Umbilical Torus Bifurcations in Hamiltonian Systems

Henk W. Broer

Instituut voor Wiskunde en Informatica, Rijksuniversiteit Groningen Blauwborgje 3, 9747 AC Groningen, The Netherlands

Heinz Hanßmann

Institut für Reine und Angewandte Mathematik der RWTH Aachen 52056 Aachen, Germany

Jiangong You

Department of Mathematics, Nanjing University Nanjing 210093, P. R. China

9 December 2004

Abstract

We consider perturbations of integrable Hamiltonian systems in the neighbourhood of normally umbilic invariant tori. These lower dimensional tori do not satisfy the usual non–degeneracy conditions that would yield persistence by an adaption of KAM theory, and there are indeed regions in parameter space with no surviving torus. We assume appropriate transversality conditions to hold so that the tori in the unperturbed system bifurcate according to a (generalized) umbilical catastrophe. Combining techniques of KAM theory and singularity theory we show that such bifurcation scenarios of invariant tori survive the perturbation on large Cantor sets. Applications to gyrostat dynamics are pointed out.

1 Introduction

The classical Kolmogorov–Arnol’d–Moser (KAM) theory deals with the persistence of Lagrangean invariant tori in nearly integrable Hamiltonian systems, see e.g. [Pöschel;82]. Also persistence of normally hyperbolic and normally elliptic tori has been studied, cf. e.g. [Pöschel;89], [Broer,Huitema,Takens;90], [Rüssmann;01]. In all cases the persistent tori constitute subsets of the phase space that have a Cantor like structure and a relatively large Hausdorff measure of twice the torus dimension. For an overview of these and related results see [Broer,Huitema,Sevryuk;96], [Rüssmann;01].

Given a non–degenerate integrable Hamiltonian system, the maximal tori are the regular fibres of the ramified torus bundle defined by the dynamics of this system. The singular fibres of this bundle, i.e. the lower dimensional tori together with their stable and unstable manifolds, determine how the maximal tori are distributed in phase space. Invariant n–tori form n–parameter families, parametrised by the actions conjugate to the toral angles. Generically one therefore expects to encounter bifurcations of co–dimension one at (n − 1)–parameter subfamilies of lower dimensional tori, bifurcations of co–dimension two at (n − 2)–parameter subfamilies and so on. To show persistence of such degenerate tori, embedded in the full bifurcation scenario, becomes more elaborate as the co–dimension increases. In the extreme case of co–dimension n the bifurcating tori are isolated and may disappear in resonance gaps.

In this paper we consider lower dimensional tori with a vanishing Floquet exponent. The ensuing bifurcations with co–dimension one and two have a corresponding normal linear part (^0^1_0) , see [Hanßmann;98a], [Broer,Hanßmann,You;03]. As shown in the latter reference such normally parabolic tori may undergo quasi–periodic bifurcations of any co–dimension. Our aim is to similarly treat a number of bifurcations of invariant tori with vanishing normal linear part (^0^0) . Under appropriate transversality conditions on the nonlinear terms, see (1.2) below, the co–dimension of such bifurcations may be as low as three, cf. [Broer,Chow,Kim,Vegter;93,95]. Hence, Theorem 2.1 implies that in Hamiltonian systems with five (or more) degrees of freedom the lower dimensional tori can persistently undergo these bifurcations. Let us briefly sketch the setting of the present problem.

The phase space is TT^n × IR^n × IR^2 , with co–ordinates (x, y, (p, q)) and symplectic form σ = n∑ i=1 dx_i ∧ dy_i + dq ∧ dp . (1.1)

We are looking at perturbations of a Hamiltonian system for which the torus TT^n×{0}×{0} is invariant and the normal linear part vanishes. This means that the Hamiltonian function has no linear or quadratic terms in p and q . Mimicking the theory of bifurcations for equilibria and periodic solutions, cf. [Meyer;70,75] or [Broer,Chow,Kim,Vegter;93,95], we add the following assumption on the higher order terms. For some integer d ≥ 3 , the expansion of the unperturbed Hamiltonian in the (p, q)–direction has the principal part a 2 p^2q +^b_{d!} q^d , with a, b ≠ 0 . In the terminology of [Arnol’d,Gusein–Zade,Varchenko;82], [Arnol’d,Vasil’ev,Goryunov,Lyashko;88] this is the singularity D^±_k , with k = d + 1 and ± = sgn (ab) . We shall call such invariant tori normally umbilic. To capture all possible bifurcations from the torus with this degenerate normal behaviour we include parameters λ_1, . . . , λ_d for a universal unfolding, cf. [Bröcker,Lander;75], [Poston,Stewart;78], according to the (generalized) umbilic catastrophes. See also Section 2 for more details. Moreover we include parameters for the frequencies ω_1, . . . , ω_n . Indeed, disregarding some co–ordinate changes and reparametrisations, we shall assume that the unperturbed family has the “integrable” form N(x, y, p, q, λ, ω) = (ω | y) + a(ω) 2 p^2q + b(ω) d! q^d + d−1∑ j=1 λ_j j! q^j + λ_d p , (1.2)

where (.. | ..) denotes the standard inner product on IR^n . This family first of all has a continuum of normally umbilic invariant tori

TT^n × {0} × {0} × {0} × O ⊆ TT^n × IR^n × IR^2 × Λ × O ,

i.e. for every frequency vector ω ∈ O there is one such n–torus, given by the equations y = 0 , (p, q) = 0 , λ = 0 . Next, for λ ≠ 0 we find continuous branches of invariant tori of various types, normally hyperbolic, elliptic, parabolic and umbilic corresponding to the hierarchy of singularity theory, cf. [Bröcker,Lander;75], [Poston,Stewart;78], [Arnol’d,Gusein–Zade,Varchenko;82], [Arnol’d,Vasil’ev,Goryunov,Lyashko;88]. Moreover there are Lagrangian invariant (n + 1)–tori, foliating open pieces of the phase space. The general question of this paper is what remains of this global picture when we perturb to H = N + P where P is an arbitrary (not necessarily integrable) perturbation, small in an appropriate sense. Throughout, for simplicity, we assume real analyticity of H in all variables and parameters, observing however that immediate adaptations exist for H ∈ C^j , for j sufficiently large, including j = ∞ . See [Pöschel;82] or Section 8 of [Broer,Huitema,Takens;90].

This perturbation problem is not expected to have an affirmative answer for all parameters ω , but again only on a set of Cantor like structure. Indeed, on the vector ω ∈ O we impose Diophantine conditions, saying that |(ω | k)| ≥ γ |k|^τ ∀^{k∈ZZn\{0}} , (1.3)

where γ > 0 is to be chosen appropriately small later on and where τ > nL − 1 is fixed with L given in Theorem 2.3 — in the present bifurcational context we can no longer restrict to L = 1 , but L = 2 will usually do. The first result of this paper roughly says the following. For values of ω in a Cantor set given by the above restriction, the family H = N +P , with P sufficiently small in the compact–open topology on holomorphic extensions, again has such normally umbilic invariant n–tori near y = 0 , (p, q) = 0 , λ = 0. These perturbed tori, moreover, form a Whitney–C^∞–family, implying that their union has a large Hausdorff measure. In the next section we shall give a precise formulation of the corresponding theorem. We remark that our conditions are global with respect to O , i.e. not restricted to a small neighbourhood of some fixed frequency vector ω_0 satisfying (1.3).

The perturbed tori just mentioned are the most degenerate ones corresponding to the central singularity at λ = 0 and the remaining part of our perturbation problem asks what happens to the invariant tori of N that occur in the unfolding for λ ≠ 0. In a second result we approach this problem recursively with respect to d . It turns out that the hierarchy of singularity theory carries over to the KAM–setting — similar to the parabolic case and familiar from catastrophe theory.

Summarising we give a rough all–over description of the invariant tori found by this approach. The key lies already in the behaviour of the unperturbed integrable normal form. The smooth parametrisations of the various families of invariant tori found there will then be subject to Diophantine restrictions, meaning that the final result deals with a Cantor stratification in the product of phase space and parameter space.

The behaviour of the normal form N is best explained noticing that the invariant tori give the product of phase space and parameter space the structure of a ramified torus bundle. An open and dense part is filled by the union of Lagrangian invariant (n+1)–tori, these define the regular fibres of this bundle. The complement consists of invariant n–tori, defining singular fibres of various degrees according to occurring bifurcations. In the space of external parameters λ and frequencies ω this yields a stratification — each stratum of co–dimension k parametrising invariant n–tori that undergo a bifurcation of that same co–dimension. We will focus on the Cantor subsets of this stratification defined by the Diophantine condition (1.3). However, our results can also be used as starting point for a better understanding of the various resonances (in the gaps of the Cantor sets), as has been done for normally parabolic tori undergoing a Hamiltonian pitchfork bifurcation in [Litvak–Hinenzon,Rom–Kedar;02a,02b,04].

To fix thoughts let us concentrate on the case d = 3 with a · b > 0 , see figure 1 for the bifurcation set of the lower dimensional tori defined by N . The point λ_1 = λ_2 = λ_3 = 0 where the upper and the three lower surfaces meet corresponds to the invariant torus with normal linear part (^0^0) . The left and right lower surfaces stand for parabolic invariant tori that undergo (quasi–periodic) centre–saddle bifurcations cf. [Meyer;70,75], [Broer,Chow,Kim,Vegter;93,95], [Hanßmann;98a] ; this is related to a subordinate fold catastrophe. Along the cusp line the bifurcation of the normally parabolic tori becomes more degenerate and is related to a (dual) cusp catastrophe, see [Broer,Chow,Kim,Vegter;93,95], [Broer,Hanßmann,You;03].

For parameter values “below” the central point there are two nomally elliptic and two normally hyperbolic invariant tori, while for parameter values “between” the upper and the three lower surfaces only one of each are left. On the plane emanating from the cusp line the two hyperbolic tori have the same energy and become connected by heteroclinic orbits. This connection bifurcation is an example of a global bifurcation subordinate to the local bifurcations defined by (1.2). The upper surface parametrises again parabolic tori where the remaining two families of elliptic and hyperbolic tori meet and vanish in a quasi–periodic centre–saddle bifurcation.

For the dynamics defined by N there is one bifurcation diagram for each frequency vector ω . Using a Kolmogorov–type non–degeneracy condition, cf. (2.6) below, we may switch to the phase space where the actions y conjugate to the toral angles x play the rôle of the frequencies. In the product of phase space and parameter space the union of all lower dimensional tori is a stratified set of co–dimension 2 , the complement of which is filled by (n + d + 1)–parameter families of invariant (n + 1)–tori. In this paper we

Figure 1 : Bifurcation set of N for d = 3 with a · b > 0 . There are two reflectional symmetries λ_2 → −λ_2 and λ_3 → −λ_3 .

show that, under a small generic Hamiltonian perturbation, this stratification becomes a Cantor stratification, with all parametrisations getting restricted to Cantor sets defined by Diophantine conditions (while the actual invariant tori remain smooth tori).

Occurrence of the type of bifurcation at hand most often follows from a normalizing or averaging procedure. Indeed, in an integrable approximation we may detect the unperturbed dynamics by finding the most degenerate singularity and checking the parameter dependence. In other examples, like in the gyrostat problem considered in Section 3 below, the physical model already has enough symmetries to render integrability of the system. Here KAM theory can provide the justification of such symmetry assumptions by showing that small imperfections (inherent to all real–life mechanical systems) do not completely invalidate the analysis of the idealised model, but that in fact the perturbed dynamics adhere rather closely to the unperturbed dynamics.

This paper is organized as follows. In the next section we state our main result, the proof of which occupies the final Section 4. In Section 3 we treat the gyrostat as an application.

2 Formulation of the results

Generally speaking, when proving a persistence theorem the difficult part is to keep track of the most degenerate “object” in the perturbed system. Our first step is therefore to look for the “bifurcating” normally umbilic invariant n–tori of XH .

Let TT^n = IR^n/2πZZn be the standard n–torus and Y ⊆ IR^n , S ⊆ IR^2 , Λ ⊆ IR^d be neighbourhoods of the respective origins. By O_γ we denote the set of those frequency vectors ω ∈ O that satisfy the Diophantine condition (1.3). We also need O^′_γ := { ω ∈ O_γ | d(ω, ∂O) ≥ γ } . Furthermore |..|_A stands for the supremum norm on the set A .

Theorem 2.1 Let the functions a, b : O −→ IR in the normal form (1.2) satisfy |a|_O , |b|_O , | |_1 a | | O , | |_1 b | | O , |Da|_O , |Db|_O < C for some constant C > 0 . Then there exists a small positive constant ε , independent of O , with the following property. For any analytic perturbation H = N + P of (1.2) with |P |_{TTn×Y×S×Λ×O} < ε there exists a C^∞–diffeomorphism Φ on TT^n × IR^n × IR^2 × IR^d × O such that

1). Φ is real analytic for fixed ω .

2). Φ is symplectic for fixed (λ, ω) .

3). Φ is C^∞–close to the identity.

4). On TT^n × IR^n × IR^2 × IR^d × O^′_γ ∩ Φ^{−1}(TT^n × Y × S × Λ × O) one can split H ∘ Φ = N_∞ + P_∞ into an integrable part N_∞ and higher order terms P_∞ . Here N_∞ has the same form as N , see (1.2). The x–dependence is pushed into the higher

order terms, i.e. ∂^{|l|+i+j+|h|}P_∞ ∂y^l∂p^i∂q^j ∂λ^h (x, 0, 0, 0, 0, ω) = 0 for all (x, ω) ∈ TT^n × O^′_γ and all

l, i, j, h satisfying 2d|l| + (d − 1)i + 2j + (2d − 2)h_1 + . . . + 2h_{d−1} + (d + 1)h_d ≤ 2d .

Remark : A closer inspection of the proof, cf. [Wagener;03], reveals that Φ is not only C^∞ , but can in fact be chosen to be Gevrey regular.

We prove Theorem 2.1 in Section 4, using a KAM iteration scheme. Here let us first elaborate its implications.

An immediate consequence is the persistence of normally umbilic n–tori at the “origin” y = p = q = λ = 0. These are parametrised by the Diophantine frequency vectors ω ∈ O^′_γ , i.e. they form a Cantor family. This Cantor family at λ = 0 corresponds to the most degenerate invariant tori. We claim that the whole bifurcation scenario of the integrable family N persists the perturbation by P on Cantor sets. For a precise formulation we need the concept of a Cantor stratification, cf. [Broer,Hanßmann,You;03].

The polynomial normal forms from singularity and catastrophe theory all have semi– algebraic catastrophe and bifurcation sets. The further complications in the definition of such stratifications largely arise from the fact that singularity theory allows analytic or smooth transformations and reparametrisations, that need not be algebraic. The ensuing problem is to characterise the analytic or smooth stratifications thus obtained, cf. e.g. [Whitney;65] or [Gibson,Wirthmüller,du Plessis,Looijenga;76]. Without stressing this subject too much, we just extend the above class of smooth transformations a bit further. Indeed, inside the semi–algebraic stratification we single out a Cantor set and consider Whitney–C^∞–smooth transformations with respect to this. The corresponding Whitney extensions also are smooth on the whole semi–algebraic set. The stratification thus obtained will colloquially be referred to as Cantor stratification.

We use Theorem 2.1 to obtain a Cantor stratification in an inductive manner. Near the above Cantor family of most degenerate umbilic tori we expect bifurcating tori of lower co–dimensions to occur — in exactly the same way as the normal form has a bifurcation set that is stratified into the various subordinate bifurcations. We always have subordinate bifurcations of normally parabolic tori, and for d ≥ 4 there are also normally umbilic tori of lower co–dimension. For the latter, we invoke Theorem 2.1 using a normal form like (1.2) with d replaced by d − 1 , then by d − 2 and so on until we reach d = 3 . At the same time we apply Theorem 2.1 of [Broer,Hanßmann,You;03] to deal with the occurring normally parabolic tori. Here we use the hierarchical adjacency

D^±_4 ← D_5 ← D^±_6 ← . . . ↙ ↙ ↙ ↙ A^±_1 ← A_2 ← A^±_3 ← A_4 ← A^±_5 ← A_6 ← . . .

(2.4)

of singularities of type D_k and A_k , cf. [Arnol’d,Gusein–Zade,Varchenko;82], [Arnol’d,Vasil’ev,Goryunov,Lyashko;1988]. In this way we obtain the following result.

Theorem 2.2 Under the conditions of Theorem 2.1, there is a Cantor stratification of a Cantor subset of Λ × O of large measure into (n + d − k)–dimensional Cantor sets C_k , k = 0, . . . , d , such that C_0 parametrises Cantor families of elliptic and hyperbolic tori and C_k , k = 1, . . . , d parametrise Cantor families of invariant tori of co–dimension k .

For the proof one uses the co–ordinates provided by the transformation Φ of Theorem 2.1. The quasi–periodic flow induced by the term (ω | y) of (1.2) is superposed by the one– degree–of–freedom system with Hamiltonian H_d(p, q, ; λ) = a(ω) 2 p^2q + b(ω) d! q^d + d−1∑ j=1 λ_j j! q^j + λ_d p . (2.5)

Applying singularity theory to H_d one obtains the hierarchy (2.4) of adjacencies. Thus, the unfolding (2.5) contains all singularities of type D_{k+1} and A_{k+1} with k ≤ d − 1 in a subordinate way (in our context A^+_1 stands for normally elliptic and A^−_1 for hyperbolic tori).

This allows us to lead the situation around some higher stratum S_k back to [Broer,Hanßmann,You;03] or Theorem 2.1, depending on whether the corresponding tori with normal linear behaviour (^0^α_0 ) satisfy α ≠ 0 or α = 0 . The explicit computations (which we do not repeat here, but see [Broer,Hanßmann,You;03] for the adjacencies A_k ← A_{k+1} ) show that after a translation that puts tori of lower co–dimension at the origin (p, q) = (0, 0) one recovers (2.5) with d replaced by k , while additional (higher order) terms may be treated as a perturbation. Where an adjacency A_{k+1} ← D_{d+1} is concerned one does not recover (2.5) as lowest order terms, but the normal form (ω | y) + α(ω) 2 p^2 + β(ω) (k + 2)!

q^{k+2} + k∑ j=1 Λ_j j! q^j of normally parabolic n–tori involved in a cuspoidal bifurcation of co–dimension k , see again [Broer,Hanßmann,You;03]. □

Remark : The normal form (1.2) has many homoclinic orbits to hyperbolic n–tori, where stable and unstable manifolds coincide. In the present Hamiltonian context homoclinic orbits are a typical phenomenon. However, one expects the stable and unstable manifolds to split, cf. [Arnol’d,Kozlov,Neishtadt;85]. For a generic perturbation P this leads to transversal homoclinic orbits. Under variation of parameters, also homo– and heteroclinic bifurcations are involved. The angle between the stable manifold and the unstable manifold, at such a transversal homoclinic orbit, in this analytic setting is expected to be exponentially small. Subordinate to a “primary” homoclinic orbit, variation of the parameters λ may lead to homoclinic bifurcations, involving tangencies between the stable and unstable manifolds, cf. [Kan,Koçac,Yorke;92], [Palis,Takens;93]. Similar observations apply mutatis mutandi to homoclinic orbits of parabolic and umbilic n–tori.

Remark : Whenever two unstable n–tori have the same energy they may be connected by heteroclinic orbits. Let us again concentrate on the case of hyperbolic tori, though almost no modifications are needed if one or both tori are parabolic or umbilic. For the integrable normal form there is a set of co–dimension one in parameter space for which connection bifurcations occur. Under variation of a further, transversal, parameter, the energy difference of the two hyperbolic tori changes from a positive to a negative value.

The circumstances of the formation of heteroclinic orbits change drastically under perturbation. In the generic case the stable and unstable manifolds that coincide for the unperturbed system have transversal intersections, which, however, are expected to be exponentially small. As a result the region in parameter space where heteroclinic orbits exist becomes an (exponentially small) “open horn”, cf. [Broer,Roussarie,Simó;96], [Broer,Roussarie;01].

Remark : In applications the Hamiltonian is often invariant under some compact symmetry group. This strongly influences the bifurcations occurring in that the co–dimension within the corresponding “symmetric universe” is typically much lower. Correspondingly, one can use equivariant singularity theory, see [Poènaru;76], to derive adapted unfoldings.

As the proof of Theorem 2.1 is of Lie algebra type and hence structure–preserving, cf. [Moser;67], [Broer,Huitema,Takens;90], the result carries over.

Remark : An important case occurs when the Hamiltonian is invariant under an involution, e.g. R : (x, y, p, q) → (x, −y, −p, q) . Then R maps phase curves to phase curves, reversing the time, and the system is called reversible, cf. e.g. [Sevryuk;86], [Broer,Ciocci,Vanderbauwhede;04]. For instance, the normal form (1.2) is reversible with respect to (x, y, p, q) → (−x, y, −p, q) if one drops the unfolding term λ_d p .

Thus, in this reversible setting the co–dimension of normally umbilic tori with principal nonlinear terms^a_2 p^2q+^b_{d!} q^d drops from d to d−1. In particular, with d = 3 there are already 3–parameter families of lower dimensional tori in 4 degrees of freedom persistently displaying quasi–periodic reversible umbilic bifurcations, cf. [Broer,Lunter,Vegter;98], [Hanßmann;98b].

The normal form (1.2) depends on the parameters ω_i , i = 1, . . . , n and λ_j , j = 1, . . . , d . This seemingly special situation is in fact very general. Given a (single) Hamiltonian system with (unperturbed) Hamiltonian function H_0 , the Kolmogorov–type nondegeneracy condition det(D^2_yH_0) ≠ 0 (2.6) enforces the frequency mapping y → ω(y) := D_yH_0 to be a local diffeomorphism. In this way one can always replace the parameter vector ω ∈ O by the variables y ∈ Y . We are interested in furthermore also replacing the multiparameter λ by y in (1.2). To let y compensate for all parameters (λ, ω) we use Diophantine approximation of dependent quantities, cf. § 2.5 of [Broer,Huitema,Sevryuk;96] and references therein.

Let us explain how to recover the normal form (1.2) from a given integrable system with Hamiltonian function H_0(y, p, q) = h(y) + a(y) 2 p^2q + b(y) d! q^d + d−1∑ j=1 c_j (y) j! q^j + c_d(y)p + higher order terms .

(2.7)

As always the frequency vector ω is given by ω(y) = D_yh(y) . While a(y) and b(y) are bounded from below for y ∈ Y , the most degenerate bifurcation occurs at y = 0 as c(0) ∈ IR^d vanishes.

The number of parameters λ_j depends on the degeneracy d as the universal unfolding of the singularity D_{d+1} requires d parameters, see [Bröcker,Lander;75], [Poston,Stewart;78]. In order that the corresponding bifurcation diagram be faithfully represented by means of the y_i , we require the map

c : IR^n −→ IR^d y → c(y) (2.8)

in (2.7) to be a submersion. This implies n ≥ d , which is in agreement with the following genericity consideration.

In the present setting of n+1 degrees of freedom, a non–degenerate integrable Hamiltonian system will have n–parameter families of invariant n–tori. Within these, normally elliptic and normally hyperbolic tori are parametrised over open subsets, while normally umbilic tori with dominant terms p^2q and q^k are expected to form subfamilies of co–dimension k ∈ IN . In this way, bifurcating tori of degeneracy d > n are not encountered and those of degeneracy d = n are isolated.

The non–degeneracy condition (2.6) expresses that the partial derivatives^{∂|ℓ|ω}_{∂yℓ} span IR^n , where ℓ ∈ IN^n with |ℓ| = 1 (|ℓ| ≤ 1 in case of iso–energetic nondegeneracy, cf. [Broer, Huitema;91]). This allows to control the frequency (the frequency ratio) of the perturbed tori. In the present case the proper requirement is that the image of

(c, ω) : IR^n −→ IR^d × IR^n

is “sufficiently curved” and does not lie in any linear hyperplane in IR^{n+d} passing through the origin, see [Rüssmann;89,01], [Bakhtin;91].

In this way we use (2.8) to pull back the bifurcation diagram to the space of actions. The remaining first derivatives together with the higher derivatives of (c, ω) then ensure that most frequencies perturbed from the ω(y) are Diophantine and, hence, yield invariant tori in the perturbed system. Let us explicitly formulate our findings.

Theorem 2.3 Let TT^n be the standard n–torus, Y a neighbourhood of the origin in IR^n and S a neighbourhood of the origin in IR^2 . Supply TT^n × Y × S with the symplectic structure (1.1). Consider a perturbed Hamiltonian H = H_0(y, p, q) + εH_1(x, y, p, q) with H_0 given by (2.7) satisfying c(0) = 0 and a(0), b(0) ≠ 0 . Furthermore the mapping c : Y −→ IR^d is a submersion and the (^{n+L}_n ) vectors ∂^{|ℓ|} ∂y^ℓ ( c ω ) , |ℓ| ≤ L span IR^d × IR^n , where ω(y) = Dh(y) . Then the Cantor stratification of Λ × O described in Theorem 2.2 induces a similar Cantor stratification of the phase space TT^n × Y × S , with all invariant tori C^∞–close to some TT^n × {const.} . □

Remark : Since L enters the Diophantine condition (1.3) through τ > nL − 1 it is preferable to keep L as small as possible, i.e. to work with L = 2 .

3 Application to the gyrostat problem

A gyrostat is a rigid body to which one or several flywheels are attached, see [Leimanis;65], [Elipe;97], [Elipe,Arribas,Riaguas;97]. The flywheels are assumed to be axially symmetric, in particular the mass distribution of the whole gyrostat system is not influenced by the individual rotation of the flywheels. We concentrate on a gyrostat with three flywheels rotating about the three principal axes of inertia. Furthermore we consider a “free” gyrostat, without any external forces or torques.

In the above description the gyrostat is a Hamiltonian system with nine degrees of freedom — the free rigid body has six degrees and each flywheel contributes an additional degree. The absence of external forces or torques yields conservation laws deriving from symmetries, the reduction of which allows to reduce to four degrees of freedom. In a first step we get rid of the three translational degrees and concentrate on the rotational aspect of the motion by fixing the body at one point. This point is the common intersection of the axes of the three flywheels (and not necessarily the centre of mass).

Without external forces or torques not only the linear momentum is constant (and put to zero in the above inertial frame), the angular momentum is a conserved quantity as well. Thus, two more degrees of freedom are reduced by fixing the three components of the angular momentum vector with respect to the inertial frame and dividing out the angle about the axis along the direction of the angular momentum. Co–ordinates on the resulting reduced phase space are provided by the moments y_1, y_2, y_3 of the (relative) rotations of the three flywheels, together with the flywheel–angles x_1, x_2, x_3 conjugate to these actions, and the three components z_1, z_2, z_3 of the angular momentum vector with respect to the inertial axes. The latter satisfy the relation

z^2_1 + z^2 + z^2_3 = μ^2 ,

where μ denotes the (constant) length of the angular momentum, which we assume to be nonzero. The Poisson structure on the reduced phase space is given by table 1.

{ , } x_1 x_2 x_3 y_1 y_2 y_3 z_1 z_2 z_3 x_1 0 0 0 1 0 0 0 0 0 x_2 0 0 0 0 1 0 0 0 0 x_3 0 0 0 0 0 1 0 0 0 y_1 −1 0 0 0 0 0 0 0 0 y_2 0 −1 0 0 0 0 0 0 0 y_3 0 0 −1 0 0 0 0 0 0 z_1 0 0 0 0 0 0 0 −z_3 z_2 z_2 0 0 0 0 0 0 z_3 0 −z_1 z_3 0 0 0 0 0 0 −z_2 z_1 0

Table 1 : Poisson bracket relations on the reduced phase space.

Following [Elipe;97], [Elipe,Arribas,Riaguas;97], [Hanßmann;98b] we express the Hamiltonian of the reduced system as H(x, y, z) = 3∑ i=1 y^2_i 2J_i + z^2_i − 2y_iz_i 2I_i (3.9)

where I_1 < I_2 < I_3 are the three principal moments of inertia of the whole gyrostat system and J_1, J_2, J_3 denote the individual moments of inertia of the three flywheels. Because of the idealising assumption that the flywheels are (perfectly) axially symmetric the three angles x_1, x_2, x_3 do not enter in (3.9) and one may immediately further reduce to one degree of freedom. Thereby the actions y_1, y_2, y_3 become (internal, or distinguished) parameters of the system — in the same way as this happened for our model equations (1.2) and (2.7).

It is shown in [Hanßmann;98b] that four hyperbolic umbilic bifurcations take place. For (ŷ_1, ŷ_2, ŷ_3) = ε I_3(I_2 − I_1)^3

I^3_2 (I_3 − I_1) μ, 0, δ I_1(I_3 − I_2)^3 I^3_2 (I_3 − I_1) μ the one–degree–of–freedom Hamiltonian has a singularity of type D^+_4 at the equilibria

(ẑ_1, ẑ_2, ẑ_3) = −ε I_3(I_2 − I_1)

I_2(I_3 − I_1) μ, 0, δ I_1(I_3 − I_2) I_2(I_3 − I_1) μ

where ε, δ = ±1 and μ = √ ẑ^2_1 + ẑ^2_3 is the total angular momentum. Furthermore y − ŷ provides a universal unfolding. Thus, in four degrees of freedom the Hamiltonian system defined by (3.9) has a 3–parameter family of invariant 3–tori that undergo four hyperbolic umbilic bifurcations.

We now consider a small perturbation to model possible imperfections of the flywheels. As there are still no external forces or torques the reduction to four degrees of freedom remains valid. To the Hamiltonian (3.9) we have to add a small x–dependent term.

Unfortunately we cannot apply Theorem 2.3 to this situation. The actions y_1, y_2, y_3 can easily play the rôle of unfolding parameters as

c : IR^3 −→ IR^3

is an invertible affine mapping, see [Hanßmann;98b], and hence a diffeomorphism. The frequency mapping ω : IR^3 −→ IR^3 y_i →^{yi}_{Ji} −^{ẑi}_{Ii} is a diffeomorphism as well. But the three actions y_1, y_2, y_3 cannot simultaneously replace six parameters. Indeed, the four normally umbilic invariant 3–tori are isolated and may fall into resonance gaps.

We can reconstruct the dynamics in five degrees of freedom by superposing the rotational motion about the angular momentum axis and allowing the value y_4 := μ of the length of the angular momentum to vary. In this way the lower dimensional tori have dimension 4 and form 4–parameter families, yielding four 1–parameter subfamilies of normally umbilic tori. Again the four actions y_1, y_2, y_3, y_4 can easily play the rôle of unfolding parameters, the mapping c : IR^4 −→ IR^3 is a submersion. However, the image of (c, ω) : IR^4 −→ IR^6 is not sufficiently curved as the necessary second derivatives of ω vanish. In this sense the gyrostat problem is not a well–posed physical problem.

To remedy the situation we consider the moments of inertia as (external) parameters, thereby overcoming our “lack of parameter” problem. Indeed not all of the above normally umbilic tori can disappear in resonance gaps as these gaps are separated by a Cantor set of large relative measure. Thus, for “most” gyrostats we can conclude that even for not perfectly axially symmetric flywheels (quasi–periodic) hyperbolic umbilic bifurcations take place.

We remark that reconstructing the remaining four degrees of freedom does not help us as both the direction of the angular momentum vector in the inertial frame and the three translational degrees of freedom do not carry any dynamics. In particular, these quantities do not enter the expressions for c or ω and therefore cannot be used to make (c, ω) : IR^9 −→ IR^6 a submersion. Indeed, the gyrostat is a superintegrable system. Therefore, small perturbing forces or torques may lead to much more complicated situations.

Let us restrict to a gyrostat with a fixed point (the common intersection of the axes of the three flywheels). Then the perturbation analysis takes place in six degrees of freedom since the perturbing external forces or torques cannot lead to translational motion. In this constellation the “free gyrostat with a fixed point” is a minimally superintegrable system and it is generic for the perturbation to remove the degeneracy, cf. [Arnol’d,Kozlov,Neishtadt;85] : there is an “intermediate” non–degenerate integrable system that is a better approximation of the non–integrable dynamics than is the superintegrable system.

The Lagrangean tori of the intermediate system have 5 fast and 1 slow frequency, superposed to the fast “free” motion of the gyrostat is a slow periodic motion of the angular momentum in space. Superposition of this slow periodic motion with the lower dimensional fast tori leads to invariant 5–tori in six degrees of freedom that undergo hyperbolic umbilic bifurcations along 2–parameter subfamilies. Equilibria of the slow dynamics lead to invariant 4–tori in 6 degrees of freedom that have normal dynamics with two degrees of freedom. Where this leads to partial hyperbolicity we may immediately reduce to a centre manifold to obtain invariant 4–tori in 5 degrees of freedom that undergo hyperbolic umbilic bifurcations along 1–parameter subfamilies. The partially elliptic case is already more subtle as normal frequencies would have to be taken care of throughout the KAM iteration scheme of the next section. See also [Broer,Chow,Kim,Vegter;93,95], [Gelfreich,Lerman;02]. However, new phenomena are to be expected for invariant tori where the normally umbilic fast dynamics encounters normally parabolic slow dynamics.

4 Proof of Theorem 2.1

In this section we prove Theorem 2.1 along the lines of the proof given in [Broer,Hanßmann, You;03]. We follow the quite universal set–up of e.g. [Moser;67], [Pöschel;89], [Broer,Huitema,Takens;90] with the modifications of [Braaksma,Broer;87], [Braaksma, Broer,Huitema;90], [Hanßmann;98a], [You;98] that are necessary for the present bifurcational context. Our aim is to obtain a co–ordinate transformation Φ that pushes the perturbation P of the normal form N into higher order terms and thus allows to recover the bifurcation scenario imposed by N in the perturbed system. We only expect those invariant tori to survive that satisfy a strong form of quasi–periodicity and concentrate on Diophantine frequency vectors. Therefore, we construct Φ as a limit of a sequence of transformations (Φ_ν )_{ν∈IN} defined on shrinking open neighbourhoods of our set O^′_γ of Diophantine frequency vectors.

In fact we first fix the Diophantine constant γ = 1 when proving Theorem 2.1. This allows for a more transparent argumentation where the sizes β_ν of the shrinking neighbourhoods of O^′_1 are effectively decoupled from the Diophantine constant γ > 0 . A simple scaling argument, cf. [Broer,Hanßmann,You;03] or [Broer,Huitema,Takens;90], [Braaksma,Broer,Huitema;90], allows to extend the result thus obtained to the O^′_γ of Theorem 2.1.

To ensure that the limit is Whitney–C^∞–smooth in ω we work on domains D(r_ν, s_ν , β_ν ) that shrink geometrically in the x– and ω–directions. Then an exponentially fast decreasing sequence (ε_ν)_{ν∈IN} that controls at the νth step the (transformed) perturbation P_ν allows to use the Inverse Approximation Lemma of [Zehnder;75] for the desired Whitney–C^∞– smoothness. The necessary control of P_ν is in turn obtained by letting shrink D(r_ν, s_ν , β_ν ) exponentially in the (y, p, q, λ)–directions, described by s_ν = ε^{12d+σ}ν with σ ∈ ]0, 1[ . The limit ⋂ ν D(r_ν , s_ν, β_ν ) consists in the ω–direction exactly of the set O^′_1 of Diophantine frequency vectors, while it shrinks to {0} in the (y, p, q, λ)–directions. Analyticity in the latter variables then is obtained by interpreting the limit functions as the (x, ω)–dependent coefficients of polynomials like N_∞ .

An additional complication is that a mere polynomial truncation of the Φ_ν would cease to preserve the symplectic structure. For this reason we introduce generating functions S_ν of the Φ_ν , the polynomial truncations ~S_ν of which generate symplecto–morphisms as well. The limit ~S_∞ of these then generates the desired Φ_∞ .

We define the νth transformation

Φ_ν = Ψ_0 ∘ Ψ_1 ∘ . . . ∘ Ψ_{ν−1}

where Ψ_{ν−1} : D(r_ν , s_ν , β_ν ) −→ D(r_{ν−1}, s_{ν−1}, β_{ν−1}) .

At each iteration step we want Ψ_{ν−1} to solve two problems. The x–dependence has to be confined to the new (and smaller) perturbation P_ν , and the x–independent terms have to be transformed into normal form N_ν . We can explicitly decouple the solution of these two problems and construct

Ψ_{ν−1} = φ_{ν−1} ∘ ϕ_{ν−1} .

Thus, φ_{ν−1} is the solution of the linearized (or “1–bite”) small denominator problem and ϕ_{ν−1} uses explicit transformations from singularity theory to put the (now x–independent) lower order terms again into normal form (1.2).

In this way the method of proof follows the standard KAM recipe, inspired by the iterative schemes of e.g. [Moser;67] and [Pöschel;89]. At the νth step we have a perturbation form H_ν = N_ν + P_ν with N_ν in normal form (1.2) and P_ν sufficiently small. In the limit we obtain H_∞ = N_∞ + P_∞ , where P_∞ has no longer any influence on the tori at λ = 0 and their normal behaviour, thus yielding the desired persistence result.

The “sufficiently small” term P_{ν+1} is obtained at the νth iteration step as a “remainder term” and mainly consists of “higher order terms”. The key observation that helps deciding which terms are relegated to P_{ν+1} is that N_ν is a quasi–homogeneous polynomial with weight (2d, d − 1, 2; 2d − 2, . . . , 2, d + 1) in the variables (y, p, q, λ), cf. [Arnol’d,Gusein–Zade,Varchenko;82], [Arnol’d,Vasil’ev,Goryunov,Lyashko;88], [Broer, Hanßmann,You;03]. This weight in turn induces the weighted order

‖(l, i, j, h)‖ := 2d|l| + (d − 1)i + 2j + (2d − 2)h_1 + . . . + 2h_{d−1} + (d + 1)h_d

on indices l = (l_1, . . . , l_n) ∈ IN^n_0 , i, j ∈ IN_0 , h = (h_1, . . . , h_d) ∈ IN^d_0

of monomials y^lp^iq^jλ^h whence e.g. N_ν has (weighted) order 2d . The weights 2d, d − 1, 2, 2d − 2j and d + 1 also enter the shrinking domains

D(r_ν, s_ν , β_ν ) = D(r_ν , s_ν) × U_{βν} (O^′_1)

where

D(r_ν , s_ν) = { (x, y, p, q, λ) | |Imx| ≤ r_ν , |y| ≤ s^{2d}_ν , |p| ≤ s^d_ν , |q| ≤ s^2_ν , |λ_j| ≤ s^{2d−2j}_ν , |λ_d| ≤ s^{d+1}_ν } and the second factor is a complex β_ν –neighbourhood U_{βν} (O^′_1) = { w ∈ IC^n | ∃ ω ∈ O^′_1 |w − ω| < β_ν } of the set O^′_1 ⊆ O ⊆ IR^n of frequency vectors. The reason to consider our (analytic) Hamiltonians on complex domains is that this allows to control derivatives by the supremum norm using Cauchy’s inequality, i.e. the Cauchy integral formula. For the set D(r_0, s_0, β_0) to which we extend the initial Hamiltonian H we can use U_{β0} (O) as second factor since the Diophantine conditions have not yet entered. Similar to the smallness condition on the initial perturbation P_0 we want to achieve |P_ν |_{D(rν ,sν ,βν )} ≤ ε_ν on the νth iteration step. Here ε_ν is related to s_ν through ε_ν = s^{2d+σ}_ν , and both converge exponentially fast to 0 . For the precise definition of the sequences r_ν , s_ν , β_ν , ε_ν see (4.13) below.

We follow [Broer,Hanßmann,You;03] very closely and in particular split the presentation into Lemmata 4.1–4.8. The proof of Lemma 4.1 occupies most of the next subsection (and in particular uses Lemmata 4.2–4.6), but the proofs of Lemmata 4.2–4.8 are very similar to those of Lemmata 6.2–6.9 in [Broer,Hanßmann,You;03] and therefore omitted. This allows us to concentrate on the changes that have to be incorporated, while still giving a complete proof of Theorem 2.1.

4.1 The iteration step

The aim of a single step of the KAM iteration is to find a co–ordinate transformation that turns the given Hamiltonian H_ν into a “new” Hamiltonian H_{ν+1} that differs “less” from the “new” normal form N_{ν+1} . To this end we rewrite H_ν as

H_ν = N_ν + R_ν + (P_ν − R_ν ) ,

where R_ν is a conveniently chosen higher order truncation of P_ν , see (4.17). We show below how the Newton–like accelerated convergence implies that |P_ν − R_ν | is less than |P_ν |^ς_D , ς > 1 , on the smaller domain D(r_{ν+1}, s_{ν+1}, β_{ν+1}) .

Let F_ν be a function defined in a domain D ⊆ D(r_ν , s_ν , β_ν ) and let XF_ν be the vector field with Hamiltonian function F_ν . Denote by φ^{Fν}_t the flow of XF_ν and φ_{Fν} := φ^{Fν}_{t=1} . We then have

H_ν ∘ φ_{Fν} = (N_ν + R_ν ) ∘ φ_{Fν} + (P_ν − R_ν ) ∘ φ_{Fν} = N_ν + R_ν + {N_ν , F_ν } + {R_ν , F_ν } + ∫_1 0 (1 − t){{N_ν + R_ν , F_ν }, F_ν } ∘ φ^{Fν}_t dt + (P_ν − R_ν ) ∘ φ_{Fν} = N_ν + R_ν + {N_ν , F_ν } + P̄_ν . (4.10)

The philosophy of the KAM method is to find a special F_ν defined in a shrunken domain which makes the new perturbation P̄_ν in (4.10) much smaller and N_ν + R_ν + {N_ν , F_ν } a new normal form N_{ν+1} . In the present context such a normal form not only means a Hamiltonian function that is independent of the angles x , i.e. integrable, but that furthermore defines a versal unfolding of the bifurcating tori at λ = 0 . In the case of normally elliptic or hyperbolic tori, we do not need to put the higher order terms of q into the normal form ; F_ν is thus obtained by solving a linear partial differential equation, the so–called homological equation

N_ν + R_ν + {N_ν , F_ν } = N_{ν+1} (4.11)

where, as usual, {N, F } = ∂N ∂x ∂F ∂y − ∂N ∂y ∂F ∂x + ∂N ∂q ∂F ∂p − ∂N ∂p ∂F ∂q . In the present bifurcating case, since N_ν contains higher order terms in q , equation (4.11) cannot be solved completely. Note that the purpose of solving (4.11) is to find a function F_ν so that (4.10) becomes the sum of a new normal form and a smaller perturbation. To achieve this, we split the iteration step into two parts.

1. Instead of solving (4.11), we solve the “intermediate homological equation”

N_ν + R_ν + {N_ν , F_ν } = N̄_ν (4.12)

up to some order and treat the higher order terms (which are smaller) as a part of the new perturbation. The “intermediate” N̄_ν , already independent of x , but not yet normalized in p and q , is defined later in (4.21). The solution of (4.12) leads to small denominators, for which the Diophantine conditions (1.3) are needed. For the νth iteration step we only use finitely many of these conditions, up to some “ultraviolet” cut–off for the order K_ν of the Fourier truncation (4.17) defined in (4.13) below.

2. Then we look for a symplectic change of variables which transforms N̄_ν into normal form (1.2). This passage from N̄_ν to N_{ν+1} does not involve small denominators, but requires methods from singularity theory instead.

4.1.1 The iteration lemma

To formulate the iteration lemma we need several convergent sequences of numbers, and the interplay of geometrically fast and exponentially fast convergence later on yields the desired (Whitney)–smoothness. For any given positive numbers r_0, s_0 we recursively define the sequences

ρ_ν = ρ_{ν−1} 4 = 1 4^ν · 3r_0 32 r_ν = r_{ν−1} − 4ρ_{ν−1} = r_0 2 (1 + 1 4^ν ) β_ν = ρ^{2τ +2}_ν (4.13) K_ν = [β^{−1τ +1}ν ] = [ρ^{−2}_ν ] s_ν = s^{κ2d+σ}_{ν−1} s_{ν−1} = s^{(1+ κ2d+σ )ν}_0 ε_ν = s^{2d+σ}_ν with 0 < κ < σ < 1 . The constants in the estimates below will be absorbed in r_0 and s_0 , leading to inequalities of the form r_0 ≤ c , s_0 ≤ c , s^ς_0 ≤ c r_0 with constants c > 0 and exponents ς > 0 . The only exception is the (omitted) proof of Lemma 4.2 below where an inequality

r_0 < 1 c − ς ln(s_0) occurs, see [Broer,Hanßmann,You;03]. Since s^ς_0 ln(s_0)^{s0→0}−→ 0 for all ς > 0 it is possible to find small r_0, s_0 satisfying all these inequalities.

With these sequences at hand we now can formulate the iteration lemma. We consider a Hamiltonian function H_ν = N_ν + P_ν (4.14) with N_ν = (ω | y) + a_ν 2 p^2q + b_ν d! q^d + d−1∑ j=1 λ_j j! q^j + λ_d p (4.15)

and defined in D_ν := D(r_ν, s_ν , β_ν ) = D(r_ν , s_ν) × U_{βν} (O^′_1) .

We also use the abbreviation U_ν := U_{βν} (O^′_1) for the β_ν –neighbourhood in the second factor.

Lemma 4.1 Suppose that H_ν = N_ν + P_ν satisfies (4.15) in D_ν and that P_ν can be estimated by |P_ν |_{Dν} ≤ ε_ν . (4.16) Then, for sufficiently small s_0 , there is a symplectic change of variables Ψ_ν : D_{ν+1} −→ D_ν such that H_{ν+1} = H_ν ∘ Ψ_ν , defined on D_{ν+1} , has the form H_{ν+1} = N_{ν+1} + P_{ν+1} , satisfying |P_{ν+1}|_{Dν+1} ≤ ε_{ν+1} |a_{ν+1} − a_ν |_{Uν+1} ≤ s_ν |b_{ν+1} − b_ν |_{Uν+1} ≤ s_ν . Moreover, | | | | ∂^{|l|+i+j+|h|}P_{ν+1} ∂y^l∂p^i∂q^j ∂λ^h | | | |_{Dν+1} ≤ s 2d+σ−m ν+1 where m := ‖(l, i, j, h)‖ ≤ 2d . Remark : Compared to the perturbation, the coefficient functions a_ν and b_ν are of order one, i.e. they satisfy bounds as formulated in Theorem 2.1. The estimates by s_ν on the differences |a_{ν+1} − a_ν | , |b_{ν+1} − b_ν | imply that the same is true for a_{ν+1} and b_{ν+1} as well, and also for the (existing) limit functions a_∞ and b_∞ .

4.1.2 The “intermediate” homological equation

To prove Lemma 4.1 we describe a single iteration step in detail. Therefore, we drop the index ν and use the so–called “+”–notation, replacing occurrences of the index ν + 1 by an index + . As said earlier, we look for a symplectic co–ordinate transformation such that the transformed Hamiltonian function satisfies (4.14)—(4.16) with s_+ , ε_+ and so on. This also emphasizes that the constants in our estimates have to be independent of ν . The generic letter “c” is used where we do not need to remember the value of such a constant, and we also use the shorthand A ≤. B for A ≤ c · B .

We expand the perturbation P into a Fourier–Taylor series P (x, y, p, q, λ) = ∞∑ m=0 ∑ ‖(l,i,j,h)‖=m ∑ k∈ZZ^n P_{klijh} e^{i(k|x)}y^lp^iq^j λ^h and define the truncation R = ∑ |k|≤K P_k e^{i(k|x)} (4.17)

of P with P_k(y, p, q, λ) = ∑ m≤2d P_{km} = ∑ m≤2d ( ∑ ‖(l,i,j,h)‖=m P_{klijh} y^lp^iq^jλ^h) . (4.18) Here |k| = K , with K = [β^{−1τ +1} ] , is the maximal order |k| = |k_1| + . . . + |k_n| of the resonances we have to cope with at this stage. We need bounds on both the truncation R of P we use to define the co–ordinate transformation (by solving (4.12)) and on the remaining term P − R which will be included in the new (and smaller!) perturbation.

Lemma 4.2 Under the conditions of Lemma 4.1 the inequality |R|_{D(r−ρ,} 1_{2 s,β)} ≤. ε (4.19) holds. Moreover, on a smaller domain we have |P − R|_{D(r−ρ,αs,β)} ≤. α^{1−σ}s^κε (4.20) where α = 9s^{κ2d+σ} . □ Our next goal is to solve the “intermediate” homological equation (4.12). To this end we add the average of (4.17) to N , i.e. we let N̄ = N + P_0(y, p, q, λ) , (4.21) where P_0(y, p, q, λ) = d∑ j=1 P_j (λ)q^j +

[^{d+1}_2 ]∑

j=0 Q_j (λ)pq^j + R(λ)p^2 + P_{00210} p^2q + (P_{01000} | y) is given by (4.18) with P_j (λ) = ∑ (2d−2)h1 +...+2hd−1+(d+1)hd≤2d−2j P_{000jh}λ^h Q_j (λ) = ∑ (2d−2)h1 +...+2hd−1+(d+1)hd≤d+1−2j P_{001jh}λ^h R(λ) = ∑ (2d−2)h1 +...+2hd−1+(d+1)hd≤2 P_{0020h}λ^h .

Here and below we completely suppress the ω–dependence, in particular the coefficients P_{0lijh} = P_{0lijh}(ω) are functions on U = U_β (O^′_1) . For future use we also define Q_j (λ) ≡ 0 for j >^{d+1}_2 . Since we cannot solve (4.12) completely, we let F = ∑ 0<|k|≤K F_ke^{i(k|x)} F_k = ∑ m≤2d F_{km} = ∑ m≤2d ( ∑ ‖(l,i,j,h)‖=m F_{klijh} y^lp^iq^jλ^h) be the solution of N + R + {N, F } = N̄ (modF_{2d}) , i.e. up to weighted order 2d . The coefficients of the function F can be defined inductively by i(k | ω)F_{km} = P_{km} + {N_0, F_{k,m+1−d}} , where N_0 =^a_2 p^2q +^b_{d!} q^d + d−1∑ j=1 λ_j j! q^j + λ_d p . More precisely,

F_{km} = ΔP_{km} + 3∑ i=1 Δ^{i+1} {N_0, . . . , {N_0 i , P_{k,m−i(d−1)} } · · ·} i . (4.22)

Here we define P_{km} = 0 if m < 0 and denote Δ =^1_{i(k|ω)} for simplicity. We stress that, since m − 3(d − 1) ≤ 2d − 3(d − 1) = 3 − d ≤ 0 the right hand side of (4.22) contains at most 4 terms.

Remark : Since we only solved the equation (4.12) up to the weighted order 2d , the higher order terms {N_0, ∑ 0<|k|≤K d+1<m≤2d F_{km}e^{i(k|x)}} have to be included in the new perturbation.

To estimate the nested Poisson brackets in (4.22) we work on the nested domains D^i = D(r − 3 + i 4 ρ, 1 1 + i s, β 2 ) ⊂ D^1 = D(r − ρ, 1 2 s, β 2 ) , i = 1, . . . , 5 and later use the four domains D^{iα} = D(r − 11 + i 4 ρ, 2^{1−i}αs, 7 − i 12 β) ⊂ D^α = D(r − 3ρ, αs, β 2 ) , i = 1, . . . , 4 to define the normalizing co–ordinate transformation. For Poisson brackets with N_0 we have the inequality |{N_0, G}|_Di = | ∂N_0 ∂q ∂G ∂p − ∂N_0 ∂p ∂G ∂q |_Di ≤. s^{d−1} |G|_Di−1 . Lemma 4.3 Under the conditions of Lemma 4.1 we have |F |_D4 ≤. ε . □

By the Cauchy estimate we have | ∂^{|l|+i+j+|h|}F ∂y^l∂p^i∂q^j ∂λ^h |_D5 ≤. s^{−m}ε (4.23) if ‖(l.i, j, h)‖ ≤ m . Denote by ‖XF ‖_D := max { | ∂F ∂y |_D , s^{−2d}| ∂F ∂x |_D , s^{−2d+2}| ∂F ∂q |_D , s^{−d+1}| ∂F ∂p |_D }

⇑ D_μXF ⇑_D := max_{|l|+i+j≤μ} { | ∂^{|l|+i+j}G ∂y^l∂p^i∂q^j |_D } for μ ≥ 1

where G stands for either of^{∂F}_{∂y} ,^{∂F}_{∂x} ,^{∂F}_{∂q} ,^{∂F}_{∂p} . From the Cauchy estimates we obtain a bound cs^σ of the Hamiltonian vector field XF . As F is a polynomial in y, p and q with weighted order 2d , such a bound even holds for the partial derivatives^{∂|l|+i+j}_{∂yl∂pi∂qj} XF .

Lemma 4.4 Under the conditions of Lemma 4.1 we have ‖XF ‖_D5 ≤. s^σ , ⇑ D_μXF ⇑_D5 ≤. s^σ ∀_{μ≥1} . □ Hence, the flow φ^F_t of XF satisfies ‖φ^F_t −id‖_D5 ≤ c |t| s^σ as well, i.e. the first, second, third and fourth component of φ^F_t − id are bounded by c|t|s^σ , c|t|ε , c|t|s^{−2}ε and c|t|s^{d−1+σ} , respectively. Therefore, the inequality s^{2d(σ−κ)2d+σ} ≤^1_{2c} implies that, for −1 ≤ t ≤ 1 , the flow φ^F_t not only maps D^5 into D^4 , but also maps D^{2α} into D^α . Here we slightly abuse notation in that the same symbol φ^F_t is used for the mapping acting as the identity in the fifth and sixth component. Since ε = s^{2d+σ} we obtain from (4.23) the following estimate for φ_F = φ^F_{t=1} . The norm for φ_F is defined by

‖φ_F ‖_Clij_{(D)} = max_{0≤t≤1} ‖ ‖ ‖ ‖ ‖ ∂^{|l|+i+j}φ^F_t ∂y^l∂p^i∂q^j ‖ ‖ ‖ ‖ ‖_D . Lemma 4.5 For any given l, i, j there is a constant s_0 , depending only on n, τ and |l| + i + j , such that if s ≤ s_0 ‖φ_F − id‖_{Clij (D2α)} ≤. s^σ . □

4.1.3 Transformation of N̄ into normal form

So far we have solved the small divisor problem (4.12) to construct a symplectic change of variables φ_F that transforms away the x–dependence of the lower order terms entering in N̄ . The second part of the iteration step consists in finding a symplectic change of variables ϕ_1 ∘ ϕ_2 which transforms N̄ of (4.21) into the normal form (1.2) up to some small terms, i.e. N̄ ∘ ϕ_1 ∘ ϕ_2 = N_+ + O(ε_+) .

Since N̄ and N_+ do not depend on the angular variables x ∈ TT^n , their flows leave the conjugate actions y ∈ IR^n fixed and define two one–degree–of–freedom systems in the remaining variables p and q . As shown in [Broer,Chow,Kim,Vegter;93,95] one can apply the machinery of (planar) singularity theory to solve normalization problems (like the passage from N̄ to N_+ ) in one degree of freedom. In fact, we do not have to rely on this heavy machinery, but can derive the necessary transformations ϕ_1 and ϕ_2 in an explicit way.

First we use the shear transformation

ϕ_1 :

q_1 = q

p_1 = p + (a + 2P_{00210})^{−1}

[ d+12 ]∑

j=1 Q_j (λ)q^{j−1} (4.24) to kill the crossing terms

[ d+12 ]∑

j=1 Q_j (λ)pq^j in N̄ (see (4.21)). Note that the term with j = 0

cannot be removed. We arrive at

N̄ ∘ ϕ_1 = (ω_+ | y) + a^+ 2 p^2_1q_1 + b_+ d! q^d_1 + R(λ)p^2_1

+ (λ_d + Q_0(λ)) p_1 + d−1∑ j=1 ( λ_j j! + P_j(λ) − λ_d a_+

Q_{j+1}(λ) ) q^j_1

− Q_0(λ) + 2R(λ)p_1 a_+ ∑ j Q_j(λ)q^{j−1}_1 − a_+q_1 − 2R(λ) 2a^2_+ ∑ j Q_j (λ)q^{j−1}_1 2

=: Ñ − P̃ (4.25)

with ω_+ = ω + P_{01000} , a_+ = a + 2P_{00210} and b_+ = b + d! P_{000d0} . In this definition Ñ contains the six terms in the first two lines and P̃ abbreviates the remaining third line. Recall that we defined Q_j(λ) ≡ 0 for j >^{d+1}_2 .

Remark : The two higher order terms entering P̃ in (4.25) can be estimated by ε^2 s^{2d} = s^{2d+2σ} , and can therefore be included in the new perturbation.

The remaining term R(λ)p^2_1 of weighted order 2d − 2 in the part Ñ of (4.25) can be dealt with by the translation

ϕ_2 : { q_2 = q_1 +^2_{a+} R(λ) p_2 = p_1

(4.26)

yielding N̄ ∘ ϕ_1 ∘ ϕ_2 = N_+ − P̃ ∘ ϕ_2 .

Since the parameter transformation

λ^+_i = λ_i + i!P_i(λ) − λ_d a_+

Q_{i+1}(λ) + d−1∑ j=i+1 (−1)^{j−i} (j − i)! a^{j−i}_+ (2R(λ))^{j−i} ( λ_j + j!P_j(λ) − λ_d a_+

Q_{j+1}(λ) )

λ^+_d = λ_d + Q_0(λ)

has a nonsingular Jacobian, we can (locally) replace λ by λ^+ in the next KAM–step. Thus we get the desired new normal form.

4.1.4 Estimates of the iteration step

We now compose our map Ψ : D_+ −→ D using D_+ ⊆ D^{4α} and D^α ⊆ D . We have already remarked that φ_F (D^{2α}) ⊆ D^α . The inequalities

|P_{01000}|_U ≤. ε s^{2d} < β 12 |a^{−1}_+ ∑ j Q_j(λ)q^{j−1}| ≤. ε s^{d+1} < (αs)^{d−1} 4 imply ϕ_1 : D^{3α} −→ D^{2α} where we have subsumed ω → ω_+ into this mapping. Similarly we subsume λ → λ^+ into ϕ_2 and obtain ϕ_2 : D^{4α} −→ D^{3α} from |2a^{−1}_+ R(λ)| ≤. s^{2+σ} < (αs)^2 8 |i! P_i(λ) − λ_da^{−1}_+ Q_{i+1}(λ)| ≤. ε s^{2i} < (αs)^{2d−2i} 8 |Q_0(λ)| ≤. ε s^{d−1} < (αs)^{d+1} 8 . Together we have that Ψ = φ_F ∘ ϕ_1 ∘ ϕ_2 : D^{4α} −→ D^α .

This defines the desired co–ordinate transformation for one iteration step. Similar to Lemma 4.5, we have the estimates for Ψ :

Lemma 4.6 For any given l, i, j there is a constant s_0 , depending only on n, τ and |l| + i + j , such that if s ≤ s_0 ‖Ψ − id‖_{Clij (D4α)} ≤. s^σ . □ The new perturbation is

P_+ = P̄ ∘ ϕ_1 ∘ ϕ_2 + { N_0, ∑ 0<|k|≤K d+1<m≤2d F_{km}e^{i(k|x)} } ∘ ϕ_1 ∘ ϕ_2 − P̃ ∘ ϕ_2 , (4.27)

where P̄ and P̃ were defined in (4.10) and (4.25), respectively. Following [Broer,Hanßmann, You;03] almost verbatim, we estimate the various terms in 4.27 and obtain |P_+|_{D+} ≤ |P_+|_D4α ≤ c α^{(1−σ)(σ−κ)} s^κ ε < ε_+ where we used α^{(1−σ)(σ−κ)} to absorb the “accumulated constant c”. Moreover, as the domain D_+ is again smaller than D^{4α} , we have for m := ‖(l, i, j, h)‖ ≤ 2d | ∂^{|l|+i+j+|h|}P_+ ∂y^l∂p^i∂q^j ∂λ^h |_{D+} ≤ s^{−m}_+ ε_+

by Cauchy’s inequality. This concludes the proof of Lemma 4.1. □

4.2 Iteration and Convergence

In the previous subsection we were concerned with one step of the iteration process. Thus, given a small perturbation H_ν = N_ν + P_ν of our normal form N_ν , we now know how to construct a co–ordinate change Ψ_ν such that H_{ν+1} := H_ν ∘ Ψ_ν is an even smaller perturbation of the adapted normal form N_{ν+1} . Our next aim is to show that this process “converges”, leading to a well–defined limit H_∞ = N_∞ +P_∞ where the perturbing term P_∞ no longer forms an obstruction for the desired conclusions.

By composition Φ_{ν+1} := Ψ_0 ∘ Ψ_1 ∘ . . . ∘ Ψ_ν we obtain a co–ordinate transformation that turns the given H_0 = N_0 + P_0 into H_0 ∘ Φ_{ν+1} = N_{ν+1} + P_{ν+1} . Our aim is to find a “limit” Φ_∞ with H_0 ∘ Φ_∞ = N_∞ + P_∞ .

The occurrence of P_∞ reflects that lim_{ν→∞} Φ_ν is only defined on ⋂ D_ν = U^r0_2 (TT^n) × {0} × {0} × {0} × O^′_1 . To obtain the desired convergence we will need a bound on the C^μ–norm ‖Φ_ν ‖_{Cμ(Dν )} = max_{|l|+i+j≤μ} ‖ ‖ ‖ ‖ ‖ ∂^{|l|+i+j}Φ_ν ∂y^l∂p^i∂q^j ‖ ‖ ‖ ‖ ‖_{Dν} . Lemma 4.7 A constant c > 0 exists, depending only on n, τ, d and μ , such that ‖Φ_ν ‖_{Cμ(Dανν )} ≤ c for every ν ∈ IN . □

In the case of e.g. normally elliptic tori the transformations one works with form a group, cf. [Pöschel;89]. This allows to concentrate on the coefficient functions and to use the limits of these coefficient functions to define the desired limit transformation. However, in the present situation the co–ordinate changes Ψ_ν do not form a group. Indeed, the bifurcating tori require higher order terms, which in turn have to be dealt with by both the Hamiltonian F_ν that generates the first part φ_{Fν} of the co–ordinate transformation Ψ_ν and by its second part defined explicitly in (4.24) and (4.26). The problem is now that one cannot restrict to the fixed weighted order 2d in (y, p, q, λ) as the composition already of Ψ_ν and Ψ_{ν+1} would increase this order to 4d . Therefore, we have to pass to a polynomial truncation of fixed degree in order to define Φ_∞ by means of limits of coefficient functions. This truncation has to satisfy the following conditions.

1. We do not want to destroy the symplectic structure, i.e. the “truncated transformations” Υ_ν have to be symplecto–morphisms as well.

2. The estimates implied by Lemma 4.1 should remain valid after the transformed Hamiltonian functions H_0 ∘ Φ_ν are replaced by the Hamiltonians H_0 ∘ Υ_ν .

In view of the first condition we do not simply truncate Φ_ν , but truncate a generating function S_ν to define Υ_ν as follows. Since Φ_ν : (x, y, p, q, λ, ω) → (X, Y, P, Q) is a symplecto–morphism for fixed (λ, ω) , the 1–form n∑ i=1 (y_i − Y_i) dx_i + (X_i − x_i) dY_i + (Q − q) dP + (p − P ) dq (4.28) is closed and can therefore be written as dS_ν . Indeed, being composed from finitely many translations ϕ^μ_2 , shear transformations ϕ^μ_1 and time one maps φ^μ_F , the transformation Φ_ν is homotopic to the identity. Thus, the closed one–form (4.28) is exact, i.e. S_ν is one–valued. Note that the function S_ν = S_ν (x, Y, P, q) itself is only determined up to a constant and that all partial derivatives are 2π–periodic in the toral co–ordinates x_1, . . . , x_n .

Because of the second condition we define the truncation ~S_ν of S_ν to be of order d + 1 in (Y, P, q, λ) . Furthermore we drop all terms that involve more than one derivative with respect to parameters λ_j . On the other hand we do not truncate in x or ω .

To be precise, we write Φ_ν (x, y, p, q, λ, ω) = ((x, y, p, q) + W_ν (x, y, p, q, λ, ω), λ + ~Λ_ν(λ, ω), ω + ~Ω_ν (λ, ω)) and let F_ν : D_ν −→ D_0 denote the transformation of (x, y, p, q, λ, ω) into ( x , y + W^2_ν (x, y, p, q, λ, ω) , p + W^3_ν (x, y, p, q, λ, ω) , q , ω , λ )^!= ( x , Y , P , q , ω , λ ) and G_ν := F^{−1}_ν . The truncations ~S_ν are polynomials in Y, P, q and λ , the coefficients of which are holomorphic functions in x and ω . To truncate we write S_ν as a Taylor series at F_ν (x, 0, 0, 0, 0, ω) =: (x, Y_ν , P_ν, 0, 0, ω) . Therefore, S^{lijh}_ν (x, ω) = ∂^{|l|+i+j+|h|}S_ν ∂Y^l∂P^i∂q^j ∂λ^h (x, Y_ν , P_ν , 0, 0, ω) , and we define ~S_ν (x, Y, P, q, λ, ω) := d+1∑ |l|+i+j=0

min(|l|+i+j,1) ∑ |h|=0 S^{lijh}_ν (x, ω) · (Y − Y_ν )^l(P − P_ν )^iq^j λ^h .

Lemma 4.8 Under the conditions of Lemma 4.1 the sequence ( ~S_ν )_{ν∈IN} of truncations is uniformly convergent on U^r0_2 (TT^n) × O^′_1 . □

Using the Inverse Approximation Lemma, cf. [Zehnder;75], we obtain Whitney–C^∞– smooth limit functions ~S^{lijh}_∞ on U^r0_2 (TT^n) × O^′_1 . They constitute the coefficients of a generating function

~S_∞ : U^r0_2 (TT^n) × IC^n × IC^2 × IC^{d−2} × O^′_1 −→ IC

which is analytic (since polynomial) in x, Y, P, q and λ . With Whitney’s Extension Theorem, cf. [Whitney;34], we get ~S_∞(x, Y, P, q, λ, ω) for all ω ∈ IR^n . This defines for every (λ, ω) a symplecto–morphism on TT^n × IR^n × IR^2 . To obtain Φ_∞ we have to complete these symplecto–morphisms by id + ( ~Λ_∞, ~Ω_∞) = id + lim_{ν→∞} ( ~Λ_ν, ~Ω_ν ) . This latter convergence to Whitney–C^∞–smooth functions is an immediate consequence of Lemma 4.7 and the Inverse Approximation Lemma.

To conclude the proof of Theorem 2.1 we apply the Inverse Approximation Lemma to the coefficient functions a_ν , b_ν of the normal forms N_ν and obtain a Whitney–C^∞–smooth Hamiltonian function N_∞ which is (again) analytic in y, p, q and λ . Letting P_∞ := H_0 ∘ Φ_∞ − N_∞ we have, according to our choice of the truncations ~S_ν of S_ν at order d + 1 , P_{∞, lijh} = lim_{ν→∞} P_{ν, lijh} as long as |h| ≤ 1 and |l| + i + j ≤ d . In particular we can conclude that these all vanish for weighted order ‖(l, i, j, h)‖ ≤ 2d . This concludes the proof of Theorem 2.1. □

Remark : Instead of working with a miniversal unfolding (4.15) of the singularities D_k we could have used more parameters λ_{d+1}, . . . , λ_e with e = d + [^{d+1}_2 ] + 1 and include in the normal form (4.15) the terms

+ [^{d+1}_2 ]∑

j=1 λ_{d+j} pq^j + λ_ep^2

with weights (d − 1, d − 3, . . . , 2) on (λ_{d+1}, λ_{d+2}, . . . , λ_e) . This would keep the singularity– theoretic Section 4.1.3 out of the iteration procedure as explicit transformations of the form (4.24) and (4.26) would only be used once, to turn the final versal unfolding N_∞ into miniversal form (1.2), thereby getting rid of the additional parameters (λ_{d+1}, . . . , λ_e). This possible separation of the KAM–procedure from the adjustments dictated by (planar) singularity theory suggests generalizations to quasi–periodic bifurcations governed not only by the remaining simple singularities, cf. [Hanßmann;03], but also to quasi–homogeneous or even more complicated singularities with modal parameters.

Acknowledgments. This research was supported by the Alexander von Humboldt Foundation and the FOM grant MFGBb1.

Bibliography

V.I. Arnol’d, S.M. Gusein–Zade, A.N. Varchenko [82] Singularities of Differentiable Maps, Vol. 1 ; Birkhäuser (1985)

V.I. Arnol’d, V.V. Kozlov, A.I. Neishtadt [85] Mathematical Aspects of Classical and Celestial Mechanics ; in Dynamical Systems III (ed. V.I. Arnol’d) Springer (1988)

V.I. Arnol’d, V.A. Vasil’ev, V.V.Goryunov, O.V. Lyashko [88] Singularity theory I : Singularities, local and global theory ; in Dynamical Systems VI (ed. V.I. Arnol’d) Springer (1993)

V.I. Bakhtin [91] Diophantine approximations on images of mappings [in Russian] ; Dokl. Akad. Nauk Beloruss. SSR 35(5), p. 398 – 400 (1991)

B.J.L. Braaksma, H.W. Broer [87] On a quasi–periodic Hopf bifurcation ; Ann. Inst. H. Poincaré, Analyse non linéaire 4(2), p. 115 – 168 (1987)

B.J.L. Braaksma, H.W. Broer, G.B. Huitema [90] Toward a quasi–periodic bifurcation theory ; Mem.

AMS 83 #421, p. 83 – 167 (1990)

Th. Bröcker, L. Lander [75] Differentiable Germs and Catastrophes ; Cambridge Univ. Press (1975)

H.W. Broer, S.–N. Chow, Y. Kim, G. Vegter [93] A normally elliptic Hamiltonian bifurcation ; Z. angew. Math. Phys. 44, p. 389 – 432 (1993)

H.W. Broer, S.-N. Chow, Y. Kim, G. Vegter [95] The Hamiltonian Double–Zero Eigenvalue ; p. 1 – 19 in Normal Forms and Homoclinic Chaos, Waterloo 1992 (eds. W.F. Langford, W. Nagata) Fields Institute Communications 4 (1995)

H.W. Broer, M.C. Ciocci, A. Vanderbauwhede [04] Normal 1:1 resonance of invariant tori in reversible systems : a study in quasiperiodic bifurcation theory — in preparation

H.W. Broer, H. Hanßmann, J. You [03] Bifurcations of Normally Parabolic Tori in Hamiltonian Systems ; preprint IWI 2003–3–01, Rijksuniversiteit Groningen (2003)

H.W. Broer, G.B. Huitema [91] A proof of the isoenergetic KAM–theorem from the “ordinary” one ; J.

Diff. Eq. 90(1), p. 52 – 60 (1991)

H.W. Broer, G.B. Huitema, M.B. Sevryuk [96] Quasi–Periodic Motions in Families of Dynamical Systems : Order amidst Chaos ; LNM 1645, Springer (1996)

H.W. Broer, G.B. Huitema, F. Takens [90] Unfoldings of quasi–periodic tori ; Mem. AMS 83 #421, p.

1 – 82 (1990)

H.W. Broer, G.A. Lunter, G. Vegter [98] Equivariant singularity theory with distinguished parameters :

Two case studies of resonant Hamiltonian systems ; p. 64 – 80 in Time–reversal symmetry in dynamical systems, Warwick 1996 (ed. J.S.W. Lamb), Physica D 112 (1998)

H.W. Broer, R. Roussarie [01] Exponential confinement of chaos in the bifurcation set of real analytic diffeomorphisms ; p. 167 – 210 in Global Analysis of Dynamical Systems, Leiden 2001 (eds. H.W. Broer, B. Krauskopf, G. Vegter) IoP (2001)

H.W. Broer, R. Roussarie, C. Simó [96] Invariant circles in the Bogdanov–Takens bifurcation for diffeomorphisms ; Erg. Th. Dyn. Syst. 16, p. 1147 – 1172 (1996)

A. Elipe [97] Gyrostats in free rotation ; p. 391 – 398 in IAU Colloquium 165 : Dynamics and Astronomy of Natural and Artificial Celestial Bodies, Poznań 1996 (eds. I.M. Wytzyszczak, J.H. Lieske, R. Feldman) Kluwer (1997)

A. Elipe, M. Arribas, A. Riaguas [97] Complete analysis of bifurcations in the axial gyrostat problem ;

J. Phys. A: Math. Gen. 30, p. 587 – 601 (1997)

C.G. Gibson, K. Wirthmüller, A.A. du Plessis, E.J.N. Looijenga [76] Topological stability of smooth mappings ; LNM 552, Springer (1976)

V. Gelfreich. L. Lerman [02] Almost invariant elliptic manifold in a singularly perturbed Hamiltonian system ; Nonlinearity 15, p. 447 – 457 (2002)

H. Hanßmann [98a] The Quasi–Periodic Centre–Saddle Bifurcation ; J. Diff. Eq. 142(2), p. 305 – 370 (1998)

H. Hanßmann [98b] The reversible umbilic bifurcation ; p. 81 – 94 in Time–reversal symmetry in dynamical systems, Warwick 1996 (ed. J.S.W. Lamb), Physica D 112 (1998) H. Hanßmann [03] Hamiltonian Torus Bifurcations Related to Simple Singularities ; preprint, Inst. Reine & Angew. Math., RWTH Aachen (2003) I. Kan, H. Koçak, J.A. Yorke [92] Antimonotonicity : Concurrent creation and annihilation of periodic orbits ; Ann. Math. 136(2), p. 219 – 252 (1992) E. Leimanis [65] The General Problem of the Motion of Coupled Rigid Bodies about a Fixed Point ;

Springer (1965) A. Litvak–Hinenzon, V. Rom–Kedar [02a] Parabolic resonances in 3 degree of freedom near–integrable Hamiltonian systems ; Physica D 164, p. 213 – 250 (2002) A. Litvak–Hinenzon, V. Rom–Kedar [02b] Resonant tori and instabilities in Hamiltonian systems ; Nonlinearity 15, p. 1149 – 1177 (2002) A. Litvak–Hinenzon, V. Rom–Kedar [04] On Energy Surfaces and the Resonance Web ; SIAM J. Appl.

Dynam. Syst. 3(4), p. 525 – 573 (2004) K.R. Meyer [70] Generic bifurcation of periodic points ; Trans. AMS 149, p. 95 – 107 (1970) K.R. Meyer [75] Generic Bifurcation in Hamiltonian Systems ; p. 62 – 70 in Dynamical Systems — Warwick 1974 (ed. A. Manning) LNM 468, Springer (1975) J. Moser [67] Convergent Series Expansion for Quasi–Periodic Motions ; Math. Ann. 169(1), p. 136 – 176 (1967) J. Palis, F. Takens [93] Hyperbolicity & sensitive chaotic dynamics at homoclinic bifurcations ; Cambridge Univ. Press (1993) V. Poènaru [76] Singularités C^∞ en Présence de Symétrie ; LNM 510, Springer (1976) J. Pöschel [82] Integrability of Hamiltonian Systems on Cantor Sets ; Comm. Pure Appl. Math. 35, p.

653 – 696 (1982) J. Pöschel [89] On Elliptic Lower Dimensional Tori in Hamiltonian Systems ; Math. Z. 202, p. 559 – 608 (1989) T. Poston, I. Stewart [78] Catastrophe Theory and Its Applications ; Pitman (1978) H. Rüssmann [89] Non–degeneracy in the perturbation theory of integrable dynamical systems ; p. 5 – 18 in Number Theory and Dynamical Systems, York 1987 (eds. M.M. Dodson, J.A.G. Vickers) Cambridge Univ. Press (1989) H. Rüssmann [01] Invariant tori in non–degenerate nearly integrable Hamiltonian systems ; Reg. Chaot.

Dyn. 6(2), p. 119 – 204 (2001) M.B. Sevryuk [86] Reversible Systems ; LNM 1211, Springer (1986) F.O.O. Wagener [03] A note on Gevrey regular KAM theory and the inverse approximation lemma ;

Dynamical Systems 18(2), p. 159 – 163 (2003) H. Whitney [34] Analytic extensions of differentiable functions defined in closed sets ; Trans. AMS 36, p. 63 – 89 (1934) H. Whitney [65] Local properties of analytic varieties ; p. 205 – 244 in Differential and Combinatorial Topology (ed. S.S. Cairns) Princeton Univ. Press (1965) J. You [98] A KAM Theorem for Hyperbolic–Type Degenerate Lower Dimensional Tori in Hamiltonian Systems ; Comm. Math. Phys. 192(1), p. 145 – 168 (1998) E. Zehnder [75] Generalized Implicit Function Theorems with Applications to Some Small Divisor Problems I ; Comm. Pure Appl. Math. 28, p. 91 – 140 (1975)