On the summability of formal solutions of non-linear partial differential equations with shrinkings

Stéphane Malek Université de Lille 1 UFR de mathématiques 59655 Villeneuve d’Ascq Cedex France Stephane.Malek@math.univ-lille1.fr Tel 03 20 43 42 40

Abstract

We investigate the existence and the Borel summability of formal power series in one variable with holomorphic coefficients, solutions to non-linear partial differential equations with shrinkings having non-Kowalevski type in the complex domain. Sufficient conditions are given in terms of the shape of the functional partial differential equations and initial conditions. Existence and asymptotic behaviour of local sectorial holomorphic solutions to these non-linear functional partial differential equations are obtained as byproduct. We apply the results to the study of asymptotic behaviour of solutions to some advanced-argument partial differential equations in a neighborhood of infinity.

Key words: asymptotic expansions, Cauchy problems, partial differential equations, Gevrey estimates, power series solutions, Borel summability, shrinkings, deviating variables. 2000 MSC: 35C10, 35C20.

1 Introduction

In this paper, we study non-linear partial differential equations with deviating variables

(E) ∂^S_z X̂(t, z) = A(t, z, ((∂^{k0}_t ∂^{k1}_z X̂)(ϕ_{k0 ,k1} (t), z))_{(k0 ,k1)∈S} ),

where S is a finite subset of N^2 and A is an analytic function in the variables t, z in some neighborhood of the origin in C^2 and polynomial in its other arguments. The ”deviations” ϕ_{k0,k1} (t) are holomorphic functions in some neighborhood of the origin in C.

Our approach is based on resummation methods of formal series solutions of (E), known as Borel summability, starting with the fundamental contributions of Écalle, see [10]. This point of view has shown a great success in the framework of differential equations, difference and difference-differential equations, see [4],[6],[12],[14],[18],[19]. But in the context of functional partial differential equations, very little is known.

The goal of this paper is to provide a general approach to construct Borel summable formal series solutions of differential equations of the type (E). In a first part of the paper, we give sufficient conditions for the existence and unicity of formal series in the variable t,

X̂(t, z) =^{+∞} ∑ j=0 t^j j! X_j(z),

which are solutions of (E), where X_j (z), j ≥ 0, are analytic functions in some neighborhood of the origin in C (Proposition 2).

In a second part, we investigate 1−summability properties of these formal series. We give new sufficient conditions, both on the shape of the equation (E) and on initial conditions, under which these constructed formal series solutions of (E) are 1−summable (Theorem 1). In the proof, we use a key proposition (Proposition 1), already introduced in a previous paper, see [5]. We will also make use of the classical Cauchy-Kowalevskaya theorem (see [13]), stated below.

Theorem CK Consider a non-linear partial differential equation of the form

(1^′) ∂^β_x u(t, x) = F (t, x, (∂^{α0}_t ∂^{α1}_x u(t, x))_{(α0 ,α1)∈I} )

where I = {(α_0, α_1) ∈ N^2 : α_0 + α_1 ≤ β, (α_0, α_1) ≠ (0, β)}, and F is analytic in the variables t, x in a neighborhood of the origin and polynomial in its other arguments, with initial conditions

(2^′) ∂^k_x u(t, 0) = φ_k(t),

for 0 ≤ k ≤ β − 1, where φ_k are analytic functions in a neighborhood of the origin. Then, the problem (1^′), (2^′) has a unique solution u that is analytic in a neighborhood of the origin.

The leading idea will be the same as in the paper [17], where we have dealt with linear partial differential equation, with an additional difficulty because of the presence of ”deviations”, ϕ_{k0,k1} . To this aim, we will use a higher order chain rule which has been introduced by T. Yamanaka, see [20], and which is much more suitable than the classical Faà di Bruno formula to deal with Gevrey estimates.

One consequence of Theorem 1 is the existence and asymptotic behaviour of holomorphic solutions X(t, z) of (E) (where X is the 1-sum of X̂), for t in a small sector and z in a neighborhood of the origin. In the last part of the paper, we apply our results to the study of existence and asymptotic properties of solutions to some non-linear advanced-argument partial differential equations. There exists a huge literature on the subject of asymptotic analysis of solutions to functional ordinary or partial differential equations. For recent results in this field, we refer to [2],[7],[8],[9],[11],[16].

2 Summability criterions

In this section, we recall a proposition already obtained in a previous paper [5], which gives necessary and sufficient conditions for the summability of formal series with variable coefficients.

We consider a sequence (X_j )_{j≥0} of holomorphic functions X_j : D_ρ −→ C where D_ρ = {z ∈ C : |z| < ρ} with ρ ∈ R_+.

Definition 1 The formal series

(X̂) X̂(t, z) = ∞∑ j=0 t^j j! X_j (z)

is said to be k−summable in the direction d ∈ R if

i) There exist ρ ∈ R_+ and R(ρ) > 0, such that the following formal series, called formal Borel transform with respect to the variable t of order k,

W (t, z) = ∞∑ j=0 X_j (z)t^j j!Γ(1 + j/k) , is absolutely convergent for z ∈ D_ρ and |t| < R(ρ),

ii) There exists δ > 0 such that for all z ∈ D_ρ, the series W (t, z) can be analytically continued with respect to t in a sector S_{d,δ} = {t ∈ C : |d − arg(t)| < δ}. Moreover, there exist δ_1 < δ, C > 0, and K > 0 such that sup_{z∈D̄} ρ |W (t, z)| ≤ Ce^{K|t|k}

for all t ∈ S_{d,δ1} .

If this is so, the Laplace transform of order k of W (t, z),

(X) X(t, z) = t^{−k}

∫_{∞(γ)} 0 W (τ, z)e^{−(τ /t)k} dτ^k,

where the integration is made along the ray arg(τ) = γ with |d − γ| < δ, is called the k− sum of the formal series X̂(t, z).

Proposition 1 The following statements are equivalent. i) The formal series X̂ is k−summable with respect to t in direction d. ii) For all n ∈ N, the series W_n(t) = ∂^n_z W (t, z)_{|z=0} all converge for |t| ≤ τ, for some τ > 0 that is independent of n. Moreover, there exists δ_1 > 0 so that all the functions W_n(t) can be holomorphically continued with respect to t into a sector S_{d,δ1} = {t ∈ C : |d − arg(t)| < δ_1}. Finally, for every δ_2 < δ_1, there exist constants C, K > 0, independent of n, so that |W_n(t)| ≤ C^{|n|}n!e^{K|t|k} , for all t ∈ S_{d,δ2} and n ∈ N. iii) For all n ∈ N, the formal series X̂_n(t) = ∂^n_z X̂(t, z)_{|z=0}

are k-summable in the direction d. Moreover, the sums X_n(t) are holomorphic in a region G, independent of n, where G has bisecting direction d and opening greater than π/k, and for every closed subsector S̄ ⊂ G with bisecting direction d, there exist constants C, K > 0, independent of n, such that sup_{t∈S̄} |∂^l_tX_n(t)| ≤ CK^{n+l}n!l!Γ(1 + l/k)

for all n, l ∈ N.

3 Formal series solutions to non-linear partial differential equations with deviating variables

In this section we are looking for formal series X̂(t, z) of the form (X̂) which are solutions of the non-linear partial differential equation with deviating variables, (SP DE) ∂^S_z X̂(t, z) = A(t, z, ((∂^{k0}_t ∂^{k1}_z X̂)(ϕ_{k0 ,k1} (t), z))_{(k0 ,k1)∈S} ), where S is a finite subset of N^2. The function A(t, z, (z_{k0 ,k1} )_{(k0,k1)∈S} ) is assumed to be holomorphic in the variables (t, z) ∈ D_{2R(ρ)} × D_ρ and polynomial in the variables (z_{k0,k1} )_{(k0,k1)∈S} . The function A has an expansion of the form

A(t, z, (z_{k0 ,k1} )_{(k0,k1)∈S} ) = ∑ M_1

b_{T1,(Tk0,k1 )(k0,k1)∈S} (t)z^{T1} Π_{(k0,k1)∈S} (z_{k0,k1} )^{Tk}0^{,k}1 ,

where M_1 = {(T_1, (T_{k0,k1} )_{(k0,k1)∈S} ) ∈ N × P}, where P is a finite subset of N^{Card(S)}. The functions ϕ_{k0,k1} (t) are holomorphic on a common neighborhood of the origin in C such that ϕ_{k0,k1} (0) = 0.

From the Cauchy formula, we know that for all ν_1, T_1, (T_{k0,k1} )_{(k0 ,k1)∈S} ≥ 0, we get

(CI) sup_{t∈D̄}

R(ρ)

|∂^{ν1}_t b_{T1,(Tk0,k1 )(k0,k1)∈S} (t)|

(ν_1!)

= |b|_{T1,(Tk0,k1 )(k0,k1)∈S ,ν1} ,

with the property that the functions

A_K (t, z, (z_{k0 ,k1} )_{(k0,k1)∈S} ) = ∑ M_1

|b|_{T1,(Tk0,k1 )(k0,k1)∈S} (t)z^{T1} Π_{(k0,k1)∈S} (z_{k0,k1} )^{Tk0,k1} ,

where |b|_{T1,(Tk0,k1 )(k0,k1)∈S} (t) = ∑ ν_1≥0

|b|_{T1,(Tk0,k1 )(k0,k1)∈S ,ν1} t^{ν1} ,

are holomorphic in the variables t, z in a neighborhood of the origin and polynomial in the variables (z_{k0,k1} )_{(k0,k1)∈S} . We also define the functions,

R_{k0,k1} (t) = ∑ l≥0 r^l_{k0,k1} t^l,

where r_{k0,k1} are positive real numbers for all k_0, k_1 ≥ 0.

In the next lemma we describe formal series solutions of (SP DE) in term of differential relations.

Lemma 1 Rewrite the formal series (X̂) in a formal series with respect to the variable z,

X̂(t, z) = ∑ n_1≥0

X̂_{n1} (t) n_1!

z^{n1} .

Then, X̂(t, z) is a formal series solution of (SP DE) if and only if the following differential relation (SDR) is satisfied

X̂_{m1+S} (t)

m_1! = ∑ M^′_1 ∑ M_2

b_{T1,(Tk0,k1 )(k0,k1)∈S} (t)Π_{(k0,k1)∈S} ( ∑ M_3

(∂^{k0}_t X̂_{n1+k1} )(ϕ_{k0 ,k1} (t)) n_1!

· · ·

(∂^{k0}_t X̂_{(nTk0,k1 +k1)})(ϕ_{k0,k1} (t)) (n_{Tk0,k1} )! ) for all m_1 ≥ 0, where M^′_1 = {(T_{k0,k1} )_{(k0,k1)∈S} ∈ P},

M_2 = {(T_1, (m_{k0,k1} )_{(k0 ,k1)∈S} ) ∈ N^{1+Card(S)} : ∑ (k_0,k_1)∈S

m_{k0,k1} + T_1 = m_1} and M_3 = {(n_1, . . . , n_{(Tk0,k1 )}) ∈ N^{Tk}0^k1 : n_1 + · · · + n_{(Tk0,k1 )} = m_{k0k1} }.

In the next proposition, which is an easy consequence of Lemma 1, we give sufficient conditions for the existence and uniqueness of formal series (X̂) that are solutions of (SP DE).

Proposition 2 We assume that the finite set S satisfies

S ⊂ {(k_0, k_1) ∈ N^2 : k_1 ≤ S − 1}.

Moreover, assume that formal series X̂_μ(t), for 0 ≤ μ ≤ S − 1, are given. Then, there exists a unique sequence (X̂_μ(t))_{μ≥0} of formal series which satisfies the differential recurrence (SDR). As a result, for given formal series (X̂_μ(t)), for 0 ≤ μ ≤ S − 1, there exists a unique formal series (X̂), solution of (SP DE).

4 Summability of formal solutions of non-linear partial differential equations with deviating variables

In this section, we describe sufficient conditions under which the formal series solutions constructed in the previous section are 1−summable.

Firstly, we recall estimates for high order derivatives of compositions of functions obtained as a consequence of the higher order chain rule introduced by T. Yamanaka in [20], Theorem 2.1.

Lemma 2 Let D be an open disc centered at the origin in C and G be an open set in C. Let v : D → G and w : G → C be holomorphic functions, such that |∂_xv(x)| ≤ 1 for all x ∈ D. Then, there exist an open disc D_1 ⊂ D centered at the origin and r > 0, such that the estimates hold, |∂^n_x (w ∘ v)(x)| ≤ ∑ a_1+a_2=n n! a_1!

|(∂^{a1}_x w)(v(x))|r^{a2} ,

for all x ∈ D_1 and n ∈ N.

we note that similar computations have been made in the paper [15], pp. 667–668.

The next result gives sufficient conditions for the existence of 1−summable formal series solutions (X̂) of (SP DE). In particular, we have to give additional ”shrinking” conditions on the functions ϕ_{k0,k1} to get summability properties for formal series solutions of (SP DE).

Theorem 1 Consider the semi-linear partial differential equation with shrinkings,

(SP DE) ∂^S_z X̂(t, z) = A(t, z, ((∂^{k0}_t ∂^{k1}_z X̂)(ϕ_{k0 ,k1} (t), z))_{(k0 ,k1)∈S} ),

where S = {(k_0, k_1) ∈ N^2 : 2k_0 + k_1 ≤ S, (k_0, k_1) ≠ (0, S)}.

a) Assume that the formal series X̂_μ(t), for 0 ≤ μ ≤ S − 1, are 1−summable with respect to t in a direction d ∈ R.

b) Assume that their sums X_μ(t) are holomorphic in a sectorial region G ⊂ D_{R(ρ)}, independent of μ, which has bisecting direction d and opening greater than π and satisfy the following estimates.

For all closed sector S̄ ⊂ G with bisecting direction d, there exist C, K̃ > 0 such that

sup_{t∈S̄} |∂^{n0}_t X_{m1} (t)| ≤ CK̃^{n0+m1} (2n_0)!m_1!,

for all 0 ≤ m_1 ≤ S − 1 and all n_0 ∈ N.

c) Assume that the functions ϕ_{k0,k1} (t) are holomorphic in a common neighborhood O of the origin in C, with ϕ_{k0,k1} (0) = 0. Moreover, assume that |∂_tϕ_{k0,k1} (t)| ≤ 1 on O and that ϕ_{k0,k1} (S̄) ⊂ S̄, for all closed sector S̄ ⊂ G with bisecting direction d.

Then, the formal series X̂(t, z), solution of (SP DE), is 1−summable with respect to t in the direction d ∈ R.

Proof The goal of the proof is to show that the conditions iii) in Proposition 1 are fulfilled. First of all, from the paper [1], Theorem 6, we deduce that the composition of a 1−summable formal series X̂(t) in direction d, with an holomorphic function ϕ which satisfies the assumption c), X̂(ϕ(t)) is again 1−summable in direction d. From general classical results, see [4], we also know that derivation, addition and product also conserve 1−summability of formal series. From these results, the assumption a) on initial conditions, the relation (SDR) and Proposition 2, we deduce that the formal series X̂_μ(t) are 1−summable in the direction d ∈ R, for all μ ≥ 0. Moreover, their sums X_μ(t) are holomorphic in the sectorial region G.

The rest of the proof will consist in proving that the estimates in iii) of Proposition 1 are satisfied for the formal series X̂_μ(t). We consider now the sequence of positive real numbers

w_{n0,m1} = sup_{t∈S̄} |∂^{n0}_t X_{m1} (t)|,

for n_0, m_1 ≥ 0, where S̄ is a closed sector in G with bisecting direction d. From the Leibniz formula, we have that

A_{k0,k1} (t) = ∂^{νk0,k1}_t ( ∑ M_3

(∂^{k0}_t X_{n1+k1} )(ϕ_{k0,k1} (t)) n_1!

· · ·

(∂^{k0}_t X_{(nTk0 ,k1 +k1)})(ϕ_{k0 ,k1} (t)) (n_{Tk0,k1} )! )

= ∑ M_3 ∑ M_4

ν_{k0k1} !

μ_1! · · · μ_{Tk0k1} !

∂^{μ1}_t [(∂^{k0}_t X_{n1+k1} )(ϕ_{k0,k1} (t))] n_1!

· · ·

∂^{μTk0 k1} t [(∂^{k0}_t X_{(nTk0 ,k1 +k1)})(ϕ_{k0,k1} (t))] (n_{Tk0,k1} )!

where M_3 = {(n_1, . . . , n_{Tk0k1} ) ∈ N^{Tk0k1} : n_1 + · · · + n_{Tk0k1} = m_{k0k1} },

M_4 = {(μ_1, . . . , μ_{Tk0k1} ) ∈ N^{Tk}0^k1 : μ_1 + · · · + μ_{Tk0k1} = ν_{k0k1} }.

By the lemma 2 and the assumption c), we deduce that for all k_0, k_1, there exist r_{k0,k1} > 0 such that,

|∂^{μm}_t [(∂^{k0}_t X_{nm+k1} )(ϕ_{k0 ,k1} (t))]| ≤ ∑ a_1+a_2=μ_m

μ_m! a_1!

|(∂^{a1 +k0} t X_{nm+k1} (ϕ_{k0,k1} (t))|r^{a2}_{k0,k1} .

From the latter inequalities, we deduce

|A_{k0,k1} (t)| ≤ ∑ M_3 ∑ M_4

ν_{k0k1} !

T_{k0k1}∏

m=1 ( ∑ a_1+a_2=μ_m

|(∂^{a1 +k0} t X_{nm+k1} (ϕ_{k0,k1} (t))| a_1!n_m!

r^{a2}_{k0,k1} ).

If we put

B_{k0,k1} (t) = ∑ M_3

(∂^{k0}_t X_{n1+k1} )(ϕ_{k0,k1} (t)) n_1!

· · ·

(∂^{k0}_t X_{(nTk0 ,k1 +k1)})(ϕ_{k0 ,k1} (t)) (n_{Tk0,k1} )! ,

we get, again from the Leibniz formula,

∂^{n0}_t (b_{T1,(Tk0k1 )(k0,k1)∈S} (t)Π_{(k0,k1)∈S} B_{k0,k1} (t)) = ∑ M_5

n_0!

ν_1!Π_{(k0,k1)∈S} (ν_{k0k1} !)

∂^{ν1}_t b_{T1,(Tk0k1 )(k0,k1)∈S} (t)Π_{(k0,k1)∈S} A_{k0,k1} (t)

where M_5 = {(ν_1, (ν_{k0k1} )_{(k0 ,k1)∈S} ) ∈ N^{1+Card(S)} : ν_1 + ∑ (k_0,k_1)∈S

ν_{k0k1} = n_0}.

On the other hand, by classical estimates, we have that n_0!

a_1! · · · a_{Tk0k1} ! ≤ (2n_0)!

(2a_1)! · · · (2a_{Tk0k1} )! , for all n_0 ≥ 0 and a_1 + · · · + a_{Tk0k1} ≤ n_0. Due to the latter inequalities and (CI), we finally get the inequalities (MRI) for the numbers w_{n0,m1} ,

w_{n0,m1} (2n_0)!m_1 ≤ ∑ M^′_1 ∑ M_2 ∑ M_5

|b|_{T1,(Tk0,k1 )(k0,k1)∈S ,ν1} Π_{(k0,k1)∈S} ∑ M_3 ∑ M_4

Π^{Tk0k1}_{m=1} ( ∑ a_1+a_2=μ_m

w_{a1 +k0,nm+k1} (2a_1)!n_m!

r^{a2}_{k0,k1} )

for all n_0, m_1 ≥ 0, where M^′_1 = {(T_{k0,k1} )_{(k0,k1)∈S} ∈ P}, M_2 = {(T_1, (m_{k0,k1} )_{(k0,k1)∈S} ) ∈ N^{1+Card(S)} : ∑ (k_0,k_1)∈S

m_{k0,k1} + T_1 = m_1},

M_5 = {(ν_1, (ν_{k0k1} )_{(k0 ,k1)∈S} ) ∈ N^{1+Card(S)} : ν_1 + ∑ (k_0,k_1)∈S

ν_{k0k1} = n_0},

M_3 = {(n_1, . . . , n_{(Tk0,k1 )}) ∈ N^{Tk}0^k1 : n_1 + · · · + n_{(Tk0,k1 )} = m_{k0k1} }, M_4 = {(μ_1, . . . , μ_{Tk0k1} ) ∈ N^{Tk}0^k1 : μ_1 + · · · + μ_{Tk0k1} = ν_{k0k1} }.

Consider now the auxiliary partial differential equation (CK),

∂^S_z E(t, z) = ∑ M_1

|b|_{T1,(Tk0,k1 )(k0,k1)∈S} (t^2)z^{T1} Π_{(k0,k1)∈S} (R_{k0,k1} (t^2)∂^{2k0}_t ∂^{k1}_z E(t, z))^{Tk}0^{,k}1 , where M_1 = {(T_1, (T_{k0,k1} )_{(k0,k1)∈S} ) ∈ N × P}, which satisfies the conditions of Theorem CK from the introduction. From Theorem CK, we deduce that there exists a unique function E(t, z), solution of (CK), with E holomorphic with respect to t, z in a neighborhood of the origin, if ∂^k_z E(t, 0) are prescribed holomorphic functions in a neighborhood of the origin, for all 0 ≤ k ≤ S − 1. In the rest of the proof, we prescribe the functions ∂^k_z E(t, 0), 0 ≤ k ≤ S − 1, to be of the form ∂^k_z E(t, 0) = V_k(t^2), where V_k are holomorphic in a neighborhood of the origin. From the latter assumptions and due to the fact that the coefficients of the equation (CK) are also of the form α(t^2, z), we deduce that the solution E of (CK) can be written in the form E(t, z) = V (t^2, z), where V is holomorphic in a neighborhood of the origin.

We expand V (t^2, z) into a Taylor series in the variables t, z,

V (t^2, z) = ∑ n_0,n_1≥0

v_{n0,n1} t^{2n0} (2n_0)!

z^{n1} n_1! , we get that

R_{k0,k1} (t^2)∂^{2k0}_t ∂^{k1}_z V (t^2, z) = ∑ n_0,n_1≥0 ( ∑ a_1 +a_2=n_0

v_{a1+k0,n1+k1} (2a_1)!n_1!

r^{a2}_{k0,k1} )t^{2n0} z^{n1} .

From this, we deduce a multivariate non-linear recurrence (MR) satisfied by the coefficients v_{n0,n1} ,

v_{n0,m1} (2n_0)!m_1 = ∑ M^′_1 ∑ M_2 ∑ M_5

|b|_{T1,(Tk0,k1 )(k0,k1)∈S ,ν1} Π_{(k0,k1)∈S} ∑ M_3 ∑ M_4

Π^{Tk0k1}_{m=1} ( ∑ a_1+a_2=μ_m

v_{a1 +k0,nm+k1} (2a_1)!n_m!

r^{a2}_{k0,k1} )

for all n_0, m_1 ≥ 0, where M^′_1 = {(T_{k0,k1} )_{(k0,k1)∈S} ∈ P},

M_2 = {(T_1, (m_{k0,k1} )_{(k0,k1)∈S} ) ∈ N^{1+Card(S)} : ∑ (k_0,k_1)∈S

m_{k0,k1} + T_1 = m_1},

M_5 = {(ν_1, (ν_{k0k1} )_{(k0 ,k1)∈S} ) ∈ N^{1+Card(S)} : ν_1 + ∑ (k_0,k_1)∈S

ν_{k0k1} = n_0},

M_3 = {(n_1, . . . , n_{(Tk0,k1 )}) ∈ N^{Tk}0^k1 : n_1 + · · · + n_{(Tk0,k1 )} = m_{k0k1} },

M_4 = {(μ_1, . . . , μ_{Tk0k1} ) ∈ N^{Tk}0^k1 : μ_1 + · · · + μ_{Tk0k1} = ν_{k0k1} }.

From the holomorphy of V , we deduce the following estimates for the coefficients v_{n0,m1} . There exist C, K̃ > 0, such that

(Es) |v_{n0,m1} | ≤ CK̃^{n0+m1} (2n_0)!m_1!,

for all n_0, m_1 ≥ 0.

From Theorem CK, we see that the sequence (v_{n0,m1} )_{n0,m1} is uniquely determined by the sequences (v_{n0,m1} )_{n0,m1} , 0 ≤ m_1 ≤ S − 1. We choose now the latter sequences as follows.

v_{n0,m1} := w_{n0,m1} , for all 0 ≤ m_1 ≤ S − 1, n_0 ≥ 0.

From the assumption b) of Theorem 1, we deduce that the series

E(t, 0), . . . , ∂^{S−1}_z E(t, 0)

are convergent in a neighborhood of the origin. Moreover, due to the relations (MRI) and (MR), we deduce that w_{n0,m1} ≤ v_{n0,m1} ,

for all n_0, m_1 ≥ 0.

From the estimates (Es), we finally deduce that there exist C, K̃ > 0, such that the sequence w_{n0,m1} satisfies w_{n0,m1} ≤ CK̃^{n0+m1} (2n_0)!m_1!,

for all n_0, m_1 ≥ 0.

Finally, we conclude that the condition iii) in Proposition 1 is satisfied for the formal series X̂_{n1} (t), so that the formal series X̂(t, z), solution of (SP DE), is 1−summable with respect to t in the direction d ∈ R. �

5 Application to non-linear advanced-argument partial differential equations

Consider the following Moebius transformation,

ϕ(t) = Qt 1 + Ht , defined on C \ {−1/H}, with 0 < Q < 1 and H ∈ R_+. It is easy to see that the image ϕ(D) of a line D which goes through the point t = 0 and is not equal to R in C, is a circle which is tangent to D and goes through the points t = 0 and t = Q/H. Moreover, there exists a neighborhood O of the origin in C such that

|ϕ(t)| ≤ |t| , |∂_tϕ(t)| ≤ 1,

for all t ∈ O. Let G be a sectorial region G ⊂ O which has bisecting direction d = 0 and opening greater than π. We deduce that ϕ(S̄) ⊂ S̄ for all closed sector S̄ ⊂ G with bisecting direction d = 0. So that the function ϕ satisfies the assumption c) of Theorem 1.

The theorem 1 gives sufficient conditions for 1−summability in the direction d = 0 of formal solutions X̂(t, z) of the form (X̂) to partial differential equations with deviating variables of the form,

(SP DE) ∂^S_z X̂(t, z) = A(t, z, ((∂^{k0}_t ∂^{k1}_z X̂)(

Q_{k0,k1} t 1 + H_{k0,k1} t

, z))_{(k0 ,k1)∈S} ),

where the function A(t, z, (z_{k0 ,k1} )_{(k0,k1)∈S} ) is assumed to be holomorphic in the variables (t, z) in a neighborhood of the origin in C^2 and polynomial in the variables (z_{k0,k1} )_{(k0,k1)∈S} , and 0 < Q_{k0,k1} < 1 and H_{k0,k1} ∈ R_+ for all k_0, k_1.

From this, we get 1−summable formal solutions û(x, z_1, z_2) = X̂(1/x, z_1, z_2) in direction d = 0 of so-called non-linear advanced-argument partial differential equations of the form

(DD) ∂^S_z û(x, z) = B(x, z, ((∂^{k0}_x ∂^{k1}_z û)( x Q_{k0,k1} + H_{k0,k1} Q_{k0,k1}

, z))_{(k0 ,k1)∈S} ).

From the classical theory, see [4], one deduces asymptotic properties of actual solutions of (DD), u(x, z) = X(1/x, z),where X is the 1−sum of X̂. In particular, there exist constants C, M > 0 such that

|u(x, z) − n−1∑ p=0 X_p(z) p! (1/x)^p| ≤ CM^nn!|1/x|^n

for all n ≥ 1 and for large x in a sector having bisecting direction d = 0 and z in a neighborhood of the origin in C.

References

[1] G. Auberson, G. Mennessier, Some properties of Borel summable functions, J. Math. Phys.

22 (11) 1981, 2472–2481.

[2] A. Augustynowicz, On some generalized Volterra condition and advanced argument for integral equations, Comment. Math. Prace Mat. 40 (2000), 7–17.

[3] A. Augustynowicz, H. Leszczynski, W. Walter, Cauchy-Kovalevskaya theory for non-linear equations with deviating variables, Nonlinear Anal. 45 (2001), no. 6, Ser. A: Theory Methods, 743-753.

[4] W. Balser, Formal power series and linear systems of meromorphic ordinary differential equations, Springer-Verlag, New-York, 2000.

[5] W. Balser, S. Malek, Formal solutions of the complex heat equation in higher spatial dimensions, Ulmer Seminar (2003).

[6] B.J.L. Braaksma, B.F. Faber, Multisummability for some classes of difference equations, Ann. Inst. Fourier Grenoble, 46 (1996), 183–217.

[7] J. Cermak, Asymptotic properties of differential equations with advanced argument, Czechoslovak Math. J. 50 (125) (2000), no. 4, 825–837.

[8] Z. Dosla, T. Kiguradze, On boundness and stability of solutions of second order linear differential equations with advanced arguments, Adv. Math. Sci. Appl. 9 (1999), no. 1, 1–24.

[9] J. Dzurina, Oscillatory and asymptotic behaviour of solutions of advanced functional equations, Arch. Math. (Brno) 29 (1993), no. 3-4, 161–166.

[10] J. Écalle, Les fonctions résurgentes. Publications Mathématiques d’Orsay, (1981).

[11] L.E. Elsgolts, S.B. Norkin, Introduction to the theory and application of differential equations with deviating arguments, Academic press, NY-London, 1973.

[12] B.F. Faber, Summability theory for analytic difference and differential-difference equations, Ph.D. thesis, Rijksuniversiteit Groningen, 1998.

[13] G.B. Folland, Introduction to partial differential equations. Second edition. Princeton University Press, Princeton, NJ, 1995.

[14] G.K. Immink, Asymptotics of analytic difference equations. Lecture Notes in Mathematics, 1085. Springer-Verlag, Berlin, 1984.

[15] M. Kawagishi, T. Yamanaka, On the Cauchy problem for non linear PDEs in the Gevrey class with shrinkings. J. Math. Soc. Japan 54 (2002), no. 3, 649–677.

[16] T. Kiguradze, T. Kusano, N. Yoshida, Oscillation criteria for a class of partial functionaldifferential equations of higher order, J. Appl. Math. Stochastic Anal. 15 (2002), no. 3, 271–282.

[17] S. Malek, On the summability of formal solutions of linear partial differential equations, J.

Dynam. Control. Syst. 11 (2005), No. 3.

[18] B. Malgrange, Sommation des séries divergentes. Exposition. Math. 13 (1995), no. 2-3, 163–222.

[19] J.P. Ramis, Dévissage Gevrey. Journées Singulières de Dijon (Univ. Dijon, 1978), pp. 4, 173-204, Astérisque, 59-60, Soc. Math. France, Paris, 1978.

[20] T. Yamanaka, A new higher order chain rule and Gevrey class. Ann. Global Anal. Geom.

7 (1989), no.3, 179–203.