Randomly forced nonlinear PDEs and statistical hydrodynamics in 2 space dimensions

Sergei Kuksin Department of Mathematics Heriot–Watt University, Edinburgh and Steklov Institute of Mathematics 8 Gubkina St., Moscow email: kuksin@ma.hw.ac.uk

Contents

0 Introduction 3

1 Function spaces 6 1.1 Function spaces for functions of x . . . . . . . . . . . . . . . . . . . . . . . 6 1.2 Functions of t and x . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 The deterministic 2D Navier-Stokes Equation 10 2.1 Leray decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.2 Properties of the nonlinearity B . . . . . . . . . . . . . . . . . . . . . . . . 13 2.3 The existence and uniqueness theorem . . . . . . . . . . . . . . . . . . . . 15 2.4 Improving the smoothness of solutions . . . . . . . . . . . . . . . . . . . . 19 2.5 The NS semigroup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.6 Singular forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 2.7 Some hydrodynamical terminology . . . . . . . . . . . . . . . . . . . . . . 27

3 Random kick-forces 29 3.1 Ingredients for the constructions . . . . . . . . . . . . . . . . . . . . . . . 29 3.2 The kicked NSE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.3 Stationary measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.4 More estimates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 White-forced equations 35 4.1 White in time forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 4.2 The white-forced 2D NSE . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3 Estimates for solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 4.4 Stationary measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 4.5 High-frequency random kicks . . . . . . . . . . . . . . . . . . . . . . . . . 41

5 Preliminaries from the measure theory 44 5.1 Weak convergence of measures and Lipschitz-dual distance . . . . . . . . . 44 5.2 Variational distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 5.3 Coupling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 5.4 Kantorovich functionals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

6 Uniqueness of a stationary measure: kick-forces 48 6.1 The main lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 6.2 Weak solution of (6.1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 6.3 The theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 6.4 Corollaries from the theorem . . . . . . . . . . . . . . . . . . . . . . . . . 55 6.5 3D NSE with small random kicks . . . . . . . . . . . . . . . . . . . . . . . 56 6.6 Stationary measures and random attractors . . . . . . . . . . . . . . . . . 57 6.7 Appendix: Summary of the proof of Theorem 6.4 . . . . . . . . . . . . . . 58

7 Uniqueness of a stationary measure: white-forces 61 7.1 The main theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 7.2 Stationary measures for equation, perturbed by high frequency kicks . . . 63

8 Ergodicity and the strong law of large numbers 65

9 The martingale approximation and CLT 68

10 The Eulerian limit 71 10.1 White-forces, proportional to the square-root of the viscosity . . . . . . . 71 10.2 One negative result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 10.3 Other scalings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 10.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 10.5 Kicked equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

11 Balance relations for the white–forced NSE 83 11.1 The balance relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 11.2 The co-area form of the balance relations . . . . . . . . . . . . . . . . . . 86

12 Comments 89

0 Introduction

This short book is based on a lecture–course on the randomly forced two–dimensional Navier–Stokes equation (2D NSE) and two–dimensional statistical hydrodynamics which the author taught at ETH-Zürich during the winter term of the year 2004/2005. The goal of the course was to review the recent progress in the qualitative theory of randomly forced nonlinear PDE (especially, the 2D NSE), and discuss applications of the corresponding results to the 2D statistical hydrodynamics, including the 2D turbulence. The book, as well as the lecture-course, is aimed on people with some background in PDE, or in probability, or in physics. For the benefit of the last two groups of readers we included in the book a section on the deterministic 2D NSE.

Due to the luck of time, the lectures and this book do not include all relevant material. The author restricted himself to the results, related to his current scientific interests — the statistical hydrodynamics of randomly forced two–dimensional fluids. So some important relevant topics are not represented in the book. Probably, the most serious omissions are the results on the free NSE with random initial data. Concerning them we refer the reader to the books [VF88] and [FMRT01]. Some important results on randomly forced 2D fluids also are not covered by the book. With the exception of very short Section 6.5 we avoid the randomly forced 3D NSE since not much is known there, and what is known differs in spirit from the 2D results we are interested in. See [Fla05].

The book contains only rigorously proven theorems. Connections with the (heuristic) theory of turbulence are reduced to short discussions on relevance of the obtained results to the theory of turbulence, made at the ends of the main sections. There we show that the theorems form a rigorous mathematical foundation for the theory of 2D space-periodic turbulence. In particular, the results obtained imply that

i) when time grows, statistical characteristics of a turbulent flow stabilise to characteristics, independent from the initial velocity field (Sections 6, 7);

ii) for any characteristic of a turbulent flow, its time-average equals the ensembleaverage (Section 8);

iii) in large time-scale the turbulent flow is a Gaussian process (Section 9). In the last two sections of the book we prove and discuss some recent results, which seem to be unknown to experts in turbulence. Namely, we show that

iv) when the coefficient of kinematic viscosity decays to zero and the random force, applied to the fluid, is scaled to keep the energy of the fluid of order one, the solution of the 2D NSE converges in distribution to a random field such that each its realisation satisfies the free 2D Euler equation (Section 10),

v) stationary in space and time solutions of randomly forced 2D NSE satisfy infinitely many explicit algebraic relations (i.e. “space-periodic 2D turbulence is integrable”; Section 11).

The results i)–v) follow from rigorous analysis of the randomly forced 2D NSE

u̇ − νΔu + (u · ∇)u + ∇p = η(t, x) , div u = 0 , (0.1)

where η is a random field. Usually the equation is supplemented by the periodic boundary conditions x ∈ T^2 = R^2/2πZ^2 .

Eq. (0.1) is the main object, studied in this book. Sections 1–5 contain preliminaries, and the rest of the book – the new results on the equation (which imply the assertions i)–v) above).

Most of the results in Sections 6–9 hold true for eq. (0.1) in a bounded domain with suitable boundary conditions (say, Dirichlet), or in a two-dimensional compact Riemann surface, e.g. in a sphere (if the action of the Laplacian on vector-fields u(x) is defined accordingly). More generally, the results hold for solutions of many nonlinear dissipative equations in bounded domains (or in a torus), perturbed by a random force. In particular, for the reaction-diffusion equation

u̇ − νΔu + u^3 = η(t, x) ; (0.2)

or for the Ginsburg–Landau equation

u̇ − νΔu + i|u|^2u = η(t, x), (0.3)

where u(t, x) ∈ C and dim x ≤ 3; or for the equation

u̇ − (ν + i)Δu + i|u|^2u = η(t, x), (0.4)

where u(t, x) ∈ C, dim x ≤ 4. From time to time we briefly discuss these equations and properties of their solutions, similar to those of 2D NSE.

In contrast, the results of Section 10 only hold for eq. (0.1) with some boundary conditions. For example, they do not apply to (0.1) with the Dirichlet boundary conditions, but they hold for the equation on a Riemann surface. Moreover, the results are valid for some other equations. In particular — for eq. (0.4).

The results of Section 11 are the most rigid: they only hold for the 2D NSE (0.1) under the periodic boundary conditions (so only the periodic 2D turbulence is integrable, cf. v) above).

In this book we do not discuss properties of equations (0.2)–(0.4) which have no proven analogies for the 2D NSE (e.g., see [Kuk97, Kuk99] for a study of (0.3) when ν → 0). Similar, we do not touch the problem of Burgers turbulence, described by the randomly forced Burgers equation (see [EKMS00]).

We consider two classes of ransom forces η: they are either Gaussian random fields, smooth in x and white as functions of t, or they are kick–processes as functions of t, smooth in x. In the former case the equations define stochastic (in Ito’s sense) differential equations in function spaces, while in the latter case they define Markov chains in function spaces. All our results, apart from those in Section 11, hold for both classes of the forces. We think that this is important since it indicates that the results obtained for the 2D NSE (0.1) are not properties of a specific model, but of the 2D statistical hydrodynamics.

Notations. We define Z^2_0 = Z^2\{0}. For a Banach space X we set

B_r(X) = {x ∈ X | ‖x‖_X ≤ r} .

By D(ξ) we denote the distribution of a random variable ξ. Each metric space M is provided with the σ-algebra of its Borel sets B(M) (so ‘measurable’ means ‘Borelmeasurable’). We denote by C_b(M) the space of bounded continuous function on M, by M(M) — the set of finite signed Borel measures, and by P(M) — the probability Borel measures on M. For f ∈ C_b(M) and μ ∈ M(M) we define (f, μ) = (μ, f) = � M f(u) μ(du) . By I_Q we denote the characteristic function of a set Q.

We adopt the Einstein rule of summation over repeated indexes.

Acknowledgement. I wish to express my gratitude to the Mathematical Department of ETH-Zürich for the invitation to teach the Nachdiplom Vorlesungen, and to the Forchungsinstitut – for the hospitality during my staying in Zürich, and for the excellent working conditions. I am obliged to the listeners of the course for their questions and comments. In particular – to Alan Sznitman for many his critical remarks and suggestions made during the lectures, as well as for his help to organise them on high level. My special thanks – to Alan’s PhD students Lorent Goeregen and Tom Schmitz who helped to prepare a TEX-version of the lecture notes. Finally, I wish to thank Gregory Falkovich for his remarks on a preprint version of this book.

My research is supported by EPSRC, grant S68712/01.

1 Function spaces

1.1 Function spaces for functions of x

Let Q be an open domain of R^d or the torus T^d = R^d/2πZ^d.

Lebesgue spaces.

We denote with L_p(Q; R^n), 1 ≤ p ≤ ∞, the usual Lebesgue spaces of vector-valued functions, abbreviate L_p(Q; R) = L_p(Q), and denote the L_2 scalar-product by ⟨·, ·⟩.

Sobolev spaces W^{m,p}(Q; R^n).

Let C^∞_c (Q; R^n) be the space of infinitely differentiable maps ϕ : Q → R^n with compact support in Q. Suppose u, v are locally integrable functions on Q and α = (α_1, . . . , α_d) is a multiindex. We say that v is the α^{th}-weak partial derivative of u, written D^αu = v, provided � Q uD^αϕ dx = (−1)^{|α|} � Q vϕ dx , for all test functions ϕ ∈ C^∞_c (Q). Here

|α|^{def}= α_1 + . . . + α_d.

Let m ∈ N and 1 ≤ p ≤ ∞. The space W^{m,p}(Q, R^n) consists of all locally integrable functions u : Q → R^n such that for each multiindex α with |α| ≤ m, D^αu exists in the weak sense and belongs to L_p(Q; R^n). We shall only use these spaces with p = 2 and adopt the notations:

W^{m,2}(Q; R^n) = H^m(Q; R^n) , H^m(Q; R^1) = H^m(Q) .

If u ∈ H^m(Q; R^n), we define its norm to be:

‖u‖_m = � � |α|≤m

|D^αu|^2

�_{1/2}

When analysing eq. (0.1), we will mostly restrict ourselves to the case where the domain Q is the torus T^{2 def}= R^2/Z^2.

(S1) If Q = T^d, then u ∈ L_2 can be written as u(x) = � s∈Z^d use is·x. It is then

possible to define H^m(T^d; R^n) even for m ∈ R. For this purpose, we define a norm which is equivalent to ‖·‖_m in (1.1) if m ∈ N:

‖u‖^2_m = � s∈Z^d � 1 + |s|^2

�_m

|u_s|^2, m ∈ R

Now for m ≥ 0 we set H^m(T^d; R^n) = {u ∈ L^2(T^d; R^n) : ‖u‖^2_m < ∞}, and for m < 0 define the space H^m(T^d; R^n) as the closure of L_2(T^d; R^n) in the ‖·‖_m-norm.

Lemma 1.1. For any r ∈ R and any multiindex α the linear map D^α is continuous from H^r(T^d; R^n) to H^{r−|α|}(T^d; R^n). Accordingly, the map Δ : H^r(T^d; R^n) → H^{r−2}(T^d; R^n) is continuous.

(S2) If ⟨u⟩^{def}= � T^d u(x) dx = 0, then u0 = 0. Therefore in the space

H^m_0 (T^d; R^n) = {u ∈ H^m(T^d; R^n) | ⟨u⟩ = 0} the norm can be equivalently defined by the relation ‖u‖^2_m = � s≠0

|s|^{2m}|u_s|^2 .

In particular, ‖u‖^2_1 = |∇u|_2.

(S3) Sobolev Embeddings Let Q be an open subset of R^d with a Lipschitz boundary, or the torus T^d.

1. If m ≤^d_2 and 2 ≤ q ≤^{2d}_{d−2m} , q < ∞, then H^m(Q; R^n) ⊂ L_q (Q; R^n) (1.1) 2. If m >^d_2 + α, 0 ≤ α < 1, then H^m(Q; R^n) ⊂ C^α(Q; R^n) (1.2) C^α(Q), α > 0, denotes the space of α-Hölder continuous functions and C^0 is the space of continuous functions.

3. If Q is an open bounded subset of R^d with Lipschitz boundary, or if Q = T^d, then the embedding (1.2) is compact, and the embedding (1.1) is compact as far as q <^{2d}_{d−2m} . Besides, in this case H^{m1} (Q; R^n) ⋐ H^{m2} (Q; R^n) if m_1 > m_2. (1.3) Exercise 1.2. Prove (1.2) for α = 0 and Q = T^d.

Solution: We have to show that H^m(Q; R^n) ⊂ C^0(Q; R^n) if m >^d_2 . It is clear that u = � s∈Z^d use is·x with � |u

s| < ∞ is continuous. So it suffice to check that � |u_s| < ∞ for u ∈ H^m(Q; R^n) with m >^d_2 . We have: � s∈Z^d

|u_s|(1 + |s|^2)^{−m/2}(1 + |s|^2)^{m/2}

≤ � � � s∈Z^d

|u|^2(1 + |s|^2)^m � � 1/2 � � � s∈Z^d

(1 + |s|^2)^{−m} � � 1/2 .

The first factor on the r.h.s. is finite since u ∈ H^m(Q; R^n). The second factor is finite because 2m > d and � s∈Z^d

(1 + |s|^2)^{−m} ≤ 1 + � s∈Z^d\{0}

|s|^{−2m} ≤ c + c^′ � |x|>1

|x|^{−2m}dx < ∞.

Example: If Q = T^2, then H^1(Q) ⋐ L_q(Q) ∀q < ∞, (1.4) and H^{12} (Q) ⊂ L_4(Q). (1.5)

(S4) The spaces H^m(T^d; R^n) and H^{−m}(T^d; R^n) are dual:

∀u ∈ C^∞(T^d; R^n), ‖u‖_m = sup_{v∈C∞,‖v‖}

−m≤1

⟨u, v⟩ .

Exercise 1.3. Prove this relation.

In particular, the scalar product in L^2 extends to a continuous bilinear map H^m(T^d; R^n)× H^{−m}(T^d; R^n) → R.

(S5) Interpolation inequality. Let a < b and 0 ≤ θ ≤ 1. Then

‖u‖_{θa+(1−θ)b} ≤ ‖u‖^θ_a . ‖u‖^{1−θ}_b

Proof (for the case Q = T^d and ⟨u⟩ = 0). We have

‖u‖^2_{θa+(1−θ)b} = � s≠0

|u_s|^2|s|^{2(θa+(1−θ)b)} = � s≠0

|u_s|^{2θ}|s|^{2θa}|u_s|^{2(1−θ)}|s|^{2(1−θ)b}

≤ � � � s≠0

|u_s|^2|s|^{2a} � � θ � � � s≠0

|u_s||s|^{2b} � � 1−θ ,

where in the last step we use the Hölder inequality.

Example: In the Example in (S3), using the interpolation with a = 0, b = 1, θ =^1_2 , we get that |u|_4 ≤ c ‖u‖ 1_2 ≤ c � |u|_2 ‖u‖_1 . This is the Ladyzhenskaya inequality.

1.2 Functions of t and x

The solutions of the equations, mentioned in the introduction, are functions depending on time t and space x. We fix T > 0 and view u(t, x) with 0 ≤ t ≤ T as a map

[0, T ] −→ “space of functions of x”, t → u(t, ·) .

Accordingly, we can define spaces L_p � 0, T ; L_q(Q)

�_{def}

= L_p � [0, T ], L_q(Q) � , L_p � 0, T ; H^k(Q)

�_{def}

= L_p � [0, T ], H^k(Q) � , C � 0, T ; L_q(Q)

�_{def} = C � [0, T ], L_q(Q) � , and so on.

Fubini’s theorem implies that

L_p � 0, T ; L_p(Q) � = L_p � [0, T ] × Q � , if p < ∞. Discussion of these spaces see in [Lio69].

We shall denote

C^∞ = {u(t, x) ∈ C^∞} or C^∞ = {u(x) ∈ C^∞},

depending on the context.

Exercise 1.4. Let Q = R^d and T = 1. Consider the heat kernel:

u(t, x) = (2 √ πt)^{−d} exp � − |x|^2 4t � . Prove that |u|_{Lp(0,1;L2)} = � ∞, pd ≥ 4 < ∞, otherwise

2 The deterministic 2D Navier-Stokes Equation

In the forthcoming, we write “2D NSE” for the “two-dimensional Navier–Stokes equation”, and often abbreviate 2D NSE to NSE. We will consider 2D NSE with periodic boundary conditions. That is, we assume that the space-variable x is a point in the torus T^{2 def}= R^2/2πZ^2. The Navier–Stokes equation in a bounded two-dimensional domain under the Dirichlet boundary conditions can be studied very similar. In an unbounded domain, e.g. in the whole plane, the equation becomes a bit more difficult since in this case the Sobolev embeddings in (S3) are not compact.

The 2D NSE on the torus is the following system of three equations for three unknown functions: two components of the vector-function u(t, x) = � u^1(t, x), u^2(t, x)

�_t

(the velocity) and the scalar function p(t, x) (the pressure), where x ∈ T^2 and t ∈ R: � u̇(t, x) − νΔu(t, x) + (u(t, x) · ∇)u(t, x) + ∇p(t, x) = f̃(t, x) div u(t, x) = 0 .

(2.1)

Usually we study the equation for t ≥ 0 and supplement it with the initial condition at t = 0:

u(·, 0) = u_0(·) .

Standard references are, e.g., [Lio69, CF88] and [BV92].

2.1 Leray decomposition

Let u ∈ L_2(T^2; R^2), then u can be written as a Fourier series: u(x) = � u_se^{is·x}, with u_s ∈ C^2 and u_{−s} = ū_s. If u(x) ∈ C^∞(T^2; R^2), then div u(x) = � s∈Z^2 is · use is·x. Denote

with H the space

H = the closure in L_2(T^2; R^2) of {u(x) ∈ C^∞(T^2; R^2)| div u = 0, ⟨u⟩ = 0}.

Then it holds that

H = {u(x) = � s∈Z^2_0

u_se^{is·x} ∈ L_2(T^2; R^2) | u_{−s} = ū_s, s · u_s = 0} , (2.2)

where Z^2_0 = Z^2 \ {0}. The norm in H will be denoted with | · |, and the inner product with ⟨·, ·⟩.

Exercise 2.1. H can be defined as H = {u ∈ L_2|⟨u⟩ = 0, div u = 0}, where the derivatives are viewed in the sense of generalised functions.

We next introduce a basis of H. Let us define Z^2_+ = {(s_1, s_2) | (s_1 > 0) or (s_1 = 0, s_2 > 0)} . Then Z^2_0 = Z^2_+ ∪ (−Z^2_+) , Z^2_+ ∩ −Z^2_+ = ∅ , and we define the following set of vectors {e_s | s ∈ Z^2_0}:

e_s = � c_ss^⊥ sin(s · x), s ∈ Z^2_+ , c_ss^⊥ cos(s · x), s ∈ −Z^2_+ ,

where c_s =^{1√}_{2π|s|} , and if s = (s_1, s_2)^t, then s^⊥ = (−s_2, s_1)^t. The set {e_s} is a Hilbert basis of H, formed by eigen–vectors of −Δ:

−Δe_s = |s|^2e_s ∀ s .

We further introduce the space

∇H^{1 def}= {∇f(x)|f ∈ H^1(T^2)} .

Equivalently, ∇H^1 = { � s∈Z^2_0

sa_se^{is·x} ∈ L_2(T^2; R^2)} , (2.3)

so ∇H^1 is a closed subspace of H.

The relations (2.2) and (2.3) immediately imply the following classical result due to Helmholtz, which is a common tool to study the Navier–Stokes equation since the works of Leray:

Lemma 2.2. The space L_2(T^2; R^2) admits the following decomposition in a direct sum of three closed orthogonal subspaces

L_2(T^2; R^2) = H ⊕ ∇H^1 ⊕ R^2 ,

where R^2 stands for the space of constant vector fields.

The orthogonal projection Π : L_2(T^2; R^2) → H is called the Leray projection. Note that Π(∇p) = 0, Π(constant) = 0 .

Let (u(t, x), p(t, x)) be a smooth solution of (2.1). Let us denote u(0, x) = u_0(x) and assume that ⟨u_0(x)⟩ = 0, ⟨f̃(t, x)⟩ = 0 for all t ≥ 0 .

Then, integrating the first equation of (2.1) over space, we obtain d dt ⟨u⟩ − ⟨Δu⟩ + ⟨(u · ∇)u⟩ + ⟨∇p⟩ = ⟨f̃⟩ .

Since ⟨Δu⟩ = ⟨∇p⟩ = ⟨f̃⟩ = 0 and for l = 1, 2 we have

⟨((u · ∇)u)^l⟩ = � u^j ( ∂ ∂x^j u^l)dx = − � div u · u^ldx = 0 , then^d_{dt} ⟨u⟩ = 0 . Hence, if u_0 ∈ H, then u(t) ∈ H for all t ≥ 0.

Now, apply the projection Π to (2.1). Since Πu = u, we find that

u̇ − νΠΔu + Π(u · ∇)u = Πf̃ .

With the notation

Lu^{def}= −ΠΔu = −Δu and B(u)^{def}= Π(u · ∇)u, for u ∈ H; f^{def}= Πf̃ ,

we are lead to the equation � u̇ + νLu + B(u) = f(t) , u(t) ∈ H .

(2.4)

Lemma 2.3. If u(t, x) ∈ C^∞(T^2) satisfies (2.4), then there exists p(t, x) ∈ C^∞(T^2) such that (2.1) holds.

Proof. Denote u̇(t, x) − νΔu(t, x) + B(u(t, x)) − f̃(t, x) = −ξ(t, x). Then Πξ = 0. So, by Lemma 2.2, ξ(t, x) = ∇p(t, x) + C(t). For the same reasons as above, C(t) ≡ 0.

Below we study eq. (2.4) instead of (2.1).

Notations: We denote B(u, v) = Π(u · ∇)v (so B(u) = B(u, u)). For r ≥ 0 we define the space H^r as H^r := H ∩ H^r(T^2, R^2), and for r < 0 – as H^r := closure of H in H^r(T^2, R^2). Then

H^r = � u = � s∈Z^2_0

u_s e_s(x) | ‖u‖^2_r = � |s|^{2r}|u_s|^2 < ∞ � .

For u ∈ H^r we have

‖u‖^2_r = ⟨L^ru, u⟩ , since u ∈ H^r(T^2, R^2) with ⟨u⟩ = 0 satisfies ‖u‖^2_r = ⟨(−Δ)^r u, u⟩ (see (S2)), and Le_s = |s|^2e_s. In particular,

‖u‖^2_1 = ⟨Lu, u⟩ = |∇u|_{L2} , ⟨Lu, v⟩ = ⟨∇u, ∇v⟩ (2.5)

for u, v ∈ H^1.

We note that H^{r1} ⊂ H^{r2} if r_1 ≥ r_2, that � r H^r = H ∩ C^∞

(this follows from (1.2)), and that the linear space ∩_rH^r is dense in each space H^s.

Lemma 2.4. (“Bounded poly-linear map is continuous”) If X_1, X_2 are Banach spaces and F : X_1 × · · · × X_1 → X_2 is a poly-linear map such that ‖F (u_1, . . . , u_r)‖_{X2} ≤ C‖u_1‖_{X1} . . . ‖u_r‖_{X1} , then F is continuous. Moreover, if V_1 ⊂ X_1 is a dense linear subspace and the inequality above holds for u_j ∈ V_1, then F extends to a poly-linear continuous map X_1 × · · · × X_1 → X_2.

The proof of this result is straight-forward.

2.2 Properties of the nonlinearity B

(B1) If u, v, w ∈ C^∞ ∩ H, then

i) ⟨B(u, v), v⟩ = 0, ii) ⟨B(u, v), w⟩ = −⟨B(u, w), v⟩.

Proof. i) Integrating by parts we have:

⟨B(u, v), v⟩ = � T^2

u^j � ∂ ∂x^j v^l � v^l dx = 1 2 � T^2

u^j ∂ ∂x^j

|v|^2 dx = − 1 2 � T^2

(div u)|u|^2dx = 0 .

ii) Apply i) with v := v + w. (B2) If u, v, w ∈ C^∞ ∩ H, then i) |⟨B(u, w), v⟩| = |⟨B(u, v), w⟩| ≤ C‖u‖_{1/2}‖v‖_{1/2}‖w‖_1, ii) ‖B(u, v)‖_{−1} ≤ C‖u‖_{1/2} ‖v‖_{1/2} .

Proof. i) implies ii) by the duality, see (S4). Now we prove i):

|⟨B(u, v), w⟩|

(B1) = | − ⟨B(u, w), v⟩| ≤ C � |u| |∇w| |v|dx Hölder ≤ C_1 |∇w|_{L2} |u|_{L4} |v|_{L4}

(1.5) ≤ C_2‖w‖_1 ‖u‖_{1/2} ‖v‖_{1/2} .

So by Lemma 2.4 and (B2 ii), B extends to a bilinear continuous map, B : H^{1/2} × H^{1/2} → H^{−1} .

(B3) If u, v ∈ H ∩ C^∞, then ‖B(u, v)‖_{−3} ≤ C|u| |v|. So by Lemma 2.4, B extends to a continuous map B : H × H → H^{−3}.

The proof is left as an exercise. Let us define the space

H = {u ∈ L_2(0, T ; H^1) | u̇ ∈ L_2(0, T ; H^{−1})},

‖u‖^2_H =

�_T 0 � ‖u(t)‖^2_1 + ‖u̇(t)‖^2_{−1} � dt .

Here for u ∈ L_2(0, T ; H^1) and ξ ∈ L_2(0, T ; H^{−1}) we say that u̇ = ξ, if there exists η ∈ H^{−1} such that u(t) = η +

�_t 0 ξ(s) ds, for a.a. t ∈ [0, T ]. Note that H is a Hilbert space.

Lemma 2.5. H is continuously and compactly embedded in C(0, T ; H). In particular, for any u ∈ H and each 0 ≤ t ≤ T , u(t) is a well defined vector in H. Proof. The embedding H ⊂ C(0, T ; H) is an exercise. For its compactness see [Lio69].

(B4) For any u, v ∈ H and any 0 ≤ t ≤ T we have �_T 0 ⟨Lu(t), v(t)⟩ dt =

�_t 0 ⟨∇u(t), ∇v(t)⟩ dt , �_t 0 ⟨u̇, u⟩ ds = 1 2 (|u(t)|^2 − |u(0)|^2) .

Proof. The first relation follows from (2.5). To establish the second we first prove it for smooth u and v, and then argue by continuity.

Noting that t → ⟨u̇, u⟩ ∈ L_1(0, T ), we see that the second relation in (B4) means that |u(t)|^2 is an absolutely continuous function and d dt |u(t)|^2 = 2⟨u̇, u⟩, ∀u ∈ H .

(B5) i) B defines a three-linear continuous map

H × H × H → L_1[0, T ] , (u_1, u_2, u_3) −→ ⟨B � u_1(t), u_2(t) � , u_3(t)⟩.

ii) If u_1, u_2, u_3 ∈ H and u_2 = u_3, then ⟨B(u_1, u_2), u_2⟩ = 0 in L_1[0, T ]. Proof. i) Note first that H ⊂ L_4(0, T ; H^{1/2}). Indeed, since ‖u‖^4_{1/2} ≤ |u|^2 ‖u‖^2_1, then

‖u‖^4_{L4(0,T ;H1/2 )} =

�_T 0 ‖u(s)‖^4_{1/2} ds ≤ sup_t |u(t)|^2

�_T 0 ‖u(t)‖^2_1 dt ≤ ‖u‖^4_H .

Hence, for u_1, u_2, u_3 ∈ H ∩ C^∞ we have

�_T 0 |⟨B(u_1, u_2), u_3⟩| ds

(B2) ≤ C �_T 0 ‖u_3‖_1 ‖u_1‖_{1/2} ‖u_2‖_{1/2} ds

Hölder ≤ C � � T 0 ‖u_3‖^2_1 ds

�_{1/2} � � T 0 ‖u_1‖^4_{1/2} ds

�_{1/4} � � T 0 ‖u_2‖^4_{1/2} ds

�_{1/4}

≤ C ‖u_3‖_H‖u_1‖_H‖u_2‖_H .

Now i) follows from Lemma 2.4.

If u_1(t), u_2(t), u_3(t) ∈ C^∞ ∩ H for all t, then ii) holds by (B1). Now ii) follows by continuity.

2.3 The existence and uniqueness theorem

To simplify notations, we assume that ν = 1. Theorem 2.6. Let f ∈ L_2(0, T ; H^{−1}) and u_0 ∈ H. Then a) (2.4) has a unique solution u ∈ H such that u(0) = u_0. b) This solution satisfies sup 0≤t≤T � |u(t)|^2 +

�_t 0 ‖u(s)‖^2_1 ds � ≤ |u_0|^2 +

�_T 0 ‖f(t)‖^2_{−1} dt. (2.6)

Proof.

Uniqueness. Let u_1, u_2 ∈ H be two solutions, equal to u_0 at t = 0. Denote u = u_2 − u_1. Then u̇ + Lu + B(u_2, u_2) − B(u_2, u_1) + B(u_2, u_1) − B(u_1, u_1) = 0 , or u̇ + Lu + B(u_2, u) + B(u, u_1) = 0 .

By (B5 i) we can multiply this relation in H by u(s) and integrate over ds from 0 to t. Using (B5 ii) we have for all t ≥ 0: �_t 0 � ⟨u̇, u⟩ + ⟨Lu, u⟩ + ⟨B(u, u_1), u⟩ � ds = 0.

Since ⟨Lu, u⟩ = ‖u‖^2_1, then using (B4) we obtain the following equality in L_1(0, T ): d dt |u(t)|^2 + 2‖u‖^2_1 = −2⟨B(u, u_1), u⟩ .

By (B2 i) and the interpolation inequality,

|⟨B(u, u_1), u⟩| ≤ C ‖u_1‖_1 ‖u‖^21_2 ≤ C ‖u_1‖_1 |u| ‖u‖_1 ≤ 1 2 ‖u‖^2_1 + C_1 ‖u_1‖^2_1 |u|^2 .

Therefore, d dt |u|^2 ≤ C |u|^2 ‖u_1‖^2_1 .

By Gronwall’s lemma, |u(t)|^2 ≤ e^{R t0 C‖u1 (s)‖21 ds}|u(0)|^2 . (2.7) So u(t) ≡ 0 since u(0) = 0.

Existence: Step 1 (a-priori estimate).

Let u(t, x) be a smooth solution of (2.4). Let us consider the function u −→^1_2 |u|^2 and calculate its derivative along trajectories of (2.4): 1 2 d dt |u(t)|^2 = ⟨u(t), u̇(t)⟩ = ⟨u, −Lu − B(u) + f(t)⟩

(B1) = = −‖u‖^2_1 + ⟨u, f⟩ ≤ −‖u‖^2_1 + ‖u‖_1 ‖f‖_{−1} ≤ − 1 2 ‖u‖^2_1 + 1 2 ‖f‖^2_{−1} . So, d dt |u(t)|^2 + ‖u‖^2_1 ≤ ‖f‖^2_{−1} ,

and for 0 ≤ t ≤ T we have

|u(t)|^2 +

�_t 0 ‖u(s)‖^2_1 ds ≤ |u_0|^2 +

�_t 0 ‖f(s)‖^2_{−1} ds . (2.8)

Hence, |u|^2_{L∞(0,T ;H)}, |u|^2_L2_{(0,T ;H}1_) ≤ |u_0|^2 + |f|^2_{L2(0,T ;H}−1_) =: C(u_0, f) . (2.9)

Due to (B2) and the interpolation inequality,

‖B(u)‖_{−1} ≤ C ‖u‖^2_{1/2} ≤ C |u| ‖u‖_1 .

Expressing u̇ in terms of u from (2.4) and using (2.9), we get that

|u̇|_L2_{(0,T :H}−1_) ≤ C^′ � C(u_0, f) + C^2(u_0, f) � . So, |u|_H ≤ C_1(u_0, f) . (2.10) Step 2: Galerkin approximations

For the basis {e_s, s ∈ Z^2_0}, we set

H_{(N)} = span{e_s, |s| ≤ N} .

Let P_N : H → H_{(N)} be the orthogonal projection. Clearly,

H_{(N)} ⊂ C^∞ ∩ H, dim H_{(N)} < ∞, and L : H_{(N)} → H_{(N)} .

Let us apply P_N to (2.4):

P_N u̇ + P_N Lu + P_N B(u) = P_N f . A curve u(t) ∈ H_{(N)} satisfies this relation iff u̇ + Lu + P_N B(u) = P_N f . (2.11) This is an ODE in H_{(N)}, defined by a smooth vector field, with an L_2–r.h.s. Let us supplement it with the initial condition: u(0) = P_N u_0 .

Then the equation has a unique solution u = u_N , which exists till t = T , or till it blows up at time T_N ≤ T :

u_N ∈ C([0, T_N ], H_{(N)}), u̇_N ∈ L_2([0, T_N ], H_{(N)}) ,

0 < T_N ≤ T, T_N < T =⇒ |u_N (t)| −→_{t→TN} ∞ (2.12) A-priori estimate for u_Nu_Nu_N .

Consider the derivative of^1_2 |u(t)|^2 along trajectories of (2.11): 1 2 d dt |u(t)|^2 = ⟨u, u̇⟩ = ⟨u, −Lu−P_N B(u) + P_N f⟩ = ⟨u, −Lu − B(u) + f(t)⟩ .

Note that

This is the same relation as for solutions of (2.4) obtained in Step 1. Hence, u_N (t) satisfies (2.8), (2.10) uniformly in N (with T := T_N ).

Due to (2.12), it means that T_N = T for all N. Therefore the Galerkin approximations satisfy � � � {u_N (t), 0 ≤ t ≤ T } ⊂ H , ‖u_N ‖_H ≤ C_1 , u_N (0) = P_N u_0 .

Step 3: Transition to the limit By the Banach-Alaoglu Theorem a closed ball in H is compact in the weak topology. Hence, there is a subsequence {N_j } such that u_{Nj} ⇀u ∈ H as j → ∞. Since the linear maps H → L_2(0, T ; H^{−1}), u −→ u̇ H → L_2(0, T ; H^{−1}), u −→ Lu are continuous, then u̇_{Nj} ⇀ u̇ in L_2(0, T ; H^{−1}) (2.13) L u_{Nj} ⇀ Lu in L_2(0, T ; H^{−1}) . (2.14) Now consider the term {B(u_{Nj} )}. By Lemma 2.5, u_{Nj} → u in C(0, T ; H) . (2.15) Noting that by (B3) the map C(0, T ; H) −→ C(0, T ; H^{−3}), u(t) −→ B(u(t)) is continuous, we have B(u_{Nj} ) −→ B(u) in C(0, T ; H^{−3}) . (2.16) Finally, due to (2.15), u_{Nj} (0) −→ u(0) in H . (2.17) Let us take any m and apply P_m to (2.11) with N_j ≥ m in place of N. Since P_m ∘ P_{Nj} = P_m, we have P_m u̇_{Nj} + P_m Lu_{Nj} + P_m B(u_{Nj} ) = P_mf .

Send N_j to ∞. Due to (2.13)–(2.16), P_m u̇ + P_m Lu + P_m B(u) = P_mf .

(This equality holds in the space L_2(0, T ; H^{−3})). Hence, since m is arbitrary, we have u̇ + Lu + B(u) = f.

Due to (2.17), u(0) = lim u_{Nj} (0) = lim P_{Nj} u_0 = u_0 .

Now the assertion a) is proved.

To prove b) we note that (2.9) and (2.15) imply the estimate |u|^2_L∞_{(0,T ;H)} ≤ C(u_0, f) .

Since u_{Nj} ⇀ u in H, then u_{Nj} ⇀ u in L_2(0, T ; H^1). As in a Hilbert space a norm of the weak limit is no bigger than the liminf of the norms, then |u|^2_L2_{(0,T ;H}1_) ≤ C(u_0, f) .

This proves (2.6) with the extra factor 2 in the r.h.s. To get rid of this factor, one has to repeat the arguments, used in the proof of the Proposition 2.11 below.

Remark 2.7. Our proof shows that any sequence of Galerkin solutions u_{Nj} contains a subsequence that converges to a solution. By the uniqueness, this solution is u(t, x). Hence, the whole sequence converges to u:

u_N ⇀_{N→∞} u in H (2.18)

(u_N is a solution of (2.11)). So, u_N → u in C(0, T ; H) by Lemma 2.5.

Proposition 2.8. Let u(t, x) be a solution as in Theorem 2.6. Then one can find p(t, x) ∈ L_2(0, T ; L_2(T^2)) = L_2((0, T ) × T^2) such that (u, p) satisfies (2.1).

Exercise 2.9. Prove the Proposition.

The presented proof of the existence and uniqueness of a solution applies to the 2D NSE in a bounded domain with the Dirichlet boundary conditions. Similar arguments apply to (0.4), but not to (0.3). To handle the latter equation (with d ≥ 2) one has to use the Maximum Principle, which holds for solutions of the equation, but not for solutions of its Galerkin approximations. So in this case one should argue differently.

2.4 Improving the smoothness of solutions

Lemma 2.10. If u ∈ H ∩ C^∞, then ⟨B(u), Δu⟩ = 0.

Proof. We have

⟨B(u), Δu⟩ = � u^i

∂u^j ∂x^i

∂^2u^j ∂x^k∂x^k dx = � u^i

∂^2u^j ∂x^i∂x^k

∂u^j ∂x^k dx + � ∂u^i ∂x^k

∂u^j ∂x^i

∂u^j ∂x^k dx. The first integral in the r.h.s. vanishes since its integrand equals u(x) · ∇

�_{∂uj}

∂x^k

∂u^j ∂x^k � and div u = 0. The integrand in the second integral equals tr � U^2U^t � , where U is the matrix of du (i.e., of the linearisation of the mapping x → u(x)). As tr U =div u = 0, then the matrix U^2 is proportional to the identity. Therefore the integrand vanishes identically, and the lemma is proved.

We note that the lemma’s assertion does not hold for smooth divergence–free functions in a domain, vanishing on the domain’s boundary. So Lemma 2.10 does not apply to study the 2D NSE under the Dirichlet boundary conditions.

Let u_0 ∈ H^1 and f ∈ L_2(0, T ; H). Consider the functional: u → 1 2 ‖u‖^2_1 = 1 2 ⟨u, Lu⟩.

If u(t, x) is a smooth solution, then by the lemma 1 2 d dt ‖u‖^2_1 = ⟨Lu, u̇⟩ = −‖u‖^2 + ⟨Lu, f⟩

≤ −‖u‖^2 + ‖u‖_2 |f| ≤ − 1 2 ‖u‖^2 + 1 2 |f|^2 .

Integrating over time we get that for any t ≤ T ,

φ(u) := ‖u(t)‖^2_1 +

�_t 0 ‖u(s)‖^2 ds ≤ ‖u_0‖^2_1 +

�_t 0 |f(s)|^2ds =: ~C(u_0, f) ≤ ∞ . (2.19) As in Step 2, we see that this estimate also holds for Galerkin approximations u_N (t). (2.20) Proposition 2.11. The estimate (2.19) holds for the solution u as in Theorem 2.6. Proof. By (2.18), u_N −→_{N→∞} u in C(0, T ; H). So φ(P_mu_N ) −→_{N→∞} φ(P_mu) since φ ∘ P_m is a continuous functional on C(0, T ; H). Since φ(P_mu_N ) ≤ ~C for all N due to (2.20), then for each m we have φ(P_mu) ≤ ~C. As φ(P_mu) ↗ φ(u), then the assertion follows.

The arguments, used to prove the Proposition above, are general. They may be stated as a Principle:

If an estimate holds for all Galerkin approximations, then it also holds for the solutions as in Theorem 2.6. (2.21)

Often it means that:

If an estimate holds for smooth solutions, then it also holds for solutions as in Theorem 2.6. (2.22) In particular, the a-priori estimate (2.8) implies (2.6).

Exercise 2.12. Let φ be a smooth functional, defined on some Sobolev space H^r, r ≥ 0. Find under what assumptions on φ the equation obtained by differentiating φ along (2.11) is the same as for differentiating φ along (2.4). [For such functionals the a-priori estimate which φ implies for (2.11) is the same as the one which it implies for (2.4); so (2.22) follows from (2.21)]. The smoothing property.

The smoothing property states that if in (2.4) u_0 ∈ H, but f(t, x) ∈ C^∞, then u(t, x) ∈ C^∞ for t > 0. We start with Theorem 2.13. If u_0 ∈ H and f ∈ L_2(0, T ; H), then u(s) ∈ H^2 for a.a. s > 0, and for each 0 < t ≤ T we have

t ‖u(t)‖^2_1 +

�_t 0 s‖u(s)‖^2 ds ≤ |u_0|^2 +

�_t 0 s |f(s)|^2 ds +

�_t 0 ‖f(s)‖^2_{−1} ds . (2.23)

Sketch of the proof. Take the functional φ(t, u) = t ‖u(t)‖^2_1. Then for a smooth solution u(t, x), we have d dt (t‖u‖^2_1) = ‖u‖^2_1 + 2t⟨Lu, u̇⟩ = ‖u‖^2_1 + 2t⟨Lu, −Lu − B(u) + f⟩

Lemma 2.10

= ‖u‖^2_1 − 2t ‖u‖^2 + 2t⟨Lu, f(t)⟩ With 2t⟨Lu, f⟩ ≤ t ‖u‖^2 + t |f|^2 , we obtain that d dt (t‖u‖^2_1) ≤ ‖u‖^2_1 − t ‖u‖^2 + t |f|^2 .

Integrating from 0 to t we get

t ‖u(t)‖^2_1 +

�_t 0 s‖u(s)‖^2 ds ≤

�_t 0 s |f(s)|^2 ds +

�_t 0 ‖u(s)‖^2_1 ds .

Using (2.6) we see that u satisfies (2.23). This estimate also holds for Galerkin approximations u_N (t, x). As in the proof of the proposition it implies that the estimate holds for solutions of (2.4) (cf. (2.22)). □ Remark 2.14. We used that ⟨B(u), Lu⟩ = 0, but this relation is not really needed for the proof (instead we may estimate this term, using Lemma 2.16) below.

Now assume (only for simplicity!) that f = 0. Then u̇ + Lu + B(u) = 0, u(0) = u_0 . (2.24) Theorem 2.15. If u_0 ∈ H and u is a solution of (2.24), then

t^m‖u(t)‖^2_m +

�_t 0 s^m‖u‖^2_{m+1} ds ≤ C_m(|u_0|^2 + |u_0|^{4m+2}) . (2.25)

Proof. Take φ_m(t, u) = t^m‖u‖^2_m = t^m⟨L^mu, u⟩. Then for a smooth solution u we have d dt φ_m = m t^{m−1}‖u‖^2_m + 2t^m⟨L^mu, u̇⟩ = m t^{m−1}‖u‖^2_m − 2 t^m‖u‖^2_{m+1} − 2t^m⟨L^mu, Bu⟩ .

(2.26)

Lemma 2.16. For u ∈ H ∩ C^∞ the following inequality holds: |⟨L^mu, Bu⟩| ≤ 1 2 ‖u‖^2_{m+1} + C_m ‖u‖^{2(m+1)}_1 |u|^{2m}.

Postponing the lemma’s proof, we continue to prove the theorem. Due to (2.26) and the lemma, we have: d dt t^m‖u‖^2_m + t^m‖u‖^2_{m+1} ≤ m t^{m−1}‖u‖^2_m + 2t^m C_m‖u‖^{2(m+1)}_1 |u|^{2m} .

By Theorems 2.6 and 2.13 with f = 0, t^m‖u‖^{2(m+1)}_1 |u|^{2m} ≤ ‖u‖^2_1 |u_0|^{2m}|u_0|^{2m}.

So, integrating (2.26) we get that

t^m ‖u(t)‖^2_m +

�_t 0 s^m‖u(s)‖^2_{m+1} ≤ �_t 0 s^{m−1}m‖u(s)‖^2_mds + C^′_m|u_0|^{4m}

�_t 0 ‖u(s)‖^2_1ds

≤ �_t 0 s^{m−1}m‖u(s)‖^2_mds + C^′_m|u_0|^{4m+2} .

Now the estimate (2.25) for smooth solutions follows by induction, where the base of induction with m = 0 is provided by Theorem 2.6. To complete the proof we again use Principle (2.22) (justifying this as before).

It remains to prove the lemma.

Proof of Lemma 2.16. We first show that

|⟨L^mu, B(u)⟩| ≤ C ‖u‖^{4m−12m}_{m+1} ‖u‖^{m+12m}_1 |u|^{1/2} . (2.27)

To prove the inequality we note that

⟨B(u), L^mu⟩ = � |α|=m

C_α ⟨D^αB(u), D^αu⟩,

and ⟨D^αB(u), D^αu⟩ = � β≤α � α β � ⟨B(D^{α−β} u, D^βu), D^αu⟩ .

Since ⟨B(u, D^αu), D^αu⟩ = 0, then using (B2) we get that

⟨D^α B(u), D^αu⟩ ≤ C � β<α ‖D^{α−β} u‖_{1/2}‖D^βu‖_1‖D^αu‖_{1/2}

≤ C � β<α ‖u‖_{1/2+m−|β|} ‖u‖_{1+|β|}‖u‖_{m+} 1_2

(2.28)

where 0 ≤ |β| < m. Note that all the numbers^1_2 + m − |β|, 1 + |β| and m +^1_2 lie between 1 and m +^1_2 . For any a ∈ [1, m +^1_2 ] we have

‖u‖_a ≤ |u|^{1− am+1} ‖u‖^{am+1}_{m+1} := X and ‖u‖_a ≤ ‖u‖^{1− a−1m}_1 ‖u‖^{a−1m}_{m+1} := Y .

Take any term in the sum in the r.h.s. of (2.28). Estimating each its factor by X^θY^{1−θ} with a suitable θ, depending on the factor (and using that ‖u‖_1 ≤ ‖u‖_{m+1}), we get that

|⟨D^α B(u), D^αu⟩| ≤ C ‖u‖^{4m−12m}_{m+1} ‖u‖^{m+12m}_1 |u|^{1/2} .

Therefore, (2.27) follows.

Now, applying the Young inequality

AB ≤ p^{−1}A^p + q^{−1} B^q if 1 < p < ∞ and 1 p + 1 q = 1 , (2.29)

where p =^{4m}_{4m−1} , A = δ‖u‖^{4m−12m}_{m+1} and B = δ^{−1}C ‖u‖^{m+12m}_1 |u|^{1/2} with δ ≪ 1, we get the lemma’s assertion.

A version of the estimate (2.25) (with another r.h.s. and with 0 ≤ t ≤ T ) holds for a solution of (2.4), where f ∈ L_2(0, T ; H^s) for all s.

Due to Theorem 2.15, solutions of (2.24) with u_0 ∈ H are smooth in t and x for t > 0. In fact, they are analytic. See [DG95].

2.5 The NS semigroup

For τ > 0, we set S_τ : H −→ H, u_0 −→ u(τ) , (2.30) where u(t) is a solution of (2.24), equal to u_0 at t = 0. Since u(t) ∈ H is continuous in t (see Lemma 2.5), then these are well defined maps. Obviously,

S_0 = id , S_{t1} ∘ S_{t2} = S_{t1+t2} .

So {S_t} is a semi-group of non-linear transformations of H, called the Navier–Stokes semigroup or, for short, the NS semigroup.

Properties of the NS semigroup:

(NS1) |S_tu_0| ≤ e^{−t}|u_0| .

Proof. Multiplying (2.24) by u in H, we get: 1 2 d dt |u(t)|^2 = −⟨Lu, u⟩ = −‖u‖^2_1 ≤ −|u|^2 .

That is,^d_{dt} |u|^2 ≤ −2|u|^2. By Gronwall’s lemma, |u(t)|^2 ≤ |u_0|^2 e^{−2t} . So (NS1) follows.

Similar, using Lemma 2.10 we get that (NS1^′) ‖S_tu_0‖_1 ≤ e^{−t}‖u_0‖_1 .

The maps S_t are uniformly Lipschitz on bounded sets: (NS2) |S_t(u_{10}) − S_t(u_{20})| ≤ e^{C|u10|2} |u_{10} − u_{20}|.

Proof. Let u_1(t) and u_2(t) be solutions such that u_1(0) = u_{10}, u_2(0) = u_{20}. We denote w_0 = u_{20} − u_{10}, w(t) = u_2(t) − u_1(t). Subtracting from the equation for u_2 the equation for u_1, we get:

ẇ + Lw + B(u_2, w) + B(w, u_1) = 0 .

Calculating (d/dt)|w(t)|^2 and transforming the result as in the proof of uniqueness in Theorem 2.6, we get that w(t) satisfies the estimate (2.7). So |w(t)|^2 ≤ e^{C R t0 ‖u1 (s)‖21 ds}|w_0|^2 ≤ e^{C|u10|2} |w_0|^2 (we use (2.6) with f = 0), and we have got (NS2).

(NS3) The maps S_t : H → H^1 are Lipschitz uniformly on bounded sets, and ‖S_t(u_{10}) − S_t(u_{20})‖_1 ≤ C_1(t^{−a} ∨ 1) e^{C2(|u10|2+|u20 |2)}|u_{10} − u_{20}| , for suitable constants a, C_1, C_2. See [KS01b], Lemma 2.4. (NS4) a) S_t : H → H ∩ C^∞ ∀t > 0. b) The maps S_t are embeddings.

Proof. a) Take any u ∈ H. By Theorem 2.15, S_t(u) ∈ H^m for any m. But ∩ H^m = H ∩ C^∞.

b) See [CF88].

2.6 Singular forces

Consider the equation (2.4), where f = ζ̇(t, x), ζ ∈ L_∞(0, T ; H^1) and ζ is continuous at 0. By definition, u(t, x) solves the initial value problem u̇ + Lu + B(u) = ζ̇(t, x), u(0) = u_0, if u ∈ L_∞(0, T ; H), u(t) is continuous at 0 as a curve in H, u(0) = u_0 and

u(t) − u_0 +

�_t 0 � Lu(s) + B(u(s) � ds = ζ(t) − ζ(0) (2.31)

for a.a. 0 ≤ t ≤ T .^1 (Note that due to (B3) the r.h.s. and the l.h.s. belong to L_∞(0, T ; H^{−3}), so we can compare them). Making the substitution u(t) = w(t) + ζ(t) , we obtain for w(t) an equation which we write as

ẇ + Lw + B(ζ, w) + B(w, ζ) + B(w, w) = −B(ζ, ζ) − L(ζ) =: g(t) , (2.32) and w(0) = w_0 − ζ_0 .

Due to (B2) we have g ∈ L_∞(0, T ; H^{−1}).

1So defined solutions of the initial value problem usually are called mild solutions.

Theorem 2.17. Equation (2.31) has a unique solution u(t, x) such that u − ζ ∈ H. Besides, u_N → u in L_∞(0, T ; H), where u_N is a solution of the N-th Galerkin approximation to (2.31).

Proof. Write u = w + ζ, where w satisfies (2.32), and repeat for w the proof of Theorem 2.6.

Define

L^0_∞(0, T ; H^1) = {ζ ∈ L_∞(0, T ; H^1) | ζ is continuous at t = 0}

Proposition 2.18. The map

H × L^0_∞(0, T ; H^1) → C(0, T ; H) , (u_0, ζ) → u − ζ ,

where u is a solution of (2.31) with initial data u_0, is locally bounded and locally Lipschitzcontinuous.

Proof. We only show the local boundedness of the map since the proof of the local Lipschitz property is similar. Let

|u_0| + |ζ|_{L∞(0,T ;H}1_) ≤ R . (2.33)

We substitute u = ζ + w and obtain for w equation (2.32). Multiplying the equation with w yields: 1 2 d dt |w|^2 + ‖w‖^2_1 + � B(w, ζ), w � � � �

I_1

= − (Lζ, w)

� � �_I 2 − � B(ζ), w � � � �

I_3 .

We have from (B2) that

|I_1| ≤ C ‖ζ‖_1 |w| ‖w‖_1 ≤^1_4 ‖w‖^2_1 + c ‖ζ‖^2_1 |w|^2 and |I_3| ≤ c ‖w‖_1 |ζ| ‖ζ‖_1 ≤^1_4 ‖w‖^2_1 + c ‖ζ‖^2_1 |ζ|^2.

Besides, |I_2| ≤ ‖w‖_1 ‖ζ‖_1 ≤^1_4 ‖w‖^2_1 + c ‖ζ‖^2_1 .

Using (2.33) we obtain: d dt |w|^2 +^1_2 ‖w‖^2_1 − c ‖ζ‖^2_1 |w|^2 ≤ C � ‖ζ‖^2_1 + |ζ|^2 ‖ζ‖^2_1 � ≤ C(R^2 + R^4)

for almost all t ≥ 0. Now Gronwall’s lemma implies that |w(t)|^2 ≤ C(R) for all 0 ≤ t ≤ T .

PSfrag replacements

Example 2.19. (Kick-force). Let τ > 0 and L = (τZ ∩ (0, T )).

Let ζ : [0, T ] → H^1 be a piecewise constant curve, continuous from the right, and discontinuous only at the points of L: Denote by η_j ∈ H^1, j ≥ 0 the jump of ζ(t) at τj. Then f = ζ̇ = � τ j∈L

η_j δ_{τ j} .

This is a kick force. Now we describe the solution u as in Theorem 2.17.

– For t ∈ (jτ, (j + 1)τ), j ≥ 0, u(t) satisfies the free Navier–Stokes equation, i.e. (2.4) with f = 0, so u(τ_j + t) = S_t(u(τ_j )), t ∈ (jτ, (j + 1)τ), j ≥ 0.

– At t = τ_j , j ≥ 1, u(t) has the same jump as ζ. So u((j + 1)τ) = S_τ (u(jτ)) + η_{j+1}, j ≥ 0. (2.34) In particular, u(t) is continuous at [0, T ]\L and is continuous from the right everywhere.

Example 2.20. Let ζ ∈ C(0, T ; H^1). Since u − ζ ∈ H, then u ∈ C(0, T ; H) ∩ L_2(0, T ; H^1) .

Simple analysis of the proof of uniqueness in Theorem 2.6 shows that if ζ ∈ C(0, T ; H^1), then (2.31) has a unique solution u(t), as smooth as above.

PSfrag replacements

2.7 Some hydrodynamical terminology

Behaviour of incompressible fluid, occupying a domain O ⊂ R^d or the d-torus T^d, d = 2 or 3, is described by the d+1 equations (2.1), supplemented by suitable boundary conditions, if necessary. There u(t, x) denotes the velocity of the fluid, p(t, x) the pressure and ν the kinematic viscosity. The quantity^1_2 |u(t)|^2 =^1_2 � |u(t, x)|^2dx is the energy of the fluid (at time t).

Assume f = 0 and formally multiply (2.1) with u(t) in L_2: 1 2 d dt |u(t)|^2 + ν � |∇u|^2dx = 0.

Accordingly, the quantity ε := ν � |∇u|^2dx is called the rate of dissipation of energy.

The Reynolds number of the flow is defined as R = ⟨characteristic scale for x⟩ · ⟨characteristic scale for u⟩ ν . The terms in the numerator are ambiguous. For the purposes of these Lectures we understand them as follows:

⟨characteristic scale for x⟩ = diameter of domain O (or the period of torus), ⟨characteristic scale for u⟩ =^{1√}_2 |u|_H = √ E . If u depends on a random parameter, then we modify this definition as ⟨characteristic scale for u⟩ = � E E �_{1/2} , where E stands for the mathematical expectation.

In the 2D case we denote with ξ = curl u =

∂u^2 ∂x^1 − ∂u^1 ∂x^2 the vorticity of the flow,

and call Ω =^1_2 � ξ^2dx the enstrophy.

Exercise 2.21. Show that Ω =^1_2 � |∇u|^2dx

Applying the operator curl to (2.1), we obtain

ξ̇ − νΔξ + curl �(u · ∇)u� = curl f.

It is easy to see that curl � (u · ∇)u � = (u · ∇)ξ.

If we assume that f = 0 and multiply the previous equation by ξ in L_2, we get: 1 2 d dt |ξ|^2_{L2} + ν � |∇ξ|^2 dx = 0 .

We deduce that ν � |∇ξ|^2 dx is the rate of dissipation of enstrophy.

Exercise 2.22. Show that � |∇ξ|^2dx = |Δu|^2_{L2} .

3 Random kick-forces

3.1 Ingredients for the constructions

We consider a sequence b_s ≥ 0, s ∈ Z^2_0, of real numbers with B_0 = � b^2_s < ∞ .

Let (Ω, F, P) be a probability space, and {ξ_{sk} | s ∈ Z^2_0, k ∈ Z} be a family of independent random variables, such that |ξ_{sk}(ω)| ≤ 1 for all s ∈ Z^2_0, k ∈ Z, ω ∈ Ω, and D(ξ_{sk} ) = p_s(r) dr, s ∈ Z^2_0, k ∈ Z.

Here p_s, s ∈ Z^2_0, are Lipschitz functions with support in [−1, 1], and p_s(0) ≠ 0. Remark 3.1. In fact, it suffices that each density p_s(r) has finite total variation and �_ε −ε p_s dr > 0, for each ε > 0.

The kick number k, k ∈ Z, is the random variable η_k : Ω → H, defined by η_k = � s∈Z^2_0

b_s ξ_{sk} e_s ,

where {e_s} is the orthonormal basis of H, defined in Section 2.1. Note that {η_k, k ∈ Z}, are i.i.d. random variables in H. The kicks η_k possess the following obvious properties: E|η_k|^2 = � s b^2_sd_s =: D_0 < B_0 , where d_s = E ξ^2_{sk} ≤ 1;

E ‖η_k‖^2_1 = � s b^2_s |s|^2 d_s =: D_1 ≤ ∞ ;

|η_k(ω)|^2 = � s b^2_s ξ^2_{sk}(ω) ≤ B_0, for all k ∈ Z, ω ∈ Ω.

(3.1)

Since the density p_s of ξ_{sk} is continuous and does not vanish around 0, we have P( |η_k| ≤ ε) > 0, for all ε > 0 .

Consider any τ > 0. The (random) kick-force η(t) ∈ H, t ∈ R, is then defined by η(t) = η^ω(t) = � k∈Z η^ω_k δ(t − τk) . (3.2)

As a function of t, this is a random vector–valued measure that takes values in H. Then (cf. Example 2.19) η(t) =^∂_{∂t} ζ(t), where the function ζ(t) = ζ^ω (t) is continuous from the right, constant in R\τZ, and its jump at t = jτ is η_j .

3.2 The kicked NSE

We consider the equation u̇ + Lu + B(u) = η^w(t) , (3.3)

with η(t) as in (3.2). A random process u^ω(t) is a solution if it satisfies (3.3) for a.e. ω ∈ Ω in the sense of Section 2.6. We choose τ = 1 to simplify notations. Then (see Example 2.19), u(k) = S � u(k − 1) � + η_k , k ∈ Z, (3.4)

where S = S_1 is the time-one shift along trajectories of the free equation. For any 0 ≤ t < 1, u(k + t) = S_t � u(k) � . (3.5)

We will be mainly interested in u(t), t ∈ Z. By

u(k; u_0) , k ≥ 0, u_0 ∈ H,

we denote the solution of (3.4), equal u_0 at t = 0.

Basic estimate. We have for any k ∈ Z and m ≥ 0

|u(k)| = � �S�u(k − 1)� + η_k � �^{(NS1)}≤ � B_0 + e^{−1}|u(k − 1)| ≤ � B_0 + e^{−1} � B_0 + e^{−1} |u(k − 2)| � < · · · < � B_0 (1 + e^{−1} + . . . ) + e^{−m} |u(k − m)| . So, |u(k)| ≤ � B_0 e e − 1

+ e^{−m} |u(k − m)|, for all m ≥ 0, ω ∈ Ω. (3.6)

In particular, |u(k; 0)| ≤ e e − 1 � B_0 , for all k ≥ 0, ω ∈ Ω. (3.7)

For r ∈ R we denote B_r = � |s|^{2r} b^2_s ≤ ∞ .

Repeating the arguments above and using the property (NS1^′) instead of (NS1) we get that

‖u(k)‖_1 ≤ � B_1 e e − 1

+ e^{−m}‖u(k − m)‖_1, for all m ≥ 0, ω ∈ Ω , (3.8)

if B_1 < ∞.

We may write (3.4) as u(k) = F_k(u(k − 1), w) ,

where the map F_k : H × Ω → H is measurable and locally Lipschitz in u ∈ H. So (3.4) is a Random Dynamical System (RDS). See the books [Kif86, Arn98]. Every RDS defines a Markov chain:

The Markov chain. For u_0 ∈ H, 0 ≤ k ∈ Z and Γ ∈ B(H) we define P_k(u_0, Γ) = P(u(k; u_0) ∈ Γ).

P is called the transition function for (3.4). It satisfies the Chapman-Kolmogorov relation: for k, n ≥ 0, P_{k+n}(u_0, Γ) = � H P_k(u_0, du) P_n(u, Γ).

So (3.4) defines a Markov chain {u(k)}_{k≥0} in H. (This is almost obvious, or see in [Kif86, Arn98]). Due to (3.6) with k = m, � |u| P_k(u_0, du) = E |u(k)| ≤ � B_0 e e − 1

+ e^{−k}|u_0| , (3.9)

where u(t) is a solution such that u(0) = u_0.

The Markov semigroups. We next introduce the two Markov semigroups, one on C_b(H), another on P(H):

i) B_k : C_b(H) → C_b(H), (B_kf)(v) = � H P_k(v, dz) f(z), for 0 ≤ k ∈ Z , v ∈ H (see Exercise 3.3 below).

ii) B^∗_k : P(H) → P(H), (B^∗_kμ)(Γ) = � H P_k(v, Γ) μ(dv), for 0 ≤ k ∈ Z , Γ ∈ B(H).

Let u_0 ∈ H be a random variable, such that D(u_0) = μ. Then D u(k; u_0) = B^∗_k μ, ∀k ≥ 0 .

In particular, taking k = 1 and μ = δ_v, v ∈ H, we have B^∗_1 δ_v = P_1(v, ·) = D(S(v) + η_1). (3.10) It is immediate that each operator B^∗_k extends to a linear map M(H) → M(H), defined by the same relation ii).

The duality. For the two semigroups the duality relations hold: (B_kf, μ) = (f, B^∗_k μ), for all f ∈ C_b, μ ∈ M and k ≥ 0 (the relations do not mean that these are dual semigroups since the spaces C_b(H) and M(H) are not dual.)

Example 3.2. For u ∈ H, let δ_u be the delta-measure at u. Then B^∗_k(δ_u) = P_k(u, ·) . Exercise 3.3. a) Prove that for any k ≥ 1 the map H → P(H), u −→ P_k(u, ·), is continuous, where P(H) is endowed with the weak topology. Show that this is equivalent to the fact that (B_kf) ∈ C_b(H) if f ∈ C_b(H). This property of a Markov chain is called the Feller property.

b) Prove that the maps B^∗_k : P(H) → P(H) are continuous (in the weak topology).

3.3 Stationary measures

Definition 3.4. A measure μ ∈ P(H) is a stationary measure for (3.4) if B^∗_1 μ = μ. (Then B^∗_k μ = μ for each k ≥ 0).

Theorem 3.5. A stationary measure μ exists.

Proof. For simplicity, assume that B_1 < ∞. (For B_1 = ∞, the proof is slightly longer, see [KS00]).

Let us take in (3.4) u(0) = 0, denote μ_k = D(u(k)) and set

μ_k = 1 k k−1� j=0 μ_j .

Note that B^∗_1 μ_j = μ_{j+1}. We define B_r(H^s) = {u | ‖u‖_s ≤ r} . Let r_1 =^e_{e−1} √ B_1. By (3.8), we see that μ_j � B_{r1} (H^1) � = 1, for all j ≥ 0.

Hence μ_k � B_{r1} (H^1) � = 1 for all k ≥ 0. But from (1.3) we know that H^1 ⋐ H, and thus the set B_{r1} (H^1) is compact in H. It follows from the Prokhorov Theorem (see [Bil99, Shi96, Dud89]) that the set {μ_k, k ≥ 1} is compact in P(H), where the latter is provided with the weak topology. So there exists a subsequence {k_m} such that

μ_{km} ⇀ μ ∈ P(H) .

We claim that μ is a stationary measure. Indeed, for any f ∈ C_b(H), we have

(f, B^∗_1 μ)^{Exerc. 3.3}= lim_{m→∞}(f, B^∗_1 μ_{km} ) = lim_{m→∞} 1 k_m

k_m−1�

j=0 (f, B^∗_1 μ_j )

= lim_{m→∞} 1 k_m

k_m�

j=1 (f, μ_j ) = lim_{m→∞} � (f, μ_{km} ) + 1 k_m � (f, μ_{km} ) − (f, μ_0) �

= (f, μ) .

As a consequence, B^∗_1 μ = μ.

Remark 3.6. The weighted sum, defining the measure μ_k, is called the Bogolyubov– Krylov ansatz. If B_1 = ∞, but B_0 < ∞, then still the set of measures {μ_k} is weakly precompact in P(H) and every limiting measure is stationary, see [KS00].

Exercise 3.7. Use (3.7) to prove that μ � B_{r0} (H) � = 1, with r_0 =^e_{e−1} √ B_0. If B_1 < ∞, then also μ � B_{r1} (H^1) � = 1.

Let u(t), t ≥ 0, be a solution of (3.3), such that D u(0) = μ, where μ is a stationary measure. Then D u(k) = μ for all integer k ≥ 0, i.e., {u(k)} is a stationary process. Due to (3.5), the process {u(t), t ≥ 0} is 1–periodic in distribution: D � u(t + 1) � = D � u(t) � ∀t ≥ 0.

3.4 More estimates

Let us assume that E ξ_{sk} = 0 for all s ∈ Z_0, k ∈ Z.

Then E η_k = 0. Consider the following scaled NSE: u̇ + νLu + B(u) = √ ν η(t), 0 < ν ≤ 1 . (3.11) (This equation coincides with (3.3) if ν = 1). As before, τ = 1. The numbers D_0 and D_1 are defined as in (3.1).

Exercise 3.8. Let u(t), t ≥ 0, be a solution of (3.11). Then for all k ≥ 0,

E |u(k + 1)|^2 + 2ν

�_{k+1} k E ‖u(s)‖^2_1 ds = E |u(k)|^2 + νD_0 .

If D_1 < ∞, then also

E ‖u(k + 1)‖^2_1 + 2ν

�_{k+1} k E ‖u(s)‖^2 ds = E ‖u(k)‖^2_1 + νD_1 .

Note that if u is a stationary solution, then these relations imply that 2 �_{k+1} k E ‖u(s)‖^2_1 ds = D_0, 2

�_{k+1} k E ‖u(s)‖^2 ds = D_1 . (3.12) If u(t, x) is a solution of (3.11), then u(k + 1) = S^{(ν)}_1 u(k) + √ ν η_{k+1} , (3.13) where S^{(ν)}_1 is the time-one shift along trajectories of the free equation (3.11). Now the property (NS1) takes the form |S^{(ν)}_1 u| ≤ e^{−ν} |u| . (3.14) Lemma 3.9. There exist ν-independent constants C_m, m ∈ N, such that for any m solutions of (3.13) satisfy E |u(k + 1)|^{2m} ≤ (1 − ν) E |u(k)|^{2m} + C_mν . (3.15) If D_1 < ∞, then also E ‖u(k + 1)‖^{2m}_1 ≤ (1 − ν) E ‖u(k)‖^{2m}_1 + C^′_mν for some constants C^′_m. In particular, if u(0) = 0, then E |u(k)|^{2m} ≤ C_m for all k ≥ 0, and (3.16) E ‖u(k)‖^{2m}_1 ≤ C^′_m for all k ≥ 0, if D_1 < ∞. (3.17) If u(t), t ≥ 0 is a solution of (3.11), equal zero at t = 0, then (3.16) and (3.17) hold for any real k ≥ 0.

Proof. Let u(k) be a solution of (3.13). Then

E|u(k + 1)|^{2m} = E |S^{(ν)}_1 u(k) + √ ν η_{k+1}|^{2m} . (3.18)

We denote u = S^{(ν)}_1 u(k) and η = η_{k+1}. We claim that for any c > 0 we can find C_m > 0 such that I_ν := E |u + √ ν η|^{2m} ≤ (1 + cν) E |u|^{2m} + C_mν . (3.19) Indeed, we have

I_ν = E(|u|^2 + ν |η|^2 + 2 √ ν ⟨u, η⟩)^m = E |u|^{2m} + 2m √ ν E(|u|^{2m−2} ⟨u, η⟩) + νJ_ν ,

where J_ν = O(1) as ν → 0. The second term in the r.h.s. vanishes since u is independent of η and E η = 0. Let us estimate the third term. We have

|J_ν | ≤ ν^{m−1} E |η|^{2m} + C^′_m � 2m−2≥n≥2

|u|^n |η|^{2m−n} . (3.20)

By the Young inequality (2.29), for any κ > 0 and any n ∈ [2, 2m − 2] we have

|u|^n |η|^{2m−n} ≤ n 2m κ^{2mn} |u|^{2m} +

2m − n 2m κ^{− 2m2m−n} |η|^{2m} .

Using in (3.20) this inequality with various κ = κ_n, we get that for any c > 0 there is a C_m such that |J_ν | ≤ c E |u|^{2m} + C_m E |η|^{2m} .

Now (3.19) follows since E |η|^{2m} ≤ B^m_0 .

Due to (3.19) and (3.14), we obtain from (3.18)

E |u(k + 1)|^{2m} ≤ (1 + cν) E |S^{(ν)}_1 u(k)|^{2m} + C_mν

≤ (1 + cν) e^{−2mν} E |u(k)|^{2m} + C_mν ≤ (1 − ν) E |u(k)|^{2m} + C_mν

(since for c small enough we have (1 + cν) e^{−2ν} ≤ 1 − ν). Now (3.15) is proven. Since the estimate (3.14) also holds for the norm ‖ · ‖_1, then repeating the same arguments we get the required bound for E ‖u(k + 1)‖^{2m}_1 .

The last two estimates of the lemma are straightforward consequences of the first two. These estimates and (3.5) imply the last assertion since the maps S^{(ν)}_t decrease the norms in H and in H^1.

4 White-forced equations

4.1 White in time forces

For x ∈ T^2 and t ≥ 0, we consider η(t, x) = d dt ζ(t, x), where

ζ(t, x) = � s∈Z^2_0

b_s β_s(t) e_s(x), ζ(0) = 0 .

Here {β_s, s ∈ Z^2_0} are standard independent Wiener processes, and B_1 := � |s|^2 b^2_s < ∞ .

Basic inequalities for the random field ζ. The following relations are obvious: E |ζ(t)|^2 = � s b^2_s E β^2_s (t) = t � b^2_s = tB_0 , E ‖ζ(t)‖^2_k = � s b^2_s E β^2_s (t) ‖e_s‖^2_k = t � s b^2_s |s|^{2k} = t B_k ,

E |ζ|^2_{L2(0,T ;H)} = E

�_t 0 |ζ(s)|^2ds = 1 2 t^2B_0 , where we denote B_k = � s |s|^{2k} b^2_s ≤ ∞.

The Wiener processes β_s(t) are a.s. continuous. The process ζ(t) also is a.s. continuous in the corresponding spaces:

Lemma 4.1. Assume that B_k < ∞. Then the process ζ(t), 0 ≤ t < ∞, is continuous in H^k a.s., and E max

0≤s≤t

‖ζ(s)‖^p_k ≤ t^p C(p, B_k) , (4.1) for each p > 1. Proof. Set ζ_N (t) = � |s|≤N bs βs(t) es. Clearly, ζN (·) ∈ C([0, T ]; H

k) a.s., for any fixed constant T . By the Doob inequality [IW89, Kry03, Øk03], for M ≥ N we have E max

0≤s≤T

‖(ζ_M − ζ_N )(s)‖^2_k ≤ 4 E ‖(ζ_M − ζ_N )(T )‖^2_k = 4T � M≥|s|>N

b^2_s |s|^{2k} ≤ 4T � |s|>N

b^2_s |s|^{2k} .

Since B_k < ∞, then a.s. {ζ_N (·)} is a Cauchy-sequence in C([0, T ]; H^k). Hence, the limit ζ(t) = � b_s β_s(t) e_s exists and belongs to C([0, T ]; H^k).

The estimate (4.1) follows from the Doob inequality E max

0≤s≤t

‖ζ(s)‖^p_k ≤ � p p − 1

�_p

E ‖ζ(t)‖^P_k , since E‖ζ(t)‖^p_k ≤ t^pC(p, B_k) (say, by the Fernique theorem, see [Bog98]).

It is convenient to redefine ζ on a null-set to achieve ζ^ω(·) ∈ C([0, ∞), H^k) for all ω, if B_k < ∞ . (4.2)

Homogeneity. The random field ζ(x, t) is called homogeneous (in the space-variable x), if for each ξ ∈ T^2 the field T_ξζ(t, x) = ζ(t, x + ξ) has the same distribution as ζ(t, x). Exercise 4.2. Show that ζ(t, s) is homogeneous in x if and only if b_s = b_{−s} for all s ∈ Z^2_0.

4.2 The white-forced 2D NSE

The white-forced NSE is u̇ + Lu + B(u) = d dt ζ(t, x) , (4.3) where ζ is the process as in Section 4.1. We supplement (4.3) with an initial condition: u(0) = u_0 ∈ H . (4.4) Due to (4.2), Theorem 2.17 and Example 2.20 applied with any T < ∞, and we obtain: Theorem 4.3. The problem has a unique solution such that u ∈ C([0, ∞), H) ∩ L_{2, loc}([0, ∞), H^1) for all ω . (4.5) Moreover for any T > 0 and any ω, u_N −→_{N→∞} u in C([0, T ], H) , (4.6) where u_N (t) is a Galerkin approximation. Besides u(t) = F (t, u_0, {ζ(s), 0 ≤ s ≤ t}) . (4.7) Amplification. Same is true if u_0 ∈ H is a random variable.

Below either u^0 is non-random, or u^0 ∈ H is a random variable, independent of ζ(·). Measurability, measures and weak solutions. In (Ω, F, P), we consider the filtration F_t ⊂ F, t ≥ 0, generated by all zero-sets and by the random variables ζ(s), 0 ≤ s ≤ t .

A random process y(t) = y^ω(t), t ≥ 0, is called F_t-adapted if y(t) is F_t-measurable for all t ≥ 0.

Due to (4.7), the random process u(t), interpreted as a random variable Ω ∋ ω −→ u^ω ∈ C([0, ∞), H) has the form ω −→ ζ^ω −→ Φ(ζ^ω ) , (4.8) where Φ : C([0, ∞), H^1) → C([0, ∞), H) , Φ � y(·) � = Y (·), Y (t) = F (t, u_0, {y(s), 0 ≤ s ≤ t}) .

If we consider the process u^ω for t ∈ [0, T ], then the corresponding random variable ω −→ u^ω|_{[0,T ]} has the form ω −→ ζ^ω |_{[0,T ]} −→ Φ_T (ζ^ω |_{[0,T ]}) , (4.9) where Φ_T : C(0, T ; H^1) → C(0, T ; H) .

The map Φ and the maps Φ_T agree: Φ_T (ζ |_{[0,T ]}) = Φ(ζ) |_{[0,T ]} .

By Proposition 2.18, the maps Φ_T are locally Lipschitz. In particular, they are continuous. Accordingly, the map Φ is also continuous.

By Theorem 4.3, u^ω(t) is a random process with continuous trajectories. Due to (4.9) u(t) is F_t-adapted . (4.10) For any t_0 ≥ 0, let us denote u^{t0} (t) = u(t_0 + t). Then u^{t0} satisfies (4.3), (4.4) with u_0 = u(t_0) and ζ(t) replaced by ζ(t + t_0) − ζ(t_0). Applying (4.9) to u^{t0} we see that u(t) , t ≥ t_0 , is a function of u_{t0} and ζ(s) − ζ(t_0), t_0 ≤ s ≤ t . (4.11) The properties (4.10), (4.11) imply Proposition 4.4. The solution u(t) is an F_t-adapted Markov process with continuous trajectories.

We omit details of the proof.

Let dW = D(ζ) be the distribution of ζ in C([0, ∞), H^1) (i.e., the Wiener measure, corresponding to the process ζ). Then, by (4.8), D � u(·) � = Φ ∘ (dW ) . (4.12) Here Φ ∘ (dW ) denotes the push-forward of dW by the map Φ.

Definition 4.5. A process ~u(t) as in (4.5) is a weak solution of (4.3), (4.4) if it satisfies (4.3), (4.4) with the process ζ(t) replaced by some process ζ^′(t) such that D(ζ^′) = D(ζ). Proposition 4.6. The distribution of a weak solution D(~u) is uniquely defined. Proof. The measure D(~u) satisfies (4.12). So it is independent of the choice of ~u.

4.3 Estimates for solutions

The N-th Galerkin approximation to equation (4.3) is the equation

u̇ =

V_N (u)

� � � −Lu − Π_N B(u) + d dt � |s|≤N

b_s β_s(t) e_s ,

u ∈ H_N = span{e_s � � |s| ≤ N}; u(0) = u_{0,N} = Π_N u_0 ∈ H_N .

(4.13)

We assume that u_0 = u^ω_0 is independent of ζ(t), t ≥ 0, and E |u_0|^2 < ∞.

For the same reasons as in Section 4.2, this equation has a solution u = u_N (t). This random process also is a solution of (4.13), understood as a stochastic differential equation. That is, du = V_N (u) dt + � |s|≤N

b_s e_s dβ_s .

The solutions u_N (t) exists till a blow–up time T^ω ≤ ∞. It is a classical result that due to a-priori estimate (4.16) below T^ω = ∞ a.e. (this happens by a reason, similar to that in Section 2.3), see [Kha80, IW89, Kry03, Øk03].

Let f(t, u) be a C^2-smooth function on R × H_N . Then the Ito formula applies to the process f = f(t, u(t)) (see [Kha80, IW89, Kry03, Øk03]), and we have d dt f(t, u(t)) = (∂_tf)(t, u(t)) + ⟨∇_uf, V_N (u)⟩ + 1 2 � |s|≤N

∂^2f ∂u^2_s b^2_s + � ∇_uf, � |s|≤N

b_sβ̇_s e_s � . (4.14)

Choose f(t, u) = |u|^2. Then d dt |u|^2 = 2 ⟨u, −Lu − B(u)⟩ � � �

B1 i)

= −2‖u‖^2_1 + � � |s|≤N

b^2_s � � � �

B_{0N} + 2 � u, � |s|≤N

b_s β̇_s � . (4.15)

By taking expectations, we find: d dt E |u|^2 = −2 E ‖u‖^2_1 + B_{0N} ≤ −2 E |u|^2 + B_0 .

Therefore, by Gronwall’s lemma,

E |u(t)|^2 ≤ − 1 2 e^{−2t} B_0 + 1 2 B_0 + e^{−2t} E |u_0|^2 ≤ 1 2 B_0 + e^{−2t} E |u_0|^2 . (4.16)

Integrating (4.15) we see that

|u(T )|^2 + 2

�_T 0 ‖u‖^2_1 ds = |u_0|^2 + B_{0N} T + M(T ), (4.17) where M(t) = 2

�_t 0 � u(τ), � s b_s d β_s(τ) � is a martingale. Taking the expectations, we

obtain E �_T 0 ‖u(s)‖^2_1ds ≤ 1 2 (T B_0 + E |u_0|^2) . (4.18)

Due to (4.17) with T replaced by t ≤ T , sup 0≤t≤T

|u(t)|^2 ≤ |u_0|^2 + B_0T + sup_{0≤t≤T} M(t) . (4.19)

The Burkholder-Davis-Gundy inequality (with p = 1) states that:

E sup_{0≤t≤T} |M(t)| ≤ N_1 E⟨M⟩^{1/2}_T ≤ N_1 � E⟨M⟩_T , (4.20)

where ⟨M⟩_T =

�_T 0 � � u^2_s(τ)b^2_s � dτ, see [Kry03]. We have

E⟨M_T ⟩ =

�_T 0 E � � u^2_s(τ) b^2_s � dτ ≤ b^2_{max}

�_T 0 E |u(τ)|^2 dτ

(4.18) ≤ 1 2 b^2_{max} � B_0T + E |u_0|^2 � . So, � E⟨M_T ⟩ ≤ b_{max} √ 2 � B_0T + � E |u_0|^2 � . Assume that T ≥ 1. Then (4.19) and (4.20) imply:

E sup_{0≤t≤T} |u(t)|^2 ≤ C_1 � T + E |u_0|^2 + � E |u_0|^2 � . (4.21)

We remind that the estimates (4.16)–(4.21) are obtained for u = u_N , a solution of (4.13).

Due to (4.6), for any M and every ω, we have:

Π_M u_N −→_{N→∞} Π_M u in L_2(0, T ; H^1) .

So, by (4.18) and the Fatou Lemma, E �_T 0 ‖Π_M u(s)‖^2_1ds ≤ lim_{N→∞} E

�_T 0 ‖Π_M u_N ‖^2_1 ds ≤ 1 2 (T B_0 + E |u_0|^2) .

Now, applying Fatou again, we obtain that E �_T 0 ‖u‖^2_1 ds ≤ lim_{M→∞} E

�_T 0 ‖Π_M u‖^2 ds ≤ 1 2 (T B_0 + E |u_0|^2) .

In a similar way, we can pass to the limits in the estimates (4.16) and (4.21) and obtain:

Theorem 4.7. Let u_0 ∈ H be a random variable, independent of ζ(·), and such that E |u_0|^2 < ∞. Then the solution u, constructed in Theorem 4.3, satisfies (4.16), (4.18) and (4.21).

Exercise 4.8. Apply Ito’s formula to φ(u) = ‖u‖^2_1 to get:

E ‖u(t)‖^2_1 ≤^1_2 B_1 + e^{−2t} E ‖u_0‖^2_1, E �_T 0 ‖u(s)‖^2 ds ≤ 1 2 (T B_1 + E ‖u_0‖^2_1) ,

E sup_{0≤t≤T} ‖u(t)‖^2_1 ≤ C � T + E ‖u_0‖^2_1 + � E ‖u_0‖^2_1 � , C = C(b_{max}, B_1) .

Exercise 4.9. Apply Ito’s formula to exp � σ|u|^2 � , σ < (2b^2_{max})^{−1}, to get

E e^{σ|u(t)|2} ≤ e^{−σt} E e^{σ|u0 |2} + C .

Similar, apply Ito’s formula to exp(σ‖u‖^2_1) to get that

E e^{σ‖u(t)‖21} ≤ e^{−σt} E e^{σ‖u0 ‖21} + C .

Exercise 4.10.^{∗ 2} If B_k = � |s|^{2k}b^2_s < ∞, apply Ito’s formula to functionals t^m‖u(t)‖^2_m and argue by induction to see that E � sup 0≤t≤T

t^k ‖u(t)‖^2_k

�_p

≤ C E e^{σ|u0|2} , with C = C(k, p, σ, T ) ,

for any k , p ∈ N (see [KS03]).

4.4 Stationary measures

The semigroups B_t : C_b(H) → C_b(H), t ≥ 0 ,

B^∗_t : P(H) → P(H), t ≥ 0 ,

are defined as in Section 3.2. That is, for t ≥ 0, v ∈ H and Γ a measurable subset of H:

(B_tf)(v) = � H P_t(v, du) f(u) = E f � u(t; v) � , (4.22)

(B^∗_t μ)(Γ) = � H P_t(v, Γ) μ(dv) ,

(B^∗_t μ) = D � u(t; u_0) � , if D(u_0) = μ . (4.23)

2As usual, the asterisk indicates a more difficult exercise (in the D. Knuth’s book “The Art of Computer Programming” this notion is illustrated by the following example: Prove that for an integer n ≥ 3 the equation x^n + y^n = z^n has no integer solutions.)

Here P_t(v, du) is the Markov transition function, and u(t; u_0) is a solution of (4.3), equal u_0 at t = 0 (in (4.23) u_0 is a random variable).

We note that by Proposition 4.6 relations (4.22) and (4.23) remain valid if u(t; u_0) is a weak solution.

A measure μ ∈ P(H) is called a stationary measure if B^∗_t μ = μ for all t ≥ 0.

Theorem 4.11. A stationary measure exists.

Proof. Let u(t) be a solution such that u(0) = 0. We set μ_t = D(u(t)). Due to the first estimate in Exercise 4.8 and the Chebychev inequality we have

μ_t � H\B_R(H^1) � = P(‖u(t)‖_1 > R) ≤ B_1 R^{−2} .

For ε > 0, choosing R_ε = (B_1/ε)^{1/2}, we see that

μ_t � H\B_{Rε}(H^1) � < ε, for all t ≥ 0.

Setting μ_t =^1_t

�_t 0 μ_s ds, t ≥ 1, we see that μ_t also satisfies this estimate. Since by (1.3), B_{R1} (H^1) ⋐ H, then the Prokhorov theorem applies, and the set {μ_t, t ≥ 1} is precompact in P(H). Choosing a converging sequence μ_{tj} ⇀ μ, we see as in the proof of Theorem 3.5 that μ is a stationary measure.

The constructed measure μ has finite second moment: � |u|^2 μ(du) ≤ B_0 .

Indeed, by Theorem 4.7, � |u|^2 μ_t(du) ≤ B_0 for each t. Hence, the measure μ_t satisfies the same inequality. For every M < ∞ we have � (|u|^2 ∧ M) μ(du) = lim � (|u|^2 ∧ M) μ_t(du) ≤ B_0 .

Now the Fatou lemma implies the desired estimate.

Exercise 4.12. Use Exercise 4.10 to prove that if B_k < ∞, then the constructed stationary measure μ satisfies � ‖u‖^p_k μ(du) < ∞ ∀ p ≥ 0.

4.5 High-frequency random kicks

Consider the kick-force

η_ε(t) = √ ε � k η^ω_k δ(t − εk), η_k = � s∈Z^2_0

b_s ξ_{sk} e_s .

The random variables are as in Section 3, and in addition

E ξ_{sk} = 0, B_1 = � s∈Z^2_0

|s|^2 b^2_s < ∞ .

We set

ζ_ε(t) =

�_t 0+ η_ε(τ) dτ ,

and normalise ζ_ε to be continuous from the right.

We want to compare the force η_ε with the white-force η, η = d dt ζ, ζ = � s∈Z^2_0

b_s β_s(t) e_s(x) .

Fixing u_0 ∈ H, we denote by u_ε(t; u_0) the solution of (3.3) with ζ = ζ_ε, u_ε(0, u_0) = u_0, and by u(t; u_0) – the solution of (4.3) with u(0; u_0) = u_0.

Theorem 4.13. For any finite time-interval [0, T ], we have D � u_ε(· ; u_0) � ⇀ D � u(· ; u_0) � in P � L_∞(0, T ; H) � and D(u_ε(T ; u_0)) ⇀ D(u(T ; u_0)) in P(H)

as ε → 0.

Sketch of the proof. Let ζ^′_ε(t) be a piecewise-linear continuous process, equal ζ_ε(t) for 0 ≤ t ∈ ε Z. Then D(ζ^′_ε) ⇀_{ε→0} D(ζ) in P � C(0, T ; H^1) � , by the Donsker principle, see [Bil99, Dur91]. Let us fix any sequence ε_j → 0. Due to the Skorokhod embedding theorem (see [Shi96], Section III.8 or [IW89], Section 1, Theorem 2.7), there exist processes ~ζ^′_{εj} and ~ζ, defined on the same probability space, such that

D( ~ζ^′_{εj} ) = D(ζ^′_{εj} ), D(~ζ) = D(ζ) and ~ζ^′_{εj} −→_{j→∞} ~ζ a.s. in C(0, T ; H^1) . (4.24)

Let ~ζ_{εj} be a process which is continuous from the right, constant on the intervals (kε, (k+ 1)ε), k ≥ 0 and equal to ~ζ^′_{εj} for t ∈ ε Z. Then

D(~ζ_{εj} ) = D(ζ_{εj} ) .

Define the map Φ_T as in (4.9). Then D � u_{εj} (· ; u_0) � = Φ_T ∘ � D(~ζ_{εj} ) � , D � u(· ; u_0) � = Φ_T ∘ � D(~ζ) � , (4.25) in P(L_∞(0, T ; H)).

Since the Brownian motion is Hölder-continuous, we have from (4.24) that

|~ζ_{εj} (·) − ~ζ(·)|_{L∞(0,T ;H}1_)^{in Prob.}−→_{εj→0} 0 . (4.26)

By Proposition 2.18 the map Φ_T : L^0_∞(0, T ; H^1) → L_∞(0, T ; H) (4.27) is locally Lipschitz. (We recall that L^0_∞ stands for the linear subspace of L_∞, formed by functions, continuous at t = 0). Now (4.25)–(4.27) imply the first theorem’s assertion.

Proof of the second is left as an exercise. □ Both the theorem’s assertion and its proof become more natural by evoking the Skorokhod spaces (formed by discontinuous functions with jumps, see [Bil99, LS89]). Guided by Occam’s Razor,^3 we decided not to introduce this notion.

3 “Entities are not to be multiplied beyond necessity.”

5 Preliminaries from the measure theory

Everywhere below M is a complete separable metric space (e.g. M = H, or M is a closed ball in R^n).

5.1 Weak convergence of measures and Lipschitz-dual distance

A sequence of measures μ_n ∈ P weakly converges to μ ∈ P, denotes μ_n ⇀ μ, if (μ_n, f) → (μ, f) for each f ∈ C^b(M).

For any f ∈ C(M), Lip(f) ≤ ∞ is the Lipschitz constant of f. We define the Lipschitz-norm of f as |f|_L = sup_M |f(m)| + Lip(f) ,

and set O = {f ∈ C^b(M)| |f|_L ≤ 1} . (5.1)

Proposition 5.1. A sequence of measures μ_n weakly converges to μ if and only if (μ_n, f) → (μ, f) for each f ∈ O.

Proof. The ‘only if’ part of the statement is obvious. If M is compact, then the ‘if’ part follows since any continuous function on M may be approximated in the sup–norm by bounded Lipschitz functions. For the non-compact case see [Dud89, Shi96].

For μ, ν ∈ P(M), define

‖μ − ν‖^∗_L = sup_O |(f, μ) − (f, ν)| . (5.2)

This is the Lipschitz-dual distance on P(M).

Exercise 5.2. Let M = H (with the usual distance) and ‖ · ‖^∗_L be the corresponding Lipschitz-dual distance. Now, for 0 < d ≤ 1 we set

dist(u_1, u_2) = |u_1 − u_2| ∧ d .

It is immediate that this is a distance which defines on H the same topology. Let ‖ · ‖^∗_{L,d} be the corresponding Lipschitz-dual distance. Prove that

‖μ − ν‖^∗_{L,d} ≤ ‖μ − ν‖^∗_L ≤ 2 d ‖μ − ν‖^∗_{L,d} . (5.3)

Theorem 5.3. a) The space P(M), given the distance dist(μ, ν) = ‖μ − ν‖^∗_L, is complete.

b) The weak convergence in P(M) is equivalent to the convergence in the Lipschitz-dual distance.

Proof. (when M is compact). a) Let L be the space of Lipschitz functions on M with the norm | · |_L. Let L^∗ be the dual space. The norm in L^∗ is given by (5.2). Clearly P(M) ⊂ L^∗. Let {μ_n} be a sequence in P(M) which is a Cauchy sequence in the norm ‖ · ‖^∗_L. Then there is μ ∈ L^∗ such that μ_n → μ ∈ L^∗ .

We have to show that μ ∈ P(M). Since C(M)^∗ = M(M) (the space of signed measures on M), we have to check that μ ≥ 0 and μ ∈ C(M)^∗ . (5.4) Exercise 5.4. Prove that (5.4) follows from the following condition: 0 ≤ (μ, f) ≤ 1 ∀f ∈ L, 0 ≤ f ≤ 1 . (5.5) □ Since (5.5) holds for μ replaced by any μ_n, then it also holds for μ.

b) The implication ‘⇐=’ follows from Proposition 5.1, and ‘=⇒’ holds since for all ε > 0 the ball {f | |f|_L ≤ 1} has a finite ε-net in C_b(M).

For the case when M is a separable metric space, see [Dud89, Shi96]. Note that the relation (5.2) also defines a distance on the space M(M). But this distance is not complete.

5.2 Variational distance

For μ, ν ∈ P(M) we define ‖μ − ν‖_{var} = sup_{Γ⊂B(M)} |μ(Γ) − ν(Γ)| = sup � μ(Γ) − ν(Γ) � ≤ 1 . (5.6)

This is the variational distance between the two measures.

Example 5.5. Let M = R, μ = δ_0 and ν_n = δ_{1/n}, n ≥ 1. Then ‖μ − ν_n‖ = 1, but ‖μ − ν_n‖^∗_L =^1_n .

Exercise 5.6. Prove that if μ and ν are absolutely continuous with respect to some measure ρ ∈ P(M), and μ = p_μ(m) ρ(dm), ν = p_ν (m) ρ(dm), then

‖μ − ν‖_{var} = 1 2 � M |p_μ(m) − p_ν (m)| ρ(dm) . (5.7)

Note that μ and ν are absolutely continuous with respect to ρ =^1_2 (μ + ν). So ‘(5.7) always applies’.

Due to (5.7) for any continuous bounded function f we have

|(μ, f) − (ν, f)| = � � � M � p_μ(m) − p_ν (m) � f(m) ρ(dm) � � ≤ |f|_{Cb(M)} � |p_μ − p_ν | ρ(dm)[1ex] ≤ 2|f|_{Cb(M)} ‖μ − ν‖_{var} .

(5.8)

Hence, the space P(M), provided with the variational distance, is continuously embedded in C_b(M)^∗. Besides, using (5.8) in (5.2) we see that

‖μ − ν‖^∗_L ≤ 2 ‖μ − ν‖_{var} .

5.3 Coupling

Definition 5.7. A pair of random variables ξ_1, ξ_2, defined on the same probability space, is called a coupling for given measures μ_1, μ_2 ∈ P(M) if D(ξ_j ) = μ_j , j = 1, 2.

Given a coupling (ξ_1, ξ_2), let us consider the random variable ξ = ξ_1 × ξ_2 ∈ M × M. Denoting m = D(ξ), we have

μ_1 = π_1 ∘ m, μ_2 = π_2 ∘ m,

where π_1(m_1, m_2) = m_1, π_2(m_1, m_2) = m_2. An equivalent definition of the coupling is that this is a measure m on � M × M, B(M × M) � which satisfies the two relations above.

Indeed, if such a measure exists, we can take (M × M, B, m) for the probability space, and choose ξ_1 = π_1, ξ_2 = π_2.

If (ξ_1, ξ_2) is a coupling for (μ_1, μ_2), then for any Γ ∈ B(M) we have

μ_1(Γ) − μ_2(Γ) = E � I_Γ(ξ_1) − I_Γ(ξ_2) � = E � I_{{ξ1 ≠ξ2 }} � I_Γ(ξ_1) − I_Γ(ξ_2) � ≤ P(ξ_1 ≠ ξ_2) .

Therefore, P(ξ_1 ≠ ξ_2) ≥ ‖μ_1 − μ_2‖_{var} .

A coupling (ξ_1, ξ_2) is called maximal if

P{ξ_1 ≠ ξ_2} = ‖μ_1 − μ_2‖_{var} .

The following result is often known as the Dobrushin lemma:

Lemma 5.8. For any two measures μ_1, μ_2 ∈ P(M) a maximal coupling (ξ_1, ξ_2) exists.

For a proof see, say, [Lin92] and the Appendix in [KS01a].

This lemma shows that a coupling can be used as a tool to study the variational distance between measures. A coupling is also suited to study the Lipschitz-dual distance:

Exercise 5.9. If the measures μ_1, μ_2 ∈ P(M) admit a coupling (ξ_1, ξ_2) such that P{‖ξ_1− ξ_2‖ > ε} ≤ θ , for some ε, θ > 0, then ‖μ_1 − μ_2‖^∗_L ≤ 2θ + ε .

Proof. For any f ∈ O (see (5.1)) we have

|(μ_1 − μ_2, f)| ≤ |E I_Q � f(ξ_1) − f(ξ_2) � + � E I_Qc � f(ξ_1) − f(ξ_2) � , where Q = {dist(ξ_1, ξ_2) > ε}. This estimate implies that |(μ_1 − μ_2, f)| ≤ 2θ + ε, so the assertion follows.

5.4 Kantorovich functionals

Let f_K be any measurable function on M × M such that

f_K (m_1, m_2) = f_K (m_2, m_1) ≥ dist(m_1, m_2) ∀ m_1 , m_2 .

We define the Kantorovich functional, corresponding to f_K , as the following function K on P(M) × P(M):

K(μ_1, μ_2) = inf{E f_K(ξ_1, ξ_2)} ,

where the infimum is taken over all couplings (ξ_1, ξ_2) for (μ_1, μ_2).

Lemma 5.10. For any μ_1, μ_2 ∈ P(M),

‖μ_1 − μ_2‖^∗_L ≤ K(μ_1, μ_2) . (5.9)

Proof. Let ξ_1, ξ_2 be any coupling for μ_1, μ_2, and g ∈ O. Then

(μ_1 − μ_2, g) = E � g(ξ_1) − g(ξ_2) � ≤ E dist(ξ_1, ξ_2) ≤ E f_K (ξ_1, ξ_2) .

Taking first the supremum in g ∈ O and next the infimum in (ξ_1, ξ_2) we recover (5.9).

Let us modify (5.2) and introduce the new distance in P(M), called the Kantorovich distance:

‖μ − ν‖_K = sup_{Lip(f )≤1} |(f, μ) − (f, ν)| .

It also possesses the properties, specified in Theorem 5.3. In addition, now (5.9) with f_K (m_1, m_2) =dist (m_1, m_2) strengthens as follows:

‖μ − ν‖_K = inf{E dist(ξ_1, ξ_2)} ,

where the infimum is taken over all couplings (ξ_1, ξ_2) for (μ, ν). Moreover, the infimum is attained at some coupling (ξ_1, ξ_2). This is the assertion of the celebrated Kantorovich Theorem, see [KA77] and [Dud89].^4

4In his research on the mass-transfer problem L. Kantorovich interpreted E dist(ξ_1, ξ_2) as the work, needed to transport mass points ξ_1(ω) to the points ξ_2(ω), and used the equality above to estimate the work via the distance between the measures μ and ν (we use the equality other way round, i.e. as a tool to estimate this distance). This research is an important part of the study of the optimal production for which in 1975 L. Kantorovich was given the Nobel prise in economics.

6 Uniqueness of a stationary measure: kick-forces

6.1 The main lemma

Consider the randomly kicked NSE (3.3) and the corresponding discrete time RDS:

u(k) = S � u(k − 1) � + η_k , η_k = � s b_s ξ_{sk} e_s . (6.1)

In this section we prove that the system (6.1) is exponentially mixing in the sense that distributions of all its solutions converge exponentially fast to a stationary measure. Next we derive from this result some immediate consequences. The proof of the exponential mixing is the most technical part of the book. To simplify its reading we conclude this section with an appendix, containing a summary of the proof.

Let us denote the underlying probability space (Ω_1, F_1, P_1).

Recall that the time-one transition function for the corresponding Markov chain is P_1(u, ·) = D(S(u) + η_1) (see (3.10)).

Lemma 6.1. There exists a probability space (Ω, F, P) such that ∀R ≥ 1, there exists N = N(R) ≥ 1 with the following property: If

b_s ≠ 0 ∀ |s| ≤ N(R) , (6.2)

then for any u_1, u_2 ∈ B_R(H) =: B_R the measures μ_1 = P_1(u_1, ·), μ_2 = P_1(u_2, ·) admit a coupling (V_1, V_2), where V_j = V_j (u_1, u_2; ω) (j = 1, 2), and (a) the maps V_1, V_2 : B_R × B_R × Ω → H are measurable, (b) denoting d = |u_1 − u_2| we have P � |V_1 − V_2| ≥ 1 2 d � ≤ C_∗ d ,

where C_∗ depends on R, B_0 and b_1, . . . , b_N .

Proof. Let us denote by P_N and Q_N the orthogonal projectors

P_N :H −→ span{e_s, |s| ≤ N} = H_{(N)} ,

Q_N :H −→ span{e_s, |s| > N} .

We are looking for random variables V_1, V_2 in the following form

V_1 = S(u_1) + ξ_1, V_2 = S(u_2) + ξ_2 , (6.3)

where ξ_1, ξ_2 ∈ H are random variables on Ω, distributed as η_1. Clearly (V_1, V_2) is a coupling for (μ_1, μ_2). To define the random variables ξ_1, ξ_2 we specify their projections P_N ξ_j and Q_N ξ_j (j = 1, 2), where N is to be chosen below.

We construct the probability space (Ω, F, P) for ξ_1, ξ_2 as Ω = Ω_1×Ω_2, where the space (Ω_2, F_2, P_2) is defined below, and extend η_1 in the natural way to a random variable η_1 on (Ω, F, P). We set Q_N ξ_1 = Q_N ξ_2 = Q_N η_1 .

To define P_N ξ_1, P_N ξ_2 let us denote ν_j = P_N ∘ μ_j , j = 1, 2. We claim that ‖ν_1 − ν_2‖_{var} ≤ C_∗ d . (6.4) Indeed, let us denote v_j = P_N S(u_j ), j = 1, 2. Then, due to (S2), |v_1 − v_2| ≤ C(R) d . (6.5) Since b_s ≠ 0 for |s| ≤ N and D(ξ_{sk} ) = p_s(r)dr, where the functions p_s are Lipschitz, then D(P_N η_1) = q(x)dx, x ∈ R^{N∗} .

Here N_∗ = dim H_{(N)} and q is a Lipschitz function. Hence, D ν_j = D(v_j + P_N η_1) = q(x − v_j )dx , and (6.4) follows from (6.5) and (5.3).

Due to (6.4) and the Dobrushin lemma, the measures ν_1, ν_2 admit a maximal coupling (Ξ_1, Ξ_2), defined on a probability space (Ω_2, F_2, P_2), and depending on the parameter (u_1, u_2). I.e., Ξ_j = Ξ_j (ω_2; u_1, u_2) and P_2 � Ξ_1 ≠ Ξ_2 � = ‖ν_1 − ν_2‖_{var} ≤ C_∗ d . (6.6) Moreover, the maps Ξ_j : Ω_2 × B_R × B_R → H_{(N)} are measurable (see [KS01a]).

Denoting by Ξ_j , j = 1, 2, the natural extension of Ξ_j to Ω, we set P_N ξ_j = Ξ_j − P_N S(u_j ) .

Since P_N ξ_j and Q_N ξ_j are specified, we now can construct the random variable V_1, V_2 (see (6.3)). Clearly, Ξ_1 = Ξ_2 implies that P_N V_1 = P_N V_2, so that in this case V_1 − V_2 = Q_N V_1 − Q_N V_2 = Q_N S(u_1) − Q_N S(u_2) .

Using (S3), we have for Ξ_1 = Ξ_2,

|Q_N S(u_1) − Q_N S(u_2)| ≤ N^{−1} ‖Q_N S(u_1) − Q_N S(u_2)‖_1 ≤ N^{−1} C_1(R) d . Choosing N ≥ 2 C_1(R) we see that |V_1 − V_2| ≤^1_2 d, if Ξ_1 = Ξ_2. Now the assertion (b) follows from (6.6). Since the maps Ξ_1, Ξ_2 are measurable, then V_1, V_2 are measurable as well, and the lemma is proved.

We call the measurable maps V_1, V_2 the coupling maps.

Exercise 6.2. Prove that (6.4) still holds if p_s(r) are functions of bounded total variation.

Proof. Assume first that q is smooth. Then � H_N

|q(x − v_1) − q(x − v_2)| dx

≤ |v_1 − v_2| � H_N

�_1 0 |∇q(x − θv_1 + (1 − θ)v_2) | dθ dx

= |v_1 − v_2| � H_N

|∇q(x)| dx ≤ |v_1 − v_2|

N_∗�

j=1 � R |∂_{xj} p_j (x_j ) dx_j |

= |v_1 − v_2| � var q_j = |v_1 − v_2| � b^{−1}_j var p_j ,

where q(x) =

�_{N∗}

j=1 q_j (x_j ) with q_j (x_j ) = b^{−1}_j p_j (x_j /b_j ). If the functions p_j are not smooth, we approximate them by smooth functions and go to the limit in the estimate above.

6.2 Weak solution of (6.1)

Definition 6.3. A process {u(k) ∈ H, k ≥ k_0}, defined on some probability space, is called a weak solution of (6.1), if it satisfies (6.1) with the process of kicks {η_k} replaced by some other process {η^′_k}, distributed as {η_k}.

Let {u_1(k)} and {u_2(k)} be two weak solutions defined on the same probability space. Possibly, the corresponding two processes {η^′_k} are different (but they may be correlated). We set d(k) = |u_1(k) − u_2(k)|, R(k) = |u_1(k)| + |u_2(k)| .

Let u(k) be u_1(k) or u_2(k). Then a.s. we have

|u(k + 1)| ≤ e^{−1} |u(k)| + |η_{k+1}| ≤ e^{−1} |u(k)| + 1 2 ~C (6.7)

where ~C = 2 √ B_0, see Section 3.2 (this constant also depends on the viscosity ν, which now is assumed to be one). Accordingly, E R(k + 1) ≤ e^{−1} E R(k) + ~C. Let us choose any number R_0 ≥ 1 ∨ 2e e − 1 ~C. Then E R(k) ≥ R_0 =⇒ E R(ℓ) ≤ 1 2 E R(k), ∀ℓ ≥ k + 1 . (6.8)

Similarly, (6.7) implies that

R(k) ≤ R_0 =⇒ R(ℓ) ≤ R_0, a.s. ∀ℓ ≥ k . (6.9)

Let us fix some 0 < d_0 ≤ 1. Let {u_1(k)} and {u_2(k)} be two weak solutions of (6.1), corresponding to the same kicks {η^′_k}. Assume that R(0) ≤ R_0. Then, |u_1(0)|,

|u_2(0)| ≤ R_0. So, if 0 = η^′_1 = · · · = η^′_T , then |u_j (T )| ≤ exp(−T )R_0, and |u_j (T )| ≤^1_4 d_0 for j = 1, 2, if T = [ln (4 R_0 d^{−1}_0 )] + 1 .

Since P(|η^′_k| ≤ ε) > 0 for each ε > 0 (see Section 3.1), we have that

P(d(T ) ≤ d_0) ≥ θ > 0 , (6.10)

where θ depends on R_0 and d_0.

6.3 The theorem

Let us denote by P_1(H) the class of measures μ with the finite first moment

M_1(μ) = � |u| μ(du) < ∞.

Theorem 6.4. Let the kicks {η_k} satisfy the assumptions of Section 3.1. Then there exists N ≥ 1, depending on ν and B_0, such that if

b_s ≠ 0 ∀ |s| ≤ N ,

then for any μ_1, μ_2 ∈ P_1(H) and each k ∈ N we have

‖B^∗_k μ_1 − B^∗_k μ_2‖^∗_L ≤ C � 1 + M_1(μ_1) + M_1(μ_2) � κ^k , (6.11)

where κ < 1 and C ≥ 1 depend on ν, B_0 and {b_s, |s| ≤ N}.

Proof. Step 1 (coupling). Let us denote

μ_j (n) = B^∗_n(μ_j ), j = 1, 2, n ≥ 0 .

To estimate the distances ‖μ_1(n) − μ_2(n)‖^∗_L we shall construct special couplings � U_1(1), U_2(1) � , � U_1(2), U_2(2) � , . . . for the measures � μ_1(1), μ_2(1) � , . . . . The construction starts with any coupling (U_1, U_2) for (μ_1, μ_2), defined on a space (Ω^0, F^0, P^0) which is a copy of the space (Ω, F, P) from Lemma 6.1. Below we use other copies (Ω^j , F^j , P^j ) of this space as well.

Let us apply Lemma 6.1 with R = R_0 and denote

d_0 = 1 ∧ 1 16 C_∗ . Let V_1(u_1, u_2; ω^1), V_2(u_1, u_2; ω^1) be the coupling-maps as in Lemma 6.1. They are defined for |u_1|, |u_2| ≤ R_0. We define maps ^V_1, ^V_2 as follows:

^V_j (u_1, u_2; ω^1) = � V_j , if |u_1 − u_2| ≤ d_0, |u_1| + |u_2| ≤ R_0 S(u_j ) + η(ω^1) otherwise .

Here η(ω^1) is a random variable, distributed as the kick η_1. Now we define the coupling � U_1(1), U_2(1) � on the probability space Ω^0 × Ω^1 (equipped with the product σ-algebra and the product measure), by the following relation:

U^{ω0,ω1} j (1) = ^V_j (U_1(ω^0), U_2(ω^0); ω^1) .

Then, by the definition of the coupling maps (V_1, V_2),

U^{ω0,ω1} j (1) = S(U^{ω0}_j ) + η^{ω1}_{1,j} , j = 1, 2 ,

where D(η_{1,1}) = D(η_{1,2}) = D(η_1). In particular, D � U^{ω0,ω1} j (1) � = μ_j (1) .

We iterate this procedure T times, using successively coupling maps ^V_j (u_1, u_2; ω^2), . . . , ^V_j (u_1, u_2; ωT ) (j = 1, 2), where ωℓ ∈ Ωℓ. In this way for ℓ = 1, 2, . . . , T we get couplings � U_1(ℓ), U_2(ℓ) � u_1, u_2; (ω^0, ω^1, . . . , ω^ℓ) � such that

U_j (ℓ) = S � U_j (ℓ − 1) � + η_{ℓ,j} , D(η_{ℓ,j} ) = η_1 .

We view the couplings as random variables, defined on the same probability space

Ω_T = Ω^0 × · · · × Ω^T .

Then the kicks {η_{ℓ,j} } also are defined on Ω_T . The processes {U_1(ℓ), ℓ = 0, . . . , T } and {U_2(ℓ), ℓ = 0, . . . , T } are weak solutions of (6.1). As before, we denote d(k) = |U_1(k) − U_2(k)| and R(k) = |U_1(k)| + |U_2(k)|, 0 ≤ k ≤ T .

Below we also write the probability space Ω_T as

Ω_T = Ω^0 × Ω^′, Ω^′ = Ω^1 × · · · × Ω^T .

Let us make some observations about the weak solutions U_1 and U_2:

i) If d(0) = |U_1 − U_2| ≤ d_0 and R(0) ≤ R_0, then by Lemma 6.1 the probability (in Ω^′) that d(T ) ≤ 2^{−T} d_0 is

≥ 1 − C_∗ d(1 + 2^{−1} + · · · + 2^{−T +1}) ≥ 1 − 2 C_∗ d .

ii) If d(0) > d_0 and R(0) ≤ R_0, then by (6.10) P^{Ω′} (d(T ) ≤ d_0) ≥ θ . Step 2 (Kantorovich functional). Let us introduce in H the distance

dist(u, v) = |u − v| ∧ d_0 ,

and denote by ‖ · ‖^∗_{L,d0} the corresponding Lipschitz-dual distance (see Exercise 5.2 in Section 5.1). Consider the following function f_K (u_1, u_2):

f_K (u_1, u_2) = � � � d, if d ≤ d_0, R ≤ R_0,

2d_0, if d > d_0, R ≤ R_0,

R, if R > R_0, where d = |u_1 − u_2|, R = |u_1| + |u_2|. Since R_0 > 2d_0, then f_K (u_1, u_2) ≥ dist(u_1, u_2). Let K be the corresponding Kantorovich functional.

Let us take any coupling (U_1, U_2) for (μ_1, μ_2) and apply the construction from Step 1 to get the couplings � U_1(ℓ), U_2(ℓ) � , 1 ≤ ℓ ≤ T . We wish to estimate E f_K � U_1(T ), U_2(T ) � in terms of A = E f_K (U_1, U_2). We abbreviate

f_K (0) = f_K (U_1, U_2), f_K (ℓ) = f_K � U_1(ℓ), U_2(ℓ) � , and consider the three cases, accordingly to the partition of Ω^0 to three events:

a) ω^0 ∈ Q_1 = {R(0) > R_0}. Then f_K (0) = R(0). Applying (6.8) and using that 2d_0 ≤^1_2 R_0 <^1_2 R(0) we see that in this case

E^{Ω′} f_K (T ) ≤ 1 2 f_K (0) .

b) ω^0 ∈ Q_2 = {d(0) > d_0, R(0) ≤ R_0}.

Now f_K (0) = 2d_0. By (6.9), R(T ) ≤ R_0 a.s., and by ii) with probability ≥ θ, we have f_K (T ) ≤ d_0. Hence, now

E^{Ω′} f_K (T ) ≤ (1 − θ) 2d_0 + θd_0 = 2d_0 � 1 − 1 2 θ � = � 1 − 1 2 θ � f_K (0) .

c) ω^0 ∈ Q_3 = {d(0) ≤ d_0, R ≤ R_0}.

Then f_K (0) = d(0). By (6.9), R(T ) ≤ R_0 a.s., and by i) with probability greater than (1 − 2 C_∗ d(0)), we have f_K (T ) ≤ 2^{−T} d_0. So,

E^{Ω′} f_K (T ) ≤ 2^{−T} d(0) � 1 − 2 C_∗ d(0) � + 2C_∗ d(0)2d_0

≤ d(0)(2^{−T} + 4C_∗ d_0) ≤ d(0) � 1 2 + 1 4 � = 3 4 f_K (0) .

Using the estimates in a)–c) we get

E f_K (T ) = E^{Ω0} � I_{Q1} E^{Ω′} f_K (T ) + I_{Q2} E^{Ω′} f_K (T ) + I_{Q3} E^{Ω′} f_K (T ) �

≤ E^{Ω0} � I_{Q1} 1 2 f_K (0) + I_{Q2} � 1 − 1 2 θ � f_K (0) + I_{Q3} 3 4 f_K (0) �

≤ ~κ E f_K (0) ,

where ~κ = � 1 −^1_2 θ � ∨^3_4 < 1. If j = kT , then iterating these arguments we have

E f_K (j) ≤ ~κ^k E f_K (0) .

If j ∈ [1, T − 1], then the arguments in a) and c) with T replaced by j remain unchanged, while in b) we cannot anymore claim that P{d(j) ≤ d_0} > 0. So (6.10) does not hold, and in this case E f_K (j) ≤ E f_K (0).

Finally, for any integer t = kT + j, 0 ≤ j < T , we have

E f_K (t) ≤ ~κ^kE f_K (0) ≤ C κ^t E f_K (0) , with κ = ~κ^{1/T} < 1 and C = ~κ^{−j/T} > 1.

Step 3 (end of the proof). Let us choose for the original coupling (U_1, U_2) the coupling, formed by independent random variables. Then

E f_K (U_1, U_2) ≤ E(2d_0 + |U_1| + |U_2|) ≤ 1 + M_1(μ_1) + M_1(μ_2)

since d_0 <^1_2 . Therefore, K � μ_1(t), μ_2(t) � ≤ E f_K (t) ≤ C � 1 + M_1(μ_1) + M_1(μ_2) � κ^t . (6.12)

Combining this estimate with (5.3) and Lemma 5.10 we get that

‖μ_1(t) − μ_2(t)‖^∗_L ≤ 2C d_0 � 1 + M_1(μ_1) + M_1(μ_2) � κ^t .

Re-denoting 2C/d_0 by C we get the theorem’s assertion.

The theorem which we have proved has many important corollaries, discussed in the next section. Before that we derive some consequences which follow not from the theorem, but from its proof.

Due to (6.12) we can construct a coupling � U_1(t), U_2(t) � for � μ_1(t), μ_2(t) � such that

E f_K � U_1(t), U_2(t) � ≤ 2C κ^t K_0, K_0 = 1 + M_1(μ_1) + M_1(μ_2) .

Since for |U_1 −U_2| > d_0 we have f_K ≥ 2d_0 and for |U_1|+|U_2| ≥ R_0 we have f_K ≥ R_0 > d_0, then

P_d := P � |U_1(t) − U_2(t)| > d or |U_1(t)| + |U_2(t)| ≥ R_0 � ≤ d^{−1} 2C κ^t K_0 ,

for any d ≤ d_0. Since P_d ≤ P_{d0} for d > d_0, then

P_d ≤ d^{−1}(2C d^{−1}_0 ) κ^t K_0 = d^{−1} C_1 κ^t K_0

for d ≤ 1. Choosing d = δ(t) = (C_1 κ^t K_0)^{1/2}, we get the following

Corollary 6.5. The measures μ_1(t), μ_2(t) admit a coupling � U_1(t), U_2(t) � such that P � |U_1(t) − U_2(t)| ≥ δ(t) or |U_1(t)| + |U_2(t)| ≥ R_0 � ≤ δ(t) (6.13)

for all integer t ≥ 0.

Denoting the event in (6.13) by Ω_t, it follows from Borel-Cantelli’s Lemma that P � � k≥0 � l≥k Ω_l � = 0.

Hence, there exists a random variable T^′ ≥ 0, a.s. finite, and such that

|U_1(ℓ) − U_2(ℓ)| < δ(ℓ) and |U_1(ℓ)| + |U_2(ℓ)| < R_0, ∀ℓ ≥ T^′ . (6.14)

We shall need this relation later.

Definition 6.6. The Prokhorov distance between μ_1, μ_2 ∈ P(H) is

dist_{Prok}(μ_1, μ_2) = inf{ε > 0 | μ_1(A) ≤ μ_2(A + ε) + ε, ∀A ∈ B(H)} ,

where A + ε stands for the ε–neighbourhood of A in H.

This is a distance on P(H) which satisfies all assertions of Theorem 5.3, see [Dud89, Shi96]. Moreover, ‖μ_1 − μ_2‖^∗_L ≤ 2 dist_{Prok}(μ_1, μ_2).

Exercise 6.7. Show that (6.13) implies that

dist_{Prok} � μ_1(t), μ_2(t) � ≤ δ(t) .

We note that the last estimate can be obtained as a corollary of Theorem 6.4 since

dist_{Prok}(μ_1, μ_2) ≤ ‖μ_1 − μ_2‖^∗_L + � ‖μ_1 − μ_2‖^∗_L ,

see [Shi96], Section III.7.

6.4 Corollaries from the theorem

By Theorem 3.5, equation (6.1) has a stationary measure μ ∈ P_1(H). Applying Theorem 6.4 we obtain

Corollary 6.8. There exists a stationary measure μ ∈ P_1(H) such that for each ν ∈ P_1(H) we have ‖B^∗_k ν − μ‖^∗_L ≤ C � 1 + M_1(ν) � κ^k .

In particular, P_k (u, ·) ⇀_{k→∞} μ ∀u ∈ H .

Therefore, B_k f(u) = � f, P_k(u, ·) � → (f, μ) ∀ u ∈ H , (6.15)

for each f ∈ C_b(H).

Corollary 6.9. The system (6.1) has a unique stationary measure μ ∈ P(H).

Proof. If ν ∈ P(H) is a stationary measure, then due to (6.15) for any f ∈ C_b(H) we have (ν, f) = (B^∗_k ν, f) = � ν, B_kf � −→_{k→∞} � ν, (μ, f)1 � = (μ, f) .

Hence, ν = μ.

Let ν ∈ P_1(H) and u(k; ν) be a solution such that D u(0) = ν. Then D u(k; ν) = B^∗_k ν ⇀_{k→∞} μ. Now we shall get a stronger version of this result.

Denote Z_+ = N ∪{0}, A_+ = H^{Z+} = {u_j ∈ H, j ≥ 0}. Provide A_+ with the Tikhonov topology and a corresponding norm. For r ≥ 0 consider the shift-map T_r : A_+ −→ A_+, (u_0, u_1, . . . ) −→ (u_r, u_{r+1}, . . . ). Finally, let us denote u(k; μ) = U(k), where μ is the stationary measure.

Exercise 6.10. Prove that for any ν ∈ P(H), D(T_r u � ·, ν) � ⇀_{r→∞} D � U(·) � weakly in P(A_+).

Hint: 1) By Proposition 5.1 it is sufficient to check that E f(T_r � u(·, ν) � ⇀ E f � U(·) � , where f is a bounded Lipschitz functional on A_+.

2) It suffices to check this for f which depend only on finitely many coordinates u_j . 3) To prove this use Exercise 3.3. □

Exercise 6.11. By Exercise 3.7, supp μ ⊂ B_{r0} (H), r_0 =^e_{e−1} √ B_0. Use Theorem 2.15 to prove that if B_k = � |s|^{2k} b^2_s < ∞, k ≥ 1, then supp μ ⊂ B_{rk} (H^k), where r_k = C_k(r_0 + r^{2(k+1)}_0 + √ B_k) .

Hint: Use that for each j, ‖η_j ‖^2_k ≤ B_k, a.s.

Corollary 6.12. If B_k < ∞ for all k ≥ 0, then μ(H ∩ C^∞) = 1 .

Let B_k < ∞ and f ∈ C(H^k) be a function, which is Lipschitz on bounded subsets of H^k. Then, due to Theorem 2.15, B_rf(u) = (P_r (u, ·), f) is well defined.

Proposition 6.13. If B_{k+1} < ∞, then

|B_rf(u) − � f, μ)| ≤ C C_f κ^{r2(k+1)} , r ≥ 1 .

Here C = C(k, |u|) and C_f is the Lipschitz-norm of f restricted to a ball B_R(H^{k+1}), where R = R(k, |u|).

For a proof see Section 3 in [KS03].

Example 6.14. For any two points x_1, x_2 ∈ T^2, we set f_{ij} (u) = u_i(x_1)u_j (x_2), i, j = 1, 2. Since H^2 ⊂ C(T^2), then f is a locally Lipschitz function on H^2. If B_3 < ∞, then for any solution of (6.1) with (say) a deterministic initial data u_0 we have

E u_i(k, x_1) u_j (k, x_2) → � H u_i(x_1) u_j (x_2) μ(du)

exponentially fast. The l.h.s is called the correlation tensor of the solution, evaluated at time k, and the r.h.s. is called the correlation tensor of the stationary measure. The convergence above is one of postulates of statistical hydrodynamic, taken there for granted. See [Bat82].

6.5 3D NSE with small random kicks

Consider the 3D NSE, written as

u̇ + Lu + B(u) = η(t, x).

All objects in this equation are natural 3D analogues of those in Section 3. As before,

u(k + 1) = S(u(k)) + η_{k+1}. (6.16)

It is known that ‖S(u_1)‖_2 ≤ C ‖u_1‖_2 and ‖S(u_1) − S(u_2)‖_2 ≤ C ‖u_1 − u_2‖_2 with some C < 1, if ‖u_1‖_2 , ‖u_2‖_2 are small enough. Therefore if B_2 (defined as in Section 3.2) is sufficiently small, then (6.16) defines a random dynamical system (and a Markov chain) in a small ball B_ϵ(H^2). A natural analogy of Theorem 6.4 holds true for (6.16) with u ∈ B_ϵ(H^2). In fact, the proof much simplifies since now the map S is a contraction.

6.6 Stationary measures and random attractors

In this section we discuss random attractors for the randomly kicked NSE, interpreted as the system (6.1).

First we put the system (6.1) in the classical framework of RDS [Arn98]. To do this we take infinitely many copies (Ω_j , F_j , P_j ), j ∈ Z, of the probability space, on which are defined the random variables η_k, and define (Ω, F, P) as the product of these spaces (so Ω = Π_{j∈Z}Ω_j , etc). Introducing the shift operators θ_k : Ω → Ω, k ∈ Z, which send ω = (ω_l, l ∈ Z) to ω^′ = (ω^′_l, l ∈ Z), ω^′_l = ω_{l+k}, we write the system (6.1) as

u(k + 1) = ϕ � u(k), θ_kω � , (6.17)

where ϕ(u, ω) = S(u) + η_0(ω_0). Clearly, (6.17) defines in H the same Markov chain as (6.1). For k ≥ 0 we denote ϕ_k(ω)u = u(k), where (u(l), l ≥ 0) is a solution of (6.17), such that u(0) = u.

A closed (compact) set A_ω ⊂ H, depending on a random parameter ω ∈ Ω, is called a closed (compact) random set if for any open set U ⊂ H we have

{ω | A_ω ∩ U ≠ ∅} ∈ F.

A random compact set A_ω is called a random point attractor (in the sense of convergence in probability) if for each u ∈ H the sequence of random variables d(ϕ_k (ω) u, A_{θk} ω)^5 converges to zero in probability. I.e.,

lim_{k→∞} P{d(ϕ_k (ω) u, A_{θk ω}) > δ} = 0

for each δ > 0. A random point attractors A_ω is said to be minimal if for any random point attractor A^′_ω we have A_ω ⊂ A^′_ω for a.a. ω. Clearly, if a minimal random attractor exists, then it is unique.

There are other types of random attractors, considered in modern mathematical literature, see [Arn98, CDF97, Cra01]. Among them the random attractors, defined above, are the smallest.

Let μ be a stationary measure for (6.1), and F_− be a σ-algebra in F, generated by random variables ξ(ω), which depend only on ω_k, k ≤ 0. For the following important result see [Led86, Le 87, Cra91].

Proposition 6.15. The limit

μ_ω = lim_{k→∞} ϕ_k (θ_{−k}ω) ∘ μ

5for a point t ∈ H and a set B ⊂ H we denote d(z, B) = inf_{ξ∈B} |x − ξ|

exists almost surely in the sense of weak convergence of measures. The random measure μ_ω is F_−–measurable in the sense that for any Borel set Q ⊂ H the random variable μ_ω(Q) is F_− measurable, and^6 μ = Eμ_ω. (6.18)

The representation (6.18) is called the Markov disintegration of a stationary measure μ. It is proved in [Cra01] that for a large class of RDS, which includes the system (6.17), the disintegration μ_ω is supported by each random point attractor A^′_ω, i.e., μ_ω(A^′_ω) = 1 a.s. That is to say, supp μ_ω ⊂ A^′_ω a.s. For the specific systems (6.18) which we consider a much stronger result is true:

Theorem 6.16. Under the assumptions of Theorem 6.4 supp μ_ω is the minimal random point attractor of the system (6.1).

In particular, due to the known results on random attractors (see [Deb98]), a.s. the Hausdorff dimension of supp μ_ω is bounded by a certain deterministic constant.

Theorem 6.16 establishes connection between two important objects, related to randomly perturbed 2D NSE, and provides its minimal random point attractor, written as supp μ_ω, with the natural measure μ_ω. Since dimension of an attractor goes to infinity with the Reynolds number, then the measures μ_ω may be useful for applications of the random point attractors to 2D flows with high Reynolds numbers as it provides the attractors with a structure which is not sensitive to their dimensions.

The theorem is proved in [KS04a], where it is derived from a general abstract theorem.

For the white–forced NSE (4.3) a natural version of Theorem 6.16 holds true. See [KS04a].

6.7 Appendix: Summary of the proof of Theorem 6.4

Denote μ_j (k) = B^∗_k(μ_j ), j = 1, 2, k = 1, 2, . . . . To prove the Theorem we construct weak solution of (6.1) such that D U_j (0) = μ_j , j = 1, 2 . (6.19)

Then μ_j (k) = D U_j (k), k ≥ 0, j = 1, 2. We wish to construct them in such a way that

d(k) := |U_1(k) − U_2(k)| ≪ 1 with high probability, if k ≫ 1 (6.20)

This would imply that the measures μ_1(k), μ_2(k) are close.

Denote B = B e_{e−1}^√_{B0} (H). We know (see (6.7)) that if U_j (0) ∈ B for j = 1, 2 a.s., then U_j (k) ∈ B for j = 1, 2, and k ≥ 0 a.s. (6.21)

To simplify the presentation we assume that supp μ_j ⊂ B (j = 1, 2). Then any coupling (U_1(k), U_2(k)) for the measures (μ_1(k), μ_2(k)) satisfies (6.21). Arguments in the general case are very similar.

6The integral in (6.18) is understood in the weak sense. That is, for any Q ∈ B(H), (Eμ_ω )(Q) = E(μ_ω (Q)).

From Lemma 6.1 we know the following:

Let μ_1 = δ_{u1} , μ = δ_{u2} . Denote d = |u_1 − u_2|. Then there exist weak solutions U_1(k), U_2(k), k = 0, 1, such that with probability ≥ 1 − C_∗ d we have

d(1) ≤ 1 2 d . • Let U_1(0), U_2(0) be any coupling for (μ_1, μ_2). These are our weak solution for k = 0.

• Assume that we have constructed weak solutions U_1(t), U_2(t) for t ≤ k. How to construct U_1(k + 1), U_2(k + 1)? The strategy is Markov, i.e. it depends only on U_1(k), U_2(k).

Fix a threshold d_0 ∈ (0, 1).

Recipe 1. If d(k) ≤ d_0, then ‘we are in coupling’, and we construct U_{1,2}(k + 1) ‘in terms of U_1(k), U_2(k)’, using Lemma 6.1. Then, with high probability,

d(k + 1) ≤ 1 2 d_0 .

If THIS happens, then ‘we are in coupling’, and we continue to iterate. We iterate forever with the probability

≥ 1 − C_∗d − C_∗ 1 2 d − C_∗ 1 4 d − · · · = 1 − C_∗d � 1 = 1 2 + 1 4 + . . . � = 1 − 2C_∗d .

We ‘lose coupling’ with probability ≤ 2C_∗d.

Recipe 2. If d(k) > d_0, then we are not in coupling. This usually happens when k = 0. Also, it happens when we lose coupling. Then:

∃ T = T (d_0) ≥ 1, such that with probability θ(d_0) > 0 we have |U_1(k + T )| ≤ 1 2 d_0

and |U_2(k + T )| ≤ 1 2 d_0 . Then d(k + T ) ≤ d_0 . (6.22) In (6.10) I use a brutal way to achieve (6.22), but I do not know how to do this better!

So, after T steps we switch to Recipe 1 with probability θ. We continue with Recipe 2 with probability 1 − θ.

This strategy results in (6.20).

To put this arguments in numbers, the method of Kantorovich functionals is used.

The physical relevance of the results. The convergences B_kf(u) → (f, μ) and B^∗_kν → μ, where μ is the unique stationary measure, are very important for the statistical hydrodynamics, where they are postulated in the form that “statistical properties of the turbulent motion of fluid fast become independent of the initial data”,^7 cf. Example 6.14;

7 “. . . we put our faith in the tendency for dynamical systems with a large number of degrees of freedom, and with coupling between these degrees of freedom, to approach a statistical state which is independent (partially, if not wholly) from the initial condition.” G. K. Batchelor, [Bat82], pp. 6-7.

see [Gal01]. The theorems from this chapter and Section 7 rigorously prove this postulate for the periodic 2D turbulence, driven by a random force.

The validity of the postulate above for randomly stirred 2D NSE is obvious to physicists. In contrast, its rigorous mathematical proof, given in Theorem 6.4 (kick–forces) and Theorem 7.1 (white–forces), is surprisingly difficult. Moreover, it uses essentially the additional assumption (6.2)=(7.2). If this assumption is violated, the proof has to be modified significantly, and the correct version of Theorem 6.4=Theorem 7.1 is not known yet (see [HM04] and discussion in Section 12). In particular, we do not exclude that in this case the convergence to the unique stationary measure (if it still holds!) is not exponential.

The random attractors, discussed in Section 6.6, and their deterministic counter– parts (see [BV92, CF88]) are well established tools for analytical and numerical study of the 2D NSE (see [Gal01]). Their importance is due to the fact that they reduce the infinite–dimensional dynamical system, defined by the NSE in a function space, to finite– dimensional systems on attractors. Since dimensions of attractors growth to infinity with the Reynolds number, then it is hard to apply them to study 2D flows with high Reynolds numbers. Theorem 6.16 improves the situation a bit since it provides minimal random point attractors with an additional structure — the natural measure μ_ω .

7 Uniqueness of a stationary measure: white-forces

7.1 The main theorem

Let us consider the 2D NSE, perturbed by a white force:

u̇ + νLu + B(u) = d dt ζ(t, x) , ζ(t, x) = � s∈Z^2_0

b_s β_s(t) e_s(x) . (7.1)

The random field ζ is as in Section 4. In particular, B_1 = � |s|^2 b^2_s < ∞ .

By u(t; u_0), t ≥ 0, we denote a solution, equal u_0 at t = 0. Theorem 7.1. There exists N ≥ 1, depending on ν and B_1, such that if b_s ≠ 0 ∀ |s| ≤ N , (7.2) then there exists a unique stationary measure μ ∈ P(H), and for any solution u(t), satisfying E |u(0)|^2 =: M_2 < ∞, we have � �μ − D�u(t)� � �^∗_L ≤ C(M_2 + 1) e^{−κt} , (7.3) for all t ≥ 0. Here κ > 0 and C ≥ 1 depend on ν, B_1 and {b_s, |s| ≤ N}. Remark 7.2. The constant N depends on ν, B_1 and {b_s}, and goes to ∞ as ν → 0. Amplification 1. If B_k < ∞, k ≥ 1 then supp μ ⊂ H^k. Moreover, let f be a locally Hölder function on H^{k−1} such that |f(u)| ≤ C_1 � 1 + ‖u‖^{C2}_{k−1}) ,

|f(u) − f(v)| ≤ ‖u − v‖^γ_{k−1} C_1(1 + ‖u‖^{C2}_{k−1} + ‖v‖^{C2}_{k−1})

(7.4)

for all u, v ∈ H^{k−1}, where γ ∈ (0, 1] and C_1, C_2 > 0. Then for each non-random vector u_0 ∈ H we have |E f � u(t; u_0) � − (f, μ)| ≤ C_3(ν, B_k, f, |u_0|) e^{−κk t} for any t ≥ 0, where κ_k > 0. If k = 1, then the same is true if in (7.4) 1 + |u|^{C2} is replaced by exp ε|u|^2, where ε > 0 is a sufficiently small constant.

Amplification 2. Consider the 2D NSE, perturbed by a force with a deterministic component:

u̇ + νLu + B(u) = f(x) + d dt ζ(t, x) , where ζ is as above and f(x) = � f_se_s(x) ∈ H is a non-random smooth vector-field. If b_s ≠ 0 for all s, then the assertions of Theorem 7.1 and Amplification 2 hold true for solutions of this equation. Proof remains essentially the same, see [Shi05].

Below we sketch a proof of Theorem 7.1 in comparison with that of Theorem 6.4. For the corresponding complete proof see [KS02a, Shi05], and for a proof of Amplification 1 see [KS03].

Kick-force White-force

1. μ_1, μ_2 – initial measures. We have to compare

B^∗_k μ_1 with B^k μ_2, k → ∞.

same

2. Take k ∈ N ∪ {0}. Assume that for 0 ≤ t ≤ k we have constructed ‘suitable’ weak solutions

U_1(t), U_2(t) such that D U_j (0) = μ_j .

same

Set d(t) = |U_1(t) − U_2(t)|,

R(t) = |U_1(t)| + |U_2(t)|.

3. If

d(k) ≤ d_0, R(k) ≤ R_0 (7.5)

then use Lemma 6.1 to construct U_1(k + 1), U_2(k + 1) such that d(k + 1) ≤^1_2 d(k) with high probability.

If d(t) ≤ d_0 and R(t) ≤ R_0 � t − T_∗ (7.6) for T_∗ + 1 ≤ t ≤ k (with a suitable T_∗ ≤ k_1), then use an ‘adjusted Girsanov lemma’ to construct U_1(t), U_2(t), k ≤ t ≤ k + 1, such that (7.6) holds for k := k + 1, d_0 :=^1_2 d_0 with high probability. After this, replace d_0 by^1_2 d_0 and k by k + 1.

4. If (7.5) violated, then construct U_1(k + 1), U_2(k + 1) in ‘trivial way’, i.e. using (6.1) with the same force η_{k+1} for both solutions. Note that in this case with small positive probability, for k := k + 1 we have (7.5).

same

5. Iterate the procedure. Construct a suitable Kantorovich functional such that K � U_1(k + 1), U_2(k + 1) � ≤ κ K � U_1(k), U_2(k) � , κ < 1.

same

The random forces ζ(t, x) which are homogeneous in x are the most important for the hydrodynamics. Due to Exercise 4.2, this is the case if b_s = b_{−s} for all s.

Theorem 7.3. If under the assumptions of Theorem 7.1 b_s = b_{−s} for all s ∈ Z^2_0, then the measure μ is homogeneous, i.e.

T_h ∘ μ = μ, ∀h ∈ T^2

where T_h u(x) = u(x + h). Moreover, S ∘ μ = μ, where S u(x) = −u(−x). If in addition, b_s = b_s⊥ for all s ∈ Z^2_0, then R ∘ μ = μ, where R u(x) = u^⊥(−x^⊥).

Proof. Let U(t, x), t ≥ 0, be a stationary solution of (7.1). Then T_h U(t, x) satisfies (7.1) with ζ replaced by T_hζ. Since D � T_hζ(·) � = D � ζ(·) � , then T_hU is a stationary process which is a weak solution of (7.1). Hence, D T_hU(0) is a stationary measure and T_h ∘ μ = D T_hU(0) = μ by the uniqueness.

Since D S(ζ) = Dζ, then S ∘ μ = μ by the same reasons. Proof of the last assertion is the same.

Let us interpret the torus T^2 as the square [−π, π]^2 with identified opposite edges. Then the rotation by the angle −π/2, � x^1 x^2 � −→ � −x^2 x^1 � = x^⊥ ,

maps T^2 to itself. This rotation induces the transformation R of the vector fields u(x). So the last assertion of the theorem means that the rotation by the angle −π/2 does not change the stationary measure (if b_s ≡ b_s⊥ ). The theory of homogeneous isotropic turbulence deals with measures on the space of vector fields u(x) that are invariant under the translations T_h and the rotations R_θ by any angle θ (see [Bat82, Fri95]). Unfortunately, the periodic vector fields (which we interpret as vector fields on T^2) can be invariant only under rotations by angles proportional to π/2, since only these rotations preserve the torus.

7.2 Stationary measures for equation, perturbed by high frequency kicks

In Section 4.5 we compared solutions of equation (7.1) with ν = 1 and solutions of the 2D NSE, perturbed by the high–frequency kick-force η_ε,

η_ε(t) = √ ε � k η^ω_k δ(t − εk), η_k = � b_sξ_{sk}e_s ,

where E ξ_{sk} ≡ 0 and B_1 = � |s|^2b^2_s < ∞. We proved that

D(u_ε(T ; u_0)) ⇀ D(u(T ; u_0)) ∀ u_0 , ∀ T > 0 , (7.7)

where u_ε is a solution of the equation, perturbed by the force η_ε, and u is a solution of (7.1). Let μ_ε be a stationary measure of the kicked equation, and μ be a stationary measure of (7.1). It turns out that the measures μ_ε converge to μ:

Theorem 7.4. Let ν = 1 and assume that b_s ≠ 0 for all s and B_1 < ∞. Then μ_ε ⇀ μ in P(H) as ε → 0.

Sketch of the proof. Let U_ε(t) be a stationary solution of the kicked equation (so DU_ε(kε) = μ_ε for each k). Then

E‖U_ε((k + 1)ε)‖^2_1 = E‖S_ε(U_ε(kε)) + η_{k+1}‖^2_1 ≤ e^{−2ε}E‖U_ε(k)‖^2_1 + D_1 ε ,

where D_1 = E‖η_{k+1}‖^2_1 ≤ B_1. Therefore, � ‖u‖^2_1 μ_ε(du) = E‖U_ε(k)‖^2_1 ≤ B_1, (7.8)

uniformly in 0 < ε ≤ 1 (cf. (3.17)). Hence, every sequence μ_{ε̃j} , ε̃_j → 0, contains a converging in P(H) subsequence μ_{εj} ⇀ μ_0. It remains to check that μ_0 = μ (for every sequence {ε_j } as above).

Let us denote by B^∗_t , t ≥ 0, the semigroup in measures for (7.1), and denote by B^{εj ∗}_k , 0 ≤ k ∈ Z, the semigroup for the kicked equation. Then

B^{εj ∗}_k μ_{εj} = μ_{εj} . (7.9)

Denote θ_ε = [ε^{−1}]. It is not difficult to derive from (7.9) with k = θ_ε, (7.8) and (7.7) that B^∗_1 μ_0 = μ_0 (see [KS03] for details). Now by the uniqueness of a stationary measure we have μ_0 = μ.

The results, obtained in Sections 6, 7, make very plausible the following

Conjecture. Consider the 2D NSE, forced by the random force √ ε � s b_sξ_s(t/ε)e_s(x) , 0 < ε ≤ 1,

where b_s ≠ 0 for all s and ξ_s are i.i.d. stationary processes that are mixing (in an appropriate sense) and satisfy Eξ_s(t) ≡ 0, Eξ^2_s (t) ≡ 1. Then

i) the equation has a unique stationary measure μ_ε, and all solutions converge to μ_ε in distribution as t → ∞;

ii) μ_e ⇀ μ as ε → 0, where μ is the stationary measure for the white–forced equation (7.1).

8 Ergodicity and the strong law of large numbers

The results and their proofs which we discuss in this section are very similar for kick- and white-forced equations, and we restrict ourselves to the kicked-forced NSE (3.3), where the kicks η_j are as in the Section 3.1.

The corresponding random dynamical system

u(j + 1) = S � u(j) � + η_{j+1} (8.1)

defines a Markov process with the transition function P_k(x, ·), and has a stationary measure μ. The solution {u(j), j ≥ 0} such that D u(0) = μ is a stationary process. Moreover, one of the basic constructions from the theory of Markov processes, provides us with a stationary process {U(j), j ∈ Z}, such that D � U(j) � = μ for each j, which is a weak solution of (8.1) (e.g., see [DZ96, KS00]).

Let us denote A = H^Z, equip A with the Tikhonov topology and the Borel sigmaalgebra B = B(A). The distribution of the process U, P = D � U(·) � , is a measure on A, invariant under the shifts

T_ℓ : A → A, (. . . , u_0, u_1, . . . ) → (. . . , u^′_0 = u_ℓ, u^′_1 = u_{ℓ+1}, . . . ).

We have got the probability space (A, B, P) and the group of measure-preserving transformations {T_ℓ}. See, e.g. [Ros71], p. 95-96, and [DZ96], Chapter 2.

Definition 8.1. A set A ∈ B(H) is called invariant for (8.1) if

P_1(x, A) = 1 for a.e. x ∈ A .

A set Ã ∈ A is called invariant for the group {T_ℓ}, if P(Ã Δ T_ℓÃ) = 0 for each ℓ, where Δ stands for the symmetric difference of sets.

It is obvious that if A is an invariant set for (8.1), then A^Z ⊂ A is invariant for the group {T_ℓ}. Conversely, if Ã ∈ B is an invariant set for {T_ℓ}, then there exists A ∈ B(H) such that Ã equals A^Z up to a null-set, see [Ros71, DZ96]. Clearly the set A is invariant for (8.1). This relation between invariant sets of (8.1) and the group {T_ℓ} implies the following classical result:

Theorem 8.2. If μ is a unique stationary measure for (8.1), then the transformation T_1 is ergodic.

Proof. Let Ã be an invariant set of T_1, and A be the corresponding invariant set for (8.1). Assume that μ(A) ≠ 0. Then the conditional measure μ(· |A),

μ(B | A) = μ(B ∩ A) / μ(A) ,

is also stationary for (8.1). So μ(A) is 0 or 1. Accordingly, P (Ã) also is 0 or 1. So T_1 is an ergodic transformation.

Due to this theorem, the transformation T_1 satisfies the Strong Law of Large Numbers (SLLN), i.e. the Birkhoff–Hinchin ergodic theorem (see [Ros71, DZ96]). In terms of the process {U(j)} we have � f(U)

�_T 0 := 1 T T −1�

j=0 f � U(j) � → ⟨μ, f⟩ a.e. (8.2)

if f ∈ L_1(H, dμ), and in particular, if f ∈ C_b(H). It turns out that the SLLN holds for all solutions of (8.1) (not only for stationary):

Theorem 8.3. Let b_s ≠ 0 for |s| ≤ N, where N is as in Theorem 6.4, and let f be a locally Lipschitz function on H. Then any solution {u(j)} of (8.1) such that D u(0) ∈ P_1(H) satisfies � f(u)

�_T 0 → (μ, f) a.e. (8.3)

Proof. We have to show that the convergence (8.3) holds for a.e. ⃗u = (u_0, u_1, . . . ) ∈ A_+ = H^{{0}∪N}, with respect to the measure D � u(·) � . To check this we can replace u(·) by any weak solution u_1(·) of (8.1), equal u(0) at t = 0. Similarly, (8.2) remains true if we replace U(j), j ≥ 0, by a process u_2(j), j ≥ 0, distributed as U.

For any real-valued random sequence {x(j), j ≥ 0} and any a.s. finite random variable T^′ ≥ 0, we set � x �_T

T^′ = � � � 1 T T� j=T^′

x(j), if T > T^′

0, if T ≤ T^′ .

Then a.e. we have lim_{T →∞} � x �_T

T^′ = lim T →∞ � x �_T 0 (i.e. if one limit exists, then the second also exists and they are equal). Let us choose for u_1(k), u_2(k) the weak solutions as in Corollary 6.5 (defined on the same probability space). Let ~f ∈ C_b(H) be a Lipschitz function, equal f for |u| ≤ r_0 =^e_{e−1} √ B_0, and let T^′ be the random variable from (6.14). Then we have the following equalities which hold a.e.:

⟨μ, f⟩ = ⟨μ, ~f⟩ = lim � ~ f(u_2)

�_T 0 = lim � ~ f(u_2)

�_T

T^′

(here the first equality holds by Exercise 3.7, and the second by (8.2)).

Next, since ~f is a Lipschitz function, then by (6.14) we have lim � ~ f(u_2)

�_T

T^′ = lim � ~ f(u_1)

�_T

T^′ = lim � f(u_1)

�_T

T^′ = lim � f(u_1)

�_T 0 . So (8.3) is proved.

Now let us discuss the white-forced NSE (7.1). If the assumptions of Theorem 7.1 hold, then any solution u(t) with a non-random initial data u(0) satisfies (8.3), where the sum should be replaced by an integral in the definition of ⟨f(u)⟩^T_0 :

Theorem 8.4. Under the assumptions of Theorem 7.1, for any solution u(t) of eq. (7.1) such that E |u(0)|^2 < ∞, and any Lipschitz f ∈ C_b(H) we have � f(u)

�_T 0 → (μ, f) a.e. (8.4)

Moreover, if B_k < ∞ for some k ≥ 1, then ⟨f(u)⟩^T_1 → (μ, f) a.e., for any function f as in the Amplification to Theorem 7.1.^8

Proof remains the same (see [Kuk02a]).

In [Shi06] the rate of convergence in (8.3) and (8.4) was specified, using the technique of martingale approximation (see the next section).

The physical relevance of the results. The SLLN, proved in this section, shows that for the 2D turbulence, driven by a random force, the time average equals the ensemble average. This equality is postulated by the theory of turbulence (e.g., see [Bat82], p. 17, and [Fri95], p. 58), where it is important since it allows to calculate various averaged characteristics of a turbulent flow by running one experiment for a long time (experiments with turbulent flows are expensive, and it is practically impossible to calculate ensemble averages directly).

8We replace ⟨f(u)⟩^T_0 by ⟨f(u)⟩^T_1 since, possibly, f(u(t)) → ∞ as t → 0.

9 The martingale approximation and CLT

Let us consider the white-forced NSE:

u̇ + Lu + B(u) = d dt ζ(t), ζ = � b_s β_s(t) e_s(x), b_s ≠ 0 ∀s, B_1 < ∞ , (9.1)

(the results remain true for the kicked equation, but the notations become more cumbersome). For simplicity we assume that

u(0) = u_0 ,

where u_0 ∈ H is a non-random vector. Let μ be the unique stationary measure and f ∈ C_b(H) be a Lipschitz functional such that

(f, μ) = 0 .

Denoting

S_t =

�_t 0 f � u(s) � ds ,

we have t^{−1} S_t → 0 a.s. as t → ∞ by the SLLN.

Our goal in this section is to prove that the random variables t^{−1/2} S_t satisfy the Central Limit Theorem (CLT):

Theorem 9.1. Under the assumptions above we have

D(T^{−1/2} S_T ) ⇀ ^σ N (0, 1) as T → ∞ , (9.2)

for some ^σ ≥ 0, independent of u_0.

Let U(t), t ≥ 0, be a stationary solution of (9.1). Then the CLT for stationary processes as in [Dur91] applies to the process f � U(t) � , and the theorem can be proved by comparing the processes f � u(t) � and f � U(t) � similar to the proof of Theorem 8.2, see [Kuk02a]. Here we present another proof of the theorem, based on the martingale approximation for the process f � u(t) � , following [Shi06]. This approximation is a powerful technical tool to study Markov processes and random dynamical systems. In particular, it can be used to get for the process u(t) a version of the SLLN with a control of the rate of convergence [Shi06] and to prove the Law of Iterated Logarithm for the process f � u(t) � [Den04].

For t ≥ 0 let us set

M_t =

�_∞ 0 E � f � u(s) � � F_t � ds − I , I =

�_∞ 0 E f � u � s) � ds , (9.3)

where {F_s, s ≥ 0} is the filtration of σ-algebras corresponding to the Wiener process ζ(t). By the Markov property, for s ≥ t we have � E � f � u(s) � � F_t � = � (B_{s−t} f) � u(t) � ≤ C e^{−κ(s−t)}(1 + |u(t)|^2)

(see Theorem 7.1). In particular, the integral in (9.3) converges and E|M_t| < ∞. Since

F_0 is the trivial σ-algebra, then

M_0 =

�_∞ 0 E f(u(s)) ds − I = 0 .

Next, for t_1 > t_2 we have

E(M_{t1} | F_{t2} ) =

�_∞ 0 � E � f(u(s) � � F_{t2} � ds − I = M_{t2} .

So {M_t} is a martingale with respect to the filtration {F_s}. Since E � f(u(s) � F_t � = f � u(s) � for s ≤ t, then

M_t = S_t +

�_∞ t E � f(u(s) � � F_t � ds − I . (9.4)

The second term in the r.h.s. is a random variable such that the expectation of its norm

is bounded uniformly in t. Hence,

‖D(t^{−1/2}M_t) − D(t^{−1/2}S_t)‖^∗_L ≤ C t^{−1/2} . (9.5)

That is, asymptotical properties of distribution of S_t are the same as of the martingale

M_t. The relation (9.4) defines the martingale approximation of the process S_t.

Proof of Theorem 9.1. Without lost of generality we assume that |f| ≤ 1.

Since |f| ≤ 1, then it is sufficient to prove the convergence (9.2) for integer t. More-

over, due to (9.5) we can replace S_t by the martingale M_t. Let us consider the function

g(v) =

�_∞ 0 E f � u(s; v) � ds ,

where u(s; v) is the solution of (9.1) with initial condition v. In particular, g(u_0) = I.

We have

|g(v)| ≤

�_∞ 0 � �E f�u(s; v)� � � ds

≤ �_∞ 0 � C e^{−κs}(1 + |v|^2) ∧ 1 � ds ≤ κ^{−1} � 1 + ln C(1 + |u|^2) � . Writing (9.4) as

M_t = S_t + g � u(t) � − I =

�_t 0 f(u(s)) ds + g(u(t)) − I

and denoting X_j = M_j − M_{j−1}, j ∈ N, we have

X_j =

�_j j−1 f � u(s) � ds + g � u(j) � − g � u(j − 1) � .

Clearly {X_j } is a martingale difference sequence, and M_n = X_1 + · · · + X_n. It is known (see [HH80, LS89, Dur91]) that the sequence {M_n} satisfies the CLT (i.e. (9.2) holds with S_t replaced by M_t, t ∈ N), provided that certain conditions are fulfilled. As |X_j | ≤ C_1(1 + ln � 1 + |u(j − 1)|^2) + ln(1 + |u(j)|^2) � and E|u(t)|^2 ≤^1_2 B_0 + e^{−2t}|u_0|^2 (see (4.16), then only one of these conditions is non-trivial:

H) n^{−1} V_n → ^σ^2 in probability, where V_n =

�_n j=1 E(X^2_j | F_{j−1}).

By the Markov property, E(X^2_j | F_{j−1}) = h � u(j − 1) � , where h is the function

h(v) = E

� � 1 0 f � u(s; v) � ds + f � u(1) � − f(v)

�_2 . So n^{−1}V_n = n^{−1}

�_n j=1 h(u(j − 1)). It can be checked (see [Shi06]) that Theorem 8.4 applies to h � u(s) � . Hence, H) follows from the SLLN and Theorem 9.1 is proved. □

The physical relevance of the results. The CLT, proved above, shows that (for randomly forced 2D flows) ‘in large time–scales the turbulent flow is a Gaussian process’. This result is well known from experiments. In particular, the PDF of the velocity of turbulent fluid at an arbitrary point, calculated by A. A. Townsend in the middle of the last century using certain mechanical device, surprisingly turned out to be very close to the Gaussian probability density (see in [Bat82], p. 169).^9 We believe that this paradox is explained by the CLT since any mechanical device measures not the instant velocity, but its average over some time–interval.

9Townsend’s experiments deal with 3D flows, described by the 3D NSE. But numerical investigation of the randomly forced 2D NSE, made in 1980’s and 1990’s, show for the PDF of their solutions a very similar picture.

10 The Eulerian limit

10.1 White-forces, proportional to the square-root of the viscos- ity Let us consider the NSE with the force proportional to √ ν (ν > 0 is the viscosity:

u̇ + νLu + B(u) = √ ν η(t, x) , (10.1)

where η = d dt � s b_s β_s(t) e_s(x) . (10.2)

We assume that B_1 < ∞ and b_s ≠ 0 for all s. Let μ_ν be the unique stationary measure and u_ν (t) be the corresponding stationary solution, i.e. D � u_ν (t) � = μ_ν for all t.

Applying Ito’s formula to φ � u_ν (t) � , φ(u) = |u|^2 (see (4.15)) and taking expectation we get E |u_ν (t)|^2 − E |u_ν (0)|^2 = −2ν

�_t 0 E⟨Lu_ν , u_ν ⟩ dτ − 2 �_t 0 E⟨B(u_ν ), u_ν ⟩ dτ + 1 2 ν �_t 0 E � s b^2_s d^2φ(u_ν )(e_s, e_s) dτ .

Noting that the l.h.s. vanishes as well as the second term in the r.h.s., and that 1 2 � s b^2_s d^2 φ(u_ν ) (e_s, e_s) = � b^2_s = B_0 ,

we have 2

�_t 0 E ⟨Lu_ν , u_ν ⟩ dτ = tB_0. That is,

E ‖u_ν (t)‖^2_1 = 1 2 B_0 for each t ≥ 0 and ν > 0. (10.3)

Similarly, applying Ito’s formula to the functional φ_1 � u_ν (t) � = ‖u_ν (t)‖^2_1 and using that ⟨B(u), Lu⟩ ≡ 0, we have 2 �_t 0 E⟨L^2u_ν , u_ν ⟩ dτ =

�_t 0 � s b_s ‖e_s‖^2_1 dτ = t B_1 .

Therefore E ‖u_ν (t)‖^2 = 1 2 B_1 . (10.4)

Simple analysis of the derivation in Exercise 4.2 the estimate E e^{σ‖u(t;0)‖21} ≤ C (valid for each t ≥ 0), shows that it holds for solutions of (10.1), uniformly in ν > 0. Since Du(t; 0) ⇀ μ_ν , then E e^{σ‖uν (t)‖21} ≤ C ∀t ≥ 0, ν > 0 (10.5)

(to get (10.5) from the estimate for exp(σ‖u(t; 0)‖^2_1) one should use Fatou’s lemma as in the proof of Theorem 4.3.)

Since ‖u_ν ‖^2_1 ≤ |u_ν | · ‖u_ν ‖_2, then (E ‖u_ν ‖^2_1)^2 ≤ E |u_ν |^2 · E ‖u_ν‖^2. Using this inequality and the estimates (10.3), (10.4) we see that 1 2 B^2_0 B_1

≤ E |u_ν (t)|^2 ≤ 1 2 B_0 for all t , all ν > 0. (10.6)

The Reynolds number R(u) of a velocity-field u(x) was defined in Section 2.7. For a random field u the characteristic scale for u is (E|u|^2)^{1/2}. Therefore, due to (10.6), we have R(u_ν ) ∼ ν^{−1} .

A traditional definition of a turbulent velocity field is that this is one with a high Reynolds number. Accordingly, the velocity field u_ν (t, x) becomes turbulent when ν is small.

Since the estimates (10.3)–(10.5) hold uniformly in ν > 0, they allow to pass to a limit as ν → 0 along sequences:

Theorem 10.1. 1) Any sequence ~ν_j → 0 contains a subsequence ν_j → 0 such that

D u_{νj} (·) ⇀ D U(·) in P � C(0, ∞; H^1) � . (10.7)

The limiting process U(t) ∈ H^1 is stationary and possesses the following properties: 2) Every trajectory of the process U is such that

U(·) ∈ L_{2, loc}(0, ∞; H^2) , U̇(·) ∈ L_{1, loc}(0, ∞; H 1) ∩ L_{∞, loc}(0, ∞; L_p) ,

for every p < 2. It satisfies the Euler equation:

U̇ + B(U) = 0 , (10.8)

and |U(t)| and ‖U(t)‖_1 are time-independent constants. Besides, if g : R → R is a bounded continuous function, then the quantity � T^2

g(curl U(t, x)) dx (10.9)

also is time-independent.^{10}

3) For each t ≥ 0 we have E ‖U(t)‖^2 ≤^1_2 B_1,^1_2^{B20}_{B1} ≤ E |U(t)|^2 ≤^1_2 B_0 , E e^{σ‖U(t)‖21} ≤ C and E ‖U(t)‖^2_1 = 1 2 B_0 ; (10.10)

10In other words, the push-forward of the Lebesgue measure on the torus by the map T^2 → R, x → curl U(t, x), is a time-independent measure.

in particular, U is not the zero-process.

4) If b_s ≡ b_{−s}, then the process U(t, x) is homogeneous in x. If, in addition, B_6 < ∞, then E e^{σ1|U(t,x)|} + E e^{σ1|∇U(t,x)|1/2} ≤ C_1 ∀t, x , (10.11) where σ_1 and C_1 are suitable positive constants. Proof. 1) Let us denote Z_n = C(0, n; H^1), Z = C(0, ∞; H^1) (the space Z is endowed with the Tikhonov topology) and set m^n_ν = D(u_ν |_{[0,n]}) ∈ P(Z_n), ν ∈ ~Σ = {~ν_1, ~ν_2, . . . } .

We show first that for each n the sequence {m^n_ν , ν ∈ ~Σ} contains a weakly converging subsequence. Let us denote v_ν (t) = u_ν (t) − √ ν ζ(t), 0 ≤ t ≤ n, ν ∈ ~Σ .

Then v̇_ν − ν Lu_ν + B(u_ν ) = 0 . (10.12) Since B_1 < ∞, then we get from (10.4) that E |u_ν |^2_{L2(0,n;H}2_) ≤ C_n . (10.13) Due to (10.5), E |u_ν |^4_{L4(0,n;H}1_) ≤ C_n . (10.14)

Lemma 10.2. The nonlinearity B defines continuous quadratic maps H^2 → H^1 and H^1 → L_p(T^2; R^2), for any p < 2.

The proof of these assertions follows from two well known facts. First, the multiplication of functions defines continuous maps H^2(T^2) × H^1(T^2) → H^1(T^2) and H^1(T^2) × L_2(T^2) → L_p(T^2) (p < 2), and second, the Leray projection Π is continuous in the L_p-norm for 1 < p < ∞.

This lemma and (10.12)–(10.14) imply that E |v̇_ν |^2_{L2(0,n;L3/2)} ≤ C_n .

Let us denote by C the space C = {v ∈ L_2(0, n; H^2) | v̇ ∈ L_2(0, n; L_{3/2})} .

Then C ⋐ Z_n (see [Lio69], Section 1.5, cf. Lemma 2.5), and E |v_ν |^2_C ≤ C^′_n .

This estimate and Prokhorov’s theorem imply that

D v_{νj} ⇀ m^n ∈ P(Z_n) (10.15)

for a suitable subsequence {ν_j }. Let f be a bounded Lipschitz functional on Z_n. Since

(f, m^n_{νj} ) = E f(u_{νj} ) = E f(v_{νj} + √ ν_j ζ) ,

we obtain

|(f, m^n_{νj} ) − (f, m^n)| = | E � f(v_{νj} + √ ν_j ζ) − f(v_{νj} ) � + � E f(v_{νj} ) − (f, m^n) � | ≤ C √ ν_j E|ζ|_{Zn} + |(f, Dv_{νj} ) − (f, m^n)| .

The first term in the r.h.s. goes to zero since E |ζ|_{Zn} < ∞, and the second goes to zero by (10.15). So m^n_{νj} ⇀ m^n. Now we can use the diagonalisation procedure to construct a new subsequence {ν_j } such that

m^n_{νj} ⇀ m^n ∈ P(Z_n) for all n .

The measures {m^n} form a compatible family and define a measure m ∈ P(Z) with the property (Du_{νj} , f) = (m^n_{νj} , f) → (m^n, f) = (m, f)

for every n and every functional f on Z of the form f = f_n(u|_{[0,n]}), f_n ∈ C_b(Z_n). This relation and Proposition 5.1 imply that

Du_{νj} (·) ⇀ m in P(Z).

For details see [Kuk04], p. 485.

By Skorokhod’s theorem we can find random processes U_{νj} (t), j ≥ 1, and U(t), defined on the same (new) probability space, such that

D U_{νj} = D u_{νj} for all j, DU = m and U_{νj} → U in Z, a.s. . (10.16)

Since the processes U_{νj} are stationary, then U is stationary as well. The first assertion of the theorem is proved.

2) The estimate (10.13), and Fatou’s lemma imply that

E |U|^2_{L2(0,n;H}2_) ≤ C_n ∀n .

So the first assertion in 2) follows. Any process U_{νj} (t) is a weak solution of (10.1). So for any n and any 0 ≤ t_1 ≤ t_2 ≤ n we have

U_ν (t_2) − U_ν (t_1) +

�_{t2}

t_1 B � U_ν (s) � ds = − √ ν �_{t2}

t_1

AU_ν (s) ds+ √ ν � ζ_ν (t_2) − ζ_ν (t_1) � , ν ∈ Σ = {ν_j } ,

(10.17) where ζ_ν (T ) is a version of the process ζ(t). Since the map B : H → H^{−2} is quadratic and continuous (see Section 2.2), then the l.h.s. of (10.17) converges a.s. in H^{−2} to

U(t_2) − U(t_1) +

�_{t2}

t_1 B � U(s) � ds . (10.18)

Due to (10.13) and (4.1), E � � �_{t2}

t_1

AU_ν ds � � � + |ζν (t2) − ζν (t1)| � < ∞ .

Therefore the r.h.s. of (10.17) converges to zero in H in probability. Hence, (10.18) vanishes a.s. for any fixed 0 ≤ t_1 ≤ t_2. Since the trajectories of the process U are continuous in H^1, then (10.18) holds a.s. for all 0 ≤ t_1 ≤ t_2. That is, (10.8) holds almost surely. Redefining U(t) to be zero on the exceptional null-set, we achieve that every trajectory U(t) belongs to L_{2, loc}(0, ∞; H^2) and satisfies (10.8). Since U̇ = −B(U), the second assertion in 2) follows now from Lemma 10.2. The established smoothness of U and U̇ easily imply that both |U(t)| and ‖U(t)‖_1 are integrals of motion, as well as the quantities (10.9) (see [Kuk04]). So 2) is proved.

3) The first and the third inequalities follow from (10.16), the corresponding inequalities for U_{νj} (t) and Fatou’s lemma. To prove (10.10) let us consider U^N_ν (t) = P_N U_ν (t), ν ∈ Σ, where P_N is the Galerkin projection. By (10.16),

‖U^N_ν (t)‖^2_1 → ‖U^N (t)‖^2_1 a.s. .

Due to (10.5), the random variables ‖U^N_ν (t)‖^2_1 are uniformly integrable, and hence

E ‖U^N_ν (t)‖^2_1 → E ‖U^N (t)‖^2_1, Σ ∋ ν → 0 .

Due to (10.3) and (10.4), 1 2 B_1 ≥ E ‖U^N_ν (t)‖^2_1 ≥ 1 2 B_1 − φ(N) ,

where φ(N) → 0 when N → ∞. So 1 2 B_1 ≥ E ‖U^N (t)‖^2_1 ≥ 1 2 B_1 − φ(N) ,

and (10.10) follows from the monotone convergence theorem. Now the second (both–side) inequality follows by the same arguments which prove (10.6).

4) If b_s ≡ b_{−s}, then the processes u_ν (t, x) and U_ν (t, x) are homogeneous in x by Theorem 7.3. Hence, U(t, x) is homogeneous due to (10.16). Proof of (10.11) is nontrivial and uses obtained below in Section 11.1 explicit algebraical relations, satisfied by the stationary process u_ν . See [Kuk05]. □

We call the limiting process U(t, x) the Eulerian limit.

Combining assertions of Theorem 7.1 and Theorem 10.1, we obtain that for any u_0 ∈ H there exists the following double limit:

D u_ν (t; u_0) ⇀_{t→∞} μ_ν ⇀_{{νj }∋ν→0} μ_0 .

Remark 10.3. Since U(t) is a stationary process that satisfies a.s. the Euler equation, then μ_0 = DU(t) is a stationary measure for this equation. To prove this statement we need to know that μ_0 is supported by a certain topological space K, where (10.8) defines a measurable dynamical system. Due to the first relation in 3), μ_0(H^2) = 1. Unfortunately, we cannot take K = H^2 since it is unknown if for U(0) ∈ H^2 the Euler equation has a unique solution. Instead we choose for K the space, formed by all vectors u(0), where u(t), t ≥ 0, is a continuous in H^1 solution of the Euler equation, satisfying assertions of item 2) of Theorem 10.1. This is a well-defined phase–space, such that H^3 ⊂ K ⊂ H^1 (see [Kuk04], Section 3.4). We do not know if the space K is linear, or not. □

Remark 10.4. The space C, defined in the theorem’s proof, is compactly embedded in C^1(0, n; H^κ) =: Z^κ_n for any κ < 2. If B_2 < ∞, then E |ζ |_{[0,n]} |_Zκ_n < ∞. These observations and simple analysis of the theorem’s proof show that if B_2 < ∞, then for any κ < 2 the process U can be chosen such that the convergence (10.7) holds in P � C(0, ∞; H^κ) � . Choosing κ > 1 and using (1.2) we achieve that a.e. realisation U(t, x) is continuous in t and x.

Remark 10.5. By the item 3) of the theorem, ‖U(t)‖_1 ∼ |U(t)|. Therefore the Eulerian limit U is mostly supported by low Fourier modes. From other hand, we know that |U(t)| ∈ H^2, and our attempts to improve the smoothness of U failed. This may indicate that the Fourier coefficients in x of U(t, x), U_s(t), decay with |s| algebraically (e.g., that |U_s(t)| ≲ |s|^{−2}, but lim sup_{|s|→∞} |U_s||s|^{3+ϵ} = ∞ for ϵ > 0).

Let us denote by K the set of all Borel measures μ in H^2 such that i) � H^2 � ‖u‖^2 + e^{σ‖u‖21} � μ(du) < ∞, ii) � H^2 ‖u‖ 2 1 μ(du) =^1_2 B_0 ,^1_2 B^2_0 B_1^{−1} ≤ � H^2 |u|

2 μ(du) ≤^1_2 B_0, iii) μ(K ∩ H^2) = 1 (K is defined in Remark 10.3), and μ is an invariant measure for the Euler equation.

Corollary 10.6. The stationary measures μ_ν converge to K in the Lipschitz–dual distance:

lim_{ν→0} inf_{ρ∈K} ‖μ_ν − ρ‖^∗_L = 0.

We stress that the set K is a pre-compact subset of P(H^1) of infinite codimension, depending only on two characteristics of the force η, which under the double limit “time to infinity, viscosity to zero" attracts distribution of every solution of the NS equation (10.1).^{11}.

10.2 One negative result

To study further properties of the Eulerian limit U(t, x) and the limiting stationary measure μ_0 = DU(t) is a difficult task. A natural idea to resolve it is first to guess the right answer and next to prove that the guess is correct. In particular, O. Penrose and A. Shnirelman explained us that some physical insights on the 2D–turbulence make it plausible that the random field U is a.s. time–independent (that is, the measure μ_0 is supported by time–independent solutions of the Euler equation). We cannot prove or disprove this conjecture. Below we discuss another guess concerning the measure μ_0, coming from the statistical physics, which identifies μ_0 with a certain weighted sum of microcanonical measures (see below for the relevant definitions). Importance of the canonical and microcanonical measures for the statistical hydrodynamics (including the theory of turbulence) is a popular physical idea, e.g. see [KM80], [Fri95], Section 9.7.2 and [Gal01].

To explain how the idea of the microcanonical ensemble enters the problem which we discuss, let us consider the Galerkin approximation to the equation (10.1). That is, the equation (4.13) with the operator L replaced by νL, and with the factor √ ν in front of the force in the r.h.s. . Theorems 7.1 and 10.1 apply to the equation ‘uniformly in N’. It means that in Theorem 7.1 the constant C and the exponent κ are independent of N, while in Theorem 10.1 the constants in the estimates for the limiting process U = U^N may be chosen independent of N. The process U^N satisfies the Galerkin approximation to the Euler equation:

u̇ + Π_N B(u) = 0, u ∈ H_N . (10.19)

This is a finite–dimensional Hamiltonian system with two integrals of motion: the energy E(u) =^1_2 |u|^2 and the enstrophy Ω(u) =^1_2 ‖u‖^2_1, see [AK01]. The former is the hamiltonian of the system and the latter is its additional integral of motion.^{12}

Exercise 10.7. For H_N ∋ u(t) = � |s|≤N us(t) write (10.19) as an explicit system of

differential equations for {u_s(t)}. Prove that the flow–maps of this system preserve the Euclidean volume in H_N .^{13}

In statistical physics the invariant measure Vol = � |s|≤N dus is called the canonical

11If b_s ≡ b_{−s} and B_6 < ∞, then the corollary remains true if the set K is modified (i.e., decreased) to satisfy (10.11)

12Apart from E and Ω the Euler equation has infinitely many integrals (10.9), but non of them is an integral of motion for (10.19) (apart from (10.9), where g is an affine function, and which equals Ω up to an affine transformation), cf. Exercise 2.12.

13The system (10.19) is Hamiltonian with respect to the symplectic structure, given by a two-form with variable coefficients. So this assertion is not obvious.

measure. For any 0 < a < b the surface

S^N_{a,b} = {u ∈ H_N | E(u) = a, Ω(u) = b}

is invariant for the system (10.19). Therefore the normalised δ-measure of this surface

δ^N_{a,b} = � Z^N_{a,b}

�_{−1} Vol|_SN_{a,b} ,

is invariant for the flow-maps (here Z^N_{a,b} stands for the codimension–two volume of the surface). The measure δ^N_{a,b} is called the microcanonical measure for a system with the two energies, E and Ω. Let us denote Σ^2 = {(a, b) | 0 < a < b}. For any Borel measure ρ ∈ P(Σ^2) we set μ_ρ = � Σ^2

δ^N_{a,b} ρ(da db). (10.20)

The measures μ_ρ are invariant for (10.19). From the point of view of statistical physics they are the most natural invariant measures. So it is natural to ask the following Question. Can the measure μ^N_0 = DU^N (t) be represented in the form (10.20)? This question becomes interesting when N ≫ 1, i.e. when the Galerkin system (10.19) approximates well the Euler equation. For such N the answer is negative, if we assume some natural additional regularity of the measures ρ_N . Namely, that ρ_N = ϕ_N (a, b) da db, where |ϕ_N | ≤ C and the constant C is independent of N.^{14} Indeed, let μ^N_0 = μ_{ρN} for all N large enough. By the recent results of A. Biriuk [Bir06], � ‖u‖^2 δ^N_{a,b}(du) → ∞ as N → ∞, (10.21)

for each (a, b) ∈ Σ^2, uniformly on compact subsets of Σ^2. Using (10.10) we get that 1 4 B_0 = � 1 2 ‖u‖^2_1 μ_{ρN} (du) = � Σ^2

b ρ_N (da db).

This relation and the regularity assumption imply that

ρ_N � {(a, b) ∈ Σ^2 | γ^{−1} ≥ b ≥ a + γ} � ≥ 1 2 ∀ N ,

for a suitable γ > 0. Now (10.21) implies that � ‖u‖^2 μ_{ρN} (du) → ∞ ,

in contradiction with the first estimate in the item 3) of Theorem 10.1 (more precisely, with an analogy of this estimate for the system (10.19)).

14It suffice to assume that for some γ > 0 the ρ_N -measure of the set {(a, b) ∈ Σ^2 | b ≥ a + γ} is ≥ c > 0 for all N.

10.3 Other scalings

Now let us scale the 2D NSE differently, and consider the equation

u̇ + νLu + B(u) = ν^a η(t, x) , (10.22)

where the random force η is as in (10.1) and a ≠ 1/2. Let μ_ν be the stationary measure for this equation, and u_ν (t) be the corresponding stationary solution. Applying Ito’s formula to the functions |u| and ‖u‖^2_1 as at the beginning of Section 10.1, we see that

E ‖u_ν (t)‖^2_1 = ν^{2a−1 1}_2 B_0, E ‖u_ν (t)‖^2 = ν^{2a−1 1}_2 B_1 ∀ t . (10.23)

Theorem 10.8. 1) If a >^1_2 , then lim μ_{νj} = δ_0. 2) If a <^1_2 , then lim μ_{νj} does not exist in P(H).

Proof. If φ is a bounded Lipschitz functional on H such that Lip(φ) ≤ 1, then � E � φ(u_ν (0)) − φ(0) � ≤ E |u_ν (0)| ≤ � ν^{2a−1 1}_2 B_0

�_{1/2}

by (10.23). Therefore, D u_ν (0) ⇀ δ_0 if a > 1/2 , (10.24)

and the first assertion follows.

To prove the second, we make in (10.22) the following substitution:

u(t) = ν^b v(τ), t = ν^{−b}τ . (10.25)

Then^{∂u}_{∂t} = ν^b v^′_τ , η = d dt ζ(t) = ν^b d dτ ζ(ν^{−b}τ), and (10.22) reads as

v^′_τ + ν^{1−b}Lv + B(v) = ν^{a− 32 b} d dτ ^ζ(τ) ,

where ^ζ(τ) = ν^{b/2} ζ(ν^{−b}τ). Clearly D �^ ζ(·) � = D � ζ(·) � . Choosing b = a −^1_2 and denoting ~ν = ν^{1−b} = ν^{32 −a}, we see that ν^{a− 32 b} = ~ν^{12} . Therefore v(τ) is a weak stationary solution of the equation v^′_τ + ν̃Lv + B(v) = √ ν̃ η(t, x) . (10.26)

Now let us assume that the sequence μ_{νj} = D u_{νj} (0) converges to a limit in P(H). Then, by Prokhorov’s criterion, P � |u_{νj} (0)| > R � −→ R→∞ 0 uniformly in j. Since u_{νj} (0) = ν^{a−1/2} v_{νj} (0) by (10.25), then the convergence above implies that P(|v_{νj} (0)| > ε) → 0 as ν_j → 0, for each ε > 0. So Dv_{νj} (0) ⇀ δ_0 in P(H). But by Theorem 10.1, along a suitable subsequence the measures Dv_{νj} (0) converge to a non-zero limit. Contradiction.

10.4 Discussion

Consider the NSE (7.1), where 0 < ν ≪ 1. Assume that

B_1 B_0

∼ 1 (10.27)

(that is, the force is essentially supported by low modes). Let u(t, x) be a stationary solution of the equation and assume that its energy is of order one:

E|u(t)|^2 ∼ 1. (10.28)

Let us find a real number a such that B_0 = ν^{2a}, and set η = ν^{−a d}_{dt} ζ. Then for η we have B_0 = 1, B_1 ∼ 1. By (10.25) u(t) = ν^{a−1/2}v(τ), where v(τ) is a stationary weak solution of (10.26). By Corollary 10.6, the measure Dv(0) is close to the set K (which depends on the constants B_0, B_1 as above). Since the measures in K satisfy ii), then E|v(0)|^2 ∼^1_2 B_0, and by (10.28) we must have a ≈ 1/2.

We have seen that if eq. (7.1) with 0 < ν ≪ 1 has a stationary solution u with energy of order one, then the force is ∼ √ ν and Du(t) is close to the set K. Arguing as when proving Corollary 10.6 we see that in this case the process u(·) is close in distribution to an Eulerian limit.

In the 3D case the situation, presumably, is very different. Indeed, let us assume (for the purposes of this section) that the 3D NSE, written in the form (10.22), has a unique stationary measure, that the corresponding stationary solution is H^1–smooth in x and its energy stays of order one as ν → 0. Applying Ito’s formula to the energy functional 1 2 |u(t)|_{L2} we get, as in the 2D case, that the rate of dissipation of energy ε := E|∇u|^2_{L2} equals^1_2 ν^{2a}B_0. By the Kolmogorov’s theory of turbulence (see in [Fri95]), ε converges to a positive limit as ν → 0.^{15} So now we must have a = 0.

10.5 Kicked equations

Let us consider the kicked equation

u̇ + ν Lu + B(u) = √ ν η(t, x) = √ ν � k η^ω_k δ(t − k) , (10.29)

where η_k = � b_s ξ_{sk} e_s. Here the random variables ξ_{sk} are as in Section 3, b_s ≠ 0 for all s and B_1 = � |s|^2 b^2_s < ∞. By Theorem 6.4 and its corollaries, for any ν > 0 the corresponding Markov chain has a unique stationary measure μ_ν . Let u_ν (t) be the corresponding 1–periodic solution of (10.29), i.e. Du_ν (k) = μ_ν for each k (see the end of Section 3.3). Due to (3.12), �_{k+1} k E ‖u_ν (s)‖^2_1 ds = 1 2 D_0,

�_{k+1} k E ‖u_ν (s)‖^2 ds = 1 2 D_1 (10.30)

15We assume that the theory applies to the space–periodic turbulence, which is not at all obvious.

for each ν > 0 and each k, where

D_0 = � b^2_s E ξ^2_{s1}, D_1 = � b^2_s |s|^2 E ξ^2_{s1} .

The constants D_0 and D_1 were defined in (3.1), and D_0 ∈ (0, B_0), D_1 ∈ (0, B_1). Moreover, by Lemma 3.9 the solution u(t) with initial condition u(0) = 0 satisfies E ‖u(k)‖^{2m}_1 ≤ C_m for all k, uniformly in ν. As at the beginning of Section 10.1, this implies that the periodic solution u_ν (t) meets the following estimates:

E ‖u_ν (k)‖^m_1 ≤ C_m for all k, m ∈ N, all ν > 0 .

Using (3.5) and the property (NS1^′) from Section 2.5 we see that this estimate holds with k replaced by any t ≥ 0.

Repeating the proof of Theorem 10.1 we get

Theorem 10.9. Any sequence ~ν_j → 0 contains a subsequence ν_j → 0 such that

D u_{νj} (·) ⇀ D U(·) in P � C(0, ∞; H^1) � . The limiting process U(·) is 1-periodic and possesses the following properties: every its trajectory U(t) ∈ L_{2, loc}(0, ∞; H^2) satisfies the Euler equation, and |U(t)|, ‖U(t)‖_1 are time-independent constants, as well as the quantities (10.9). Moreover, E ‖U(t)‖^2_1 = 1 2 D_0 for each t and

�_{k+1} k E ‖U(s)‖^2 ds ≤ 1 2 D_1 for all k , E ‖U(t)‖^m_1 ≤ C_m for all t and m .

The physical relevance of the results. The results on the Eulerian limit agree with physical heuristics since they show that the 2D Euler equation describes certain classes of the homogeneous 2D turbulence. This claim was often maid by physicists (e.g., by Onsager in [Ons49]). From other hand, the fact that solutions of the 2D NSE, scaled as

u̇ + νLu + B(u) = √ ν η(t, x) , (10.31)

under the double limit t → ∞, ν → 0 converge (in distribution) to solutions of the free Euler equation was not known earlier. Moreover, the results obtained show that the Kraichnan theory of 2D turbulence does not apply to the stationary space–periodic 2D turbulence. Indeed, the theory is based on the assumption that the rate of dissipation of enstrophy νE|Δu_ν |^2 = νE|∇ curl u|^2 converges (as ν → 0) to a non-zero limit. But due to the explicit formula for E|Δu_ν |^2 in Section 10.1, this limit vanishes if the NSE is scaled as (10.31). In the same time, the results of Sections 10.3 and 10.4 show that if the randomly forced 2D NSE is scaled differently from (10.31), then its solutions cannot converge to a non-trivial limit with energy of order one. This fact is not surprising since for the 2π–periodic boundary conditions the smallest wave–number is one, so the inverse cascade of energy (to the low frequencies), on which the Kraichnan theory is based, cannot develop properly. It is an exciting open problem to study the limit t → ∞ and the double limit t → ∞, ν → 0 for the 2D NSE with x ∈ R^2, perturbed by a space– homogeneous (non-periodic) random force, to find under what scaling of the force the limit is of order one and to compare the result obtained with the Kraichnan theory.^{16}

16The theory predicts that in this case the double limit of order one exists if the force is independent of the viscosity ν. This is a remarkable conjecture which has to be checked.

11 Balance relations for the white–forced NSE

11.1 The balance relations

Let us consider again the NSE (10.1), where B_1 < ∞ and

b_s = b_{−s} ≠ 0 ∀ s. (11.1)

Now the scaling factor √ ν in the r.h.s. is not important for us (i.e., the force η may depend on ν). We introduce it to make the formulas which we obtain below independent of ν.

Denoting by ξ(t, x) the vorticity ξ = curl u, we get for ξ the equation (see Section 2.7)

ξ̇ − νΔξ + (u · ∇)ξ = √ν curl η , (11.2)

where curl η = d dt � s∈Z^2_0

b_sβ_s(t)φ_s(x)

with φ_s = |s| √ 2 π cos s · x , φ_{−s} = − |s| √ 2 π sin s · x,

for all s ∈ Z^2_+.

For a scalar function g(x) we set ∇^⊥g(x) = (∂g/∂x^2, −∂g/∂x^1)^t. Then

curl ∇^⊥g = −Δg.

For any l ∈ R the operator −Δ defines an isomorphism of the zero–meanvalue Sobolev spaces H^l_0(T^2) and H^{l−2}_0 (T^2) .

Exercise 11.1. Prove that for any r ∈ R the differential operator curl defines an isomorphism curl : H^r → H^{r−1}_0 (T^2) ,

and that its inverse can be written as curl^{−1} = ∇^⊥ ∘ (−Δ)^{−1}.

Accordingly, for any integer r ≥ −1 eq (11.2) with u = curl^{−1} ξ is a well defined equation for ξ(t) ∈ H^r_0 (T^2), equivalent to eq. (10.1).

Let u_ν be a stationary solution of (10.1). Then ξ_ν = curl u_ν is a stationary solution of (11.2). Due to (11.1) and Theorem 7.1 the random fields u_ν (t, x) and ξ_ν (t, x) are homogeneous in x.

Let g : R → R be a continuous function with compact support. Define G to be its second integral, so that G^{′′} = g, G(0) = G^′(0) = 0.

Then |G(r)| ≤ C|r|, |G^′(r)| ≤ C, ∀r ∈ R. (11.3)

Let us consider the stationary process t → � T^2

G(ξ_ν (t, x)) dx.

The estimates (11.3) allow us to apply to this process the Ito formula (see [DZ92]). Taking the expectation and arguing as when deriving (10.3), we find that for all t ≥ 0 the random field ξ_ν (t, x) satisfies νE � T^2

G^′(ξ_ν (t, x))(−Δ)ξ_ν (t, x) dx = 1 2 νE � s∈Z^2_0

b^2_s � T^2

G^{′′}(ξ_ν (t, x))φ^2_s dx.

Integrating by parts, we see that the l.h.s. equals νE � g(ξ_ν )|∇ξ_ν |^2 dx.

Since b_s = b_{−s} and φ^2_s + φ^2_{−s} = |s|^2/2π^2, then the r.h.s. is 1 4 νE � � g(ξ) � s∈Z^2_0

b^2_s(φ^2_s + φ^2_{−s}) � dx = 1 2 (2π)^{−2}B_1E � g(ξ_ν ) dx.

Thus we have E � g(ξ_ν )|∇ξ_ν |^2 dx = 1 2 (2π)^{−2}B_1E � g(ξ_ν ) dx.

Since the random field ξ_ν is homogeneous in x, then

Eg(ξ_ν (t, x))|∇ξ_ν (t, x)|^2 = 1 2 (2π)^{−2}B_1Eg(ξ_ν (t, x)) (11.4)

for any (t, x), provided that g is a continuous function with compact support. The equality (11.4) is called a balance relation.

Exercise 11.2. Use Exercise 4.12 to show that if B_3 < ∞ then (11.4) holds for any continuous function g(r), satisfying

|g(r)| ≤ C(1 + |r|)^c, (11.5)

for some C, c > 0.

Hint: approximate g as above by functions with compact support g_n(r) such that g_n(r) → g(r) for each r and each g_n meets (11.5). Next pass to the limit in (11.4) with g replaced by g_n. (For a complete proof see [KP05]).

Theorem 11.3. Let B_3 < ∞ and let ξ_ν be a stationary solution of eq. (11.2). Then for any continuous function g, satisfying (11.5), the balance relation (11.4) holds.

Taking in (11.4) g = 1 (or using (10.4) and Exercise 2.22) we see that

E|∇ξ_ν (t, x)|^2 = 1 2 (2π)^{−2}B_1.

So another way of stating the assertion of the theorem is that the random variables g(ξ_ν (t, x)) and |∇ξ_ν (t, x)|^2 are uncorrelated for each (t, x) and each function g, satisfying (11.5).

It is straightforward that the relations (11.4), valid for all bounded continuous g, imply that E(|∇ξ_ν (t, x)|^2 | F_{ξν (t, x)}) = 1 2 (2π)^{−2}B_1 , (11.6)

where the l.h.s. is a conditional expectation of the random variable |∇ξ_ν (t, x)|^2 with respect to the σ-algebra, generated by the random variable ξ_ν (t, x). Note that the balance relations in the form (11.6) hold without assuming that B_3 < ∞.

The balance relations (11.4) and their proof are related to the classical fact that the quantities (10.9) are integrals of motion for the Euler equation. Indeed, to prove the latter we differentiate (10.9) along trajectories of (10.8), and to establish (11.4) we differentiate the same quantity, evaluated for U := ξ_ν , using Ito’s formula. A significant difference between the two results is that (10.9) is an integral of motion for the Euler equation in any closed Riemann surface (as well as in a domain with the boundary condition u · n = 0 on the boundary). On the contrary, the balance relations hold only for the periodic boundary conditions since their proof heavily uses that φ^2_s + φ^2_{−s} ≡ |s|^2/2π^2 for each s.

Now let g(r) be a smooth function such that

|g(r)| + |g^′(r)| ≤ C(1 + |r|^c) ∀ r (11.7)

with some C, c > 0. Since for any x ∈ T^2 the map

H^4 → R^2, u(·) → (curl u(x), |∇ curl u(x)|^2),

is continuous (see (S3) in Section 1.1), then the map

H^4 → R, u(·) → g(curl u(x)) |∇ curl u(x)|^2,

satisfies (7.4). Therefore, if B_5 < ∞, then by the Strong Law of Large Numbers (Theorem 8.4), for any solution ξ of (11.2) such that E|ξ(0)|^2 < ∞ we have 1 T �_{T +1} 1 � g(ξ(t, x)) |∇ξ(t, x)|^2 � dt → E � g(ξ_ν (0, x)) |∇ξ_ν (0, x)|^2 � a.s.

Since a similar relation holds for g(ξ(t, x)), then we have

Corollary 11.4. Let B_5 < ∞ and ξ(t, x) be a solution of (11.2) such that E|ξ(0)|^2 < ∞. Then for any smooth function g, satisfying (11.7), and any x ∈ T^2 we have 1 T �_{T +1} T � g(ξ(t, x)) |∇ξ(t, x)|^2 − 1 2 (2π)^{−2}B_1g(ξ(t, x)) � dt → 0 as T → ∞,

almost surely.

We repeat that the results of this section also apply to the NSE without the scaling factor √ ν in the r.h.s.:

u̇ + νLu + B(u) = η(t, x), (11.8) where the force η has the form (10.2) with B_1 < ∞ and b_s ≡ b_{−s} ≠ 0. Substituting η = √ ν η̃, we get eq. (10.1) with η replaced by η̃. Hence, the vorticity ξ_ν of a stationary solution of (11.8) satisfies

Eg(ξ_ν (t, x))|∇ξ_ν (t, x))^2 = 1 2 ν^{−1}(2π)^{−2}B_1Eg(ξ_ν (t, x))

for any (t, x), if g satisfies (11.5).

11.2 The co-area form of the balance relations

Let us take the balance relation (11.4), where g is a bounded continuous function, 0 ≤ g ≤ 1. Integrating this relation in dx we get: E � g(ξ(x))|∇ξ(x)|^2 dx = 1 2 (2π)^{−2}B_1E � g(ξ(x)) dx. (11.9)

Here we abbreviate ξ_ν (t, x) = ξ(x) (t ≥ 0 is fixed).

Assume that B_6 < ∞. Then ξ(x) ∈ C^3 a.s. (see Exercise 4.12). Modifying ξ on a null-set we achieve ξ^ω (x) ∈ C^3(T^2) ∀ ω.

For any ε > 0 and τ ∈ R we set

K_ε(ω) = {x ∈ T^2 | |∇ξ^ω(x))| ≥ ε}, Γ_ε(τ, ω) = {x ∈ K_ε(ω) | ξ^ω (x) = τ}.

The random set Γ_ε is a finite union of C^3-smooth curves. We denote by γ points of Γ_ε and denote by dγ the length–element. Performing the co-area change of variables

K_ε(ω) ∋ x → (τ, γ), τ = ξ^ω(x), γ ∈ Γ_ε(τ, ω),

we have dτ dγ = |∇ξ| dx_1 dx_2 (e.g., see [Cha84]). So � K_ε

g(ξ(x)) |∇ξ(x)|^2 dx = � R g(τ) � Γ_e (τ,ω)

|∇ξ| dγ dτ , (11.10)

and �

K_ε

g(ξ(x)) dx = � R g(τ) � Γ_e (τ,ω)

|∇ξ|^{−1} dγ dτ . (11.11)

Now we study the behaviour of expectations of the four integrals in (11.10), (11.11) as ε → 0.

i) Obviously, E � K_ε

g(ξ(x)) |∇ξ(x)|^2 dx → E � T^2

g(ξ(x)) |∇ξ(x)|^2 dx .

ii) We have � � �E � T^2\K_ε

g(ξ(x)) dx � � ≤ E � T^2

I_{{|∇ξ|<ε}}(x, ω) dx .

When ε → 0, the r.h.s. converges to E � T^2

I_{{|∇ξ|=0}}(x, ω) dx = (2π)^2P{∇ξ(x_0) = 0}

(we use the homogeneity of ξ). It can be shown (see Appendix in [Kuk05]) that P{∇ξ(x_0) = 0} = 0. Therefore, E � K_ε

g(ξ(x)) dx → E � T^2

g(ξ(x)) dx .

iii) Denote Γ(τ, ω) = {x ∈ T^2 | ξ(x) = τ} . (11.12) By the Sard lemma,^{17} for each ω the set Γ(τ, ω) is C^3-smooth for a.e. τ ∈ R. So � Γ_ε(τ,ω)

|∇ξ| dγ ↗ � Γ(τ,ω)

|∇ξ| dγ < ∞ ,

for every ω and a.e. τ. Hence, E � R g(τ) � Γ_ε(τ,ω)

|∇ξ| dγ dτ → E � R g(τ) � Γ(τ,ω)

|∇ξ| dγ dτ

by the monotone convergence theorem.

iv) Similar, �

Γ_ε(τ,ω)

|∇ξ|^{−1} dγ ↗ � Γ(τ,ω)

|∇ξ|^{−1} dγ ≤ ∞ ,

for every ω and a.e. τ, where we accepted the following agreement: 0^{−1} = 0. Hence, E � R g(τ) � Γ_ε(τ,ω)

|∇ξ|^{−1} dγ dτ → E � R g(τ) � Γ(τ,ω)

|∇ξ|^{−1} dγ dτ

Now (11.9)–(11.11) and i)-iv) imply that E � R g(τ) � Γ(τ,ω)

|∇ξ| dγ dτ = 1 2 (2π)^{−2}B_1 E � R g(τ) � Γ(τ,ω)

|∇ξ|^{−1} dγ dτ (11.13)

(in particular, the r.h.s. is < ∞). Since for each ω the set of critical values τ of ξ has zero measure, then we can arbitrarily define the integrals of |∇ξ|^{−1} over critical levels of ξ, without changing the r.h.s.. Below we adopt the following natural convention: � Γ(τ,ω)

|∇ξ|^{−1} dγ = ∞ if τ is a critical value of ξ . (11.14)

17The lemma applies since ξ ∈ C^3 and dim x = 2, dim ξ = 1. See [GG73].

The integral � Γ(τ,ω) |∇ξ| dγ ≤ ∞ is always well defined as a limit of the integrals over Γε.

The relation (11.13) holds for each continuous g, 0 ≤ g ≤ 1. Similar, it holds for continuous g, −1 ≤ g ≤ 0. So it is satisfied by any g ∈ C_b(R), and we get

Theorem 11.5. If B_6 < ∞, then for any ν > 0 and t ≥ 0 we have E � {x|ξ^ω_ν (t,x)=τ }

|∇ξ^ω_ν (t, x)| dγ = 1 2 (2π)^{−2}B_1E � {x|ξ^ω_ν (t,x)=τ }

|∇ξ^ω_ν (t, x)|^{−1} dγ , (11.15)

for a.a. τ ∈ R. Here we assume (11.14), where Γ = {x | ξ^ω_ν (t, x) = τ}.

Noting that (11.10) and i), iii) with g = 1 imply E � T^2

|∇ξ|^2 dx = � R � E � Γ(τ,ω)

|∇ξ| dγ � dτ and using (11.9) with g = 1, we see that the integral in dτ over R of the function in (11.15) equals^1_2 B_1.

Similar to Section 11.1, the vorticity ξ(t, x) of a stationary solution for equation (11.8) for any t ≥ 0 satisfies E � {x|ξ^ω =τ }

|∇ξ^ω(t, x)| dγ = 1 2 ν^{−1} (2π)^{−2}B_1E � {x|ξ^ω =τ }

|∇ξ^ω(t, x)|^{−1} dγ ,

for a.a. τ.

The physical relevance of the results. The balance relations (11.4) and (11.15) indicate that in some sense ‘the periodic 2D turbulence is integrable’, if the 2D fluid is stirred by a white in time Gaussian random force. We are certain that these relations make a powerful tool to study the 2D turbulence, but now we know only one their application: in [Kuk05] the balance relations (11.4) are used to prove that a stationary solution of the randomly forced 2D NSE and its vorticity, evaluated at any point, both are random variables with finite exponential moments (see the estimates (10.11)).

12 Comments

Below we comment on the results, presented in the book. Our discussion of the relevant publications is incomplete. Still, we believe that we mention most of the works which contributed significantly to the problems which we consider.

Chapter 1, essentially, is a collections of notations.

Chapter 2 contains well known results on the 2D NSE. We present them here for the sake of the readers who do not belong to the PDE community.

The assertions, presented in the first three sections of Chapter 3 are basic and well known; Theorem 3.5 and its proof are due to Bogolyubov–Krylov.

The results of Section 3.4 are less known, but rather straightforward. They form a ‘poor man’s Ito formula’ for the kick–forced NSE (their counter–parts for the white– forced equation in Sections 4.3 and 10.1 are obtained by direct application of the Ito formula).

The results of Sections 4.1–4.3 in Chapter 4 go back to the thesis of Viot [Vio76] and the book [VF88]. Namely, it is proved in these two references that the white forced 2D NSE defines a Markov process in a suitable function space, that the Ito lemma applies to solutions and implies the a priori estimates of Theorem 4.7. A more delicate task is to check these properties for white forces of low smoothness. Since all forces in nature are smooth, we avoid the mentioned difficulty by assuming that B_1 := � |s|^2b^2_s < ∞, i.e. that the forces are ‘smooth enough’. For the case of forces of low smoothness see e.g. [Fla94], [FM95], [Fer03]. Also, see [DD02] for a study of the 2D NSE, driven by a ‘very rough’ force. If the coefficients b_s decay exponentially with |s|, then the force is analytic in x, and solutions are analytic with probability one (see [BKL00], [Shi02]). In this case the equation can be studied in the space of analytical functions. It seems that this option gives no serious technical advantages and does not lead to new interesting results. In three space dimensions situation becomes significantly more complicated due to the luck of uniqueness. For results, available for the randomly forced 3D NSE see [VF88, FMRT01, MR03], references in these works, and the review [Fla05].

The estimates of Exercise 4.10 are less traditional. For their proofs see [KS03]. Theorem 4.11 is well known and may be found, e.g. in [VF88]. Theorem 4.13 belongs to the large group of results in modern stochastic PDE (SPDE), motivated by numerical methods, since a popular way to calculate solutions of a white forced equation is to replace it by a kick-forced equation. In numerical analysis this is called the splitting up method. For some linear and quasilinear SPDE the rate of convergence for this method can be estimated, see [GK03].

All results of Chapter 5 are well known and can be found in books (some references are given in the main text). The statement in Section 5.3, which we call the Dobrushin lemma, seems to be a Moscow folklore result from 1960’s. Our attempts to trace its inventor failed. Roland Dobrushin was the first who systematically used this result (in a different, but equivalent form) in his celebrated works on the Gibbs systems.

The main result of Chapter 6, Theorem 6.4, essentially (i.e., without specifying that the rate of convergence to the stationary measure is exponential) is proved by A. Shirikyan and the author in [KS00] (see also [KS02b]). This paper was written during the year 1999, when its approach was discussed at a number of informal seminars in Heriot-Watt University. At the end of that year the first talk of the results obtained was given at a meeting of Moscow Mathematical Society, and a preprint of the paper appeared. To prove the results we in [KS00] used a Foias–Prodi type reduction of the NSE (3.3) to an N-dimensional system with delay, which is satisfied by the vector, formed by the first N Fourier components of a solution. The new system turned out to be of the Gibbs type (similar systems are considered, say, in [Rue68, Bow75, Sin72]). Since

b_s ≠ 0 ∀ |s| ≤ N, (12.1)

then the noise, which stirs it, is non-degenerate. Therefore, due to a Ruelle–type theorem (proved in [KS00]) the new system has a unique invariant (“Gibbs”) measure, and (3.3) has a unique stationary measure μ. We note that importance of the Gibbs measures for the study of stochastic processes, defined by randomly forced nonlinear PDE, was advocated by Ya. Sinai in 1990’s. E.g., see his work [Sin91] on the Burgers equation.

The condition (12.1), which guarantees the non-degeneracy of the reduced system, is crucial for all works on stationary measures for randomly forced PDE’s, written after [KS00] up to now (cf. below discussion of the work [HM04]).

In [KS02b], [KS01a] and [KPS02] we developed a coupling-approach to study the NSE and related nonlinear PDE. This approach uses not the Foias–Prodi reduction, but the main lemma the reduction is based upon, which was finally transformed to Lemma 6.1 of this book. It gives a shorter proof of the uniqueness and implies that the convergence to the stationary measure is exponentially fast. The proof was clarified in [Kuk02b], using the technique of the Kantorovich functionals. The proof of Theorem 6.4, presented in Section 6.3, is based on that paper. Theorem 6.4 remains true for the NSE, perturbed by unbounded random kicks, see [KS01b], [Shi04]. A bit later, independently from [KS01a], a similar coupling-approach to study the randomly kicked NSE was developed by Masmoudi–Young [MY02].

Theorem 6.4 and its proof remain valid for a large class of nonlinear PDE, forced by random kicks. In particular, for the equations (0.2)–(0.4) and for the 2D NSE under the Dirichlet boundary conditions. See [KS00], [KS01a], [KPS02] for the corresponding abstract theorems.

Existence of a random attractor for a randomly forced 2D NSE was first established in [CF94]. For more recent results see [Arn98] and references therein.

The main theorem of Chapter 7, Theorem 7.1, has a longer history. The first result on the uniqueness of a stationary measure for the white-forced 2D NSE is due to Flandoli and Maslowski [FM95] who established it for equation (7.1), where the force ζ is nonsmooth in the space variable x, i.e.

C^{−1}|s|^{−1} ≤ b_s ≤ C|s|^{− 34 −ε} ∀s, (12.2)

with some ε > 0, C ≥ 1. The result follows by applying a version of the classical Doob theorem to a Markov process, which the equation defines in a Sobolev space of low smoothness. The assumption (12.2) was weakened in [Fer99]. In [BKL01] a similar result was obtained for the case when the estimates (12.2) are replaced by exponential bounds. The mentioned results are not quite satisfactory since it is unnatural to impose a lower bound on the energy of the noise in each Fourier mode.

In [Mat99] the uniqueness of a stationary measure for equation (7.1) was proved in the laminar case √ B_0 ≪ ν.

After the work [KS00] on the kick-forced NSE, E, Mattingly, Sinai [EMS01] and Bricmont, Sprained, Lefevere [BKL02] applied the Foias–Prodi reduction as in [KS00] to study the equation (7.1) for the case when ζ is a finite trigonometrical polynomial, ζ = � |s|≤N^′

b_sβ_s(t)e_s(x),

satisfying (7.2) (N^′ is any finite number, bigger than N). In [EMS01] it was proved that the equation has a unique stationary measure, while in [BKL02] it was also established that B_tf(u) → (f, μ) exponentially fast, (12.3)

for μ–a.a. u ∈ H (it was pointed out in [Bri02] that the arguments of [BKL02], in fact, imply the convergence for all u). We note that the uniqueness of a stationary measure is a property of the equation, which is essentially weaker then the exponential mixing (7.3): the former follows from the latter, but does not implies it, as well as it does not imply the consequences from (7.3), discussed in Chapters 8–9.

In [Mat02] the convergence (12.3) was proved for all u. The proof uses the Foias–Prodi reduction, which follows by some coupling arguments. Unfortunately, we found it very difficult to follow the arguments of that work. In the papers [EH01, Hai02] the uniqueness of a stationary measure is obtained for a class of randomly perturbed parabolic problems with strong nonlinear dissipation, including the Ginzburg–Landau equation (0.3).

In [KS02a] it is shown that the ideas, developed earlier in [KS00, KS02a] to study the kicked equations, apply as well in the white–forced case (without the unpleasant restriction that b_s = 0 if |s| > N^′). To implement the ideas some technical lemmas from [EMS01] were used. The scheme of this proof is presented in Section 7.1 (and Theorem 7.1 is the main result of [KS02a]). The results of [KS02a] apply to the 2D NSE both under the periodic and the Dirichlet boundary conditions. A simplified version of the proof see in [Shi05].

A disadvantage of Theorems 7.1 and 6.4 is that the number N of active modes of the force η grows indefinitely as ν → 0. This assumption is not too restrictive for physical applications since the forces in nature have energy in each Fourier mode, so b_s ≠ 0 for all s and (12.1) holds for each N. But the assumption is violated in numerical experiments, where usually the force is a final trigonometric polynomial. So it is desirable to have a version of the theorem, where N is a constant, independent of ν. Recently serious progress in this direction was claimed in [HM04]: the main theorem of this work states that eq. (7.1) has a unique stationary measure if b_s ≠ 0 for all |s| ≤ 2. The proof uses essentially the results of the work [MP04], where it is shown (using the Malliavin calculus) that if b_s ≠ 0 for all |s| ≤ 2, then any solution u(t, x) of (7.1) is such that the distribution of the vector, formed by its Fourier harmonics u_s(t), |s| ≤ N (N is the same as in (12.1)), is absolutely continuous with respect to the Lebesgue measure. For the proof of the uniqueness this result plays a role, similar to that of the assumption (12.1). We did not include the results of [HM04] in the main text since we are waiting till they are properly checked.

Theorem 7.3 is proved in [Kuk02a], and Theorem 7.4 – in [KS03]. Theorem 8.2 in Chapter 8 is a classical result. Theorems 8.3 and 8.4 were proved in [Kuk02a] and in [Shi06]. We note that the proof of Theorem 8.3, given in Chapter 8, follows from Corollary 6.5. That statement is equivalent to the exponential convergence of distributions of solutions to the stationary measure in the Prokhorov distance (see Exercise 6.7). As it is pointed out at the end of Section 6.3, this convergence, in fact, follows from (6.11).

The CLT from Chapter 9 was first proved in [Kuk02a] by comparing f(u(s)) with f(U(t)) where U(t) is a (weak) stationary solution, and evoking the CLT for stationary processes from [Dur91]. The martingale approximation (9.5) is a known tool to study Markov processes and RDS (brought to our attention by Yu. Kifer). The martingale– proof of the theorem is taken from [Shi06], where the rate of convergence to the limit is given. We do not doubt that in (9.2) σ̂ > 0, but this fact is not proved yet.

The Eulerian limit (Theorem 10.1) from Chapter 10 was established in [Kuk04]. The results in Section 10.2 are direct consequence from the convergence (10.21), proved in [Bir06]. It is shown in [KS04b] that an analogy of Theorem 10.1 holds for the CGL equation (0.4). More generally, similar results may be established for many other PDEs of the form

⟨ Hamiltonian PDE ⟩ + ν⟨ damping ⟩ = √ ν ⟨ random force ⟩, (12.4)

where the r.h.s. is a kick - or a white–force, and the Hamiltonian PDE has at least two ‘good’ integrals of motion.

The equation (0.3) has the form (12.4) (without the factor √ ν in its r.h.s.), but the corresponding Hamiltonian PDE is degenerate, as well as its integrals of motion: they contain no partial derivatives of u. The limiting behaviour of solution as ν → 0 was studies in [Kuk97, Kuk99], using different ideas. In these works lower and upper bounds for high Sobolev norms of stationary solutions were obtained. No lover bounds for E |u|^2_{L2} are available, and it is not clear how one should scale the force η to keep this quantity ∼ 1 as ν → 0.

The results of Chapter 11 are very recent. Theorem 11.3 is proved in [KP05] and Theorem 11.5 — in [Kuk05]. The level sets Γ(τ) of the vorticity of a solution for the deterministic Navier–Stokes equation in the 2d and 3d cases, and of solutions for equation (11.2) without assuming that ξ = curl u (but imposing certain a-priori bounds on u and ξ), were studied by P. Constantin and others, e.g see [Con90, CD96]. There the areas of the sets Γ(τ) are estimated (with and without averaging in t and τ), as well as certain integrals over these sets.

References

[AK01] V. Arnold and B. Khesin, Topological Methods in Hydrodynamics, Springer- Verlag, Berlin, 2001.

[Arn98] L. Arnold, Random Dynamical Systems, Springer-Verlag, Berlin, 1998.

[Bat82] G. K. Batchelor, The Theory of Homogeneous Turbulence, Cambridge University Press, Cambridge, 1982.

[Bil99] P. Billingsley, Convergence of Probability Measures, John Wiley & Sons, New York, 1999.

[Bir06] A. Biryuk, On invariant measures of the Euler equation, J. Statist. Phys., to appear (2006).

[BKL00] J. Bricmont, A. Kupiainen, and R. Lefevere, Probabilistic estimates for the two-dimensional stochastic Navier–Stokes equations, J. Statist. Phys. 100 (2000), 743–756.

[BKL01] , Ergodicity of the 2D Navier–Stokes equations with random forcing, Comm. Math. Phys. 224 (2001), 65–81.

[BKL02] , Exponential mixing for the 2D stochastic Navier–Stokes dynamics, Comm. Math. Phys. 230 (2002), no. 1, 87–132.

[Bog98] V. I. Bogachev, Gaussian Measures, Mathematical Surveys and Monographs, vol. 62, AMS, Providence, 1998.

[Bow75] R. Bowen, Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, vol. 470, Springer-Verlag, Berlin, 1975.

[Bri02] J. Bricmont, Ergodicity and mixing for stochastic partial differential equations, Proceedings of the International Congress of Mathematicians (Beijing, 2002), vol. 1, Higher Ed. Press, Beijing, 2002, pp. 567–585.

[BV92] A. Babin and M. Vishik, Attractors of Evolutionary Equations, North- Holland, Amsterdam, 1992.

[CD96] P. Constantin and Ch. Doering, Heat transfer in convective turbulence, Nonlinearity 9 (1996), 1049–1060.

[CDF97] H. Crauel, A. Debussche, and F. Flandoli, Random attractors, J. Dynam.

Differential Equations 9 (1997), no. 2, 307–341.

[CF88] P. Constantin and C. Foias, Navier-Stokes Equations, University of Chicago Press, Chicago, 1988.

[CF94] H. Crauel and F. Flandoli, Attractors for random dynamical systems, Probab.

Theory Related Fields 100 (1994), no. 3, 365–393.

[Cha84] I. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, Boston, 1984.

[Con90] P. Constantin, Navier–Stokes equations and area of interfaces, Comm. Math.

Phys. 129 (1990), 241–266.

[Cra91] H. Crauel, Markov measures for random dynamical systems, Stochastics Stochastics Rep. 37 (1991), no. 3, 153–173.

[Cra01] , Random point attractors versus random set attractors, J. London Math. Soc. (2) 63 (2001), no. 2, 413–427.

[DD02] G. Da Prato and A. Debussche, Two-dimensional Navier-Stokes equations driven by a space-time white noise, J of Funct. Analysis 196 (2002), 180–210.

[Deb98] A. Debussche, Hausdorff dimension of a random invariant set, J. Math. Pures Appl. (9) 77 (1998), no. 10, 967–988.

[Den04] D. Denisov, Law of iterated logarithm for randomly forced PDEs, Preprint (2004).

[DG95] Ch. R. Doering and J.D. Gibbon, Applied analysis of the navier-stokes equations, Cambridge University Press, 1995.

[Dud89] R. M. Dudley, Real Analysis and Probability, Wadsworth & Brooks/Cole, Pacific Grove, California, 1989.

[Dur91] R. Durret, Probability: Theory and Examples, Wadsworth & Brooks/Cole, Pacific Grove, California, 1991.

[DZ92] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge University Press, Cambridge, 1992.

[DZ96] G. Da Prato and J. Zabchyk, Ergodicity for Infinite Dimensional Systems, Cambridge University Press, Cambridge, 1996.

[EH01] J.-P. Eckmann and M. Hairer, Uniqueness of the invariant measure for a stochastic PDE driven by degenerate noise, Comm. Math. Phys. 219 (2001), 523–565.

[EKMS00] W. E, K. Khanin, A. Mazel, and Ya. G. Sinai, Invariant measures for Burgers equation with stochastic forcing, Annals of Math. 151 (2000), 877–960.

[EMS01] W. E, J. C. Mattingly, and Ya. G. Sinai, Gibbsian dynamics and ergodicity for the stochastically forced Navier–Stokes equation, Comm. Math. Phys. 224 (2001), 83–106.

[Fer99] B. Ferrario, Stochastic Navier-Stokes equations: analysis of the noise to have a unique invariant measure, Ann. Mat. Pura Appl. (4) 177 (1999), 331–347.

[Fer03] , Uniqueness result for the 2D Navier-Stokes equation with additive noise, Stochastics and Stochastics Rep. 75 (2003), 435–442.

[Fla94] F. Flandoli, Dissipativity and invariant measures for stochastic Navier-Stokes equations, NoDEA 1 (1994), 403–423.

[Fla05] , An introduction to 3D stochastic fluid dynamics, CIME Lecture Notes (2005).

[FM95] F. Flandoli and B. Maslowski, Ergodicity of the 2D Navier-Stokes equation under random perturbations, Comm. Math. Phys. 172 (1995), 119–141.

[FMRT01] C. Foias, O. Manley, R. Rosa, and R. Temam, Navier-Stokes Equations and Turbulence, Cambridge University Press, Cambridge, 2001.

[Fri95] U. Frisch, Turbulence: the Legacy of A. N. Kolmogorov., Cambridge University Press, Cambridge, 1995.

[Gal01] G. Gallavotti, Foundations of Fluid Dynamics, Springer-Verlag, Berlin, 2001. [GG73] M. Golubitsky and V. Guillemin, Stable Mappings and Their Singularities, Springer-Verlag, Berlin, 1973.

[GK03] I. Gyongy and N. Krylov, On splitting up method and stochastic partial differential equations, Ann. Prob. 2 (2003), 564–591.

[Hai02] M. Hairer, Exponential mixing properties of stochastic PDE’s through asymptotic coupling, Probab. Theory Relat. Fields 124 (2002), 345–380.

[HH80] P. Hall and C. C. Heyde, Martingale Limit Theory and Its Application, Academic Press, Boston, 1980.

[HM04] M. Hairer and J. Mattingly, Ergodicity of the 2D Navier-Stokes equations with degenerate stochastic forcing, Preprint (2004).

[IW89] N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes, North-Holland, Amsterdam, 1989.

[KA77] L. B. Kantorovich and G. P. Akilov, Functional Analysis (in Russian), Nauka, Moscow, 1977.

[Kha80] R. Khasminski, Stochastic Stability of Differential Equations, Osijhoff and Noordhoff, 1980.

[Kif86] Y. Kifer, Ergodic Theory of Random Transformations, Birkhauser, Basel, 1986.

[KM80] R. H. Kraichnan and D. Montgomery, Two-dimensional turbulence, Rep.

Prog. Phys. 43 (1980), 547–619.

[KP05] S. B. Kuksin and O. Penrose, A family of balance relations for the twodimensional Navier–Stokes equations with random forcing, J. Stat. Physics 118 (2005), 437–449.

[KPS02] S. B. Kuksin, A. Piatnitski, and A. Shirikyan, A coupling approach to randomly forced nonlinear PDE’s. II, Comm. Math. Phys. 230 (2002), 81–85.

[Kry03] N. V. Krylov, Introduction to the Theory of Diffusion Processes, vol. 142, AMS Translations of Mathematical Monographs, Providence, RI, 2003.

[KS00] S. B. Kuksin and A. Shirikyan, Stochastic dissipative PDE’s and Gibbs measures, Comm. Math. Phys. 213 (2000), 291–330.

[KS01a] , A coupling approach to randomly forced nonlinear PDE’s. I, Comm.

Math. Phys. 221 (2001), 351–366.

[KS01b] , Ergodicity for the randomly forced 2D Navier–Stokes equations, Math. Phys. Anal. Geom. 4 (2001), 147–195.

[KS02a] , Coupling approach to white-forced nonlinear PDE’s, J. Math. Pures Appl. 81 (2002), 567–602.

[KS02b] , On dissipative systems perturbed by bounded random kick-forces, Ergodic Theory and Dynamical Systems 22 (2002), 1487–1495.

[KS03] , Some limiting properties of randomly forced 2D Navier–Stokes equations, Proceedings A of the Royal Society of Edinburgh 133 (2003), 875–891.

[KS04a] , On random attractors for mixing-type systems, Funct. Anal. Appl.

38 (2004), 28–37.

[KS04b] , Randomly forced CGL equation: stationary measures and the inviscid limit, J. Phys. A: Math. Gen. 37 (2004), 1–18.

[Kuk97] S. B. Kuksin, On turbulence in nonlinear Shrödinger equations, Geometric and Functional Analysis 7 (1997), 338–363.

[Kuk99] , Spectral properties of solutions for nonlinear PDEs in the turbulent regime, Geometric and Functional Analysis 9 (1999), 141–184.

[Kuk02a] , Ergodic theorems for 2D statistical hydrodynamics, Rev. Math. Phys.

14 (2002), 585–600.

[Kuk02b] , On exponential convergence to a stationary measure for nonlinear PDEs, perturbed by random kick-forces, and the turbulence-limit, The M. I. Vishik Moscow PDE seminar, Amer. Math. Soc. Transl., Amer. Math. Soc., 2002, pp. 161–176.

[Kuk04] , The Eulerian limit for 2D statistical hydrodynamics, J. Stat. Physics 115 (2004), 469–492.

[Kuk05] , Remarks on the balance relations for the two-dimensional Navier– Stokes equation with random forcing, J. Stat. Physics, to appear (2005).

[Le 87] Y. Le Jan, Équilibre statistique pour les produits de difféomorphismes aléatoires indépendants, Ann. Inst. H. Poincaré Probab. Statist. 23 (1987), no. 1, 111–120.

[Led86] F. Ledrappier, Positivity of the exponent for stationary sequences of matrices, Lyapunov Exponents (Bremen, 1984), Springer, Berlin, 1986, pp. 56–73.

[Lin92] T. Lindvall, Lectures on the Coupling Methods, John Willey & Sons, New York, 1992.

[Lio69] J.-L. Lions, Quelques Méthodes de Résolution des Problèmes aux Limites Non Linéaires, Gauthier-Villars, Paris, 1969.

[LS89] R. S. Liptser and A. N. Shiryayev, Theory of Martingales, Kluwer, Dordrecht, 1989.

[Mat99] J. Mattingly, Ergodicity of 2D Navier-Stokes equations with random forcing and large viscosity, Comm. Math. Phys. 206 (1999), 273–288.

[Mat02] , Exponential convergence for the stochastically forced Navier–Stokes equations and other partially dissipative dynamics, Comm. Math. Phys. 230 (2002), 421–462.

[MP04] J. Mattingly and E. Pardoux, Malliavin calculus for the stochastic 2D Navier Stokes equation, Preprint (2004).

[MR03] R. Mikulevicius and B. Rozovskii, Stochastic Navier–Stokes equations for turbulent flows, SIAM J. Math. Anal. 35 (2003), 1250–1310.

[MY02] N. Masmoudi and L.-S. Young, Ergodic theory of infinite dimensional systems with applications to dissipative parabolic PDE’s, Comm. Math. Phys. 227 (2002), 461–481.

[Øk03] B. Øksendal, Stochastic Differential Equations. an introduction with applications., Springer–Verlag, Berlin, 2003.

[Ons49] L. Onsager, Statistical hydrodynamics, Nuovo Cimento Suppl. 6 (1949), 279– 287, also in “The collected works of Lars Onsager", World Scientific, 1996.

[Ros71] M. Rosenblatt, Markov Processes, structure and asymptotic behaviour, Springer, 1971.

[Rue68] D. Ruelle, Statistical mechanics of a one-dimensional lattice gas, Comm.

Math. Phys. 9 (1968), 267–278.

[Shi96] A. Shiryaev, Probability, second ed., Springer–Verlag, Berlin, 1996.

[Shi02] A. Shirikyan, Analyticity of solutions for randomly forced two-dimensional Navier–Stokes equations, Russian Math. Surveys 57 (2002), 785–799.

[Shi04] , Exponential mixing for 2d Navier–Stokes system perturbed by an unbounded noise, J. Math. Fluid Mech. 6 (2004), 169–193.

[Shi05] , Ergodicity for a class of Markov processes and applications to randomly forced PDE’s, Russian Journal for Mathematical Physics 12 (2005), 81–96.

[Shi06] , Law of large numbers and central limit theorem for randomly forced PDE’s, Ergodic Theory and Related Fields 134 (2006), 215–247.

[Sin72] Ya. Sinai, Gibbs measures in ergodic theory, Russian Math. Surveys 27 (1972), 21–69.

[Sin91] , Two results concerning asymptotic behavior of solutions of the Burgers equation with force, J. Statist. Phys. 64 (1991), 1–12.

[VF88] M. I. Vishik and A. V. Fursikov, Mathematical Problems in Statistical Hydromechanics, Kluwer, Dordrecht, 1988.

[Vio76] M. Viot, Solutions Faibles d’Equations aux Dérivées Partielles Stochastique Non–Lineaires, Ph.D. thesis, Paris, 1976.

Index

adapted random process, 37

balance relation, 83, 84 basis of H, 10 Bogolyubov–Krylov ansatz, 32

canonical measure, 78 Central Limit Theorem, 68 Chapman-Kolmogorov relation, 31 co-area form of balance relations, 86 correlation tensor, 56 coupling, 46

Dobrushin lemma, 46, 49 Donsker principle, 42

energy, 27 enstrophy, 27 ergodic transformation, 65 Eulerian limit, 71, 76 exponential mixing, 48

Feller property, 31 Foias–Prodi reduction, 90, 91

Ginsburg–Landau equation, 4

high-frequency kick-force, 41, 63 homogeneous random field, 36

interpolation, 8 Ito formula, 38

Kantorovich distance, 47 Kantorovich functional, 47, 52, 59 Kantorovich Theorem, 47 kick number k, 29 kick-force, 26 Kraichnan theory, 82

Law of Iterated Logarithm, 68 Leray projection, 11 Lipschitz-dual distance, 44

Lipschitz-norm, 44

Markov disintegration, 58 Markov semigroup, 31 martingale approximation, 69 maximal coupling, 46, 49 microcanonical measure, 78 mild solution, 24

Navier–Stokes semigroup, 23

Prokhorov distance, 55

Random Dynamical System, 30, 57 random kick-force, 29 random point attractor, 57 random set, 57 rate of dissipation of energy, 27 rate of dissipation of enstrophy, 28 reaction-diffusion equation, 4 Reynolds number, 27, 72

singular force, 24 Skorokhod embedding theorem, 42 smoothing property, 20 Sobolev embedding, 7 splitting up method, 89 stationary measure, 32, 41 Strong Law of Large Numbers, 65, 68

transition function, 31

variational distance, 45 vorticity, 27

weak convergence of measures, 44 weak solution (of a kicked equation), 50 weak solution (of white-forced NSE), 37 white-forced NSE, 36