A LOCAL LIMIT THEOREM WITH SPEED OF CONVERGENCE FOR EUCLIDEAN ALGORITHMS AND DIOPHANTINE COSTS

VIVIANE BALADI AND AÏCHA HACHEMI

Abstract. For large N, we consider the ordinary continued fraction of x = p/q with 1 ≤ p ≤ q ≤ N, or, equivalently, Euclid’s gcd algorithm for two integers 1 ≤ p ≤ q ≤ N, putting the uniform distribution on the set of p and qs. We study the distribution of the total cost of execution of the algorithm for an additive cost function c on the set Z^∗_+ of possible digits, asymptotically for N → ∞. If c is nonlattice and satisfies mild growth conditions, the local limit theorem was proved previously by the second named author. Introducing diophantine conditions on the cost, we are able to control the speed of convergence in the local limit theorem, by using previous estimates of the first author and Vallée, as well as bounds of Dolgopyat and Melbourne on transfer operators. For smooth enough observables (depending on the diophantine condition) we attain the optimal speed.

1. Introduction and statement of results

Every rational x ∈]0, 1] admits a finite continued fraction expansion

(1) x = 1 m_1 +^1

m_2+^1 .. .+ 1_{mP}

, m_j = m_j (x) ∈ Z^∗_+ , P = P (x) ∈ Z^∗_+ .

Continued fraction expansions can be viewed as trajectories of the Gauss map

T : (0, 1] → [0, 1] , T (x) := 1 x − � 1 x � . (Here, [y] is the integer part of y ∈ R^∗_+.) Indeed, if x ≠ 0 is rational, then T^P (x) = 0 for some P = P (x) ≥ 1, which is the depth of the continued fraction, and the digits m_j = m_j (x) ∈ Z^∗_+ appearing in (1) are just

m_j (x) = � 1 T^{j−1}(x) � , 1 ≤ j ≤ P (x) .

Clearly, this is equivalent to execution of Euclid’s gcd algorithm: For two integers 1 ≤ p ≤ q, write q_1 = q, p_1 = p and q_1 = m_1p_1 + r_1 with m_1 = m_1(p/q) ∈ Z^∗_+ and a remainder r_1 ∈ Z_+ so that r_1 < p_1. If r_1 = 0 we are done, and p = gcd(p, q), with P (p/q) = 1. If r_1 ≠ 0, set p_2 = r_1 and q_2 = p_1, and iterate this procedure

Date: April 16, 2006.

Part of this work was done during the trimester “Time at Work” in Institut Henri Poincaré, Paris, 2005. Warm thanks to Fréderic Naud, who pointed out to us the paper of Ian Melbourne, and to Eda Cesaratto who found a mistake in [1] and explained how to fix it. A.H. benefitted from a Gauthier-Villars Fellowship, via AFFDU. Both authors are partially supported by the ACI-DynamicAL, CNRS. 1

until the remainder r_P vanishes for some P = P (p/q) ≥ 2. Then p_P = gcd(p, q), and m_j = m_j (p/q) for 1 ≤ j ≤ P . Note that m_{P (p/q)} = 1 if and only if p = q.

We shall call cost any (nonidentically zero) function c : Z^∗_+ → R. Given such c, we associate to each rational x = p/q ∈ (0, 1] the following total cost:

(2) C(x) =

P (x)�

j=1 c(m_j (x)) .

Our goal is to describe the probabilistic behaviour of the total cost associated to the ordinary (Gauss) continued fraction (1) (and some of its “fast” variants). Before stating our results, we explain our probabilistic setting, and recall previous works.

Consider Ω̃ := {(p, q) ∈ (Z^∗_+)^2 ,^p_q ∈ (0, 1]}, and Ω := {(p, q) ∈ Ω̃ | gcd (p, q) = 1}, and endow the sets Ω̃_N := {(p, q) ∈ Ω̃ | q ≤ N}, and Ω_N := {(p, q) ∈ Ω | q ≤ N} with uniform probabilities ~P_N and P_N , respectively. We shall state our results for P_N , but, as observed e.g. in [1] (see (2.18)), they also hold for ~P_N . Note that if (p, q) ∈ Ω_N we can write C(p, q) and P (p, q) instead of C(p/q) and P (p/q). As usual, the expectation E_N (C) denotes � (p,q)∈Ω_N PN ((p, q))C(p, q) and the variance

V_N (C) is E_N (C^2) − (E_N (C))^2.

We shall use the following conditions on a cost function c: � � � � � � c is of moderate growth if there exists ν > 0 so that � m∈Z^∗_+ e νc(m)m−2+ν < ∞ ,

c has moments up to order k ≥ 1 if there exists ν > 0 so that � m∈Z^∗_+ c(m)

km^{−2+ν} < ∞ .

Of course, if c is of moderate growth then it has moments up to arbitrary order k. Remark 1.1. If c(m) = O(log(m)) then c is of moderate growth, while if c(m) = O(m^{−ν′ +1/k}) for some k ≥ 1 and some ν^′ > 0 then c has moments up to order k. The terminology comes from the fact that T has a unique absolutely continuous invariant measure μ_1 on [0, 1], with a positive analytic density f_1 (see also Section 2), so that, writing c_∗(x) = c(m) if x ∈ (1/(m+1), 1/m], we have that � (c_∗(x))^ℓ dμ_1(x) is well-defined for positive integers ℓ ≤ k if c has moments up to order k. (See also [1], and Lemma 3.3 below for the need to use ν > 0.)

Introducing a dynamical approach (centered around the one-dimensional map T ) and using Ruelle-type transfer operators H_s = H_{s,0} to study this problem (see Section 2 below for a definition of the transfer operators), Brigitte Vallée obtained in a series of papers (see e.g. [17] for references) precise results for the asymptotics of the expectation E_N (C) and other moments. For example, if c is of moderate growth, there is μ(c) ∈ R (with μ(c) ≠ 0 if � c_∗(x) dμ_1(x) ≠ 0) so that

(3) lim_{N→∞}

E_N (C) log N

= μ(c) .

We refer to the recent work [1] for more information, a historical discussion including references to the work of Heilbronn and Dixon and previous work of Vallée. Among other things it was proved in [1] that if c is of moderate growth then there exists δ(c) ∈ R^∗_+ so that

(4) lim_{N→∞}

V_N (C) log N

= (δ(c))^2 .

Remark 1.2. To get (3–4) it suffices to assume that c has moments up to order 2. See Lemma 3.2 below.

The article [1] also contains the following central limit theorem [1, Theorem 3]: For each cost c of moderate growth, there is M_1(c) ≥ 1 so that for any integer N ≥ 1, and any y ∈ R: � � �P^N � C(p, q) − μ(c) log N δ(c) √ log N ≤ y � − 1 √ 2π �_y −∞ e^{−x2/2} dx � � � ≤ M_1(c) √ log N , (5) where μ(c) ∈ R and δ(c) > 0 are the same as in (3). The speed of convergence (log N)^{−1/2} in the above central limit theorem is optimal, as is clear from the saddle point-argument in the proof. This speed is the equivalent in our setting of the speed of convergence in the central limit theorem for independent indentically distributed random variables [10]. (Hensley [12] obtained a central limit theorem for c ≡ 1, more than a decade before [1], but with a O((log N)^{−1/24}) bound on the rate of convergence.)

In order to prove (5), new methods were used, adapted from important work of Dolgopyat [8], to obtain bounds on the resolvent (Id − H_{s,w})^{−1} of the transfer operator H_{s,w}, with (s, w) ≠ (1, 0), when the complex parameter s varies in a halfplane containing 1, but the complex parameter w is close to zero. We refer to [1] (in particular Theorem 2 there) for more details.

A cost function c is called lattice, if there exists (L, L_0) ∈ R^∗_+ × R_+, with L_0/L ∈ [0, 1) so that (c−L_0)/L is integer-valued. If c is lattice but not constant, the largest possible L is called the span of c and the corresponding L_0 is called the shift of c. If c is constant we take span L = |c| and shift L_0 = 0.^1 A cost function is called nonlattice if it is not lattice.

If the cost is lattice with L_0 = 0 and enjoys moderate growth, then the following local limit theorem ([1, Theorem 4]) holds: For x ∈ R and N ∈ Z^∗_+, put

(6) Q(x, N) = μ(c) log N + δ(c)x � log N ,

then, there is M_2(c) ≥ 1 so that for every x ∈ R and all integers N ≥ 1 � � � � � log N · P_N � (C(p, q) − Q(x, N)) ∈ (− L 2 , L 2 ] � − e^{−x2/2} δ(c) √ 2π � � � � ≤ M_2(c) √ log N . (7) (See [1, §5.4] for the case L_0 ≠ 0.) Again, the constants μ(c) ∈ R and δ(c) > 0 are the same as in (3), and the speed of convergence is optimal. The proof uses operators H_{s,iτ} where the complex parameter s varies in a half-plane, and the real parameter τ lies in the bounded interval [−π/L, π/L).

Very recently, using Breiman’s method to handle noncompactness issues, the second author of the present paper obtained [11, Théorème 3] a local limit theorem: For every nonlattice^2 cost function c of moderate growth, for each compact interval J and every x ∈ R, we have, writing |J| for the length of J, and for μ(c) ∈ R and δ(c) > 0 as in (3): lim N→∞ � � � � log N · P_N � (C(p, q) − Q(x, N)) ∈ J � − |J| e^{−x2/2} δ(c) √ 2π � � � = 0 . (8) 1The definition of lattice stated in [1] and [11] should be replaced there by this one. 2The assumption that c is nonlattice has been inadvertently omitted from [11, Théorème 3]:

this assumption is necessary to allow arbitrarily large L in [11, Lemma 2], as is clear e.g. from the proof of [1, Proposition 1(iii)].

Remark 1.3. Lemma 3.2 and the arguments in Section 4 below show that the moderate growth assumption for (5), (7), and (8) can be replaced by the requirement that c has moments up to order 3.

The purpose of the present article is to obtain a local limit theorem with control of the speed of convergence in the nonlattice case. Inspired by an important paper of Dolgopyat [7] on decay of correlations for Axiom A flows (see also Naud [14] for a reader-friendly account) and guided by Melbourne’s [13] version of Dolgopyat’s bounds in a context closer to ours, we introduce diophantine conditions on the cost function. (See [2, 3] for diophantine conditions in a related, but different, probabilistic context, and [4] for a previous “nonlattice of order p” condition.)

The countable set of digits m ∈ Z^∗_+ is in bijection with the set H of inverse branches of T , through m → (y →^1_{y+m} ). We may thus view the cost function c as a function on H. For integer p ≥ 2 and any subset H_0 of H, write H^1_0 = H_0 and H^p_0 = {h ∘ h̃ | h ∈ H_0 , h̃ ∈ H^{p−1}_0 }. Then, we extend c to a function on H^p by setting, for h = h_p ∘ · · · ∘ h_2 ∘ h_1 ∈ H^p,

(9) c(h) = p� j=1 c(h_j ) ,

Definition. Let η ≥ 2. The cost c is diophantine of exponent η if there are a finite subset H_0 ⊂ H and β_0 ≥ 1 so that for, any sequences τ_k ∈ R, t_k ∈ R, θ_k ∈ [0, 2π), with lim_{k→∞} |τ_k | = ∞ but sup_k |t_k| < ∞, and for any M ≥ 1 and β ≥ β_0, there exists x = h_x(x) for some h_x ∈ H^p_0 with p ≥ 1 minimal, so that

dist � τ_k[β log |τ_k|]c(h_x) + t_k[β log |τ_k|] log |h^′_x| + pθ_k, 2πZ � ≥ Mp |τ_k|^η . It is easy to check that any diophantine cost is nonlattice.

Recall (6). Our main result is the following local limit theorem with speed of convergence:

Theorem 1.4. For any diophantine cost function c with moments up to order 3:

There exists ϵ ∈ (0, 1/2] (depending on the diophantine exponent η of c) so that for each compact interval J ⊂ R there exists a constant M_J > 0 so that for every x ∈ R and all integers N ≥ 1: � � � � log N P_N � C(p, q) − Q(x, N) � ∈ J � − |J| e^{−x2/2} δ(c) √ 2π � � � ≤ M_J (log N)^ϵ . There exists r ≥ 1 (depending on the diophantine exponent η of c) so that for any compactly supported ψ ∈ C^r(R), there exists a constant M_ψ > 0 so that for every x ∈ R and all integers N ≥ 1: � � � � � log N E_N � ψ � C(p, q) − Q(x, N) � − e^{−x2/2} δ(c) √ 2π � ψ(y) dy � � � � ≤ M_ψ √ log N . The second claim of the theorem says that we attain the optimal speed in the local limit theorem for smooth enough compactly supported observables ψ. Our proof gives that ϵ in the first claim is rather smaller than η^{−1} < 1/2. If the cost is nonlattice but not diophantine, we expect that arbitrarily slow convergence can take place in the local limit theorem, in the spirit of [15].

In Appendix A, we describe two other (fast) continued fraction algorithms, the centered algorithm and the odd algorithm, for which Theorem 1.4 holds, with exactly the same proof.

Remark 1.5. If c has moments up to order k +1 ≥ 4, a little more work should yield finite Edegeworth expansions [10] (see also [2]) of order k for compactly supported ψ ∈ C^r(R). (The remainder term being O((log N)^{−k/2}).) In this case, the condition on the differentiability r of ψ will depend not only on the diophantine exponent of c, but also on the desired order k for the Edegeworth expansion.

We next discuss genericity of the diophantine condition in Theorem 1.4. Recall that a vector x ∈ R^d for d ≥ 1 is diophantine of exponent η_0 ≥ d if there exists M > 0 so that for each (q_1, . . . , q_d) ∈ Z^d_∗

inf_{p∈Z} � �p −^d � k=1 x_kq_k � � ≥ M (max_k |q_k|)^{η0} . For each η_0 > d, the set of diophantine vectors of exponent η_0 has full Lebesgue measure in R^d (see e.g. [5]). (For η_0 < d, this set is empty.) We shall prove in Section 2:

Lemma 1.6. Fix η > η_0 ≥ 2. Assume that there are four periodic points x_1, x_2, x_3, x_4 in (0, 1) for T , of respective minimal periods p_1 ≥ 1, p_2 ≥ 1, p_3 ≥ 1, and p_4 ≥ 1, with h_j (x_j ) = x_j for h_j ∈ H^{pj} , so that, setting c_j = c(h_j ) and

~L_j = p_j c_1 − p_1c_j , ^L_j = p_j log |h^′_1| − p_1 log |h^′_j | , j = 2, 3, 4 ,

and putting L_2 = ~L_2 ^L_3 ~L_4 − ^L_2 ~L_3 ^L_4, L_3 = ~L_2 ^L_2(^L_4 − ~L_4), L_4 = ~L_2 ^L_2(~L_3 − ^L_3), then ~L_3 ≠ 0, L_4 ≠ 0, and^{~L2}_{~L3} and

�_{L2}

L_4 ,

L_3 L_4 � are diophantine of exponent η_0. Then c is diophantine of exponent η.

Remark 1.7. Fix η > 2. Choose four periodic points x_j = h_j (x_j ) ∈ (0, 1] of T , with pairwise disjoint orbits (and h_j ∈ H^{pj} ). Then it is not difficult (see [13, Cor. 2.4]) to deduce from Lemma 1.6 that for Lebesgue almost every (c_1, c_2, c_3, c_4) in R^4_+, any cost c so that c(h_j ) = c_j is diophantine of exponent η (use Fubini). Therefore, the diophantine condition on the cost c deserves to be called generic if η > 2.

Remark 1.8. Lemma 1.6 uses four periodic orbits, like in [13], with additional complications due to the fact that the numbers ^L_j are not integers. In the simpler cases studied by Dolgopyat [7] and Naud [14] it is possible to formulate a sufficient diophantine condition involving only two periodic orbits.

The paper is organised as follows: In Section 2, we adapt the estimates of Dolgopyat–Melbourne ([7], [13]) to our setting to get bounds (Proposition 2.1) for the norm of (Id − H_{σ+it,iτ} )^{−1} for large |τ|, bounded |t|, and σ > 1 − δ(τ) for small δ(τ), under the diophantine assumption on c. Lemma 1.6 is also proved in Section 2. In Section 3, we first recall previous material from [1], in particular the connection between (Id−H_{σ+it,iτ} )^{−1} and the moment generating function E_N (e^{iτ C} ) of smoothened models (via the Perron formula and bivariate Dirichlet series), as well as estimates on E_N (e^{iτ C} ) for bounded |τ|. We then deduce from Proposition 2.1 our key estimate (Corollary 3.5), on E_N (e^{iτ C} ) for large |τ|. The proof of Theorem 1.4 is carried out in Section 4 by reducing to a study of � R χ̂_J (τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ, respectively � R ψ̂(τ)e−iτ Q(x,N)E_N (eiτ C ) dτ (with ϕ̂ the Fourier transform of ϕ), and decomposing the integral over τ ∈ R into four domains, over which we apply the estimates from Section 3.

2. Dolgopyat-Melbourne estimates for H_{σ+it,iτ} Let us first introduce some notation. Put I = [0, 1], and Lip(I) = {u : I → C | ‖u‖_L∞ + Lip(u) < ∞}, with Lip(u) the smallest Lipschitz constant of u. (If u is not Lipschitz then we put Lip(u) = ∞.) It is well-known (see [1] for references) that there exists ρ < 1, K ≥ 1 and ^K ≥ 1 so that for all m ∈ Z^∗_+ and all h ∈ H^m (10) sup |h^′| ≤ Kρ^m , |h^{′′}(x)| ≤ ^K|h^′(x)| , ∀x ∈ I . In this section, we focus on |t| ≤ t_0, for some fixed t_0 > 0, and |τ| ≥ 2, since other values of t and τ are covered in previous works, as explained in the next section.

For τ ∈ R and s = σ + it, with t ∈ R, σ ∈ R with σ > 1/2, put for u ∈ Lip(I) and x ∈ I (11) H_{s,iτ} (u)(x) = � h∈H e^{iτ c(h)}|h^′(x)|^su(h(x)) .

We have for the same s, τ and each m ≥ 1, recalling the extension c : H^m → R from (9), H^m_{s,iτ} (u)(x) = � h∈H^m

e^{iτ c(h)}|h^′(x)|^su(h(x)) .

Letting f_1 be the fixed point of H_{1,0} so that � I f_1(x) dx = 1 (in fact, f_1(x) = (log 2)^{−1}(1 + x)^{−1}), we put for all t ∈ R and τ ∈ R ~H_{1+it,iτ} (u) = H^{1+it,iτ} (f^1u) f_1 . By definition, we have ‖ ~H^m_{1+it,iτ} (u)‖_L∞ ≤ ‖u‖_L∞ , for all m ∈ Z^∗_+, and all real t and τ. It is not very difficult to show that for each t ∈ R there is K(t) ≥ 1 so that (12) Lip( ~H^m_{1+it,iτ} (u)) ≤ K(t)‖u‖_L∞ + Kρ^mLip(u) , ∀m ∈ Z^∗_+ , ∀τ ∈ R . It will be convenient to use the following norm on Lip(I):

‖u‖_{Lip} = max � ‖u‖_L∞ , 1 2 sup_{|t|≤t0} K(t)

Lip(u) � . Indeed, recalling (10) and setting n_0 = [log K/ log(1/ρ)] + 1, we have for all τ ∈ R and all t ∈ [−t_0, t_0] ‖ ~H^m_{1+it,iτ} ‖_{Lip} ≤ Kρ^m + 1 , ∀m ≥ 1 , ‖ ~H^m_{1+it,iτ} ‖_{Lip} ≤ 1 , ∀m ≥ n_0 .

(13)

The main result of this section is:

Proposition 2.1. If the cost function c is diophantine, then there are M_0 ≥ 1, ξ_0 ∈ (0, 1), and α > 0 so that for each |τ| ≥ 2, all |t| ≤ t_0, and every σ ≥ 1−ξ_0|τ|^{−α} ‖(Id − H_{σ+it,iτ} )^{−1}‖_{Lip} ≤ M_0|τ|^α .

(No growth assumption is required on c. The proof gives a value of α larger than the diophantine exponent η of c.)

Before we prove the proposition, by a slight modification of the argument of Dolgopyat [7], as adapted by Melbourne [13, §3] to the case of infinitely many branches, we need further notation and a couple of preliminary lemmas. If H_0 ⊂ H, we let I_0 = I_0(H_0) be the invariant Cantor set for T associated to H_0, i.e., I_0 = {x ∈ I | T^m(x) ∈ ~I_0 , ∀m ∈ Z_+} for ~I_0 = ∪_{h∈H0} h([0, 1]). Then, we set Lip(I_0) = {u : I_0 → C | Lip(u) < ∞}. Finally, for τ ∈ R and u ∈ L^∞(I), we set for x ∈ (0, 1], denoting by h_x the element of H so that x ∈ h_x([0, 1)),

M_{t,τ} u(x) = |T^′(x)|^{it}e^{−iτ c(hx)}u(T (x)) .

We may now state and prove the first lemma:

Lemma 2.2. Let I_0(H_0) be associated to a finite set H_0 ⊂ H. Let η_1 > 0 and β_0 ≥ 1. Then there exist α_1 > 0, β_1 > β_0 and K_0 ≥ 1 so that the following is true for each |t| ≤ t_0 and every |τ| ≥ 2, setting n(τ) = [β_1 log |τ|]:

Suppose that there exists v_0 = v_{0,τ,t} ∈ Lip(I) with ‖v_0‖_{Lip} ≤ 1 so that

(14) | ~H^{jn(τ )}_{1+it,iτ} (v_0)(x)| ≥ 1 − 1 |τ|^{α1}

, ∀x ∈ I_0 , j = 0, 1, 2 .

Then there exist θ_{τ,t} ∈ [0, 2π) and w_{τ,t} : I_0 → C, with |w_{τ,t}(x)| = 1 for all x and

(15) � � �M^{n(τ )}_{t,τ} w_{τ,t}(x) − e^{iθ}τ,t w_{τ,t}(x) � � � ≤ K^0

|τ|^{η1}

, ∀x ∈ I_0 .

Proof. (See Lemma 3.12 and §3.3 in [13] adapted from [7, Section 8].) In this proof, we fix t and τ, and we write n for n(τ). Letting v_0 be as in (14), put for j = 0, 1, 2

v_j = ~H^{jn}_{1+it,iτ} (v_0) , s_j = |v_j | .

Our assumption (14) implies that

(16) 1 − 1 |τ|^{α1}

≤ s_j (x) ≤ 1 , ∀x ∈ I_0 , j = 0, 1, 2 .

In particular, we may define w_j (x) =^{vj (x)}_{sj (x)} for x ∈ I_0 and j = 0, 1, 2 (and we have |w_j | ≡ 1 on I_0). Note for further use that (13) implies that there is a constant K_1 ≥ 1 (which does not depend on t or τ) so that ‖w_j ‖_{Lip(I0 )} ≤ K_1 for j = 0, 1, 2 (first show that ‖v_j ‖_{Lip(I)} is uniformly bounded).

Since s_1(x) =^1_{w1 (x)} ~H^n_{1+it,iτ} (s_0w_0)(x), and ~H_{1,0}(1) = 1 (with 1 the constant function ≡ 1), the bound (16) for j = 1 implies that for all x ∈ I_0 � h∈H^n

f_1(h(x)) f_1(x)

|h^′(x)| � 1 − |h^′(x)|^{it} w_1(x) e^{iτ c(h)}s_0(h(x))w_0(h(x)) � ≤ 1 |τ|^{α1} . It is not difficult to see that the real part of each term in the above sum is nonnegative. Hence, using also that f_1 ∘ h/f_1 is bounded from above and from below, uniformly in h ∈ H^n, we can find a constant K_2 (which does not depend on τ) so that for each h ∈ H^n and every x ∈ I_0

0 ≤ 1 − s_0(h(x))ℜ � |h^′(x)|^{it}e^{iτ c(h)}w_0(h(x)) w_1(x) � ≤ K_2 |h^′(x)||τ|^{α1} .

Since s_0(h(x)) ≤ 1, the above bound implies that for each h ∈ H^n and every x ∈ I_0

0 ≤ 1 − ℜ � |h^′(x)|^{it}e^{iτ c(h)}w_0(h(x)) w_1(x) � ≤ K_2 |h^′(x)||τ|^{α1} . Using the fact that for any complex number z of modulus 1 we have |1 − z| = √ 2(1 − ℜz)^{1/2}, we find a constant K_3, independent of τ, so that for each h ∈ H^n and every x ∈ I_0 � � �w^1(x) − |h^′(x)|^{it}e^{iτ c(h)}w^0(h(x)) � � � ≤ K_3 |h^′(x)|^{1/2}|τ|^{α1 /2} . From now on, we restrict our attention to branches h ∈ H^n_0 . For such a branch, we have |h^′(x)| ≥ K^{−n}_4 where K_4 = sup_{h0∈H0} sup |h^′_0|^{−1} > 1 depends only on H_0. Therefore, recalling that n = [β_1 log |τ|], if α_1 and β_1 > β_0 satisfy (17) α_1 − β_1 log(K_4) > 2η_1 , then there is a constant K_5 (independent of τ) so that for each x ∈ I_0, setting h_x to be the element of H^n_0 so that x ∈ h_x([0, 1)),

(18) � � � �w^1(T^n(x)) − |(T^n)^′(x)|^{−it}e^{iτ c(hx)}w^0(x) � � � � ≤ K_5 |τ|^{η1} . A similar argument gives K_6, independent of τ, so that if (17) holds and x ∈ I_0

(19) � � �w^2(T^n(x)) − |(T^n)^′(x)|^{−it}e^{iτ c(hx)}w^1(x) � � � ≤ K_6 |τ|^{η1} . Fix an arbitrary x_0 ∈ I_0 and define θ_0 = θ_0(τ, t) (recall that the w_j depend on τ and t and that n = n(τ)) in [0, 2π) by e^{iθ0} = w_0(x_0)|(T^n)^′(x_0)|^{−it}e^{iτ c(hx0 )} .

Let h_{x0} ∈ H^n_0 be so that x_0 ∈ h_{x0} ([0, 1)). Observe next that (18) and the fact that T^n(x) = T^n(x_{x0} ) and h_{x0} = h_{xx0} for x_{x0} = h_{x0} (T^n(x)) imply that for all x ∈ I_0 |w_1(T^n(x)) − e^{iθ0} | ≤ K_5 |τ|^{η1}

+ |w_0(x_{x0} ) − w_0(x_0)| + ||(T^n)^′(x_{x0} )|^{−it} − |(T^n)^′(x_0)|^{−it}| .

Now, on the one hand, since |h^{′′}/h^′| ≤ ^K, with |h^′| ≤ Kρ^n, and since |t| ≤ t_0, and |T^n(x) − T^n(x_0)| ≤ 1, there is a constant K_7, independent of τ and h, so that � �|h^′_{x0} (T^n(x))|^{it} − |h^′_{x0} (T^n(x_0))|^{it} � � ≤ K_7 · ρ^{n(τ )} ,

and on the other hand, since |x_{x0} − x_0| ≤ ρ^n and x_{x0} ∈ I_0 if x ∈ I_0, we have |w_0(x_{x0} ) − w_0(x_0)| ≤ K_1 · ρ^{n(τ )} .

Therefore, if (17) holds, and in addition

(20) β_1 > η_1 log(1/ρ) , then we have

|w_1(T^n(x)) − e^{iθ0} | ≤

K_1 + K_5 + K_7 |τ|^{η1}

, ∀x ∈ I_0 .

(21)

Next, defining θ_1 = θ_1(t, τ) ∈ [0, 2π) by e^{iθ1} = w_1(x_0)|(T^n)^′(x_0)|^{−it}e^{iτ c(hx0 )} , the previous argument gives that if (17) and (20) hold then � �w_2(T^n(x)) − e^{iθ}1 � � ≤ K^1 + K^6 + K^7 |τ|^{η1}

, ∀x ∈ I_0 .

(22)

Putting together (21) and (22), we find for θ_{t,τ} = θ_0 − θ_1 and all x ∈ I_0

|e^{−iθt,τ} w_1(T^n(x)) − w_2(T^n(x))| ≤

2K_1 + K_5 + K_6 + 2K_7

|τ|^{η1} . (23)

Taking α_1 and β_1 so that (17) and (20) hold, and substituting (23) into (19) we see that the function w = w_1 satisfies the conclusion of the lemma for K_0 = 2K_1 + K_5 + 2K_6 + 2K_7. □

We need another lemma:

Lemma 2.3. Let I_0(H_0) be associated to a finite set H_0 ⊂ H. For each α_1 > 0 and β_1 > 0, there exist α > 0 and M_0 ≥ 1 so that the following hold for each |τ| ≥ 2 and |t| ≤ t_0:

Suppose that for each v ∈ Lip(I) with ‖v‖_{Lip} ≤ 1 there exists x_0 ∈ I_0 and j_0 ≤ [3β_1 log |τ|] so that

(24) | ~H^{j0}_{1+it,iτ} (v)(x_0)| ≤ 1 − 1 |τ|^{α1} , then ‖(Id − H_{1+it,iτ} )^{−1}‖_{Lip} ≤ M_0|τ|^α.

Remark 2.4. The proof of Lemma 2.3 uses heavily the fact that s = 1 + it and breaks down if s = σ + it with σ < 1.

Proof. (See Lemma 3.13 in [13], adapted from [7, Section 7].) In this proof we fix t and τ and write n = n(τ) = [3β_1 log |τ|]. Let v ∈ Lip(I) be so that ‖v‖_{Lip} ≤ 1. It suffices to show that (Id − ~H_{1+it,iτ} )^{−1}(v) exists and ‖(Id − ~H_{1+it,iτ} )^{−1}(v)‖_{Lip} ≤ M_0|τ|^α for some α > 0 and M_0 ≥ 1 which do not depend on τ or t.

For j_0 = j_0(v, τ) ≤ n as in (24), we put

u_0 = ~H^{j0}_{1+it,iτ} (v) and u = ~H^n_{1+it,iτ} (v) .

We have ‖u_0‖_L∞ ≤ 1 and (recalling (13)) max{‖u_0‖_{Lip}, ‖u‖_{Lip}} ≤ 1 + Kρ. By (24), there is x_0 ∈ I_0 (depending on v) so that, putting K̄ = 2(1 + Kρ) sup_{|t|≤t0} K(t)

(25) |u_0(x)| ≤ 1 − 1 2|τ|^{α1}

, ∀x ∈ I_{x0} := {x ∈ I | |x − x_0| ≤ 1 K̄|τ|α1 } .

Recall that μ_1 is the absolutely continuous probability measure on I with density f_1 (which is T -invariant). By definition, the dual of ~H_{1,0} fixes μ_1. Put m_0 = m_0(τ) = [^{α1 log |τ |+log(KK̄)}

log(1/ρ) ] + 1, then the element hx^0 ∈ H m_0

0 so that x_0 ∈ h_{x0} ([0, 1)) is such that h_{x0} (I) ⊂ I_{x0} . Therefore, μ_1(I_{x0} ) ≥ μ_1(h_{x0} (I)). By definition of μ_1, we have (recalling (10))

(26) μ_1(h_{x0} (I)) ≥ K^{−1}_8 |h^′_{x0} (x_0)| ≥ K^{−1}_8 K^{−m0(τ )}_4 ≥ K^{−1}_9 |τ|^{−α1 log(K4 )log(1/ρ)} , with constants K_8 ≥ 1, K_9 ≥ 1, and K_4 ≥ 1 (recall the proof of Lemma 2.2) independent of τ and t. Putting

α_2 = α^2_1 log(K_4) log(1/ρ)

> 0 , and decomposing I = I_{x0} ∪ (I \ I_{x0} ), we deduce from (25) and (26) that

‖u‖_L1_{(μ1 )} ≤ ‖u_0‖_L1_{(μ1 )} ≤ � 1 − 1 2|τ|^{α1} � μ_1(I_{x0} ) + 1 − μ_1(I_{x0} ) = 1 − μ_1(I_{x0} ) 2|τ|^{α1}

(27)

≤ 1 − K^{−1}_9 |τ|^{−α2} .

We next upgrade the L^1 estimate (27), first into an L^∞ bound, and later into a Lipschitz estimate. For this, setting n_1 = [β_2 log |τ|], for β_2 > 1 to be determined later, we get from the spectral decomposition (see e.g. [1] for references)

~H^m_{1,0}(w) = � w dμ_1 + R^m_{1,0}(w) ,

with ‖R^m_{1,0}‖_{Lip} ≤ K_{10}ρ̂^m, for some ρ̂ < 1 and all m ≥ 1, that

‖ ~H^{n1(τ )}_{1+it,iτ} (u)‖_L∞ ≤ ‖ ~H^{n1(τ )}_{1,0} |u|‖_L∞ ≤ � |u| dμ_1 + K_{10}ρ̂^{n1} ‖|u|‖_{Lip}

≤ 1 − K^{−1}_9 |τ|^{−α2} + (1 + Kρ)K_{10}ρ̂^{n1} .

Then, if β_2 > α_2 is large enough (depending on ρ, ρ̂, K_9 and K_{10}, but not on τ) we have

‖ ~H^{n(τ )+n1(τ )}

1+it,iτ (v)‖L^∞ = ‖ ~H n_1(τ ) 1+it,iτ (u)‖L^∞ ≤ 1 − K −1 11 |τ|^{−α2} ,

for K_{11} ≥ 1 independent of τ. Using (12), we get for n_2(τ) = [β_3 log |τ|] with large enough β_3 > 3β_1 + β_2 that

‖ ~H^{n2(τ )}_{1+it,iτ} (v)‖_{Lip} ≤ 1 − (2K_{11})^{−1}|τ|^{−α2} .

Thus, since v was arbitrary, ‖(Id − ~H^{n2(τ )}_{1+it,iτ} )^{−1}‖_{Lip} ≤ 2K_{11}|τ|^{α2} . Finally, using

(Id − A)^{−1} = (Id + A + A^2 + · · · + A^{n2 −1})(Id − A^{n2} )^{−1} ,

and (13), we find for every α > α_2 a constant M_0 ≥ 1, independent of τ and t, so that ‖(Id − ~H_{1+it,iτ} )^{−1}‖_{Lip} ≤ M_0|τ|^α. □

We may finally prove the proposition:

Proof of Proposition 2.1. The statement is trivial for σ > 1, because the spectral radius of H_{σ+it,iτ} is then < 1 (see e.g. [1]). For σ ≤ 1, we follow [13, §3.2, §3.3]:

Let us first consider the case σ = 1, proceeding by contradiction. It is known (see [1, Lemma 9]) that (Id − H_{1+it,iτ} )^{−1} is bounded on Lip for each t ∈ R and |τ| ≥ 2, we only need to control the asymptotics as τ → ∞. Let I_0(H_0) be associated to a nonempty finite set H_0 ⊂ H. Fix η_1 > η and β_0 ≥ 1. Then take and α_1, β_1 > β_0, K_0 as in Lemma 2.2. Finally, take α and M_0 from Lemma 2.3. Assume that for each M ≥ M_0 the bound ‖(Id − H_{1+it,iτ} )^{−1}‖_{Lip} ≤ M|τ|^α is violated for some τ = τ(M) and t = t(τ) with |τ| > 2 and |t| ≤ t_0. By taking a sequence M_k → ∞ we get sequences t_k and τ_k with |τ_k| tending to infinity.

Then Lemma 2.3 implies that the hypothesis (14) of Lemma 2.2 is satisfied for each (t, τ) = (t_k, τ_k) and for η_1. Therefore there are θ_k = θ_{τk ,tk} ∈ [0, 2π) and w_k = w_{τk ,tk} : I_0 → C, with |w_k (x)| = 1 for all x ∈ I_0 and, setting n_k = [β_1 log |τ_k|], � � �M^{nk}tk ,τk w^k(x) − e^{iθk} w^k(x) � � � ≤ K_0 |τ_k |^{η1}

, ∀x ∈ I_0 .

If x = h_x(x) ∈ I_0 for h_x ∈ H^p_0 has minimal period p ≥ 1, setting c_x = c(h_x), we get � � � �|h^′x|^{−itk nk} e^{−iτk nk cx} w^k(x) − e^{ipθk} w^k(x) � � � � ≤ pK_0 |τ_k |^{η1} . Since |w_k (x)| = 1, we find integers ℓ_k(x) = ℓ(t_k, τ_k, x) with |ℓ_k| = O(|τ_k | log |τ_k|) and a constant D_0 ≥ 1, independent of k and x, so that (28) | − t_kn_k log |h^′_x| − τn_kc_x − pθ_k − 2πℓ_k(x)| ≤ pD_0|τ_k |^{−ηk} . Since η_1 > η and β_0 were arbitrary, this contradicts our diophantine assumption on c when k → ∞.

If σ ∈ (1 − ξ_0|τ|^{−α1} , 1), we put s = σ + it and we write

(Id − ~H_{s,iτ} )^{−1} = (Id − ~H_{1+it,iτ} )^{−1}(Id − A_{s,τ} )^{−1}

with A_{s,τ} = ( ~H_{s,iτ} − ~H_{1+it,iτ} )(Id − ~H_{1+it,iτ} )^{−1}. It is not very difficult to prove that for each σ_0 > 1/2 there is a constant K_{12} ≥ 1 so that

‖ ~H_{σ+it,iτ} − ~H_{1+it,iτ} ‖_{Lip} ≤ K_{12}(1 − σ) , ∀σ ∈ (σ_0, 1] , ∀|t| ≤ t_0 , ∀τ ∈ R . (Use the bijection ℓ → h_ℓ between ℓ ∈ Z^∗_+ and h_ℓ ∈ H, from the introduction and the fact that |h^′_ℓ| ≤ ℓ^{−2}.) Thus, using the already treated case σ = 1, we get that ‖A_{s,τ} ‖_{Lip} ≤ M_0K_{12}(1 − σ)|τ|^α for all σ > 1 and all |τ| ≥ 2. This implies that there is ξ_0 ∈ (0, 1) so that ‖A_{s,τ} ‖_{Lip} ≤ 1/2 for σ ≥ 1−ξ_0|τ|^{−α}, and the result follows. □

It remains to prove Lemma 1.6 stated in the introduction:

Proof of Lemma 1.6. (See e.g.[7, §13] or [13, Cor. 2.4].) Consider the smallest H_0 ⊂ H containing all points in the orbits of the four periodic points x_j , and let β_0 ≥ 1 be fixed. Let η > η_0 and assume that c is not diophantine of exponent η. It follows that there are β ≥ β_0, D ≥ 1, sequences τ_k, θ_k, and t_k, and integers ℓ_{k,j} = ℓ_j (t_k, τ_k) so that, putting n_k = [β log |τ_k|],

(29) | − t_kn_k log |h^′_j | − τ_kn_kc(h_j ) − p_j θ_k − 2πℓ_{k,j} | < D|τ_k|^{−η} , j = 1, 2, 3, 4 , ∀k .

Set ℓ̃_{k,j} = p_j ℓ_{k,1} − ℓ_{k,j} p_1 ∈ Z for j = 2, 3, 4. We find by eliminating θ_k from (29) a constant ~D ≥ 1, independent of k, so that

|τ_kn_k ~L_j + t_kn_k ^L_j − 2πℓ̃_{k,j} | < ~D|τ_k|^{−η} , j = 2, 3, 4 , ∀k .

(30)

Since ~L_3 ≠ 0, if t_k = 0 we may assume (up to taking a large enough k, i.e., a larger τ_k) that ℓ̃_{k,3} ≠ 0. Then, since ℓ̃_{k,3} = O(|τ_k | log |τ_k|), eliminating τ_k n_k from (30) for j = 2 and j = 3 gives ~D (independent of k) so that � � �ℓ̃_{k,3}

~L_2 ~L_3

− ℓ̃_{k,2} � � � < ~D|τ_k|^{−η} , ∀k .

Since ℓ̃_{k,3} = O(|τ_k | log |τ_k|) the above bound contradicts the diophantine assumption on ~L_2/~L_3 when we let k → ∞.

If t_k ≠ 0, eliminating t_kn_k from (30), we find

|τ_kn_k(^L_j ~L_2 − ~L_j ^L_2) − 2π(^L_jℓ̃_{k,2} − ^L_2ℓ̃_{k,j} )| < ^D|τ_k|^{−η} , j = 3, 4 , ∀k .

Eliminating τ_k n_k from the above identities we find a constant ^D, which does not depend on k, so that

|ℓ̃_{k,2}L_2 + ℓ̃_{k,3}L_3 + ℓ̃_{k,4}L_4| < ^D|τ_k|^{−η} , ∀k .

Since max(ℓ̃_{k,2}, ℓ̃_{k,3}) = O(|τ_k | log |τ_k|), the above bound for k → ∞ contradicts our diophantine assumption on (L_2/L_4, L_3/L_4). □

3. Bounds on the moment generating function E_N (e^{iτ C} ) for smoothed costs

In this section, after recalling the methodology developed by Vallée in a series of papers (see e.g. [16]), as well as some useful lemmas from [1], we formulate in Corollary 3.5 a crucial consequence of Proposition 2.1.

The relevant sequence of Lévy moment generating functions is (see (43)–(44) in the next section) E_N (e^{iτ C} ) for N ∈ Z_+, with τ ∈ R. To study this sequence of functions of τ, we introduce a bivariate Dirichlet series:

(31) S(s, iτ) := � (p,q)∈Ω 1 q^s e^{iτ C(p,q)} , s = σ + it , σ > 2 , t ∈ R , τ ∈ R .

Now, on the one hand, denoting by 1 the constant function ≡ 1 on I, is not very difficult to check (see e.g. [1]) that

(32) S(2s, iτ) = F_{s,iτ} (Id − H_{s,iτ} )^{−1}(1)(0) ,

with F_{s,iτ} (u)(x) = � h∈H^′ e iτ c(h)|h′(x)|su(h(x)), where H′ ⊂ H contains all inverse

branches of T except y → 1/(y + 1).

On the other hand, the Perron formula of order two ([9], see e.g. [1] for an application in the present context) gives that for each D > 1

(33) Ψ_{iτ} (N) = 1 2iπ �_{D+i∞}

D−i∞

S(2s, iτ)

N^{2s+1} s(2s + 1) ds ,

where Ψ_{iτ} (N) is the following Cesàro sum for the Dirichlet series:

Ψ_{iτ} (N) = � q≤N Φ_{iτ} (q) , with Φ_{iτ} (q) = � (p,q)∈Ω_q

e^{iτ C(p,q)} .

Our strategy will be to study Ψ_{iτ} (N), using (32)–(33) and spectral information on the transfer operators H_{s,iτ} . Clearly, E_N (e^{iτ C} ) = Φ_{iτ} (N)/Φ_0(N). However, exploiting directly estimates on Ψ_{iτ} (N) to get bounds on Φ_{iτ} (N) seems difficult, and it is convenient to introduce instead auxiliary “smoothed” models as was done in [1, Section 4.2]. The description given there was garbled — fortunately without consequences: All lemmas, propositions and theorems of [1] and [11] remain correct, except for [1, Lemma 14] and [11, Lemme 1 (a)] which should be replaced by Lemma 3.1 below. We give next the correct definition of the smoothening, as found by by Eda Cesaratto (see [6]): For a function ξ : Z^∗_+ → [0, 1] and any integer N ≥ 1, consider

Ω_N (ξ) = � N−[Nξ(N)|≤Q≤N

Ω_Q × {Q} ,

(noting that Ω_0 = ∅), endowed with the uniform probability P_N (ξ). Setting

Π(p, q, Q) = (p, q) , for (p, q, Q) ∈ Ω_N (ξ) , define

Φ_{iτ} (ξ, N) = Φ_{iτ} (N) := � (p,q,Q)∈Ω_N (ξ)

e^{iτ C(Π(p,q,Q))}

(34)

= N� Q=N−[Nξ(N)] � q≤Q � (p,q)∈Ω_q

e^{iτ C(p,q)} .

Then the moment generating function of the smoothed cost is just

(35) E_N (ξ, e^{iτ C} ) := E_N (ξ, e^{iτ C∘Π}) =

Φ_{iτ} (N) Φ_0(N) . It is easy to check that

(36) Φ_{iτ} (N) = Ψ_{iτ} (N) − Ψ_{iτ} (N − [Nξ(N)] − 1) .

This implies that estimates on Ψ_{iτ} (N) give bounds on Φ_{iτ} (N). It remains to compare P_N (ξ) with the primary object of interest, P_N , and this is the purpose of Lemma 14 from [1], that we state here in its corrected form (see [6]):

Lemma 3.1. There are ^M_0 > 0 and ^M ≥ 1 so that for all ξ with (ξ(N))^{−1} ≤ ^M_0N/ log N we have � � �P^N (ξ)(Π^{−1}(E)) − P^N (E) � � � ≤ ^M · ξ(N) , ∀ E ⊂ Ω_N , ∀N ∈ Z^∗_+ .

Sketch of proof. First show that there is ~M ≥ 1 so that for all N and all (p, q) ∈ Ω_{N−[Nξ(N)]} � � � � P_N (ξ)(Π^{−1}((p, q))) P_N ((p, q)) − 1 � � � � ≤ ~M · ξ(N) .

Then prove P_N (Ω_N \Ω_{N−[Nξ(N)]}) = O(ξ(N)) and P_N (ξ)(Π^{−1}(Ω_N \Ω_{N−[Nξ(N)]})) = O(ξ(N)). □

If ξ satisfies the conditions of the above lemma, then it is easy to see that for any F : Ω_N → C

(37) |E_N (ξ, F ∘ Π) − E_N (F )| ≤ max |F | · ^M · ξ(N) .

We shall work with two smoothenings. The first one, ξ_1(N) = N^{−γ0} , for some small γ_0 ∈ (0, 1) to be introduced in Lemma 3.3–3.4 below, was used already in [1]. The second one appears only in the proof of Corollary 3.5 for |τ| ≥ 2.

In the proof of Theorem 1.4 in the next section, we will have to deal with E_N (ξ_1, e^{iτ C} ) for arbitrary τ ∈ R. The arguments for τ in a compact set (we shall use |τ| ≤ 2 to fix ideas) are the same as those in [1] for the case of lattice costs. Before stating the corresponding results from [1], let us mention an easy lemma which allows us to work with moment assumptions instead of moderate growth assumptions on the cost. If an operator has a simple eigenvalue λ of modulus equal to its spectral radius, and if in addition the rest of the spectrum is contained in a disc of strictly smaller radius, we say that λ is a dominant eigenvalue. For example, 1 is the dominant eigenvalue of H_{1,0} acting on Lip.

Lemma 3.2. If c has moments up to order k for some k ≥ 1, there exist ν_0 ∈ (0, 1) and ν_1 ∈ (0, 1/2) so that (s, iτ) → H_{s,iτ} is continuous (as an operator on Lip) on W := {(s, iτ) ∈ C × iR | |s − 1| < ν_1 , |τ| < ν_0} , and the dominant eigenvalue of H_{s,iτ} acting on Lip is a continuous function λ(s, iτ) on W, which is analytic in s for each τ. In addition, the (rank one) spectral projector P_{s,iτ} for H_{s,iτ} and λ(s, iτ) depends continuously on (s, iτ) ∈ W, and there is a uniquely defined continuous function σ : (−ν_0, ν_0) → C, with σ(0) = 1 and λ(σ(τ), iτ) ≡ 1.

In fact, the functions iτ → H_{s,iτ} , iτ → F_{s,iτ} , iτ → log λ(s, iτ), iτ → ∂_sλ(s, iτ), iτ → P_{s,iτ} , and iτ → σ(τ) are k times differentiable, uniformly in s for (s, iτ) ∈ W. Their derivatives of order 0 ≤ ℓ ≤ k are analytic functions of s, uniformly in each fixed τ for (s, iτ) in W.

Proof. See e.g. [1, Proposition 0] for the case of moderate growth, where all objects are analytic both in s and iτ. The continuous extension statements for λ(s, iτ) and P_{s,iτ} follows from the (easily checked) fact that if we let H_{s,iτ} act on the Banach space Lip(I), then there is W so that (s, iτ) → H_{s,iτ} is continous on W for the corresponding operator topology. Analyticity in s is clear, and we have ∂_sλ(1, 0) ≠ 0 as in [1], so that the implicit function theorem gives a continuous function σ(iτ) as claimed. Finally, up to taking smaller W, the moment assumption on c implies that, for each |s − 1| < ν_1, and ℓ ≤ k, the ℓth derivative of iτ → H_{s,iτ} , which is just � h∈H(c(h))^ℓe^{iτ c(h)}|h^′(x)|^s, is a bounded operator on Lip, which is continuous in (s, iτ) ∈ W. □

The following result is a small modification of Lemma 11 from [1]:

Lemma 3.3. If the cost c has moments up to order k ≥ 3, letting ν_0 ∈ (0, 1), P_{s,iτ} and σ : (−ν_0, ν_0) → C be as in Lemma 3.2, there exist γ̃_0 ∈ (0, 1) and γ_1 ∈ (0, 1/2) so that for each γ ∈ (0, γ̃_0), setting ξ_1(N) = N^{−γ0} , we have for all N ∈ Z^∗_+

(38) E_N (ξ_1, e^{iτ C} ) =

E(iτ) E(0)σ(iτ)

N^{2(σ(iτ )−σ(0))} � 1 + O(N^{−γ1} ) � , ∀|τ| < ν_0 ,

where the O(N^{−γ1} ) term is uniform in τ, and τ → E(iτ) is the C^k function

E(iτ) = −1 (∂_sλ)(σ(iτ), iτ)

F_{σ(iτ ),iτ} ∘ P_{σ(iτ ),iτ} (1)(0) .

Proof. The correction in the definition of the smoothening corresponds to replacing the incorrect formula [Nξ(N)]^{−1}(Ψ_{iτ} (N) − Ψ_{iτ} (N − [Nξ(N)])) for Φ_{iτ} (N) given in [1, (4.6)] by (36). This is immaterial because the proof in [1] uses (35), so the factors [Nξ(N)] cancel out, while the difference Ψ_{iτ} (N − [Nξ(N)]) − Ψ_{iτ} (N − [Nξ(N)] − 1) is negligible. Since iτ is purely imaginary, we do not require the moderate growth assumption and we can apply Lemma 3.2 to adapt the proof of Lemma 11 in [1]. □

The following claim is a small modification of Lemma 15 from [1], we shall apply it to ν_0 from Lemma 3.3 and L = 2 in Section 4:

Lemma 3.4. Let c be nonlattice and let γ̃_0 > 0 be given by Lemma 3.3. For every L > ν_0 > 0, there exist γ_0 ∈ (0, γ̃_0), γ_2 ∈ (0, 1/2) and ~M ≥ 1 so that, letting ξ_1(N) = N^{−γ0} , we have for all N ∈ Z^∗_+

(39) |E_N (ξ_1, e^{iτ C} )| ≤ ~M N^{γ2}

, ∀|τ| ∈ [ν_0, L] .

Proof. By the last sentence of [1, Proposition 1], for a nonlattice cost, there exists σ_1 < 1 (depending on ν_0 > 0 and L) so that 1 /∈ sp(H_{σ+it,iτ} ) (acting on Lip) for all |τ| ∈ (ν_0, L), all t ∈ R, and all σ > σ_1. Then, the proof of [1, Lemma 15] gives the claimed estimate. The moderate growth assumption is not used because iτ is purely imaginary. The correction in the definition of the smoothing is immaterial, as explained in Lemma 3.3. □

The proofs of Lemmas 11 and 15 in [1] (implicit in Lemmas 3.3 and 3.4) use estimates on the growth of (Id − H_{s,iτ} )^{−1}, where τ is bounded, but where s = σ + it, with |t| large, and σ > σ_1 with σ_1 < 1. These estimates are inspired from another important article of Dolgopyat [8], and use the fact that the Gauss map is “uniformly” away from a piecewise affine map (see the condition “UNI” in [1] for a precise formulation of this property and more details).

We now move on to “large” values of τ. We shall prove that Proposition 2.1 implies the following estimate:

Corollary 3.5. Let c be diophantine, let α > 0 be given by Proposition 2.1 and let ξ_1(N) = N^{−γ0} for γ_0 from Lemmas 3.3–3.4. For each α^′ > α there exists K^′ ≥ 1 so that

(40) |E_N (ξ_1, e^{iτ C} )| ≤ K^′N^{−|τ |−α′} , ∀N ∈ Z^∗_+ , ∀|τ| ≥ 2 .

Proof. Fix |τ| ≥ 2 and α^′ > α, and introduce an auxiliary smoothening (only used in this proof)

(41) ξ_2(N) = N^{−|τ |−α′} .

By (37) and the triangle inequality we have for all N ∈ Z^∗_+

|E_N (ξ_1, e^{iτ C} ) − E_N (ξ_2, e^{iτ C} )| ≤ ^M_1N^{−γ0} + ^M_2N^{−|τ |α′} ,

where ^M_1 and ^M_2 are uniform in |τ| ≥ 2. It thus suffices to prove the claimed estimate (40) for E_N (ξ_2, e^{iτ C} ).

As explained in the beginning of this section, our first goal is to obtain estimates on Ψ_{iτ} (N). Recall that we write s = σ + it and let ξ_0 ∈ (0, 1) be given by Proposition 2.1. We first claim that for any T > 0, and each D > 1 the function s → S(2s, τ) is holomorphic in

U_T := {σ + it | |t| ≤ T , σ ∈ [1 − ξ_0|τ|^{−α}, D]} .

Recalling (32), it suffices to study (Id − H_{s,iτ} )^{−1}(1) for (s, iτ) ∈ U_T . There is t_0 > 0, independent of c, so that if |t| ≥ t_0, Theorem 2 in [1] gives M ≥ 1 and ᾱ ∈ (0, 1/5) (both independent of t, τ, and σ) so that^3

(42) sup � (Id − H_{s,iτ} )^{−1}(1) � ≤ M|t|^ᾱ ,

and in particular s → F_{s,iτ} (Id − H_{s,iτ} )^{−1}(1)(0) is analytic in {s ∈ U_T | |t| ≥ t_0}. If |t| ≤ t_0, we may apply Proposition 2.1, using the diophantine condition, and we get that s → F_{s,iτ} (Id − H_{s,iτ} )^{−1}(1)(0) is analytic in {s ∈ U_T | |t| ≤ t_0}.

3It is claimed in [1] that one may take t 0 = ρ^{−2}, but this is in fact not clear. Note in particular that the second and third inequalities in line 5 of [1, p.362] are true only if M_0 is replaced by M_0(M_1)^k, so that t_0 must be taken large enough.

Next, by Cauchy’s theorem � ∂U_T

S(2s, iτ)

N^{2s+1} s(2s + 1) ds = 0 , ∀N ∈ Z^∗_+ .

Clearly (42) implies that � ∂U_T ,ℑs=±T S(2s, iτ)

N^{2s+1} s(2s+1) ds → 0 as T → ∞, uniformly

in N ∈ Z^∗_+. By Perron’s formula (33), the integral along the right-hand-side border ℜs = D of U_T tends to Ψ_{iτ} (N). Finally, it is not very difficult to see that Proposition 2.1 implies that there is K_{13} ≥ 1 (depending on α^′ and α, but not on τ) with | � ∂U_T ,ℜs=1−ξ_0 |τ |^{−α}

S(2s, iτ)

N^{2s+1} s(2s + 1) ds| ≤ 4M_0|τ|^αN^{3−2|τ |−α} ≤ K_{13}N^{3−2|τ |−α′} .

Combining the observations in this paragraph with (36) and the definition of ξ_2(N) gives a constant K_{14} ≥ 1, independent of N and τ, so that

|Φ_{iτ} (N)| ≤ K_{14}N^{3−|τ |−α′} ,

where Φ_{iτ} (N) denotes in this proof the value (34) for ξ = ξ_2. We claim that Φ_0(N) = Θ(N^3): The proof of this is the same as that of [1, (4.9)], taking into account the correction (36) and noting that the moderate variation condition from [1, Lemma 10] holds for G(N) := ξ_2(N) = N^{−|τ |−α′} , with (G(N))^{−1} = O(N), and that [1, (4.3)] holds replacing w there by iτ and O(N^{−2α̂0} ) by O(G(N)). Finally, we end the proof by applying (35) for ξ = ξ_2. □

4. Proof of Theorem 1.4

By Lemma 3.1, it suffices to prove Theorem 1.4 for P_N = P_N (ξ_1) and E_N = E_N (ξ_1), where the smoothening is ξ_1(N) = N^{−γ0} , with γ_0 > 0 as in Lemma 3.3 and Lemma 3.4. Letting χ_J denote the characteristic function of the interval J, and recalling (6), our starting point to prove the first claim of the theorem is standard:

P_N ((C(·) − Q(x, N)) ∈ J) = � (p,q,Q)∈Ω_N

χ_J (C(p, q) − Q(x, N)) · P_N (p, q, Q)

= � (p,q,Q)∈Ω_N

P_N ((p, q, Q)) · 1 2π � R e^{iτ (C(·)−Q(x,N))}χ̂_J (τ) dτ

(43)

= 1 2π � R χ̂_J (τ)e^{−iτ Q(x,N} )E_N (e^{iτ C} ) dτ.

(We used (2π)ψ(y) = �^ ψ(τ)e^{iτ y} dτ, where ψ̂(τ) = � e^{−iτ x}ψ(x) dx is the Fourier transform of a locally supported bounded ψ.) Similarly, for the second claim, we shall use

E_N (ψ(C(·) − Q(x, N))) = � (p,q,Q)∈Ω_N

ψ(C(·) − Q(x, N)) · P_N (p, q, Q)

= 1 2π � R ψ̂(τ)e^{−iτ Q(x,N)} · E_N (e^{iτ C} ) dτ .

(44)

Since χ̂_J (τ) does not decay fast enough when τ → ∞, it will be necessary to regularise χ_J . For this reason, the proof of the second claim of Theorem 1.4 is easier, and we shall start with this.

4.1. The case of smooth ψ. By (44) it suffices to analyse

I(N) = � log N � R ψ̂(τ)e^{−iτ Q(x,N)} · E_N (e^{iτ C} ) dτ .

Recalling ν_0 ∈ (0, 1) from Lemma 3.3, let us decompose the real axis into

(45) |τ| < ν_0 , |τ| ∈ [ν_0, 2] , |τ| ∈ [2, L_N ] |τ| > L_N ,

where L_N > 2 will be determined later. (We shall have L_N → ∞ as N → ∞.) The decomposition (45) gives rise to four integrals I(N) = I_1(N) + I_2(N) + I_3(N) + I_4(N).

The integral I_1(N) over |τ| < ν_0 is the dominant term, and can be handled by exploiting Lemma 3.3. More precisely, the saddle-point argument in [11, Section 3] (see [1, §5.1] for the lattice case) can be applied verbatim^4: First note that the function E(iτ) := E(iτ)/(E(0)σ(iτ)) is C^1 (it is in fact C^3 by Lemma 3.2) on (−ν_0, ν_0), so that E(iτ) = 1 + O(|τ|). Note also that σ(iτ) is a C^3 function of τ, by our assumption on the moments of c and Lemma 3.2, with σ(0) = 1, σ^′(0) = μ(c)/2, and σ^{′′}(0) = (δ(c)^2)/2 ≠ 0 (see [1, Lemma 12], noting that we can replace w by iτ in (4.13–4.14) there), and we can use a Taylor expansion of degree two with a remainder which is O(|τ|^3). Then decompose |τ| < ν_0 into |τ| < τ_N and |τ| ∈ [τ_N , ν_0) with

(46) τ_N = � log log N δ_0 log N

�_{1/2}

where δ_0 > 0 depends on ν_0, but not on N or τ (see [1, (5.3)]. (We may assume that N is large enough to ensure τ_N < ν_0.) We find M_{1,ψ} ≥ 1 (depending on sup_τ |ψ̂(τ)| ≤ sup |ψ| · |J|, where J = supp(ψ)) so that for all x ∈ R and all N ∈ Z^∗_+ � � � I_1(N) 2π − ψ̂(0) e^{−x2/2} δ(c) √ 2π � � � ≤ M_{1,ψ} √ log N . (Of course, ψ̂(0) = � ψ(y) dy.) Note that the error term O((log N)^{−1/2}) above cannot be improved. However, as observed in Remark 1.5, if c enjoys moments of order 4 or higher, replacing Q(x, N) by a series with more terms is possible, and produces a smaller error term, giving an Edegeworth expansion.

The integral I_2(N) over |τ| ∈ [ν_0, 2] can be handled by exploiting Lemma 3.4, similarly to what was done previously in [11, Section 3] (see also [1, §5.2] for the case of lattice costs, and note that the moderate growth assumption on c is not needed): It is easy to see that for each γ_3 ∈ (0, γ_2), there exists M_{2,ψ} ≥ 1 (depending on sup_τ |ψ̂(τ)|) so that for all x and all N

|I_2(N)| = � log N| � |τ |∈[ν_0,2]

ψ̂(τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ|

≤ M_{2,ψ}N^{−γ3} .

Clearly, the error term above is O((log N)^{−d}) for arbitrarily large d ≥ 1/2.

The last two integrals are more interesting. Let us assume that

r > α + 1 ,

4In particular, the moderate growth assumption on c is not necessary in [11, Théorème 3]. It

is however necessary to assume that c is nonlattice (this hypothesis is missing in [11]).

with α > 0 from Proposition 2.1 (recall that α depends on η from the diophantine condition). Letting α^{′′} ∈ (α, r − 1) , we put

(47) L_N = (log N)^{1/α′′} .

Then, Corollary 3.5 implies that for each α^′ ∈ (α, α^{′′}) there is M_{3,ψ} ≥ 1, so that for all x and all N

|I_3(N)| = � log N| � |τ |∈[2,L_N ]

ψ̂(τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ| (48)

≤ M_{2,ψ} � log NL_N N^{−L−α′N}

≤ M_{2,ψ}(log N)^{1/2+1/α′′} e^{−(log N)1−α′ /α′′} ≤

M_{3,ψ} (log N)^{1/2} . The error term above is in fact O((log N)^{−d}) for arbitrarily large d ≥ 1/2.

For each integer m ≤ r there is M^{(m)}_ψ so that |ψ̂(τ)| ≤ M^{(m)}_ψ |τ|^{−m} for all |τ| ≥ 2 (just use integration by parts). Finally since r ≥ α^′ + 1 by our assumption on r, and since |e^{−iτ Q(x,N)}E_N (e^{iτ C} )| ≤ 1, we find, taking an integer m ∈ (α^{′′} + 1, r], a constant M_{4,ψ} ≥ 1 so that for all N ∈ Z^∗_+

|I_4(N)| = � log N � � � |τ |≥L_N

ψ̂(τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ� (49)

≤ M^{(m)}_ψ � log N(log N)^{−(m−1)/α′′} ≤

M_{4,ψ} (log N)^{1/2} . Putting together the estimates on I_1, I_2, I_3 and I_4 ends the proof of the second claim of Theorem 1.4.

Up to taking a larger value of m (if r is large enough) the error term in (49) can be made O((log N)^{−d}) for arbitrarily large d ≥ 1/2.

4.2. The case of χ_J . We shall approximate the dirac delta by using Gaussian distributions, writing, for small δ > 0,

Δ_δ (x) = δ^{−1}Δ(x/δ) with Δ(x) = 1 √ π e^{−x2} .

For further use, note:

Lemma 4.1. There is D_0 ≥ 1 so that for every ψ ∈ L^1(R) with yψ(y) ∈ L^1(R), setting ψ_δ = ψ ∗ Δ_δ, the Fourier transform of ψ_δ satisfies:

|ψ̂_δ(τ)| ≤ D_0 � |ψ(y)| dy · e^{−δ2τ 2} ≤ D_0 � |ψ(y)| dy , ∀δ > 0 , τ ∈ R ,

(50)

Lip(ψ̂_δ) ≤ D_0 � |yψ(y)| dy + � |ψ(y)| dy � , ∀δ > 0 .

(51)

In addition, if ψ is Lipschitz, we have (52) sup_x |ψ(x) − ψ_δ(x)| ≤ D_0 Lip(ψ) · δ , ∀δ > 0 .

Proof. To show (50–51), use ψ̂_δ(τ) = ψ̂(τ) · ^Δ_δ (τ), and recall that the Fourier transform ^Δ_δ (τ) of Δ_δ is ^Δ_δ(τ) = e^{−δ2 τ 2} .

To show (52), use � Δ_δ(y) dy = 1 to write

|ψ(x) − ψ_δ(x)| = � � � R Δ_δ(y)(ψ(x) − ψ(x − y)) dy � � ≤ Lip(ψ) � R Δ_δ(y)|y| dy ,

and note that � R_+ y√ πδ e^{− y2}δ^2 dy = O(δ). (Just write z = y/δ.) □

Write J = [a, b]. For small δ ∈ (0, (b − a)^2/4), in view of applying the previous lemma, we first approximate χ_J by two compactly supported Lipschitz functions ψ^+ = ψ^{+,δ}_J : R → [0, 1] and ψ^− = ψ^{−,δ}_J : R → [0, 1], as follows. The function ψ^+ is ≡ 1 on the interval [a − √ δ, b + √ δ], it is ≡ 0 outside of [a − 2 √ δ, b + 2 √ δ], and it is affine with slope ±δ^{−1/2} on the two remaining intervals. Similarly, ψ^− is ≡ 1 on [a + 2 √ δ, b − 2 √ δ] it is ≡ 0 outside of [a + √ δ, b − √ δ], and it is affine with slope ±δ^{−1/2} on the two remaining intervals. We have that � ψ^±(y) dy = |J| + O( √ δ) and � |y|ψ^±(y) dy ≤ 4|J|^2. In addition

E_N (ψ^−(C(·) − Q(x, N))) ≤ P_N ((C(·) − Q(x, N)) ∈ J)

≤ E_N (ψ^+(C(·) − Q(x, N))) .

Next, we consider the regularisation by convolution

ψ^±_δ = ψ^{±,δ}_J ∗ Δ_δ , with δ = δ_N = (log N)^{−2ϵ} ,

with ϵ > 0 to be determined later. Since Lip(ψ^±) = δ^{−1/2}, the bound (52) from Lemma 4.1 gives � �E_N (ψ^±(C(·) − Q(x, N))) − E_N (ψ^±_δ (C(·) − Q(x, N))) � � ≤ D_0 √ δ ≤ D_0(log N)^{−ϵ} .

Therefore, by (43), it suffices to analyse

I^±_δ (N) = � log N � R ψ̂^±_δ (τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ .

We consider the decomposition (45) of R, for L_N to be determined later, and the four associated integrals I^±_δ (N) = I^±_{δ,1}(N) + I^±_{δ,2}(N) + I^±_{δ,3}(N) + I^±_{δ,4}(N).

Introducing τ_N like in (46), and using in addition the uniform bound (51) on the Lipschitz constant of ψ̂^±_δ (τ) in order to see that sup |τ |≤τ_N

|ψ̂^±_δ (0) − ψ̂^±_δ (τ)| ≤ M_J · τ_N ,

we find M_{1,J} ≥ 1 (using Lemma 3.2 as in § 4.1 and the weak claim in (50) to bound sup |ψ̂^±|) so that for all x ∈ R and all N ∈ Z^∗_+

(53) � � � � I^±_{δ,1}(N) 2π − ψ̂^±_δ (0) e^{−x2/2} δ(c) √ 2π � � � � ≤ M_{1,J} (log(N))^{1/2} . (The term O((log N)^{−1/2}) in the above expression cannot be improved.) Note that

(54) ψ̂^±_δ (0) = � ψ^±_δ (y) dy = � ψ^±_δ (y) dy = |J| + O( √ δ_N ) = |J| + O((log N)^{−ϵ}) .

Just like in § 4.1, since c is nonlattice, for each γ_3 ∈ (0, γ_2), there exists M_{2,J} ≥ 1 (using the weak bound from (50)) so that for all x ∈ R and all N ∈ Z^∗_+

|I^±_{δ,2}(N)| ≤ M_{2,J} N^{−γ3} .

(55)

Take α^{′′} > α, with α from Corollary 3.5, and put L_N = (log N)^{1/α′′} . (We may assume α^{′′} > 2.) Then, Corollary 3.5 (with the weak bound from (50)) implies that (see (48)) for each α^′ ∈ (α, α^{′′}) there is M_{3,J} ≥ 1 so that for all x ∈ R and all N ∈ Z^∗_+

|I^±_{δ,3}(N)| = � log N| � |τ |∈[2,L_N ]

ψ̂^±_δ (τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ| ≤ M_{3,J} (log N)^{1/2} . (56)

Finally if 2ϵ < (α^{′′})^{−1} then^5 δ_N L_N > log log N, and, since |e^{−iτ Q(x,N)}E_N (e^{iτ C} )| ≤ 1 we find, using the strong bound from (50), that there are constants ~M_{4,J} ≥ 1 and M_{4,J} ≥ 1 so that for all x ∈ R and all N ∈ Z^∗_+

|I^±_{δ,4}(N)| = � log N| � |τ |≥L_N

ψ̂(τ)e^{−iτ Q(x,N)}E_N (e^{iτ C} ) dτ| (57)

≤ ~M_{4,J} � log NL_N e^{−(δLN )2} ≤ ~M_{4,J} � log NL_N e^{−(log log N)2} ≤ M_{4,J} (log N)^{1/2} . Putting together (53–55–56–57) we have proved the first claim of Theorem 1.4, for ϵ ∈ (0, 1/(2α^{′′})).

Appendix A. The centered and odd euclidean algorithms

Let us describe two variants K and O of the classical continued fraction (1), for rational x ∈ (0, 1]. Both of them are of the form

(58) x = 1 m_1 +^{ε1}

m_2 +^{ε2} .. .+^{εP −1}_{mP}

, m_j ∈ Z^∗_+ , P ∈ Z^∗_+ , ϵ_J ∈ {−1, 1} .

The first one is the centered algorithm K, for which all digits m_j are ≥ 2. It is described by the following centered division algorithm, for integers p and q with 1 ≤ p ≤ q/2: write q = mp + ϵr, with m ∈ Z^∗_+, ϵ ∈ {−1, 1}, and integer r with ϵr ∈ [−p/2, p/2]. If r = 0 we take m_{1,K}(p/q) = m, P_K(p/q) = 1, and we are done. Otherwise, we put m_1 = m, ϵ_1 = ϵ, p_2 = r_1 = r, and q_2 = p_1, and we iterate until r_{PK} = 0, constructing the m_{j,K}(p/q) and ϵ_{j,K}(p/q) along the way. The associated dynamical system on (0, 1/2] satisfies T_K(p/q) = r/p and is just

T_K(x) = � 1 x − A_K � 1 x � , where A_K(y) is the nearest integer to y, i.e., the unique integer m so that y − m ∈ [−1/2, 1/2).

The second one is the odd algorithm O, for which all digits m_j are odd. It is described by the following odd division algorithm, for integers 1 ≤ p ≤ q: write q = mp + ϵr, with odd m ∈ Z^∗_+, ϵ ∈ {−1, 1}, and an integer r with ϵr ∈ [−p, p]. If r = 0 we take m_{1,O}(p/q) = m, P_O(p/q) = 1, and we are done. Otherwise, we

5We may take a smaller value of δ N , but our argument requires inf_N (δ_N L_N ) > 0.

put m_1 = m, ϵ_1 = ϵ, p_2 = r_1 = r, and q_2 = p_1, and we iterate until r_{PO} = 0, constructing the m_{j,O}(p/q) and ϵ_{j,O}(p/q)along the way. The associated dynamical system on (0, 1] satisfies T_O(p/q) = r/p and is just

T_O(x) = � 1 x − A_O � 1 x � , where A_O(y) is the nearest odd integer to y, i.e., the unique odd integer m so that y − m ∈ [−1, 1).

We refer e.g. to [1, Section 2] for more information on these two algorithms and their associated interval maps T_K and T_O. Letting H_K and H_O denote the set of inverse branches of T_K and T_O, respectively, it turns out that the corresponding transfer operators H_{s,iτ,K} and H_{s,iτ,O} enjoy the same properties as those of the operator H_{s,iτ} associated to the ordinary euclidean division and (1). (See [1, Section 2] for the invariant densities f_{1,O} and f_{1,K}, the constants ρ_O and ρ_K, etc., and also [1, Proposition 0] as well as [1, §3.4] for the condition ”UNI.”) In particular, all statements in Sections 2 and 3 of the present paper hold, replacing the Gauss map T by T_O or T_K, up to changing the constants. The proof in Section 4 can be followed for both algorithms, and finally we see that Theorem 1.4 is true also for the centered and odd algorithms, up to replacing μ(c) and δ(c) by appropriate constants μ_K(c), δ_K(c) > 0 or μ_O(c), δ_O(c) > 0.

References

1. V. Baladi and B. Vallée, Euclidean algorithms are Gaussian, J. Number Theory 110 (2005) 331–386.

2. E. Breuillard, Distributions diophantiennes et théorème limite local sur R^d, Probab. Theory Relat. Fields 132 (2005) 39–73.

3. E. Breuillard, Local limit theorems and equidistribution of random walks on the Heisenberg group, Geom. funct. anal. 15 (2005) 35–82.

4. H. Carlsson, Remainder term estimates of the renewal function, Ann. Probab. 11 (1983) 143–157.

5. J.W.S. Cassels, An Introduction to Diophantine Approximation, Cambridge Tracts in Mathematics and Mathematical Physics, No. 45. Cambridge University Press, New York, 1957.

6. E. Cesaratto, Remarks and extensions on “Euclidean algorithms are Gaussian” by Baladi- Vallée, in preparation (2006).

7. D. Dolgopyat, Prevalence of rapid mixing in hyperbolic flows, Ergodic Theory Dynam. Systems 18 (1998) 1097–1114.

8. D. Dolgopyat, On decay of correlations in Anosov flows, Ann. Math. 147 (1998) 357–390. 9. W. Ellison and F. Ellison, Prime Numbers, John Wiley & Sons, Inc., New York, Hermann, Paris (1985).

10. W. Feller, An Introduction to Probability Theory and its Applications, Vol. II, John Wiley & Sons, Inc., New York-London-Sydney (1971).

11. A. Hachemi, Un théorème de la limite locale pour des algorithmes Euclidiens, Acta Arithm.

117 (2005) 265–276.

12. D. Hensley, The number of steps in the Euclidean algorithm, J. Number Theory 49 (1994) 142–182.

13. I. Melbourne, Rapid decay of correlations for nonuniformly hyperbolic flows, preprint (2005) to appear Trans. Amer. Math. Soc.

14. F. Naud, Analytic continuation of a dynamical zeta function under a Diophantine condition, Nonlinearity 14 (2001) 995–1009.

15. D. Ruelle, Flots qui ne mélangent pas exponentiellement, C.R. Acad. Sci. 296 (1983) 191–193. 16. B. Vallée, Euclidean Dynamics, Discrete Continuous Dynam. Systems 15 (2006) 281-352. 17. B. Vallée, Digits and continuants in Euclidean algorithms. Ergodic versus Tauberian theorems, Colloque International de Théorie des Nombres (Talence, 1999). J. Théor. Nombres Bordeaux 12 (2000) 531–570.

CNRS-UMR 7586, Institut de Mathématiques Jussieu, Paris, France E-mail address: baladi@math.jussieu.fr

CNRS-UMR 7586, Institut de Mathématiques Jussieu, Paris, France E-mail address: hachemi@math.jussieu.fr