm-Liouville operators with homogeneous spectrum, in Algebraic and Geometric Methods in Mathematical Physics, A. Boutel de Monvel and A. Marchenko (eds.), Kluwer, 1996, pp. 455–462.

[55] M. Sodin and P. Yuditskii, Almost periodic Jacobi matrices with homogeneous spectrum, infinite dimensional Jacobi inversion, and Hardy spaces of character-automorphic functions, J. Geom. Anal. 7, 387–435 (1997).

[56] G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices, Math. Surv. Monographs, Vol. 72, Amer. Math. Soc., Providence, R.I., 2000.

[57] V. Vinnikov and P. Yuditskii, Functional models for almost periodic Jacobi matrices and the Toda hierarchy, Mat. Fiz. Anal. Geom. 9, 206–219 (2002).

[58] M. Zinsmeister, Espaces de Hardy et domaines de Denjoy, Ark. Mat. 27, 363–378 (1989).

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: fritz@math.missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/gesztesyf.html

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: makarov@math.missouri.edu URL: http://www.math.missouri.edu/personnel/faculty/makarovk.html

Department of Mathematics, California Institute of Technology, Pasadena, CA 91125, USA

E-mail address: maxim@caltech.edu URL: http://www.math.caltech.edu/~maxim