Operator Theory on a Commutation Relation

Asao Arai^∗ Department of Mathematics, Hokkaido University Sapporo 060-0810 Japan E-mail: arai@math.sci.hokudai.ac.jp

February 22, 2006

Abstract An operator theory is developed for a pair (A, H) with A being a symmetric operator on a Hilbert space H and H an injective self-adjoint operator on H such that D(H^2) ⊂ D(A) (for a linear operator T , D(T ) denotes its domain) and � H^2ψ, Aϕ � = � Aψ, H^2ϕ � , ψ, ϕ ∈ D(H^2), where ⟨ · , · ⟩ is the inner product of H.

One of the main results of the present paper is concerned with a decomposition theorem of Ā (the closure of A) : Under suitable conditions, there exists a unique pair (A_+, A_−) of self-adjoint operators such that the following hold : (i) Ā = A_+ + A_− ; (ii) A_+ strongly commutes with H ; (iii) A_− strongly anticommutes with H. Moreover, under some additional condition, A_+ strongly anticommutes with A_−. It is shown that, under suitable conditions, the spectrum of H is symmetric with respect to the origin in IR. As an application, we define a class of linear operators X on H for which e^{itH} Xe^{−itH} (t ∈ IR) has an explicit representation. A class of pairs (A, H) to which the general theory can be applied is given with H being an abstract form of Dirac type operators.

Keywords: self-adjoint operator, strong commutativity, strong anticommutativity, decomposition theorem, spectrum, spectral reflection symmetry, Heisenberg operator, canonical commutation relation, Dirac operator

Mathematics Subject Classification 2000: 47B25, 47N50

1 Introduction

In this paper we develop an operator theory for a pair (A, H) with A being a symmetric operator on a Hilbert space H and H an injective self-adjoint operator on H such that

∗This work is supported by the Grant-In-Aid 17340032 for scientific research from the JSPS.

D(H^2) ⊂ D(A) (for a linear operator T , D(T ) denotes its domain) and � H^2ψ, Aϕ � = � Aψ, H^2ϕ � , ψ, ϕ ∈ D(H^2), (1.1)

where ⟨ · , · ⟩ is the inner product of H. If A is bounded, then (1.1) is equivalent to AH^2 ⊂ H^2A, which means the commutativity of A and H^2 (in the present paper, we mean by “a bounded operator on H” a bounded linear operator everywhere defined on H, unless otherwise stated). Hence (1.1) can be regarded as a generalized version of this commutativity to the case where A is not necessarily bounded.

We introduce a subset of linear operators on H:

Definition 1.1 We say that A is in the set {H^2}^′_w if A is symmetric with D(H^2) ⊂ D(A) and (1.1) holds (in this definition, H is not necessarily injective).

Remark 1.1 It is easy to see that, for each bounded, real-valued Borel measurable function f on IR and α ∈ [0, 2], the operator f(H)|H|^α is an element of {H^2}^′_w. But the case A = f(H)|H|^α is trivial. Hence, in what follows, we have in mind the case where A is not such a form. See Proposition 2.5 below.

To outline the contents of the present paper, we first recall two key notions:

Definition 1.2 Let S and T be self-adjoint operators on a Hilbert sapce. We denote the spectral measure of S by E_S (·)

(i) We say that S and T strongly commute if their spectral measures commute, i.e., E_S (J)E_T (K) = E_T (K)E_S (J) for all Borel sets J, K ⊂ IR (e.g., [11, p.271], [12]).

(ii) We say that S strongly anticommutes with T if e^{itT} S ⊂ Se^{−itT} for all t ∈ IR ([10, 14]).

Remark 1.2 One can prove that, if S strongly anticommutes with T , then e^{itS} T ⊂ T e^{−itS} for all t ∈ IR [10], i.e., T strongly anticommutes with S. Hence Definition 1.2(ii) is symmetric in S and T .

One of the main results of this paper is stated as follows. Let H be an injective selfadjoint operator and A ∈ {H^2}^′_w. Then there exists a unique pair (A_+, A_−) of self-adjoint operators such that the following hold: (i) Ā = A_+ + A_−, where Ā is the closure of A

; (ii) A_+ strongly commutes with H ; (iii) A_− strongly anticommutes with H. If some additional condition is satisfied, then A_+ strongly anticommutes with A_−.

This is a kind of decomposition theorem of operators relative to the self-adjoint operator H. It is well known that the strong commutativity and the strong anticommutativity of self-adjoint operators make it possible to perform more detailed analyses in various contexts of operator theory (e.g., [1]-[6], [10, 12, 14]). Thus such decomposition theorems as stated above may be very useful.

We also investigate the spectral properties of H. It is shown that, under suitable conditions, the spectrum of H is symmetric with respect to the origin in IR.

As an application, we define a class of linear operators X on H for which the Heisenberg operator e^{itH} Xe^{−itH} of X (t ∈ IR) with respect to H has an explicit representation. Moreover, we present a class of pairs (A, H) to which the general theory can be applied with H being an abstract form of Dirac type operators.

One of the motivations for this work comes from trying to understand general operatortheoretical structures underlying the so-called Zitterbewegung in relativistic quantum mechanics ([8], [13, §1.6]). But the theory presented in this paper is very general. It may have many applications both in operator theory and in quantum physics^1.

The present paper is orginaized as follows. In Section 2, we prove some elementary facts on the set {H^2}^′_w. At the end of this section, a purely operator-theoretical motivation for this work is given. In Section 3 we consider a similarity transformation for a linear operator A given by the correspondence :A → A_H := HAH^{−1} under the condition that H is injective. Some properties of the operator A_H are discussed. Section 4 is devoted to proof of the decomposition theorem stated above. In Section 5 we prove that, under additional conditions, the spectrum and the point spectrum of H are symmetric with respect to the origin in IR. In Section 6 we introduce a class of linear operators X for which the Heisenberg operator X(t) = e^{itH} Xe^{−itH} (t ∈ IR) has an explicit representation. The asymptotic behavor of X(t) as |t| → ∞ is clarified in the sense of sesquilinear form. In Section 7 we discuss a connection with the generalized weak Weyl relation introduced in [7]. We show that, under suitable conditions,

lim_{|t|→∞} � ψ, e^{−itH} A_+ϕ � = 0 1The present author plans to discuss, in a separate paper, an application to quantum electrodynamics in connection with Koba’s work [8].

for all ψ, ϕ ∈ H and H has no eigenvalues. In the last section we present a class of pairs (A, H) to which the general theory developed in the previous sections can be applied.

2 Preliminaries

We first recall a useful fact:

Lemma 2.1 (Nussbaum) Let T be a self-adjoint operator on H and S be a symmetric operator on H such that D(T ) ⊂ D(S) and ⟨T ψ, Sϕ⟩ = ⟨Sψ, T ϕ⟩ , ψ, ϕ ∈ D(T ). Then S is essentially self-adjoint on D(T ) and S̄ (the closure of S) strongly commutes with T .

Proof. See [9, Corollary 1] or [10, Proposition 4.1].

Let H be a self-adjoint opeartor on H.

Proposition 2.2 For all A ∈ {H^2}^′_w, A is essentially self-adjoint on D(H^2) and Ā strongly commutes with H^2. Moreover Ā ∈ {H^2}^′_w.

Proof. The first half of this proposition follows from a simple application of Lemma 2.1 to the case T = H^2 and S = A.

Since D(A) ⊂ D(Ā), we have D(H^2) ⊂ D(Ā). By the strong commutativity of Ā and H^2, we have e^{itH2}Ā ⊂ Āe^{itH2} for all t ∈ IR. Hence, for all ψ, ϕ ∈ D(H^2) and t ∈ IR, we have � e^{itH2} ψ, Āϕ � = � Āψ, e−itH^2 ϕ � . Differentiating the both sides at t = 0, we obtain � H^2ψ, Āϕ � = � Āψ, H 2ϕ � . Thus Ā ∈ {H^2}^′_w.

The set {H^2}^′_w has a real linear structure:

Proposition 2.3 Let A, B ∈ {H^2}^′_w. Then A + B ∈ {H^2}^′_w and λA ∈ {H^2}^′_w for all λ ∈ IR.

Proof. By definition, D(A + B) = D(A) ∩ D(B) and D(λA) = D(A), ∀λ ∈ IR. Hence D(H^2) ⊂ D(A + B) and D(H^2) ⊂ D(λA), ∀λ ∈ IR . Then it is easy to see that A + B (resp. λA) is symmetric and (1.1) with A replaced by A + B (resp. λA) holds.

Propositions 2.2 and 2.3 immediately yield the following result:

Corollary 2.4 Let A_1, · · · , A_n ∈ {H^2}^′_w (n = 1, 2, · · ·). Then, for all a_1, · · · , a_n ∈ IR, the operator

�_n

j=1 a_jA_j is essentially self-adjoint on D(H^2) and

�_n

j=1 a_jA_j strongly commutes with H^2.

The following proposition shows the structure of a subset of {H^2}^′_w.

Proposition 2.5 Let B (resp. C) be a self-adjoint operator strongly commuting (resp. anticommuting) with H and D(H^2) ⊂ D(B)∩D(C). Let A := B +C. Then, A ∈ {H^2}^′_w. In particular, A is essentially self-adjoint on D(H^2) and Ā strongly commutes with H^2.

Proof. The strong commutativity of B with H implies that of B with H^2. Hence, (1.1) with A replaced by B follows from the two variable functional calculus on the pair (H^2, B). Thus B ∈ {H^2}^′_w. As for the operator C, we have e^{itC} H ⊂ He^{−itC} for all t ∈ IR. This implies that e^{itC} H^2 ⊂ H^2e^{itC} for all t ∈ IR. Hence C strongly commutes with H^2. Hence, as in the case of B, C is in {H^2}^′_w. These results and Proposition 2.3 imply that A ∈ {H^2}^′_w. Hence Proposition 2.2 imply the last statement of the present proposition.

From a purely operator-theoretical point of view, it would be interesting to investigate an inverse problem concerning Proposition 2.5: Under what conditions does a self-adjoint operator A have a decomposition as described in Proposition 2.5 ? This is one of the motivations for the present work.

3 A similarity transformation

In what follows, we need the following condition: Hypothesis (H): H is injective.

We assume (H). Then, for a linear operator A on H, we define a linear operator A_H by A_H := HAH^{−1}, (3.1) which is a similarity transform of A by H.

Lemma 3.1 Assume (H) and let A ∈ {H^2}^′_w. Then:

(i) For all ψ, ϕ ∈ D(A_H ) ∩ D(H), ⟨ψ, A_H ϕ⟩ = ⟨A_H ψ, ϕ⟩.

(ii) For all ψ, ϕ ∈ D(H^2) ∩ D(A_H ), � H^2ψ, A_H ϕ � = � A_H ψ, H^2ϕ � . (3.2)

Proof. (i) Let ψ, ϕ ∈ D(A_H ) ∩ D(H). Then H^{−1}ψ, H^{−1}ϕ ∈ D(H^2) and

⟨ψ, A_H ϕ⟩ = � H^2(H^{−1}ψ), A(H^{−1}ϕ) � = � A(H^{−1}ψ), H^2(H^{−1}ϕ) � = ⟨A_H ψ, ϕ⟩ ,

where (1.1) is used to obtain the second equality.

(ii) Let ϕ ∈ D(H^2) ∩ D(A_H ). Then H^{−1}ϕ ∈ D(A) ⊂ D(Ā). Hence, by the strong commutativity of H^2 and Ā (Proposition 2.2), e^{−itH2} H^{−1}ϕ ∈ D(Ā) and Āe^{−itH2} H^{−1}ϕ = e^{−itH2} AH^{−1}ϕ. Note that e^{−itH2} H^{−1}ϕ ∈ D(H^2) and e^{−itH2} ϕ ∈ D(H^{−1}). Hence

Āe^{−itH2} H^{−1}ϕ = AH^{−1}e^{−itH2} ϕ.

Hence AH^{−1}e^{−itH2} ϕ = e^{−itH2} AH^{−1}ϕ. Since AH^{−1}ϕ ∈ D(H), it follows that e^{−itH2} AH^{−1}ϕ is in D(H) and He^{−itH2} AH^{−1}ϕ = e^{−itH2} A_H ϕ. Hence AH^{−1}e^{−itH2} ϕ is in D(H) and A_H e^{−itH2} ϕ = e^{−itH2} A_H ϕ. Therefore, for all ψ ∈ D(H^2) ∩ D(A_H ), we have � e^{itH2} ψ, A_H ϕ � = � A_H ψ, e^{−itH2} ϕ � . Differentiating the both sides at t = 0, we obtain (3.2).

Lemma 3.1 and Lemma 2.1 imply the following theorem:

Theorem 3.2 Assume (H) and let A ∈ {H^2}^′_w. Suppose that D(H^2) ⊂ D(A_H ). Then A_H ∈ {H^2}^′_w. In particular, A_H is essentially self-adjoint on D(H^2) and Ā_H strongly commutes with H^2.

Corollary 3.3 Assume (H) and let A ∈ {H^2}^′_w. Then A_H−1 ψ = A_H ψ for all ψ ∈ D(A_H ) ∩ D(A_H−1 ). In particular, if D(H^2) ⊂ D(A_H ) ∩ D(A_H−1 ), then A_H−1 ∈ {H^2}^′_w.

Proof. By Proposition 2.2, A is essentially self-adjoint on D(H^2) and Ā strongly commutates with H^2. Hence Ā strongly commutes with |H| too. Let H = U|H| be the polar decomposition of H. Then U is unitary and self-adjoint, since H is injective. By the two variable functional calculus, we have |H|A|H|^{−1}ψ = |H|^{−1}A|H|ψ for all ψ ∈ D(|H|A|H|^{−1}) ∩ D(|H|^{−1}A|H|). Hence, for all ψ ∈ D(A_H ) ∩ D(A_H−1 ), A_H ψ = U|H|A|H|^{−1}Uψ = U|H|^{−1}A|H|Uψ = A_H−1 ψ.

4 Decomposition theorems

Assume (H). Then, for a linear operator A on H, we can define A_{±,0} := 1 2 (A ± A_H ), (4.1) where A_H is defined by (3.1). It is easy to see that A ⊃ A_{+,0} + A_{−,0}. (4.2) For a linear operator L and a subspace D ⊂ D(L), we denote by L|D the restriction of L to D.

Theorem 4.1 Assume (H) and let A ∈ {H^2}^′_w. Suppose that D(H^2) ⊂ D(A_H ). Then:

(i) A_{±,0} are essentially self-adjoint on D(H^2) and A_± := Ā_{±,0} (4.3) strongly commute with H^2.

(ii) The operator A_+ + A_− is essentially self-adjoint on D(H^2) and the operator equality Ā = A_+ + A_− (4.4) holds.

Proof. (i) By Theorem 3.2, A_H ∈ {H^2}^′_w. Hence, by Corollary 2.4, the assertions follow.

(ii) By (4.2) and (i), we have A|D(H^2) ⊂ A_+ + A_−. By this relation and Proposition 2.2, A_+ + A_− is essentially self-adjoint on D(H^2) and (4.4) holds.

If A_+ + A_− is closed, then (4.4) takes the form Ā = A_+ + A_−, which gives a decomposition of Ā. Hence a next task to be done is to investigate conditions which ensure the closedness of A_+ + A_−.

Lemma 4.2 Assume (H) and let A ∈ {H^2}^′_w. Suppose that D(H) ⊂ D(A). Then, for all ψ ∈ D(A_H ) ∩ D(H) and ϕ ∈ D(H), ⟨Hψ, Aϕ⟩ = ⟨A_H ψ, Hϕ⟩ . (4.5)

Proof. Let ϕ ∈ D(H^2) first. Then ⟨Hψ, Aϕ⟩ = ⟨H^2(H^{−1}ψ), Aϕ⟩ = ⟨AH^{−1}ψ, H^2ϕ⟩ = ⟨A_H ψ, Hϕ⟩. Hence (4.5) holds.

We next consider the case ϕ ∈ D(H). By the condition D(H) ⊂ D(A) and the closed graph theorem, there exists a constant c ≥ 0 such that ‖Aψ‖ ≤ c(‖Hψ‖ + ‖ψ‖), ψ ∈ D(H). (4.6) Since D(H^2) is a core of H, for each ϕ ∈ D(H), there exists a sequence {ϕ_n}^∞_{n=1} with ϕ_n ∈ D(H^2) such that lim_{n→∞} ϕ_n = ϕ and lim_{n→∞} Hϕ_n = Hϕ. By the preceding result, we have ⟨Hψ, Aϕ_n⟩ = ⟨A_H ψ, Hϕ_n⟩. By (4.6), Aϕ_n → Aϕ as n → ∞. Thus (4.5) follows.

Lemma 4.3 Assume (H) and let A ∈ {H^2}^′_w. Suppose that D(H) ⊂ D(A). Then:

(i) For all ψ, ϕ ∈ D(A_H ) ∩ D(H), ⟨Hψ, A_{+,0}ϕ⟩ = ⟨A_{+,0}ψ, Hϕ⟩ . (4.7)

(ii) For all ψ, ϕ ∈ D(A_H ) ∩ D(H), ⟨Hψ, A_{−,0}ϕ⟩ + ⟨A_{−,0}ψ, Hϕ⟩ = 0. (4.8)

Proof. Direct computations using (4.5).

Theorem 4.4 Assume (H) and let A ∈ {H^2}^′_w. Suppose that D(H) ⊂ D(A_H ) ∩ D(A). Then A_{+,0} is essentially self-adjoint on D(H) and A_+ strongly commutes with H. Proof. This follows from Lemma 4.3(i) and Lemma 2.1.

We need the following fact:

Lemma 4.5 (S. Pedersen [10, Theorem 4.3]) Let A and B be symmetric operators on H and D be a dense subspace such that D ⊂ D(A) ∩ D(B). Suppose that (A ± B)|D are essentially self-adjoint and ⟨Aψ, Bϕ⟩ + ⟨Bψ, Aϕ⟩ = 0 for all ψ, ϕ ∈ D. Then A and B are essentially self-adjoint. Moreover, Ā and B̄ strongly anticommute. Theorem 4.6 Assume (H) and let A ∈ {H^2}^′_w. Suppose that D(H) ⊂ D(A) ∩ D(A_H ). Then A_{−,0} is essentially self-adjoint and A_− strongly anticommutes with H.

Proof. Let T_± := H ± A_{−,0}. Then D(T_±) = D(H) and T_± are symmetric. For all ψ, ϕ ∈ D(H^2), we have ⟨T_±ψ, H^2ϕ⟩ = ⟨H^2ψ, T_±ϕ⟩. Hence, by Lemma 2.1, T_± are essentially self-adjoint on D(H^2). By Lemma 4.3(ii), we have ⟨Hψ, A_{−,0}ϕ⟩ + ⟨A_{−,0}ψ, Hϕ⟩ = 0 for all ψ, ϕ ∈ D(H^2). Hence, by Lemma 4.5, A_{−,0} is essentially self-adjoint and A_− = Ā_{−,0} strongly anticommutes with H.

Theorem 4.7 Assume (H) and let A ∈ {H^2}^′_w with D(H) ⊂ D(A) ∩ D(A_H ). Suppose that there exists a constant C > 0 such that ‖A_H ψ‖^2 ≤ ‖Aψ‖^2 + 2C^2‖ψ‖^2, ψ ∈ D(H^2). (4.9) Then A_{±,0} are essentially self-adjoint with D(Ā) = D(A_+) ∩ D(A_−) and the operator equality Ā = A_+ + A_− (4.10) holds. Moreover, for all ψ ∈ D(A_+) ∩ D(A_−) ‖A_+ψ‖^2 + ‖A_−ψ‖^2 ≤ ‖Āψ‖^2 + C^2‖ψ‖^2. (4.11) Proof. Let ψ ∈ D(H^2). Then

‖(A_{+,0} + A_{−,0})ψ‖^2 = ‖A_{+,0}ψ‖^2 + ‖A_{−,0}ψ‖^2 + ⟨A_{+,0}ψ, A_{−,0}ψ⟩ + ⟨A_{−,0}ψ, A_{+,0}ψ⟩ . It is easy to see that ⟨A_{+,0}ψ, A_{−,0}ψ⟩ + ⟨A_{−,0}ψ, A_{+,0}ψ⟩ = 1 2 (‖Aψ‖^2 − ‖A_H ψ‖^2), (4.12) which, together with (4.9), implies (4.11) with ψ ∈ D(H^2). Then, by a limiting argument using the fact that D(H^2) is a core of Ā, we see that D(Ā) ⊂ D(A_+) ∩ D(A_−) and (4.11) holds for all ψ ∈ D(Ā). Since A_+ + A_− = A_{+,0} + A_{−,0} = Ā, it follows that D(A_+) ∩ D(A_−) ⊂ D(Ā). Thus the desired results follow.

The decomposition (4.10) is unique in the following sense:

Theorem 4.8 Assume (H) and let A ∈ {H^2}^′_w with D(H^2) ⊂ D(A_H ). Suppose that there exists a pair (B_+, B_−) of self-adjoint opeartors having the following properties:

(B.1) Ā = B_+ + B_−.

(B.2) D(H^2) is a common core of B_±.

(B.3) B_+ strongly commutes with H and B_− strongly anticommutes with H.

Then A_+ = B_+ and A_− = B_−.

Proof. Let S_1 = A_+ − B_+ and S_2 = B_− − A_−. Then, by (B.1) and (4.2), we have S_1ψ = S_2ψ for all ψ ∈ D(H^2). It is easy to see that, for all t ∈ IR, e^{itH} S_1 ⊂ S_1e^{itH} and e^{itH} S_2 ⊂ S_2e^{−itH} . Hence, for all t ∈ IR,

e^{itH} S_1ψ = S_1e^{itH} ψ = S_2e^{itH} ψ = e^{−itH} S_2ψ = e^{−itH} S_1ψ, (4.13)

i.e., e^{2itH} S_1ψ = S_1ψ. This implies that S_1ψ ∈ D(H) and HS_1ψ = 0. Hence S_1ψ = 0. In particular, we have A_+ψ = B_+ψ for all ψ ∈ D(H^2). Since D(H^2) is a common core of A_+ and B_+, it follows that A_+ = B_+ (operator equality). By this result and (4.13), we have S_2ψ = 0 for all ψ ∈ D(H^2). Then, in the same way as in the case of (A_+, B_+), we see that the operator equality A_− = B_− holds.

Proposition 4.9 Let the same assumption as in Theorem 4.1 be satisfied. Suppose that

‖A_H ψ‖^2 = ‖Aψ‖^2, ψ ∈ D(H^2). (4.14)

Then A_+ and A_− strongly anticommute.

Proof. By Theorem 4.1, (A_+ + A_−)|D(H^2) is essentially self-adjoint. Theorem 3.2 implies that (A_+ − A_−)|D(H^2) (= A_H |D(H^2)) is essentially self-adjoint. Moreover, by (4.12) and (4.14), we have ⟨A_+ψ, A_−ϕ⟩ + ⟨A_−ψ, A_+ϕ⟩ = 0, ψ, ϕ ∈ D(H^2). Hence, we can apply Lemma 4.5 to conclude that A_+ and A_− strongly anticommute.

Corollary 4.10 Assume (H) and let A ∈ {H^2}^′_w with D(H) ⊂ D(A) ∩ D(A_H ). Suppose that (4.14) holds. Then A_{±,0} are essentially self-adjoint with D(Ā) = D(A_+) ∩ D(A_−), and A_+ and A_− strongly anticommute. Moreover, the operator equality

Ā = A_+ + A_− (4.15)

holds and ‖Āψ‖^2 = ‖A_+ψ‖^2 + ‖A_−ψ‖^2, ψ ∈ D(Ā). (4.16)

Proof. It is obvious that (4.14) implies (4.9). Hence the conclusion of Theorem 4.7 holds. The strong anticommutativity of A_+ and A_− follows from Proposition 4.9. Equation (4.16) is just an application of a general theorem on two strongly anticommuting selfadjoint operators (Lemma 4.11 below).

Lemma 4.11 (Vasilescu[14, Theorem 2.1]) If S ad T are strongly anticommuting selfadjoint operators on a Hilbert space, then S + T is self-adjoint and

(S + T )^2 = S^2 + T^2, (4.17) ‖(S + T )ψ‖^2 = ‖Sψ‖^2 + ‖T ψ‖^2, ∀ψ ∈ D(S) ∩ D(T ). (4.18)

5 Spectral properties of H

In this section we describe some implications of Thereom 4.6. But, before doing that, we first prove some general facts in the theory of strongly anticommuting self-adjoint operators.

For a linear operator L on a Hilbert space, we denote by σ(L) (resp. σ_p(L)) the spectrum (resp. the point spectrum) of L.

We say that a subset Σ of IR is symmetric with respect to the origin if, for all λ ∈ Σ, −λ ∈ Σ.

Let S and T be strongly anticommuting self-adjoint operators on H. We denote by Ran(S) the range of S.

Lemma 5.1 (i) T is reduced by Ran(S).

(ii) We denote by T_S the reduced part of T to Ran(S). Suppose that S ≠ 0. Then T_S is unitarily equivalent to −T_S . In particular, σ(T_S ) (resp. σ_p(T_S )) is symmetric with respect to the origin.

Proof. (i) Let S = U_S |S| be the polar decomposition of S with ker U_S = ker S. Then, by [10, Theorem 3.1], U_S T ⊂ −T U_S (5.1) and |S| strongly commutes with T . The latter implies that T is reduced by Ran(|S|) ([7, Lemma 6.5]). Since S and |S| are self-adjoint, we have the following orthogonal decompositions of H: H = ker S ⊕ Ran(S) = ker |S| ⊕ Ran(|S|). We have ker S = ker |S|. Hence Ran(|S|) = Ran(S). Therefore T is reduced by Ran(S).

(ii) Since S ≠ 0, the operator V := U_S |Ran(S) is a unitary operator on Ran(S). By (5.1), we have V T_S V^{−1} = −T_S . Hence T_S is unitarily equivalent to −T_S . The statement of the spectral properties of T_S follows from the unitary invariance of the spectrum and the point spectrum of a linear operator. Let P_+(T ) := E_T ((0, ∞)), P_−(T ) := E_T ((−∞, 0)), P_0(T ) := E_T ({0}) (5.2) and H_±(T ) := Ran(P_±(T )). (5.3) Then we have H = H_+(T ) ⊕ H_−(T ) ⊕ ker T. (5.4) Lemma 5.2 Let S and T be as above. Then

(i) P_±(T )S ⊂ SP_∓(T ) and P_0(T )S ⊂ SP_0(T ).

(ii) S maps D(S) ∩ H_±(T ) (resp. ker T ) to H_∓(T ) (resp. ker T ).

Proof. (i) Since S and T strongly anticommute, it follows from [10, Proposition 1.4] that E_T (J)S ⊂ SE_T (−J) for all Borel sets J ⊂ IR, where −J := {−λ|λ ∈ J}. Applying this fact with J = (0, ∞), (−∞, 0), {0}, we obtain the desired results.

(ii) This follows from part (ii).

We now return to the operator theory developed in the previous sections. Theorem 5.3 Assume (H). Suppose that there exists an operator A ∈ {H^2}^′_w having the following properties:

(a) D(H) ⊂ D(A) ∩ D(A_H ). (b) A_− ≠ 0.

Then:

(i) H is reduced by Ran(A_−) We denote by ~H the reduced part of H to Ran(A_−).

(ii) ~H is unitarily equivalent to −~H. In particular, σ(~H) (resp. σ_p(~H)) is symmetric with respect to the origin. (iii) H = H_+(H) ⊕ H_−(H). (iv) P_∓(H)A_− ⊂ A_−P_±(H). (v) A_− maps D(A_−) ∩ H_± to H_∓.

Proof. By Theorem 4.6, A_− is self-adjoint and strongly anticommutes with H. Hence we can apply Lemmas 5.1 and 5.2 to the case T = H and S = A_− and obtain the desired results (the injectivity of H implies that ker H = {0}).

Corollary 5.4 Assume (H). Suppose that there exists an operator A ∈ {H^2}^′_w having the following properties:

(a) D(H) ⊂ D(A) ∩ D(A_H ). (b) A_− is injective.

Then σ(H) and σ_p(H) are symmetric with respect to the origin.

Proof. Condition (b) implies that Ran(A_−) = H. Hence ~H = H. Then Theorem 5.3(ii) gives the desired result.

In concluding this section, we give a sufficient condition for A_− to be injective (condition (b) in Corollary 5.4).

Proposition 5.5 Assume (H) and let A ∈ {H^2}^′_w be self-adjoint.

(i) Suppose that there exists a self-adjoint operator P on H having the following properties:

(a) P strongly commutes with H.

(b) AH + HA = 2P on D(AH) ∩ D(HA) ∩ D(P ). (c) H^{−1} and P H^{−1} are bounded. (d) D(H^2) ⊂ D(A_H ) ∩ D(P )

Then D(A_−) = D(A) with A_− = A − P H^{−1}. (5.5)

(ii) In addition to the assumption of part (i), assume the following (f), (g) and (h):

(f) P is injective and strongly commutes with A. (g) A is injetive with A^{−1} bounded and D(H) ⊂ D(A) ∩ D(HA). (h) {ψ ∈ D(AP^{−1}) | ‖AP^{−1}ψ‖ = ‖H^{−1}ψ‖} = {0}.

Then A_− is injective. In particular, σ(H) and σ_p(H) are symmetric with respect to the origin.

Proof. (i) Let ψ ∈ D(H^2). Then H^{−1}ψ ∈ D(AH) ∩ D(HA) ∩ D(P ). Hence, by condition (b), we have HAH^{−1}ψ = 2P H^{−1}ψ − Aψ, which implies that A_−ψ = Aψ − P H^{−1}ψ. Since (P H^{−1})^∗ ⊃ H^{−1}P and (P H^{−1})^∗ is bounded, it follows that H^{−1}P is closable with domain equal to D(P ) and H^{−1}P = (P H^{−1})^∗. By the Kato-Rellich theorem, B := A − (P H^{−1} + H^{−1}P )/2 is self-adjoint and every core of A is a core of B. In particular, D(H^2) is a core of B. It follows from the above equality that A_−|D(H^2) ⊂ B. Hence A_− = B, since A_− is essentially self-adjoint on D(H^2). Thus A_− = A −^1_2 (P H^{−1} + H^{−1}P ). It follows from condition (a) and the boundedness of H^{−1} that H^{−1}P ⊂ P H^{−1}. This implies that H^{−1}P = P H^{−1}. Thus (5.5) follows.

(ii) To prove the injectivity of A_−, we show that ker A_− = {0}. Let ψ ∈ ker A_−. Then, by (5.5), Aψ = P H^{−1}ψ. (5.6) Hence Aψ ∈ D(P^{−1}) and P^{−1}Aψ = H^{−1}ψ. (5.7) By conditions (f) and (g), we have A^{−1}P ⊂ P A^{−1}, which, together with (5.6), implies that ψ = P A^{−1}H^{−1}ψ. This means that ψ ∈ D(P^{−1}) and P^{−1}ψ = A^{−1}H^{−1}ψ. Hence P^{−1}ψ ∈ D(A) and AP^{−1}ψ = H^{−1}ψ. By this equation and (5.7), we obtain that ψ ∈ D(P^{−1}A) ∩ D(AP^{−1}) and P^{−1}Aψ = AP^{−1}ψ. (5.8)

Multiplying (5.7) by H^{−1} from the left and using the strong commutativity of H and P , we have P^{−1}H^{−1}Aψ = H^{−2}ψ. Condition (b) implies that H^{−1}Aψ = −AH^{−1}ψ + 2H^{−1}P H^{−1}ψ. Hence we obtain that H^{−2}ψ = P^{−1}AH^{−1}ψ. By (5.7), the right hand side is equal to P^{−1}AP^{−1}Aψ. By this fact and (5.8), we obtain that ‖H^{−1}ψ‖^2 = ‖AP^{−1}ψ‖^2. Hence, by condition (h), ψ = 0. Thus ker A_− = {0}. The last assertion follows from Corollary 5.4 (note that D(H) ⊂ D(A_H ), since H^{−1} is bounded and D(H) ⊂ D(HA)).

6 Generalized weak canonical commutation relation and Heisenberg operators

6.1 A general theory

Let H be a self-adjoint operator on H. For a linear operator X on H, we define a linear operator X(t) (t ∈ IR) by X(t) := e^{itH} Xe^{−itH} , (6.1) which is called the Heisenberg operator of X with respect to H.

Remark 6.1 In applications to quantum mechanics, we have in mind the case where H is the Hamiltonian of a quantum system and X is an observable. In this case, X(t) is interpreted as the time development of X. From this point of view too, it is important to study properties of X(t).

In this section we present a class of linear operators X such that X(t) has an explicit representation.

Definition 6.1 Let C be a linear operator on H. We say that a linear operator X on H is in the set K(H, C) if D(X) is dense and

⟨X^∗ψ, Hϕ⟩ − ⟨Hψ, Xϕ⟩ = ⟨ψ, iCϕ⟩ , ψ, ϕ ∈ D(X) ∩ D(X^∗) ∩ D(C) ∩ D(H). (6.2)

Remark 6.2 In a terminology introduced in the previous paper [7], (6.2) means that the triple (X, H, C) obeys the generalized weak canonical commutation relation if X is symmetric and C is a bounded self-adjoint operator on H ([7, §4]).

We need a lemma.

Lemma 6.2 Assume (H). Then, for all t ∈ IR, the operator G_H (t) := 1 2i H^{−1}(e^{2itH} − 1) (6.3) is bounded and ‖G_H (t)‖ ≤ |t|. (6.4) Moreover, G_H (t) is strongly differentiable in t and s- dG_H (t) dt = e^{2itH} , (6.5) where s-dG_H (t)/dt means the strong derivative of G_H (t). Proof. By the functional calculus and the easily proven estimate |e^{2itλ} − 1|^2 ≤ 4t^2λ^2, λ ∈ IR, we see that D(G_H (t)) = H and ‖G_H (t)ψ‖ ≤ |t|‖ψ‖, ψ ∈ H. This proves the first half of the the lemma. Equation (6.5) follows from the functional calculus.

The following theorem defines a class of linear operators X, whose Heisenberg operator X(t) with respect to H has an explicit representation.

Theorem 6.3 Assume (H). Let C_± be self-adjoint operators such that C_+ strongly commutes with H and C_− strongly anticommutes with H, and C := C_+ + C_−. Let X ∈ K(H, C). Suppose that there exists a dense subspace D such that

(i) D ⊂ D(X) ∩ D(X^∗) ∩ D(H) ∩ D(C);

(ii) e^{−itH} D ⊂ D(X) ∩ D(X^∗) ∩ D(H) ∩ D(C) for all t ∈ IR; (iii) for all ψ ∈ D, Xe^{−itH} ψ is strongly continuous in t ∈ IR.

Then, for all t ∈ IR X(t) = X + C_+t + G_H (t)C_− (6.6) on D.

Proof. For each vector η ∈ H, we set η(t) := e^{−itH} η, t ∈ IR. Let ψ, ϕ ∈ D and f(t) := ⟨ψ, X(t)ϕ⟩ , t ∈ IR. Then, it is easy to see that f is differentiable with df(t) dt = i{⟨Hψ(t), Xϕ(t)⟩ − ⟨X^∗ψ(t), Hϕ(t)⟩}.

Since ψ(t) and ϕ(t) are in D(H) ∩ D(C) ∩ D(X) ∩ D(X^∗) by the present assumption, we can compute, using (6.2), the right hand side of the above equation to obtain df(t)/dt = � ψ, e^{itH} Ce^{−itH} ϕ � . Note that e^{−itH} ϕ ∈ D(C) due to the present assumption. Hence e^{itH} Ce^{−itH} ϕ = e^{itH} C_+e^{−itH} ϕ + e^{itH} C_−e^{−itH} ϕ. The strong commutativity of C_+ and H implies that e^{itH} C_+e^{−itH} = C_+, while the strong anticommutativity of C_− with H implies that e^{itH} C_−e^{−itH} = e^{2itH} C_−. Therefore df(t) dt = ⟨ψ, C_+ϕ⟩ + � ψ, e^{2itH} C_−ϕ � . Integrating this equation and using (6.5), we obtain f(t) = ⟨ψ, Xϕ⟩ + ⟨ψ, C_+tϕ⟩ + ⟨ψ, G_H (t)C_−ϕ⟩ .

Hence (6.6) on D follows.

Corollary 6.4 Let the same assumption as in Theorem 6.3 be satisfied. Suppose that X is closed, D is a core of X and there exist constants a_± ≥ 0 and b_± ≥ 0 such that ‖C_±ψ‖ ≤ a_±‖Xψ‖ + b_±‖ψ‖, ψ ∈ D. (6.7) Then, for all t ∈ IR, e^{−itH} D(X) = D(X) and (6.6) holds on D(X). Moreover ‖X(t)ψ‖ ≤ ‖Xψ‖ + (‖C_+ψ‖ + ‖C_−ψ‖)|t|, ψ ∈ D(X), t ∈ IR. (6.8) Proof. By (6.6) and (6.4), we have for all ψ ∈ D ‖Xe^{−itH} ψ‖ ≤ ‖Xψ‖ + (‖C_+ψ‖ + ‖C_−ψ‖)|t|. (6.9) Using (6.7), we obtain ‖Xe^{−itH} ψ‖ ≤ (1 + (a_+ + a_−)|t|) ‖Xψ‖ + (b_+ + b_−)|t| ‖ψ‖.

By this estimate and the condition that D is a core of X, we can show by a simple limiting argument that e^{−itH} D(X) ⊂ D(X). Since t ∈ IR is arbitrary and {e^{−itH} }_{t∈IR} is a unitary group, it follows that e^{−itH} D(X) = D(X) for all t ∈ IR. Then, by a limiting argument again, we can extend (6.6) to an equation on D(X). Similarly (6.9) extends to all ψ ∈ D(X) giving (6.8).

In the context of quantum mechanics, the quantity ⟨ψ, T ϕ⟩ with T a linear operator on a Hilbert space H and ψ ∈ H, ϕ ∈ D(T ) is called a matrix element of T and has physical importance.

The following result gives an explicit formula for each element in a subset of matrix elements of X(t).

Corollary 6.5 Let the same assumption as in Theorem 6.3 be satisfied. Let ψ, ϕ ∈ H_+(H) ∩ D or ψ, ϕ ∈ H_−(H) ∩ D. Then

⟨ψ, X(t)ϕ⟩ = ⟨ψ, Xϕ⟩ + ⟨ψ, C_+ϕ⟩ t. (6.10)

Proof. By the functional calculus, G_H (t)^∗H_±(H) ⊂ H_±(H). This fact and Lemma 5.2(ii) with S = C_− and T = H imply that ⟨ψ, G_H (t)C_−ϕ⟩ = 0. Hence (6.10) follows.

The following theorem describes the asymptotic behavior of matrix elements of X(t) as t → ±∞.

We denote by H_{ac}(H) the subspace of absolute continuity with respect to H.

Theorem 6.6 Let the same assumption as in Theorem 6.3 be satified. Let ψ ∈ D(H^{−1}) ∩ D and ϕ ∈ H_{ac}(H) ∩ D. Then

⟨ψ, X(t)ϕ⟩ = ⟨ψ, Xϕ⟩ − � H^{−1}ψ, 1 2i C_−ϕ � + ⟨ψ, C_+ϕ⟩ t + o � 1 t � (t → ±∞). (6.11)

Proof. Let δ(t) := 1 2i � H^{−1}ψ, e^{2itH} C_−ϕ � . (6.12) Then we have by (6.6)

⟨ψ, X(t)ϕ⟩ = ⟨ψ, Xϕ⟩ − � H^{−1}ψ, 1 2i C_−ϕ � + ⟨ψ, C_+ϕ⟩ t + δ(t).

By the strong anticommutativity of C_− and H, we have E_H (J)C_− ⊂ C_−E_H (−J) for all Borel sets J ⊂ IR. This implies that, if ϕ is in H_{ac}(H) ∩ D(C_−), then C_−ϕ ∈ H_{ac}(H). Hence lim_{t→±∞} δ(t) = 0.

6.2 The case C = A_+ + A_− with A ∈ {H^2}^′_w

We now apply the results of the precdeding subsection to the operator theory concerning the pair (A, H) with A ∈ {H^2}^′_w.

Theorem 6.7 Assume (H) and let A ∈ {H^2}^′_w with D(H) ⊂ D(A_H ) ∩ D(A) (hence Theorems 4.4 and 4.6 hold). Let X ∈ K(H, A_+ + A_−). Suppose that there exists a dense subspace D_0 such that

(i) D_0 ⊂ D(X) ∩ D(X^∗) ∩ D(H);

(ii) e^{−itH} D_0 ⊂ D(X) ∩ D(X^∗) ∩ D(H) for all t ∈ IR; (iii) for all ψ ∈ D_0, Xe^{−itH} ψ is strongly continuous in t ∈ IR.

Then, for all t ∈ IR, X(t) = X + A_+t + G_H (t)A_− (6.13) on D_0.

Proof. We can apply Theorem 6.3 with C_± = A_± to obtain the desired result. Corollary 6.8 Let the same assumption as in Theorem 6.7 be satisfied. Suppose that X is closed, D_0 is a core of X and there exist constants a_± ≥ 0 and b_± ≥ 0 such that ‖A_±ψ‖ ≤ a_±‖Xψ‖ + b_±‖ψ‖, ψ ∈ D_0. (6.14) Then, for all t ∈ IR, e^{−itH} D(X) = D(X) and (6.13) holds on D(X). Moreover ‖X(t)ψ‖ ≤ ‖Xψ‖ + (‖A_+ψ‖ + ‖A_−ψ‖)|t|, ψ ∈ D(X), t ∈ IR. (6.15) Proof. A simple application of Corollary 6.4.

Corollary 6.9 Let the same assumption as in Theorem 6.7 be satisfied. Let ψ, ϕ ∈ H_+(H) ∩ D_0 or ψ, ϕ ∈ H_−(H) ∩ D_0. Then ⟨ψ, X(t)ϕ⟩ = ⟨ψ, Xϕ⟩ + ⟨ψ, A_+ϕ⟩ t. (6.16) Proof. A simple application of Corollary 6.5. . Theorem 6.10 Let the same assumption as in Theorem 6.7 be satified. Let ψ ∈ D(H^{−1}) ∩ D_0 and ϕ ∈ H_{ac}(H) ∩ D_0. Then

⟨ψ, X(t)ϕ⟩ = ⟨ψ, Xϕ⟩ − � H^{−1}ψ, 1 2i A_−ϕ � + ⟨ψ, A_+ϕ⟩ t + o � 1 t � (t → ±∞). (6.17) Proof. A simple application of Theorem 6.7.

7 Connection with the generalized weak Weyl relation

In the previous paper [7], we introduced a notion, which we call the generalized weak Weyl relation (GWWR). This is defined as follows: Let T be a symemtric operator on H, H be a self-adjoint operator on H, and K(t) (t ∈ IR) be a bounded self-adjoint operator on H for all t ∈ IR. We say that the triple (T, H, K) obeys the GWWR if e^{−itH} D(T ) ⊂ D(T ) for all t ∈ IR and

T e^{−itH} ψ = e^{−itH} (T + K(t))ψ, ∀ψ ∈ D(T ), ∀t ∈ IR.

In this section we point out that there is a connection of the operator theory developed in the previous sections with the theory of GWWR.

Theorem 7.1 Suppose that the same assumption as in Theorem 6.7 holds with X being symmetric and that A_± and H^{−1} are bounded. Let

K_H (t) := A_+t + G_H (t)A_−. (7.1)

Then K_H (t) is a bounded self-adjoint operator on H for all t ∈ IR and (X, H, K_H ) obeys the GWWR.

Proof. Under the present assumption, the assumption of Corollary 6.8 is satisfied. Hence (6.13) holds on D(X). Hecne it is sufficient to prove that K_H (t) is a bounded self-adjoint operator. The boundedness of K_H (T ) is obvious, since A_± are bounded by the present assumption. Using the fact that A_−e^{−2itH} = e^{2itH} A_− and A_−H^{−1} = −H^{−1}A_−, which follow from the strong anticommutativity of A_− and H, one can show that G_H (t)A_− is self-adjoint.

Corollary 7.2 Let the same assumption as in Theorem 7.1 be satisfied. Then, for all ψ, ϕ ∈ H, lim_{t→±∞} � ψ, e^{−itH} A_+ϕ � = 0. (7.2)

Proof. We have s- lim_{t→±∞}

K_H (t) t = A_+.

Hence, applying [7, Corollary 3.3], we obtain (7.2).

Theorem 7.3 Assume (H) with H^{−1} bounded on H. Suppose that there exist a closed symmetric operator X and a bounded self-adjoint operator A ∈ {H^2}^′_w such that X ∈ K(H, A) and A_± are bounded with ker A_+ = {0}. Then σ_p(H) = ∅.

Proof. The present assumption imply that the assumption of Theorem 6.7 is satified. Hence Theorem 7.1 holds. Then, a simple application of [7, Corollary 3.4] yields the desired result.

8 Applications

Let (A, B, L) be a triple of self-adjoint operators on a Hilbert space on H obeying the following conditions:

(A.1) A is bounded and injective with A^{−1} bounded. (A.2) A and B strongly anticommute. (A.3) L strongly commutes with A and B.

We define an operator H by H := AL + B (8.1) This operator is an abstract form of Dirac operators. A typical example is given as follows.

Example 8.1 Let α_j (j = 1, 2, 3) and β be 4 × 4 Hermitian matrices satisfying the anticommutation relations

{α_j , α_k} = 2δ_{jk}, {α_j , β} = 0, j, k = 1, 2, 3, β^2 = 1,

where {X, Y } := XY + Y X. Let m > 0 be a constant and D_j be the generalized partial differential operator in the variable x_j (x = (x_1, x_2, x_3) ∈ IR^3) acting in L^2(IR^3). Then the free Dirac operator with mass m is defined by

H_D := 3� j=1 α_j(−iD_j ) + mβ acting in the Hilbert space L^2(IR^3; C^4). It is well known that H is self-adjoint [13, Theorem 1.1]. Let B_j = � k≠j αk(−iDk) + mβ (j = 1, 2, 3). Then HD = αj(−iDj ) + Bj and

(α_j , B_j, −iD_j ) satisfies (A.1)–(A.3) with A = α_j, B = B_j and L = −iD_j . The triple (α_j , B_j, −iD_j ) satisfies also the conditions assumed in the discussions below.

For other examples, see, e.g., [1, 2, 5, 7].

We first prove the following fact.

Theorem 8.1 The operator H is self-adjoint and

H^2 = A^2L^2 + B^2. (8.2)

Moreover ‖Hψ‖^2 = ‖ALψ‖^2 + ‖Bψ‖^2, ψ ∈ D(H) = D(L) ∩ D(B). (8.3)

To prove this theorem, we need two lemmas.

Lemma 8.2 Let S be an injective, bounded self-adjoint operator with S^{−1} bounded and T be a self-adjoint operator strongly commuting with S. Then ST is self-adjoint and ST = T S.

Proof. Since D(ST ) = D(T ), ST is densely defined. By the boundedness of S, we have (ST )^∗ = T S. The strong commutativity of S and T implies that ST ⊂ T S. Hence (ST )^∗ ⊃ ST . Therefore ST is symmetric. By the strong commutativity of S and T , there exists a unique two dimensional spectral measure E such that E(J × K) = E_S (J)E_T (K) for all Borel sets J, K ⊂ IR and S = � IR^2 λ dE(λ, μ), T = � IR^2 μ dE(λ, μ). The operator

F := � IR^2 λμ dE(λ, μ) is self-adjoint with D(F ) = {ψ ∈ H| � IR^2 λ

2μ^2d‖E(λ, μ)ψ‖^2 < ∞}.

It is easy to see that ST ⊂ F . By the condition that S^{−1} is bounded, the support of E is included in [−‖S‖, −δ] ∪ [δ, ‖S‖ ] × IR for some δ > 0. Using this fact, one can show that D(F ) ⊂ D(T ). Thus ST = F , showing that ST is self-adjoint.

Lemma 8.3 Let S and T be as in Lemma 8.2. Let C be a self-adjoint operator strongly anticommuting with S and strongly commuting with T . Then C strongly anticommutes with ST .

Proof. For all t ∈ IR, we have e^{itC} S = Se^{−itC} (strong anticommutativity of C and S) and e^{itC} T ⊂ T e^{itC} (strong commutativity of C and T ). Hence it follows that e^{itC} ST ⊂ ST e^{−itC} . Thus C strongly anticommutes with ST . Proof of Theorem 8.1

We can apply Lemmas 8.2 and 8.3 with S = A, T = L and C = B to conclude that AL is self-adjoint strongly anticommuting with B. Hecne, by Lemma 4.11, H is self-adjoint and (8.2) holds.

Corollary 8.4 A ∈ {H^2}^′_w.

Proof. Since A strongly anticommutes with B, it strongly commutes with |B| [10, Theorem 3.1]. Hence, for all t ∈ IR, we have by (8.2) e^{itA}H^2 = H^2e^{itA}, which implies the strong commutativity of A and H^2 and that AH^2 ⊂ H^2A. Thus, as remarked in Introduction, A ∈ {H^2}^′_w.

Lemma 8.5 The operator L strongly commutes with H.

Proof. One can easily see that, for all t ∈ IR, e^{itL}H ⊂ He^{itL}. This implies the strong commutativity of L and H.

Lemma 8.6 AD(H) ⊂ D(H).

Proof. We have D(H) = D(L) ∩ D(B). Since A strongly commutes with L and strongly anticommutes with B, it follows that AD(L) ⊂ D(L) and AD(B) ⊂ D(B). Hence AD(H) ⊂ D(H).

By Lemma 8.6, we have

D(H) ⊂ D(HA) ∩ D(AH) ∩ D(L). (8.4)

Lemma 8.7 AH + HA = 2A^2L on D(H).

Proof. Let ψ ∈ D(H). Then AHψ = A^2Lψ + ABψ = A^2Lψ − BAψ and HAψ = A^2Lψ + BAψ. Hence the desired result follows.

In what follows, we assume the following condition too: Hypothesis (B): B^2 ≥ M^2 for some constant M > 0.

Lemma 8.8 Assume (B). Then:

(i) H is injective and H^{−1} is bounded with ‖H^{−1}‖ ≤ M^{−1}. (ii) LH^{−1} is bounded with ‖LH^{−1}‖ ≤ ‖A^{−1}‖. (iii) BH^{−1} is bounded with ‖BH^{−1}‖ ≤ 1. (iv) D(A_H ) = H and A_H is bounded.

Proof. (i) By (8.3), we have ‖Hψ‖ ≥ M‖ψ‖, ψ ∈ D(H). This implies that H is injective and H^{−1} is bounded with ‖H^{−1}‖ ≤ M^{−1}.

(ii) By (8.3), we have ‖Lψ‖ ≤ ‖A^{−1}‖‖Hψ‖, which implies that ‖LH^{−1}ϕ‖ ≤ ‖A^{−1}‖‖ϕ‖, ϕ ∈ H.

(iii) Similar to part (ii).

(iv) For all ψ ∈ H, H^{−1}ψ ∈ D(H). By Lemma 8.6, AH^{−1}ψ ∈ D(H). Hence ψ ∈ D(A_H ). Thus D(A_H ) = H. Morever, by (8.3), ‖A_H ψ‖ ≤ ‖ALAH^{−1}ψ‖ + ‖BAH^{−1}ψ‖ ≤ (‖A‖^2‖LH^{−1}‖ + ‖A‖‖BH^{−1}‖)‖ψ‖, where we have used the relation AB ⊂ −BA, which follows from the strong anticommutativity of A and B. Hence A_H is bounded.

In the present example, by Lemma 8.8, A_± are bounded and self-adjoint and A = A_+ + A_−. (8.5) Moreover, by the above results, we can apply Theorems 4.4 and 4.6 to conclude that A_+ strongly commutes with H and A_− strongly anticommutes with H. Also we can apply Proposition 5.5 with P = A^2L to obtain A_− = A − A^2LH^{−1}. (8.6) Hence A_+ = A^2LH^{−1}. (8.7) Proposition 8.9 The operators A_+ and A_− strongly anticommute.

Proof. Since A_± are bounded, it is sufficient to show that A_−A_+ + A_+A_− = 0. But this is easily done. An alternative proof is to check (4.14).

Theorem 8.10 Suppose that L is injective. Then σ(H) and σ_p(H) are symmetric with respect to the origin.

Proof. We show that condition (h) in Proposition 5.5 holds in the present case (P = A^2L). Let ψ ∈ D((A^2L)^{−1}) and ‖A(A^2L)^{−1}ψ‖ = ‖H^{−1}ψ‖. Then � L^{−1}ψ, A^{−2}L^{−1}ψ � = � ψ, (A^2L^2 + B^2)^{−1}ψ � ≤ � ψ, (A^2L^2 + M^2)^{−1}ψ � . Since A and L strongly commute, there exists a two-dimensional spectral measure E_{A,L} such that E_{A,L}(J × K) = E_A(J)E_L(K) for all Borel sets J, K ⊂ IR and A = � IR^2

λ dE_{A,L}(λ, μ), L = � IR^2

μ dE_{A,L}(λ, μ).

By the above inequality, we have � IR^2 � 1 λ^2μ^2 + M^2 − 1 λ^2μ^2 � d‖E_{A,L}(λ, μ)ψ‖^2 ≥ 0, which implies that � IR^2 1 λ^2μ^2(λ^2μ^2 + M^2) d‖E_{A,L}(λ, μ)ψ‖^2 = 0.

Hence ψ = 0. Thus we can apply Proposition 5.5 to obtain the desired result. Remark 8.1 Theorem 8.10 is interesting in that it clarifies a general structure for a self-adjoint operator H of the form (8.1) to have the spectral reflection symmetry.

Let X be a closed symmetric operator satisfying the following conditions:

(X.1) X ∈ K(L, I) ∩ K(B, 0). (X.2) AX ⊂ XA.

(X.3) There exists a core D_0 of X such that (i) D_0 ⊂ D(X) ∩ D(H).

(ii) e^{−itH} D_0 ⊂ D(X) ∩ D(H) for all t ∈ IR.

(iii) for all ψ ∈ D_0, Xe^{−itH} ψ is strongly continuous in t ∈ IR.

Theorem 8.11 For all t ∈ IR, e^{−itH} D(X) = D(X) and

X(t) = X + A_+t + G_H (t)A_− (8.8)

on D(X). Moreover

‖X(t)ψ‖ ≤ ‖Xψ‖ + (‖A_+‖ + ‖A_−‖)‖ψ‖|t|, ψ ∈ D(X), t ∈ IR.

Proof. Using (X.1) and (X.2), we can show that X ∈ K(H, A). Then, applying Corollary 6.8, we obtain the desired results.

Also we have a corollary and a theorem following from Corollary 6.9 and Theorem 6.10 respectively. But we omit writing them down here.

Example 8.2 As for Example 8.1, we have the decomposition

α_j = α_{j,+} + α_{j,−}

with α_{j,−} = α_j − (−iD_j )H^{−1}_D , where α_{j,+} strongly commutes with H_D and α_{j,−} strongly anticommutes with H_D. In the context of quantum mechanics, the operator α_{j,+} = (−iD_j )H^{−1}_D is called the classical velocity operator and the α_{j,−} describes the so-called Zitterbewegung [13, §1.6].

The position operator x_j satisfies all the conditions imposed on X in the above theory. Hence we can apply Theorem 8.11 to obtain an explicit formula for the Heisenberg operator x_j (t) = e^{itHD} x_je^{−itHD} , which conincides with the known formula [13, Theorem 1.3].

References

[1] A. Arai, Commutation properties of anticommuting self-adjoint operators, spin representation and Dirac operators, Integr. Equat. Oper. Th. 16 (1993), 38–63

[2] A. Arai, Characterization of anticommutativity of self-adjoint operators in connection with Clifford algebra and applications, Integr. Equat. Oper. Th. 17(1993), 451–463.

[3] A. Arai, Analysis on anticommuting self-adjoint operators, Adv. Stud. Pure Math.

23 (1994), 1–15.

[4] A. Arai, Operator-theoretical analysis of a representation of a supersymmetry algebra in Hilbert space, J. Math. Phys. 36 (1995), 613– 621.

[5] A. Arai, Scalimg limit of anticommuting self-adjoint operators and applications to Dirac operators, Integr. Equat. Oper. Th. 21 (1995), 139–173.

[6] A. Arai, Non-relativistic limit of a Dirac-Maxwell operator in relativistic quantum electrodynamics, Rev. Math. Phys. 15 (2003), 245–270.

[7] A. Arai, Generalized weak Weyl relation and decay of quantum dynamics, Rev. Math.

Phys. 17 (2005), 1071–1109.

[8] X. Koba, Semi-classical treatment of the reactive corrections. I, Prog. Theor. Phys.

IV (1949), 319–330.

[9] A. E. Nussbaum, A commutativity theorem for unbounded operators in Hilbert space, Trans. Amer. Math. Soc. 140(1969), 485–491.

[10] S. Pedersen, Anticommuting self-adjoint operators, J. Funct. Anal. 89 (1990), 428– 443.

[11] M. Reed and B. Simon, Methods of Modern Mathematical Physics Vol.I, Academic Press, New York, 1972.

[12] Yu.S. Samoilenko, Spectral Theory of Families of Self-Adjoint Operators, Kluwer Academic Publishers, Dordrecht, 1991.

[13] B. Thaller, The Dirac Equation, Springer-Verlag, Berlin, Heidelberg, 1992. [14] F.-H. Vasilescu, Anticommuting self-adjoint operators, Rev. Roum. Math. Pures et Appl. 28 (1983), 77–91.