GROUND STATES AND CRITICAL POINTS FOR AUBRY-MATHER THEORY IN STATISTICAL MECHANICS

RAFAEL DE LA LLAVE AND ENRICO VALDINOCI

Abstract. We consider statistical mechanics systems that are defined on a set with some symmetry properties. Each of the sites has a real order parameter. We assume that the interaction is ferromagnetic as well as symmetric with respect to the action of a group which is assumed to be finitely generated and residually finite.

Given any cocycle of the symmetry group, we prove that there are ground states which satisfy an order condition (known as Birkhoff property) and that are at a bounded distance to the cocycle.

Such ground states are organized into a (possibly singular) lamination. Furthermore, we show that, given any completely irrational cocycle, either the above lamination consists of a foliation made of a continuous one parameter family of ground states, or, inside any gap of the lamination, there is a well-ordered critical point which is not a ground state.

The classical multidimensional Frenkel-Kontorova model with periodic coefficients is included in this framework as a particular case. In case that the substrate is one-dimensional, these are the beginning results of Aubry-Mather theory, but the present framework applies to systems such as the Bethe lattice and it allows to discuss interactions which are not nearest neighbor.

1. Introduction

We consider a discrete system of sites. Each of the sites is described by a real valued order parameter. The sites interact among each other. The interaction is, as standard in Statistical Mechanics [Rue99] described by family of energies depending on finite sets of variables. We will be concerned with the existence and qualitative properties of minimizers (ground states) and critical points of (metastable states) of the interaction. In particular, we will look at the interplay between the symmetry and the ferromagnetic properties of the system (the interaction favors sites which align). The arguments we present depend on very few properties of the problem and, therefore, we have formulated them in a general framework with encompasses many models which have been considered in the literature.

Somewhat informally, the theorems that we will prove are instances of a meta-theorem that asserts that that given any scalar variational problem which

Date: Sept. 24, 2006.

The work of RdlL was supported by NSF grants.

The work of EV was supported by GNAMPA and MIUR Variational Methods and Nonlinear Differential Equations. 1

• Is invariant under translations.

• Is invariant under addition of one integer to the unknown. • Satisfies some inequalities under comparison. • Satisfies some mild regularity and compactness properties.

Then

(i) For every “frequency” there are minimizers (ground states) with this frequency.

These ground states satisfy some order properties.

(ii) If we fix the frequency, then, either there is a continuum of ground states or there is an equilibrium solution that is not a minimizer.

Rigorous statements will be provided in Theorems 8 and 10.

The arguments we present to prove the results are general and rely only on the ferromagnetic and symmetry properties. To prove the results in (i), we just rely on rearrangements (using an argument developed in [CdlL01]) and to prove the alternative in (ii) we use gradient flows relying on an argument patterned in [dlLV05]. To emphasize the generality of the arguments, we have chosen to follow [CdlL98] and present our results in a rather general set-up. The model that we deal with will be described more precisely in Section 1.1, but we anticipate here a somehow informal exposition. A detailed exposition of the methods of this paper applied to a concrete model is in [dlLV06b].

The crystal Λ will be just a countable set endowed with some group action satisfying some invariance properties. This includes as particular case the situation when the crystal is the lattice Z^d and the group acting on it is just the group of translations. It also includes other models such as the so called Bethe lattice (see [Rue99]) and models of layered materials. The generality of the models not only allows us to deal with interesting physical models but also emphasizes what is the heart of the argument. The study of groups acting on graphs and the interaction of the groups with the geometry is very active in the mathematical literature [Ser77, DD89, BL01]. We will assume that each site of the crystal has a one-dimensional order parameter, so that a configuration is a mapping from the crystal to the reals. The fact that the order parameters are one-dimensional will allow us to order them and use rearrangements. We will assign some energy to the configurations. This is just a formal sum of the energies associated to the interactions of several sites. We do not need to assume that the interaction is pairwise, and, in fact, we may deal with many body interactions. We will assume that such an interaction is invariant under the translations of the crystal, since this is quite natural for models in statistical mechanics (see, e.g., [Rue99]). We will furthermore assume that the interaction is invariant under the addition of an integer to all the sites.

Finally, we will make some assumption that indicates that the configurations lower their energy by aligning themselves (i.e., that the crystal has a “ferromagnetic” behavior). We note that many models that have been studied before are included in our framework as particular cases. A list of concrete examples will be provided in Section 1.4.

We recall that the case when the crystals are lattices as Z^d is a model for spin waves and for interactions among oscillators (the order parameter represents, in this case, the relative phase of the oscillators).

A particularly interesting case is also given by the Frenkel-Kontorova model, which is used to describe the dislocation or, when d = 1, the deposition of a material on a substratum (see, e.g., [BK04]). Similar models appear in phylotaxis (see [Gol92]). The case d = 1 has also been considered extensively in dynamical systems. The equilibrium solutions for models of the above type when the interactions are nearest neighbors can be interpreted as orbits of twist maps of the annulus. In this context, the existence of well-ordered orbits was the beginning of the Aubry- Mather theory because of [ALD83, Mat82]. Our Theorem 8 is a generalization of the results in [ALD83, Mat82] and our Theorem 10 is a generalization of the main results in [Mat86]. Note that the case when there is a continuous family of minimizers in d = 1 corresponds to the existence of invariant circles in twist mappings. Our criterion for the non-existence of invariant circles in terms of the renormalized energy is an analogue of the criterion of [Mat86] of the existence of invariant circles if and only if the Peierls- Nabarro barrier vanishes.

The results in [ALD83, Mat82, Mat84, Mat86] have been generalized in many directions. Among them, we mention that systems with d = 1, but many body interactions were considered in [Ang90]. Analogues of [ALD83, Mat82] for lattices in Z^d were obtained in [Bla89, KdlLR97, CdlL98]. Many numerical conjectures were considered in [Val86].

1.1. The models considered in this paper. We now describe the model we are interested in. In Section 1.4, we will see how this abstract framework includes as particular cases several models that have been considered in the literature. Notably, Frenkel-Kontorova models on Z^d and, for d = 1 the monotone recurrences of [Ang90] and the twist mappings.

We consider a discrete set Λ and a potential H_B , associated to the finite subsets B of Λ, which describes the interaction between the particles lying in Λ. We assume that Λ admits an action by a group G, satisfying some mild assumptions, explicitly stated below. We also assume that H_B is invariant under the action of G and that moreover, it satisfies a “ferromagnetic” condition (called “twist” in the dynamical systems model). This ferromagnetic condition means that the interaction favors sets to align. A detailed list of the assumptions made in this paper in is given in what follows. We just note that the standard models in Statistical Mechanics of lattice gases [Rue99, Isr79, Sim93] correspond to taking Λ = Z^d, G = Z^d. We consider the formal sum

(1) S(u) = ∑ B⊂Λ H_B (u), where u : Λ → R is called a configuration on Λ.

We construct configurations u on Λ which are minimal or stationary points for S, which are “well-ordered” and which have a “prescribed rotation number”. In our situation, the ordering of the solution is related to the so called Birkhoff property in the Aubry- Mather theory and the rotation number is a cocycle for the group G (see below for definitions).

Let us now start to introduce our mathematical framework and to formally state our assumptions.

First of all, we recall that a cocycle on G is a map σ : G → R such that

(2) σ(γγ^′) = σ(γ) + σ(γ^′) .

We say that a cocycle σ is rational if there is a normal finite index subgroup H of G in such a way σ(H) ⊂ Z. A cocycle which is not rational is said to be irrational. We now give a list of the hypotheses on the group G that we assume. First, we assume that the group G acts on the countable set Λ. If p ∈ Λ and γ ∈ G, we denote the action of γ on p by γp. We assume that:

G1: The group G is finitely generated.

G2: There is a finite fundamental domain for the action, i.e., a finite subset F of Λ which intersects each orbit of G in exactly one point.

G3: The group G acts on Λ without nontrivial stabilizers, i.e.: if γ ∈ G is such that there exists p ∈ Λ in such a way that γp = p, then γ = 0.

G4: The group G is residually finite, i.e., for each element of G, other than the identity, there is a normal finite index subgroup of G which does not contain it.

Of course, up to identifying a representation class of Λ/G with the corresponding element of F , one can identify Λ/G with F : more explicitly, given p ∈ Λ, if, according to G2, f is the unique element of f for which f = γp for some γ ∈ G, we identify f with {gp , g ∈ G} ∈ Λ/G. Condition G4 implies that there is a sequence of nested normal finite index subgroups H_i of G whose fundamental domains exhaust Λ (see Proposition 2 of [CdlL98] for further details on this).

Though perhaps not optimal, these assumptions on G are quite mild, as discussed in [CdlL98].

In the light of G1, we may say that G is generated by some elements g^⋆_1, . . . , g^⋆_d. Then, given a cocycle σ, we define its norm by (3) |||σ||| := sup_{1≤k≤d} |σ(g^⋆_k)| . We now give a formal definition of the interaction potential in (1). Let S denote a collection of nonempty, finite subsets of Λ. An interaction potential is a collection of maps H = {H_B , B ∈ S} , where each H_B is a real valued function from the configurations u of Λ satisfying the following properties:

H1: If u(p) = v(p) for any p ∈ B then H_B (u) = H_B (v) .

H2: For any finite subset X of Λ, the series

(4) H(u, X) := ∑ B∩X≠∅ H_B(u) converges.

Notice that, by H1, we may regard any function H_B as acting on the space of sequences over the indexes of B R^B = {u(p) | p ∈ B} . Then, with a slight abuse of notation (which has become standard in the literature), we will sometimes write u_p := u(p), for p ∈ Λ and take derivatives of H_B with respect to u_p (indeed, H_B will be assumed to have at least two derivatives, see H8 below). We expect that no confusion arises between the p-index in u_p and indices of different types that we use in the paper (such as, sequences of configurations, sometimes denoted by u_n, or configurations associated to cocycles, denoted by u_σ, and the like). Also, by possibly neglecting the sets B in S for which H_B ≡ 0, without loss of generality we will suppose that H_B ≢ 0 if B ∈ S.

The assumption in H2 is clearly satisfied if the interaction is finite range. In fact, the assumption in H2 is an expression that the interaction decreases fast enough with the range of the interaction. Such assumptions are very common in Statistical Mechanics (see [Rue99]). Later in Assumption H8 we will make some other assumptions on the convergence of derivatives of the interaction with respect to the points as well as some requirements that the convergence is uniform in some sets of interactions.

We now list some further assumptions required on the interaction potential. For this, we introduce some auxiliary notation about a given configuration u. First, observe that the action of G on Λ extends naturally to the space of configurations. Namely, if γ ∈ G, we define T_γ u(p) := u(γ(p)) , for any p ∈ Λ. Given ℓ ∈ R, we also set R_ℓu := u + ℓ . With this notation, we assume:

H3: The potential H = {H_B} is G-invariant, i.e. if B ∈ S, then γB ∈ S for any γ ∈ G and H_{γB} (u) = H_B(T_γ u) for all γ ∈ G, all B and all configurations u on Λ.

H4: H has periodic phase, i.e., H_B(R_su) = H_B(u) for any configuration u, any B ∈ S and any s ∈ Z.

H5: The action of the group on the potential is nontrivial, i.e., we suppose that if g ∈ G is such that gB = B for some B ∈ S, then g is the identity.

We also suppose that

H6: H is coercive, i.e., we suppose that H_B (u) ≥ 0 for any B ∈ S and H_F (u) ≥ κ max_{i,j∈F} |u_i − u_j|^θ − K , for some κ, K, θ > 0.

We now make an assumption about how the energy behaves with respect to the cocycles of the group.

That is, we suppose that

H7: There exist ϑ, S > 0 and ς : S → [0, +∞) in such a way that

(5) H_B(σ) ≤ ς(B) ( |||σ|||^ϑ + 1 ) , for any cocycle σ and any B ∈ S, and ∑ B∈S B∩X≠∅ ς(B) ≤ S ♯X, for any X ⊂ Λ.

We recall that the norm ||| · ||| of a cocycle (which has just has been used in (5) here above) was defined in (3).

We now want to define O_σ to be the space of configurations which are “at a bounded distance” from a given cocycle σ. This concept is formalized in the following way. First, a cocycle σ defines a configuration u_σ on Λ as follows. Since F is the fundamental domain, for any p ∈ Λ there exists a unique q ∈ F such that p = γq, with γ ∈ G. Then, we define

(6) u_σ(p) = σ(γ) .

The above is a bona-fide definition, thanks to G3 and (2). Also, u_σ(gp) = u_σ(p)+σ(g), that is, u_σ “behaves as a linear function”. Then, if κ, K, S, θ, ϑ are as in H6 and H7, we set

(7) K^⋆_σ :=

9 if ♯(Λ/G) = 1, 9 + ( S (|||σ|||^ϑ + 1) ♯F + K κ )_{1/θ} if ♯(Λ/G) ≥ 2.

Then, given K ≥ 0, we define O^K_σ to be the space of all configurations u such that (8) sup_{p∈Λ} |u(p) − u_σ(p)| ≤ K . We also set O_σ := O^{K⋆σ}σ . We will seek our solutions in the space O_σ (Lemma 29 will assure an a-priori bounds for minimizers which confine them into this space). With the above conventions, we also assume that

H8: For any K ≥ 0, the interaction potential H is C^2-bounded on O^K_σ , that is, for any B ∈ S, the map H_B is twice differentiable and sup_{u∈OK} σ sup_{p∈Λ} ∑ B∈S B∋p | | |∂H^B ∂u_p (u) | | |

+ sup_{u∈OK} σ sup_{p∈Λ} ∑ B∈S B∋p ∑ q∈B | | | | ∂^2H_B ∂u_p∂u_q (u) | | | | < +∞ . (9)

H9: H satisfies the ferromagnetic (or twist) condition, i.e. ∂^2H_B ∂u_p ∂u_q (u) ≤ 0 , for any u ∈ O^K_σ , any K ≥ 0 and any p, q in Λ, with p ≠ q.

H10: There exist δ : S → [0, +∞) in such a way that

– δ(B) = δ(gB), for any B ∈ S and any g ∈ G. – For any K ≥ 0 and any finite set X ⊂ Λ, lim R→+∞ sup_{u∈OK} σ ∑ B∈S B∩X≠∅ δ(B)>R H_B(u) = 0 .

– Given any R > 0 and any finite set X ⊂ Λ, there exists a finite set Y ⊂ Λ in such a way that

(10) ⋃ B∈S B∩X≠∅ δ(B)≤R B ⊂ Y .

In concrete applications, one may take δ(B) in H10 to be diameter of the set B. Remark 1. The above conditions (namely, G1–G4 on the group G and H1–H10 on the interaction potential H) will be assumed in order to obtain our results and they are, in fact, somewhat weaker than the ones in [CdlL98].

Remark 2. It is important to note that it is not necessary that the group G is the maximal symmetry group of Λ and the interaction.

Notice that if G̃ ⊂ G is a subgroup and the interaction is invariant under G, then, it is invariant under G̃. On the other hand, it could well happen that the group G̃ has more cocycles than the group G. In particular, if we consider the group generated by the powers of an element, we always have a cocycle.

By considering different subgroups, we can obtain a variety of different ground states associated to the cocycles of the subgroups.

Remark 3. The assumptions in H2, H7, H8 and H10 are satisfied automatically if the interaction has finite range. So, one can consider them as an expression of the fact that the interaction decays fast enough. These assumptions are more or less tailored to the argument that we will develop. We write them at this stage, so that they can be verified for models of interest. In contrast the assumptions statistical mechanics in [Rue99] which involve mostly the size of the interaction, our assumptions involve also the size of derivatives and of second derivatives. This is natural, since we consider the existence of critical points (the equations for critical points involve derivatives of the interaction) and their minimization properties (which is natural involve the second derivative).

Remark 4. We note that the coercivity assumption H6 could be somewhat weakened. Some uniformity of growth in the distance is needed. The choice of powers is done to make the other assumptions on decay explicit. Weaker conditions on the coercivity would require stronger assumptions on the decay.

Remark 5. Note that we have formulated many of the assumptions in terms of the interaction functions H_B . Note however that there are several choices of interaction functions that lead to the same interaction.

That is, different functions H_B , H̃_B in such a way that the energy functional is ∑ B H_B(u) = ∑ B H̃_B(u)

for all u, at least formally. One such a way of doing this would be, e.g. to add terms to the 2-body interactions and to cancel them by adding carefully chosen terms to the 3-body and 4-body interactions.

In the same vein, we mention that it is also customary to add terms to the interactions – exact differentials – which keep the same critical points but that change the minimizers. The procedure of changing the interactions but keeping the minimizers or critical points is one of the main tools of the renormalization group techniques. We will not consider those techniques here.

1.2. An order relation and the Birkhoff property. To state our main theorem, we need now some further notation concerning the space of configurations. First, we endow the space of configurations with a partial ordering by saying that two configurations u and v are such that u ≤ v if u(p) ≤ v(p) for any p in Λ. An analogous definition holds for “<”, “>” and “≥” replacing “≤”. Then, generalizing a standard terminology in Aubry-Mather theory, Definition 6. Given a cocycle σ of G, we say that a configuration u ∈ O_σ satisfies the Birkhoff property if the following holds: if γ ∈ G and s ∈ Z are so that σ(γ) ≥ s (resp., σ(γ) ≤ s), then T_γ u ≥ R_su (resp., T_γ u ≤ R_su). The set of Birkhoff configurations in O_σ will be denoted by B_σ .

Definition 7. We say that a configuration u is a solution of our variational equation (or, in the calculus of variations terminology, a critical point) if, for any p ∈ Λ,

(11) ∑ B∈S B∋p ∂H_B ∂u_p (u) = 0 .

We also say that u is a ground state (or, in the terminology of [Mor24], a class-A minimizer) if H(u, X) ≤ H(v, X) for any finite subset X of Λ and any configuration v such that u = v on Λ − X (recall the definition of H(·, X) given in (4)).

Note that the sum in (11) is absolutely convergent, thanks to H8.

1.3. Statement of the results. The first result we prove here deals with the existence of ground states lying at a bounded distance from any given cocycle: Theorem 8. Assume G1–G4 and H1–H10. Then, given any cocycle σ, there exists a ground state u of the interaction S such that (12) |u(p) − u_σ(p)| < K^⋆_σ . Moreover, u ∈ B_σ.

We recall that a lamination is a closed family of manifolds – called the leaves of the lamination – that do not intersect.

Definition 9. We say that a collection of functions is a possibly singular lamination when a) the collection is closed b) all the functions are comparable. In case that collection is such functions are such u ≥ v and u ≢ v imply u_i > v_i ∀i ∈ Λ, we say that the collection of functions is a lamination We note that the Birkhoff property of the minimizers produced in Theorem 8 and their translations are all comparable. We see, therefore that the existence of a minimizer implies the existence of a family of comparable functions all of which are minimizers. Using that the pointwise limit of minimizer is also a minimizer, we obtain that, without loss of generality, we can assume that the set of comparable minimizers is closed. Hence the set of translations of the minimizers in Theorem 8 constitute a (possibly singular) lamination. Whether they are a lamination or not depends on whether the models are such that the critical points satisfy a strong maximum principle. The maximum principle, even if interesting on its own right, does not play any role in this paper and we will not discuss it. The papers [CdlL98, dlLV06b] present some conditions that ensure that the models satisfy the maximum principle.

For rational cocycles the graphs of a ground ground state and their translation is discrete set of leaves in F × T^1 . On the other hand, for the irrational case, the leaves can accumulate in complicated ways (see, for instance, [Ban89] for related examples for PDE’s). Further discussions about the lamination structures will be provided in Section 3.

In the irrational case, we prove a multiplicity result, which states that either the above lamination has no gaps (i.e., it is a foliation), or one can find solutions of our problem inside any gap:

Theorem 10. Assume G1–G4 and H1–H10. Let σ be a cocycle of G. Let H := {g ∈ G | σ(g) ∈ Z} . Suppose that H contains only the identity. Let u^{(0)}, u^{(1)} ∈ B_σ. Assume that the graphs of u^{(0)} and u^{(1)} belong to the (possibly singular) lamination of ground states induced by Theorem 8. Suppose that u^{(1)} ≥ u^{(0)} and u^{(1)} ≢ u^{(0)}. Then, there exists u ∈ B_σ − {u^{(0)}, u^{(1)}} such that u^{(1)} ≥ u ≥ u^{(0)} and which is a solution of the variational equation.

We remark that the hypothesis that H contains only the identity (which we christen by saying that “σ is completely irrational”) deals somehow with the typical case. For instance, when cocycles G = Z^n and the cocycles are are just linear functions, such an assumption becomes that the components of the cocycle are rationally independent. The assumption that the cocycle is irrational is removed in [dlLV06a]. Nevertheless, the paper [dlLV06a] needs the hypothesis that the interaction are finite range (or, in fact, a generalization of it), which is not present in this paper.

Theorem 10 may be seen as a generalization of some results in Aubry-Mather theory (see, in particular, [Mat86]) and it fits into the theory of plane-like (quasi)periodic structures, the recent literature of which is quite rich (see, for instance, [Mos86, Ban88, CdlL01, Val01, RS03, Val04, Tor04, RS04a, RS04b, RS04c, CdlL05, PV05a, PV05b, Bes05]). With respect to the above mentioned theory, the notion of “plane” is replaced here by the more general concept of “level set of a cocycle”.

The proof of Theorem 10 is reminiscent of the one in [dlLV05], in which an elliptic PDE problem is considered. As a matter of fact, the proof is somewhat simpler here, since the discrete setting avoids some smoothness and compactness issues that complicate the situation in [dlLV05]. On the other hand, the case considered here becomes conceptually more difficult than the one in [dlLV05] since we allow also longrange interaction and the problems considered in this paper have a non-local nature, a complication which is not present in the PDE case considered in [dlLV05].

1.4. Some concrete examples of the models considered. The abstract formulation developed in Section 1.1 makes the proofs more conceptual.

Of course, it makes the results applicable to many models that have been proposed in the literature. In this Section, we will show how very different models fit simultaneously in the framework developed. The fact that one can obtain results for different models at the same time is, in our opinion, part of the appeal of the generality of the methods we present here.

1.4.1. The Frenkel-Kontorova model/Twist mappings. This is the most basic model, but which has been the basis of much of the theory.

In this case, we consider Λ = Z and G = Z, acting on Λ by translations. The variational principle of the Frenkel-Kontorova model is given by

(13) S(u) = ∑ i 1 2 (u_{i+1} − u_i − a)^2 + V (u_i) ,

with V (x+1) = V (x). The energy functional in (13) provides a model for a system with connecting springs of length a ∈ R under a periodic substrate potential V . The particles of the system are subject to mutual interactions, given by the term^1_2 (u_{i+1} − u_i − a)^2, as well as interactions with a substratum of period 1, given by V .

The variational principle of (13) corresponds to taking

H_B(u) =

V (u_i) if B = {i}, 1 2 (u_{i+1} − u_i − a)^2 if B = {i, i + 1}, 0 otherwise

in the general formalism.

We note that the equilibrium equations for (13) are

(14) u_{i+1} + u_{i−1} − 2u_i − V^′(u_i) = 0 .

The assumption that H_B ≥ 0 in H6 may thus be obtained by replacing V with V − inf V , which does not change (14).

Equation (14) can be considered as a dynamical system in R^2 , since if we know the pair (u_{i−1}, u_i), we can determine the pair (u_i, u_{i+1}).

The particular case of (14) when V (x) = λ(cos(2πx) + 1) is called the standard map (see, e.g., [Chi79]).

More generally, we can consider action principles of the form

(15) S(u) = ∑ i S(u_i, u_{i+1}) . The equilibrium equations for action principles of the form (15) are

(16) S_1(u_i, u_{i+1}) + S_2(u_{i−1}, u_i) = 0 ,

where we use sub-indices to denote derivatives. Under the assumption that

(17) S_{12} ≤ −δ < 0,

we see that if we fix u_i and u_{i−1}, then equation (16) determines uniquely u_{i+1} hence, it can be considered as a dynamical system on R^2 . The system is area preserving, and, indeed, the variational principle (16) is very common in the presentation of area preserving maps. The function S is often called the generating function. The assumption in (17) corresponds to the assumption in H9 of ferromagnetism in the set-up in Section 1.1.

Under the assumption that S(x + 1, y + 1) = S(x, y), the iteration in (16) can be considered as dynamical systems on the annulus. This correspond to property H4 in our set-up.

The other properties of our abstract set-up are straightforward to check in this concrete case, in which the cocycles σ : Z → R are again the linear functions. As for the subgroups H_i (namely, the ones whose fundamental domains exhaust Λ, thanks to G4), it is natural to take H_i = F_iZ, with F_i an increasing sequence of positive integers. Note that G/H_i = {0, 1, . . . F_i − 1} and H_{i+1}/H_i = {0, . . . , F_{i+1} − F_i}. The rational cocycles are the rational numbers with denominators F_i. The notion of Birkhoff orbits in this case agrees with the usual meaning in dynamical systems, that is, that the projection of the orbit is semi-conjugate to a rotation of the circle.

Then, applying Theorem 8 to this case, we obtain the fundamental theorem of existence of quasi-periodic orbits with any rotation number in [ALD83, Mat82]. Theorem 10, in this particular case, implies the main result in [Mat86].

1.4.2. Bag models, degenerate twist maps. One of the interesting features of the present proofs is that we do not need that the twist condition is strict.

In the Physics literature, one can find variants of the Frenkel-Kontorova models in which the interaction vanishes for short distances (these are sometimes called bag models) so that the particles can move freely provided that their distance does not increase beyond a threshold.

A model of this type is given by the interaction

(18) S(u) = ∑ i F_L(u_i − u_{i+1} − a) + V (u_i)

where V (t + 1) = V (t) and F_L is a convex function that vanishes when its argument is smaller than L. For example F_L(t) = (max(|t| − L, 0))^2. Other models are models with anharmonic couplings

(19) S(u) = ∑ i |u_i − u_{i+1} − a|^p + V (u_i)

where V (t + 1) = V (t) and p > 2.

Note that these models fail to satisfy the uniform twist condition in open sets. Therefore, the Euler-Lagrange equations for (18) cannot be transformed into a second order map. The Euler-Lagrange equations for (19) can be transformed into a second order map away from singularities, but they are rather singular. So, the examples (18), (19) are examples of models with a Lagrangian description but not a Hamiltonian one. A very detailed study of the model (19) can be found in [dlLV06b]. The paper [dlLV06b] studies generalizations of (19) to higher dimensional lattices and with interactions which are not nearest neighbor. It also includes results on the maximum principle, which we do not consider here.

1.4.3. Periodic twist maps, periodic Frenkel-Kontorova models. We consider modifications of (15) in which the actions depend (periodically) on the index. That is, we consider actions of the form

(20) S(u) = ∑ i S(i; u_i, u_{i+1})

The equilibrium equations are

S_1(i; u_i, u_{i+1}) + S_2(i − 1; u_{i−1}, u_i) = 0

Again, under the assumption that S_{1,2}(i; x, y) ≤ −δ < 0, we see that we can determine u_{i+1} given u_i and u_{i−1}. Hence, this defines a sequence of maps, which are area preserving. Under the assumption S(i; x + 1, y + 1) = S(i; x, y), these are maps of the annulus.

A particularly interesting case is when the sequence of maps is periodic, that is S(i; x, y) = S(i + N; x, y) .

This corresponds to a periodic sequence of twist maps.

We note that the composition of twist maps can fail to be a twist map. The variational theory for compositions of twist maps has been developed in [Mat90, Mat91]. In the context of Frenkel-Kontorova models, we could consider situations in which V and a depend also on i in a periodic fashion. In the Frenkel-Kontorova physical interpretation, the periodic dependence on V corresponds to the substratum on which we deposit the new material being a composite, and the periodic dependence on a corresponds to depositing a periodic material.

These periodic systems can be fit into our set-up by setting Λ = Z and G = NZ, with N ∈ N being the period of the medium.

Again, the cocycles σ : Z → R are the linear functions and one can take the increasing sequence of subgroups H_i to be F_iZ, with F_i = Nf_i and f_i is a sequence of positive energies tending to +∞.

The notion of Birkhoff functions in this case is related to the homeomorphisms of the circle.

1.4.4. Monotone recurrences. The results of these paper apply also to generalizations of the models in Section 1.4.3 for which the interaction is not nearest neighbor, but includes also terms of longer range interaction, provided that they satisfy the twist and the invariance conditions. These models are natural from the physical point of view since in the models of deposition, it is natural to include the possibility that an atom interacts with other models besides the nearest neighbors. Including interactions which are longer range is also natural in the Physical interpretation of spin wave models. From the mathematical point of view, these models appear naturally also in the study of integrable systems (see [Ves91]).

For example, we can consider models of the form

(21) S({u_n}_{n∈Z}) = ∑ L∈N ∑ k∈Z H_L(u_k, . . . , u_{k+L}) , as long as the interaction terms satisfy H_L(u_0, . . . , u_L) = H_L(u_0 + 1, . . . , u_L + 1) and ∂_i∂_j H_L(u_0, . . . , u_L) ≤ 0, as well as the regularity assumptions. One example of systems satisfying the assumptions of this paper is given by the variational principle of the form S({u_n}) = ∑ n 1 2 (u_{n+1} − u_n − a)^2 + A 2 (u_{n+2} − u_n − b)^2 + ϵ 4π^2

(cos(2πu_n) + 1) .

(22)

The equilibrium equations corresponding to (22) are:

(23) (u_{n+1} − 2u_n + u_{n−1}) + A · (u_{n+2} − 2u_n + u_{n−2}) + ϵ 2π sin(2πu_n) = 0 .

Equation (23) defines a 4-dimensional map for A ≠ 0.

It is interesting to note that, when A is small, it is natural to think of (23) as a small perturbation of the standard map. Nevertheless, as a dynamical system, it is very different. Even the phase space has different dimensions and there are large coefficients.

It is also interesting to note that the variational methods produce solutions with just one frequency even if the corresponding dynamical system has 2 degrees of freedom. Models of the type (21) were considered in [Ang90], who called them monotone recurrences. The paper [Ang90] used a gradient flow method similar to the one we use in Section 4.2 to construct well-ordered equilibrium solutions. The paper [Ang90] also contained many important ideas on the study of the number of periodic solutions. Our Theorem 8 applied to (21) is Theorem 6.1 in [Ang90].

Recently, [dlL05] developed a KAM theory for quasi-periodic solutions of the equilibria in (21) even in the case that the interaction is infinite range. This is a Lagrangian KAM theory without an straightforward Hamiltonian counterpart. Note that the limit A → 0 is a singular limit in (22).

1.4.5. Models of spin waves in higher dimensions. The standard lattice models as in [Rue99] corresponds to taking Λ = Z^d and G = Z^d.

We can think of Λ as describing a standard crystal, which is symmetric under Z^dtranslations.

In our case, each site in the crystal has an order parameter characterized by a number. The assumptions on invariance of the interactions under translation are standard and can be found in [Rue99]. The more detailed assumptions about the regularity and the differentiability of the interactions are not considered in [Rue99], which did not take into account the geometric properties of the ground states.

The assumption on invariance under global change of the phases is natural when the order parameter is a phase. For example, when we consider spin waves. In the case of spin waves, it is natural to consider many body interactions as well as interactions that are of unbounded range.

In this case, the cocycles of the group are just the linear functions σ(g) = ∑_d j=1 σ_j g_j.

The increasing set of subgroups can be taken to be H_i = (F_iZ)^d with F_i an increasing sequence of positive integers going to +∞.

One can also consider materials with some structure, by assuming that the symmetry group of the problem is smaller than the crystal. For example, one can take G = ∏_d j=1(N_jZ). In this case, there is a fundamental cell {0, . . . , N_1 − 1} × {0, . . . , N_2 − 1} × · · · × {0, . . . , N_d − 1} and the properties of this cell keep on repeating under translations. As increasing subgroups H_i, it is possible to take H_i = (F^1_i N_1Z)×· · ·×(F^d_i N_dZ), where the F^j_i are positive integers and, for each fixed j, the sequences F^j_i are increasing in i and tend to +∞. The cocycles are linear functions in this case too. The existence of quasi-periodic solutions in problems of this kind was shown in [Bla89, Bla90, KdlLR97, CdlL98]. In [dlLV06b], one can find a discussion of models of this type with interactions which are not just nearest neighbor.

1.4.6. Bethe lattice, Cayley graphs. The Bethe lattice is a cycle free graph in which every site is connected to k neighbors (see, e.g., [Bet35, Geo88]). This set has been used in many studies in statistical mechanics and other areas of probability (e.g. percolation, Anderson localization, etc.), since it is a rather homogeneous set which has a hierarchical structure. Hence, it is very suitable for the study of renormalization groups. Since the balls grow exponentially fast, it is customary to consider it heuristically as an analogue of a Euclidean lattice of infinite dimension. Mathematically, it is also natural to consider it as an analogue of a space with negative curvature. The geometric study of groups acting on graphs is a very active mathematical subject (see [BL01] for a recent survey). We are not interested only on the geometry of the space but also on interacting statistical mechanical models described in this setting. A good introduction to the properties of groups is [LS01]. In particular, Chapter 1 contains properties of the free group.

The group F_ℓ acts on the graphs by right translation. One way to construct invariant interactions is to use a generalization of the Cayley construction, – which applies to any group – which we now outline.

Given a finite set B ⊂ F we consider a function H_B : R^B → R which satisfy the coerciveness H3 and the periodic phase H4 and then, we construct H_{γB} in such a way that H3 is satisfied. We can repeat the construction a finite number of times and add the resulting functions. Then, the conditions H8-H10 are satisfied. Of course, if the functions H_B as well as their derivatives decrease fast enough with the size of the set B, it is possible to arrange that the conditions H8-H10 are satisfied. The standard Bethe lattice model corresponds to taking H_B = 0 if diamB > 1 or if #B ≥ 2, so that we only consider sets of the form B = {i, gi} where g is a generator. or B = {i} and we set H_{{i,gi}} = |u_i − u_{gi} − a|^2, H_{{i}}(u) = V (u_i) with V (t + 1) = V (t). The free group is residually finite because it can be considered as a subset of SL(k, R). and SL(k, R) as some well known explicit normal subgroups of finite index which exhaust, namely the congruence subgroups (see [Weh73] or Theorem 6.1.9 of [Rob82] for details).

It is easy to see that, for any choice of (σ_1, . . . , σ_ℓ) ∈ R^k , we can obtain a cocycle on the free group by setting

(24) σ(g) = k∑ j=1 σ_j #_j (g) ,

where #_j (g) is the number of times that the generator a_j appears in g minus the time that the generator a^{−1}_j appears.

Even if we will not make any use of this, we point out that the cocycles in (24) are the only cocycles of the free group. This follows from the fact that the abelianization of the free group is N^k and that any cocycle has to factor through the abelianization (see [Weh73, LS01]).

1.4.7. Layered materials. Some models of layered materials can be fit in our framework. To describe L layers of d-dimensional materials, it suffices to take Λ = {1, . . . , L} × Z^d. There are several possibilities for the group G.

If we require that the layers are independent, then it is natural to take G = Z^d acting by translations in such a way that all the layers are moved simultaneously, in such a way that g(α, k) = (α, k + g) .

Another, more symmetric possibility, is to take G = ( Z^d )_L acting by (g_1, . . . , g_L)(α, k) = (α, k + g_α) . In the first case, the interactions are homogeneous in each layer, but the interactions among the layers are independent only when we translate all the layers. In the second case, the interactions are invariant when we translate each of the layers independently.

The cocycles and the subgroups in this case are very similar to those in the previous cases. Indeed, the subgroups are integer multiples of the lattice and the cocycles are linear functions.

Another interesting variant is to include permutations among the layers (natural for materials composed of alternate layers of different elements) so that in this case, G = Π × Z^d, where Π is a subgroup of the permutations on L elements.

2. Proof of Theorem 8

The proof of Theorem 8 borrows several ideas from the proof of the results in [CdlL01] for minimal surfaces and it is based on the construction of a particular minimizer which enjoys further symmetry properties.

It also makes use of the following result, which can be found in Proposition 1 of [CdlL98]. Proposition 11. Let G be a residually finite group. Then, given any cocycle σ we can find a sequence σ^{(n)} of rational cocycles such that lim n→+∞ |||σ^{(n)} − σ||| = 0 . We now introduce the following equivalence relation on subsets of Λ, induced by a given normal finite index subgroup H of G. Given A, B ⊂ Λ, we say that A ∼_H B if there exists h ∈ H in such a way that A = hB. The equivalence class of a set B with respect to this relation will be denoted by [B]_H (no confusion should arise with the interaction potential H_B ). We also set S_H := { [B]_H with B ∈ S} and (25) C_{σ,H} = {u ∈ O_σ | T_gu = R_{σ(g)}u, for any g ∈ H} . We now take σ to be a rational cocycle (recall the definition given on page 4). Accordingly, we let H ⊂ G be a normal subgroup of finite index such that σ(H) ⊂ Z. In this framework, C_{σ,H} is the set of “periodic” configurations with “slope” σ. Clearly, each of the configurations on C_{σ,H} is determined by the values on Λ/H, which is a finite set, since H is finite index.

For any [B]_H ∈ S_H and any u ∈ C_{σ,H} , we also define

H_{[B]H} (u) := H_B(u) .

We remark that this is a bona-fide definition: indeed, if [A]_H = [B]_H , then A = hB for some h ∈ H and so

(26) H_A(u) = H_{hB}(u) = H_B(T_hu) = H_B(R_{σ(h)}u) = H_B(u) ,

thanks to H3 and H4.

The idea of the proof of Theorem 8 goes as follows. First, in Section 2.1, we define a cutoff energy for rational cocycles and we prove that the pointwise minimum of periodic minimizers is still a minimizer. This will allow us to define the concept of infimal minimizer in Section 2.2 and to show in Section 2.4 that it has all the symmetries needed for our purposes.

Then, in Section 2.5, we show that the infimal minimizer, which, in principle, is just a minimizer of the ‘periodified, cut-off energy functional, is also a ground state for the cut-off energy. This result is far from trivial since being a minimizer for the periodified energy just means that the energy cannot be lowered by periodic modifications (or with some extra work, by compact support perturbations whose support is contained inside the fundamental domain of the period). It could, in principle happen that the energy of a minimizer of the periodic energy could be lowered by perturbations of much longer period. This phenomenon is very common in variational problems and is sometimes called symmetry breaking. Excluding symmetry breaking in our case, makes heavy use of the ferromagnetic property and that the configurations we consider are just real valued. See Proposition 22.

In Section 2.6, we will show that the infimal minimizer is Birkhoff and that it stays at a bounded distance from the cocycle σ. The assumption that σ is rational will be dropped in Section 2.7, while the cut-off will be dismissed in Section 2.8.

2.1. Cut-off interactions for the rational case. Roughly speaking, we now want to introduce an energy functional which is adapted to dealing with periodic problems. When the configurations we consider are periodic, it is natural to consider an energy functional adapted to these periodic functions. We will mainly impose that, for periodic functions the critical points of the functional will also be critical points for the full functional.

We will need that the functional does not see “does not see too large sets”. The concept of a set B to be unpleasantly large is quantified by the quantity δ(B) in H10. Condition H10 also tells us that these large sets “do not contribute” too much to the energy.

In order to avoid some technical difficulties, we will start considering cut-off finite range interactions in periodic problems and then, pass to the limit of aperiodic limits and to the problem of long range interactions.

A subtle point is that, in order to apply the direct methods of the calculus of variations, we will first look for minimizers among periodic configurations rather than ground states. It could happen that the minimizers of the periodified energy are not ground states (they could be unstable under perturbations of longer period, because of symmetry breaking). They key step is excluding the symmetry breaking in Proposition 22. This will which will then allow us to “localize” the perturbations inside a large domain and repeat this domain periodically. We note that the proof of Proposition 22 uses heavily the ferromagnetism property and the fact that our configurations are real valued. We will construct a minimizer, the infimal minimizer which enjoys some extra geometric property (Birkhoff property), that – besides intrinsic interest – will allow us to prove that the the infimal minimizer does not present symmetry-breaking. In fact, all minimizers of the periodified energy – even if they do not satisfy the Birkhoff property — also satisfy a version of the no-symmetry-breaking property.

2.1.1. The reduced interaction. In order to formalize the above ideas, we fix (27) R > δ(F ) and we define the reduced energy functional on C_{σ,H} by

(28) S^R_{σ,H} (u) := ∑ [B]H ∈SH δ(B)≤R H_{[B]H} (u) .

Again, this is a good definition, since δ(B) = δ(hB) for any h ∈ H, due to H10. Furthermore:

Lemma 12. For any finite set X ⊂ Λ and any R > 0, (29) ♯{B ∈ S, B ∩ X ≠ ∅, δ(B) ≤ R} < +∞ . Moreover, the series in (28) is just the sum of a finite number of terms. Proof. By H10, ⋃ B∈S B∩X≠∅ δ(B)≤R B = {p_1, . . . , p_ℓ} ,

for suitable p_1, . . . , p_ℓ ∈ Λ and so each B in (29) belongs to the set of all subsets of {p_1, . . . , p_ℓ}. Since the latter has at most 2^ℓ elements, the set {B ∈ S, B ∩ X ≠ ∅, δ(B) ≤ R} (and so, by choosing X := Λ/H, the sum in (28)) has only a finite number of terms. □

Corollary 13. Suppose that v^{(n)} ∈ C_{σ,H} for any n ∈ N and that lim n→+∞ v^{(n)}_p = v_p ,

for any p ∈ Λ. Then, v ∈ C_{σ,H} , lim n→+∞ H_{[B]H} (v^{(n)}) = H_{[B]H} (v) ,

for any [B]_H ∈ S_H so that δ(B) ≤ R, and lim n→+∞ S^R_{σ,H} (v^{(n)}) = S^R_{σ,H} (v) . Proof. The fact that v ∈ C_{σ,H} is obvious. Also,

|H_{[B]H} (v^{(n)}) − H_{[B]H} (v)| ≤ ∑ p∈B ∫_1 0 | | | ∂H_B ∂u_q (τv^{(n)} + (1 − τ)v) | | | dτ · |v^{(n)}p − v^p| ≤ C ∑ p∈B |v^{(n)}_p − v_p| , for some C > 0, thanks to H8.

Since B is a finite set, we thus conclude that lim n→+∞ H_{[B]H} (v^{(n)}) = H_{[B]H} (v) .

Then the claim follows from Lemma 12. □

We now point out an easy variation of a classical result in quotient group theory. To this extent, we use the standard notation for the equivalence classes induced by a normal subgroup H̃ of finite index: [p]~_H := {hp , h ∈ H̃} . Lemma 14. Let H̃ ⊂ H be normal, finite index subgroups of G. Given p ∈ Λ, let f_p be the unique element of the fundamental domain Λ/H for which h_pp = f_p, for some h_p ∈ H. We define

(30) Λ/H̃ −→ (Λ/H) × (H/H̃) [p]~_H −→ ( f_p, [h_p]~_H ) . Then, the above map is a bijection. In particular, ♯(Λ/H̃) = ♯(Λ/H) · ♯(H/H̃) . Proof. First of all, we need to show that (30) is a bona fide definition. Indeed, if also ĥ_pp = f_p for some ĥ_p ∈ H̃, we have that ĥ^{−1}_p h_pp = p and therefore, by G3, ĥ_p = h_p. Furthermore, if [p]~_H = [q]~_H , we have that h_ph̃q = h_pp = f_p, for some h̃ ∈ H̃, and so the map in (30) sends [q]~_H to (f_p, [h_ph̃]~_H ) = (f_p, [h_p]~_H ).

Given f ∈ Λ/H and h ∈ H, we have that the point h^{−1}f ∈ Λ is sent by the map in (30) to (f, [h]~_H ), thence such map is onto.

We now show that the map in (30) is injective. For this, suppose that (f_p, [h_p]~_H ) = (f_q, [h_q]~_H ) ∈ (Λ/H) × (H/H̃) for some p, q ∈ Λ. Then, f_p = f_q and h_q = h̃h_p for some h̃ ∈ H̃. Thence, h_pp = f_p = f_q = h_qq = h̃h_pq. Then, since H̃ is normal, h^∗ := h^{−1}_p h̃h_p ∈ H̃ and p = h^∗q. So, [p]~_H = [q]~_H .

Accordingly, the map in (30) is a bijection. □

Remark 15. The result in Lemma 14 may not hold if one drops condition G3. As an example, let G = H be the group of the permutations of three elements {1, 2, 3} (or, equivalently, the dihedral group of order 6, or the symmetric group of order 3, in the notation of [Wik06a, Wik06b]).

Let a : (1, 2, 3) → (2, 1, 3) and b : (1, 2, 3) → (1, 3, 2). Then, G is generated by a and b and it has 6 elements: a, b, ab, ba, aba and the identity id.

The fact that G is finite implies that it is residually finite, because the identity is finite index.

The group G acts on the lattice Λ := {1, 2, 3} in the obvious way (for instance, a(1) = 2, a(2) = 1, a(3) = 3) and since any element of Λ is sent to any other one by a suitable permutation, it follows that Λ/G contains only one element.

Let H̃ := {id, ab, ba}. By inspection, one sees that H̃ is a normal subgroup of G and that G/H̃ = {[id]~_H , [a]~_H }. In particular,

(31) ♯ ( G/H̃ ) = 2 .

Furthermore, since each point of Λ reaches any other via either ab or ba, we have that also Λ/H̃ contains only one element. Thus, in this case, ♯(Λ/H) · ♯(H/H̃) = 1 · 2 ≠ 1 = ♯(Λ/H̃) , which shows that Lemma 14 does not hold in this case.

2.1.2. Existence of minimizers for the reduced energy. Note that C_{σ,H} is finite dimensional (that is, any configuration u ∈ C_{σ,H} is determined by its values on Λ/H, which is a finite set) and S^R_{σ,H} is bounded from below. We also note that, because of H4 the problem is invariant under addition of 1 to all the sites. Hence, it suffices to consider u_0 ∈ T^1 . In this case, we see that, because of H6, the energy goes to +∞ when the other sites tend to +∞. Hence, we can conclude that S^R_{σ,H} reaches a minimum on C_{σ,H} .

Of course, the minimizers of S^R_{σ,H} in C_{σ,H} can be considered also as configurations in O_σ. At this stage of the argument, we are not claiming that these minimizers in C_{σ,H} are minimizers of S in O_σ.

Unfortunately, the minimizers of the periodic problem produced by the above compactness argument are not very suitable for further developments. Indeed, at the moment, we do not know whether the minimizers now produced are ground states. It could happen that their energy could be lowered by perturbations which have periods longer than the one now considered.

2.1.3. The infimal minimizer. The goal of this section is to show that among all the minimizers in C_{σ,H} there is a special one which is indeed a ground state (after removing the cut-off δ(B) ≤ R). Moreover, this minimizer will have special geometric properties that will allow us to take the limit of irrational minimizers.

Note that in this construction we will use heavily the ferromagnetism property H9 which we have not used so far. The technical result which follows will allow us to rearrange minimizers:

Lemma 16. Let u, v ∈ C_{σ,H} . Denote u ∧ v = max{u, v} , u ∨ v = min{u, v} . Then, u ∧ v, u ∨ v ∈ C_{σ,H} and (32) S^R_{σ,H} (u ∧ v) + S^R_{σ,H} (u ∨ v) ≤ S^R_{σ,H} (u) + S^R_{σ,H} (v) . Proof. We write u ∧ v = u + α u ∨ v = u − β where α, β are non-negative configurations.

Since u ∧ v + u ∨ v = u + v, we have that v = u + α − β.

We note that (u∧v)_{gi} = (u∧v)_i and (u∨v)_{gi} = (u∨v)_i for any g ∈ H. Therefore, α_{gi} = α_i and β_{gi} = β_i, for any g ∈ H. Hence, u + tα + sβ ∈ C_{σ,H} , for any −1 ≤ t, s ≤ 1, that yields the first claim in Lemma 16. We also note that, by construction, we have (33) supp α ∩ supp β = ∅ . Consider the function F (t, s) := S^R_{σ,H} (u + tα + sβ) . We have the calculus identity (recall indeed that, by H8, F is twice differentiable and Lemma 12 allows to interchange the sum with the derivatives) F (1, 0) + F (0, −1) − F (0, 0) − F (1, −1) = ∫_1 0 ∂F ∂t (t, 0) dt − ∫_1 0 ∂F ∂t (t, −1) dt = ∫_1 0 ∫_0 −1 ∂^2F ∂t∂s (t, s) ds dt . (34)

Now we observe that

(35)

∂^2F ∂t∂s (t, s) = ∑ [B]H ∈S δ(B)≤R p∈supp α q∈supp β

∂^2H_B ∂u_p∂u_q (u + tα + sβ)α_pβ_q .

Taking into account the ferromagnetic property H9, the fact that α_i, β_j ≥ 0 and (33), we obtain that (35) is non-positive. Hence, (34) establishes the second conclusion of Lemma 16. □

Corollary 17. In the hypothesis of Lemma 16, if u_1 and u_2 are minimizers of S^R_{σ,H} on C_{σ,H} , so are u_1 ∨ u_2 and u_1 ∧ u_2.

Proof. We argue by contradiction. Suppose, for instance, that S^R_{σ,H} (u_1) = S^R_{σ,H} (u_2) = min_{Cσ,H} S^R_{σ,H} < S^R_{σ,H} (u_1 ∧ u_2) .

It follows from Lemma 16 that min_{Cσ,H} S^R_{σ,H} ≤ S^R_{σ,H} (u_1 ∨ u_2)

≤ S^R_{σ,H} (u_1) + S^R_{σ,H} (u_2) − S^R_{σ,H} (u_1 ∧ u_2) = 2 min_{Cσ,H} S^R_{σ,H} − S^R_{σ,H} (u_1 ∧ u_2) < min_{Cσ,H} S^R_{σ,H} , which is an obvious contradiction. □

2.2. The infimal minimizer. Using Corollary 17, we can define a particularly interesting minimizer that will have several extra properties. We define the infimal minimizer of S^R_{σ,H} on C_{σ,H} as (36) u^{∗,σ,H,R} = ⋁ u is a minimizer of SRσ,H in Cσ,H ugi≥σ(g) , ∀ i∈Λ/H , g∈G u .

Note that, by H4, S^R_{σ,H} (R_ℓu) = S^R_{σ,H} (u) and so, given any minimizer u, we have that R_ℓu is a minimizer too, for any ℓ ∈ Z. Furthermore, if u satisfies the constraint on the right hand side of (36), then (R_ℓu)_{gi} = u_{gi} + ℓ ≥ σ(g) + ℓ ≥ σ(g) for any ℓ ∈ N and any i ∈ Λ/H. Hence, the infimal minimizer carries information about all minimizers in the right hand side of (36).

The constraint on the right hand side of (36) also makes u^{∗,σ,H,R}(p) > −∞ for any p ∈ Λ. Moreover, the constraint on the right hand side of (36) does not give rise to the empty set. Indeed, let u be any minimizer of S^R_{σ,H} in C_{σ,H} and take ℓ ∈ N such that (37) ℓ ≥ max_{γ∈G/H} i∈Λ/H (|u_{γi}| + |σ(γ)|) . Note that G/H and Λ/H are finite set by construction, thence the definition in (37) makes sense. Then, R_ℓu is a minimizer too and, if i ∈ Λ/H, g ∈ G, we write g = hγ, with h ∈ H and γ ∈ G/H to get that

(R_ℓu)_{gi} = u_{hγi} + ℓ = u_{γi} + σ(h) + ℓ = u_{γi} + σ(g) − σ(γ) + ℓ ≥ σ(g) , thence the set in the right hand side of (36) is not empty. We now point out that the infimal minimizer is indeed a minimizer: Lemma 18. u^{∗,σ,H,R} is a minimizer of S^R_{σ,H} in C_{σ,H} .

Proof. For any q ∈ Λ/H let u^{(q,n)} be a sequence of minimizers satisfying the constraints in the right hand side of (36) in such a way that lim n→+∞ u^{(q,n)}(q) = u^{∗,σ,H,R}(q) . Define also (38) u^{(n)}(p) := ⋁ q∈Λ/H u^{(q,n)}(p) , for any p ∈ Λ/H. Note that, since Λ/H is a finite set, the minimization performed on the right hand side of (38) is done among a finite number of candidates, thence u^{(n)} is also a minimizer as in the right hand side of (36), because of Corollary 17. Then, by (36), u^{∗,σ,H,R} ≤ u^{(n)}. On the other hand, by construction, lim n→+∞ u^{(n)}(p) ≤ lim_{n→+∞} u^{(p,n)}(p) = u^{∗,σ,H,R}(p) , for any p ∈ Λ/H. Consequently, lim n→+∞ u^{(n)}(p) = u^{∗,σ,H,R}(p) for any p ∈ Λ/H, and so, by Corollary 13, S^R_{σ,H} (u^{∗,σ,H,R}) = lim_{n→+∞} S^R_{σ,H} (u^{(n)}) = S^R_{σ,H} (u^{(1)}) , since all the u^{(n)} are minimizers. Accordingly, u^{∗,σ,H,R} is a minimizer of S^R_{σ,H} in C_{σ,H} . □

2.3. Some group algebra considerations on S^R_{σ,H} . Next results will investigate how “doubling the periodicity induced by the subgroups” reflects into “doubling the energy” (a precise statement will be given in Corollary 20).

Lemma 19. Let H̃ ⊂ H be normal, finite index subgroups of G. Let γ_1, . . . , γ_ℓ ∈ H in such a way that H/H̃ = { [γ_1]~_H , . . . , [γ_ℓ]~_H } . Then, given any B ∈ S and any A ∈ [B]_H there exists a unique j ∈ {1, . . . , ℓ} in such a way that there exists h̃ ∈ H̃ such that h̃A = γ_jB. Also, if [γ_iB]~_H = [γ_jB]~_H , then i = j.

Proof. Let h ∈ H such that A = hB and let γ_j be so that [h]~_H = [γ_j]~_H . Then γ_j = h̃h, for some h̃ ∈ H̃. Then, h̃A = γ_jB, as desired.

Suppose now that h̃_j A = γ_jB with h̃_j ∈ H̃, for, say, j = j_1, j_2. Let h_∗ := γ^{−1}_{j1} h̃_{j1}h̃^{−1}_{j2} γ_{j2} ∈ H. Then, h_∗B = B and so, by H5, we see that h_∗ is the identity. Consequently, [γ_{j1} ]~_H = [γ_{j2} ]~_H and so j_1 = j_2.

Assume now that [γ_iB]~_H = [γ_jB]~_H . Then, B = γ^{−1}_i h̃γ_jB, for some h̃ ∈ H̃ and then, by H5, we have that [γ_i]~_H = [γ_j]~_H . So i = j. □

Corollary 20. Let H̃ ⊂ H be normal, finite index subgroups of G and let u ∈ C_{σ,H} . Then, S^R_{σ,H̃} (u) = ♯ ( H/H̃ ) S^R_{σ,H} (u) . Proof. We exploit Lemma 19 and the invariance of δ(·) under the action of G (recall H9) to write { [B]~_H ∈ S~_H , δ(B) ≤ R } = { [γ_j B]~_H , [B]_H ∈ S_H , δ(B) ≤ R , j = 1, . . . , ℓ } . Note that, by Lemma 19, the [γ_jB]~_H ’s do not repeat themselves and ℓ = ♯(H/H̃). Also, by (26), H_{[γ1B]H̃} (u) + · · · + H_{[γℓB]H̃} (u) = ℓH_{[B]H} (u) .

Therefore, S^R_{σ,H̃} (u) = ∑ [B]H̃ ∈SH̃ δ(B)≤R H_{[B]H̃} (u)

= ∑ [B]H ∈SH δ(B)≤R ℓ∑ j=1 H_{[γj B]H̃} (u)

= ∑ [B]H ∈SH δ(B)≤R ℓ∑ j=1 ( ℓ H_{[B]H} (u) )

= ℓ S^R_{σ,H} (u) , as desired. □

Remark 21. The result in Corollary 20 may not hold if assumption H5 is removed. For instance, let G = H and H̃ be as in Remark 15.

Let Λ := {1, 2, 3, 4}. Then, G acts on Λ in the obvious way by fixing the element 4 (for instance, in the notation of Remark 15, we have that a(1) = 2, a(2) = 1, a(3) = 3 and a(4) = 4).

Let S := {{4}} and let the interaction potentials be H_{{4}}(u) := 1 − cos u_4. Then, S_H = S~_H = {{4}} and so, by taking, for instance δ(·) to be the cardinality of a set and R ≥ 1, we have that S^R_{σ,H} (u) = S^R_{σ,H̃} (u) = 1 − cos u_4 .

This and (31) show that Corollary 20 does not hold in this case.

2.4. No-symmetry breaking. The infimal minimizer, for a cocycle σ and a fixed subgroup H, is obviously unique, due to (36). This says that it will have all the symmetries of the boundary conditions, in particular there is no-symmetry breaking, according to the following result:

Proposition 22. Assume that H̃ ⊂ H is also a normal subgroup of finite index. Then, u^{∗,σ,H,R} = u^{∗,σ,H̃,R}. Proof. We note that, given k ∈ H, ũ = R_{−σ(k)}T_ku^{∗,σ,H̃,R} is also a minimizer for S^R_{σ,H} in C_{σ,}~_H , due to H3 and H4. Also, it satisfies ũ_{gi} = u^{∗,σ,H̃,R} kgi − σ(k) ≥ σ(k) + σ(g) − σ(k) = σ(g) for any g ∈ G. Hence, by the definition of infimal minimizer, u^{∗,σ,H̃,R} ≤ ⋁ k∈H R_{−σ(k)}T_ku^{∗,σ,H̃,R} .

Therefore, since the converse inequality is obvious, u^{∗,σ,H̃,R} = ⋁ k∈H R_{−σ(k)}T_ku^{∗,σ,H̃,R} . In particular, u^{∗,σ,H̃,R} ≤ R_{−σ(k)}T_ku^{∗,σ,H̃,R} , for any k ∈ H.

By applying the above inequality also to k^{−1} ∈ H, one gets that R_{−σ(k)}T_ku^{∗,σ,H̃,R} = u^{∗,σ,H̃,R} for all k ∈ H, and therefore u^{∗,σ,H̃,R} ∈ C_{σ,H} . Since to any set in [B]_H correspond ♯(H/H̃) sets in [B]~_H , according to Corollary 20 we have that S^R_{σ,H̃} = ♯(H/H̃) S^R_{σ,H} . Thence, we see that

(i) u^{∗,σ,H̃,R} is a minimizer for S^R_{σ,H} on C_{σ,H} , because, if S^R_{σ,H̃} (u^{∗,σ,H̃,R} + β) does not decrease choosing β ∈ C_{σ,}~_H , a fortiori it does not decrease choosing β ∈ C_{σ,H} .

(ii) u^{∗,σ,H,R} is a minimizer of S^R_{σ,H̃} on C_{σ,}~_H , because, since we know that the minimum of S^R_{σ,H̃} is reached on a function in C_{σ,H} , we see that we can bound S^R_{σ,H̃} by its values on S^R_{σ,H} .

From (i) we obtain that u^{∗,σ,H,R} ≤ u^{∗,σ,H̃,R} and from (ii) we get u^{∗,σ,H̃,R} ≤ u^{∗,σ,H,R} . Hence, u^{∗,σ,H,R} = u^{∗,σ,H̃,R} , as claimed.. □ Thanks to Proposition 22, we can now suppress the index H in u^{∗,σ,H,R} and denote it just as u^{∗,σ,R}.

2.5. Ground states for the cut-off energy. Our next goal is to show that u^{∗,σ,R} is a ground state for the cut-off energy. This will be obtained by fixing a compactly supported perturbation, considering all the sets which interact with this support and taking a fundamental domain which contains them. In this way, the compactly supported perturbation interacts with u^{∗,σ,R} as a periodic one, and its energy has to grow, since u^{∗,σ,R} is energy minimizing among periodic configurations. Note that Proposition 22 plays a crucial role here, since, when we put all the interactions into a large fundamental domain, in general, one may obtain a different minimizer. On the contrary, in our case, Proposition 22 assures that the infimal minimizers remain the same.

Moreover, the fact that the energy has been cut off is also important here, since we want that all the sets interacting with a given finite set may be put inside a finite fundamental domain (and, for cut-off interactions, this is assured by H10). The concept that u^{∗,σ,R} is a ground state for the cut-off energy and the above arguments are formalized in the following way:

Proposition 23. u^{∗,σ,R} satisfies the following local minimization property: given any finite set X ⊂ Λ and any configuration β such that β_p = 0 for any p ∈ Λ − X and u^{∗,σ,R} + β ∈ O_σ, we have that ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ,R}) ≤ ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{∗,σ,R} + β) .

Proof. Let the configuration β be supported in the finite set X ⊂ Λ. We exploit H10 and we consider Y as in (10). Then, we can always find a normal finite index subgroup H̃ such that X ∪Y ⊂ Λ/H̃ (this is a consequence of G4, as discussed on page 4), and, by Proposition 22, u^{∗,σ,H̃,R} = u^{∗,σ,H,R} = u^{∗,σ,R} does not really depend on the choice of H̃.

Now, for any q ∈ Λ/H̃, we define w_q := u^{∗,σ,R}_q + β_q. Also, for any p ∈ Λ, we define v_p := w_q + σ(h), as long as p = hq, with q ∈ Λ/H̃ and h ∈ H̃. Note that the above is a well-posed definition, by G3. Moreover, by construction, (T_gv)_p = v_{ghq} = w_q + σ(g) + σ(h) = (R_{σ(g)}v)_p ,

for any g ∈ H̃, so v ∈ C_{σ,}~_H . Therefore, (39) S^R_{σ,H̃} (u^{∗,σ,H̃,R}) ≤ S^R_{σ,H̃} (v) . We claim that If δ(B) ≤ R, B ∩ X = ∅ and B ∩ (Λ/H̃) ≠ ∅,

then (gB) ∩ X = ∅ for any g ∈ H̃.

(40)

Indeed, if, by contradiction, δ(B) ≤ R, B ∩ X = ∅, B ∩ (Λ/H̃) ≠ ∅ and (gB) ∩ X ≠ ∅, we would have that gB ⊂ Y , thanks to (10), and so (gB) ⊂ (Λ/H̃). Then, take q ∈ B ∩ (Λ/H̃) ≠ ∅. It would follow that both q and gq lie in Λ/H̃, thence g should be the identity. But then ∅ ≠ (gB) ∩ X = B ∩ X = ∅ , and this contradiction proves (40). We now show that

(41) If δ(B) ≤ R, B ∩ X = ∅ and B ∩ (Λ/H̃) ≠ ∅, then H_B(v) = H_B (u^{∗,σ,R}).

To prove this, let B as above and take any p ∈ B. Let q ∈ Λ/H̃ in such a way p = hq, with h ∈ H̃. Then, q ∉ X, otherwise (h^{−1}p) ∈ (h^{−1}B) ∩ X, contrary to (40). Accordingly, v_p = w_q + σ(h) = u^{∗,σ,R}_q + β_q + σ(h) = u^{∗,σ,R}_q + σ(h) = u^{∗,σ,R}_{hq} = u^{∗,σ,R}_p ,

AUBRY-MATHER THEORY IN STATISTICAL MECHANICS 27

since u^{∗,σ,R} ∈ C_{σ,H} . Then, (41) is a consequence of H1. Now, given B ⊂ Λ, we define

U~_H (B) := ⋃ h∈H̃ (hB) . Thus,

(42) If [B]~_H ∈ S~_H , δ(B) ≤ R and U~_H (B) ∩ X = ∅, then H_{[B]H̃} (v) = H_{[B]H̃} (u^{∗,σ,R}).

Indeed, take B as above and let B^∗ ∈ [B]~_H such that B^∗ ∩(Λ/H̃) ≠ ∅. Then, B^∗ ∩X ⊂ U~_H (B) ∩ X = ∅ and so, by (41), H_{[B]H̃} (v) = H_B∗ (v) = H_B∗ (u^{∗,σ,R}) = H_{[B]H̃} (u^{∗,σ,R}) , proving (42). Moreover,

(43) If δ(B) ≤ R, B ∩ X ≠ ∅ and B ≠ A ∈ [B]~_H , then A ∩ X = ∅.

Indeed, if (43) did not hold, we would have that A = hB for some h ∈ H̃ and that both A and B lie in Y ⊂ (Λ/H̃). Then, h must be the identity and so A = B, in contradiction with the assumption, which gives (43). As a consequence of (43), ∑ [B]H̃ ∈SH̃ U~ H (B)∩X≠∅ δ(B)≤R H_{[B]H̃} = ∑ B∈S B∩X≠∅ δ(B)≤R H_B ,

and, consequently, S^R_{σ,H̃} = ∑ [B]~ H ∈S~ H UH̃ (B)∩X=∅ δ(B)≤R H_{[B]H̃} + ∑ B∈S B∩X≠∅ δ(B)≤R H_B .

We now make use of the above equality, (42) and (39) to conclude that ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ,R}) = S^R_{σ,H̃} (u^{∗,σ,R}) − ∑ [B]H̃ ∈SH̃ U~ H (B)∩X=∅ δ(B)≤R H_{[B]H̃} (u^{∗,σ,R})

= S^R_{σ,H̃} (u^{∗,σ,R}) − ∑ [B]~ H ∈S~ H U~ H (B)∩X=∅ δ(B)≤R H_{[B]H̃} (v)

≤ S^R_{σ,H̃} (v) − ∑ [B]~ H ∈S~ H UH̃ (B)∩X=∅ δ(B)≤R H_{[B]H̃} (v)

= ∑ B∈S B∩X≠∅ δ(B)≤R H_B (v) , as desired. □

2.6. The Birkhoff property and a-priori bounds. We now show that the infimal minimizer is Birkhoff (see Definition 6 ) and that it belongs to the space O_σ defined on page 6.

Lemma 24. The infimal minimizer u^{∗,σ,R} is Birkhoff.

Proof. Let ℓ ∈ Z and g ∈ G be such that σ(g) ≥ ℓ (resp., σ(g) ≤ ℓ). By H3 and H4, R_{−ℓ}T_gu^{∗,σ,R} (resp., R_ℓT_g−1 u^{∗,σ,R}) is also a minimizer for S^R_{σ,H} in C_{σ,H} and it satisfies the constraints in the right hand side of (36). Thus, by the infimal minimizer property, u^{∗,σ,R} ≤ R_{−ℓ}T_gu^{∗,σ,R} (resp.,, u^{∗,σ,R} ≤ R_ℓT_g−1 u^{∗,σ,R}). □ Next result points out a useful property of the Birkhoff functions: Lemma 25. If v satisfies the Birkhoff property, then v_{gq} − v_q ∈ [σ(g) − 1, σ(g) + 1], for any q ∈ Λ and any g ∈ G.

Proof. Given g ∈ G, let ℓ ∈ Z be so that ℓ ≤ σ(g) ≤ ℓ + 1. Then, since v is Birkhoff, T_g(v) ≥ R_ℓ(v) and T_g(v) ≤ R_{ℓ+1}(v). That is, v_{gq} − v_q ≥ ℓ ≥ σ(g) − 1 and v_{gq} − v_q ≤ ℓ + 1 ≤ σ(g) + 1 , for any q ∈ Λ, as desired. □

Corollary 26. If v satisfies the Birkhoff property, then v_{g1p} − v_{g2p} ∈ [σ(g_1) − σ(g_2) − 1, σ(g_1) − σ(g_2) + 1], for any p ∈ Λ and any g ∈ G.

Proof. Just apply Lemma 25 to g := g_1g^{−1}_2 and q := g_2p. □ We now perform an easy energy estimate which will imply an a-priori regularity result (that is, Lemma 28).

Lemma 27. Let K, κ, θ be as in H6. Suppose that v satisfies the Birkhoff property and that (44) max_{i,j∈Λ/G} |v_i − v_j | ≥ 2 . Then, H_{gF} (v) ≥ κ ( max i,j∈Λ/G |v_i − v_j| − 2 )_θ − K , for any g ∈ G.

Proof. Let a, b ∈ Λ/G such that v_a − v_b = max_{i,j∈Λ/G} |v_i − v_j | . By Lemma 25, v_{ga} − v_{gb} ≥ (v_a + σ(g) − 1) − (v_b + σ(g) + 1) = v_a − v_b − 2 , which is greater or equal then zero, by (44). Hence, from H3 and H6, H_{gF} (v) = H_F (T_gv) ≥ κ max_{i,j∈(Λ/G)} |v_{gi} − v_{gj} |^θ − K ≥ κ (v_{ga} − v_{gb})^θ − K ≥ κ (v_a − v_b − 2)^θ − K , as desired. □

We are now in the position of estimating the oscillation of our minimizers:

Lemma 28. Let κ, K, S, θ, ϑ be as in H6 and H7. Let v ∈ C_{σ,H} be a minimizer for S^R_{σ,H} on C_{σ,H} . Then,

max i,j∈Λ/G |v_i − v_j | ≤ 2 + ( S (|||σ|||^ϑ + 1) ♯F + K κ )_{1/θ} .

Proof. Without loss of generality, we may assume that (44) holds, otherwise we are done. Note also that

(45) [iF ]_H ≠ [jF ]_H for any i ≠ j ∈ G/H

Indeed, if F = gF , with g = i^{−1}hj and h ∈ H, then, since F is finite (and not empty), fixed f ∈ F , we have that there exist n_1 > n_2 ∈ N in such a way that g^{n1} f = g^{n2} f. That is, if n := n_1 − n_2 > 0, g^nf = f and so, by G3, g ∈ H and so i and j are the same in G/H, yielding (45).

Moreover, by H10 and (27), δ(iF ) ≤ R, for any i ∈ G/H. Also, since F = Λ/G, we have that, for any i ∈ G/H, there exists h ∈ H in such a way that (hiF ) ∩ (Λ/H) ≠ ∅. Thus, we deduce from H6 that S^R_{σ,H} (v) ≥ ∑ i∈G/H H_{iF} (v) .

Moreover, by H7, S^R_{σ,H} (σ) ≤ ∑ B∈S B∩(Λ/H)≠∅ ς(B) (|||σ|||^ϑ + 1) ≤ S (|||σ|||^ϑ + 1) · ♯(Λ/H) .

Hence, we exploit Lemma 27 to conclude that ( κ ( max j,h∈Λ/G |v_j − v_h| − 2 )_θ − K ) · ♯(G/H) ≤ ∑ i∈G/H ( κ ( max j,h∈Λ/G |v_j − v_h| − 2 )_θ − K )

≤ ∑ i∈G/H H_{iF} (v) ≤ S^R_{σ,H} (v) ≤ S^R_{σ,H} (σ) ≤ S (|||σ|||^ϑ + 1) · ♯(Λ/H) = S (|||σ|||^ϑ + 1) · ♯(Λ/G) · ♯(G/H) , which yields the desired result. □ Lemma 29. Let K^⋆_σ be as in (7). Then, |u^{∗,σ,R}_{gi} − σ(g)| ≤ K^⋆_σ − 1 , for all i ∈ Λ/G.

Proof. First, note that, by the constraint in the right hand side of (36), u^{∗,σ,R}_{gi} ≥ σ(g), for any g ∈ G and any i ∈ Λ/G.

In fact, we also have that there exist i^∗ ∈ Λ/G and g^∗ ∈ G in such a way that (46) u^{∗,σ,R}_g∗_i∗ − σ(g^∗) ∈ [0, 1] . To prove this, we argue by contradiction, supposing that u^{∗,σ,R}_{gi} − σ(g) ≥ 1 for all i ∈ Λ/G and g ∈ G. Then, (R_{−1}u^{∗,σ,R})_{gi} = u^{∗,σ,R}_{gi} − 1 ≥ σ(g) , that is, R_{−1}u^{∗,σ,R} satisfies the constraints in the right hand side of (36) and so, due to H3 and H4, it is also a minimizer. Since R_{−1}u^{∗,σ,R} < u^{∗,σ,R}, this would contradict the fact that u^{∗,σ,R} is the infimal minimizer. This yields the proof of (46). Now, if ♯(Λ/G) = 1, that is, if Λ/G = {i^∗}, then (46) and Corollary 26 imply that |u^{∗,σ,R}_{gi}∗ − σ(g)| ≤ |u^{∗,σ,R}_{gi}∗ − u^{∗,σ,R}_g∗_i∗ − σ(g) + σ(g^∗)| + |u^{∗,σ,R}_g∗_i∗ − σ(g^∗)| ≤ 2 + 1 , which is the desired result for this case.

If, on the other hand, ♯(Λ/G) ≥ 2 we exploit (46), Corollary 26 and Lemma 28 to obtain that |u^{∗,σ,R}_{gi} − σ(g)| ≤ |u^{∗,σ,R}_{gi} − u^{∗,σ,R}_{gi}∗ | + |u^{∗,σ,R}_{gi}∗ − u^{∗,σ,R}_g∗_i∗ − σ(g) + σ(g^∗)| + |u^{∗,σ,R}_g∗_i∗ − σ(g^∗)| ≤ 2 + ( S (|||σ|||^ϑ + 1) ♯F + K κ )_{1/θ} + 2 + 1 ,

as desired. □

2.7. Approximating irrational cocycles with rational ones. We now remove the assumption (made on page 16) that the cocycle σ is rational. We keep, for the moment the assumption that the interaction is finite range. The finite range assumption will be removed later.

Lemma 30. Fix R > 0. Let K^⋆_σ be as in (7). Then, fixed any cocycle σ, there exists a Birkhoff configuration u^{∗,σ,R} such that (47) |u^{∗,σ,R}_{gi} − σ(g)| ≤ K^⋆_σ − 1 , for all i ∈ Λ/G.

Also, given any finite set X ⊂ Λ and any configuration β such that β_p = 0 for any p ∈ Λ − X, one has that

(48) ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{∗,σ,R}) ≤ ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ,R} + β) .

The fact that u^{∗,σ,R} satisfies (48) means that it is a ground state for the cut–off interaction.

Proof. Proposition 23 and Lemma 29 yields the result for rational cocycle. Thus, let σ be an irrational cocycle, and let σ^{(n)} be as in Proposition 11. Consider the infimal minimizer u^{∗,σ(n),R} in the light of Proposition 23 and Lemma 29. Since u^{∗,σ(n),R} − u_σ(n) belongs to the topological product Π_{p∈Λ}[−K^⋆_{σ(n)} , K^⋆_{σ(n)} ], and so to Π_{p∈Λ}[−K^⋆_σ − 1, K^⋆_σ +1] as long as n is large enough, and such a set is compact by Tychonoff Theorem, we deduce that, up to subsequences, u^{∗,σ(n),R} converges to a suitable u^{∗,σ,R} pointwise in Λ. Of course, u^{∗,σ,R} satisfies (47), since so does u^{∗,σ(n),R}. Also, by H8, there exists C > 0 in such a way that, for any B ∈ S, |H_B(u^{∗,σ(n),R} + β) − H_B (u^{∗,σ,R} + β)| + |H_B(u^{∗,σ(n),R}) − H_B (u^{∗,σ,R})| ≤ C ∑ p∈B |u^{∗,σ(n),R} p − u^{∗,σ,R}_p | and so, since B is a finite set, lim n→+∞ H_B (u^{∗,σ(n),R} + β) = H_B(u^{∗,σ,R} + β) and lim_{n→+∞} H_B (u^{∗,σ(n),R}) = H_B(u^{∗,σ,R}) . Therefore, lim n→+∞ ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ(n),R} + β) = ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ,R} + β)

and lim_{n→+∞} ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ(n),R}) = ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{∗,σ,R}) , since, by Lemma 12, the above series are just finite sums. It follows that u^{∗,σ,R} satisfies (48), since, by Proposition 23, so does u^{∗,σ(n),R}. □

2.8. Removing the cut-off. We now complete the proof of Theorem 8 by taking the limit as R → +∞, that is, we will remove the conditions that the interaction sets B have to satisfy δ(B) ≤ R.

To this extent, given a (possibly irrational) cocycle σ, let u^{∗,σ,R} be as in Lemma 30. By (47) and Tychonoff Theorem, we may suppose that u^{∗,σ,R} converges to some u^{∗,σ} pointwise in Λ, possibly up to a subsequence.

We will show that u^{∗,σ} is the configuration claimed in Theorem 8. Indeed, u^{∗,σ} satisfies (12), just by taking the limit as R → +∞ in (47).

Then, the proof of Theorem 8 is completed once we show that u^{∗,σ} is a ground state. Proving that u^{∗,σ} is a minimizer of the energy without the cut–off is somewhat delicate. Of course, the energies considered are different. the reduced energy energy S^R_{σ,H} defined in (28) is different. in (1). We also note that we have to deal with the fact that when we define the periodified energy, we are considering only periodified configurations. If we consider increasing the range of the interaction, then the interacting sets will be much larger than the fundamental domain of the periodification. Hence, the interactions could be counted many times.

As we will see, this difficulty is solved thanks to the no-symmetry breaking result of Proposition 22 which makes possible to consider large fundamental domains for the periodification without changing the minimizers. Then, we can increase the range of the perturbation without problems of overcounting.

We now proceed to the formal proof that u^{∗,σ} is a ground state, and this will end the proof of Theorem 8.

For this, fix a finite set X ⊂ Λ and consider a configuration v in such a way v_p = u^{∗,σ}_p for any p ∈ Λ − X, and let β := v − u^{∗,σ}. For a fixed R > 0, let Y be the set in (10); then, for any r ≥ R, ∑ B∈S B∩X≠∅ δ(B)≤R |H_B(u^{∗,σ}) − H_B (u^{∗,σ,r})|

≤ ∑ B∈S B∩X≠∅ δ(B)≤R ∑ p∈B ∫_1 0 | | | ∂H_B ∂u_p (τu^{∗,σ} + (1 − τ)u^{∗,σ,r}) | | | dτ · |u^{∗,σ}p − u^{∗,σ,r}p |

≤ ∑ p∈Y ∑ B∈S B∋p ∫_1 0 | | |∂H^B ∂u_p (τu^{∗,σ} + (1 − τ)u^{∗,σ,r}) | | | dτ · |u^{∗,σ}_p − u^{∗,σ,r}_p |

≤ C ∑ p∈Y |u^{∗,σ}_p − u^{∗,σ,r}_p | , where H8 has been used. Then, since, by H10, Y is a finite set, lim r→+∞ ∑ B∈S B∩X≠∅ δ(B)≤R |H_B(u^{∗,σ}) − H_B(u^{∗,σ,r})| = 0 ,

for any fixed R > 0.

Analogously, if we set v^{(r)} := u^{∗,σ,r} + β, lim r→+∞ ∑ B∈S B∩X≠∅ δ(B)≤R |H_B(v) − H_B (v^{(r)})| = 0 ,

for any fixed R > 0.

Fix now ϵ > 0. From H10, there exists R_ϵ > 0 in such a way sup_{u∈Oσ} ∑ B∈S B∩X≠∅ δ(B)>R H_B (u) ≤ ϵ ,

provided that R ≥ R_ϵ. Therefore, for any R ≥ R_ϵ, ∑ B∈S B∩X≠∅ H_B(u^{∗,σ}) − ∑ B∈S B∩X≠∅ H_B (v)

≤ 2ϵ + ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ}) − ∑ B∈S B∩X≠∅ δ(B)≤R H_B (v)

= 2ϵ + lim_{r→+∞} ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{∗,σ,r}) − ∑ B∈S B∩X≠∅ δ(B)≤R H_B (v^{(r)})

= 2ϵ + lim_{r→+∞} ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{∗,σ,r}) − ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{∗,σ,r} + β) .

Then, by (48), ∑ B∈S B∩X≠∅ H_B(u^{∗,σ}) − ∑ B∈S B∩X≠∅ H_B(v) ≤ 2ϵ . Since ϵ may be taken arbitrarily small, we have just proved that u^{∗,σ} is a ground state, thus completing the proof of Theorem 8.

3. Laminations of ground states

We would like now to stress the fact that the ground states constructed in Theorem 8 induce a (possibly singular) lamination of F × T^1 . See Definition 9. First of all, we prove that the ground states are a closed set under pointwise convergence:

Lemma 31. Let u^{(n)} ∈ O_σ be such that lim n→+∞ u (n) p = u_p , for any p ∈ Λ. Suppose that any u^{(n)} is a ground state. Then so is u. Proof. Let β be a configuration which vanishes outside a finite set X. Then, if K := K^⋆_σ + sup_{p∈X} |β(p)| , we have that u^{(n)} + β , u + β ∈ O^K_σ .

Thus, fix ϵ > 0 and use H10 to find R > 0 in such a way that sup_{u∈OK} σ ∑ B∈S B∩X≠∅ δ(B)>R H_B (u) ≤ ϵ .

Observe that

|H_B(u^{(n)}) − H_B (u)| ≤ ∑ p∈B ∫_1 0 | | |∂H^B ∂u_p (τu^{(n)} + (1 − τ)u) | | | dτ · |u^{(n)}_p − u_p| ≤ C ∑ p∈B |u^{(n)}_p − u_p|, , for some C > 0, thanks to H8. Thus, since B is a finite set, lim n→+∞ H_B (u^{(n)}) = H_B (u) .

Therefore, lim n→+∞ ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u^{(n)}) = ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u) ,

since the above series are finite sums, due to H10. Analogously, lim n→+∞ ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{(n)} + β) = ∑ B∈S B∩X≠∅ δ(B)≤R H_B (u + β) .

Also, since u^{(n)} is a ground state, 0 ≤ ∑ B∈S B∩X≠∅ H_B(u^{(n)} + β) − ∑ B∈S B∩X≠∅ H_B (u^{(n)})

≤ 2ϵ + ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{(n)} + β) − ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u^{(n)}) and so, by passing to the limit,

0 ≤ 2ϵ + ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u + β) − ∑ B∈S B∩X≠∅ δ(B)≤R H_B(u)

≤ 4ϵ + ∑ B∈S B∩X≠∅ H_B (u + β) − ∑ B∈S B∩X≠∅ H_B (u) ,

which gives the desired result by taking ϵ as small as we wish. □

We now point out a useful property of Birkhoff functions:

Lemma 32. If u ∈ B_σ, g_1, g_2 ∈ G and ℓ_1, ℓ_2 ∈ Z, then either R_{ℓ1} T_{g1} u ≥ R_{ℓ2} T_{g2} u or R_{ℓ1} T_{g1} u ≤ R_{ℓ2} T_{g2} u.

Proof. Let u ∈ B_σ. Since σ is a cocycle, by possibly exchanging the indices, we may suppose that σ(g_1g^{−1}_2 ) ≥ ℓ_2 − ℓ_1. Then, by the Birkhoff property, T_{g1g}−1_2 u ≥ R_{ℓ2−ℓ1} u, and so R_{ℓ1} T_{g1} u ≥ R_{ℓ2} T_{g2} u. □

Corollary 33. Let u be a Birkhoff function. For any g ∈ G and ℓ ∈ Z, let L_{ℓ,g} := {( p, (R_ℓT_gu)_p ) | | p ∈ F } . Let L be the closure of ⋃ g∈G ℓ∈Z L_{ℓ,g} . Then, L is a (possibly singular) lamination on F × R.

Also, if (p, r) ∈ L, then (p, r + s) ∈ L for any s ∈ Z, thus L may be quotiented to a lamination of F × T^1 .

Proof. The first claim follows from Lemma 32. The second one from the observation that if (p, r) ∈ L_{ℓ,g}, then (p, r + s) ∈ L_{ℓ+s,g}. □

As a consequence of Corollary 33 and Lemma 31, we obtain:

Corollary 34. Let u be a Birkhoff ground state. Then the (possibly singular) lamination of Corollary 33 is made of ground states. Let (49) H := {g ∈ G | σ(g) ∈ Z} . It is easily seen that, if u ∈ B_σ, then

(50) T_hu = R_{σ(h)}u

for any h ∈ H, so all the values of u are determined by the values in Λ/H. This gives another characterization of the group H:

Lemma 35. H = {g ∈ G s.t. ∃s ∈ Z s.t. T_gu = R_su ∀ u ∈ B_σ}.

Proof. Let g be in the set described by Lemma 35. Then, since u_σ ∈ B_σ, for any q ∈ F

σ(g) = u_σ(gq) = (T_gu_σ)_q = (R_su_σ)_q = u_σ(q) + s = s ∈ Z ,

due to (6), so g belongs to the set in (49).

Viceversa, let g be in set described by (49). Then, it also belongs to the set described by Lemma 35, thanks to (50). □

When the cocycle is rational, H happens to be finite index. Thus, the assumption in Theorem 10 that H is just the identity may be seen as an irrationality condition. With this notation, we see that the gap is “summable” over the quotient between the crystal and the group H:

Lemma 36. Let u^{(0)} and u^{(1)} be at the edge of a gap in the minimal (possibly singular) lamination of Corollary 34. Then, the following estimate holds: ∑ p∈Λ/H |u^{(1)}(p) − u^{(0)}(p)| ≤ ♯F .

Proof. Given g ∈ G/H let

Θ_g := {(p, [t]) , p ∈ F , u^{(0)}(gp) ≤ t ≤ u^{(1)}(gp)} ,

where [·] here above denotes the integer part. Then, Θ_g ⊂ F × T^1 and Θ_g ∩ Θ_{g̃} = ∅ if g ≠ g̃, thanks to the Birkhoff property and the fact that u^{(0)} and u^{(1)} are at the edge of a gap in the minimal (possibly singular) lamination.

Let μ be the product measure between the counting measure on F and the Lebesgue measure L on T^1 . Then, the above arguments and Fubini’s Theorem yield that ♯F = μ(F × T^1) ≥ μ ⋃ g∈G/H Θ_g = ∑ g∈G/H μ (Θ_g) = ∑ g∈G/H ∑ p∈F |u^{(1)}(gp) − u^{(0)}(gp)| = ∑ i∈Λ/H |u^{(1)}(i) − u^{(0)}(i)| ,

thanks to Lemma 14, as desired. □

4. Proof of Theorem 10

In order to prove Theorem 10, without loss of generality, we may suppose that u^{(0)} and u^{(1)} are at the edge of a gap in the (possibly singular) lamination induced by the minimizers given in Theorem 8 (see the discussion in Section 3 and, in particular, Corollaries 33 and 34 there). Indeed, if the lamination has no gaps between u^{(0)} and u^{(1)}, then infinitely many leaves lie between u^{(0)} and u^{(1)}, thus giving the claim of Theorem 10.

Thus, we are now going to construct a new solution inside the gap bordered by u^{(0)} and u^{(1)}.

Notice that, due to Lemma 36 and the fact that H only contains the identity, we have that

(51) ∑ p∈Λ |u^{(1)}(p) − u^{(0)}(p)| ≤ ♯F .

This estimate will play a crucial role in the sequel since it will provide some amount of compactness.

The a-priori bound (51) gives us an ℓ^1 a priori bound for the difference of the two solutions. Note that it is a purely geometric bound and that it only depends on the fact that they are at the edge of the gaps of a (possibly singular) lamination. Indeed, the term in the left is just the total volume of the gap. Since we know that all the translates of the gap cannot intersect, we just divide the pieces of the integral so that they fit in the fundamental domain.

4.1. Set-up and compactness features. During this proof, we will fix a cocycle σ as in the statement of Theorem 10. We introduce the sup-norm ‖u‖ := sup_{p∈Λ} |u(p)| . It is easily seen that O_σ, endowed with such norm, is a Banach manifold. We define C_σ(u^{(0)}, u^{(1)}) := { u ∈ B_σ | u^{(0)} ≤ u ≤ u^{(1)} } , where u^{(0)} and u^{(1)} are as in the statement of Theorem 10. To avoid unnecessary complications, we will use C as a short-hand notation for C_σ (u^{(0)}, u^{(1)}) in the sequel. We point out that C possesses the following useful compactness property: Lemma 37. Let u_n ∈ C for any n ∈ N. Then, there exists a subsequence u_{nk} and a configuration u ∈ C such that

(52) lim_{k→+∞} u_{nk} (p) = u(p) ,

for any p ∈ Λ.

Proof. Let u_σ be as defined in (6) and set v_n := u_n − u_σ. Since u^{(0)}, u^{(1)} ∈ B_σ ⊂ O_σ, we deduce from (8) that

−K^⋆_σ ≤ (u^{(0)} − u_σ)(p) ≤ v_n(p) ≤ (u^{(1)} − u_σ)(p) ≤ K^⋆_σ .

That is, v_n = {v_n(p) , p ∈ Λ} belongs to the topological product Π_{p∈Λ}[−K^⋆_σ , K^⋆_σ]. Since, by Tychonoff Theorem, the latter space is compact, we have that there exists a subsequence v_{nk} and a configuration v such that lim k→+∞ v_{nk} (p) = v(p) , for any p ∈ Λ. This proves (52), by setting u := v + u_σ. Since u_n ∈ C, it also follows from (52) that u ∈ C. □

Pointwise and uniform convergence thus agree on C, as next result points out:

Lemma 38. If u_n ∈ C is a sequence such that lim n→+∞ u_n(p) = u(p) , for any p ∈ Λ, then u_n converges to u in the sup-norm ‖ · ‖. Proof. Fix ϵ > 0. By (51), there exists a finite set X_ϵ = {p_1, . . . , p_m} ⊂ Λ in such a way that |u_n(p) − u^{(0)}(p)| ≤ ϵ , for any n ∈ N and any p ∈ Λ − X_ϵ. Since C is obviously closed under pointwise limit, u ∈ C and |u(p) − u^{(0)}(p)| ≤ ϵ , for any p ∈ Λ − X_ϵ.

Also, using again the pointwise convergence of u_n, we have that, for each j = 1, . . . , m, there exists n(ϵ, j) such that |u_n(p_j ) − u(p_j)| ≤ ϵ , for any n ≥ n(ϵ, j). Let n(ϵ) := max{n(ϵ, 1), . . . , n(ϵ, m)} . Then, |u_n(p) − u(p)| ≤ ϵ , for any n ≥ n(ϵ) and any p ∈ X_ϵ. Thus, if n ≥ n(ϵ), ‖u_n − u‖ ≤ sup_{p∈Xϵ} |u_n(p) − u(p)| + sup p∈Λ−X_ϵ ( |u_n(p) − u^{(0)}(p)| + |u^{(0)}(p) − u(p)| ) ≤ 3ϵ , proving the desired claim. □ As an easy consequence of Lemmata 37 and 38, we thus deduce that C is compact in the sup-norm:

Corollary 39. Let u_n ∈ C for any n ∈ N. Then, there exists a subsequence u_{nk} and a configuration u ∈ C so u_{nk} converges to u in the sup-norm ‖ · ‖.

As in [dlLV05], it is also convenient to introduce a renormalized energy functional. Namely, we set

(53) S_σ(u) := ∑ B∈S B∩Λ≠∅ ( H_B(u) − H_B (u^{(0)}) ) .

The paper [dlLV05] contains a similar result in the case of partial differential equation. In partial differential equations renormalized energies for the study of homoclinic solutions to periodic solutions were also used in [RS03]. We also note that some similar expressions were considered in [Mat86] in the context of the Peierls-Nabarro barrier. The above renormalized energy (53) provides a “nice” functional in C, in view of the following result:

Lemma 40. For any u ∈ C, the series in (53) is absolutely convergent, and

(54) 0 ≤ S_σ(u) < +∞ .

Moreover, if S_σ(u) = 0 for some u ∈ C, then u is a ground state, and, conversely, if u ∈ C is a ground state, then S_σ(u) = 0.

Proof. For any u ∈ C, ∑ B∈S |H_B (u) − H_B(u^{(0)})|

≤ ∑ B∈S ∑ p∈B | | | ∫_1 0 ∂H_B ∂u_p (τu + (1 − τ)u^{(0)}) dτ · (u_p − u^{(0)}_p ) | | |

≤ ∑ p∈Λ ∑ B∈S B∋p ∫_1 0 | | |∂H^B ∂u_p (τu + (1 − τ)u^{(0)}) | | | dτ · |u_p − u^{(0)}_p |

≤ C ∑ p∈Λ |u − u^{(0)}| ,

thanks to H8. Thus, by (51), the series in (53) is absolutely convergent, and so S_σ(u) < +∞, as desired.

Then, let u ∈ C and fix ϵ > 0. We exploit again (51) to construct a set X_ϵ ⊂ Λ so that

(55) ♯X_ϵ < +∞ and (56) ∑ p∈Λ−X_ϵ |u^{(1)} − u^{(0)}| ≤ ϵ .

Let now

v(p) := { u(p) if p ∈ X_ϵ, u^{(0)}(p) if p ∈ Λ − X_ϵ.

Since the series in (53) is absolutely convergent (as we have just proved), by using H8 and (56), we see that

|S_σ(u) − S_σ(v)| = | | | | | ∑ B∈S H_B (u) − H_B (v) | | | | | ≤ ∑ B∈S ∑ p∈B ∫_1 0 | | | ∂H_B ∂u_p (τu + (1 − τ)v) | | | dτ · |u^p − v^p| = ∑ p∈Λ ∑ B∈S B∋p ∫_1 0 | | | ∂H_B ∂u_p (τu + (1 − τ)v) | | | dτ · |u^p − v^p| ≤ C ∑ p∈Λ |u_p − v_p| = C ∑ p∈Λ−X_ϵ |u_p − u^{(0)}_p | ≤ Cϵ .

(57)

Furthermore, since u^{(0)} is a ground state, we deduce from (55) that ∑ B∈S B∩Xϵ≠∅ (H_B(v) − H_B(u^{(0)})) ≥ 0 .

This, H8, (56) and (57) yield that 2Cϵ + S_σ(u) ≥ Cϵ + S_σ(v) ≥ Cϵ + ∑ B∈S B∩Xϵ=∅ (H_B(v) − H_B(u^{(0)}))

≥ Cϵ − ∑ B∈S B∩Xϵ=∅ ∑ p∈B ∫_1 0 | | | | ∂H_B ∂u_p (τv + (1 − τ)u^{(0)}) | | | | dτ · |v^p − u^{(0)}p | ≥ Cϵ − C ∑ p∈Λ−X_ϵ |v_p − u^{(0)}_p | ≥ 0 . Since ϵ may be taken as small as we wish, we have just proved that S_σ(u) ≥ 0, which completes the proof of (54).

Let now u ∈ C such that S_σ(u) = 0. Let X be a finite set and let w be so that w_p = u_p for any p ∈ Λ − X. Let X_ϵ ⊃ X as in (55) and (56) and set

z(p) := { w(p) if p ∈ X_ϵ, u^{(0)}(p) if p ∈ Λ − X_ϵ.

Arguing as in the proof of (57), we get that | | | ∑ B∈S B∩Xϵ≠∅ (H_B (w) − H_B(u^{(0)})) − ∑ B∈S B∩Xϵ≠∅ (H_B (z) − H_B (u^{(0)})) | | | ≤ C ∑ p∈Λ |w_p − z_p| = C ∑ p∈Λ−X_ϵ |u^{(0)}_p − z_p| ≤ Cϵ and that | |S_σ(u) − ∑ B∈S B∩Xϵ≠∅ (H_B (u) − H_B(u^{(0)})) | | ≤ C ∑ p∈Λ−X_ϵ |u_p − u^{(0)}_p | ≤ Cϵ . Furthermore, since u^{(0)} is a ground state, ∑ B∈S B∩Xϵ≠∅ (H_B(z) − H_B(u^{(0)})) ≥ 0 .

By collecting the above estimates, and exploiting the fact that S_σ(u) = 0 = S_σ(u^{(0)}), we conclude that

(58) ∑ B∈S B∩Xϵ≠∅ (H_B(u) − H_B (u^{(0)})) − ∑ B∈S B∩Xϵ≠∅ (H_B(w) − H_B (u^{(0)})) ≤ 3Cϵ .

Moreover, from H1, ∑ B∈S B∩X=∅ |H_B(u) − H_B (w)| = 0 . This and (58) imply that ∑ B∈S B∩X≠∅ (H_B (u) − H_B(w))

= ∑ B∈S B∩Xϵ≠∅ (H_B(u) − H_B (w)) ≤ 3Cϵ . Since ϵ may be taken arbitrarily small, this gives that u is a ground state. Let us now suppose that u ∈ C is a ground state. Fix ϵ > 0 and let X_ϵ as in (55) and (56). We set

ũ(p) := { u^{(0)}(p) if p ∈ X_ϵ, u(p) if p ∈ Λ − X_ϵ.

Then, since u is a ground state, ∑ B∈S B∩Xϵ≠∅ H_B(u) ≤ ∑ B∈S B∩Xϵ≠∅ H_B(ũ) . Moreover, by H8, the fact that u ∈ C and (56), ∑ B∈S |H_B (ũ) − H_B(u^{(0)})| ≤ C ∑ p∈Λ |ũ_p − u^{(0)}_p | = C ∑ p∈Λ−X_ϵ |ũ_p − u^{(0)}_p | ≤ Cϵ , for some C > 0, and so S_σ(u) ≤ Cϵ + ∑ B∈S (H_B (u) − H_B(ũ))

≤ Cϵ + 0 + ∑ B∈S B∩Xϵ=∅ |H_B(u) − H_B(ũ)| . Since, if B ∩ X_ϵ = ∅, we have that u_p = ũ_p for any p ∈ B, it thus follows from H1 that S_σ(u) ≤ Cϵ + 0 + 0 .

Since ϵ may be taken arbitrary small, we obtain that S_σ(u) ≤ 0, and, in fact, S_σ(u) = 0, thanks to (54), which has been already proved. This ends the proof of Lemma 40. □ The renormalized energy “behaves nicely” with respect to pointwise convergence, as we now show:

Lemma 41. Let u_n ∈ C be such that lim n→+∞ u_n(p) = u(p) , for any p ∈ Λ. Then, (59) lim_{n→+∞} ∑ p∈Λ |u_n(p) − u(p)| = 0 ,

(60) lim_{n→+∞} S_σ(u_n) = S_σ(u) and (61) lim_{n→+∞} ∑ p∈Λ ( ∑ B∈S B∋p ∂H_B ∂u_p (u_n)

)_2 = ∑ p∈Λ ( ∑ B∈S B∋p ∂H_B ∂u_p (u) )_2 .

Proof. By (51), fixed ϵ > 0, we can find a finite set X_ϵ = {p^{(1)}ϵ , . . . , p^{(ℓϵ)}ϵ } in such a way that ∑ p∈Λ−X_ϵ |u^{(1)} − u^{(0)}| ≤ ϵ .

Then,

lim n→+∞ ∑ p∈Λ |u_n(p) − u(p)| ≤ lim_{n→+∞} ∑ p∈X_ϵ |u_n(p) − u(p)| + ϵ

= lim_{n→+∞} ℓ_ϵ∑

k=1 |u_n(p^{(k)}_ϵ ) − u(p^{(k)}_ϵ )| + ϵ

= 0 + ϵ ,

due to (38).

By taking ϵ as small as we wish, we thus obtain the proof of (59). Furthermore, since, by Lemma 40, the series in (53) is absolutely convergent,

S_σ(u) − S_σ(u_n) = ∑ B∈S ( H_B(u) − H_B (u_n) ) .

Hence, using H8,

|S_σ(u) − S_σ(u_n)| ≤ ∑ B∈S ∑ p∈B ∫_1 0 | | | | ∂H_B ∂u_p (τu + (1 − τu_n)) | | | | dτ |u(p) − u^n(p)| = ∑ p∈Λ ∑ B∈S B∋p ∫_1 0 | | | | ∂H_B ∂u_p (τu + (1 − τu_n)) | | | | dτ |u(p) − u^n(p)| ≤ C ∑ p∈Λ |u(p) − u_n(p)| ,

for a suitable C, which yields (60), due to (59).

Moreover, by using H8 twice, we have: | | | | | ∑ p∈Λ ∑ B∈S B∋p ∂H_B ∂u_p (u_n) 2 − ∑ p∈Λ ∑ B∈S B∋p ∂H_B ∂u_p (u) 2| | | | |

≤ ∑ p∈Λ ∑ B∈S B∋p | | |∂H^B ∂u_p (u_n) | | | + | | |∂H^B ∂u_p (u) | | | · ∑ B∈S B∋p | | |∂H^B ∂u_p (u_n) − ∂H_B ∂u_p (u) | | |

≤ 2C ∑ p∈Λ ∑ B∈S B∋p ∑ q∈B (∫_1 0 | | | ∂^2H^B ∂u_p∂u_q (τu_n + (1 − τ)u) | | | dτ · |u_n(q) − u(q)| )

= 2C ∑ q∈Λ ∑ B∈S B∋q ∑ p∈B (∫_1 0 | | | ∂^2H_B ∂u_p∂u_q (τu_n + (1 − τ)u) | | | dτ · |u^n(q) − u(q)| )

≤ 2C^2 ∑ q∈Λ |u_n(q) − u(q)| , for some C > 0. This completes the proof of (61), by exploiting (59) once more. □

4.2. The heat flow. We now consider the solution of a “heat flow” problem, which, indeed, is the “gradient flow” of our renormalized energy functional. Given u ∈ C and t > 0, we denote by Φ^t(u) the configuration p → U(p, t) that satisfies

(62) ∂_tU(p, t) = − ∑ B∈S B∋p ∂H_B ∂u_p (U(·, t)) for any p ∈ Λ and t > 0 ,

U(p, 0) = u(p) for any p ∈ Λ .

Then, the following properties hold:

Lemma 42. If u ∈ C, then Φ^t is well-defined for any t > 0. Also, Φ^t(C) ⊂ C and

(63) − d dt S_σ ( Φ^t(u) ) = ∑ p∈Λ ( ∑ B∈S B∋p ∂H_B ∂u_p (Φ^t(u))

)_2 ≥ 0 .

Furthermore, if u ∈ C, the map t → Φ^t(u) belongs to C([0, 1], C). Moreover, fixed T > 0, the map C ∋ u → Φ^t(u) is continuous, with uniform modulus of continuity for t ∈ [0, T ].

Proof. Fixed any p ∈ Λ, ∑ B∈S B∋p | | | ∂H_B ∂u_p (u) − ∂H_B ∂u_p (v) | | | ≤ ∑ B∈S B∋p ∑ q∈B ∫_1 0 | | | ∂^2H_B ∂u_p∂u_q (τu + (1 − τ)v) | | | dτ · ‖u − v‖ ≤ C ‖u − v‖ , for any u, v ∈ C, due to H8. Accordingly, the map

C ∋ u → ∑ B∈S B∋p ∂H_B ∂u_p (u)

is Lipschitz continuous with respect to the sup-norm. Then, the short time existence of the heat flow with continuous dependence on the initial data follows from the theory of ODE’s in Banach spaces (see, e.g., [Hal80]). The short time flow may be continued provided that it does not exit from C (see, e.g., the Prolongation Lemma in [Hal80]). The comparison principle (see, e.g., Lemma 4.3 in [KdlLR97]) shows that Φ^t(C) ⊂ C and thus that it is possible to continue Φ^t in C.

It thus remains to prove (63). To this extent, recalling H8, we fix C_1, C_2 > 0 in such a way

sup_{v∈Oσ} sup_{p∈Λ} ∑ B∈S B∋p | | |∂H^B ∂u_p (v) | | | ≤ C_1 ,

sup_{v∈Oσ} sup_{p∈Λ} ∑ B∈S B∋p ∑ q∈B | | | | ∂^2H_B ∂u_p∂u_q (v) | | | | ≤ C^2 .

From (51), we also have that there exits a collection of finite sets X_n ⊂ Λ, so that X_n ⊂ X_{n+1} for any n ∈ N, X_1 ∪ X_2 ∪ · · · = Λ, and ∑ p∈Λ−X_n |u^{(1)}_p − u^{(0)}_p | ≤ 1 n .

For any t ≥ 0, we define

(64) f_n(t) := ∑ B∈S B∩Xn≠∅ ( H_B (Φ^t(u)) − H_B(u^{(0)}) ) and we now study the convergence properties of f_n and ḟ_n. First of all,

|f_n(t) − S_σ(Φ^t(u))| = | | | | | | ∑ B∈S B∩Xn=∅ ( H_B(Φ^t(u)) − H_B (u^{(0)}) ) | | | | | | ≤ ∑ B∈S B∩Xn=∅ ∑ p∈B ∫_1 0 | | | ∂H_B ∂u_p (τΦ^t(u)) + (1 − τ)u^{(0)}) | | | dτ · |Φ^t(u)p − u^{(0)}_p |

≤ ∑ p∈Λ−X_n ∑ B∈S B∋p ∫_1 0 | |∂HB ∂u_p (τΦ^t(u)) + (1 − τ)u^{(0)}) | | dτ · |Φ_t(u)_p − u_{(0)p} |

≤ C_1 ∑ p∈Λ−X_n |Φ^t(u)_p − u^{(0)}_p | ≤ C_1 n , and so

(65) f_n(t) converges to S_σ(Φ^t(u)) uniformly in t ∈ (0, +∞).

Let now

(66) g(t) := − ∑ p∈Λ ( ∑ B∈S B∋p ∂H_B ∂u_p (Φ^t(u))

)_2 .

Since u^{(0)} is a ground state, and so it solves the variational equation, estimate (51) yields that, fixed any p ∈ Λ, | | | | | | ∑ B∈S B∋p ∂H_B ∂u_p (w) | | | | | |

= | | | | | | ∑ B∈S B∋p ∂H_B ∂u_p (w) − ∑ B∈S B∋p ∂H_B ∂u_p (u^{(0)}) | | | | | | ≤ ∑ B∈S B∋p ∑ q∈B ∫_1 0 | | | ∂^2H_B ∂u_p∂u_q (τw + (1 − τ)u^{(0)}) | | | dτ |w^q − u^{(0)}q | , for any w ∈ C. And so ∑ p∈Λ

| | | | | ∑ B∈S B∋p ∂H_B ∂u_p (w) | | | | | ≤ ∑ p∈Λ ∑ B∈S B∋p ∑ q∈B ∫_1 0 | | | | ∂^2H_B ∂u_p∂u_q (τw + (1 − τ)u^{(0)}) | | | | dτ |w^q − u^{(0)}q |

= ∑ q∈Λ ∑ B∈S B∋q ∑ p∈B ∫_1 0 | | | | ∂^2H_B ∂u_p∂u_q (τw + (1 − τ)u^{(0)}) | | | | dτ |w^q − u^{(0)}q | (67)

≤ C_2 ∑ q∈Λ |w_q − u^{(0)}_q | ≤ C_2 ♯F , for any w ∈ C, where (51) has been used once more. As a consequence,

(68) ∑ p∈Λ | | ∑ B∈S B∋p ∂H_B ∂u_p (Φ^t(u)) | |^2 ≤ C1C2 ♯F ,

which is a bound for the right hand side of (66). From this and the definition of C_1, we have that all the series defining g converge absolutely. Hence, by rearranging the terms, it follows that

(69) − ∑ B∈S ∑ p∈B ∑ A∈S A∋p ( ∂H_B ∂u_p (Φ^t(u)) ∂H_A ∂u_p (Φ^t(u)) ) = g(t) .

We now show that

ḟ_n(t) = − ∑ B∈S B∩Xn≠∅ ∑ p∈B ∑ A∈S A∋p ∂H_B ∂u_p (Φ^t(u)) ∂H_A ∂u_p (Φ^t(u)) .

(70)

For this, we observe that, fixed any t ∈ (0, +∞),

lim_{δ→0} Φ^{t+δ} (u)_q = Φ^t(u)_q ,

for any q ∈ Λ, thanks to Lemma 42. Therefore, by Lemma 41,

(71) lim_{δ→0} ∑ q∈Λ |Φ^{t+δ} (u)_q − Φ^t(u)_q| = 0 .

Moreover, for any t > 0 and any δ, δ^′ ∈ R such that t + δ, t + δ^′ > 0, we have that ∑ p∈Λ ∑ B∈S B∋p ∑ A∈S A∋p ∫_1 0 | | | ∂H_B ∂u_p (Φ^{t+δτ} (u)) − ∂H_B ∂u_p (Φ^t(u)) | | | · | | | ∂H_A ∂u_p (Φ^{t+δ′τ} (u)) | | | dτ

≤ ∑ p∈Λ ∑ B∈S B∋p ∑ A∈S A∋p ∑ q∈B ∫_1 0 ∫_1 0 | | | ∂^2H_B ∂u_p∂u_q (ξΦ^{t+δτ} (u) + (1 − ξ)Φ^t(u)) | | |

· | | | | ∂H_A ∂u_p (Φ^{t+δ′ τ} (u)) | | | | · |Φ^{t+δτ} (u)^q − Φ^t(u)^q| dξ dτ = ∑ q∈Λ ∑ p∈Λ ∑ B∈S B∋p,q ∑ A∈S A∋p ∫_1 0 ∫_1 0 | | | ∂^2H_B ∂u_p∂u_q (ξΦ^{t+δτ} (u) + (1 − ξ)Φ^t(u)) | | |

· | | | | ∂H_A ∂u_p (Φ^{t+δ′ τ} (u)) | | | | · |Φ^{t+δτ} (u)^q − Φ^t(u)^q| dξ dτ ≤ C_1 ∑ q∈Λ ∑ p∈Λ ∑ B∈S B∋p,q ∫_1 0 ∫_1 0 | | | ∂^2H_B ∂u_p∂u_q (ξΦ^{t+δτ} (u) + (1 − ξ)Φ^t(u)) | | | ·|Φ^{t+δτ} (u)_q − Φ^t(u)_q| dξ dτ ≤ C_1C_2 ∑ q∈Λ |Φ^{t+δτ} (u)_q − Φ^t(u)_q| .

This estimate and (71) give that

lim_{δ→0} ∑ p∈Λ ∑ B∈S B∋p ∑ A∈S A∋p ∫_1 0 | | | ∂H_B ∂u_p (Φ^{t+δτ} (u)) − ∂H_B ∂u_p (Φ^t(u)) | | |

· | | |∂H^A ∂u_p (Φ^{t+δτ} (u)) | | | dτ = 0 . (72)

Also,

f_n(t + δ) − f_n(t) δ = ∑ B∈S B∩Xn≠∅ H_B (Φ^{t+δ} (u)) − H_B(Φ^t(u)) δ = ∑ B∈S B∩Xn≠∅ ∑ p∈B 1 δ ∫_δ 0 ∂H_B ∂u_p (Φ^{t+τ} (u)) ( ∂ ∂t Φ^{t+τ} (u) ) p dτ

= − ∑ B∈S B∩Xn≠∅ ∑ p∈B ∑ A∈S A∋p ∫_1 0 ∂H_B ∂u_p (Φ^{t+δτ} (u)) ∂H_A ∂u_p (Φ^{t+δτ} (u)) dτ , thanks to (62).

Therefore, by (72),

lim_{δ→0} | | | | | f_n(t + δ) − f_n(t) δ + ∑ B∈S B∩Xn≠∅ ∑ p∈B ∑ A∈S A∋p ∂H_B ∂u_p (Φ^t(u)) ∂H_A ∂u_p (Φ^t(u)) | | | | | ≤ lim_{δ→0} ∑ p∈Λ ∑ B∈S B∋p ∑ A∈S A∋p ∫_1 0 | | | | ∂H_B ∂u_p (Φ^{t+δτ} (u)) − ∂H_B ∂u_p (Φ^t(u)) | | | | · | | | | ∂H_A ∂u_p (Φ^{t+δτ} (u)) | | | | dτ

+ ∑ p∈Λ ∑ B∈S B∋p ∑ A∈S A∋p ∫_1 0 | | |∂H^B ∂u_p (Φ^{t+δτ} (u)) − ∂H_B ∂u_p (Φ^t(u)) | | | · | | |∂H^A ∂u_p (Φ^t(u)) | | | dτ = 0 ,

thus yielding the proof of (70). Thus, from (69) and (70), |ḟ_n(t) − g(t)| = | | | | | | ∑ B∈S B∩Xn=∅ ∑ p∈B ∑ A∈S A∋p ∂H_B ∂u_p (Φ^t(u)) ∂H_A ∂u_p (Φ^t(u)) | | | | | | (73)

= | | | | | | ∑ p∈Λ ∑ B∈S B∋p B∩Xn=∅ ∑ A∈S A∋p ∂H_B ∂u_p (Φ^t(u)) ∂H_A ∂u_p (Φ^t(u)) | | | | | | .

Thence, if we set

α_p(t) := ∑ A∈S A∋p ∂H_A ∂u_p (Φ^t(u)) ,

we have that

(74) ∑ p∈Λ |α_p(t)| ≤ C_2 ♯F ,

for any t ∈ (0, +∞), due to (67), and so

(75) lim_{n→+∞} ∑ p∈Λ−X_n |α_p(t)| = 0 , for any t ∈ (0, +∞). Also, from (70),

|ḟ_n(t) − g(t)| ≤ | | | | | | | ∑ p∈Λ ∑ B∈S B∋p B∩Xn=∅ ( α_p(t) ∂H_B ∂u_p (Φ^t(u)) ) | | | | | | |

= | | | | | | ∑ p∈Λ−X_n ∑ B∈S B∋p B∩Xn=∅ ( α_p(t) ∂H_B ∂u_p (Φ^t(u)) ) | | | | | |

≤ ∑ p∈Λ−X_n |αp(t)| · ∑ B∈S B∋p | | | | ∂H_B ∂u_p (Φ^t(u)) | | | | ≤ C_1 ∑ p∈Λ−X_n |α_p(t)| .

From this and (75), we conclude that ḟ_n converges to g pointwise in (0, +∞). Moreover, by the latter estimate, (68) and (74), we have that |ḟ_n(t)| ≤ |g(t)| + C_1 ∑ p∈Λ |α_p(t)| ≤ 2C_1C_2♯F . Thence, by the Dominated Convergence Theorem, lim n→+∞ ∫_{+∞} 0 ḟ_n(t)φ(t) dt = ∫_{+∞} 0 g(t)φ(t) dt , for any φ ∈ C^∞_0 (0, +∞). Then, by (65), ∫_{+∞} 0 S_σ(Φ^t(u))φ̇(t) dt = lim_{n→+∞} ∫_{+∞} 0 f_n(t)φ̇(t) dt = − lim_{n→+∞} ∫_{+∞} 0 ḟ_n(t)φ(t) dt = − ∫_{+∞} 0 g(t)φ(t) dt , for any φ ∈ C^∞_0 (0, +∞).

This implies that^d_{dt} S_σ(Φ^t(u)) = g (in the sense of distributions and thence pointwise), which, together with (66) gives (63). □

Given any s ∈ [0, 1], we now consider the linear interpolation between u^{(0)} and u^{(1)}, by defining

u^{(s)} := (1 − s) u^{(0)} + s u^{(1)} .

It is easily seen that u^{(s)} ∈ C. Furthermore, the following compactness result holds:

Corollary 43. Fixed s ∈ [0, 1], there exists a sequence t_{n,s} and a configuration u^{(s)}_⋆ ∈ C, which is a solution of our variational equation, so that lim n→+∞ t_{n,s} = +∞ and lim_{n→+∞} ‖ ‖ ‖Φ^{tn,s} (u^{(s)}) − u^{(s)}_⋆ ‖ ‖ ‖ = 0 .

Proof. Let f(t) := S_σ(Φ^t(u)). By Lemmata 40 and 42, we know that f is decreasing and bounded by below. Thus, lim t→+∞ f(t) = inf_{[0,∞)} f .

Then, there must exists a divergent sequence of times t_{n,s} so that

(76) lim_{n→+∞} f^′(t_{n,s}) = 0 .

If not, one would have that f^′(t) ≤ −c for some c > 0 and any t large enough, but then

0 = lim_{t→+∞} f(t + 1) − f(t) ≤ −c ,

which is a contradiction.

Further, by Lemma 42 and Corollary 39, we may suppose, possibly taking subsequences, that Φ^{tn,s} (u^{(s)}) converges in the sup-norm, say to a suitable u^{(s)}_⋆ ∈ C. By Lemma 41, (76), (63) and (11), we have that u^{(s)}_⋆ is a solution of our variational equation. □

4.3. The basin of attraction of the heat flow. We now follow the variational pattern performed in [dlLV05]. For this, we consider the “basin of attraction” of the configurations u^{(0)} and u^{(1)} with respect to the heat flow Φ^t. Namely, for i ∈ {0, 1}, we define β_i := { s ∈ [0, 1] | lim_{t→+∞} ‖ ‖ ‖Φ^t(u^{(s)}) − u^{(i)} ‖ ‖ ‖ = 0 } . Note that, since u^{(i)} is a solution of our variational equation, then Φ^t(u^{(i)}) = u^{(i)}, and so i ∈ β_i, for i ∈ {0, 1}. We also consider the configurations in C with zero renormalized energy, that is the set μ_σ := { u ∈ C | S_σ(u) = 0. } . We now introduce the set of the solutions of our variational problem which belong to C and whose S_σ-value is less than r. More precisely, given r > 0, we define

ν_σ(r) := { u ∈ C | u is a solution of our

variational equation and S_σ(u) ≤ r } . By Lemma 40, we have that

u^{(0)}, u^{(1)} ∈ μ_σ ⊂ ν_σ(r) ,

for any r > 0. We now investigate the properties of the basins of attraction when μ_σ and ν_σ(r) are “as small as possible”.

Lemma 44. Assume that (77) μ_σ − {u^{(0)}, u^{(1)}} = ∅ .

Let r > 0 and suppose that there exists γ ∈ C([0, 1], C) such that γ(0) = u^{(0)}, γ(1) = u^{(1)} and S_σ(γ(t)) ≤ r for any t ∈ [0, 1]. Then, r ≥ r_0, for some r_0 > 0. Proof. We argue by contradiction. Suppose that, for any n ∈ N, there exists (78) γ_n ∈ C([0, 1], C) such that γ_n(0) = u^{(0)}, γ_n(1) = u^{(1)} and

(79) S_σ(γ_n(t)) ≤ 1/n for any t ∈ [0, 1].

(80) Let us define g_n(t) := ‖γ_n(t) − u^{(0)}‖ .

Then, g_n ∈ C([0, 1]), thanks to (78). Also, g_n(0) = 0 and g_n(1) = ‖u^{(1)} − u^{(0)}‖, due to (79). Thus, there exists t_n ∈ [0, 1] in such a way

g_n(t_n) =

‖u^{(1)} − u^{(0)}‖ 2 =: c . That is, (81) ‖γ_n(t_n) − u^{(0)}‖ = c . We recall that c > 0, since u^{(0)} ≢ u^{(1)}.

Moreover, by Corollary 39, perhaps taking subsequences, we have that γ_n(t_n) converges in the sup-norm to some ū ∈ C. By (81), ‖ū − u^{(0)}‖ = c and thus ū ∉ {u^{(0)}, u^{(1)}}. Thus, by (77), S_σ(ū) > 0. On the other hand, by (80) and Lemma 41, S_σ(ū) = 0. This contradiction yields the desired result. □ Lemma 45. Assume that (82) ν_σ(r_0) − {u^{(0)}, u^{(1)}} = ∅ , where r_0 is as in Lemma 44. Then, there exists r_1 > 0 such that the following holds. If v ∈ C and ‖v − u^{(0)}‖ ≤ r_1, then lim t→+∞ ‖Φ^t(v) − u^{(0)}‖ = 0 .

Analogously, if v ∈ C and ‖v − u^{(1)}‖ ≤ r_1, then lim t→+∞ ‖Φ^t(v) − u^{(1)}‖ = 0 .

Proof. We prove the first assertion, the second one following analogously. The proof is by contradiction: assume that there exists v ∈ C such that (83) ‖v − u^{(0)}‖ ≤ r_1 in such a way (84) Φ^t(v) does not converge to u^{(0)} uniformly.

Here, r_1 will be a suitably small quantity, defined as follows. By (51), we can find a finite set X_{r0} ⊂ Λ in such a way that

(85) ∑ p∈Λ−X_{r0} |u^{(1)}_p − u^{(0)}_p | ≤ r_0 4C , where C is the quantity in (9). We then set

r_1 := min { r_0 , r_0 4C♯X_{r0} } . It follows that (86) sup_{w∈C} ‖w−u(0)‖≤r1 S_σ(w) ≤ r_0 2 . Indeed, if w is as here above, we get from H8 and (85) that S_σ(w) ≤ ∑ B∈S ∑ p∈B ∫_1 0 | | | ∂H_B ∂u_p (τw + (1 − τ)u^{(0)}) | | | dτ · |w^p − u^{(0)}p | ≤ ∑ p∈Λ ∑ B∈S B∋p ∫_1 0 | | | ∂H_B ∂u_p (τw + (1 − τ)u^{(0)}) | | | dτ · |u^{(1)}p − u^{(0)}p | ≤ C ∑ p∈Λ |u^{(1)}_p − u^{(0)}_p | ≤ C ∑ p∈X_{r0} |u^{(1)}_p − u^{(0)}_p | + r_0 4 ≤ C ‖u^{(1)} − u^{(0)}‖ ♯X_{r0} + r_0 4 ≤ r_0 2 , thus proving (86) From this and (83),

(87) S_σ(v) ≤ r_0 2 , provided that r_1 is small enough with respect to r_0.

Also, recalling Corollary 43, possibly extracting a subsequence, we have that Φ^{tn} (v) uniformly converges to a suitable configuration ū ∈ C, and that (88) ū is a solution of our variational equation. Furthermore, it follows from (87) and Lemma 42 that

(89) S_σ(Φ^t(v)) ≤ r_0 2 for any t ≥ 0.

Consequently, by Lemma 41,

(90) S_σ(ū) ≤ r_0 2 .

Note that ū cannot be equal to u^{(0)}, because of (84); thus, (88), (90) and (82) imply that ū = u^{(1)}.

Therefore, there exists T > 0 such that (91) ‖Φ^T (v) − u^{(1)}‖ = ‖Φ^T (v) − ū‖ ≤ r_1 . Let now (92) γ̃(t) := Φ^{2T (t−1/4)}(v) , for any t ∈ [1/4, 3/4].

Then, γ̃ ∈ C([1/4, 3/4], C), thanks to Lemma 42. Also, γ̃(1/4) = v and γ̃(3/4) = Φ^T (v). Let

γ(t) := u^{(0)} + 4t(v − u^{(0)}) if t ∈ [0, 1/4), γ̃(t) if t ∈ [1/4, 3/4], Φ^T (v) + (4t − 3)(u^{(1)} − Φ^T (v)) if t ∈ (3/4, 1].

Then, (93) γ ∈ C([0, 1], C), γ(0) = u^{(0)} and γ(1) = u^{(1)}. Moreover, if t ∈ [0, 1/4), ‖γ(t) − u^{(0)}‖ ≤ ‖v − u^{(0)}‖ ≤ r_1 , due to (83), and, if t ∈ (3/4, 1] ‖γ(t) − u^{(1)}‖ ≤ ‖Φ^T (v) − u^{(1)}‖ ≤ r_1 , due to (91). Therefore, making use of (86), we gather that S_σ(γ(t)) ≤ r_0/2, for t ∈ [0, 1/4)∪(3/4, 1], provided that r_1 is small enough. In fact, recalling (89) and (92), (94) S_σ(γ(t)) ≤ r_0/2 for any t ∈ [0, 1].

But the existence of a path γ satisfying (93) and (94) is in contradiction with Lemma 44. Notice indeed that the assumptions of Lemma 44 are fulfilled here, since (82) implies (77).

This contradiction ends the proof of Lemma 45. □ Lemma 46. Assume (82). Then, β_0 and β_1 are open in the relative topology of [0, 1]. Proof. We prove that β_0 is open, the argument for β_1 being analogous. Let s̄ ∈ β_0 and take s ∈ [0, 1] ∩ [s̄ − ϵ, s̄ + ϵ] . We show that s ∈ β_0, provided that ϵ > 0 is sufficiently small. For this, assume, by contradiction, that s ∉ β_0. Then, there exists a sequence t_n → +∞ in such a way (95) Φ^{tn} (u^{(s)}) does not converge uniformly to u^{(0)}. Now, since s̄ ∈ β_0, there exists n̄ ∈ N such that ‖Φ^{tn̄} (u^{(s̄)}) − u^{(0)}‖ ≤ r_1 2 , where r_1 is the quantity given in Lemma 45. By the continuity with respect to the initial data (recall Lemma 42), we thus have that

‖Φ^{tn̄} (u^{(s)}) − u^{(0)}‖ ≤ r_1 ,

provided that ϵ is small enough.

Therefore, by Lemma 45, it follows that Φ^t(Φ^{tn̄} (u^{(s)})) uniformly converges to u^{(0)}. That is, Φ^{tn} (u^{(s)}) uniformly converges to u^{(0)}. Since the latter assertion is in contradiction with (95), the proof of the desired result is complete. □

Corollary 47. Suppose that (82) holds. Then, there exists s ∈ [0, 1] − (β_0 ∪ β_1). Proof. Assume, by contradiction, that [0, 1] = β_0 ∪ β_1. Let

(96) s̄ := sup{s ∈ β_0} .

By Lemma 46, β_0 and β_1 are non-empty, disjoint, relatively open subsets of [0, 1]. Since 1 ∈ β_1 and β_1 is open, we have that

(97) s̄ < 1 .

Analogously, since 0 ∈ β_0 and β_0 is open, we have that

(98) s̄ > 0 .

Thus, in the light of (96), there are two cases to distinguish: either s̄ ∈ β_0 or s̄ ∈ β_1. If s̄ ∈ β_0, then, since β_0 is relatively open, it follows from (97) that s̄ + ϵ ∈ β_0, provided that ϵ > 0 is sufficiently small. But this contradicts (96).

If, on the other hand, s̄ ∈ β_1, the fact that β_1 is open and (98) imply that s̄ − ϵ ∈ β_1, for any ϵ > 0 sufficiently small. But this again contradicts (96).

These contradictions give the proof of Corollary 47. □

4.4. End of the proof of Theorem 10. We distinguish two alternatives: either (82) is violated or it does hold. If (82) is violated, take u ∈ ν_σ(r_0) − {u^{(0)}, u^{(1)}} .

Then, by construction, u ∈ B_σ, u is a solution of our variational equation, u^{(0)} ≤ u ≤ u^{(1)} and u does not coincide with either u^{(0)} or u^{(1)}. Thus, u fulfills the claim of Theorem 10.

If, on the other hand, (82) holds, then there exists

s ∈ [0, 1] − (β_0 ∪ β_1) .

Therefore, by Corollary 39, there exists a sequence t_n → +∞ in such a way that Φ^{tn} (u^{(s)}) uniformly converges to a suitable u ∈ C, which does not coincide with either u^{(0)} or u^{(1)}. Then, the fact that u ∈ C gives that u ∈ B_σ , and that u^{(0)} ≤ u ≤ u^{(1)}. Also, Corollary 43 implies that u is a solution of our variational equation. Hence u fulfills the claim of Theorem 10 in this case too. □

References

[ALD83] S. Aubry and P. Y. Le Daeron. The discrete Frenkel-Kontorova model and its extensions. I. Exact results for the ground-states. Phys. D, 8(3):381–422, 1983.

[Ang90] Sigurd B. Angenent. Monotone recurrence relations, their Birkhoff orbits and topological entropy. Ergodic Theory Dynam. Systems, 10(1):15–41, 1990.

[Ban88] V. Bangert. Mather sets for twist maps and geodesics on tori. In Dynamics reported, Vol. 1, volume 1 of Dynam. Report. Ser. Dynam. Systems Appl., pages 1–56. Wiley, Chichester, 1988.

[Ban89] V. Bangert. On minimal laminations of the torus. Ann. Inst. H. Poincaré Anal. Non Linéaire, 6(2):95–138, 1989.

[Bes05] Ugo Bessi. Many plane like solutions of n dimensional elliptic problems. preprint, 2005. [Bet35] Hans A. Bethe. Statistical theory of superlattices. Proc. R. Soc. Lond. Ser. A, 150:552–575, 1935.

[BK04] O. M. Braun and Y. S. Kivshar. The Frenkel-Kontorova model. Texts and Monographs in Physics. Springer-Verlag, Berlin, 2004. Concepts, methods, and applications.

[BL01] Hyman Bass and Alexander Lubotzky. Tree lattices, volume 176 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 2001. With appendices by Bass, L. Carbone, Lubotzky, G. Rosenberg and J. Tits.

[Bla89] M. L. Blank. Metric properties of minimal solutions of discrete periodical variational problems. Nonlinearity, 2(1):1–22, 1989.

[Bla90] M. L. Blank. Chaos and order in the multidimensional Frenkel-Kontorova model. Teoret. Mat. Fiz., 85(3):349–367, 1990.

[CdlL98] A. Candel and R. de la Llave. On the Aubry-Mather theory in statistical mechanics. Comm. Math. Phys., 192(3):649–669, 1998.

[CdlL01] Luis A. Caffarelli and Rafael de la Llave. Planelike minimizers in periodic media. Comm. Pure Appl. Math., 54(12):1403–1441, 2001.

[CdlL05] Luis A. Caffarelli and Rafael de la Llave. Interfaces of ground states in Ising models with periodic coefficients. J. Stat. Phys., 118(3-4):687–719, 2005.

[Chi79] Boris V. Chirikov. A universal instability of many-dimensional oscillator systems. Phys. Rep., 52(5):264–379, 1979.

[DD89] Warren Dicks and M. J. Dunwoody. Groups acting on graphs, volume 17 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1989.

[dlL05] Rafael de la Llave. KAM theory for equilibrium states in 1-D statistical mechanics models. preprint, 2005. MP ARC # 05-310.

[dlLV05] Rafael de la Llave and Enrico Valdinoci. Multiplicity results for interfaces of Ginzburg- Landau-Allen-Cahn equations in periodic media. preprint, 2005. MP ARC # 05-225.

[dlLV06a] Rafael de la Llave and Enrico Valdinoci. Critical points inside the gaps of ground state laminations in statistical mechanics. preprint, 2006. MP ARC.

[dlLV06b] Rafael de la Llave and Enrico Valdinoci. Ground states and critical points for generalized Frenkel-Kontorova models. preprint, 2006. MP ARC # 06-262.

[Geo88] Hans-Otto Georgii. Gibbs measures and phase transitions, volume 9 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 1988.

[Gol92] Christophe Golé. A new proof of the Aubry-Mather’s theorem. Math. Z., 210(3):441–448, 1992.

[Hal80] Jack K. Hale. Ordinary differential equations. Robert E. Krieger Publishing Co. Inc., Huntington, N.Y., second edition, 1980.

[Isr79] Robert B. Israel. Convexity in the theory of lattice gases. Princeton University Press, Princeton, N.J., 1979. Princeton Series in Physics, With an introduction by Arthur S. Wightman.

[KdlLR97] Hans Koch, Rafael de la Llave, and Charles Radin. Aubry-Mather theory for functions on lattices. Discrete Contin. Dynam. Systems, 3(1):135–151, 1997.

[LS01] Roger C. Lyndon and Paul E. Schupp. Combinatorial group theory. Classics in Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1977 edition.

[Mat82] John N. Mather. Existence of quasiperiodic orbits for twist homeomorphisms of the annulus. Topology, 21(4):457–467, 1982.

[Mat84] John N. Mather. Nonexistence of invariant circles. Ergodic Theory Dynam. Systems, 4(2):301–309, 1984.

[Mat86] John Mather. A criterion for the nonexistence of invariant circles. Inst. Hautes Études Sci. Publ. Math., (63):153–204, 1986.

[Mat90] John N. Mather. Differentiability of the minimal average action as a function of the rotation number. Bol. Soc. Brasil. Mat. (N.S.), 21(1):59–70, 1990.

[Mat91] John N. Mather. Variational construction of orbits of twist diffeomorphisms. J. Amer. Math. Soc., 4(2):207–263, 1991.

[Mor24] Harold Marston Morse. A fundamental class of geodesics on any closed surface of genus greater than one. Trans. Amer. Math. Soc., 26(1):25–60, 1924.

[Mos86] Jürgen Moser. Minimal solutions of variational problems on a torus. Ann. Inst. H. Poincaré Anal. Non Linéaire, 3(3):229–272, 1986.

[PV05a] Arshak Petrosyan and Enrico Valdinoci. Density estimates for a degenerate/singular phasetransition model. SIAM J. Math. Anal., 36(4):1057–1079 (electronic), 2005.

[PV05b] Arshak Petrosyan and Enrico Valdinoci. Geometric properties of Bernoulli-type minimizers. Interfaces Free Bound., 7(1):55–77, 2005.

[Rob82] Derek John Scott Robinson. A course in the theory of groups, volume 80 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1982.

[RS03] Paul H. Rabinowitz and Ed Stredulinsky. Mixed states for an Allen-Cahn type equation. Comm. Pure Appl. Math., 56(8):1078–1134, 2003. Dedicated to the memory of Jürgen K. Moser.

[RS04a] P. H. Rabinowitz and E. Stredulinsky. On some results of Moser and of Bangert. Ann. Inst. H. Poincaré Anal. Non Linéaire, 21(5):673–688, 2004.

[RS04b] Paul H. Rabinowitz and Ed Stredulinsky. Mixed states for an Allen-Cahn type equation. II. Calc. Var. Partial Differential Equations, 21(2):157–207, 2004.

[RS04c] Paul H. Rabinowitz and Ed Stredulinsky. On some results of Moser and of Bangert. II. Adv. Nonlinear Stud., 4(4):377–396, 2004.

[Rue99] David Ruelle. Statistical mechanics. World Scientific Publishing Co. Inc., River Edge, NJ, 1999. Rigorous results, Reprint of the 1989 edition.

[Ser77] Jean-Pierre Serre. Arbres, amalgames, SL_2. Société Mathématique de France, Paris, 1977. Avec un sommaire anglais, Rédigé avec la collaboration de Hyman Bass, Astérisque, No. 46. [Sim93] Barry Simon. The statistical mechanics of lattice gases. Vol. I. Princeton Series in Physics. Princeton University Press, Princeton, NJ, 1993.

[Tor04] Monica Torres. Plane-like minimal surfaces in periodic media with exclusions. SIAM J. Math. Anal., 36(2):523–551 (electronic), 2004.

[Val86] François Vallet. Thermodynamique unidimensionelle, et structures bidimensionelles de quelques modèles pour des systèmes incommensurables. PhD thesis, Université Pierre-et- Marie-Curie Paris VI, 1986.

[Val01] Enrico Valdinoci. Plane-like minimizers in periodic media: jet flows and Ginzburg-Landau. PhD thesis, University of Texas at Austin, 2001. MP ARC # 01-356.

[Val04] Enrico Valdinoci. Plane-like minimizers in periodic media: jet flows and Ginzburg-Landau-type functionals. J. Reine Angew. Math., 574:147–185, 2004.

[Ves91] A. P. Veselov. Integrable maps. Uspekhi Mat. Nauk, 46(5(281)):3–45, 190, 1991.

[Weh73] B. A. F. Wehrfritz. Infinite linear groups. An account of the group-theoretic properties of infinite groups of matrices. Springer-Verlag, New York, 1973. Ergebnisse der Matematik und ihrer Grenzgebiete, Band 76.

[Wik06a] Wikipedia. Dihedral group — wikipedia, the free encyclopedia, 2006. [Wik06b] Wikipedia. Symmetric group — wikipedia, the free encyclopedia, 2006.

Rafael de la Llave, University of Texas at Austin, Department of Mathematics, 1 University Station C1200, Austin, TX 78712-0257 (USA) E-mail address: llave@math.utexas.edu

Enrico Valdinoci, Dipartimento di Matematica, Università di Roma Tor Vergata, Via della Ricerca Scientifica, 1, I-00133 Roma (Italy) E-mail address: valdinoci@mat.uniroma2.it