Kneading determinants and spectra of transfer operators in higher dimensions, the isotropic case

Mathieu Baillif and Viviane Baladi

June 2004 (Revised version)

Abstract. Transfer operators M_k are associated to C^r transversal local diffeomorphisms ψ_ω of R^n , and C^r compactly supported functions g_ω. A formal trace tr^#M, yields a formal Ruelle-Lefschetz determinant Det^#(Id −zM). We use the Milnor-Thurston-Kitaev equality recently proved by Baillif [Bai] to relate zeroes and poles of Det^#(Id − zM) with spectra of the transfer operators M_k, under additional assumptions. As an application, we get a new proof of a result of Ruelle [Ru3] on the spectral interpretation of zeroes and poles of the dynamical zeta function exp ∑ m≥1(z^m/m) ∑ f m(x)=x | det Df(x)|

−1 for smooth expanding endomorphisms f.

1. Introduction

A weighted (Ruelle) dynamical zeta function may be associated to a transformation f (on a compact space M, say) and a “weight” function g : M → C by setting

ζ_{f,g}(z) = exp ∞� m=1 z^m m � x∈Fix (f^m)

m−1� j=0 g(f^j(x)) , (1.1)

assuming, e.g., that each set Fix f^m = {x ∈ M | f^m(x) = x} is finite. If f is a one-sided subshift of finite type associated to a Markov matrix A, and g is constant, it is an easy

1991 Mathematics Subject Classification. 37C30.

We thank A. Avila, M. Benedicks, J. Buzzi, G. David, C. Liverani, and D. Ruelle for useful conversations, and S. Gouëzel who found some errors in previous versions of this article. We are grateful to the referee for a careful reading which helped us to improve the paper. We benefitted from funding by PRODYN and from the friendly environment of l’Odyssée dynamique 2001 at CIRM. This work was started at the Université de Paris-Sud, and continued at I.H.É.S. We express our thanks to both institutions.

Typeset by AMS-TEX 1 algebraic exercise to see that ζ_{f,g}(z) = 1/ det(Id − zA). If g is not constant, but has exponentially decaying variations on small cylinders, the transfer operator

Lφ(x) = � f(y)=x

g(y)φ(y) (1.2)

has essential spectral radius bounded above by θ exp(P log(|g|)) (with P the topological pressure) when acting on the Banach space Lip of Lipschitz functions on the one-sided shift space ([Po]). (Throughout this introduction, we refer to the survey [Ba1] for more information and references.) Haydn then proved (following crucial steps by Ruelle and Pollicott) that ζ_{f,g}(z) is meromorphic in the disc of radius θ^{−1} exp(−P log(|g|)), where its poles are the inverse eigenvalues of L on Lip.

Using Markov methods (symbolic dynamics via Markov partitions, Markov covers, tower-like Markov extensions, etc.), similar results were obtained for weighted dynamical zeta functions associated to smooth data on manifolds: Axiom A diffeomorphisms (Ruelle [Ru2], Pollicott [Po], Haydn [Ha]), one-dimensional piecewise monotone maps (Hofbauer-Keller, Baladi-Keller [BaKe], Keller-Nowicki [KN]), and higher-dimensional piecewise smooth and injective maps (Buzzi-Keller [BuKe]). There, one assumes not only (piecewise) smoothness of the dynamics f and the weight g but also some “hyperbolicity” (or expansion) in f.

Note also that, for smooth expanding maps on manifolds, Ruelle [Ru1, Ru3] and Fried [Fr0, Fr1] studied dynamical Fredholm-type determinants. These determinants will only be mentioned in passing in the present article (see (4.2) below). We just point out here that, in the analytic case, the transfer operator is nuclear on a suitable Banach space, and this dynamical determinant can further be interpreted as an honest Grothendieck-Fredholm determinant: see Mayer [Ma], Ruelle [Ru1], Keller [Ke], and more recently Rugh [Rug], Fried [Fr1]. The underlying topological mechanism in these works is still the Markov partition.

In the early nineties, a new approach was launched [BaRu and references therein], initially for piecewise monotone interval maps. The original motivation was to understand the links between, on the one hand the Milnor-Thurston [MT] identity relating the kneading matrix and an unweighted dynamical zeta function, and on the other hand the spectral interpretation of the zeroes and poles of (weighted) dynamical zeta functions. This kneading approach is now quite well understood in one real dimension ([Ru4, BaRu, BKRS, Ba2, Go]), We recall its key ingredients next, very briefly.

The initial data is a finite set of local homeomorphisms ψ_ω : U_ω → ψ_ω(U_ω), where each U_ω is an open interval of R, and of associated weight functions g_ω which are continuous, of bounded variation, and have support inside U_ω. In particular, the ψ_ω can be the inverse branches of a single piecewise monotone interval map f, and g_ω can be g ∘ ψ_ω for a single g. For a more specific example, if f is unimodal on [−1, 1] with max f = f(0) = b < 1 and min f = f(+1) = f(−1) = −1 then we may take U_− = U_+ = (b + ϵ, −1 − ϵ), and ψ_± (somewhat arbitrary extensions of) the two inverse branches of f, with images in (−1 − δ, δ) and (−δ, 1 + δ). We may also take g a 2 continuous function of bounded variation on (−1 − δ, 1 + δ) supported in [−1, +1]. Beware however that this setup does not allow to take for g the characteristic function of [−1, 1]. Gouëzel [Go] recently obtained a significant weakening of the continuity assumption (while avoiding boundary terms in integration by parts), which allows e.g. the choice g = 1_{[−1,+1]} for our unimodal example if 0 is not preperiodic, i.e., if there is no finite Markov partition.

We emphasize that no contraction assumption is required on the ψ_ω: their graph can even coincide with the diagonal on a segment. The transfer operator is now

Mφ = � ω g_ω · (φ ∘ ψ_ω) . (1.3)

Ruelle [Ru4] obtained an estimate, noted ^R, for the essential spectral radius of M acting on the Banach space BV of functions of bounded variation. The main result of [BaRu] links the eigenvalues of M (outside of the disc of radius ^R), acting on BV , with the zeroes of the “sharp determinant”

Det^#(Id − zM) = exp − ∞� m=1 z^m m tr^#M^m , (1.4)

where (with the understanding that y/|y| = 0 if y = 0)

tr^#M = � ω � 1 2 ψ_ω(x) − x |ψ_ω(x) − x| dg_ω(x) . (1.5)

If the ψ_ω are strict contractions which form the set of inverse branches of a piecewise monotone interval map f, and g_ω = g ∘ ψ_ω then integration by parts together with the key property that d x 2|x|

= δ , the Dirac delta at the origin of R ,

show that Det^#(Id − zM) = 1/ζ_{f,g}(z). If one only assumes that the graph of each admissible composition ψ^m_{⃗ω} of m successive ψ_ωs (with m ≥ 1) intersects the diagonal transversally, then

Det^#(Id − zM) = exp − ∞� m=1 z^m m � admissible ψ^m_{⃗ω} � x∈Fix ψ^m_{⃗ω}

L(x, ψ^m_{⃗ω} ) m−1� j=0 g_{ωj} (ψ^j_{⃗ω}(x)) ,

(1.6) where L(x, ψ) ∈ {−1, 1} is the Lefschetz number of a transversal fixed point x = ψ(x) (if ψ is C^1 this is just sgn (1 − ψ^′(x))). This is why we call the sharp determinant Det^#(Id − zM) a Ruelle-Lefschetz (dynamical) determinant. It is not difficult to see, for non Markov unimodal f and g = 1_{[−1,1]} as above, that the expression (1.6) with 3

Lefschetz numbers, coming from our additional transversality assumption, gives that Det^#(Id − zM) is just 1/ζ^−(z), where the “negative zeta function”

ζ^−(z) = exp + ∞� m=1 z^m m � 2#Fix^−(f^m) − 1 �

is defined by counting the sets

Fix^−(f^m) = {x ∈ (−1, 1] | f^m(x) = x , f strictly decreasing in a nbhd of x}

of “negative fixed points.” This zeta function was studied by Milnor and Thurston [MT], who proved the remarkable identity

(ζ^−(z))^{−1} = det(1 + ^D(z))

where ^D(z) is a 1×1 “matrix” which is a power series in z with coefficients in {−1, 0, +1} given by the signed itinerary of f(0) (i.e., the kneading data). Milnor and Thurston’s equation also applies to unimodal maps, but ^D(z) is here a finite (N − 1) × (N − 1) matrix (with N the number of laps of f) constructed from the signed kneading series of the N − 1 turning points.

Let us return now to our general setup ψ_ω, g_ω. The crucial step in the proof of the spectral interpretation of the zeroes of this Ruelle-Lefschetz determinant consists in establishing the following continuous version of the Milnor-Thurston identity:

Det^#(Id − zM) = Det^∗(Id + ^D(z)) , (1.7)

where the “kneading operator” ^D(z) replaces (formally) the finite kneading matrix of Milnor and Thurston. (In fact, approaching the g_ω by locally constant functions, Det^∗(Id + ^D(z)) can be approached by the determinants of a sequence of finite weighted Milnor Thurston matrices, see the appendix of [BaRu].)

If |z| < 1/R then ^D(z) is a Hilbert-Schmidt operator on a suitable L^2 space (its kernel is in fact bounded and compactly supported), thus allowing the use of regularised determinants of order two. In fact, Det^∗(Id + ^D(z)) is the product of the regularised determinant with the exponential of the average of the kernel of ^D(z) along the diagonal, which is well-defined. Another kneading operator, D(z), is essential. If 1/z is not in the spectrum of M (on BV ) then D(z) is also Hilbert-Schmidt, and we have Det^∗(Id + ^D(z)) = Det^∗(Id + D(z))−1.

The kneading operator approach to study Ruelle-Lefschetz dynamical determinants in one complex dimension is presented in [BKRS]. There, a more conceptual definition of the D(z) was suggested, which was later implemented in one real dimension [Ba2]:

D(z) = N (Id − zM)^{−1}S , (1.8) 4 where N is an auxiliary transfer operator and S is the convolution (μ being an auxiliary nonnegative finite measure)

Sφ(x) = � 1 2 x − y |x − y| φ(y)dμ . (1.9)

It is indeed clear from (1.8) that the kneading operator is a regularised (through the convolution S) object which describes the inverse spectrum of the transfer operator: the resolvent (Id −zM)^{−1} in (1.8) means that poles can only appear if 1/z is an eigenvalue, and since Det^∗(Id + ^D(z)) = Det^∗(Id +D(z))^{−1}, this can be translated into a statement for zeroes of Det^∗(Id + ^D(z)). The Milnor-Thurston identity (1.7)) then implies that any zero of Det^#(Id − zM) (recall |z| < 1/R) is an inverse eigenvalue of M.

In our opinion, the kneading approach we just described is not only interesting because it extends previous results (see e.g. [BaKe]) on piecewise monotone interval maps, but also because of its conceptual simplicity. We believe it sheds a new light on weighted dynamical zeta functions associated to smooth (non analytic) maps: The mechanism relating the zeroes of the zeta function with eigenvalues is literally visible in (1.7–1.8), as we just explained. As a side-effect, the sometimes cumbersome Markov partition tool is bypassed. (The unimodal example discussed above shows that in fact this onedimensional approach works best for piecewise monotone maps with no finite Markov partition.)

Implementing this strategy in higher dimensions is a natural goal: Assume that the U_ω are (finitely many, say) open subsets of R^n and that the ψ_ω : U_ω → ψ_ω(U_ω) are local C^r homeomorphisms or diffeomorphisms, while the g_ω : U_ω → C are compactly supported C^r functions, for r ≥ 1. We assume that ∪_ωU_ω is contained in a compact set. We consider the n-tuple M of operators M_k acting on k-forms by

M_kφ = � ω g_ω · ψ^∗_ωφ . (1.10)

As in dimension one, constant (or discontinuous) weights g_ω are not allowed. Since we may reduce to the model above from a smooth dynamical system on a manifold with the help of charts and partitions of unity, this causes in fact less problems than in dimension one. For example the perhaps most natural transfer operator acting on functions,

L_f φ(x) = � f(y)

φ(y)/| det D(f(y))| ,

where f is the expanding linear map on the two torus defined by (y_1, y_2) → (2y_1, 2y_2) (modulo 1), and det Df ≡ 4, can easily be modelled by (1.10) with the help of local inverse branches and partitions of unity. We refer to Section 4 for details. (If f is an Anosov toral map, a partition of unity can also be used to obtain a representation (1.10), without the need of Markov partitions.) 5

In 1995, A. Kitaev wrote a two-page sketch of the (statement and) proof of a higherdimensional Milnor-Thurston formula. He made an additional transversality assumption, which guarantees that the set of fixed points of each fixed period m is finite, allowing him to define a Ruelle-Lefschetz determinant Det^#(Id −zM) through formula (1.6). (Note that the Lefschetz numbers L(x, ψ^m_{⃗ω} ) = sgn (det(Id − D_xψ^m_{⃗ω} )) in (1.6) are nonzero by the transversality assumption, and that if we assume that the ψ_ω are contractions, they are all +1.) Baillif turned Kitaev’s unpublished note into a mathematical proof [Bai, see also Ba2] and proved the following “Milnor–Thurston” formula:

Det^#(Id − zM) = n−1� k=0 Det^♭(Id + D_k(z))^{(−1)k+1} . (1.11)

We refer the reader to Section 2 for the definition of the kneading operators D_k(z) and their flat traces and determinants. We just mention here that they are kernel operators acting on k+1 forms, constructed with the resolvent (Id −zM_k)^{−1} (where the transfer operator M_k acts on k forms via the pull-back ψ^∗_ω), together with a convolution operator S_k, mapping k + 1-forms to k-forms and which satisfies the homotopy equation dS + Sd = 1. The kernel σ_k(x, y) of S_k has singularities of the form (x − y)/‖x − y‖^n. The transversality assumption allows Baillif to interpret the determinant obtained by integrating the kernels along the diagonal as a flat determinant in the sense of Atiyah and Bott [AB1, AB2], whence the notation Det^♭ in the right-hand-side of (1.11).

Although Baillif did not give a spectral interpretation of zeroes or poles of the sharp determinant (1.11), he did notice that for |z| very small, suitably high iterates of the D_k(z) are trace-class on L^2(R^n), showing that the corresponding regularised determinant has a nonzero radius of convergence under rather weak assumptions.

In the present work, we carry out the spectral interpretation of the sharp determinant (1.6) in arbitrary dimension, under the transversality assumptions of Baillif and Kitaev (see Section 3). We concentrate here on the isotropic setting where the forward dynamics is (uniformly) expanding in all space directions. We decided however to formulate our main result in a way suitable for generalisations to anisotropic (in particular, Anosov) cases. This result says (Theorems 13–14 in Section 3) that if (Axiom 1 in Section 3) there are suitable Banach spaces B_k of coefficients for k-forms on which (Axiom 2 in Section 3) the essential spectral radii of all transfer operators M_k are smaller than some ~R < 1, while the flat traces of the kernels D_k(z) are meromorphic in the disc of radius 1/R (Axiom 3), then taking R = ~R^{1/n}:

Main Theorem. Under Axioms 1, 2, 3 from Section 3, Det^#(Id − zM) is meromorphic in {|z| < 1/R}. The order of z as a zero/pole of Det^#(Id − zM) is • the sum over 0 ≤ 2k ≤ n of the algebraic multiplicity of 1/z as an eigenvalue of M_{2k} acting on 2k forms with coefficients in B_{2k} minus • the sum over 1 ≤ 2k + 1 ≤ n of the algebraic multiplicity of 1/z as an eigenvalue of M_{2k+1} acting on 2k + 1-forms with coefficients in B_{2k+1}. 6

When the dynamics ψ_ω corresponds to the inverse branches of a differentiable uniformly expanding map on a compact manifold and the g_ω are differentiable, Axioms 1 and 2–3 are satisfied by taking the B_k to be Sobolev spaces. We then recover a (case of a) result of Ruelle [Ru3] (Section 4).

Choosing Banach spaces In dimension one, the kernel of the convolution operator S is a function of bounded variation. This is very handy, because the essential spectral radius of the transfer operator on BV can be estimated, and in many cases shown to be strictly smaller than the spectral radius (“quasicompactness”). To adapt the strategy of [BaRu] to our higher-dimensional setting, it is desirable to find Banach spaces which, on the one hand, contain the kernels σ_k(·, y) (or some “primitive” of the kernels, see below) and, on the other, allow us to obtain quasicompactness of the transfer operators.

The kernels σ_k(·, y) belong to a fractional Sobolev space W^{α,p} for 0 < α < 1 and small enough p > 1. Instead of working with this limited “Hölder”-type fractional regularity, we adapt a technique used by Ruelle [Ru4] in dimension one: he constructed modified kneading operators D^{(r)}(z) with smoother kernels obtained by taking a “primitive” of the σ_k, which have the same traces as the original operators. This step is carried out in the abstract Lemma 6. In the concrete setting of Section 4, it allows us to let the transfer operators act on forms whose coefficients are (locally supported and) in a Sobolev space L^t_m(R^n) = W^{m,t}(R^n), i.e., have their derivatives in L^t(R^n), up to some finite order m ≥ 0. To achieve this goal, we need an analogue of the onedimensional concept of “primitive.” An obvious tool [St] is the inverse square root of the Laplacian (Riesz potential), or its better behaved version at infinity, the Bessel potential. This step is emblematic of the most important new feature of this higherdimensional version of [BaRu]: the intervention of harmonic analysis. Indeed, very classical Calderón-Zygmund results are behind the fact (Lemma 3) that the operators dS_k are bounded on L^p(R^n). The second new ingredient is the (re)regularisation (3.9) of the kneading operators D_k(z) (in fact; of their smoothened version D^{(r)}_k (z)): In particular, the resolvent (1 − zM_k)^{−1} is replaced by (see (3.6)) (1 − M_{k,L}(z))^{−1}, where

M_{k,L}(z) = Id − (Id − zM_k) exp � �_{L−1} j=1 z^j M^j_k j � , for large enough L. (This allows us to

“kill” constants and essentially consider the kneading operators as compact, see Corollary of Lemma 5.) Thirdly, one of the difficulties of the higher-dimensional kneading approach is that d and M_k do not commute. The spectra of operators dS_{k−1}M_k (note that dS is a projection to Ker d) arise naturally from the definitions of the kneading operators (see Lemma 11). In order to show that, outside of the disc of radius R, the eigenvalues λ of dS_{k−1}M_k which are not eigenvalues of M_k do not affect the zeroes and poles of the sharp determinant (in the corresponding disc), we show that they are not intrinsic (see Lemma 12). An indirect argument (Lemma 11, Theorem 13) then proves that the contributions of such eigenvalues must cancel in the alternated product of kneading determinants. These two other new tricks are simple-minded, but they seem not to have been used before in dynamical contexts. We hope they will be helpful elsewhere, the last one may be relevant in dynamical cohomological settings. 7

Further extensions – beyond the smooth isotropic case A natural extension is to apply kneading operators to uniformly hyperbolic dynamics, in order to improve on the results of Pollicott, Ruelle, and Haydn mentioned above and to contribute to a spectral interpretation of the work of Kitaev [Ki], see Fried [Fr2] and Blank-Keller-Liverani [BKL]. In a forthcoming work by the second named author, we shall see that replacing the isotropic Sobolev spaces of Section 4 by Banach spaces of anisotropic distributions, with leafwise smoothness, is the key to this extension. We also hope that the methods introduced in the present work will eventually be used to tackle the nonuniformly (expanding or) hyperbolic case (such as Hénon-like maps). A less ambitious but interesting problem is to adapt these methods to higher-dimensional (non-Markov) piecewise expanding maps, in order to give a different proof (and perhaps improve on) the results of Buzzi and Keller [BuKe]. Ultimately, one would also like to get rid of the transversality assumption.

Contents of the paper In Section 2 we introduce notations, recall the Kitaev-Milnor-Thurston formula and prove some facts about the operators S_k. Section 3 contains a statement of our assumptions (Axioms 1 and 2–3) and our main result (Theorem 13). (The reader will notice that the axioms below are more general than the ones stated in [Ba3], but we have to take R = ~R^{1/n}. We have also corrected Axioms 2 and 3 there.) Assuming only Axioms 1 and 2, we get a weaker result (Theorem 14). In Section 4 we apply Theorem 13 to the smooth expanding setting, recovering a result of Ruelle [Ru3].

2. Preliminaries – the Milnor and Thurston formula

Notations and basic data - ψ_ω and g_ω Let us fix once and for all an integer order of differentiability r ≥ 1 and a dimension n ≥ 2. The case n = 1 is dealt with in [BaRu, Ru4] and [Go] (see also [Ba1, Ba2]).

The data we consider is a system (indexed by a finite set Ω) of (1) local C^r diffeomorphisms ψ_ω : U_ω → ψ_ω(U_ω), where r ≥ 1 is an integer, and each U_ω is a nonempty bounded open subset of R^n;

(2) local C^r “weight functions” g_ω : R^n → C, such that the support of g_ω is contained in U_ω.

We need more hypotheses and notation. Let K = {‖x‖ ≤ T } in R^n be so that ∪_ωU_ω ⊂ K and ∪_ωψ_ω(U_ω) ⊂ K. We make the following transversality assumption: for each x ∈ R^n and m ≥ 1 such that there are ω_1, . . . , ω_m for which the composition

ψ^m_{⃗ω} = ψ_{ωm} ∘ · · · ∘ ψ_{ω1} (2.1)

is well defined in a neighbourhood of x and fixes x, the derivative D_x(ψ_{ωm} ∘ · · · ∘ ψ_{ω1} ) does not have 1 as an eigenvalue. We often consider products of weights along orbits

g^{(ℓ)}_{⃗ω} (x) := g_{ωℓ} (ψ_{ωℓ−1} ∘ · · · ∘ ψ_{ω1} (x)) · · · g_{ω2} (ψ_{ω1} (x)) · g_{ω1} (x) . (2.2) 8

Since the mth factor g_{ωm} (ψ_{ωm−1} · · · ψ_{ω1} (x)) in the above product vanishes whenever the composition (2.1) is not well defined (assuming the previous compositions, for j < m make sense), we shall not worry much about domains of definition. Note also that the transversality hypothesis, combined with our compactness assumption, implies that for each ℓ, the set Fix ψ^ℓ_{⃗ω} contains only finitely many points x for which (2.2) isn’t zero.

The transfer operators M_k – Forms A_k – Sharp determinant We write A_{k,C}m , A_{k,C}m_{(K)} for the vector spaces of k-forms on R^n with C^m coefficients (m ≥ 0 integer), respectively C^m coefficients supported in the compact set K. We shall also work with k-forms with coefficients in L^q = L^q(Lebesgue , R^n) or in L^q(U) = L^q(Lebesgue , U), with U a bounded domain in R and 1 ≤ q < ∞, writing A_{k,L}q , A_{k,L}q_{(U)} for the corresponding spaces. More generally, if B is a Banach space of functions or distributions on R^n, then A_{k,B} denotes the space of k-forms with coefficients in B. Sometimes we also consider A^C_{k,B} the space of compactly supported k-forms with coefficients in B. If B is a Banach space, we use the Banach norm ‖ϕ‖_B = ‖ϕ‖_{Ak,B} = max_{j∈I(k)} ‖ϕ_j ‖_B for ϕ ∈ A_{k,B}, where I(k) denotes the set of ordered k-tuples in {1, . . . , n} and

ϕ(x) = � j∈I(k)

ϕ_j (x) dx_{j1} ∧ · · · ∧ dx_{jk} , with ϕ_j ∈ B .

The map ψ_ω induces a transformation ψ^∗_ω on k-forms by the usual pullback operation (which involves differentiating the ψ_ω if k ≠ 0). Our object of interest is the transfer operator associated to the system {ψ_ω, g_ω} by setting, for k = 0, . . . , n,

M_k : A_{k,C}r−1 → A_{k,C}r−1_{(K)} , M_kϕ(x) = � ω g_ω(x) (ψ^∗_ωϕ)(x) . (2.3)

(In fact, M_0 maps A_{0,C}r to A_{0,C}r_{(K)}.) We write M for the (n+1)-tuple (M_0, . . . , M_n). We want to relate the spectra of the M_k on suitable Banach spaces A_{k,Bk} to the zeroes and poles of the sharp determinant [Bai] associated to the data {ψ_ω, g_ω} by the (a priori) formal power series

Det^#(Id − zM) = exp − ∞� m=1 z^m m � ⃗ω∈Ω^m � x∈Fix ψ^m_{⃗ω}

g^{(m)}_{⃗ω} (x) L(x, ψ^m_{⃗ω} ) , (2.4)

where L(x, ψ) ∈ {1, −1} (the value 0 is excluded by our transversality assumption) is the Lefschetz number of the diffeomorphism ψ at x, i.e. L(x, ψ) = sgn det(1 − D_xψ).

In other words Det^#(Id − zM) = exp −

�_∞ m=1 z^m

m tr^#M^m, the (formal) sharp trace being defined by tr^#M = � ω∈Ω � x∈Fix ψ_ω gω(x) L(x, ψω).

Kneading operators D_k(z) – Homotopy operators S_k We shall introduce next the kneading operators D_k(z), for k = 0, . . . , n − 1. Each D_k(z) is a power series in z with coefficients operators A_{k+1,C}r−1_{(K)} → A_{k+1,C}r−1_{(K)} 9

(other Banach spaces of coefficients will be specified later). For some values of z, these operators will have a kernel and, for a suitable iterate D^{m(n)}_k (z), this kernel will be in L^2, so that Hilbert-Schmidt theory will furnish a regularised determinant of order 2m(n). Note that we use the sign conventions of [Bai] when integrating forms depending on two variables, for instance when considering kernel operators. For example if ϕ(x, y) is a n-form in y, this definition implies d^x � y ϕ(x, y) = (−1)^n � d^xϕ(x, y), where d^x denotes derivative with respect to x (see [Bai (5)–(7)])

The operators D_k(z) were first defined in [Bai], following an idea of Kitaev. They involve the auxiliary transfer operators N_k : A_{k,C}r−1 → A_{k+1,C}r−1_{(K)}:

N_k = d_kM_k − M_{k+1}d_k , (2.5)

where d = d_k : A_{k,C}r−1 → A_{k+1,C}r−2 (or A^C_{k,Cr−1} → A^C_{k+1,Cr−2} ) denotes the exterior derivative. The fact that N_k is well-defined for r = 1 and does not lower the regularity comes, e.g., from the equivalent expression N_kϕ(x) = � ω dg_ω(x) ∧ ψ^∗_ωϕ(x).

The good properties of the kernels of the kneading operators D_k(z) are due to the convolution operators S_k : A^C_{k+1,Cr−1} → A_{k,C}r−1 . We shall see in the proof of Lemma 4 that S_k can be written as d^∗_{k+1}Δ^{−1}_{k+1}, we recall here the definition suggested by Kitaev and used in [Bai]: Introduce an n − 1 form solving dσ = δ, the Dirac current at 0 ∈ R^n,

σ(x) =

Γ(n/2) 2(π^{n/2}) n� i=1 σ^î(x) dx_1 ∧ · · · ∧ dx̂_i ∧ · · · ∧ dx_n , σ^î(x) = (−1)^{i+1} x_i |x|^n

, (2.6)

where Γ is the Euler function and the hat means that the coordinate is deleted.

Lemma 0 (Definition and properties of the S_k [Bai]). For each k ∈ {0, . . . , n−1} let S_k be the convolution operator

S_kϕ(x) = (−1)^n � y σ_k(x, y) ∧ ϕ(y) , (2.7)

where σ_k(x, y) is a k-form in x ∈ R^n and an n − k − 1-form in y ∈ R^n, measurable on R^{2n}, defined by the decomposition (σ(x − y) denotes (F^∗σ)(x, y) where F (x, y) = x − y)

σ(x − y) = n−1� k=0 (−1)^nσ_k(x, y) . (2.8)

(1) For every bounded open ball D ⊂ R^n, the form σ_k(·, y) belongs to A_{k,L}s_{(D)} for each 1 ≤ s < n/(n − 1) and sup_{y∈D} ‖σ_k(·, y)‖_Ls_{(D)} < ∞ for all k. Outside of the diagonal x = y in R^{2n}, σ_k(x, y) has C^∞ coefficients.

(2) The following homotopy equation holds: d_{k−1}S_{k−1} + S_kd_k = Id on A^C_{k,C2} .

Proof of Lemma 0. By definition, the singular kernel σ_k(x, y) of S_k can be written σ_k(x, y) = � ⃗ı τ_{k,⃗ı}(x − y)dy^{⃗ı}, where the coefficients of each k-form τ_{k,⃗ı}(u) are linear combinations of: u_j

‖u‖^n

, j = 1, . . . , n , (2.9) 10 where ‖u‖ denotes the Euclidean norm of u ∈ R^n. The fact that σ_k(x, y) is C^∞ outside of the diagonal is obvious.

It was pointed out in [Bai] that the singularity in (2.9) belongs to L^s(D) for each 1 ≤ s < n/(n − 1) and every bounded ball D. The integrability claim in Lemma 0 easily follows from this. Claim (2) is not difficult (see [Bai]). □

Finally, the kneading operators are defined (in the sense of formal power series with coefficients linear operators) as

D_k(z) = zN_k(Id − zM_k)^{−1}S_k = ∞� ℓ=0 z^{ℓ+1}N_kM^ℓ_kS_k , k = 0, . . . , n − 1 . (2.10)

The higher dimensional Milnor-Thurston formula In order to state the results from [Bai], let us view the kneading operators as kernel operators. By Lemma 0, since both M_k and N_k act boundedly on A_{k,L}q , we may write

D_k(z)ϕ(x) = (−1)^n ∞� ℓ=0 z^{ℓ+1} � y (N_kM^ℓ_k)_xσ_k(x, y) ∧ ϕ(y) . (2.11)

(The subscript x means that the operator acts on the x variable.) Hence, D_k(z) has a formal power series kernel � ℓ≥0 z^{ℓ+1}K_{k,ℓ}(x, y) (just set K_{k,ℓ}(x, y) = (N_kM^ℓ_k)_xσ_k(x, y)).

The kernels of iterates D^m_k (z) are obtained in a similar way and analogous expressions may be written for ^D_k(z) and D^∗_k(z).

Baillif [Bai] proved the following lemma and theorem (see also [Ba2, §3]) using transversality and elementary properties of the σ_k(x, y):

Lemma 1 [Bai]. For each k = 0, . . . , n − 1 and ℓ ≥ 0, we have K_{k,ℓ}(x, x) ∈ L^1(R^n), so that we may define the formal flat trace of D_k(z) by integrating the kernel along the diagonal (with the correct sign):

tr^♭D_k(z) = � ℓ≥0 z^{ℓ+1}(−1)^{(k+1)} � K_{k,ℓ}(x, x) . (2.12)

The same integrability property holds for the kernels of D_k(z)^m for all m ≥ 1. Therefore, the traces tr^♭D^m_k (z) are power series with complex coefficients.

For k = 0, . . . , n − 1, we may thus define a (formal) flat determinant by

Det^♭(Id + D_k(z)) = exp − ∞� m=1 z^m m tr^♭D_k(z)^m .

The coefficients of tr^♭D_k(z) coincide with the Atiyah-Bott flat traces of the corresponding kernel operators if the ψ_ω and g_ω are C^∞, see [Bai]. 11

Theorem 2 (Milnor-Thurston identity) [Bai]. In the sense of formal power series

Det^#(Id − zM) = n−1� k=0 Det^♭(Id + D_k(z))^{(−1)k+1} . (2.13)

We shall not need the following result, although we shall exploit and revisit key ideas in its proof (see [Bai, Lemma 6.2]) in Lemma 6 below:

Theorem [Bai]. There is δ > 0 so that in the disc {|z| < δ}, for all m ≥ n/2 + 1 the kernel of D^m_k (z) has coefficients in L^2(dx × dy). In particular, the regularised determinant of order n + 1 (if n is odd) or n + 2 (if n is even) of D_k(z) on L^2 is holomorphic in the disc of radius δ.

Harmonic analysis and algebra with the S_k

Lemma 3 (Properties of the S_k and d_kS_k: analysis). Let k ∈ {0, . . . , n − 1}. (1) If 1 < q < n then S_k is bounded from A_{k+1,L}q to A_{k,L}q′ for q^′ = qn/(n − q). For 1 ≤ q ≤ n and any continuous compactly supported function χ, the operator χS_kχ is bounded from A_{k+1,L}q to A_{k,L}q′′ for all q < q^{′′} < qn/(n − q).

(2) d_kS_k extends to a bounded operator on A_{k+1,L}q for 1 < q < ∞. In fact, for each i, the operator ∂_iS_k extends to a bounded operator from A_{k+1,L}q to A_{k,L}q .

Note that q^′ > q > 1, in fact q^′ > ηq for each 1 ≤ η < 1 + q/(n − q).

Proof of Lemma 3. The second claim of (1) follows from usual properties of the convolution (see e.g. [Sch, p.151]) since χσ_k ∈ L^t for all 1 ≤ t < n/(n − 1).

Noting that the kernel σ_k is of weak-type^n_{n−1} , we may apply the Hardy-Littlewood- Sobolev fractional integration theorem (see e.g. [St, V.Theorem 1 and Comment 1.4]; the comment explains why Theorem 1 extends from the Riesz potential to more general weak-type kernels), which yields that S_k is a bounded operator from A_{k+1,L}q to A_{k,L}q′ if 1 < q < n.

It remains to prove (2), i.e., study ∂_iS_k. We first claim that ∂_iS_k can be written as the sum of, on the one hand a convolution operator with kernel a form having coefficients which are linear combinations of expressions of the type

x_ix_j ‖x‖^{n+2} , ‖x‖^2 − nx^2_i

‖x‖^{n+2}

, 1 ≤ i, j ≤ n , (2.14)

and on the other hand a distribution ν_k which extends to a bounded operator on A_{k+1,L}q . Indeed, computing the functional partial derivatives ∂_i =^∂_{∂xi} of (2.9) produces (2.14), so that we only need to study the distributional contribution to ∂_iS_k. For this, let us take a kernel singularity x_j /‖x‖^n, and for each t > 0 let χ_t : R → R be a C^∞ function, identically zero on [−t, t] and which is identically equal to 1 outside of [−2t, 2t]. We may assume that sup |χ^′| ≤ 2/t. Let us consider

∂_i � χ_t(‖x‖)x_j

‖x‖^n � = x_j ∂_i(χ_t(‖x‖)) ‖x‖^n

+ χ_t(‖x‖)∂_i � x_j ‖x‖^n � . 12

Since the second term of the above sum converges to the already mentioned functional partial derivative as t → 0, we should check that the distribution with kernel corresponding to the first term, which is just χ^′_t(‖x‖)x_ix_j /‖x‖^{n+1}, acts boundedly on A_{k+1,L}q , uniformly in t ≥ 0. By density and completeness, it is enough to consider ϕ ∈ A_{k+1,L}q ∩ C^∞ and take φ = ϕ_ℓ for ℓ ∈ I(k + 1). We may formally write for every w ∈ R^n

|ν_k(φ)(w)| = � � � � � R^n

χ^′_t(‖x‖) x_ix_j ‖x‖^{n+1} φ(w − x) dx � � � � ≤ 2 t � ‖x‖≤t � � � � x_ix_j ‖x‖^{n+1} φ(w − x) dx � � � � ≤ 2 t sup ‖x‖≤t

|φ(w + x)| � ‖x‖≤t � � � x_ix_j ‖x‖^{n+1} � � � dx .

(2.15) Going to polar coordinates, it is not difficult to see that there is a constant C > 0 so that � ‖x‖≤t |xixj |‖x‖

−n−1 dx ≤ Ct. We end our analysis of the distributional contribution

by noting that lim_{t→0} � sup_{‖x‖≤t} |φ(w + x)|^q dw = � |φ(w)|^q dw.

(Since our assumptions imply that |φ(w + x) − φ(w)| ≤ t sup ‖Dφ‖, the above is easily checked.) As pointed out to us by S. Gouëzel, a more careful analysis shows that in fact ν_k is zero if i ≠ j and is a scalar multiple of the Dirac mass if i = j.

We next observe that the expressions (2.14) in the functional term of the kernel of ∂_j S_k exhibit the same kind of singularity as the Riesz transform. More precisely, this kernel is a linear combination of^{Ωℓ(x)}_{‖x‖n} where each Ω_ℓ is homogeneous of degree zero, has vanishing integral on the unit (n − 1)-dimensional sphere and is C^1 on this sphere. We may thus apply e.g. Theorem 3 in Chapter II of [St], which immediately guarantees that d_kS_k extends to a bounded operator on A_{k+1,L}q , for 1 < q < ∞. □

Lemma 4 (Properties of the S_k: algebra). Let 1 < q < ∞ . (1) S_{k−2}S_{k−1} = 0 on A_{k,L}q .

(2) On A_{k,L}q , and suppressing the indices for simplicity, dS = (dS)^2, and (Sd)^2 = Sd, dSSd = 0 = SddS. In other words, dS and Sd are two orthogonal bounded projectors onto Im d = Ker d, respectively Im S = Ker S, in A_{k,L}q = Im d ⊕ Ker S = Im S ⊕ Ker d.

Proof of Lemma 4. The facts that Sd is onto Ker S and that Ker S ⊂ Im S do not depend on S^2 = 0: Use ϕ = Sdϕ if ϕ ∈ Ker S.

To prove that S^2 = 0, we shall give an equivalent definition of S, which was indicated to us by D. Ruelle. Using Lemmas 0 and 3, it suffices to show the result on C^∞ compactly supported forms (by density). Recall that there is a scalar (or hermitian) product on the space of compactly supported C^∞ k-forms A^C_{k,C}∞ , defined by:

< ϕ(x)dx_{i1} ∧ · · · ∧ dx_{ik} | φ(x)dx_{j1} ∧ · · · ∧ dx_{jk} >= � � � � ϕ · φ if i_1, . . . , i_k = j_1, . . . , j_k

0 otherwise. (2.16) (The scalar product is still defined if only one of ϕ, φ is compactly supported.) Now, d : A^C_{k,C}∞ → A_{k+1,C}∞ defines a dual d^∗ : A^C_{k+1,C}∞ → A_{k,C}∞ by < d^∗ϕ, φ >=< ϕ, dφ > . 13

The Laplace-Beltrami operator is defined by Δ = dd^∗ + d^∗d where d is the exterior derivative of forms. In R^n, we have (see, e.g., [Li]):

Δ � � � j∈I(k)

ϕ_j (x)dx_j � � = − � j∈I(k) ( n� i=1 ∂^2 ∂x^2_i ϕ_j )(x)dx_j . (2.17)

Define the Green kernel to be E(x) = −^{Γ(n/2)}_{(n−2)2(π)n/2}^1_{||x||n−2} dx_1 ∧ · · · ∧ dx_n if n ≥ 3, and E(x) =^1_{2π} log(||x||)dx_1 ∧ dx_2 if n = 2. Then, let E_k(x, y) be the k-form in x and n − k-form in y such that E(x − y) =

�_n

k=0(−1)^nE_k(x, y). It is well known (see [Sch]) and has been used in [Bai] that ΔE = δ(x)dx_1 ∧ · · · ∧ dx_n (as a current acting on C^∞ forms vanishing at infinity, or compactly supported C^∞forms). One thus sees easily that the operator G_k : ϕ(x) → � y E_k(x, y) ∧ ϕ(y) satisfies ΔG_k = id on A^C_{k,C}∞ . Using that^{∂2}_{∂y2i} E(x − y) =^{∂2}_{∂x2i} E(x − y), one checks that G_kΔ = id on the same space.

The operator S_k defined in [Bai] is in fact d^∗G_{k+1}. Indeed,

d^∗ (ϕ(x)dx_1 ∧ · · · ∧ dx_n) = k� j=1 (−1)^{j+1}∂_j ϕ(x)dx_1 ∧ · · · dx̂_j · · · ∧ dx_n . (2.18)

Thus, d^∗E(x) = σ(x), where σ was defined in (2.6). Since S_k is defined in (2.7) as the convolution with σ_k, the equality is immediate.

By Lemma 3, the composition S_{k−1}S_k = d^∗G_kd^∗G_{k+1} is well defined on L^q forms, and thus on A^C_{k,C}∞ . We shall show that d^∗G_k = G_{k−1}d^∗, which implies S_{k−1} ∘ S_k = 0 since d^∗d^∗ = 0. Since E(x) is an n-form, dE(x) = 0. Using d = d^x + d^y, we obtain d^xE_{k−1}(x, y) = −d^yE_k(x, y). Integrating by parts, dG_{k−1} = G_kd (recall that E_k(x, y) is an n-form). Notice now that Δ is auto-dual by definition, and thus G_k is also auto-dual. Hence, d^∗G_k = G_{k−1}d^∗. □

3. Spectral interpretation of the zeroes of the sharp determinant

The Axioms Let r, Ω, ψ_ω, g_ω, K = {x ∈ R^n | |x| ≤ T }, M_k, S_k, σ_k, N_k, and D_k(z) be the objects from Section 2. Let 1_K be the characteristic function of K. We fix once and for all

K^′ = {x ∈ R^n | |x| < 2T } ,

and a radial C^∞ function χ_K = χ_{K,K}′ supported in K^′ and identically equal to 1 on K. Note that N_k and M_k are bounded from k-forms to k + 1-forms, respectively k-forms, with coefficients in L^q(K^′). We use the notation ρ(P), ρ_{ess}(P) for the spectral and essential spectral radii of a bounded linear operator P. We are now ready to state our three assumptions: 14

Axiom 1: For k = 0, . . . , n and 1 < t < ∞, there are Banach spaces B_{k,t} of distributions on R^n so that:

(1) There are real self-adjoint invertible pseudodifferential convolution operators ~J_k, ~J^{−1}_k of order (at most) r so that B_{k,t} is defined by the Banach space isomorphism

~J_k(L^t(R^n)) = B_{k,t} . (3.1)

(2) If ψ is a C^r local diffeomorphism and and g is a C^r function supported in K then φ → g · ψ^∗(φ) is a bounded operator on each B_{k,t}.

(3) Each operator d_k : A_{k,Bk,t} → A_{k+1,Bk+1,t} is bounded.

Axiom 2: There is 0 ≤ ~R < 1 so that for k = 0, . . . , n:

(1) M_k is bounded on A_{k,Bk,t} with ρ(M_k|_{ABk,t} ) ≤ 1, ρ_{ess}(M_k|_{ABk,t} ) < ~R, and there are no eigenvalues of modulus ~R, for each 1 < t < ∞.

(2) Let Π_{k,t} be the (finite-rank) spectral projector on A_{k,Bk,t} associated to the spectrum of M_k outside the disc of radius ~R. Let {φ_{k,t,s}} be a basis for the corresponding generalised eigenspace. (Our assumptions imply that the dimension does not depend on 1 < t < ∞.) Then, there is C > 0 so that max_{k,s} sup_{1<t<∞} ‖φ_{k,t,s}‖_{Bk,t} ≤ C, and, for all k, j , we have sup 1<t<∞

‖M^j_k‖_{Bk,t} ≤ C , sup_{1<t<∞} ‖M^j_k(Id − Π_{k,t})‖_{Bk,t} ≤ C ~R^j .

Axiom 3: There is E_0 > 0 so that, for all 0 < E < E_0, each j ≥ 1 and each admissible composition ψ^j_{⃗ω}, letting V_{⃗ω,E} be the set of x in the domain of definition of ψ^j_{⃗ω} so that ‖ψ^{j+ℓ}_{⃗ω} (x) − x‖ < E, the map ψ^{j+ℓ}_{⃗ω} − Id is injective on V_{⃗ω,E} .

Also, for each η > 0 there is C so that for all k, every sequence {E_j} with 0 < E_j < E_0, and each k-form 1_k = dx_{i1} ∧ · · · ∧ dx_{ik} � ⃗ω∈Ω^j sup x∈V_{⃗ω,Ej}

|g^{(j)}_{⃗ω} (ψ^j_{⃗ω}x)| | det(Dψ^j_{⃗ω}(x) − Id )| � �(ψ^j_{⃗ω})^∗(1_k)(x)/1_k(x) � � ≤ C exp(ηj) , ∀j .

Consequences of Axiom 1. C^∞ functions with compact support are contained in B_{k,t} and distributions in B_{k,t} have order at most r. Also, B_{k,t} ⊂ B_{k,t}′ boundedly if t > t^′.

Since ~J_k is a convolution operator it commutes (at most up to sign) with S, dS, Sd and with convolution operators having a smooth kernel δ_ϵ(‖x − y‖). Thus, by Lemma 3, for all 1 < t < n the operators S_k : A_{k+1,Bk,t} → A_{k,Bk,tn/(n−t)} are bounded. Also, for all 1 < t < ∞ the operators S_k : A_{k+1,Bk+1,t} → A_{k,Bk,t} are bounded, and both operators d_kS_k, S_{k+1}d_{k+1} are bounded on A_{k+1,Bk+1,t} . Finally, there are C^∞ mollifiers δ_ϵ(‖x−y‖) on K^′ × K^′ with ‖ � δ_ϵ(·, y)φ(y) dy − φ‖_{Bk,t} → 0 as ϵ → 0 for all φ [Ad, Lemma 2.18].

By Lemma 0 (1), for each fixed y ∈ K, the form σ^{(r)}_k (x, y) = ~J_k(1_K (·)σ_k(·, y)) belongs to A_{k,Bk,t} for all 1 ≤ t < n/(n − 1) and each k, with

max_k sup_{y∈K} ‖ ~J_k(1_K (·)σ_k(·, y))‖_{Ak,Bk,t} < ∞ , ∀ 1 ≤ t < n/(n − 1) . (3.2)

Write S^{(r)}_k for the convolution operator corresponding to σ^{(r)}_k (x, y). Up to a sign, this is just 1_K ~KJ_kS_k. Hence, there is υ_k ∈ {+1, −1} so that for all 1 < t < ∞

1_K S_k ~J_k = υ_kS^{(r)}_k , on L^t(R^n) . (3.3)

Since ~J^{−1} is real and self-adjoint, for all compactly supported φ ∈ L^∞(R^n), all ψ ∈ B_{k,t} � ( ~J^{−1}_k φ)(x)ψ(x)dx = � φ(x)( ~J^{−1}_k ψ)(x)dx . (3.4)

Preliminary Step: The L-regularised kneading determinants D_{k,L}(z) For each ℓ ≥ 1 the ℓ-regularised version of M_k is defined to be the following convergent power series with operator (on A_{k,Bk,t} , e.g.) coefficients:

M_{k,ℓ}(z) = Id − (Id − zM_k) exp

�_{ℓ−1}� j=1 z^j M^j_k j � . (3.6)

Note that M_{k,1}(z) = zM_k and M_{k,ℓ}(z) converges for all z and all ℓ. We shall also use N_{k,ℓ}(z) = dM_{k,ℓ}(z) − M_{k+1,ℓ}(z)d. (Note that N_{k,1}(z) = zN_k.)

Lemma 5. Assume Axioms 1 and 2. For each C > 1 and ξ < 1/ ~R there is L ≥ 1 so that for each |z| < ξ and all t, k, we have ‖M_{k,L}(z)|_{Im(Id −Πk,t)}‖_{Ak,Bk,t} ≤^{|z|L ~RL}_C and

‖N_{k,L}(z)|_{Ker(Πk,t)∩Ker(Πk+1,t∘dk )}‖_{Ak,Bk,t ,Ak+1,Bk+1,t} ≤

|z|^L ~R^L C . Up to taking a slightly larger value of ~R, we may assume that L does not depend on ξ. Proof of Lemma 5. Formally,

M_{k,ℓ}(z) = Id − (Id − zM_k) exp[− log(Id − zM_k) − � j≥ℓ z^j M^j_k j ] = Id − exp � j≥ℓ − z^j M^j_k j .

Then, we use that for any 0 < θ < 1 and C > 1 there is L so that for all ℓ ≥ L � j≥ℓ θ^j j ≤ θ^ℓ ℓ � j≥0 θ^j ≤ θ^ℓ ℓ(1 − θ) ≤ θ^ℓ 2C , while 1 − exp(− θ^ℓ 2C ) ≤ θ^ℓ C .

This gives the bound for M_{k,ℓ}(z) by Axiom 2(1). To estimate N_{k,ℓ}(z) note that

N_{k,ℓ}(z) = Id − exp � j≥ℓ − z^j N^{(j)}_k j , (3.8) 16 with N^{(j)}_k = d_kM^j_k − M^j_{k+1}d_k, and use Axiom 1(3). □

Whenever the value of t is clear from the context, we write Π_k instead of Π_{k,t} for simplicity. Note that Π_k = Π_kχ_K = χ_K Π_k. It follows from Lemma 5 that the essential spectral radius of M_{k,ℓ}(z) on any A_{k,Bk,t} is not larger than |z|^ℓ ~R^ℓ < 1 for all ℓ and every |z| < 1/ ~R. It is then an easy algebraic exercise to see that for any |z| < 1/ ~R, the complex number 1/z is an eigenvalue of M_k (on A_{k,Bk,t} ) of algebraic multiplicity m if and only 1 is an eigenvalue of multiplicity m for M_{k,ℓ}(z) (on A_{k,Bk,t} ), and in particular, for all ℓ, setting R = ~R^{1/n},

V_{k,t} = {|z| < 1/R | 1/z /∈ sp M_k} = {|z| < 1/R | 1 /∈ sp M_{k,ℓ}(z)} . (3.7)

(Just use that M_k commutes with each exp(z^j M^j_k/j).) One can use the same basis of generalised eigenvectors for both eigenspaces, and Π_k commutes with each M_{k,ℓ}. (See e.g. [GGK] for analogous results in the case when a power of M_k is Hilbert-Schmidt.)

We shall work with the regularised kneading operators (for suitably large ℓ)

D_{k,ℓ}(z) = N_{k,ℓ}(z)(Id − M_{k,ℓ}(z))^{−1}S_k . (3.9)

We explain next why Lemma 1 and a modified version of Theorem 2 hold for the D_{k,ℓ}(z). The replacement of zM_k and zN_k by N_{k,ℓ}(z), M_{k,ℓ}(z) does not cause any problems in Baillif’s [Bai, Ba2] proof of Lemma 1, since M_{k,ℓ}(z) is just an entire series with coefficient transfer operators (acting on A_{k,L}q_{(K}′_)). However, since (2.12) implies

Det^♭(Id − M_{k,ℓ}(z)) = Det^♭(Id − zM_k) exp

�_{ℓ−1}� j=1 z^j j tr^♭M^j_k � , the first equality in Theorem 2 must be replaced by

Det^#(Id − zM) exp

�_{ℓ−1}� j=1 z^j j tr^#M^j � = n−1� k=0 Det^♭(Id + D_{k,ℓ}(z))^{(−1)k+1} . (3.10)

The additional factor exp

�_{ℓ−1} j=1 z^j

j tr^#M^j is clearly an entire and non vanishing function of z for each ℓ. The final useful property of the regularised kneading determinants is: Corollary of Lemma 5. Assume Axioms 1 and 2. For each z ∈ V_{k,t} (see (3.7)) and all 0 ≤ k ≤ n − 1, 1 < t < ∞, the essential spectral radius of D_{k,L}(z) on A_{k+1,Bk+1,t} goes to zero exponentially fast as L → ∞, in particular it is < 1 for large L. Proof of the Corollary. Let ~Π_k be a projector onto the finite-dimensional space {ψ ∈ (Id − Π_k)(A_{k,Bk,t} ) | d_kψ ∈ Im Π_{k+1}}. Use Π_kM_{k,L}(z) = M_{k,L}(z)Π_k to get the decomposition

D_{k,L}(z) = N_{k,L}(z)(Id − ~Π_k)(Id − M_{k,L}(z))^{−1}(Id − Π_k)S_k

+ N_{k,L}(z)~Π_k(Id − M_{k,L}(z))^{−1}(Id − Π_k)S_k + N_{k,L}(z)(Id − M_{k,L}(z))^{−1}Π_kS_k 17 into an operator of arbitrarily small spectral radius (by |z| < 1/R and Lemma 5) and a finite rank operator (since z ∈ V_{k,t}). □

Operators D^{(r)}_{k,L}(z)

We next introduce auxiliary operators D^{(r)}_{k,L}(z) on A_{k+1,L}2_{(K}′_), extending a onedimensional construction of Ruelle [Ru4]. Their iterates will be trace-class, and their traces will coincide with the formal flat traces of iterates of the D_{k,L}(z) in the sense of power series. This will allow us to prove the following crucial lemma: Lemma 6 (Meromorphic extension of Det^♭(Id + D_{k,L}(z))). Assume Axioms 1–2 and 3. Set B_k = B_{k,2} for k = 0, . . . , n. For k = 0, . . . , n − 1 and all large enough L: (1) Det^♭(Id + D_{k,L}(z)) extends holomorphically to

V_k = {|z| < 1/R | 1/z /∈ sp(M_k|_{Ak,Bk} )} = {|z| < 1/R | 1 /∈ sp(M_{k,ℓ}(z)|_{Ak,Bk} )} .

(2) If |z| < 1/R and 1/z ∈ sp(M_k|_{Ak,Bk} ), then Det^♭(Id + D_{k,L}(z)) is meromorphic at z with a pole of order at most the algebraic multiplicity of the eigenvalue.

Proof of Lemma 6. Recall σ^{(r)}_k (x, y) and S^{(r)}_k from Axiom 1, and that σ^{(r)}_k (·, y) ∈ A_{k,Bk,t} , for 1 ≤ t < n/(n − 1) and y ∈ K. Set:

D^{(r)}_{k,L}(z) = υ_k( ~J_k)^{−1}N_{k,L}(z)(Id − M_{k,L}(z))^{−1}S^{(r)}_k .

Axioms 1 and 2 first imply that z → D^{(r)}_{k,L}(z) is a well-defined map (taking values in the space of bounded linear operators on A_{k+1,L}2_{(K}′_)), holomorphic in V_k, and meromorphic in the disc of radius 1/ ~R, with possible poles at the inverse eigenvalues of M_k on A_{k,Bk,2} (the order of the pole being at most the algebraic multiplicity of the eigenvalue). We use here that, by Axiom 1(2-3), N_{k,L}(z) is a z-entire function, bounded from A_{k,Bk,t} to A_{k+1,Bk+1,t} for all 1 < t < ∞.

The kernel of D^{(r)}_{k,L}(z) is

K^D(x, y) = υ_k( ~J_{x,k})^{−1}N_{x,k,L}(z)(Id − M_{x,k,L}(z))^{−1}σ^{(r)}_k (x, y) (3.11)

(where the transfer operators act on the x-variable). The coefficients of the kernel K^D(x, y) have no reason to be in L^2(K × K), but Axioms 1 and 2 imply that the coefficients of K^D(·, y) are in L^t(K^′) for all 1 ≤ t < n/(n − 1), with the supremum over y ∈ K of the L^t norm bounded.

The proof of Lemma 6.2 in [Bai] shows that for z ∈ V_k, and all ℓ > n/2 the operator (D^{(r)}_{k,L}(z))^ℓ is Hilbert-Schmidt on A_{k+1,L}2_{(K}′_). In particular, the regularised determinant of order [n/2] + 1,

Det reg_{[n/2]+1}(Id + D^{(r)}_{k,L}(z)) = exp − ∞� ℓ=[n/2]+1

z^ℓ ℓ tr^♭(D^{(r)}_{k,L}(z))^ℓ , 18 is holomorphic on V_k. Indeed, (Id − M_{k,L}(z))^{−1} is holomorphic in V_k as a bounded operator on k-forms with coefficients in B_{k,t}, all t, and in particular for all values of t between t_0 < n/(n − 1) and t_{[n/2]+1} ≥ 2 which appear along the successive iterations.

By (3.3) D^{(r)}_{k,L}(z) = ( ~J_k)^{−1}N_{k,L}(z)(Id − M_{k,L}(z))^{−1}S_k ~J_k . (3.12)

Recall that the wave front set of (the Schwartz kernel of) a pseudo-differential operator is included in {(x, x, ξ, −ξ) | ξ ≠ 0} and that composition with a pseudodifferential operator does not enlarge the wave-front set (see e.g. [AG]). Hence, using the assumptions on ~J_k, ( ~J_k)^{−1}, a convolution with a C^∞ mollifier, the transversality property (2.1) to restrict to the diagonal, and Fubini (see Section 4 of [Bai]), the following equalities between formal power series hold

Det^♭(Id + D^{(r)}_{k,L}(z)) = Det^♭(Id + D_{k,L}(z)) , ∀ k = 0, . . . n − 1 . (3.13)

To show that the full flat determinant Det^♭(Id + D_{k,L}(z)) is holomorphic in V_k, we shall use Axiom 3 to see that the power series for tr^♭(D_{k,L}(z))^ℓ for each 1 ≤ ℓ ≤ [n/2] is holomorphic on V_k (its exponential is thus holomorphic and nonvanishing). We consider the (hardest) case, i.e., ℓ = 1, leaving higher iterates to the reader. Also, we assume for simplicity that k = 0 (dealing with k-forms only introduces notational complications).

We first show that the flat trace of ( ~J_0)^{−1}N_{0,L}(z)(Id − M_{0,L}(z))^{−1}(Id − Π_0)S^{(r)}_0 is holomorphic in the disc of radius 1/R. Let T denote the restriction to the diagonal x = y in R^n × R^n. For each E < E_0, let W_E be the set of (x, y) ∈ R^n × R^n with ‖x − y‖ < E and let χ^E (x − y) + (1 − χ^E (x − y)) be a C^∞ radial partition of unity of R^n × R^n subordinated to W_E in the sense that χ_E (u) depends only on ‖u‖, χ^E (u) = 1 if ‖u‖ ≤ E, and χ^E (u) = 0 if ‖u‖ ≥ 2E. Let δ_ϵ be C^∞ mollifiers (converging to the Dirac mass in R^n as ϵ → 0), and write σ^{ϵ,<E} for the convolution of δ_ϵ with χ^E σ_0 and σ^{ϵ,>E} for the convolution of δ_ϵ with (1 − χ^E )σ_0

Using the identity (Id − M_{k,L}(z))^{−1} = exp −[

�_{L−1} i=0 z^iM^i_k] · (1 − zM_k)^{−1}, it suffices to show that there is C so that for all j there is E so that for each ϵ > 0, all |z| < 1/R, � x |T [(δ_ϵ ⋆ ( ~J^{−1}_0 N_{0,L}(z)(exp(−

L−1� i=0 z^iM^i_0)M^j_0(Id − Π_0) ~J_{x,0}(χ_K σ^{ϵ,>E} )(x, y))]|dx

+ � x T |[(δ_ϵ ⋆ (N_{0,L}(z)(exp(−

L−1� i=0 z^iM^i_0)M^j_0(Id − Π_0)σ^{ϵ,<E} )(x, y))]|dx ≤ CR^j .

The entire series N_{0,L}(z) exp(−

�_{L−1} i=0 z^iM^i_0) = � q≥1 z^qQ_q has coefficients

Q_q = � q_1+q_2=q

κ_{q1,q2} N^{(q1)}_0 M^{q2}_0 : A_{0,B0} → A_{1,B1} , κ_{q1,q2} ∈ R , 19 so that for any ^R there is C so that |κ_{q1,q2} | < C ^R^{q1+q2} . We may write N^{(q1)}_0 M^{q2}_0 φ = � ⃗ω∈Ω^q1^{+q}2 hq1,q2,⃗ω ∧ (ψ q_1+q_2

⃗ω )^∗φ where the h_{q1,q2,⃗ω} are one-forms with C^{r−1} coefficients

supported in the domains of the ψ_{⃗ω}.

Write σ^{ϵ,<,>E} (x, y) = � m τ^{ϵ,<,>E} m (x − y). Fix j and consider the (hypothetical) case

q_2 = q. The modulus of the contribution of M^{q2}_0 M^j_0 may be bounded by the sum over

m of � � � � � T [δ_ϵ ⋆ � M^{j+q}_{x,0} (τ^{ϵ,<E}_m )(x − y) � ] dx � � � � + � � � � � T [δ_ϵ ⋆ � M^{j+q}_{x,0} Π_{x,0}(τ^{ϵ,<E}_m )(x − y) � ] dx � � � � + � � � � � T [δ_ϵ ⋆ � ~ J^{−1}_0 M^{j+q}_{x,0} (Id − Π_{x,0}) ~J_0(1_K τ^{ϵ,>E}_m )(x − y) � ] dx � � � � . (3.15)

Recall that for E < E_0 as in Axiom 3, V_{⃗ω,E} is the set of x so that ‖ψ^{j+q}_{⃗ω} (x) − x‖ < E.

By Axiom 3, writing Φ_{⃗ω} for the inverse of ψ^{j+q}_{⃗ω} − Id on V_{⃗ω,E} , and performing the

corresponding change of variable, the first term in the above sum is bounded by � � � � � ⃗ω � (ψ^{j+q}_{⃗ω} −Id )V_{⃗ω,E}

g^{(j+q)}

⃗ω (u + Φ_{⃗ω}(u))

| det(Dψ^{j+q}_{⃗ω} (Φ_{⃗ω}(u)) − Id )|

(τ^{ϵ,<E}_m )(u) du � � � � ≤ � ⃗ω sup_{V⃗ω,E}

|g^{(j+q)}

⃗ω ∘ ψ^{j+q}_{⃗ω} |

| det(Dψ^{j+q}_{⃗ω} (x) − Id )| · � |τ^{ϵ,<E}_m (u)| du ≤ C exp(η(q + j))E .

By the consequences of Axiom 1, for all x, y in K, we have ~J_0((1_K τ^{ϵ,<E}_m )(·−y))(x) =

υ̃_k ~J_0((1_K τ^{ϵ,<E}_m )(x − ·))(y) for υ̃_k ∈ {+1, −1}. Hence, for the second term, use (3.4) to

get (in the case where all eigenvalues are semisimple) � � � � T [δ_ϵ ⋆ � s λ^{j+q}_s φ_s(x)ν_s( ~J^{−1}_{y,0} ~J_{0,·}(1_K τ^{ϵ,<E}_m )(· − y))] dx � � �

≤ � � � � T [δ_ϵ ⋆ � s λ^{j+q}_s φ_s(x) ~J^{−1}_{y,0} (ν_s( ~J_{0,·}(1_K τ^{ϵ,<E}_m )(· − y)))] dx � � �

≤ � s � � � K λ^{j+q}_s φ_s(x) ~J^{−1}_{x,0} (ν_s( ~J_{0,·}(1_K τ^{ϵ,<E}_m )(· − x))) dx � �

= � s � � � K λ^{j+q}_s ~J^{−1}_0 (φ_s)ν_s( ~J_{0,·}(1_K χ^E · τ^ϵ_m)(· − x)) dx � � ≤ C � s sup | ~J^{−1}_0 (φ_s)| · sup_x ‖ ~J_{0,·}(1_K τ^{ϵ,<E}_m )(· − x))‖_{B0,t}

≤ C sup_{x∈K} ‖(τ^{ϵ,<E}_m )(· − x)‖_Lt_{(K)} ≤ C sup_x ( � |τ^{ϵ,<E}_m (u − x)|^t du)^{1/t} ≤ CE ,

taking t > 1 close to 1 and using |λ_s| ≤ 1. Nilpotent contributions produce polynomial

growth in q + j which gives a bound C exp(η(q + j))E for arbitrarily small η. 20

If a(x, y) is continuous then � K |a(x, x)| dx ≤ Vol(K) sup_y sup_x |a(x, y)|. Recall also that if sup_{t→∞} ‖b(·, y)‖_Lt_{(K)} < B(y), then b(·, y) is in L^∞(K) and sup_K |b(·, y)| < B(y). The third term may thus be estimated by (use both parts of Axiom 2)

C sup_{x,y∈K} |δ_ϵ ⋆ ( ~J^{−1}_{x,0} M^{j+q}_{x,0} (Id − Π_{x,0}) ~J_{x,0}(τ^{ϵ,>E}_m )(x − y)))|

≤ C sup_y sup_{t→∞} ‖M^{j+q}_0 (Id − Π_0) ~J_0(1_K τ^{ϵ,>E}_m )(· − y)‖_{B0,t}

≤ C ~R^{j+q} sup_{y,t} � ‖ ~J_0(1_K τ^{ϵ,>E}_m )(· − y)‖_{B0,t} + ‖Π_0 ~J_0(1_K τ^{ϵ,>E}_m )(· − y)‖_{B0,t} �

≤ C ~R^{j+q} sup_y sup_{t→∞} � ‖τ^{ϵ,>E}_m (· − y)‖_Lt_{(K)} + � s |ν_s[ ~J_0(1_K τ^{ϵ,>E}_m )](· − y)| · ‖ ~J^{−1}_0 φ_s‖_Lt_{(K)} �

≤ C ~R^{j+q} � sup ‖u‖≥E

|τ^{ϵ,>E}_m (u)| + C sup_y ‖1_K τ^{ϵ,>E}_m (· − y)‖_Lt_0 �

≤ C ~R^{j+q}(E^{−(n−1)} + C) ,

for some 1 < t_0 < n/(n − 1). Since ‖N^{(q1)}_0 ‖ ≤ C^{q1} , Ω is finite, and ‖h_{q1,q2,⃗ω}‖ ≤ C^{q1+q2} , the case q_1 ≥ 1 follows from the bounds on κ_{q1,q2} . Choosing E = ~R^{j/n} gives claim (1) (because the projection Π_0 has finite rank, see also the proof of Lemma 8 below).

If |z| < 1/R is in the spectrum of M_k on B_k, the argument with mollifiers described above can be used to invoke the ordinary Plemelj-Smithies formula as in Lemma 4.4.2 of [Go], to see that the determinant Det^♭(Id + D^{(r)}_{k,L}(z)) has at most a pole of order the algebraic multiplicity of the eigenvalue at z, proving claim (2). □

We next relate the zeroes of the analytic continuation of the formal determinant Det^♭(Id + D_{k,L}(z)), to the presence of an eigenvalue −1 for the operators D_{k,L}(z):

Lemma 7 (Zeroes of Det^♭(Id + D_{k,L}(z))). Assume Axioms 1, 2 and 3. For k = 0, . . . , n − 1 and all large enough L, D_{k,L}(z) extends holomorphically on V_k to a family of operators on A_{k+1,Bk+1} . The essential spectral radius of each D_{k,L}(z) is < 1. If Det^♭(Id + D_{k,L}(z)) = 0 for z ∈ V_k, then −1 is an eigenvalue of D_{k,L}(z) on A_{k+1,Bk+1} .

Sublemma. Let A be a compact subset of R^n. Let ~L be a Hilbert-Schmidt operator on L^2(A) written in kernel form ~Lφ(x) = � ~ K_{xy}φ(y) dy.

Let L be a bounded operator acting on a Banach space B of distributions over A containing C^∞(A). Assume that for small ϵ > 0 there are C^∞ kernels K_{ϵ,xy} and ~K_{ϵ,xy} so that the Fredholm determinants of the associated operators coincide

Det (Id − λL_ϵ) = Det (Id − λ ~L_ϵ) , ∀ϵ ,

and assume also lim_{ϵ→0} ‖L_ϵ − L‖_{B→B} = 0, lim_{ϵ→0} | ~K_{ϵ,xy} − ~K_{xy}|_L2_{(K×K)} = 0. 21

Then, for all λ with 1/|λ| < ρ_{ess}(L), writing

Det reg_2 (Id − λ ~L) = exp − ∞� ℓ=2 λ^ℓ ℓ tr ~L^ℓ ,

we have Det reg_2 (Id − λ ~L) = 0 =⇒ λ^{−1} is an eigenvalue of L on B.

Proof of the Sublemma. The statements in this proof hold for all 1/|λ| < ρ_{ess}(L) (uniformly in any compact subset). Det (Id − λL_ϵ) = Det (Id − λ ~L_ϵ) vanishes if and only if 1/λ is an eigenvalue of L_ϵ (on L^2(A), or equivalently on C^∞(A), using that the image of an element of L^2(A) by an operator with C^∞ kernel is C^∞), using the l.h.s., if and only if 1/λ is an eigenvalue of ~L_ϵ (on L^2(A) or equivalently on C^∞(A)) using the r.h.s. The convergence of the kernels ~K_{ϵ,xy} implies both that Det reg_2 (Id − λ ~L_ϵ) converges to Det reg_2 (Id − λ ~L) (which is entire in λ), and that ~L_ϵ on L^2(A) converges to the compact operator ~L on L^2(A). Thus every zero λ_0 of Det reg_2 (Id − λ ~L) is a limit of λ_ϵ so that 1/λ_ϵ is an eigenvalue of ~L_ϵ (on L^2(A)). (Indeed, such a zero corresponds to 1/λ_0 being an eigenvalue of ~L.) By the first observation, 1/λ_ϵ is an eigenvalue of L_ϵ (on C^∞(A), so that the eigenfunction is in B). If |λ_0| < 1/ρ_{ess}(L), since L_ϵ converges to L in operator norm on B, if 1/λ_ϵ is an eigenvalue of L_ϵ for all ϵ then λ_0 is an eigenvalue of L (for an eigenvector which is the B-norm limit of φ_ϵ ∈ C^∞(A)). □

Proof of Lemma 7. We have shown that the left-hand-side of (3.13) extends holomorphically to V_k. By definition and the Axioms the operator D_{k,L}(z) extends holomorphically to V_k in the sense of bounded operators on A_{k+1,Bk+1} . By the corollary of Lemma 5, it is enough to show the claim about the zeroes of the determinant.

Taking iterates to get Hilbert-Schmidt operators on A_{k+1,L}2_{(K}′_), one can apply the sublemma to show that if z ∈ V_k is such that Det^♭(Id +D_{k,L}(z)) = Det^♭(Id +D^{(r)}_{k,L}(z)) = 0 then −1 is an eigenvalue of D_{k,L}(z) on A_{k+1,Bk+1} .

More precisely, for fixed z ∈ V_k, set L = (D_{k,L}(z))^m , L̃ = (D^{(r)}_{k,L}(z))^m. Then, to construct the smooth kernels required by the assumptions of the sublemma, we (again) smoothen D_{k,L}(z) by pre and post-convolution with a C^∞ mollifier δ_ϵ, writing D^ϵ_k(z) = δ_ϵD_{k,L}(z)δ_ϵ for the new operator. If we mollify D^{(r)}_{k,L}(z) similarly, the equality (3.13) between determinants remains true, and the kernels of D^{ϵ,(r)}_k (z) converge as ϵ → 0, in the L^2(K × K) topology. To see that D^ϵ_k(z) converges to D_{k,L}(z), in the sense of operators on A_{k+1,Bk+1} , use that δ_ϵ converges to Id in the A_{k+1,Bk+1} topology. □

A modification of the homotopy operators We next explain how to exploit Lemmas 6–7. We first discuss the effect of making a suitable finite-rank perturbation of S in the definition of the kneading operators:

Lemma 8 (Perturbing the homotopy operators). Assume Axioms 1 and 2. Let S^′ be a finite-rank perturbation of S (i.e., S^′_k − S_k is finite-rank from A_{k+1,Bk+1} to A_{k,Bk} ), so that dS^′ + S^′d = Id and (S^′)^2 = 0. Then the statements of Lemma 1 and 22 the modified equality (3.10) from Theorem 2 remain true for S^′ and for the perturbed kneading operators D^′_{k,L}(z) defined by

D^′_{k,L}(z) = N_{k,L}(z)(Id − M_{k,L}(z))^{−1}S^′_k , k = 0, . . . , n − 1 . (3.16)

Proof of Lemma 8. Since dS^′ + S^′d = Id , Baillif’s proof extends relatively straightforwardly to the modified convolution operators S^′. Indeed, we may use the decomposition

D^′_{k,L}(z) = D_{k,L}(z) + (D^′_{k,L}(z) − D_{k,L}(z)) = D_{k,L}(z) + F_{k,L}(z) ,

into a power series with coefficients operators whose Schwartz kernel is well-behaved along the diagonal (in particular the flat trace exists, and Fubini is allowed, so that all desired commutations hold [Bai]), summed with a power series whose coefficients are finite-rank operators. These finite-rank operators act on A_{k+1,Bk+1} and each coefficient of D_{k,L}(z) is bounded on this space. Hence, we may define the formal traces and determinants (as power series only) by setting

tr^♭(D_{k,L}(z) + F_{k,L}(z))^m = tr^♭D_{k,L}(z)^m + tr^♭F_{m,k,L}(z) ,

where F_{m,k,L}(z) is a power series with coefficients finite-rank operators on A_{k+1,Bk+1} , for which the flat trace is just defined to be the sum of eigenvalues.

In fact, since D^′_{k,L}(z) − D_{k,L}(z) starts with a precomposition by χ_K (S^′_k − S_k), which is finite-rank from A_{k+1,Bk+1} to A_{k,Bk} , the resolvent factor (Id − M_{k,L}(z))^{−1} is well defined if z ∈ V_k. Thus, the power series tr^♭F_{m,k,L}(z) defines in fact a holomorphic function in V_k. (This argument will be useful in the proof of Lemma 10 below.) □

Lemma 9 (Adapted homotopy operators S^′). Assume Axioms 1 and 2, and suppose that all eigenvalues of modulus > R of the M_k on A_{k,Bk} (k ≤ n − 1) are simple, and that the corresponding eigenvectors φ_k do not belong to Ker d = Im d or to Ker N_k. Then there are finite-rank operators

F_k : A_{k+1,Bk+1} → {φ ∈ A_k | χ_K φ ∈ A_{k,Bk} } , 0 ≤ k ≤ n − 1 , so that the perturbed operators S^′_k = S_k + F_k ,

satisfy S^′S^′ = 0, S^′d + dS^′ = 1 and, additionally, if 0 ≤ k ≤ min(s, n − 1) and 1/z with |z| > R is an eigenvalue of M_k on A_{k,Bk} with corresponding (simple) fixed vector φ_k(z) for M_{k,ℓ}(z) and dual fixed vector ν_k(z), with ν_k(z)(φ_k(z)) = 1, then for large enough ℓ

|ν_k(z)(χ_K S^′_kN_{k,ℓ}φ_k(z))| > 0 .

Proof of Lemma 9. For each k we consider the finite set of “bad pairs” (z, φ_k), with z = z_{k,i} ∈ C and φ_{k,i} an fixed vector such that ν_{k,i}(z)(χ_K S_kN_{k,ℓ}φ_{k,i}(z)) = 0. We write the argument assuming that this set is either empty or a singleton {(z, φ_k)} for each 23 k in order to simplify notation. Our assumptions imply that υ_k = ν_k(S_kdφ_k) ≠ 0 and N_{k,ℓ}(z)φ_k(z) ≠ 0 for all ℓ. For each k so that a bad pair (z, φ_k) exists, set φ^′_k = φ_k and let ν^′_k, ν^′_{k+1} be continuous functionals on A_{k,Bk} , A_{k+1,Bk+1} , respectively, which satisfy ν^′_k ∘ d = 0, ν^′_{k+1} ∘ d = 0, and

α_{k,ℓ} = ν^′_{k+1}(N_{k,ℓ}φ_k) = −ν^′_{k+1}(M_{k+1,ℓ}dφ_k) ≠ 0 , ∀ℓ , β_k = ν^′_k(φ_k) ≠ 0 .

If there is no φ_k we set φ^′_k = 0 and ν^′_{k+1} = 0 and allow α_k and β_{k,ℓ} to vanish. We put, for complex ϵ of small modulus, and all k

F^′_k(φ) = −ϵdφ^′_{k−1} · ν^′_k(S_kφ) + ϵφ^′_k · ν^′_{k+1}(φ) .

We have dF^′_{k−1} = −F^′_kd so that d(S + F^′) + (S + F^′)d = Id . Thus, setting F = F^′ − dSF^′ − dF^′S − dF^′F^′ we have dS^′ + S^′d = Id and S^′S^′ = 0. Finally, for each k with a bad pair, we find for uncountably many small values of ϵ and all large enough ℓ

ν_k((S^′_kN_{k,ℓ})φ_k) = ϵ � ν_k(S_kdφ_k) · ν^′_{k+1}(N_{k,ℓ}(z)φ_k)

− ν_k(dφ_{k−1}) · � ν^′_k(S_kN_{k,ℓ}(z)φ_k) + ϵν^′_k(φ_k)ν^′_{k+1}(N_{k,ℓ}(z)φ_k) � = ϵ � υ_kα_{k,ℓ} + ν_k(dφ_{k−1})(ν^′_k(S_kN_{k,ℓ}(z)φ_k) + ϵβ_kα_{k,ℓ}) � ≠ 0 .

By taking ϵ small enough we may ensure that no new bad pairs are created. □

Replacing S by the finite rank perturbation S^′, we get a stronger version of Lemmas 6–7:

Lemma 10 (Meromorphic extension – guaranteeing poles). Under the assumptions of Lemma 9, and up to taking a larger value of L, for each k = 0, . . . , n − 1, Axiom 3 implies:

(1) The power series Det^♭(Id + D^′_{k,L}(z)) defines a holomorphic function in V_k. (2) If |z_0| < 1/R is such that 1/z_0 is a simple eigenvalue of M_k|_{Ak,Bk} , then Det^♭(Id + D^′_k(z)) is meromorphic at z_0, with a pole of order exactly one.

(3) D^′_{k,L}(z) extends holomorphically on V_k to a family of operators on A_{k+1,Bk+1} , each such D^′_{k,L}(z) has essential spectral radius strictly less than 1, and Det^♭(Id +D^′_{k,L}(z)) = 0 if and only if D^′_{k,L}(z) has an eigenvalue −1 on A_{k+1,Bk+1} .

Proof of Lemma 10. From the proof of Lemma 6, D^{(r)}_k (z) has its [n/2] + 1th iterate trace-class on A_{k+1,L}2_{(K}′_) for all z ∈ V_k. Using Axioms 1–2, for each z ∈ V_k,

D^{(r)′}_{k,L} (z) = D^{(r)}_{k,L}(z) + ( ~J_k)^{−1}N_{k,L}(z)(Id − M_{k,L}(z))^{−1}(S^′_k − S_k) ~J_k

is such that its [n/2]+1th iterate is a finite-rank perturbation on A_{k+1,L}2_{(K}′_) of D^{(r)}_{k,L}(z). The sum of the L^2(K^′) (or, equivalently, flat) trace of (D^{(r)}_{k,L}(z))^{[n/2]+1} and the flat 24 trace of a composition (in any order) of j factors of the finite-rank term [D^{(r)′}_{k,L} (z) − D^{(r)}_{k,L}(z)]^{[n/2]+1} with ([n/2] + 1 − j) factors D^{(r)}_{k,L}(z) is holomorphic in V_k. Its power series is equal to the sum of the formal flat trace of D^{[n/2]+1}_{k,L} (z) with the trace of a finite rank operator which has the same trace as (D^′_{k,L}(z) − D_{k,L}(z))^{[n/2]+1}. (Recall that D^′_{k,L}(z) − D_{k,L}(z) starts with a precomposition by χ_K (S^′_k − S_k) which is finite-rank from A_{k+1,Bk+1} to A_{k,Bk} .) Therefore tr^♭(D^{(r)′}_{k,L} (z))^{[n/2]+1} = tr^♭(D^′_{k,L}(z))^{[n/2]+1}, which yields the first claim of Lemma 10.

Next, we may apply the Sublemma, essentially as in Lemma 7, to see that the zeroes of the determinant Det^♭(Id + D^′_{k,L}(z)) correspond to eigenvalues −1, using

D^{ϵ,(r′)}_{k,L} (z) = D^{ϵ,(r)}_{k,L} (z) + δ_ϵ( ~J_k)^{−1}N_{k,L}(z)(Id − M_{k,L}(z))^{−1}(S^′_k − S_k) ~J_kδ_ϵ

D^{ϵ′}_{k,L}(z) = D^ϵ_{k,L}(z) + δ_ϵN_{k,L}(z)(Id − M_{k,L}(z))^{−1}(S^′_k − S_k)δ_ϵ ,

which both have a finite-rank (in L^2(R^n)) second term. This gives Lemma 10,(3).

If 1/z_0 is a simple eigenvalue for M_k with z_0 ∈ V_k then one proves, like in Lemma 6, that Det^♭(Id + D^′_{k,L}(z)) is meromorphic at z_0. with a pole of order at most one. Finally, we shall prove that Det^♭(Id + D^′_{k,L}(z)) does not have a removable singularity at z_0 showing that the pole has order exactly one i.e., claim (2).

For this, we use a spectral decomposition of M_{k,ℓ}(z) for the simple eigenvalue λ_z on A_{k,Bk} , for z close to z_0 (with λ_{z0} = 1):

(Id − M_{k,ℓ}(z))^{−1} = φ_k(z) λ_z − 1

· ν_k(z) + R_k(z) , (3.17)

with λ_z holomorphic in z; R_k(z) : A_{k,Bk} → A_{k,Bk} depending holomorphically on z at z_0; R_k(z)φ_k(z) = ν_k(z)R_k(z) = 0; the eigenvector φ_k(z) ∈ A_{k,Bk} of unit norm depending holomorphically on z with φ_k(z_0) = φ_k ∈ A_{k,Bk} so that M_k(z_0)φ_k = φ_k; and ν_k(z) unit-norm linear functionals on A_{k,Bk} , depending holomorphically on z, with ν_k(z)(φ_k(z)) = 1.

By Lemma 9, |ν_k(z_0)(χ_K S^′_kN_{k,ℓ}(z_0)φ_k(z_0))| > 0 if ℓ is large enough. It is then easy to see that (z − z_0)Det^♭(Id + D^′_{k,L}(z)) does not vanish at z_0. □

Using the new homotopy operators Making use of the homotopy operators from Lemma 9, we state the final ingredients needed in our main result. The eigenvalues of modulus larger than R of the operators dSM_k produce zeroes of the flat kneading determinants (Lemma 11). To show that such eigenvalues do not contribute to the zeroes and poles of the sharp determinant (except when M_kφ̃_k = dSM_kφ̃_k, in particular if k = n), we shall prove that they are not intrinsic. More precisely, in Lemma 12 we construct perturbed homotopy operators S^{′′} which cause these eigenvalues to vary. 25

Lemma 11 (Zeroes of the flat kneading determinants). Under the assumptions of Lemma 9, and up to taking a larger value of L, for all k ∈ {1, . . . , n} and |z| < 1/R, (1) If Det^♭(Id + D^′_{k−1,L}(z)) = 0 then 1/z is an eigenvalue of dS^′_{k−1}M_k acting on A_{k,Bk} or k ≥ 2 and 1/z is an eigenvalue of dS^′_{k−2}M_{k−1} acting on A_{k−1,Bk−1} , in either case, the geometric multiplicity of the eigenvalue is at least equal to the order of the zero. (2) If 1/z (with |z| < 1/R) is an eigenvalue of M_n acting on A_{n,Bn} and is not an eigenvalue of M_{n−1} acting on A_{n−1,Bn−1} , then Det^♭(Id + D^′_{n−1,L}(z)) = 0 and the order of the zero is at least the algebraic multiplicity of the eigenvalue.

(3) If k ≥ 2 and 1/z (with |z| < 1/R) is an eigenvalue of dS^′_{k−2}M_{k−1} acting on A_{k−1,Bk−1} then Det^♭(Id + D^′_{k−1,L}(z)) = 0 and the order of the zero is at least the geometric multiplicity of the eigenvalue (which is thus finite and the eigenvalue isolated).

Proof of Lemma 11. By Lemma 10, the assumption Det^♭(Id + D^′_{k−1,L}(z)) = 0 implies that 1/z /∈ sp(M_{k−1}) and there is a nonzero φ ∈ A_{k,Bk} with D^′_{k−1,L}(z)φ = −φ. It follows that φ is not in the kernel of S^′_{k−1}. Writing φ = dS^′_{k−1}φ + S^′_k dφ = φ_1 + φ_2 (with S^′_{k−1}φ_1 ≠ 0), our assumption implies � dS^′_{k−1}φ_1 + dS^′_{k−1}N_{k,L}(z)(Id − M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 = 0 φ_2 = S^′_kdφ_2 = −S^′_kdN_{k,L}(z)(Id − M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 .

(3.18)

The first equality in (3.18) is equivalent with 0 = � d + (dM_{k−1,L}(z) − dS^′_{k−1}M_{k,L}(z)d)(Id − M_{k−1,L}(z))^{−1} � S^′_{k−1}φ_1 = (Id − dS^′_{k−1}M_{k,L}(z))d(Id − M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 .

Note that d(Id −M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 is in A_{k,Bk} by the boundedness of the d operator in Axiom 1. Then it is not very difficult to check (see the proof of Lemma 5) that the bounds on the norm of N^{(j)}_{k−1} translate into exponentially decaying bounds for j → ‖N_{k−1,L}(z)^{(j)}‖.

Since χ_K S^′_{k−1}φ_1 ∈ A_{k−1,Bk−1} does not vanish, (Id − M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 ≠ 0. If

ϕ̂ = d(Id − M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 ≠ 0 , (3.19)

then we are done. Indeed, ϕ̂ ∈ Im d ∩ A_{k,Bk} would then be a nonzero fixed vector for dS^′_{k−1}M_{k,L}(z). Since the essential spectral radius of dS^′_{k−1}M_{k,L}(z) is smaller than one, is an easy algebraic exercise to see that the fixed vectors dS^′_{k−1}M_{k,L}(z) (if |z| < 1/R) are in bijection with the eigenvectors of dS^′_{k−1}M_k for the eigenvalue 1/z so that we are in the first case of the first claim. Note also at this point that if there exists ϕ̂ ∈ A_{n,Bn} with dS^′_{n−1}M_{n,L}(z)ϕ̂ = ϕ̂ then φ_1 := d(Id − M_{n−1,L}(z))S^′_{n−1}ϕ̂ ∈ A_{n,Bn} would satisfy the first identity in (3.18), while φ_2 may be defined by the second equality of (3.18). In this case Det^♭(Id + D^′_{n−1,L}(z)) = 0 by Lemma 10. 26

Let us assume that (3.19) does not hold. Writing υ = (Id − M_{k−1,L}(z))^{−1}S^′_{k−1}φ_1 we would then have υ ∈ A_{k−1,Bk−1} and dυ = 0 and, applying S^′_{k−1}d to both sides of S^′_{k−1}φ_1 = dS^′_{k−2}υ − M_{k−1,L}(z)υ,

S^′_{k−1}φ_1 = −S^′_{k−1}dM_{k−1,L}(z)υ , since S^′_{k−1}φ_1 = (Id − M_{k−1,L}(z))υ, we find (Id − M_{k−1,L}(z))υ = −S^′_{k−1}dM_{k−1,L}(z)υ, contradicting 1/z /∈ sp M_{k−1} if k = 1, and if k ≥ 2 implying dS^′_{k−2}υ = υ = (Id − S^′_{k−1}d)M_{k−1,L}(z)υ = dS^′_{k−2}M_{k−1,L}(z)υ .

For the converse (i.e., the last claim in Lemma 11), we see that if υ = dS^′_{k−2}M_{k−1,L}(z)υ, we may take φ_1 = −dM_{k−1,L}υ since then (Id − M_{k−1,L})^{−1}S^′_{k−1}φ_1 = −υ so that d(Id − M_{k−1,L})^{−1}S^′_{k−1}φ_1 = 0. □

Lemma 12 (Modified homotopy operators S^{′′}: perturbing nonintrinsic eigenvalues). Assume that for some 2 ≤ k ≤ n − 1 there are 0 ≠ φ̃_k ∈ A_{k,Bk} and z ∈ C with |1/z| > R such that φ̃_k = 1 z dS^′_{k−1}M_kφ̃_k , as an isolated eigenvalue of finite geometric multiplicity. Then, there are z^′ ≠ z, arbitrarily close to z, and two rank-one operators of arbitrarily small norm F^′_ℓ : A_{ℓ+1,Bℓ+1} → {φ ∈ A_ℓ | χ_K φ ∈ A_{ℓ,Bℓ} } , ℓ = k − 1, k , so that the perturbed operators S^{′′}_{k−1} = S^′_{k−1} + F^′_{k−1}, S^{′′}_k = S^′_k + F^′_k, S^{′′}_ℓ = S^′_ℓ, ℓ /∈ {k −1, k}, still satisfy S^{′′}S^{′′} = 0, S^{′′}d+dS^{′′} = 1 and, additionally, 1/z^′ is an eigenvalue of dS^{′′}_{k−1}M_kφ on A_{k,Bk} while dS^{′′}_ℓ = dS^′_ℓ for all ℓ ≠ k − 1.

Proof of Lemma 12. We take φ^′_{k−1} := S^′_{k−1}M_kφ̃_k ∈ A_{k−1,Bk−1} . By our assumptions, dφ^′_{k−1} ≠ 0. Let then ν^′_k be a unit-norm continuous functional on A_{k,Bk} which satisfies

ν^′_k ∘ d = 0 , α := ν^′_k(M_kφ̃_k) ≠ 0 .

(Take ν^′_k(φ) = ν^′_{k+1}(dφ) with ν^′_{k+1} continuous on A_{k+1,Bk+1} and ν^′_{k+1}(dM_kφ̃_k) ≠ 0.) We set, for small complex ϵ, F^′_{k−1}(φ) = ϵφ^′_{k−1} · ν^′_k(φ) , F^′_k(φ) = −ϵdφ^′_k · ν^′_k(S_kφ) .

We have dF^′_{k−1} = −F^′_kd, F^′_{k−1}d = 0 and dF^′_k = 0 so that dS^{′′} + S^{′′}d = Id . Also, F^′_kS^′_{k+1} = 0, and S^′_{k−1}F^′_k + F^′_{k−1}S^′_k + F^′_{k−1}F^′_k = 0, guaranteeing S^{′′}S^{′′} = 0. Clearly, dF^′_k = 0 so that dS^{′′}_k = dS^′_k. Finally,

zdS^{′′}_{k−1}M_kφ̃_k = φ̃_k + ϵz · (dS^′_{k−1}M_kφ̃_k) · ν^′_k(M_kφ̃_k) = (1 + αϵ)φ̃_k . □

Main Result

Theorem 13. Let ψ_ω, g_ω satisfy the assumptions of Section 2, let B_{k,t} and R satisfy Axioms 1 and 2–3. Then Det^#(Id − zM) is meromorphic in the disc {|z| < 1/R}. The order of z as a zero/pole of Det^#(Id − zM) coincides with the sum of the algebraic multiplicity of 1/z as an eigenvalue of the M_{2k} on A_{2k,B2k} , for 0 ≤ 2k ≤ n, minus the sum of the algebraic multiplicity of 1/z as an eigenvalue of the M_{2k+1} on A_{2k+1,B2k+1} for 1 ≤ 2k + 1 ≤ n.

Proof of Theorem 13. Perturbing our family, we may assume that all eigenvalues of moduli > R of the M_k, k = 0, . . . , n − 1, are simple, and none of their eigenvectors belong to Ker d or Ker N_k. We may also assume that the eigenvalues of M_n are simple.

We apply Lemma 9 to construct adapted homotopy operators S^′ and let D^′_{k,ℓ}(z) be the kneading operators from (3.16), for large enough ℓ ≥ L.

We consider the modified equality (3.10) from Theorem 2 for the perturbed family and the adapted homotopy operators, using Lemma 10 to view it as an alternated product of meromorphic functions in the disc of radius 1/R. (Later in the proof we shall use further finite rank perturbations of the S^′ given by Lemma 12 and thus satisfying the assumptions of Lemma 8.)

By Lemma 10, the determinant Det^♭(Id +D^′_{2k,ℓ}(z)) for 0 ≤ 2k ≤ n−1 (which appears in the denominator) has poles in the disc of radius 1/R only at the inverse eigenvalues of M_{2k}, with order exactly one. We have the same statement for the Det^♭(Id +D^′_{2k+1,ℓ}(z)) for 1 ≤ 2k + 1 ≤ n − 1, which appear in the numerator.

Lemma 11 also says that if Det^♭(Id + D^′_{k−1,ℓ}(z)) for 1 ≤ k ≤ n (in the denominator for even k − 1 and in the numerator for odd k − 1) vanishes in this disc then 1/z is an eigenvalue of dS^′_{k−1}M_k or k ≥ 2 and 1/z is an eigenvalue of dS^′_{k−2}M_{k−1}. Also, whenever 1/z is an eigenvalue of dS^′_{k−2}M_{k−1} then Det^♭(Id + D^′_{k−1,ℓ}(z)) = 0, and if 1/z is an eigenvalue of dSM_n = M_n then Det^♭(Id + D^′_{n−1,ℓ}(z)) = 0.

To finish the proof, we will show that the zeroes of the flat determinants must cancel in the alternated product, except of course for the zeroes of Det^♭(Id +D^′_{n−1,ℓ}(z)) (in the denominator if n−1 is even, in the numerator if n−1 is odd) corresponding to 1/z being an eigenvalue of M_n. Assume for a contradiction that Det^#(1 − ẑM) = 0 to order D strictly larger than the value claimed in Theorem 13, due (at least in part) to a factor Det^♭(Id + D^′_{k̂−1,ℓ}(ẑ)) = 0 vanishing to order D̂ ≥ 1 for some odd 0 ≤ k̂ − 1 ≤ n − 1. (The case of poles and even k − 1 is dealt similarly.) Lemma 11 says that 1/ẑ is then either an eigenvalue of dS^′_{k−2}M_{k̂−1} (since k̂ ≥ 2) or an eigenvalue of dS^′_{k̂−1}M_{k̂} (and k̂ < n). If 1/ẑ is an eigenvalue of dS^′_{k−2}M_{k̂−1} (the other case is left to the reader), we may use Lemma 12 to perturb this eigenvalue to some 1/ẑ^′ ≠ 1/ẑ. Note that this does not modify the Det^♭(Id + D^′_{k−1,ℓ}(z)) except for k = k̂ and k = k̂ + 1. (For both of these determinants, only the set of zeroes may change, and only one of the determinants is in the numerator.) The perturbation D^{′′}_{k̂−1,ℓ}(z) of D^′_{k̂−1,ℓ}(z) may be made as small as desired in (finite-rank) operator norm in a neighbourhood of ẑ by 28 taking small enough ϵ ≠ 0 in Lemma 12. Since ẑ ≠ ẑ^′, the continuous dependence of the regularised determinant on the operator together with Rouché’s Theorem guarantee that the order of ẑ as a zero of Det^♭(Id + D^{′′}_{k̂−1,ℓ}(z)) is strictly smaller than D̂. Iterating this procedure (or the procedure associated to the other case) at most D̂ times, we get that Det^♭(Id + D^{′′′}_{k̂−1,ℓ}(ẑ)) ≠ 0, while none of the zeroes of the other kneading determinants (in the numerator) or the poles (in the denominator or in fact also the numerator) have been altered. Then, either the order of ẑ as a zero of Det^#(1 − zM) is strictly smaller than D, a contradiction, or Det^♭(Id + D^{′′′}_{k−1,ℓ}(ẑ)) = 0 for some odd k − 1 ≠ k̂ − 1. In the second case, we may proceed as above to ensure Det^♭(Id + D^{′′′′}_{k−1,ℓ}(ẑ)) ≠ 0 and eventually obtain the contradiction that the order of ẑ as a zero of Det^#(1 − zM) is strictly smaller than D. □

A corollary of the proof of Theorem 13 is (we do not have to replace ~R by ~R^{1/n}):

Theorem 14. Assume Axioms 1 and 2. For each large enough L, the following alternated product of regularised determinants extends holomorphically to {|z| < 1/ ~R | 1/z /∈ ∪_k sp(M_k)}:_{n−1} � k=0 Det reg_{[n/2]+1}(Id + D^{(r)}_{k,L}(z))^{(−1)k+1} . (3.20)

Although Det reg_{[n/2]+1}(Id + D^{(r)}_{k,L}(z)) = exp −

�_∞

ℓ=[n/2]+1 z^ℓ

ℓ tr^♭(D_{k,L}(z))^ℓ, it does not seem easy to relate (3.20) to a dynamical zeta function.

4. Application to expanding maps on compact manifolds

In this section, we apply Theorem 13 from Section 3 to C^r (locally) expanding endomorphisms on compact manifolds and C^r weights, giving a new (and completely different) proof of a result of Ruelle [Ru3], avoiding Markov structures. We do not recover the full strength of his statement except if the dynamics is C^∞ and if the weight is the inverse Jacobian (with respect to Lebesgue).

Let us start by stating precisely this result. Let M be a C^r (r ≥ 1) compact manifold of dimension n ≥ 2, and let f : M → M be C^r and (locally) uniformly expanding, that is, there is θ < 1 such that ‖D_af(ξ)‖ ≥ θ^{−1}‖ξ‖ for all ξ in the tangent space T_aM at a, where ‖ · ‖ is the Euclidean norm on T_aM. Let g : M → C be C^r. The transfer operator L_0 = L_{f,g}, acting on the Banach space of C^r functions M → C, is given by

L_0ϕ(a) = � b:f(b)=a

g(b)ϕ(b) = � j g_j (a)ϕ(ψ_j(a)) , (4.1)

where the ψ_j are the finitely many local inverse branches of f. Similarly, we can introduce operators acting on Banach spaces of k-forms on M with C^m coefficients, for 0 ≤ m ≤ r − 1, putting L_kϕ = � j g_j · (ψ^∗_j )ϕ. 29

An expanding map is transversal, and the Lefschetz numbers of the inverse map at the periodic orbits are all positive, so that the Ruelle zeta function associated to f, g

ζ_{f,g}(z) = exp ∞� m=1 z^m m � a∈Fix f^m

m−1� ℓ=0 g(f^ℓ(a))

can be viewed as a Lefschetz-Ruelle zeta function. Ruelle proved:

Theorem (Ruelle [Ru3]). Let P ∈ R be the topological pressure of log |g| and f. (1) The spectral radius of L_0 acting on C^m is at most e^P while its the essential spectral radius is at most θ^me^P for 0 ≤ m ≤ r. The spectral radius of L_k acting on forms with C^m coefficients is at most θ^ke^P while its the essential spectral radius is at most θ^{m+k}e^P , for 1 ≤ k ≤ n and 0 ≤ m ≤ r − 1.

(2) The power series ζ_{f,g}(z) defines a meromorphic function in the disc of radius θ^{−r}e^{−P} . In this disc, the order of z as a zero/pole of ζ_{f,g}(z) coincides with the sum of the algebraic multiplicity of 1/z as an eigenvalue of the L_{2k+1} acting on C^m for any r − (2k + 1) ≤ m ≤ r − 1 and 1 ≤ 2k + 1 ≤ n, minus the sum of the algebraic multiplicity of 1/z as an eigenvalue of the L_{2k} acting on C^m for r − 2k ≤ m ≤ r − 1 and 0 ≤ 2k ≤ n (for k = 0 one can also let L_0 act on C^r).

We will recover Ruelle’s result if the system is in fact nr times differentiable, with the same estimates if g(y) = 1/| det Df(y)|, (i.e., the weight giving rise to the absolutely continuous invariant measure), and only a weaker result, replacing e^P by θ^{−n+1}e^P , in the case of an arbitrary smooth weight. There is certainly room for improvement here.

Once the first claim of the above theorem is established (see [GuLa] for better estimates), Ruelle [Ru3] associates to each L_k a Fredholm-like (flat) dynamical determinant

d_k(z) = Det^♭(Id − zL_k) = exp − ∞� m=1 z^m m � a∈Fix f^m

m−1� ℓ=0 g(f^ℓ(a)) · Tr Λ^k(D_af^{−m}) det(Id − D_af^{−m})

, (4.2)

and proves that d_k(z) is holomorphic in the disc of radius θ^{−k−r}e^{−P} , where its zeroes correspond exactly the the inverse eigenvalues of L_k (outside of the disc of radius θ^{k+r}e^P ). Writing ζ_{f,g}(z) as an alternated product of the d_k(z) gives the second claim.

The present approach does not allow us to analyze the independent factors d_k(z). However, since the spectral radii of the operators L_k are strictly decreasing, the annulus e^{−P} ≤ |z| < θ^{−1}e^{−P} , e.g., only contains inverse eigenvalues of L_0 acting on C^r(M).

From a manifold to R^n – Equivalent models We wish to associate to f and g data {ψ_ω, g_ω}_{ω∈Ω} in such a way that the operators L_k and M_k are conjugated. Their spectra on suitable spaces will thus coincide. For this, first choose a C^r atlas {V_j} for M such that f|_{Vj} → f(V_j) is a diffeomorphism. Choose a C^r partition of the unity {χ_j }, where each χ_j is supported in V_j . Denote by ψ_j : f(V_j) → V_j the inverse map of f|_{Vj} . Since f(V_j) is not necessarily contained in some V_i, we refine the cover V_j by putting V_{ji} = f(V_i) ∩ V_j and set ψ_{ji} = ψ_j|_{Vji} : V_{ji} → 30 ψ_j (V_{ji}) ⊂ V_i. We choose for each j a C^r partition of the unity {χ_{ji}} on V_j such that each χ_{ji} is supported in V_{ji}. Finally, we set g_{ji}(a) = χ_i(ψ_j(a)) · χ̃_{ji}(a) · g_j (a) (note that g_{ji} is compactly supported in V_{ji}), and we may rewrite our operator as

L_0ϕ(a) = � j,i g_{ji}(a) · ϕ(ψ_{ji}(a)) . (4.3)

The operators L_k acting on k-forms on M are similarly defined (replacing the composition with ψ_{ji} by the pullback). We next choose charts π_j : U_j → V_j , where the U_j are bounded and two-by-two disjoint open subsets of R^n. We denote by π the map π|_{Uj} = π_j and set U_{ji} = π^{−1}_j (V_{ji}).

Let now φ be a form in U = ∪_j U_j . We set (τφ)(a) = � i χ_i(a) · (π^{−1}_i )^∗φ(a). Then, τπ^∗ is the identity on C^r forms in M (in particular π^∗ is injective). We now define M_k acting on k-forms in U ⊂ R^n as M_k = π^∗L_kτ, that is

M_kφ(x) = � ji g_{ji}(π(x))χ_i(ψ_{ji} ∘ π(x)) · (π^{−1}_i ∘ ψ_{ji} ∘ π)^∗φ(x) . (4.4)

It is easy to choose Ω, ψ_ω and g_ω in order to view M_k as an operator of the form (2.3), with g_ω compactly supported in U_ω.

Sobolev spaces We shall work with the Bessel potential J_1, defined on L^q(R^n) by (see [St, Chapter V.3], Γ(·) denotes the Euler gamma function):

J_1(φ)(x) = 1 Γ(1/2) √ 4π � R^n

�_∞ 0 e^{−π|y|2/t}e^{−t/4π}t^{(−n+1)/2} dt t φ(x − y) dy .

Write J_ℓ for the ℓth iterate of J_1. It is a well-known (see [St, V.3.3-3.4]) and important result in the theory of Sobolev spaces that for all 1 < q < n and each ℓ ≥ 1, J_ℓ is an isomorphism from the Sobolev space L^q_m(R^n) = W^{m,q}(R^n) to the Sobolev space L^q_{m+ℓ}(R^n) if 1 < q < ∞, m is a nonnegative integer, and ℓ ≥ 1 [St, V.3.2-3.3]. In particular, J^{−1}_1 φ ∈ L^q_{m−1}(R^n) if φ ∈ L^q_m and m ≥ 1. We take ~J_k = J_{r−k}.

We define the Sobolev spaces W^{m,p}(M) [Ad] of the manifold M using our chart π : U → M (by compactness, other chart systems yield equivalent norms):

W^{m,p}(M) := {ϕ : M → C | ϕ ∘ π ∈ W^{m,p}(U)}.

For ϕ ∈ A_{k,W} m,p_{(M)}, set ||ϕ||_{Ak,W m,p(M)} := ||π^∗u||_{Ak,W m,p(U)} .

Clearly, L_k is bounded on A_{k,W} m,p_{(M)} for all 0 < p < 1 and m ≤ r − 1 (for k = 0 we can take r = m). By definition, π^∗ is a Banach space isomorphism between A_{k,W} m,p_{(M)} and its image in A_{k,W} m,p_{(U)}. The spectrum of L_k on A_{k,W} m,p_{(M)} coincides with its spectrum on the image L_k(A_{k,W} m,p_{(M)}), similarly for M_k and A_{k,W} m,p_{(U)}. Also, π^∗ is an isomorphism between L_k(A_{k,W} m,p_{(M)}) and M_k(A_{k,W} m,p_{(U)}), with inverse τ, and 31 which conjugates M_k and L_k. By definition, Det^♭(Id − zL_k) = Det^♭(Id − zM_k). We may henceforth concentrate on the M_k acting on A_{k,W} m,p_{(U)}.

Checking Axioms 1 and 2–3

From now on, assume that the data ψ_ω, g_ω is C^{r̂} for some r̂ ≥ nr and satisfies the hypotheses of Section 2. Additionally, the ψ_ω are uniform θ-contractions with θ < 1. We l use the notations of Sections 2 and 3, in particular the definitions of K , K^′ and χ_K , and we assume that U = K^′. The Banach spaces B_{k,t} = W^{rn−k,t}(K^′) clearly satisfy Axiom 1. To establish the bounds in Axiom 2 the following estimate will be instrumental. We let M^+_k be the transfer operator with g replaced by |g|.

Lemma 15 (Lasota-Yorke inequality). For 0 ≤ k ≤ n, 0 ≤ m ≤ r̂ − 1 (0 ≤ m ≤ r̂ if k = 0), and 1 < t < ∞ there are C > 0 and a sequence {ρ_ℓ} of positive real numbers so that for all ℓ and φ ∈ W^{m,t}(K^′),

||M^ℓ_kφ||_{m,t} ≤ ρ_ℓ||φ||_{m−1,t} + C · θ^{ℓm}||(M^+_k )^ℓ||_t · ||φ||_{m,t} . (4.5)

Proof of Lemma 15. The norm ‖ · ‖_{m,t} on W^{m,t}(K^′) is given by � |α|≤m ‖D

αφ‖^t

�_{1/t} , where ‖ · ‖_t is the L^t(K^′) norm, α = (α_1, . . . , α_p) is a multi-index of size |α| = p and D^α = ∂_{α1} · · · ∂_{αp} .

We begin with ℓ = 1 and k = 0. Let α be a multi-index with |α| = m. The Leibnitz rule gives D^αM_0φ = � ω g_ωD^α(φ ∘ ψ_ω) + H_αφ, where H_αφ is a sum of terms

D^β g_ω · D^{β′} (φ ∘ ψ_ω) , (4.6)

with |β| ≤ |α|, |β^′| ≤ |α| − 1. The data being at least C^m, all terms (4.6) are bounded by a constant multiple of ||φ||_{m−1,t}. Now, D^α(φ ∘ ψ_ω) is a sum of, on the one hand, terms involving derivatives of φ of order ≤ |α|−1 (which are also bounded by a constant multiple of ||φ||_{m−1,t}), and, on the other hand, terms of the form ((ψ_ω)_j denotes the j-th coordinate of ψ_ω) � ω g_ω ·

�^m� i=1 ∂_{αi} ((ψ_ω)_{γi} ) � · (D^αφ) ∘ ψ_ω . (4.7)

The L^t norm to the power t of (4.7) is ≤ θ^{mt}||M^+_0 (D^αφ)||^t, by the contraction assumption. Since φ ∈ W^{m,t}(K^′), ||D^αφ||_t ≤ ||φ||_{m,t}. The number of terms (4.7) depends only on m and n. The result for ℓ = 1 follows by summing over α with |α| ≤ m (if |α| ≤ m−1, terms of the form (4.7) are also bounded by a constant multiple of ||φ||_{m−1,t}).

For ℓ > 1, just use that ‖(M^ℓ_0)^+‖_t ≤ ‖(M^+_0 )^ℓ‖_t.

The claims for k ≥ 1 are obvious by the contraction property of the pullback. □

Lemma 16 (Axiom 2). Let 1 < t < ∞.

(1) ρ_{ess}(M_0|_W m,t_{(K}′_)) ≤ θ^mρ(M^+_0 |_Lt_{(K}′_)) for all 0 ≤ m ≤ r̂. (2) For all 0 ≤ m ≤ r̂ − 1 we have ρ(M_k|_{Ak,Lt(K′)} ) ≤ θ^kρ(M^+_0 |_Lt_{(K}′_)) and

ρ(M_k|_{Ak,W m,t(K′)} ) ≤ θ^kρ(M^+_0 |_Lt_{(K}′_)) , ρ_{ess}(M_k|_{Ak,W m,t(K′)} ) ≤ θ^{m+k}ρ(M^+_0 |_Lt_{(K}′_)) .

(3) ρ(M^+_0 |_Lt_{(K}′_)) ≤ 1 = e^P if g_ω = | det Dψ_ω|. Otherwise ρ(M^+_0 |_Lt_{(K}′_)) ≤ θ^{−n/t}e^P .

The spaces B_{k,t} = W^{r̂−k,t}(K^′) for k = 0, . . . , n, together with the operators M_k, satisfy Axiom 2 for ~R = θ^{r̂} if g_ω = | det Dψ_ω|, and (after renormalising so that e^{P (log |g|} = 1) and ~R > θ^{r̂−(n−1)} otherwise (if t is not much smaller than n/(n − 1)).

Proof of Lemma 16. For the first claim, since W^{m−1,t}(K^′) is compactly embedded in W^{m,t}(K^′) [Ad], we may combine Lemma 15 and the Hennion formula ([He]) to deduce ρ_{ess}(M_0|_{A0,W m,t(K′)} ) ≤ θ^mρ(M^+_0 |_{A0,Lt(K′)} ).

The inequalities in the second claim are then obvious, by the action of the pullback. To prove the third claim, it is more convenient to estimate the spectral radius of L^+_0 acting on L^t(M) (see [MS] for an analogous bound in a more specific situation). The Hölder inequality for finite sums gives, for 1 < t^′ < t so that t^{−1} + (t^′)^{−1} = 1, and writing L_{0,t}′ for the operator associated to | det(Dψ_ω)| · (|g_ω|/| det Dψ_ω|)^{t′}

‖(L^+_0 )^ℓφ‖^t_Lt_{(M)} = � M � � ⃗ω∈Ω^ℓ ℓ� j=1 |g_{ωj} ∘ ψ^{j−1}_{⃗ω} | · |φ ∘ ψ^ℓ_{⃗ω}|

�_t dx

≤ � M � � ⃗ω∈Ω^ℓ

|φ ∘ ψ^ℓ_{⃗ω}|^t · | det Dψ^ℓ_{⃗ω}| � � ⃗ω∈Ω^ℓ

�^ℓ� j=1 |g_{ωj} ∘ ψ^{j−1}_{⃗ω} | · | det Dψ^ℓ_{⃗ω}|^{−1/t}

�_t′

�_{t/t}′ dx

≤ � M |φ|^t dx � · sup_M � � ⃗ω∈Ω^ℓ

| det Dψ^ℓ_{⃗ω}| · � �_ℓ

j=1 |g_{ωj} ∘ ψ^{j−1}_{⃗ω} | | det Dψ^ℓ_{⃗ω}|

�_t′ �^{t/t′} dx ≤ ‖φ‖^t_Lt · � sup_M ((L_{0,t}′ )^ℓ(1))

�_{t/t}′

, ∀ℓ , ∀φ ∈ L^t(M) . (4.8)

Taking the t-th root of the above inequality implies

ρ(M_0|_Lt_{(K}′_)) = ρ(L_0|_Lt_{(M)}) ≤ 1 = e^{P (log g)} if g_ω = | det Dψ_ω| .

If g_ω ≠ | det Dψ_ω|, we get

ρ(L^+_0 |_Lt_{(M)}) ≤ lim_{ℓ→∞} � sup_M � � ⃗ω∈Ω^ℓ

| det Dψ^ℓ_{⃗ω}|^{−1+1/t′} · ℓ� j=1 |g_{ωj} ∘ψ^{j−1}_{⃗ω} |

�_{1/ℓ} ≤ θ^{−n/t} ·e^{P (log |g|)} .

This immediately implies Axiom 2 for the M_k and the claimed value of ~R. □ 33

The properties in Axiom 3 hold by uniform contraction and bounded distortion. Completing the new proof of Ruelle’s theorem The proofs of Lemmas 15–16 adapt to the C^m setting, giving for all f, g the wellknown bound for all 0 ≤ m ≤ r̂ − 1 (0 ≤ m ≤ r̂ if k = 0)

ρ_{ess}(L_k|_{Ak,Cm(M)} ) = ρ_{ess}(M_k|_{Ak,Cm(K′)} ) ≤ θ^{m+k}e^P .

Indeed, when proving the Lasota-Yorke inequality, we may work with M_0 acting on C^0 instead of L^t and the extraneous θ^{−n/t} factor does not appear. (This also proves the estimates as t → ∞ in Axiom 2(2).)

Clearly, a generalised eigenfunction in A_{k,C}r̂−k_{(K}′_) is in A_{k,W} r̂−k,t_{(K}′_). The converse is true, working with eigenfunctions of the dual. Hence, if r̂ ≥ rn and f and g are C^{r̂}, the result of Theorem 13 on the Sobolev spaces in fact implies the statement given above of Ruelle’s theorem if g(y) = 1/| det Df(y)| and a weaker statement, replacing θ^{−r}e^{−P} by θ^{−(r−1+1/n)}e^{−P} , for general C^{r̂} weights.

References

[Ad] R.A. Adams, Sobolev Spaces, Academic Press, London, 1975.

[AG] S. Alinhac and P. Gérard,, Opérateurs pseudo-différentiels et théorème de Nash-Moser, Interéditions, CNRS, Paris, 1991.

[AB1] M.F. Atiyah and R. Bott, Notes on the Lefschetz fixed point formula for elliptic complexes, Reprinted in Bott’s Collected Papers, Vol 2, Harvard University, 1964.

[AB2] M.F. Atiyah and R. Bott, A Lefschetz fixed point formula for elliptic complexes. I, Ann. of Math. 86 (1967), 374–407.

[Bai] M. Baillif, Kneading operators, sharp determinants, and weighted Lefschetz zeta functions in higher dimensions, Preprint (2003), to appear Duke Math. J.

[Ba1] V. Baladi, Periodic orbits and dynamical spectra, Ergodic Theory Dynamical Systems 18 (1998), 255–292.

[Ba2] V. Baladi, Dynamical zeta functions and kneading operators, Lecture notes, NDDS 2002, Kyoto (2002).

[Ba3] V. Baladi, Kneading determinants and transfer operators in higher dimensions, Preprint 2002, to appear Proceedings of Symposia in Pure Mathematics, AMS, Mandelbrot Jubilee, ed. by M. Lapidus and M. van Frankenhuysen.

[BaKe] V. Baladi and G. Keller, Zeta functions and transfer operators for piecewise monotone transformations, Comm. Math. Phys. 127 (1990), 459–479.

[BKRS] V. Baladi, A. Kitaev, D. Ruelle, and S. Semmes, Sharp determinants and kneading operators for holomorphic maps, Proc. Steklov Inst. Math. 216 (1997), 186–228.

[BaRu] V. Baladi and D. Ruelle, Sharp determinants, Invent. Math. 123 (1996), 553–574. [BKL] M. Blank, G. Keller, and C. Liverani, Ruelle-Perron-Frobenius spectrum for Anosov maps, Nonlinearity 15 (2002), 1905–1973.

[BuKe] J. Buzzi and G. Keller, Zeta functions and transfer operators for multidimensional piecewise affine and expanding maps, Ergodic Theory Dynamical Systems 21 (2001), 689–716.

[Fr0] D. Fried, The zeta functions of Ruelle and Selberg I, Ann. Sci. École. Norm. Sup. 19 (1986), 491–517.

[Fr1] D. Fried, Meromorphic zeta functions for analytic flows, Comm. Math. Phys. 174 (1995), 161–190.

[Fr2] D. Fried, IHES talk (1999). 34

[GGK] I. Gohberg, S. Goldberg, and N. Krupnik, Traces and Determinants of Linear Operators, Birkhäuser, Basel, 2000.

[Go] S. Gouëzel, Spectre de l’opérateur de transfert en dimension 1, Manuscripta Math. 106 (2001), 365–403.

[GuLa] M. Gundlach and Y. Latushkin, A sharp formula for the essential spectral radius of the Ruelle transfer operator on smooth and Hölder spaces, Ergodic Theory Dynamical Systems 23 (2003), 175–191.

[Ha] N.T.A. Haydn, Meromorphic extension of the zeta function for Axiom A flows, Ergodic Theory Dynamical Systems 10 (1990), 347–360.

[He] H. Hennion, Sur un théorème spectral et son application aux noyaux lipschitziens, Proc. Amer.

Math. Soc. 118 (1993), 627–634.

[Ke] G. Keller, Markov extensions, zeta functions, and Fredholm theory for piecewise invertible dynamical systems, Trans. Amer. Math. Soc. 314 (1989), 433–497.

[Ki] A. Kitaev, Fredholm determinants for hyperbolic diffeomorphisms of finite smoothness, see also Corrigendum, 1717–1719, Nonlinearity 12 (1999), 141–179.

[Li] A. Lichnerowicz, Géométrie des groupes de transformations, Dunod, Paris, 1958. [MS] N. Makarov and S. Smirnov, On ”thermodynamics” of rational maps. I. Negative spectrum, Comm. Math. Phys. 211 (2000), 705–743.

[MT] J. Milnor and W. Thurston, Iterated maps of the interval, Dynamical Systems (Maryland 1986-87) (J.C. Alexander, ed.), Lecture Notes in Math. Vol. 1342, Springer, Berlin, 1988.

[KN] G. Keller and T. Nowicki, Spectral theory, zeta functions and the distribution of periodic points for Collet-Eckmann maps, Comm. Math. Phys. 149 (1992), 31–69.

[Ma] D. Mayer, On a ζ-function related to the continued fraction transformation, Bull. Soc. Math.

France 104 (1976), 195–203.

[Po] M. Pollicott, Meromorphic extensions of generalised zeta functions, Invent. Math. 85 (1986), 147–164.

[Ru1] D. Ruelle, Zeta functions for expanding maps and Anosov flows, Inv. Math. 34 (1976), 231– 242.

[Ru2] D. Ruelle, One-dimensional Gibbs states and Axiom A diffeomorphisms, J. Differential Geom.

25 (1987), 117–137.

[Ru3] D. Ruelle, An extension of the theory of Fredholm determinants, Inst. Hautes Etudes Sci.

Publ. Math. 72 (1990), 175–193.

[Ru4] D. Ruelle, Sharp zeta functions for smooth interval maps, Proceedings Conference on Dynamical Systems (Montevideo, 1995), Pitman Res. Notes Math. Ser. 362, Longman, Harlow, 1996, pp. 188–206.

[Rug] H.H. Rugh, Generalized Fredholm determinants and Selberg zeta functions for Axiom A dynamical systems, Ergodic Theory Dynamical Systems 16 (1996), 805–819.

[Sch] L. Schwartz, Théorie des distributions, Hermann, Paris, 1966.

[St] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton University Press, Princeton, NJ, 1970.

V. Baladi: C.N.R.S., I.H.É.S., route de Chartres, 91440 Bures-sur-Yvette, FRANCE Current address: C.N.R.S., Institut Mathématique de Jussieu, F-75251 Paris, FRANCE E-mail address: baladi@math.jussieu.fr

M. Baillif: Section de mathématiques, CH-1211 Genève 24, SUISSE E-mail address: baillif@math.unige.ch