ON THE LAPLACIAN IN THE HALFSPACE WITH A PERIODIC BOUNDARY CONDITION

RUPERT L. FRANK

Abstract. We study spectral and scattering properties of the Laplacian H^{(σ)} = −Δ in L2(R^{d+1}_+ ) corresponding to the boundary condition ∂u ∂ν + σu = 0 with a periodic function σ. For non-negative σ we prove that H^{(σ)} is unitarily equivalent to the Neumann Laplacian H^{(0)}. In general, there appear additional channels of scattering due to surface states. We prove absolute continuity of the spectrum of H^{(σ)} under mild assumptions on σ.

Introduction

0.1. The present paper continues our study of the Laplacian on a halfspace with a periodic perturbation on the boundary. We consider the operator

(0.1) H^{(σ)}u = −Δu on R^{d+1}_+ := {(x, y) ∈ R^d × R : y > 0} together with a boundary condition of the third type

(0.2) ∂u ∂ν + σu = 0 on R^d × {0}.

Here ν denotes the exterior unit normal and σ : R^d → R is a (2πZ)^d-periodic function. Under the condition

(0.3) σ ∈ L_{q,loc}(R) for some q > 1 if d = 1, σ ∈ L^0_{d,∞,loc}(R^d ) if d ≥ 2, (see Subsection 1.2 for weak L_p-spaces) H^{(σ)} can be defined as a self-adjoint operator in L_2(R^{d+1}_+ ) by means of the quadratic form ∫ R^{d+1}_+ |∇u(x, y)|^2 dxdy + ∫ R^d σ(x)|u(x, 0)|^2 dx, u ∈ H^1(R^{d+1}_+ ). Note that H^{(σ)} can be viewed as a Schrödinger-type operator with the singular potential σ(x)δ(y) supported on R^d × {0}. In the physical interpretation this operator describes a quantum-mechanical particle interacting with the surface of a crystal.

Our goal is to study spectral and scattering properties of H^{(σ)}, viewing it as

2000 Mathematics Subject Classification. Primary 35J10; Secondary 35J25, 35P05, 35P25.

Key words and phrases. Scattering theory, periodic operator, Schrödinger operator, singular potential. 1

a (rather singular) perturbation of H^{(0)}, the Neumann Laplacian on R^{d+1}_+ . Let us describe our results. First we prove that the wave operators

W^{(σ)}_± := W_±(H^{(σ)}, H^{(0)}) = s − lim_{t→±∞} exp(itH^{(σ)}) exp(−itH^{(0)})

exist and satisfy R(W^{(σ)}_+ ) = R(W^{(σ)}_− ). However, in general the wave operators may not be complete due to the existence of surface states, i.e., states that are localized near the boundary for all time. We give sufficient conditions both for the completeness and for the non-completeness of the wave operators. If

(0.4) σ(x) ≥ 0, a.e. x ∈ R^d ,

we prove that there exist no surface states. Then the wave operators are unitary and provide a unitary equivalence between H^{(σ)} and H^{(0)}. On the other hand, if ∫ (−π,π)^d σ(x) dx ≤ 0, σ ≢ 0, we prove that there exist surface states and that they produce additional bands in the negative spectrum of H^{(σ)}. It is natural to ask whether the spectrum of H^{(σ)} is still absolutely continuous in the presence of surface states. We prove that this is indeed the case under the assumption (0.3) if d ≤ 4 and under the mild additional assumption σ ∈ L^0_{2(d−2),∞,loc}(R^d ) if d ≥ 5. Hence surface states correspond to additional channels of scattering.

0.2. Let us explain some of the mathematical ideas involved. By means of Floquet theory we represent H^{(σ)} as a direct integral ∫ [−^1_2 ,^1_2 ]^d ⊕H^{(σ)}(k) dk with operators H^{(σ)}(k) acting in L_2(Π) where Π := (−π, π)^d × R_+ is a halfcylinder. The investigation of the operator H^{(σ)} reduces to the study of the fibers H^{(σ)}(k). Note that the fundamental domain Π is unbounded, so the operators H^{(σ)}(k) have continuous spectrum. This part can be studied by scattering theory. To prove the absolute continuity of the spectrum of H^{(σ)} we cannot (directly) apply the Thomas approach, since eigenvalues of H^{(σ)}(k) may be embedded in the continuous spectrum. We ”separate” them from the remaining spectrum by characterizing them, in the spirit of the Birman-Schwinger principle, as parameters λ for which a pseudodifferential operator B^{(σ)}(λ, k) on the boundary (−π, π)^d×{0} has eigenvalue 0. The latter operator has discrete spectrum and can be handled by Thomas’ method.

0.3. The case d = 1 has been treated in [Fr], [FrSh]. However, we have tried to make the presentation self-contained and we refer to those papers only for a few technical details.

When d ≥ 2 additional difficulties arise. In particular, for the proof of absolute continuity we have to use the refined estimates of Lemma 3.4 and, if d ≥ 5, we have to impose an additional condition on σ. Moreover, we have succeeded here to fit our problem into the framework of ”smooth” scattering theory. This gives a rather short proof of both the existence and completeness of the wave operators and of the absence of singular continuous spectrum on the halfcylinder, and has probably applications to other problems with perturbations on surfaces.

0.4. The characteristic feature of partially periodic systems is the appearance of surface states, see [FrSh] and references therein. A substantial open problem is to prove that these states are not bound but correspond to additional channels of scattering, i.e., that the spectrum of the corresponding operator is purely absolutely continuous. Apart from the present paper we are only aware of [FiKl1], [FiKl2], [FrSh] dealing with this problem.

0.5. Let us briefly describe the structure of this paper. We state our main result about the operators H^{(σ)} in Subsection 1.3 and reduce them in Subsection 1.5 to statements about the fiber operators H^{(σ)}(k). Section 2 deals with their continuous spectrum, Section 3 with their point spectrum. Finally, in Section 4 we discuss the phenomenon of additional channels of scattering in more detail.

0.6. Acknowledgements. The author is deeply grateful to Prof. M. Sh. Birman for the setting of the problem, useful discussions and constant attention to the work. It is a great pleasure to thank R. G. Shterenberg for numerous consultations and the help in preparing the present paper. Partial support of the ESF European programme SPECT is gratefully acknowledged.

1. Setting of the problem. The main results

1.1. Notation. In the halfspace R^{d+1}_+ = {(x, y) ∈ R^d × R : y > 0} we consider the lattice (2πZ)^d × {0}. A fundamental domain is the halfcylinder Π := {(x, y) ∈ R^{d+1}_+ : x ∈ (−π, π)^d}. We think of the torus T^d := (R/2πZ)^d as [−π, π]^d with opposite edges identified, and write Q^d := [−^1_2 ,^1_2 ]^d.

We use the notation D = (D_x, D_y) = (−i∇_x, −i^∂_{∂y} ) in R^{d+1} . For an open set Ω ⊂ R^n the index in the notation of the norm ‖.‖_{L2(Ω)} is usually dropped. The space L_2(T^d) may be formally identified with

L_2((−π, π)^d). We define the Fourier transformation F : L_2(T^d) → l_2(Z^d) by

(Ff)_n = f̂_n := 1 (2π)^{d/2} ∫ T^d f(x)e^{−i⟨n,x⟩} dx, n ∈ Z^d. Next, H^s(Ω) is the Sobolev space of order s ∈ R (with integrability index 2). By H^s(T^d) we denote the closure of C^∞(T^d) in H^s((−π, π)^d). Here C^∞(T^d) is the space of functions in C^∞((−π, π)^d) which can be extended periodically to functions in C^∞(R^d ). The space H^s(T^d) is endowed with the norm ‖f‖^2_{Hs(Td)} := ∑ n∈Z^d (1 + |n|^2)^s|f̂_n|^2, f ∈ H^s(T^d).

By H̃^s(Π) we denote the closure of C̃^∞(Π) ∩ H^s(Π) in H^s(Π). Here C̃^∞(Π) is the space of functions in C^∞(Π) which can be extended periodically with respect to x to functions in C^∞(R^{d+1}_+ ).

We denote by D[a] the domain of a quadratic form a and by D(A), N (A), R(A) the domain, kernel and range, respectively, of a linear operator A. Statements and formulae which contain the double index ”±” are understood as two independent assertions.

1.2. Weak L_p-spaces. Multiplication on the boundary. We recall the definition of weak L_p-spaces on a measure space (X, μ). For a measurable function f on X put ρ_f (t) := μ({x ∈ X : |f(x)| > t}), t > 0, and |f|_{p,∞} := sup_{t>0} t(ρ_f (t))^{1/p}, 1 ≤ p < ∞. Then the weak L_p-spaces are defined by L_{p,∞}(X, μ) := {f : X → C : f measurable, |f|_{p,∞} < ∞}. We need also their subspaces

L^0_{p,∞}(X, μ) := {f ∈ L_{p,∞}(X, μ) : lim_{t→0} t(ρ_f (t))^{1/p} = lim_{t→∞} t(ρ_f (t))^{1/p} = 0}.

(Note that ρ_f (t) = o(t^p) as t → 0 if μ(X) < ∞.)

We are interested in the following cases. When X = T^d and μ is the induced Lebesgue measure we write only L_{p,∞}(T^d), L^0_{p,∞}(T^d), and when X = Z^d and μ is the counting measure we write l_{p,∞}(Z^d), l^0_{p,∞}(Z^d). The following quantitative embedding result was established in [BKaS].

Proposition 1.1. Let p > 2 and f ∈ L_{p,∞}(T^d), a ∈ l_{p,∞}(Z^d). Then the operator fF^∗a : l_2(Z) → L_2(T^d) is bounded with ‖fF^∗a‖ ≤ c_{p,d}|f|_{p,∞}|a|_{p,∞}. Moreover, if either f ∈ L^0_{p,∞}(T^d) or a ∈ l^0_{p,∞}(Z^d), then fF^∗a is compact.

Now let σ be a periodic function satisfying

(1.1) σ ∈ L_q(T) for some q > 1 if d = 1, σ ∈ L^0_{d,∞}(T^d) if d ≥ 2.

Applying Proposition 1.1 with f := √ |σ| and a_n := (1 + |n|^2)^{−1/4}, n ∈ Z^d, we find that the form ∫ T^d |σ(x)||f(x)| 2 dx, f ∈ H^{1/2}(T^d), is compact in H^{1/2}(T^d) and, consequently, that for every ϵ > 0 there exists C_1(ϵ, d, σ) > 0 such that

(1.2) ∫ T^d |σ(x)||f(x)|^2 dx ≤ ϵ‖f‖^2_{H1/2(Td)} +C_1(ϵ, d, σ)‖f‖^2, f ∈ H^{1/2}(T^d). From this we obtain

Corollary 1.2. Assume σ satisfies (1.1) and let ϵ > 0. Then there exists C_2(ϵ, d, σ) > 0 such that

(1.3) ∫ (−π,π)^d |σ(x)||u(x, 0)|^2 dx ≤ ϵ‖u‖^2_H1_{(Π)} + C_2(ϵ, d, σ)‖u‖^2, u ∈ H^1(Π),

(1.4) ∫ R^d |σ(x)||u(x, 0)|^2 dx ≤ ϵ‖u‖^2_{H1 (Rd+1+ )}+C_2(ϵ, d, σ)‖u‖^2, u ∈ H^1(R^{d+1}_+ ). Proof. First we note that an inequality like (1.2) holds with a possibly larger constant C̃_1(ϵ, d, σ) for all f ∈ H^{1/2}((−π, π)^d). (This can be seen by using an extension operator H^{1/2}((−π, π)^d) → H^{1/2}(αT^d), α > 1, and applying (1.2) with T^d replaced by αT^d.) Then (1.3) follows because of the boundedness of the trace operator H^1(Π) → H^{1/2}((−π, π)^d), and (1.4) follows from (1.3) by summation over all translates Π + n, n ∈ Z^d. □

1.3. The operators H^{(σ)} on the halfplane. Main results. Let σ be a real-valued periodic function satisfying (1.1). According to (1.4) the quadratic form

D[h^{(σ)}] := H^1(R^{d+1}_+ ),

h^{(σ)}[u] := ∫ R^{d+1}_+ |Du(x, y)|^2 dxdy + ∫ R^d σ(x)|u(x, 0)|^2 dx. (1.5)

is lower semibounded and closed in the Hilbert space L_2(R^{d+1}_+ ), so it generates a self-adjoint operator H^{(σ)}. The case σ = 0 corresponds to the Neumann Laplacian on the halfplane, whereas the case σ ≠ 0 implements a (generalized) boundary condition of the third type.

The spectrum of the ”unperturbed” operator H^{(0)} coincides with [0, +∞) and is purely absolutely continuous of infinite multiplicity. We begin our study of H^{(σ)} with the investigation of the wave operators

(1.6) W^{(σ)}_± := W_±(H^{(σ)}, H^{(0)}) = s − lim_{t→±∞} exp(itH^{(σ)}) exp(−itH^{(0)}).

(For the abstract mathematical scattering theory see, e.g., [Ya].)

Theorem 1.3. Assume that σ satisfies (1.1). Then the wave operators W^{(σ)}_± exist and satisfy R(W^{(σ)}_+ ) = R(W^{(σ)}_− ).

However, in general the wave operators will not be complete. There may appear additional bands in the spectrum of H^{(σ)}, which correspond to surface states. See Section 4 for a detailed discussion of this phenomenon. Under the mild additional (if d ≥ 5) assumption

(1.7) σ ∈ L_q(T) for some q > 1 if d = 1, σ ∈ L^0_{d,∞}(T^d) if 2 ≤ d ≤ 4, σ ∈ L^0_{2(d−2),∞}(T^d) if d ≥ 5,

we are able to prove that the spectrum of the operator H^{(σ)} is absolutely continuous.

Theorem 1.4. Assume that σ satisfies (1.7). Then the operator H^{(σ)} has purely absolutely continuous spectrum.

Therefore surface states correspond to additional channels of scattering. In Section 4 we give a sufficient condition for the existence of surface states. Conversely, if (1.8) σ(x) ≥ 0 a.e. x ∈ R^d , there exist no surface states and we obtain a rather complete result.

Theorem 1.5. Assume that σ satisfies (1.1) and (1.8). Then the wave operators W^{(σ)}_± are unitary and satisfy

(1.9) H^{(σ)} = W^{(σ)}_± H^{(0)}W^{(σ)∗}_± .

We would like to mention the following simple extension.

Remark 1.6. Our results remain valid if σ is periodic with respect to an arbitrary d-dimensional lattice in R^d . After a change of variables this amounts to replace the differential operator −Δ above by D^∗_xaD_x +D^2_y with a positive definite (d × d)-matrix a. All our arguments extend to this case.

Remark 1.7. One might conjecture that Theorem 1.4 remains valid under the assumption (1.1).

1.4. The operators H^{(σ)}(k) on the halfcylinder. Direct Integral Decomposition. Let σ be a real-valued periodic function satisfying (1.1) and let k ∈ Q^d. According to (1.3) the quadratic form

D[h^{(σ)}(k)] := H̃^1(Π),

h^{(σ)}(k)[u] := ∫ Π ( |(D_x + k)u(x, y)|^2 + |D_yu(x, y)|^2 ) dxdy + + ∫ T^d σ(x)|u(x, 0)|^2 dx. (1.10)

is lower semibounded and closed in the Hilbert space L_2(Π), so it generates a self-adjoint operator H^{(σ)}(k). In addition to the Neumann (if σ = 0) or third type (if σ ≠ 0) boundary condition at (−π, π)^d × {0}, the functions in

D(H^{(σ)}(k)) satisfy periodic boundary conditions at ∂(−π, π)^d × R_+ . The operator H^{(σ)} on the halfplane can be partially diagonalized by means of the Gelfand transformation. This operator is initially defined for u ∈ S(R^{d+1}_+ ), the Schwartz class on R^{d+1}_+ , by (Uu)(k, x, y) := ∑ n∈Z^d e^{−i⟨k,x+2πn⟩}u(x + 2πn, y), k ∈ Q^d, (x, y) ∈ Π, and extended by continuity to a unitary operator

(1.11) U : L_2(R^{d+1}_+ ) → ∫ Q^d ⊕L_2(Π) dk. As in the case d = 1 (cf. [Fr]) one finds that

(1.12) U H^{(σ)} U^∗ = ∫ Q^d ⊕H^{(σ)}(k) dk. This relation allows us to investigate the operator H^{(σ)} by studying the fibers H^{(σ)}(k).

We will now state our main results about the operators H^{(σ)}(k). In the next subsection we will show how the proofs of the theorems from Section 1.3 can be reduced to these results.

In Section 2 we study the continuous spectrum of H^{(σ)}(k) and the wave operators

W^{(σ)}_± (k) :=W_±(H^{(σ)}(k), H^{(0)}(k)) =s− lim_{t→±∞}exp(itH^{(σ)}(k)) exp(−itH^{(0)}(k)).

We will prove Theorem 1.8. Assume that σ satisfies (1.1) and let k ∈ Q^d. Then the wave operators W^{(σ)}_± (k) exist and are complete. In particular, σ_{ac} ( H^{(σ)}(k) ) = [|k|^2, +∞). Moreover, σ_{sc} ( H^{(σ)}(k) ) = ∅.

In Section 3 we investigate the point spectrum of the operators H^{(σ)}(k) and prove Theorem 1.9. Assume that σ satisfies (1.1) and let k ∈ Q^d. Then σ_p ( H^{(σ)}(k) ) (if not empty) consists of eigenvalues of finite multiplicities which may accumulate at +∞ only. If σ satifies in addition (1.8), then σ_p ( H^{(σ)}(k) ) = ∅.

Note that the case of an infinite sequence of (embedded) eigenvalues actually occurs (see Example 3.3).

To prove absolute continuity of the spectrum of H^{(σ)} we have to control the k-dependence of the eigenvalues of H^{(σ)}(k). In Subsection 3.4 we prove the technical Proposition 1.10. Assume that σ satisfies (1.7). Then there exists a countable number of domains U_j ⊂ R, V_j ⊂ R^d and real-analytic functions h_j : U_j × V_j → R satisfying

(1) for all k ∈ Q^d and λ ∈ σ_p ( H^{(σ)}(k) ) there is a j such that (λ, k) ∈ U_j × V_j and h_j (λ, k) = 0, and (2) for all j and all λ ∈ U_j one has h_j (λ, .) ≢ 0.

1.5. Reduction to the halfcylinder. Assuming Theorems 1.8, 1.9 and Proposition 1.10 we give now the proofs of Theorems 1.3, 1.4, 1.5.

Proof of Theorem 1.3. Using Theorem 1.8 one easily finds that the limit (1.6) exists and satisfies

(1.13) W^{(σ)}_± = U^∗ (∫ Q^d ⊕W^{(σ)}_± (k) dk ) U. Moreover, because of the completeness of W^{(σ)}_± (k),

R(W^{(σ)}_± ) = U^∗ (∫ Q^d ⊕R(P^{(σ)}_{ac} (k)) dk ) U, where P^{(σ)}_{ac} (k) denotes the projection onto the absolutely continuous subspace of H^{(σ)}(k). This completes the proof of Theorem 1.3. □

Proof of Theorem 1.4. We follow the approach suggested in [FiKl1]. Let Λ ⊂ R with meas Λ = 0. Denoting the spectral projections of H^{(σ)}, H^{(σ)}(k) corresponding to Λ by E^{(σ)}(Λ), E^{(σ)}(Λ, k), it follows from (1.12) that

U E^{(σ)}(Λ) U^∗ = ∫ Q^d ⊕E^{(σ)}(Λ, k) dk and we have to prove that this operator is equal to 0. For this we write Q^d = K_1 ∪ K_2 where

K_1 := { k ∈ Q^d : σ_p ( H^{(σ)}(k) ) ∩ Λ = ∅ } , K_2 := Q^d \ K_1.

Since σ_{sc} ( H^{(σ)}(k) ) = ∅ by Theorem 1.8, we immediately obtain E^{(σ)}(Λ, k) = 0 for k ∈ K_1. Now we note that with the notation of Proposition 1.10

K_2 ⊂ ⋃ j {k ∈ V_j ∩ Q^d : h_j (λ, k) = 0 for some λ ∈ U_j ∩ Λ}.

It follows from property (2) there and an abstract result about analytic functions (cf., e.g., [FiKl1]) that meas K_2 = 0. This completes the proof of Theorem 1.4. □

Proof of Theorem 1.5. It follows from Theorems 1.8, 1.9 that under the assumption (1.8) the operators H^{(σ)}(k) have purely absolutely continuous spectrum. So the wave operators W^{(σ)}_± (k) are not only complete but unitary, and W^{(σ)}_± is unitary by (1.13). Relation (1.9) is the intertwining property of the wave operators. This completes the proof of Theorem 1.5. □

2. The continuous spectrum of the operators H^{(σ)}(k)

2.1. Scattering for relatively smooth perturbations. Our proof of Theorem 1.8 is based on the ”smooth” scattering theory by Kato-Kuroda. For the reader’s convenience we will recall here some notions and results we will use. Our exposition follows [Ya]. All Hilbert spaces that appear are assumed to be separable.

Let H_0 be a self-adjoint operator in a Hilbert space H. Denote by E_0(X) the spectral projection of H_0 corresponding to a measurable set X ⊂ R. We fix a compact interval Λ such that the spectrum of H_0 on Λ is purely absolutely continuous of constant multiplicity N ∈ N ∪ {∞} and a unitary operator Φ : R(E_0(Λ)) → L_2(Λ, C^N ) which diagonalizes H_0 on Λ, i.e., ΦE_0(X)Φ^∗ is the operator of multiplication by the characteristic function χ_X for any measurable set X ⊂ Λ. (Here C^N = l_2(N) if N = ∞.)

Let G be an ”auxiliary” Hilbert space and let G_0 : H → G be a |H_0|^{1/2}- compact operator, i.e., D(G_0) ⊃ D(|H_0|^{1/2}) and G_0(|H_0|^{1/2} + I)^{−1} is compact. Then Φ(G_0E_0(Λ))^∗ is a (compact) operator from G into L_2(Λ, C^N ). We recall that G_0 is called strongly H_0-smooth on Λ (with exponent 1) if Φ(G_0E_0(Λ))^∗ maps G continuously into C^{0,1}(Λ, C^N ), i.e., if there exists a C > 0 such that for all g ∈ G and f := (G_0E_0(Λ))^∗g

sup_{λ∈Λ} |Φf(λ)| + sup_{λ≠ν∈Λ} |Φf(λ) − Φf(ν)| |λ − ν| ≤ C‖g‖. Now let H be another self-adjoint operator in H with

D(|H|^{1/2}) = D(|H_0|^{1/2}).

Moreover, assume that there exists a |H_0|^{1/2}-compact operator G : H → G such that

(Hf, f_0) = (f, H_0f_0) + (Gf, G_0f_0) = (f, H_0f_0) + (G_0f, Gf_0)

for all f ∈ D(H), f_0 ∈ D(H_0). Then the main result of the ”smooth” scattering theory can be summarized as follows.

Proposition 2.1. Assume that there are compact intervals Λ_n, n ∈ N, such that σ(H_0)\ ⋃ n∈N Λ_n is discrete and such that G_0, G are strongly H_0-smooth on each Λ_n. Then the wave operators W_±(H, H_0) exist and are complete. Moreover, if N (G) = {0}, then σ_{sc}(H) = ∅.

The proof can be found in [Ya] (see in particular Theorems 4.6.5 and 4.7.9). Note that under the assumptions of the proposition we have also rather detailed information about the eigenvalues of H (see Theorem 4.7.10 in [Ya]).

In our application the operator G will not be injective, but we can use the following

Lemma 2.2. In the situation of Proposition 2.1, but without any assumption on N (G), suppose there exists a Hilbert space A and a |H_0|^{1/2}-compact operator A : H → A with N (A) = {0} which is strongly H_0-smooth on each Λ_n. Then σ_{sc}(H) = ∅.

Proof. It suffices to apply Proposition 2.1 with the auxiliary space G̃ := G ⊕ A and the operators G̃_0, G̃ : H → G̃, G̃_0f := (G_0f, 0), G̃f := (Gf, Af), with domains D(G̃_0) := D(G_0), D(G̃) := D(G) ∩ D(A). □

2.2. Diagonalization of the unperturbed operators H^{(0)}(k). We fix k ∈ Q^d. In order to apply the method of Subsection 2.1 we need a rather explicit spectral representation of the unperturbed operator H^{(0)}(k). Applying a Fourier transformation with respect to the variable x and a Fourier cosine transformation with respect to the variable y we find that the spectrum of H^{(0)}(k) is purely absolutely continuous and coincides with [|k|^2, +∞). The spectral multiplicity of a point λ is N(λ, k) := ♯{n ∈ Z^d : |n + k|^2 ≤ λ}. In particular, the spectral multiplicity is piecewise constant and changes at the points of the threshold set τ(k) := {|n + k|^2 : n ∈ Z^d}. We realize now H^{(0)}(k) as multiplication by the independent variable λ in

h(k) := ∫_{+∞} |k|^2 ⊕ C^{N(λ,k)} dλ. We write elements in C^{N(λ,k)} as sequences a ∈ l_2(Z^d) such that a_n = 0 for |n + k|^2 > λ. The operator Γ(k) : L_2(Π) → h(k), defined originally on functions u ∈ C̃^∞(Π) with bounded support by

(Γ(k)u)_n(λ) := = 1 (2π)^{d/2} √ π^4 √ λ − |n + k|^2 ∫ Π u(x, y)e^{−i⟨n,x⟩} cos( √ λ − |n + k|^2 y) dxdy, |n + k|^2 < λ,

(2.1)

extends by continuity to a unitary operator. (That (Γ(k)u)(λ) is not completely defined for λ ∈ τ(k) is not important since meas(τ(k)) = 0.) Then Γ(k)H^{(0)}(k)Γ(k)^∗ is the operator of multiplication with the independent variable λ in h(k). In particular, the spectral projection E^{(0)}(Λ, k) of H^{(0)}(k) corresponding to a measurable set Λ is given by

(E^{(0)}(Λ, k)u)(x, y) := = 1 (2π)^{d/2} ∑ n∈Z^d ( 1 √ π ∫ Λ∩(|n+k|^2,∞) (Γ(k)u)_n(λ) cos( √ λ − |n + k|^2 y) 4√ λ − |n + k|^2 dλ ) e^{i⟨n,x⟩}, (x, y) ∈ Π.

(2.2)

(As usual, convergence of the integral and of the sum are understood in the L_2-sense.)

2.3. Proof of Theorem 1.8. Again we fix k ∈ Q^d. We want to apply the method of Subsection 2.1 with G := L_2(T^d) and the operators G_0, G : L_2(Π) → L_2(T^d) defined by

G_0u := (sgn σ) √ |σ| u(., 0), Gu := √ |σ| u(., 0), on D(G_0) = D(G) := H̃^1(Π). The operators G_0, G are compact from H̃1(Π) to L_2(Td) by Proposition 1.1 and the continuity of the trace operator H̃1(Π) → H1/2(Td), and we have obviously

(H^{(σ)}(k)u, u_0) = (u, H^{(0)}(k)u_0) + (Gu, G_0u_0) = (u, H^{(0)}(k)u_0) + (G_0u, Gu_0)

for all u, u_0 ∈ H̃^1(Π). Let us check strong H^{(0)}(k)-smoothness.

Lemma 2.3. The operators G_0, G are strongly H^{(0)}(k)-smooth on any compact interval Λ ⊂ R \ τ(k).

Proof. We consider G only. For any Λ ⊂ R \ τ(k) we find easily from (2.1), (2.2) that

(Γ(k)(GE^{(0)} (Λ, k))^∗f)_n(λ) = = 1 (2π)^{d/2} √ π^4 √ λ − |n + k|^2 ∫ T^d √ |σ(x)| f(x)e^{−i⟨n,x⟩} dx, for f ∈ L_2(T^d) and λ ∈ Λ, |n + k|^2 < λ. Noting that | | ∫ T^d √ |σ(x)| f(x)e^{−i⟨n,x⟩} dx | | ≤ ‖σ‖^{1/2}_{L1} ‖f‖, we obtain the assertion. □

To apply Lemma 2.2 we need a strongly H^{(0)}(k)-smooth operator which is injective. Put A := L_2(Π) and A : L_2(Π) → L_2(Π), (Au)(x, y) := η(y)u(x, y), (x, y) ∈ Π, where η is a measurable function on R_+ satisfying (2.3) 0 < η(y) ≤ C(1 + |y|)^{−s}, y ∈ R_+ , for some s >^3_2 , C > 0. Then A is injective and compact as operator from H̃1(Π) to L_2(Π). Moreover, we have

Lemma 2.4. The operator A is strongly H^{(0)}(k)-smooth on any compact interval Λ ⊂ R \ τ(k).

Proof. As in the previous proof we use (2.1), (2.2) to find

(Γ(k)(AE^{(0)}(Λ, k))^∗u)_n(λ) = 1 (2π)^{d/2} √ π^4 √ λ − |n + k|^2 w_n( √ λ − |n + k|^2), where

w_n(ξ) := ∫ Π η(y)u(x, y)e^{−i⟨n,x⟩} cos(ξy) dxdy, ξ ∈ R_+ . From (2.3) we get that w_n ∈ H^s(R_+ ) with ‖w_n‖_Hs ≤ C̃‖u‖. The assertion follows now from the embedding theorem since s >^3_2 . □

Finally, we can give the

Proof of Theorem 1.8. We write [|k|^2, +∞) \ τ(k) as a countable union of compact intervals and apply Proposition 2.1 with G_0, G as above. This yields the existence and completeness of the wave operators W^{(σ)}_± (k). To prove the absence of singular continuous spectrum we use Lemma 2.2 with A as above. □

3. The point spectrum of the operators H^{(σ)}(k)

3.1. The operators B^{(σ)}(λ, k) on the boundary. Characterization of eigenvalues of H^{(σ)}(k). Let σ be a real-valued periodic function satisfying (1.1) and let λ ∈ R, k ∈ Q^d. In the Hilbert space L_2(T^d) we consider the quadratic forms

D[b^{(σ)}(λ, k)] := H^{1/2}(T^d),

b^{(σ)}(λ, k)[f] := ∑ n∈Z^d β_n(λ, k) |f̂_n|^2 + ∫ T^d σ(x)|f(x)|^2 dx, (3.1)

where

(3.2) β_n(λ, k) := √∑_d j=1(n_j + k_j )^2 − λ if ∑_d j=1(n_j + k_j )^2 > λ, − √ λ − ∑_d j=1(n_j + k_j )^2 if ∑_d j=1(n_j + k_j )^2 ≤ λ.

According to (1.2) the forms b^{(σ)}(λ, k) are lower semibounded and closed, so they generate self-adjoint operators B^{(σ)}(λ, k).

The compactness of the embedding of H^{1/2}(T^d) in L_2(T^d) implies that the operators B^{(σ)}(λ, k) have compact resolvent.

Now we characterize the eigenvalues of the operator H^{(σ)}(k) as the values λ for which 0 is an eigenvalue of the operators B^{(σ)}(λ, k). More precisely, we have

Proposition 3.1. Let k ∈ Q^d and λ ∈ R.

(1) Let u ∈ N (H^{(σ)}(k) − λI) and define

(3.3) f(x) := u(x, 0), x ∈ T^d.

Then f ∈ N (B^{(σ)}(λ, k)), f̂_n = 0 if |n + k|^2 ≤ λ and, moreover,

(3.4) u(x, y) = 1 (2π)^{d/2} ∑ |n+k|^2>λ f̂_n e^{i⟨n,x⟩} e^{−β}n^{(λ,k) y}, (x, y) ∈ Π.

(2) Let f ∈ N (B^{(σ)}(λ, k)) such that f̂_n = 0 if |n + k|^2 ≤ λ and define u by (3.4).

Then u ∈ N (H^{(σ)}(k) − λI) and, moreover, (3.3) holds.

The proof of this proposition is straightforward and will be omitted. (See [FrSh] for the case d = 1.)

Remark 3.2. Obviously, the statement of Proposition 3.1 does not depend on the definition of β_n(λ, k) for |n + k|^2 ≤ λ.

3.2. Proof of Theorem 1.9. Using Proposition 3.1 we can give now the

Proof of Theorem 1.9. Let Λ = (λ_−, λ_+) be an open interval. A Birman- Schwinger-type argument as in [FrSh] using Proposition 3.1 and the monotonicity of B^{(σ)}(λ, k) with respect to λ yields

♯_{cm}{λ ∈ (λ_−, λ_+) : λ is eigenvalue of H^{(σ)}(k)} ≤

(3.5) ≤ ♯_{cm}{μ < 0 : μ is eigenvalue of B^{(σ)}(λ_+, k)} − −♯_{cm}{μ ≤ 0 : μ is eigenvalue of B^{(σ)}(λ_−, k)}.

Here ♯_{cm}{...} means that the cardinality of {...} is determined according to multiplicities. The RHS of (3.5) is finite since B^{(σ)}(λ_±, k) are lower semibounded and have compact resolvent. This proves the first part of the theorem.

Now assume (1.8) and let λ ∈ R. If f ∈ N (B^{(σ)}(λ, k)) satisfies f̂_n = 0 for |n + k|^2 ≤ λ, then

0 = b^{(σ)}(λ, k)[f] ≥ ∑ |n+k|^2>λ β_n(λ, k)|f̂_n|^2

and therefore f = 0. So by Proposition 3.1 (1), λ /∈ σ_p ( H^{(σ)}(k) ) . □ We end this subsection with an example of an infinite sequence of (embedded) eigenvalues.

Example 3.3. Let σ ≡ σ_0 < 0 be a negative constant and k ∈ Q^d. Then σ_p ( H^{(σ)}(k) ) = {−σ^2_0 + |n + k|^2 : n ∈ Z^d}.

This follows easily by Proposition 3.1 or directly by separation of variables.

3.3. Complexification. Throughout this subsection we fix k = (k_1, k^′) ∈ Q^d, λ ∈ R \ τ(k) and assume k_1 ≠ 0.

All the constants in this subsection may depend on k, λ. To simplify the notation we agree to write B^{(σ)}(μ), β_n(μ) instead of B^{(σ)}(λ, μe_1 + k^′), β_n(λ, μe_1 + k^′). (Here e_1 = (1, 0, · · · , 0) ∈ R^d .) Note that we can choose δ > 0 such that

(n_1 + μ)^2 + |n^′ + k^′|^2 − λ ≠ 0, n = (n_1, n^′) ∈ Z^d,

for all μ ∈ C with |Re μ − k_1| < δ. We will also assume δ < |k_1|. Therefore, the functions β_n, n ∈ Z^d, originally defined on [−^1_2 ,^1_2 ] (since λ, k^′ are fixed), admit a unique analytic continuation to W := {μ ∈ C : |Re μ − k_1| < δ}. Then we can define sectorial and closed forms b^{(σ)}(μ) for μ ∈ W by (3.1). The corresponding m-sectorial operators B^{(σ)}(μ) form an analytic family of type (B) with respect to μ ∈ W (see, e.g., Section VII.4 in [K]). Our goal in this subsection is to study the operators B^{(σ)}(μ) with large |Im μ|. We begin with the unperturbed case σ = 0 and consider the symbol β(μ) = (β_n(μ))_{n∈Z}d. Noting that

|β_n(μ)|^4 = |(n_1 + Re μ)^2 − (Im μ)^2 + |n^′ + k^′|^2 − λ|^2 + 4|Im μ|^2|n_1 + Re μ|^2

for n = (n_1, n^′) ∈ Z^d and recalling the properties of δ we find easily that there is a C_1 > 0 such that

(3.6) |β_n(μ)| ≥ 1 C_1 (1 + |Im μ|)^{1/2}, n ∈ Z^d, μ ∈ W. This is an estimate of β(μ) in l_∞(Z^d). We also need the following refined estimate in the class l_{s,∞}(Z^d) from [BSu].

Lemma 3.4. Let d ≥ 2 and let k, λ, W be as above. Put s := max{d, 2(d − 2)}. Then there exists a C_2 > 0 such that |β(μ)^{−1}|_{s,∞} ≤ C_2, μ ∈ W. Proof. When λ = 0 and Im μ =^1_2 , our |β(μ)|^{−1} coincides with |h_0(Im μ)|^{−1/2} in [BSu] (up to multiples of 2π) and our lemma is a special case of Theorem 3.1 there. The extension to our situation is straightforward. □

The main result of this subsection is

Proposition 3.5. Assume that σ satisfies (1.7) and let k, λ, W be as above. Then there exist η_0, C_3 > 0 such that for all μ ∈ W with |Im μ| > η_0 the operator B^{(σ)}(μ) is boundedly invertible with

(3.7) ‖ ‖ ( B^{(σ)}(μ) )_{−1}‖ ‖ ≤ C^3 (1 + |Im μ|)^{1/2} .

Remark 3.6. If d = 1, then the exponent^1_2 in the RHS of (3.7) can be replaced by 1, see [FrSh].

Proof. In view of the preceding remark we can assume d ≥ 2. We have to find η_0, C_3 > 0 such that for all 0 ≠ f ∈ H^{1/2}(T^d), μ ∈ W with |Im μ| > η_0 there exists 0 ≠ g ∈ H^{1/2}(T^d) such that |b^{(σ)}(μ)[f, g]| ≥ 1 C_3 (1 + |Im μ|)^{1/2}‖f‖‖g‖. For given 0 ≠ f ∈ H^{1/2}(T^d), μ ∈ W we define g by its Fourier coefficients

ĝ_n := β_n(μ) |β_n(μ)| f̂_n, n ∈ Z^d. Then we have 0 ≠ g ∈ H^{1/2}(T^d), (3.8) ‖g‖ = ‖f‖, and (3.9) |b^{(σ)}(μ)[f, g]| ≥ ∑ n∈Z^d |β_n(μ)||f̂_n|^2 −^1_2 ‖ √ |σ|f‖^2 −^1_2 ‖ √ |σ|g‖^2. Because of (1.7) we can, for given ϵ > 0, write √ |σ| = ρ_{1,ϵ} + ρ_{2,ϵ} with ρ_{1,ϵ} ∈ L_∞(T^d) and |ρ_{2,ϵ}|_{2s,∞} < ϵ, s := max{d, 2(d − 2)}. Then by (3.6), Lemma 3.4 and Proposition 1.1 ‖ √ |σ|f‖ ≤ ≤ ( C^{1/2}_1 (1 + |Im μ|)^{−1/4}‖ρ_{1,ϵ}‖_∞ + c_{2s,d}C^{1/2}_2 |ρ_{2,ϵ}|_{2s,∞} ) ‖|B^{(0)}(μ)|^{1/2}f‖. Now choose ϵ > 0 small and then η_0 large such that ‖ √ |σ|f‖^2 ≤^1_2 ∑ n∈Z^d |β_n(μ)||f̂_n|^2 for all μ ∈ W with |Im μ| > η_0. Using a similar estimate for ‖ √ |σ|g‖^2 and (3.9), (3.6), (3.8) we arrive at

|b^{(σ)}(μ)[f, g]| ≥^1_2 ∑ n∈Z^d |β_n(μ)||f̂_n|^2 ≥^1_{2C1} (1 + |Im μ|)^{1/2}‖f‖‖g‖, whenever |Im μ| > η_0, as claimed. □

3.4. Proof of Proposition 1.10. The core of Proposition 1.10 is contained in the following

Proposition 3.7. Assume that σ satisfies (1.7) and let k^0 ∈ Q^d, λ_0 ∈ σ_p ( H^{(σ)}(k^0) ) \ τ(k^0). Then there exist neighbourhoods U ⊂ R, V ⊂ R^d of λ_0, k^0 and a real-analytic function h : U × V → R satisfying (1) for all λ ∈ U, k ∈ V one has h(λ, k) = 0 iff 0 ∈ σ ( B^{(σ)}(λ, k) ) , and (2) for all λ ∈ U one has h(λ, .) ≢ 0.

Proof. We will construct an analytic extension of the operators B^{(σ)}(λ, k) near (λ, k) = (λ_0, k^0). (However now, in contrast to Subsection 3.3, with respect to all variables.) Indeed, since λ_0 /∈ τ(k^0), there exist neighbourhoods Ũ ⊂ C , Ṽ ⊂ C^d of λ_0, k^0 such that the functions β_n, n ∈ Z^d, admit an analytic continuation to Ũ × Ṽ . Then we can define sectorial and closed forms b^{(σ)}(z, κ) for z ∈ Ũ, κ ∈ Ṽ by (3.1) and obtain corresponding msectorial operators B^{(σ)}(z, κ). These operators have compact resolvent and it is well-known that (after possibly decreasing Ũ and Ṽ ) there is an analytic function h : Ũ × Ṽ → C such that h(z, κ) = 0 iff 0 ∈ σ ( B^{(σ)}(z, κ) ) . (Indeed, choosing h as a (regularized) determinant of B^{(σ)}(z, κ) we see that h(λ, k) ∈ R if λ ∈ U := Ũ ∩ R, k ∈ V := Ṽ ∩ R^d .) This proves property 1 in the proposition.

To prove property 2 we assume that h(λ, .) ≡ 0 for some λ ∈ U. We choose k ∈ V such that k_1 ≠ 0 and λ /∈ τ(k) and consider the family B^{(σ)}(λ, μe_1 + k^′), μ ∈ W , constructed in Subsection 3.3. It follows from the Analytic Fredholm Alternative (see, e.g., Theorem VII.1.10 in [K]) that all operators of this family have 0 as an eigenvalue. But this contradicts Proposition 3.5. □

Finally, we can give the

Proof of Proposition 1.10. In order to cover threshold eigenvalues we include the functions h_n, n ∈ Z^d, defined by h_n(λ, k) := ∑_d j=1(n_j + k_j )^2 − λ in our collection. In the remaining set {(λ, k) ∈ R × Q^d : λ /∈ τ(k)} we apply Proposition 3.7 noting that 0 ∈ σ ( B^{(σ)}(λ, k) ) whenever λ ∈ σ_p ( H^{(σ)}(k) ) by Proposition 3.1. □

4. Additional channels of scattering of the operators H^{(σ)}

4.1. The negative spectrum of H^{(σ)}. For k ∈ Q^d we denote by l(k) the number of eigenvalues of H^{(σ)}(k) in (−∞, |k|^2), counting multiplicities. By Theorem 1.9 l(k) is a finite number, possibly equal to 0. Moreover, let

(4.1) λ_1(k) ≤ λ_2(k) ≤ · · · λ_{l(k)}(k) < |k|^2

the corresponding eigenvalues and set λ_l(k) := |k|^2 if l > l(k). The functions λ_l are (Lipschitz) continuous on Q^d for each l ∈ N. Combining this with (1.12) we find

(4.2) σ ( H^{(σ)} ) = ⋃ l∈N λ_l(Q^d) ∪ [0, +∞),

i.e., the spectrum of H^{(σ)} has band structure.

Under assumption (1.7) none of the functions λ_l is constant, since this would correspond to an eigenvalue of H^{(σ)} contradicting Theorem 1.4. If σ is non-negative, we have of course σ ( H^{(σ)} ) ∩ (−∞, 0) = ∅. Conversely, we prove now that additional bands in the negative spectrum of H^{(σ)} appear if σ is ”non-positive in mean”.

Proposition 4.1. Assume that σ satisfies (1.1) and ∫ T^d σ(x) dx ≤ 0, σ ≢ 0. Then σ ( H^{(σ)} ) ∩ (−∞, 0) ≠ ∅. Proof. Indeed, fix k ∈ Q^d. We claim that under the above assumption H^{(σ)}(k) has an eigenvalue smaller than |k|^2. We give the proof here only for the case ∫ T^d σ(x) dx = 0 the other one being simpler. (One can take then

γ = 0 below, see [FrSh].) By our assumptions there exists f ∈ H^1(T^d) such that Re ∫ T^d σ(x)f(x) dx < 0, ∫ T^d f(x) dx = 0, and we consider the ”trial function” u(x, y) := 1 (2π)^{d/2} e^{−αy} + γf(x)e^{−βy}, (x, y) ∈ Π, with constants α, β, γ > 0 to be determined later. A simple calculation shows that h^{(σ)}(k)[u] ‖u‖^2 = |k|^2 + α β + αγ^2‖f‖^2 (I(β, γ) + αβ) where I(β, γ) := 2βγ ( 1 (2π)^{d/2} 2 Re ∫ T^d σ(x)f(x) dx + γ ∫ T^d σ(x)|f(x)|^2 dx ) + + β^2γ^2‖f‖^2 + γ^2 ( ‖(D_x + k)f‖^2 − |k|^2‖f‖^2 ) . By the variational principle our claim follows if we can prove that I(β, γ) < 0 for some β, γ > 0. This can be shown by minimizing I(β, γ) with respect to β and then choosing γ small. □ Remark 4.2. The result of the proposition is sharp. Indeed, with more elaborate techniques one can show that if ∫ T^d σ(x) dx > 0 and k ∈ (−π, π) d there exists an α(k, σ) > 0 such that H^{(ασ)}(k) has no eigenvalue below |k|^2 for 0 ≤ α < α(k, σ). Finally, we remark that it is possible to construct examples where H^{(σ)} has an arbitrary finite number of open gaps in its spectrum (see [FrSh] for the case of one open gap if d = 1).

4.2. Surface states. It is illuminating to look at the additional bands in the spectrum of H^{(σ)} from the point of view of scattering theory. We recall that

R(W^{(σ)}_± ) = U^∗ (∫ Q^d ⊕R(P^{(σ)}_{ac} (k)) dk ) U, R(W^{(σ)}_± )^⊥ = U^∗ (∫ Q^d ⊕R(P^{(σ)}_p (k)) dk ) U, (4.3) where P^{(σ)}_{ac} (k), P^{(σ)}_p (k) denote the projections onto the absolutely continuous and pure point subspaces of H^{(σ)}(k), respectively. The first identity was established in the proof of Theorem 1.3, and the second one follows since H^{(σ)}(k) has no singlar continuous spectrum by Theorem 1.8. It is a general fact that the subspace R(W^{(σ)}_± ) reduces H^{(σ)} and that the part of H^{(σ)} on this subspace is unitarily equivalent to H^{(0)}. Additional bands in the spectrum of H^{(σ)} are due to its part on R(W^{(σ)}_± )^⊥. We remark that the spectrum of that part might be strictly larger than ⋃ l∈N λ_l(Q^d) in (4.2). This is because of possible embedded eigenvalues of the fiber operators H^{(σ)}(k), see Examples 3.3.

From (4.3) we obtain easily (see [DaSi]) a geometric characterization of the spaces R(W^{(σ)}_± ), R(W^{(σ)}_± )^⊥. Namely, with the notation U^{(σ)}(t) := exp(−itH^{(σ)}), t ∈ R, one has

R(W^{(σ)}_± ) = {u ∈ L_2(R^{d+1}_+ ) : lim_{t→±∞} ∫ R^d×(0,a) |U^{(σ)}(t)u|^2 dxdy = 0, a ∈ R_+ }, R(W^{(σ)}_± )^⊥ = {u ∈ L_2(R^{d+1}_+ ) : lim_{a→+∞} sup_{t∈R} ∫ R^d×(a,+∞) |U^{(σ)}(t)u|^2 dxdy = 0}. The second identity shows that states in R(W^{(σ)}_± )^⊥ are surface states, i.e., they are concentrated near the boundary for all time.

We have not been able to exclude the existence of bound states corresponding to eigenvalues of H^{(σ)} under the assumption (1.1). However, under the assumption (1.7) the spectrum of H^{(σ)} is absolutely continuous and R(W^{(σ)}_± )^⊥ represents additional channels of scattering. The appearance of additional channels of scattering is equivalent to the non-completeness of the wave operators W^{(σ)}_± . In Proposition 4.1 and Theorem 1.5 we gave sufficient conditions for the existence and non-existence of additional channels.

References

[BKaS] M. Sh. Birman, G. E. Karadzhov, M. Z. Solomyak, Boundedness conditions and spectrum estimates for the operators b(X)a(D) and their analogs, Estimates and asymptotics for discrete spectra of integral and differential equations, Adv. Soviet. Math., vol. 7, Amer. Math. Soc., 1991, 85-106.

[BSu] M. Sh. Birman, T. A. Suslina, Periodic magnetic Hamiltonian with variable metric.

The problem of absolute continuity, St. Petersburg Math. J. 11, no. 2 (2000), 203-232. [DaSi] E. B. Davies, B. Simon, Scattering Theory for Systems with Different Spatial Asymptotics on the Left and Right, Commun. Math. Phys. 63 (1978), 277-301.

[FiKl1] N. Filonov, F. Klopp, Absolute continuity of the spectrum of a Schrödinger operator with a potential which is periodic in some directions and decays in others, Documenta Math. 9 (2004), 107-121; Erratum: ibd., 135-136.

[FiKl2] N. Filonov, F. Klopp, Absolutely continuous spectrum for the isotropic Maxwell operator with coefficients that are periodic in some directions and decay in others, Comm. Math. Phys., to appear.

[Fr] R. L. Frank, On the scattering theory of the Laplacian with a periodic boundary condition. I. Existence of wave operators, Documenta Math. 8 (2003), 547-565.

[FrSh] R. L. Frank, R. G. Shterenberg On the scattering theory of the Laplacian with a periodic boundary condition. II. Additional channels of scattering, Documenta Math. 9 (2004), 57-77.

[K] T. Kato, Perturbation Theory for Linear Operators, Springer, 1976. [Ya] D. R. Yafaev, Mathematical Scattering Theory, Amer. Math. Soc., 1992.

Royal Institute of Technology, Department of Mathematics, Lindstedtsvägen 25, 10044 Stockholm, Sweden

E-mail address: rupert@math.kth.se