ON L^P -ESTIMATES FOR THE TIME DEPENDENT SCHRÖDINGER OPERATOR ON L^2.

MOHAMMED HICHEM MORTAD

Abstract. Let L denote the time-dependent Schrödinger operator in n space variables. We consider a variety of Lebesgue norms for functions u on R^{n+1}, and prove or disprove estimates for such norms of u in terms of the L^2 norms of u and Lu. The results have implications for self-adjointness of operators of the form L + V where V is a multiplication operator. The proofs are based mainly on Strichartz-type inequalities.

Introduction.

Let (x, t) ∈ R^{n+1} where n ≥ 1. The Schrödinger equation^{∂u}_{∂t} = i△_xu has been much studied using spectral properties of the self-adjoint operator △_x. When a multiplication operator (potential) V is added it becomes important to determine whether △_x + V is a self-adjoint operator, and there is a vast literature on this question (see e.g. [9]).

One can also, however, regard the operator L = −i^∂_{∂t} − △_x as a self-adjoint operator on L^2(R^{n+1}), and that is the point of view taken in this paper. We ask what can be said about the domain of L, more specifically we ask which L^q spaces, and more generally mixed L^q_t (L^r_x) space, a function u must belong to, given that u is in the domain of L (i.e. u and Lu both belong to L^2(R^{n+1})). We answer this question and, using the Kato-Rellich theorem, deduce sufficient conditions on V for L + V to be self-adjoint.

Our approach is based on the fact that any sufficiently well-behaved function u on R^{n+1} can be regarded as the solution of the initial value problem (IVP) (1) { −iu_t − △_xu = g(x, t), u(x, α) = f(x)

where α ∈ R, f(x) = u(x, α) and g = Lu.

To apply this we will use estimates for u based on given bounds for f and g. A number of such estimates are known and generally called Strichartz inequalities, after [12] which obtained such an L^q bound for u. This has since been generalised to give inequalities for mixed norms [13, 4]. The specific inequalities we use concern the case g = 0 of (1) and give bounds for u in terms of ‖f‖_L2_{(R}n_) - see (6) below. The precise range of mixed L^∞_t (L^2_x) norms for which the bound (6) holds is known as a result of [13, 4] and the counterexample in [6].

In Section 1 we prove a special case of our main theorem, namely a bound for u in L^∞_t (L^2_x), which does not require Strichartz estimates, only elementary arguments using the Fourier transform. The main theorem, giving L^q_t (L^r_x) bounds

2000 Mathematics Subject Classification. Primary 35B45, Secondary 35L10. Key words and phrases. Schrödinger Equation, Strichartz Estimates and Self-adjointness. 1

for the largest possible set of (q, r) pairs, is proved in Section 2. In fact we prove a somewhat stronger bound, in a smaller space L_{2,q,r} defined below. The fact that the set of pairs (q, r) covered by Theorem 1 is the largest possible is shown in Section 3. Some results on a similar question for the wave operator can be found in [7]. For Strichartz-type inequalities for the wave operator see e.g. [11, 12, 2, 3, 4].

We assume notions and definitions about the Fourier Transform and unbounded operators and for a reference one may consult [8], [5] or [10]. We also use on several occasions the well-known Duhamel principle for the Schrödinger equation (see e.g. [1]).

Notation. The symbol û stands for the Fourier transform of u in the space (x) variable while the inverse Fourier transform will be denoted either by F^{−1}u or ǔ.

We denote by C^∞_0 (R^{n+1}) the space of infinitely differentiable functions with compact support.

We denote by R^+ the set of all positive real numbers together with +∞. For 1 ≤ p ≤ ∞, ‖ · ‖_p is the usual L^p-norm whereas ‖ · ‖_L^p_{t (L}^q_{x)} stands for the mixed spacetime Lebesgue norm defined as follows

‖u‖_L^q_{t (L}r_{x)} = ∫ R ‖u(t)‖^q_Lr_x dt 1/q . We also define some modified mixed norms. First we define, for any integer k,

‖u‖_L^q_{t,k(L}r_{x)} =

(∫_{k+1} k ‖u(t)‖^q_Lr_x dt

)_{1/q} . and then

‖u‖_{Lp,q,r} = ( ∑ k∈Z ‖u‖^p_Lq_{t,k(Lrx)}

)_{1/p}

We note that ‖u‖_{Lp,q1,r} ≥ ‖u‖_{Lp,q2,r} if q_1 ≥ q_2, and that ‖u‖_L^q_{t (L}r_{x)} ≤ ‖u‖_{Lp,q,r} if q ≥ p.

Finally we define M^n_L = {f ∈ L^2(R^{n+1}) : Lf ∈ L^2(R^{n+1})}

where L is defined as in the abstract and where the derivative is taken in the distributional sense. We note that M^n_L = D(L), the domain of L, and also that C^∞_0 (R^{n+1}) is dense in M^n_L in the graph norm ‖u‖_L2_{(Rn+1)} + ‖Lu‖_L2_{(Rn+1)}.

1. L^∞_t (L^2_x) Estimates.

Before stating the first result, we are going to prepare the ground for it. Take the Fourier transform of the IVP (1) in the space variable to get { −iû_t + η^2û = ĝ(η, t), û(η, α) = f̂(η) which has the following solution (valid for all t ∈ R):

(2) û(η, t) = f̂(η)e^{−iη2 t} + i

∫_t α e^{−iη2 (t−s)}ĝ(η, s)ds where η ∈ R^n.

Duhamel’s principle gives an alternative way of writing the part of the solution depending on g. Taking the case f = 0, the solution of (1) can be written as

(3) u(x, t) = i

∫_t α u_s(x, t)ds.

where u_s is the solution of { Lu_s = 0, t > s, u_s(x, s) = g(x, s).

Now we state a result which we can prove using (2). In the next section we prove a more general result using Strichartz inequalities and Duhamel’s principle (3). Proposition 1. For all a > 0, there exists b > 0 such that ‖u‖_{L2,∞,2} ≤ a‖Lu‖^2_L2_{(R}n+1_) + b‖u‖^2_L2_{(R}n+1_) for all u ∈ M^n_L .

Proof. We prove the result for u ∈ C^∞_0 (R) and a density argument allows us to deduce it for u ∈ M^n_L .

We use the fact that any such u is, for any α ∈ R, the unique solution of (1), where f(x) = u(x, α) and g = Lu, and therefore satisfies (2).

Let k ∈ Z and let t and α be such that k ≤ t ≤ k + 1 and k ≤ α ≤ k + 1. Squaring (2), integrating with respect to η in R^n, and using Cauchy-Schwarz (and the fact that |t − α| ≤ 1) we obtain

(4) ‖û(·, t)‖^2_L2_{(R}n_) ≤ 2 ∫ R^n

|û(η, α)|^2dη + 2 ∫ R^n

∫_t α |ĝ(η, s)|^2dsdη.

Now integrating against α in [k, k + 1] allows us to say that

‖u(·, t)‖^2_L2_{(R}n_) ≤ 2

∫_{k+1} k ∫ R^n

|û(η, α)|^2dηdα + 2

∫_{k+1} k ∫ R^n

|ĝ(η, s)|^2dηds

Now take the essential supremum of both sides in t over [k, k + 1] then sum in k over Z to get (recalling that g = Lu) ∞∑ k=−∞

ess sup

k≤t≤k+1

‖u(·, t)‖^2_L2_{(R}n_) ≤ 2‖Lu‖^2_L2_{(R}n+1_) + 2‖u‖^2_L2_{(R}n+1_).

Finally to get a arbitrarily small constant in the Lu term we use a scaling argument: let m be a positive integer and let v(x, t) = u(mx, m^2t). Then we find ‖v‖_L2_{(R}n+1_) = m^{−1−n/2}‖u‖_L2_{(R}n+1_) and ‖Lv‖_L2_{(R}n+1_) = m^{1−n/2}‖Lu‖_L2_{(R}n+1_). Also ‖v(·, t)‖_L2_{(R}n_) = m^{−n/2}‖u(·, m^2t)‖_L2_{(R}n_) and so sup k≤t≤k+1

‖v(·, t)‖^2_L2_{(R}n_) = m^{−n} sup

m^2k≤t≤m^2 (k+1)

‖u(·, t)‖^2_L2_{(R}n_) ≤

m^2(k+1)−1 ∑ j=m^2 k

‖u(·, t)‖^2_L2_{(R}n_)

and then summing over k and gives

‖v‖^2_{L2,∞,2} ≤ m^{−n}‖u‖_{L2,∞,2} ≤ m^{−n}(2‖Lu‖^2_L2_{(R}n+1_) + 2‖u‖^2_L2_{(R}n+1_)) ≤ 2m^{−2}‖Lv‖^2_L2_{(R}n+1_) + 2m^2‖v‖^2_L2_{(R}n+1_) and choosing m so that 2m^{−2} < a completes the proof. □

Now we recall the Kato-Rellich theorem which states that if L is a self-adjoint operator on a Hilbert space and V is a symmetric operator defined on D(L), and if there are positive constants a < 1 and b such that ‖V u‖ ≤ a‖Lu‖ + b‖u‖ for all u ∈ D(L) then L + V is self-adjoint on D(L). See [9].

Corollary 1. Let V be a real-valued function in L_{∞,2,∞}. Then L+V is self-adjoint on D(L) = M^n_L .

Proof. One easily checks that

‖V u‖_L2_{(R}n+1_) ≤ ‖V ‖_{L∞,2,∞} ‖u‖_{L2,∞,2}

Choose a < ‖V ‖_{L∞,2,∞} and then Proposition 1 shows that L + V satisfies the hypothesis of the Kato-Rellich theorem. □

In particular, it follows that L + V is self-adjoint whenever V ∈ L^2_t (L^∞_x ).

2. L^q_t (L^r_x) Estimates.

Now we come to the main theorem in this paper, which depends on the following Strichartz-type inequality. Suppose n ≥ 1 and q and r are positive real numbers (possibly infinite) such that q ≥ 2 and (5) 2 q + n r = n 2 . When n = 2 we exclude the case q = 2, r = ∞. Then there is a constant C such that if f ∈ L^2(R^n) and g = 0, the solution u of (1) satisfies

(6) ‖u‖_L^q_{t (L}r_{x)} ≤ C‖f‖_L2_{(R}n_).

This result can be found in [13] for q > 2; the more difficult ‘end-point’ case where q = 2, n ≥ 3 is treated in [4]. That (6) fails in the exceptional case n = 2, q = 2, r = ∞ is shown in [6].

For n ≥ 1 we define a region Ω_n ∈ R^+ × R^+ as follows: for n ≠ 2,

(7) Ω_n = {(q, r) ∈ R^+ × R^+ : 2 q + n r ≥ n 2 , q ≥ 2, r ≥ 2}

and for n = 2, Ω_2 is defined in by the same expression, but omitting the point (2, ∞).

The sets Ω_n are probably most easily visualised in the (^1_q ,^1_r )-plane. Then Ω_1 is a quadrilateral with vertices (^1_4 , 0), (^1_2 , 0), (0,^1_2 ), (^1_2 ,^1_2 ) and for n ≥ 2 Ω_n is a triangle with vertices (^1_2 ,^{n−2}_{2n} ), (0,^1_2 ), (^1_2 ,^1_2 ), the point(^1_2 , 0) being excluded in the case n = 2.

Theorem 1. Let n ≥ 1, and let (q, r) ∈ Ω_n. Then for all a > 0, there exists b > 0 such that

(8) ‖u‖_{L2,q,r} ≤ a‖Lu‖_L2_{(R}n+1_) + b‖u‖_L2_{(R}n+1_)

for all u ∈ M^n_L .

Proof. By the inclusion L_{2,q1 ,r} ⊆ L_{2,q2 ,r} when q_1 ≥ q_2 it suffices to treat the case where^2_q +^n_r =^n_2 , for which (6) holds.

Let k ∈ Z and let α ∈ [k, k + 1]. As in te proof of Proposition 1 we use the fact that u is the solution of (1) with f = u(·, α) and g = Lu. Now we split u into two parts u = u_1 + u_2 where u_1, u_2 are the solutions of { Lu_1 = g, u_1(x, α) = 0, { Lu_2 = 0, u_2(x, α) = f.

The estimate for u_2 is deduced from 6:

(9) ‖u_2‖_L^q_{t (L}r_{x)} ≤ C‖f‖_L2_{(R}n_) ≤ C‖u(·, α)‖_L2_{(R}n_).

For u_1 we apply (3) to obtain

(10) u_1(x, t) = i

∫_t α u_s(x, t)ds.

from which we deduce ‖u_1(·, t)‖_Lr_{(R}n_) ≤

∫_{k+1} k ‖u_s(·, t)‖_Lr_{(R}n_)ds for t ∈ [k, k + 1], and hence

‖u_1‖_L^q_{t,k (L}r_{x)} ≤

∫_{k+1} k ‖u_s‖_L^q_{t (L}r_{x)}ds ≤ C

∫_{k+1} k ‖g(·, s)‖_L2_{(R}n_)ds ≤ C‖g‖_L2_{(R}n_{×[k,k+1])}.

Combining this with (9) we have ‖u‖^2_Lq_{t,k(L}r_{x)} ≤ 2C^2‖u(·, α)‖^2_L2_{(R}n_) + 2C^2‖Lu‖^2_L2_{(R}n_{×[k,k+1])}.

Integrating w.r.t. α from k to k + 1 gives

‖u‖^2_Lq_{t,k(L}r_{x)} ≤ 2C^2‖u‖^2_L2_{(R}n_{×[k,k+1])} + 2C^2‖Lu‖^2_L2_{(R}n_{×[k,k+1])}. Summing over k then gives ‖u‖^2_{L2,q,r} ≤ 2C^2‖u‖_L2_{(R}n+1_) + 2C^2‖Lu‖_L2_{(R}n+1_) and the proof is completed by a similar scaling argument to that used in Proposition 1. □ Using the inclusion L_{2,q,r} ⊆ L^q_2(L^r_x) for q ≥ 2 we deduce Corollary 2. Let n ≥ 1, and let (q, r) ∈ Ω_n. Then for all a > 0, there exists b > 0 such that (11) ‖u‖_L^q_{t (L}r_{x)} ≤ a‖Lu‖_L2_{(R}n+1_) + b‖u‖_L2_{(R}n+1_) for all u ∈ M^n_L .

In particular we get such a bound for ‖u‖_Lq_{(R}n+1_) whenever 2 ≤ q ≤ (2n + 4)/n. By applying the Kato-Rellich theorem we can deduce a generalistion of Corollary 1 from Theorem 1. We first define (12) Ω^∗_n = {(p, s) ∈ R^+ × R^+ : 2 p + n s ≤ 1, p ≥ 2, s ≥ 2} for n ≠ 2, and for n = 2, Ω_2 is defined in by the same expression, but omitting the point (∞, 2).

Corollary 3. Let n ≥ 1 and let (p, s) ∈ Ω^∗_n. Let V be a real-valued function belonging to L_{∞,p,s}. Then L + V is self-adjoint on M^n_L .

Proof. Let q =^{2p}_{p−2} and r =^{2s}_{s−2} . Then (q, r) ∈ Ω_n and the conclusion (8) of Theorem 1 applies. Now we have ∫_{k+1} k ‖V u(., t)‖^2_L2_{(R}n_) ≤

∫_{k+1} k ‖u(·, t)‖^2_Lr_{(R}n_)‖V (·, t)‖^2_Ls_{(R}n_)

≤ ‖u‖^2_Lq_{t,k(L}r_{x)}‖V ‖^2_Lp_{t,k (L}s_{x)}

and summation over k gives

‖V u‖_L2_{(R}n+1_) ≤ ‖u‖_{L2,q,r} ‖V ‖_{L∞,p,s}

Then using (8) the result follows in the same way as Corollary 1. □

It follows from Corollary 3 that L + V is self-adjoint whenever V ∈ L^p_t (L^s_x) for (p, s) ∈ Ω^∗_n. Taking the case s = p we find that L+V is self-adjoint if V ∈ L^p(R^{n+1}) for some p ≥ n + 2.

3. Counterexamples

Now we show that Theorem 1 is sharp, as far as the allowed set of q, r is concerned.

Proposition 2. Let n ≥ 1 and let q and r be positive real numbers, possibly infinite, such that (q, r) /∈ Ω_n. Then there are no constants a and b such that (11) holds for all u ∈ M^n_L .

Proof. For (q, r) to fail to be in Ω_n one of the following three possibilities must occur: (i) q < 2 or r < 2; (ii)^2_q +^n_r <^n_2 ; (iii) n = 2, q = 2 and r = ∞. We consider these cases in turn.

(i) If q < 2, choose a sequence (β_k)_{k∈Z} which is in l^2 but not in l^q. Let ϕ(x, t) be a smooth function of compact support on R^{n+1} which vanishes for t outside [0, 1], and let u(x, t) = ∑ k∈Z β_kϕ(x, t − k). Then u ∈ M^n_L but u /∈ L^q_t (L^r_x) for any r.

The case r < 2 can be treated similarly. We chose a sequence β_k which is in l^2 but not l^r, and a smooth ϕ which vanishes for x_1 outside [0, 1], then set u(x, t) = ∑ k∈Z β_kϕ(x − ke_1, t) where e_1 is the unit vector (1, 0, · · · , 0) in R^n. Then u ∈ M^n_L but u /∈ L^q_t (L^r_x) for any q.

(ii) In this case we use the scaling argument which shows the Strichartz estimates fail, together with a cutoff to ensure u and Lu are in L^2.

We start with a non-zero f ∈ L^2(R^n), and let u be the solution of (1) with α = 0 and g = 0. (An explicit example would be f(x) = e^{−|x|2} and then u(x, t) = (1 + 4it)^{−n/2}e^{−|x|2/(1+4it)}). Choose a smooth function ϕ on R such that ϕ(0) ≠ 0 and such that ϕ and ϕ^′ are in L^2. Then for λ > 0 define

v_λ(x, t) = λ^{n/2}u(λx, λ^2t)ϕ(t)

Then (using Lu = 0) we find Lv(x, t) = −iλ^{n/2}u(λx, λ^2t)ϕ^′(t). We calculate ‖v_λ‖_L2_{(R}n+1_) = ‖f‖_L2_{(R}n_)‖ϕ‖_L2 and ‖Lv_λ‖_L2_{(R}n+1_) = ‖f‖_L2_{(R}n_)‖ϕ^′‖_L2 . Also

‖v_λ‖_L^q_{t (L}r_{x)} = λ^β {∫ R ‖u(., t)‖^q_{Lr(Rn)}|ϕ(λ^{−2}t)|^q dt

}_{1/q}

where β =^n_2 −^n_r −^2_q > 0. So λ^{−β} ‖v_λ‖_L^q_{t (L}r_{x)} → |ϕ(0)|‖u‖_L^q_{t (L}r_{x)} (note that the norm on the right may be infinite) and hence ‖v_λ‖_L^q_{t (L}r_{x)} tends to ∞ as λ → ∞, completing the proof.

(iii) This exceptional case we treat in a similar fashion to (ii), but we need the result from [6] that the Strichartz inequality fails in this case. We start by fixing a smooth function ϕ on R such that ϕ = 1 on [−1, 1] and ϕ and ϕ^′ are in L^2.

Now let M > 0 be given and we use [6] to find f ∈ L^2(R^2) with ‖f‖_L2_{(R}2_) = 1 such that the solution u of (1) with α = 0 and g = 0 satisfies ‖u‖_L2_{t (L}∞_{x )} > M. Then we can find R > 0 so that

∫_R −R ‖u(·, t)‖^2_{L∞(R2)}dt > M^2. Let λ = R^{1/2} and define v(x, t) = λ^{n/2}u(λx, λ^2t)ϕ(t). Then ‖v‖_L2_{(R}3_) = ‖ϕ‖_L2 , ‖Lv‖_L2_{(R}3_) = ‖ϕ^′‖_L2 and ‖v‖^2_L2_{t (L}∞_{x )} ≥

∫_1 −1 ‖v(·, t)‖^2_L∞_{(R}2_)dt > M^2

which completes the proof, since M is arbitrary. □

We remark that [6] also gives an example of f ∈ L^2(R^2) such that u /∈ L^2_t (BMO_x) and the argument of part (iii) can then be applied to show that no inequality

‖u‖_L2_{t (BMOx )} ≤ a‖Lu‖_L2_{(R}3_) + b‖u‖_L2_{(R}3_)

can hold.

4. Question

We saw as a result of Corollary 3 that if (p, s) ∈ Ω^∗ the L + V is self-adjoint on M^n_L whenever V ∈ L^p_t (L^s_x). One can ask whether this can be extended to a larger range of (p, s) with p, s ≥ 2. If one asks that L + V is defined on M^n_L then we would require a bound ‖V u‖_L2_{(R}n+1_) ≤ a‖Lu‖_L2_{(R}n+1_) + b‖u‖ to hold for all u ∈ M^n_L , and if such a bound is to hold for all V ∈ L^p_t (L^s_x) then in fact we require (11) to hold for q =^{2p}_{p−2} and r =^{2s}_{s−2} , which we know cannot hold unless (p, s) ∈ Ω^∗.

One can instead ask for L + V , defined on say C^∞_0 (R^{n+1}, to be essentially self-adjoint. This is equivalent to saying that the only (distribution) solution in L^2(R^{n+1}) of the PDE −iu_t − △_xu + V u = ±iu is u = 0. See e.g. [8]

We do not know if there are any values of (p, s) not in Ω^∗_n such that this holds for all V ∈ L^p_t (L^s_x). The analogous question for the Laplacian is extensively discussed in [9].

Acknowledgement

The author would like to thank Professor Alexander M. Davie for some helpful comments especially in the counterexamples section.

References

1. L.C. Evans, ”Partial Differential Equations”, American Mathematical Society (G.S.M. Vol. 19), 1998. MR 1625845 (99e:35001) 2. J. Ginibre, G. Velo, Generalized Strichartz Inequalities for the Wave Equation, Journal of Functional Analysis, 133 (1995) 50-68. MR 1351643 (97a:46047) 3. J. Harmse, On Lebesgue Space Estimates for the Wave Equation, Indiana Univ. Math. J., 39/1 (1990) 229-248. MR 1052018 (91j:351858) 4. M. Keel, T. Tao, Endpoint Strichartz Estimates, Amer. J. of Math., 120 (1998) 955-980.

MR 1646048 (2000d:35018) 5. E.H. Lieb, M. Loss, “Analysis”, American Mathematical Society (G.S.M. Vol. 14), Second Edition 2001. MR 1817225 (2001i:00001) 6. S.J. Montgomery-Smith, Time Decay for the Bounded Mean Oscillation of Solutions of the Schrödinger and Wave Equations, Duke Math. J., 91/2 (1998) 393-408. MR 1600602(99e:35006) 7. M.H. Mortad, Self-adjointness of the Perturbed Wave Operator on L^2(R^n), Proc. Amer. Math.

Soc., Vol 133/2 (2005), 455-464. MR 2093068(2006b:35200) 8. M. Reed, B. Simon, Methods of Modern Mathematical Physics, Vol.1, “Functional Analysis,” Academic Press, 1972. MR0493419 (58♯12429a) 9. M. Reed, B. Simon, Methods of Modern Mathematical Physics, Vol.2, “Fourier Analysis, Self- Adjointness,” Academic Press, 1975. MR0493420 (58♯12429b) 10. E.M. Stein, G. Weiss, ”Introduction to Fourier Analysis on Euclidean Spaces”, (PMS; 32) Princeton University Press, 1971. MR0304972(46♯4102) 11. R.S. Strichartz, A Priori Estimates for the Wave Equation and Some Applications, Journal of Functional Analysis, 5 (1970) 218-235. MR0257581 (41♯2231) 12. R.S. Strichartz, Restrictions of Fourier Transforms to Quadratic Surfaces and Decay of Solutions of Wave Equations, Duke Mathematical Journal, 44/3 (1977) 705-714. MR0512086 (58♯23577) 13. K. Yajima, Existence of solutions for Schrödinger evolution equations, Comm. Math. Phys.

110 (1987), 415-426. MR 0891945 (88e:35048)

Département de Mathématiques, Université d’Oran (Es-senia), B.P. 1524, El Menouar, Oran. Algeria.

E-mail address: mortad maths@yahoo.com