GEOMETRY OF QUASIMINIMAL PHASE TRANSITIONS

ALBERTO FARINA AND ENRICO VALDINOCI

Abstract. We consider the quasiminima of the energy functional ∫ Ω A(x, ∇u) + F (x, u) dx , where A(x, ∇u) ∼ |∇u|^p and F is a double-well potential. We show that the Lipschitz quasiminima, which satisfy an equipartition of energy condition, possess density estimates of Caffarelli-Cordoba-type, that is, roughly speaking, the complement of their interfaces occupies a positive density portion of balls of large radii.

From this, it follows that the level sets of the rescaled quasiminima approach locally uniformly hypersurfaces of quasimimal perimeter.

If the quasiminimum is also a solution of the associated PDE, the limit hypersurface is shown to have zero mean curvature and a quantitative viscosity bound on the mean curvature of the level sets is given. In such a case, some Harnack-type inequalities for level sets are obtained and then, if the limit surface if flat, so are the level sets of the solution.

Contents

1. Introduction 2 2. Set-up 2 3. The main result and some consequences 4 4. Toolbox 8 5. Proof of Theorem 1 10 5.1. The case χ 15 5.2. The case W 16 6. Proof of Corollary 2 18 7. Proof of Corollaries 3 and 4 19 8. Proof of Corollary 5 20 9. Proof of Corollary 6 20 10. Proof of Corollary 7 20 References 20

Keywords: Ginzburg-Landau-Allen-Cahn functionals, quasiminima, geometric and measure theoretic properties.

MS Classification: 35J20, 35J60, 35J70, 49K20.

We thank Berardino Sciunzi for several interesting discussions. This collaboration began during a very pleasant visit of AF to the Università di Roma La Sapienza and Roma Tor Vergata and it has been completed while the authors were visiting the Wolfgang Pauli Institute in Vienna on the occasion of the Summer School on Gross-Pitaevskii equations for superfluids and Bose-Einstein condensates. EV has been partially supported by MIUR Metodi variazionali ed equazioni differenziali nonlineari and GNAMPA Principio del massimo e disuguaglianze di Harnack per equazioni ellittiche e sub-ellittiche. 1

1. Introduction

We consider here a functional related to the Ginzburg-Landau-Allen-Cahn equation and we prove Caffarelli-Cordoba-type density estimates for quasiminima. Namely, we will consider a functional which is the sum of two terms: a double-well potential and a kinetic part. The kinetic part will lead to a (possibly degenerate or singular) elliptic equation, while the effect of the potential is to drive the system towards the two minimal states. We will prove that all the Lipschitz quasiminima (in the terminology of [GG84]) of our functional, which satisfy an equipartition of energy condition, enjoy suitable density estimates, which, grosso modo, say that the interfaces behave “like codimension 1 sets in a measure theoretic fashion”.

From such density estimates, we will derive some connections between the level sets of quasiminima and surfaces of quasiminimal perimeter, or of zero mean curvature. Flatness and symmetry results will also be obtained. These results extend the work of [Sav03, SV05, VSS06], which deal with minimizers, to the quasiminimal setting.

A precise description of the system will be given in § 2 and our result will be described in detail in § 3.

We would like to recall that functionals as the one we consider here have also some physical relevance, since they arise in the theory of superconductor and superfluids (see [GP58, Lan67]), in the study of interfaces in both gasses and solids (see [Row79, AC79]), in questions of fluid dynamics (possibly, with non-Newtonian phenomena, see [Lad67, AC81]) and in cosmology (see [Car95]).

In the purely mathematical setting, functionals as the ones we study here have been the paradigmatic examples for several celebrated Γ-convergence results (see, e.g., [DGF75, Mod87, Ste88, Owe88, Bou90, OS91]) and they are related to a famous conjecture of De Giorgi (see [DG79]).

2. Set-up

Given a domain Ω ⊂ R^n , we consider the energy functional

F_Ω(u) := ∫ Ω A(x, ∇u) + F (x, u) dx . Here above, A(x, η) is supposed to be of the order of |η|^p, with p ∈ (1, +∞), and F is a double-well potential.

Concrete examples are provided by

(1) F_Ω(u) = ∫ Ω |∇u|^p + K(x) χ_{(−1,1)}(u) dx and (2) F_Ω(u) = ∫ Ω |∇u|^p + K(x) (1 − u^2)^p dx , with K positive and bounded from 0 and +∞, and p ∈ (1, +∞), but more general cases will also be considered here.

More precisely, we make the following assumptions. We assume that A ∈ C^1(Ω × R^n ) and that a(x, η) := D_ηA(x, η) is in C(Ω × R^n ) ∩ C^1(Ω × R^n − {0}). We require that (3) A(x, 0) = 0, a(x, 0) = 0 , for every x ∈ Ω and that there exists Λ > 0 and p ∈ (1, +∞) in such a way that ζ · D_ηa(x, η) ζ ≥ Λ^{−1}|ζ|^2 |η|^{p−2} , (4) |D_ηa(x, η)| ≤ Λ |η|^{p−2} , (5) |D_xa(x, η)| ≤ Λ |η|^{p−1} , (6) and η · a(x, η) ≥ Λ^{−1} |η|^p , (7) for every x ∈ Ω, η ∈ R^n and ζ ∈ R^n .

Note, in particular, that A(x, η) is bounded from above and below by |η|^p, due to (3), (4) and (5).

We assume that F : Ω × R ∋ (x, u) −→ R is a Carathéodory function, i.e., continuous in u for a.e. x ∈ Ω and measurable in x for every u ∈ R. We require that (8) 0 ≤ F ≤ M, F (x, ±1) = 0, inf_{|u|≤θ} F (x, u) ≥ γ(θ) for every 0 ≤ θ < 1, where γ(θ) and M are positive constants. Here and below, all the structural inequalities on F are assumed to be uniform for a.e. x ∈ Ω. Further, we assume that the partial derivative F_u(x, u) exists for every u ∈ (−1, 1) and for a.e. x ∈ Ω, and that F is uniformly Lipschitz in u ∈ (−1, 1), that is (9) sup_{|u|<1} |F_u(x, u)| ≤ Λ . The techniques exploited here would also allow to deal with less regular potentials F , but we will not push ahead with such generality.

We assume the following growth condition near u = ±1: we suppose that either condition (10) holds or that conditions (11), (12) and (13) hold (see here below). That is, we consider two cases. The first case (which will be dubbed case χ, since it is the case in which the potential is just a characteristic function) is the one in which we assume that (10) F (x, τ) ≥ 1 Λ , for any τ ∈ (−1, 1) and a.e. x ∈ Ω.

In the second case (which will be called case W , since it is the case in which the potential is a W-shaped function), we take the following assumptions. We suppose that there exists s_0 > 0 and 0 < d ≤ p such that

(11) F_u(x, −1 + s) ≥ s^{d−1} Λ , F_u(x, 1 − s) ≤ − s^{d−1} Λ , for every s ∈ (0, s_0), that (12) F (x, −1 + s) + F (x, 1 − s) ≤ Λs^{d′} for any s ∈ [0, s_0), for a suitable d^′ > 0, and that (13) F_u is monotone increasing in u for u ∈ (−1, −1 + s_0) and u ∈ (1 − s_0, 1). The functionals in (1) and (2) are paradigmatic examples for the cases χ and W , respectively.

We will consider here the quasiminima of F. For this, we recall the following definition (see, e.g., [GG84]). Given Q ≥ 1, we say that a function u ∈ W^{1,p}(Ω) is a quasiminimum with constant Q (for short: a Q-minimum) of F in Ω if F_Ω(u) < +∞ and F_Ω(u) ≤ Q F_Ω(u + φ) , for any φ ∈ C^∞_0 (Ω).

The n-dimensional Lebesgue measure will be denoted by L^n.

3. The main result and some consequences The main result we prove is the following:

Theorem 1. Fix θ ∈ (0, 1). Let |u| ≤ 1 be a Q-minimum for F in a domain Ω. Assume that (14) |∇u(x)| ≤ M_0 , for a.e. x ∈ Ω, and that (15) A(x, ∇u(x)) ≤ M_0 F (x, u(x)) , for a.e. x ∈ Ω ∩ {|u| < 1}, for a suitable M_0 > 0.

Suppose that there exist two positive real numbers μ_1 and μ_2 in such a way that B_{μ1} (x) ⊂ Ω and (16) L^n ( B_{μ1} (x) ∩ {u > θ} ) ≥ μ_2 .

Then, there exist positive r_0 and c, which depend only on n, Q, θ, μ_1, μ_2, M_0 and on the structural constants of the functional F, in such a way that L^n ( B_r(x) ∩ {u > θ} ) ≥ c r^n , for any r ≥ r_0, provided that B_r(x) ⊂ Ω.

We remark that an analogous result holds with the signs changed, that is: if L^n ( B_{μ1} (x) ∩ {u < θ} ) ≥ μ_2 ,

then L^n ( B_r(x) ∩ {u < θ} ) ≥ c r^n , for any r ≥ r_0 provided that B_r(x) ⊂ Ω.

We also point out that conditions (14) and (15) are quite natural, since they correspond, respectively, to a Lipschitz condition and to a phenomenon known in the literature as “equipartition of energy”. In particular, conditions (14) and (15) are satisfied if u is a solution of the associated PDE (see, e.g., Theorem 1 of [Tol84] and page 1459 of [CGS94]). Also, (14) obviously implies (15) if (10) holds (i.e., if we are in case χ).

As a consequence of Theorem 1, we will show that the (sub)level sets of rescaled Q-minima approach locally uniformly hypersurfaces of Q-minimal weighted perimeter. To this extent, we define the appropriate concept of perimeter by following § 3 of [Bou90], that is, we set h(x, η) := ∫_1 −1 [ inf_{t>0} ( A(x, tη) + F (x, τ) t )] dτ and Per (E, Ω; F) := ∫ ∂^⋆E∩Ω h(x, ν_E (x)) dH^{n−1}(x) . Here above, E ⊆ R^n is supposed to be a Caccioppoli set with exterior normal ν_E and reduced boundary ∂^⋆E, and H^k is the k-dimensional Hausdorff measure (see, e.g., [Giu84] for definitions and basic properties). Note that the above definition of Per (E, Ω; F) generalizes the standard notion of perimeter of the set E in Ω, which will be denoted by Per (E, Ω). With this notation, we derive the following result from Theorem 1: Corollary 2. Assume that (17) sup_{x∈Ω, |ξ|<1} |F_x(x, ξ)| (F (x, ξ))^{1/p} < +∞ . Consider an infinitesimal sequence of ε’s. Let u_ε be a sequence of Q-minima for the functional

F^ε_Ω(u) := 1 ε ∫ Ω A(x, ε∇u) + F (x, u) dx . Suppose that (18) |u_ε| ≤ 1 , that (19) |∇u_ε(x)| ≤ M_0/ε , for a.e. x ∈ Ω, that (20) A(x, ε∇u_ε(x)) ≤ M_0 F (x, u_ε(x)) , for a.e. x ∈ Ω ∩ {|u_ε| < 1}, for some M_0 > 0, and that (21) sup_ε F^ε_Ω(u_ε) < +∞ .

Then, up to subsequences, u_ε converges in L^1_{loc} to a step function u_0 = χ_E − χ_{Ω−E} for a suitable E ⊆ Ω.

Also, given any θ ∈ (0, 1) the set {|u_ε| < θ} approaches ∂E locally uniformly. Moreover, E is a Q-minimum for the weighted perimeter Per (·, Ω; F). In case of the spatially homogeneous scaling u_ε(x) := u(x/ε), we remark that assumption (21) holds true thanks to Lemma 10 below.

If u is also a solution of the associated PDE, the result of Corollary 2 may be sharpened, by obtaining that the limit interface ∂E has zero mean curvature in the viscosity sense. This fact is indeed a consequence of the density estimates performed here and of the fine viscosity methods invented in [Sav03], as developed in [SV05]. As an example, we provide the following result:

Corollary 3. Let A(x, η) := |η|^p/p, F (x, τ) := (1 − τ^2)^p. Let (22) u ∈ W^{1,p}_{loc} (R^n ) be a Q-minimum for F in any domain of R^n . Suppose that |u| ≤ 1 and (23) Δ_pu := div (|∇u|^{p−2}∇u) = −2p u(1 − u^2)^{p−1} in R^n .

Let u_ε(x) := u(x/ε), for an infinitesimal sequence of ε’s.

Then, the claims of Corollary 2 hold true and, if E is as in Corollary 2, we have that ∂E satisfies the zero mean curvature equation in the viscosity sense. More precisely, let x^⋆ ∈ ∂E be so that, for any r > 0 L^n ( B_r(x^⋆) ∩ (R^n − E) ) > 0 and L^n ( B_r(x^⋆) ∩ E ) > 0 , and assume that ∂E admits a tangent hyperplane at x^⋆. Then, if a paraboloid with vertex in x^⋆ touches ∂E by below (resp., above) at x^⋆, then its mean curvature at x^⋆ must be non-positive (resp., non-negative).

In particular, ∂E satisfies the zero mean curvature equation in the classical sense at any point where it is a C^2 hypersurface.

The connection between Q-minima and solutions of PDEs is a classical topic in the calculus of variations. For instance, solutions of quite general PDEs are known to be Q-minima of suitable functionals (see, e.g., § 6.2 of [Giu94]). On the other hand, the meaning of conditions (22) and (23) is that the PDE solved by u turns out to be the Euler-Lagrange equation of a functional of the type “kinetic part plus double-well potential”, for which u is a Q-minimum. In particular, the lack of convexity of the potential makes the technique of § 6.2 of [Giu94] not applicable to our case.

In Corollary 3 here above, a quantitative estimate on the mean curvature of the level sets of the solution may also be obtained, as given by the following result, which is related to similar ones in [Sav03, SV05]:

Corollary 4. Let the assumptions of Corollary 3 hold. Let ℓ, θ, δ > 0, ξ ∈ R^{n−1} and M ∈ Mat((n − 1) × (n − 1)).

Suppose that u(0) = 0 and u(x) < 0 for any x = (x^′, x_n) ∈ [−ℓ, ℓ]^N so that x_n < θ 2ℓ^2 x^′ · Mx^′ + θ ℓ ξ · x^′ . Then, there exist a universal constant δ_0 > 0 and a function σ : (0, 1) −→ (0, 1), so that, if δ ∈ (0, δ_0] , δ ≤ θ , θ ℓ ∈ ( 0, σ(δ) ] , ‖M‖ ≤ 1 δ and |ξ| ≤ 1 δ , then trM ≤ δ.

Roughly speaking, Corollary 4 here above states that if the zero level set of u is touched by below by a paraboloid, then the mean curvature (or, equivalently, the trace of the Hessian) of such a paraboloid cannot be too large (and so, the level sets are close to have zero mean curvature, in a weak, quantitative, viscosity sense).

From the results above, some Harnack-type inequalities for level sets of quasiminima follow. Roughly speaking, such results say that, once the zero level set of u is trapped in a rectangle whose height is small enough, then, in a smaller neighborhood, it can be trapped in a rectangle with even smaller height. Accordingly, once such a level set is trapped inside a suitably flat cylinder, then, possibly changing coordinates, it is trapped in an even flatter cylinder in the interior (pictures of these facts are given on pages 3–4 of [VSS06]). More precisely, we have the following results:

Corollary 5. Let ℓ, θ > 0. Let u, A and F be as in Corollary 3. Assume that u(0) = 0 and that {u = 0} ∩ {(x^′, x_n) ∈ R^{n−1} × R : |x^′| < ℓ , |x_n| < ℓ} ⊆ {(x^′, x_n) ∈ R^{n−1} × R : |x_n| < θ} .

Let u_ε(x) := u(x/ε) and suppose that

(24) lim_{ε→0+} F^ε_Ω(u_ε) ≤ Per (E, Ω)

∫_1 −1 ( p p − 1 (1 − τ^2)^p )_{(p−1)/p} dτ , where E is as in Corollary 2 and Per (E, Ω) denotes the perimeter of the set E in Ω. Then, there exists a universal constant c ∈ (0, 1) so that, for any θ_0 > 0, there exists ε_0(θ_0) > 0 such that, if θ ℓ ≤ ε_0(θ_0) and θ ≥ θ_0 ,

then {u = 0} ∩ {|x^′| < cℓ} ⊆ {|x_n| < (1 − c) θ} . Corollary 6. Let ℓ, θ > 0. Let u, A and F be as in Corollary 3 and suppose that (24) holds. Assume that u(0) = 0 and that {u = 0} ∩ {(x^′, x_n) ∈ R^{n−1} × R : |x^′| < ℓ , |x_n| < ℓ} ⊆ {(x^′, x_n) ∈ R^{n−1} × R : |x_n| < θ} . Then, there exist universal constants η_1, η_2 > 0, with 0 < η_1 < η_2 < 1, such that, for any θ_0 > 0, there exists ε_1(θ_0) > 0 such that, if θ ℓ ≤ ε_1(θ_0) and θ ≥ θ_0 ,

then {u = 0} ∩ ( {|π_ξ x| < η_2ℓ} × {|(x · ξ)| < η_2ℓ} ) ⊆ ⊆ ( {|π_ξx| < η_2ℓ} × {|(x · ξ)| < η_1θ} )

for some unit vector ξ.

Corollaries 5 and 6 are extensions of analogous Harnack-type inequalities for level sets of minimizers, which have been obtained in [Sav03, VSS06].

In the spirit of a famous conjecture by De Giorgi (see [DG79]), we now point out a symmetry feature which extends some results by [BCN97, GG98, Far99, AC00, Sav03, VSS06] to the quasiminima:

Corollary 7. Let the assumptions and the notations of Corollary 3 hold. Suppose that (24) is satisfied and that ∂E is a flat hyperplane. Then, the level sets of u are flat hyperplanes too.

The proof of Theorem 1 is the core of the rest of the paper. It is performed in § 5 and it uses some auxiliary results proved in § 4. The proof of Corollaries 2, 3 and 4 will then be dealt with in § 6 and 7. We then devote § 8 and 9 to the proofs of Corollaries 5 and 6. Finally, Corollary 7 will be shown to hold in § 10.

Some results of [GG84, Tol84, Bou90, CGS94, Val04, PV05a, PV05b, SV05, VSS06] will be used in the course of the proofs and some ideas from [Mod87, CC95, Sav03] will also be borrowed.

4. Toolbox We perform here some technical computations, which will turn out to be useful in the proof of the main result. Lemma 8. Let

(25) i := inf_{x≥1} x^{n−1} (x + 1)^n − x^n . Then, i ∈ (0, +∞). Proof. Let f(x) := x^{n−1} (x + 1)^n − x^n . Then, lim x→+∞ f(x) = lim_{y→0+} y (1 + y)^n − 1

= lim_{y→0+} 1 n(1 + y)^{n−1} = 1 n . This and the fact that f is continuous and positive in [1, +∞) imply the desired result. □ The result to come is a complicated version of an iterative scheme given on page 10 of [CC95] (in our case, the complication will arise from the fact that we deal with quasiminima, instead of minima as in [CC95], thus obtaining additional terms in the computations). Lemma 9. Let i be as in (25). Fix C > 0 and let α ∈ (0, 1) in such a way that

(26) α^{(n−1)/n} 1 − α = 1 2C^{1/n} . Let L and T be positive real numbers and define

(27) γ := 1 α ( 4C^2T e^{−L} 1 − e^{−L} )_{n/(n−1)} . Suppose that

(28) ε ≤ (αγ)^{(n−1)/n}T^{n−1} 4 and that

(29) γ ≤ min { 1 CT^n , α^{n−1} ( i 2CT )_n} . Let a_k and A_k be two sequences of non-negative real numbers, for k = 1, 2, . . . , and suppose that (30) a_1 ≥ 1/C and that (31) a_k ≤ CT^nk^{n−1} for any k ≥ 1. Assume also that the following recursion holds:

(32) A_k + k∑ j=1 a_j (n−1)/n ≤ εk^{n−1} + C A_{k+1} − A_k + k+1∑ j=1 e^{−L(k+1−j)}a_j .

Then,

(33) A_k + k∑ j=1 a_j ≥ γT^nk^n for any k ≥ 1.

Proof. The proof is by induction. If k = 1, then (33) holds, thanks to (29), (30) and the fact that A_k is non-negative.

We now suppose that (33) holds for k and we prove it for k + 1. In this argument, we may also suppose that (34) CγT^n(k + 1)^n ≥ 1 , otherwise (33) holds for k + 1, due to (30) and the fact that both A_k and a_k are non-negative. Note that (26) and (34) yield that γ^{1/n}T k ≥ γ^{1/n}T (k + 1) 2 ≥ 1 2C^{1/n} = α^{(n−1)/n} 1 − α , and so (35) (1 − α) γT^nk^n ≥ (αγ)^{(n−1)/n}T^{n−1}k^{n−1} . We now prove that

(36) A_k + k∑ j=1 a_j (n−1)/n ≥ (αγ)^{(n−1)/n} T^{n−1}k^{n−1} . Indeed, if_k ∑ j=1 a_j ≥ αγT^nk^n , then (36) follows since A_k is non-negative. Therefore, we may suppose that k∑ j=1 a_j ≤ αγT^nk^n . Then, since (33) is assumed to hold for k, we have that A_k ≥ γT^nk^n − k∑ j=1 a_j ≥ (1 − α) γT^nk^n ≥ (αγ)^{(n−1)/n}T^{n−1}k^{n−1} , thanks to (35), thus proving (36).

Moreover, by using (31) and (27), one obtains that k+1∑ j=1 e^{−L(k+1−j)}a_j ≤ a_{k+1} + CT^nk^{n−1} k∑ j=1 e^{−L(k+1−j)}

≤ a_{k+1} + CT^nk^{n−1} e^{−L} 1 − e^{−L} = a_{k+1} + (αγ)^{(n−1)/n} 4C T^{n−1} k^{n−1} .

The latter estimate, (28), (32) and (36) imply that

A_{k+1} − A_k + a_{k+1} ≥ (αγ)^{(n−1)/n} 2C T^{n−1}k^{n−1} . Since (33) holds for k, we thus deduce that

A_{k+1} + k+1∑ j=1 a_j

= A_{k+1} − A_k + a_{k+1} + A_k + k∑ j=1 a_j

≥ (αγ)^{(n−1)/n} 2C T^{n−1}k^{n−1} + γT^nk^n . The latter term is bounded from below by γT^n(k + 1)^n, thanks to (29) and (25), and this gives (33) for k + 1, as desired. □ The result to come is a preliminary energy estimate, which says that the energy in balls of radius r is controlled by r^{n−1}, as it may be easily heuristically guessed by looking at the energy of “codimension 1 interfaces”.

Lemma 10. Let r ≥ 1. Let u be as in the statement of Theorem 1. Then, F_{Br} (u) ≤ Ĉ r^{n−1} , for a suitable Ĉ > 0, which only depends on n, Q, M_0 and on the structural constants of F, as long as B_r ⊂ Ω.

Proof. The proof is a variation of analogous estimates performed in [CC95, AAC01, BL03, PV05a, PV05b]. We provide full details for the facility of the reader. Let h be a smooth function so that h = −1 in B_{r−1} and h = 1 outside B_r. Let u^∗ := min{u, h} Then, since u is Q-minimal, F_{Br} (u) ≤ Q F_{Br} (u^∗) ≤ Q ∫ B_r −B_{r−1} |∇u|^p + |∇h|^p + F (x, u) + F (x, h) dx ≤ CQ r^{n−1} , for a suitable C > 0, due to (14). □

5. Proof of Theorem 1 The proof of Theorem 1 will use the technique invented in [CC95], as developed in [Val04, PV05a, PV05b]. The arguments performed in the proof will be very technical, and several precise computations will be needed to investigate the compensation of the different quantities involved.

In what follows, we will consider θ and u as in the statement of Theorem 1. With no loss of generality, the point x in the statement of Theorem 1 will be taken to be the origin. First of all, we point out that it is enough to prove Theorem 1 for θ close to −1: Lemma 11. Let us suppose that Theorem 1 holds true for some θ_⋆ ∈ (−1, 1). Then, it holds true for any θ ∈ (θ_⋆, 1).

Proof. If L^n (B_{μ1} ∩ {u > θ}) ≥ μ_2, then, obviously, L^n (B_{μ1} ∩ {u > θ_⋆}) ≥ μ_2, and so, since the claim of Theorem 1 holds for θ_⋆, we have that L^n (B_r ∩ {u > θ_⋆}) ≥ c r^n, as long as r is large enough.

Accordingly, making use of (8) and Lemma 10, we conclude that L^n (B_r ∩ {u > θ}) ≥ L^n (B_r ∩ {u > θ_⋆}) − L^n (B_r ∩ {θ_⋆ < u ≤ θ}) ≥ c r^n − C r^{n−1} ≥ c r^n 2 if r is sufficiently big. □

In the light of Lemma 11, we will suppose in what follows that θ is close to −1: in particular, we will suppose that 1 + θ ∈ (0, s_0), where s_0 is the structural constant introduced on page 3. For the proof of Theorem 1, it is convenient to introduce the following quantities:

V_r := L^n ( {u > θ} ∩ B_r ) and A_r = ∫ B_r F (x, u) dx .

As remarked in [CC95], the above quantities play the rôle of volume and area terms, respectively, in the minimal surface analogous.

The idea of the proof will then be to obtain iterative relations of some quantities that are somewhat reminiscent of similar differential inequalities holding in the minimal surface theory (see again [CC95] for very interesting heuristics on this).

We will take R > r and use a barrier function h ∈ C^2(B_R − {0}) ∩ C^{1,1}(B_R) such that |h| ≤ 1, h = 1 outside B_R and (37) |∇h| ≤ C , where C ≥ 1 denotes (here, and in what follows) a suitable constant (which may depend on n, Q θ, μ_1, μ_2, M_0 and on the structural constants of the functional F and which may be different at different steps of the computation).

We will set q := max{p, 2} and, as customary, the conjugated exponent of q will be denoted by q^′ := q/(q − 1).

We also set ϵ := (1 + θ)/2 and we define u^∗ = min{u, h} and β = min{u − u^∗, ϵ}. The barrier h will be constructed in such a way that

(38) h(x) ≤ −1 + ϵ for any x ∈ B_r.

As a consequence,

(39) (u − u^∗)(x) ≥ ϵ for any x ∈ B_r ∩ {u > θ},

and therefore

(40) ∫ B_R |β|^{qn/(n−1)} ≥ ∫ B_r ∩{u>θ} |β|^{qn/(n−1)} ≥ 1 C V_r .

We will also make use of a free parameter K that will be chosen conveniently in what follows.

We use (40), the Sobolev inequality applied to β^q and then the Young inequality, to conclude that V^{(n−1)/n} r ≤ C ( ∫ B_R |β|^{qn/(n−1)} )_{(n−1)/n}

≤ C ∫ B_R |β|^{q−1}|∇β|

= C ∫ B_R∩{u−u^∗<ϵ} |β|^{q−1}|∇β| (41)

≤ C K^q ∫ B_R |∇(u − u^∗)|^q

+ C K^{q′} ∫ B_R∩{u−u^∗<ϵ} (u − u^∗)^q .

If p ≥ 2, we use the following formula (which is proven on page 1062 of [PV05a]): 1 C |ξ^′ − ξ|^p ≤ A(x, ξ^′) − A(x, ξ) − a(x, ξ) · (ξ^′ − ξ) , for every ξ, ξ^′ ∈ R^n and x ∈ Ω. In particular, taking ξ := ∇u^∗ and ξ^′ := ∇u, since q = p if p ≥ 2, we obtain that

(42) 1 C |∇(u − u^∗)|^q ≤ A(x, ∇u) − A(x, ∇u^∗) − a(x, ∇u^∗) · ∇(u − u^∗) if p ≥ 2.

On the other hand, if p ∈ (1, 2), we use the following formula (for the proof of which, see again page 1062 of [PV05a]): given M ≥ 0, there exist C_M ≥ 1 such that M^{p−2} C_M |ξ^′ − ξ|^2 ≤ A(x, ξ^′) − A(x, ξ) − a(x, ξ) · (ξ^′ − ξ) , for every ξ, ξ^′ ∈ R^n with |ξ| + |ξ^′| ≤ M and x ∈ Ω. Since ∇u and ∇u^∗ are uniformly bounded (because of (14) and (37)), we use the above formula with ξ := ∇u^∗ and ξ^′ := ∇u to deduce that (42) holds when p ∈ (1, 2) too. Then, by (41) and (42), V^{(n−1)/n} r ≤ C K^q ∫ B_R A(x, ∇u) − A(x, ∇u^∗) dx

− C K^q ∫ B_R a(x, ∇u^∗) · ∇(u − u^∗) dx

+ C K^{q′} ∫ B_R∩{u−u^∗<ϵ} (u − u^∗)^q dx . (43)

We integrate by parts in (43), to get that V^{(n−1)/n} r ≤ C K^q ∫ B_R A(x, ∇u) − A(x, ∇u^∗) dx

+ C K^q ∫ B_R div a(x, ∇h) (u − u^∗) dx

+ C K^{q′} ∫ B_R∩{u−u^∗<ϵ} (u − u^∗)^q dx .

Thus, we use the Q-minimality of u to obtain that V^{(n−1)/n} r ≤ CQ K^q ∫ B_R A(x, ∇u^∗) + F (x, u^∗) dx

− C K^q ∫ B_R F (x, u) dx

+ C K^q ∫ B_R div a(x, ∇h) (u − u^∗) dx

+ C K^{q′} ∫ B_R∩{u−u^∗<ϵ} (u − u^∗)^q dx .

(44)

We now notice that div a(x, ∇h) ≤ C |∇h|^{p−2}(|∇h| + |D^2h|) , thanks to (5) and (6).

Such an estimate, (44) and (15) give that V^{(n−1)/n} r ≤ CQ K^q ∫ B_R∩{h≤u} |∇h|^p + F (x, h) dx

+ CQ K^q ∫ B_R∩{u<h} F (x, u) dx

− C K^q ∫ B_R F (x, u) dx

+ C K^q ∫ B_R |∇h|^{p−2}(|∇h| + |D^2h|) (u − u^∗) dx

+ C K^{q′} ∫ B_R∩{u−u^∗<ϵ} (u − u^∗)^q dx .

This and (39) imply that V^{(n−1)/n} r ≤ CQ K^q ∫ B_R∩{h≤u} |∇h|^p + F (x, h) dx

+ CQ K^q ∫ B_R∩{u<h} F (x, u) dx

− C K^q ∫ B_R F (x, u) dx

+ C K^q ∫ B_R |∇h|^{p−2}(|∇h| + |D^2h|) (u − u^∗) dx

+ C K^{q′} ∫ (B_R−B_r )∩{u−u^∗<ϵ}∩{u>θ} (u − u^∗)^q dx

+ C K^{q′} ∫ B_R∩{u−u^∗<ϵ}∩{u≤θ} (u − u^∗)^q dx .

(45)

We now observe that (46) CF (x, u) ≥ (u − u^∗)^q if u ≤ θ. Indeed, if (10) holds (that is, if we are in case χ, according to the notation of page 3), then (46) is obvious; when, on the other hand, we are in case W (according to the notation of page 3), we note that, if u ≤ θ, F (x, u) = ∫_{u+1} 0 F_u(x, −1 + s) ds ≥ 1 C (u + 1)^d ,

thanks to (11), and so (46) follows from the fact that d ≤ p ≤ q. Therefore, we gather from (45) and (46) that A_r + V^{(n−1)/n} r ≤ CQ K^q ∫ B_R∩{h≤u} |∇h|^p + F (x, h) dx

+ CQ K^q ∫ B_R∩{u<h} F (x, u) dx

+ C K^q ∫ B_R |∇h|^{p−2}(|∇h| + |D^2h|) (u − u^∗) dx

+ C ∫ (B_R−B_r )∩{u−u^∗<ϵ}∩{u>θ} (u − u^∗)^q dx ,

as long as K is chosen to be suitably large with respect to the structural constants. Such a K will then be fixed once and for all, and it will be absorbed into the constants C from now on. The same will be done for the constant Q. Therefore, we obtain A_r + V^{(n−1)/n} r ≤ C (V_R − V_r) + C ∫ B_R∩{h≤u} |∇h|^p + F (x, h) dx

+ C ∫ B_R∩{u<h} F (x, u) dx

+ C ∫ B_R |∇h|^{p−2}(|∇h| + |D^2h|) (u − u^∗) dx .

(47)

We now need to distinguish the cases χ and W in order to properly choose the barrier h. That is, we need to distinguish the case in which condition (10) holds from the case in which conditions (11), (12) and (13) hold.

5.1. The case χ. In this case, we are assuming condition (10), which implies that

A_{r+1} − A_r = ∫ B_{r+1}−B_r F (x, u) dx ≥ 1 C L^n ( (B_{r+1} − B_r) ∩ {|u| < 1} )

and therefore L^n ( (B_{r+1} − B_r) ∩ {u > −1} ) ≤ C (A_{r+1} − A_r) + L^n ( (B_{r+1} − B_r) ∩ {u = 1} ) ≤ C (A_{r+1} − A_r) + (V_{r+1} − V_r) .

(48)

We now choose r := k ∈ N, R := r + 1 and h to be smooth and so that h(x) = −1 for any x ∈ B_r. In particular, h fulfills (37) and (38). Then, we gather from (47) and (48) that

(49) A_k + V^{(n−1)/n}_k ≤ C (V_{k+1} + A_{k+1} − V_k − A_k) .

Also, if k_0 is the smallest integer greater than μ_1, it follows from (16) that

(50) A_{k0} + V_{k0} ≥ μ_2 .

We now exploit Lemma 2.1 of [PV05a] (used here with α := 0, v_k := V_{k+k0−1} and a_k := a_{k+k0−1}), to deduce from (49) and (50) that V_{k+k0−1} + A_{k+k0−1} ≥ γk^n for any k ∈ N, for a suitable γ > 0. Thence, by Lemma 10, V_{k+k0−1} ≥ γk^n − Ĉk^{n−1} ≥ γ 2 k^n , as long as k ≥ 2Ĉ/γ. Consequently, L^n ( {u > θ} ∩ B_r ) ≥ γ 2^{n+1} r^n , for any r ≥ r_0 := 2k_0 + 2Ĉ/γ, which ends the proof of Theorem 1 in case χ. ♦

5.2. The case W . This case is the one in which we assume conditions (11), (12) and (13). By possibly replacing d with max{d, p} in (11), we may suppose that d = p. Then, from (11),

(51) C F (x, τ) ≥ (τ + 1)^p if τ ∈ [−1, θ). We let Θ > 0 be suitably small (with respect to the structural constants) and T (and, in fact, ΘT ) suitably large (possibly in dependence of θ and Θ). Given k ∈ N, we take R := (k + 1)T , r := kT and then we choose h as done on page 183 of [Val04]. Such a barrier satisfies (52) (h + 1) + |∇h| + |D^2h| ≤ C(h + 1) ≤ Ce^{−ΘT (k+1−j)} in B_{jT} − B_{(j−1)T} , and (53) |∇h| + |D^2h| ≤ CΘ(h + 1) in B_{(k+1)T} . Then, the assumptions on h taken on page 11 and, in particular (38), are satisfied provided that ΘT is conveniently large. Notice also that, since h ≥ −1,

(54) u − h ≤ (u − h) + (h + 1) = u + 1 .

We now estimate the contribution of the terms in (47) when u ≤ θ. That is, we use (53), (51), (13), (38), (12) and (54) to gather ∫ B_{(k+1)T} ∩{h≤u}∩{u≤θ} ( |∇h|^p + F (x, h) ) + ∫ B_{(k+1)T} ∩{u<h}∩{u≤θ} F (x, u)

+ ∫ B_{(k+1)T} ∩{u≤θ} |∇h|^{p−2} ( |∇h| + |D^2h| ) (u − u^∗)

≤ C [ ∫ (B_{(k+1)T} −B_{kT} )∩{u≤θ} F (x, u)

+ ∫ B_{kT} ∩{u≤θ} F (x, h) + ∫ B_{(k+1)T} ∩{h<u≤θ} (h + 1)^{p−1}(u − h) ]

≤ C [ A_{(k+1)T} − A_{kT} + k^{n−1}T^n k∑ j=1 e^{−cΘT (k+1−j)} + ∫ (B_{(k+1)T} −B_{kT} )∩{h<u≤θ} (u + 1)^p ]

≤ C [ A_{(k+1)T} − A_{kT} + k^{n−1}T^ne^{−cΘT} ] ,

(55)

where c := min{d^′, p − 1} > 0 and d^′ is the quantity introduced in (12).

We now estimate the contribution of the terms in (47) when u > θ. More precisely, we use (53), (51), (13) and (12) to obtain that ∫ B_{(k+1)T} ∩{h≤u}∩{u>θ} ( |∇h|^p + F (x, h) ) + ∫ B_{(k+1)T} ∩{u<h}∩{u>θ} F (x, u)

+ ∫ B_{(k+1)T} ∩{u>θ} |∇h|^{p−2} ( |∇h| + |D^2h| ) (u − u^∗)

≤ C k+1∑ j=1 e^{−cΘT (k+1−j)}(V_{jT} − V_{(j−1)T} ) .

(56)

By collecting the results in (47), (55) and (56), we see that A_{kT} + V^{(n−1)/n} kT ≤ C A_{(k+1)T} − A_{kT} + k^{n−1}T^ne^{−cΘT} + k+1∑ j=1 e^{−cΘT (k+1−j)}(V_{jT} − V_{(j−1)T} ) , (57)

that is, (32) holds, by choosing A_k := A_{kT} , a_k := V_{kT} − V_{(k−1)T} , ε := CT^ne^{−cΘT} and L := cΘT . The constant C in (57) is now fixed once and for all (and the quantity C in the statement of Lemma 9 is assumed to agree with it). Of course, without loss of generality we may suppose that

(58) C ≥ max { 1 μ_2

, 2^nn^3 ( L^n(B_1) + 1 )} , where μ_2 is the quantity introduced in (16).

Note that (29) is satisfied, thanks to (27) and to the assumption that T is suitably large. The facts that e^{−L} > 0, C ≥ 1 and (27) yield (28). Also,

a_k = L^n ( {u > θ} ∩ (B_{kT} − B_{(k−1)T} ) ) ≤ L^n ( B_{kT} − B_{(k−1)T} ) ≤ CT^nk^{n−1} , due to (58), thus yielding (31). Also, (30) is a consequence of (16) and (58), by taking T ≥ μ_1. Consequently, by Lemmata 9 and 10, γT^nk^n ≤ ∫ B_{kT} F (x, u) dx + L^n ( {u > θ} ∩ B_{kT} )

≤ ĈT^{n−1}k^{n−1} + L^n ( {u > θ} ∩ B_{kT} ) , for a suitable γ > 0. Thus, if kT ≥ 2Ĉ/γ, L^n ( {u > θ} ∩ B_{kT} ) ≥ γT^n 2 k^n . Consequently, if r ≥ r_0 := T + 2Ĉ/γ, L^n ( {u > θ} ∩ B_r ) ≥ γ 2^{n+1} r^n , thus completing the proof of Theorem 1 in case W . ♦

6. Proof of Corollary 2

We will need the following auxiliary result, the proof of which follows from Theorem 1, Lemma 10, and the argument on pages 1066–1067 of [PV05a]:

Corollary 12. Fix θ ∈ (0, 1). Let u be a Q-minimum for F in Ω. Suppose that |u| ≤ 1 and (59) |∇u(x)| ≤ M_0 , for a.e. x ∈ Ω, that (60) A(x, ∇u(x)) ≤ M_0 F (x, u(x)) , for a.e. x ∈ Ω ∩ {|u| < 1}, for some M_0 > 0. Let x ∈ {−θ < u < θ} and y ∈ Ω. Then, there exist positive r_0, c and C, depending only on n, Q, θ, M_0 and the structural constants, such that: L^n ( B_r(x) ∩ {u > θ} ) ≥ c r^n , L^n ( B_r(x) ∩ {u < −θ} ) ≥ c r^n L^n ( B_r(x) ∩ {|u| < θ} ) ≥ c r^{n−1} and L^n ( B_r(y) ∩ {|u| < θ} ) ≤ C r^{n−1}, for any r ≥ r_0, provided that B_r(x), B_r(y) ⊂ Ω.

We now focus on the proof of Corollary 2. First of all, we deal with the L^1_{loc}-convergence of u_ε. The argument we perform for this is, up to now, quite standard (see, e.g., [Mod87]). For τ ∈ [−1, 1], we define

Φ(τ, x) := ∫_τ 0 ( F (x, ξ) )_{1/p}′ dξ , where p^′ := p/(p − 1) is the conjugated exponent of p. Then, for any fixed x ∈ Ω, the map [−1, 1] ∋ τ → Φ(τ, x) is strictly increasing, because of (8), and so we denote by Ψ(·, x) its inverse function.

We define v_ε(x) := Φ(u_ε(x), x). Then,

(61) |v_ε| ≤ 2 ( sup x∈Ω, |ξ|≤1 F (x, ξ) )_{1/p}′ < +∞ , thanks to (18) and (8). Moreover, by the Young inequality, (17) and (21), given a ball B ⊂ Ω, we have that

(62) ∫ B |∇v_ε| dx ≤ ∫ B (F (x, u_ε))^{1/p′} |∇u_ε| dx + CL^n(B) ≤ F^ε_Ω(u) + CL^n(B) < +∞ , for a suitable C > 0.

The estimates in (61) and (62), together with the Rellich-Kondrashov Theorem, imply that v_ε converges, up to subsequences, in L^1_{loc} and so a.e., to a suitable v_0.

We let u_0(x) := Ψ(v_0(x), x) and we consider a ball B ⊂ Ω. Note that u_ε(x) := Ψ(v_ε(x), x) converges a.e. to v_0. Thus, we use (18) and the Dominated Convergence Theorem to deduce that lim_{ε→0} ∫ B |u_ε − u_0| dx = 0 , which gives the L^1_{loc}-convergence of u_ε.

We now show that the limit function u_0 is a step function, i.e., that it takes only the values 1 and −1. Indeed, by the Fatou’s Lemma and (21), ∫ Ω F (x, u_0) dx ≤ lim inf_{ε→0} ∫ Ω F (x, u_ε) dx ≤ lim inf_{ε→0} εF^ε_Ω(u_ε) = 0 .

Accordingly, F (x, u_0) = 0 and so |u_0| = 1, as desired.

The fact that the set E := {u = 1} has Q-minimal perimeter follows from Theorem 3.3 of [Bou90] and Theorem 5.1 of [GG84].

The locally uniform convergence of the (sub)level sets of u_ε follows now by a standard argument (see, e.g., page 69 of [PV05b]), which we repeat here for the reader’s convenience. If the locally uniform convergence of the (sub)level sets of u_ε were false, there would exist some d > 0, an infinitesimal sequence ε_k, and a sequence of points x_k contained in a compact subset of Ω such that |u_{εk} (x_k)| < θ and in such a way that B_d(x_k) is always contained either in E on in Ω − E. Say, for definiteness, that B_d(x_k) ⊆ E. Then,

(63) u_0(x) = 1 for any x ∈ B_d(x_k).

We set w_ε(x) := u_ε(εx). Note that (59) and (60) for w_ε hold because of (19) and (20), and that |w_{εk} (x_k/ε_k)| < θ. Also, by a direct computation, one sees that w_ε is a Q-minimum of the functional

G^ε_{Ω/ε}(w) := ∫ Ω/ε A(εx, ∇w) + F (εx, w) dx , where Ω/ε := {x/ε, x ∈ Ω}. We remark that the structural constants of G^ε agree with the ones of F, since conditions (3)–(13) are uniform in x. Accordingly, by Corollary 12, cρ^n ≤ L^n ( B_ρ(x_k/ε_k) ∩ {w_{εk} < −θ} )

= 1 ε^n_k L^n ( B_{εkρ}(x_k) ∩ {u_{εk} < −θ} ) , for some c > 0, as long as ρ ≥ r_0, and therefore L^n ( B_d(x_k) ∩ {u_{εk} < −θ} ) ≥ cd^n , if ε_k is small enough.

Consequently, using also (63), ∫ B_d(x_k) |u_0 − u_{εk} | ≥ ∫ B_d(x_k)∩{u_{εk} <−θ} |u_0 − u_{εk} | ≥ cd^n (1 + θ)

in contradiction with the L^1_{loc}-convergence of u_ε.

This ends the proof of Corollary 2. ♦

7. Proof of Corollaries 3 and 4

Conditions (17) and (18) in Corollary 2 hold true under the hypotheses of Corollaries 3 and 4. Conditions (19) and (20) are assured by (23) and the results in [Tol84] and [CGS94], respectively. A scaling argument and Lemma 10 imply (21). Therefore, we are able to apply Corollary 2.

Moreover, one easily sees that condition (2.1) in [SV05] is satisfied by u, thanks to Corollary 12 (full details on how to check such a condition are also given in the proof of Corollary 9.2 of [SV05]). Then, the claim of Corollary 3 (resp., Corollary 4) follows from Corollary 2 here and from Theorem 2.1 in [SV05] (resp., Lemma 6.6 in [SV05]). ♦

8. Proof of Corollary 5

The proof is a modification of the one of Theorem 1.1 in [VSS06], according to the following observations. First of all, Lemma 2.23 of [VSS06], which is stated there for minimizers, does hold for quasiminima (indeed, one just uses Corollary 12 of the present paper instead of Theorem 1.1 of [PV05a] to go through the proof of Lemma 2.23 of [VSS06]). Consequently, Corollary 2.24 of [VSS06] also holds for quasiminima.

Moreover, Lemma 5.1 of [VSS06] holds for quasiminima too (indeed, its proof uses Lemma 2.23 of [VSS06], which we have just shown to hold for quasiminima). As a consequence, Proposition 5.2 of [VSS06] holds for quasiminima.

The proof of Corollary 5 here is now the same as the one of Theorem 1.1 of [VSS06] (as given on pages 61–67 there). Indeed, the proof of Theorem 1.1 of [VSS06] uses Lemma 5.1, Proposition 5.2 and Corollary 2.24 there (which have just been shown to hold for quasiminima) and the results of [Bou90, PV05a] (which get replaced respectively by (24) and Corollary 12 here). ♦

9. Proof of Corollary 6

The proof is the same as the one of Theorem 1.2 of [VSS06], as given on pages 69–73 there. The only difference is that the use of Theorem 1.1 of [VSS06] (resp., Lemma 9.3 of [SV05]) is replaced by the use of Corollary 5 (resp., Corollary 3) here. ♦

10. Proof of Corollary 7

We note that Lemma 8.1 of [VSS06] holds for quasiminima, since its proof uses Theorem 1.2 of [VSS06] which may be replaced by Corollary 6 here. Then, the desired result follows by repeating verbatim the argument on page 77 of [VSS06]. ♦

References

[AAC01] Giovanni Alberti, Luigi Ambrosio, and Xavier Cabré. On a long-standing conjecture of E. De Giorgi:

symmetry in 3D for general nonlinearities and a local minimality property. Acta Appl. Math., 65(1- 3):9–33, 2001. Special issue dedicated to Antonio Avantaggiati on the occasion of his 70th birthday.

[AC79] S. Allen and J. Cahn. A microscopic theory for antiphase boundary motion and its application to antiphase domain coarsening. Acta Metallurgica, 27:1084–1095, 1979.

[AC81] H. W. Alt and L. A. Caffarelli. Existence and regularity for a minimum problem with free boundary.

J. Reine Angew. Math., 325:105–144, 1981.

[AC00] Luigi Ambrosio and Xavier Cabré. Entire solutions of semilinear elliptic equations in R^3 and a conjecture of De Giorgi. J. Amer. Math. Soc., 13(4):725–739 (electronic), 2000.

[BCN97] Henri Berestycki, Luis Caffarelli, and Louis Nirenberg. Further qualitative properties for elliptic equations in unbounded domains. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 25(1-2):69–94 (1998), 1997. Dedicated to Ennio De Giorgi.

[BL03] I. Birindelli and E. Lanconelli. A negative answer to a one-dimensional symmetry problem in the Heisenberg group. Calc. Var. Partial Differential Equations, 18(4):357–372, 2003.

[Bou90] Guy Bouchitté. Singular perturbations of variational problems arising from a two-phase transition model. Appl. Math. Optim., 21(3):289–314, 1990.

[Car95] Gilles Carbou. Unicité et minimalité des solutions d’une équation de Ginzburg-Landau. Ann. Inst.

H. Poincaré Anal. Non Linéaire, 12(3):305–318, 1995.

[CC95] Luis A. Caffarelli and Antonio Córdoba. Uniform convergence of a singular perturbation problem.

Comm. Pure Appl. Math., 48(1):1–12, 1995.

[CGS94] Luis Caffarelli, Nicola Garofalo, and Fausto Segàla. A gradient bound for entire solutions of quasilinear equations and its consequences. Comm. Pure Appl. Math., 47(11):1457–1473, 1994.

[DG79] Ennio De Giorgi. Convergence problems for functionals and operators. In Proceedings of the International Meeting on Recent Methods in Nonlinear Analysis (Rome, 1978), pages 131–188, Bologna, 1979. Pitagora.

[DGF75] Ennio De Giorgi and Tullio Franzoni. Su un tipo di convergenza variazionale. Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8), 58(6):842–850, 1975.

[Far99] Alberto Farina. Symmetry for solutions of semilinear elliptic equations in R^N and related conjectures.

Ricerche Mat., 48(suppl.):129–154, 1999. Papers in memory of Ennio De Giorgi.

[GG84] Mariano Giaquinta and Enrico Giusti. Quasiminima. Ann. Inst. H. Poincaré Anal. Non Linéaire, 1(2):79–107, 1984.

[GG98] N. Ghoussoub and C. Gui. On a conjecture of De Giorgi and some related problems. Math. Ann., 311(3):481–491, 1998.

[Giu84] Enrico Giusti. Minimal surfaces and functions of bounded variation, volume 80 of Monographs in Mathematics. Birkhäuser Verlag, Basel, 1984.

[Giu94] Enrico Giusti. Metodi diretti nel calcolo delle variazioni. Unione Matematica Italiana, Bologna, 1994. [GP58] V. L. Ginzburg and L. P. Pitaevskiĭ. On the theory of superfluidity. Soviet Physics. JETP, 34 (7):858–861 (1240–1245 Ž. Eksper. Teoret. Fiz.), 1958.

[Lad67] O. A. Ladyženskaja. New equations for the description of the motions of viscous incompressible fluids, and global solvability for their boundary value problems. Trudy Mat. Inst. Steklov., 102:85– 104, 1967.

[Lan67] L. D. Landau. Collected papers of L. D. Landau. Edited and with an introduction by D. ter Haar.

Second printing. Gordon and Breach Science Publishers, New York, 1967.

[Mod87] Luciano Modica. The gradient theory of phase transitions and the minimal interface criterion. Arch.

Rational Mech. Anal., 98(2):123–142, 1987.

[OS91] Nicholas C. Owen and Peter Sternberg. Nonconvex variational problems with anisotropic perturbations. Nonlinear Anal., 16(7-8):705–719, 1991.

[Owe88] Nicholas C. Owen. Nonconvex variational problems with general singular perturbations. Trans.

Amer. Math. Soc., 310(1):393–404, 1988.

[PV05a] Arshak Petrosyan and Enrico Valdinoci. Density estimates for a degenerate/singular phase-transition model. SIAM J. Math. Anal., 36(4):1057–1079 (electronic), 2005.

[PV05b] Arshak Petrosyan and Enrico Valdinoci. Geometric properties of Bernoulli-type minimizers. Interfaces Free Bound., 7(1):55–77, 2005.

[Row79] J. S. Rowlinson. Translation of J. D. van der Waals’ “The thermodynamic theory of capillarity under the hypothesis of a continuous variation of density”. J. Statist. Phys., 20(2):197–244, 1979.

[Sav03] Vasile Ovidiu Savin. Phase transitions: regularity of flat level sets. PhD thesis, University of Texas at Austin, 2003.

[Ste88] Peter Sternberg. The effect of a singular perturbation on nonconvex variational problems. Arch.

Rational Mech. Anal., 101(3):209–260, 1988.

[SV05] Berardino Sciunzi and Enrico Valdinoci. Mean curvature properties for p-Laplace phase transitions.

J. Eur. Math. Soc. (JEMS), 7(3):319–359, 2005.

[Tol84] Peter Tolksdorf. Regularity for a more general class of quasilinear elliptic equations. J. Differential Equations, 51(1):126–150, 1984.

[Val04] Enrico Valdinoci. Plane-like minimizers in periodic media: jet flows and Ginzburg-Landau-type functionals. J. Reine Angew. Math., 574:147–185, 2004.

[VSS06] Enrico Valdinoci, Berardino Sciunzi, and Vasile Ovidiu Savin. Flat level set regularity of p-Laplace phase transitions. Mem. Amer. Math. Soc., 182(858):vi+144, 2006.

AF – Université de Picardie Jules Verne – Faculté de Mathématiques et d’Informatique – 80039 Amiens CEDEX 1, France E-mail address: alberto.farina@u-picardie.fr

EV – Università di Roma Tor Vergata – Dipartimento di Matematica – I-00133 Rome, Italy E-mail address: enrico@mat.uniroma3.it