Pseudo-normal form near saddle–center or saddle–focus equilibria.

Amadeu Delshams and J. Tomás Lázaro Departament de Matemàtica Aplicada I Universitat Politècnica de Catalunya Diagonal 647, 08028 Barcelona (Spain)

Amadeu.Delshams@upc.es, Jose.Tomas.Lazaro@upc.es

May 21st, 2004

Abstract

In this paper we introduce the pseudo-normal form, which generalizes the notion of normal form around an equilibrium. Its convergence is proved for a general analytic system in a neighborhood of a saddle-center or a saddle-focus equilibrium point. If the system is Hamiltonian or reversible, this pseudo-normal form coincides with the Birkhoff normal form, so we present a new proof in these celebrated cases. From the convergence of the pseudo-normal form for a general analytic system several dynamical consequences are derived, like the existence of local invariant objects.

2000 MSC numbers: 34C20, 34C14.

1 Introduction and main results

Since normal forms were introduced by Poincaré they have become a very useful tool to study the local qualitative behavior of dynamical systems around equilibria, see for instance [1, 7, 12] and references therein. In a few words, given a system

Ẋ = F (X) = ΛX + ^F (X), (1)

around an equilibrium X = 0, where ^F (X) denotes terms of order at least 2 in X, a general normal form procedure consists on looking for a (formal power series close to the identity) transformation X = Φ(χ) = χ + ^Φ(χ) in such a way that the new system χ̇ = Φ^∗F (χ) =: N(χ) = Λχ + ^N(χ) becomes in normal form, that is, when ^N contains only the so-named resonant terms, monomials whose powers are intimately related to the vector λ = (λ_1, λ_2, . . . , λ_m) formed by the eigenvalues of the matrix Λ of system (1).

In this work, we will focus our attention on analytic vector fields and will be specially concerned with the convergence of the normalizing transformation Φ. There are two well-known cases where the convergence of the normalizing transformation follows just from the properties of the vector of characteristic exponents λ (see, for instance, [1, Chapter 5, §24]):

(i) when λ belongs to the Poincaré domain, that is, the convex hull of the set {λ_1, λ_2, . . . , λ_m} in the complex plane does not contain the origin;

(ii) when λ belongs to the complementary of this domain, the so-called Siegel’s domain, and satisfies a Diophantine condition.

In the first case, the Theorem of Poincaré–Dulac ensures the convergence of a normalizing transformation conjugating the original system to a system having only a finite number of resonant terms. In the second case, the Diophantine condition permits to bound the small divisors appearing in the normalizing transformation and its convergence is also derived (Siegel’s Theorem). The original system is conjugated to its linear part.

Notice that in both cases of convergence the normal form is a polynomial or, in other words, the number of resonant terms is finite. However, non polynomial normal forms do arise in some important families of dynamical systems, like the Hamiltonian or the reversible ones, where the characteristic exponents always belong to the Siegel’s domain since they come in pairs {±λ}. In these cases, convergence results depend not only on the location of the characteristic exponents and their arithmetical properties but also on the kind of formal normal form they exhibit.

In 1971, Bruno (see [4, Chapter II, §3, §4]) provided sufficient and, in some particular sense, necessary conditions ensuring this convergence. He denominated them condition ω and condition A. The condition ω depends on arithmetic properties of the vector of characteristic exponents λ, and can be checked explicitly. On the contrary, condition A imposes a strong restriction on the normal form forcing it (up to all order!) to depend only on one or two scalar functions.

We refer the reader to Bruno’s paper [4, pages 173–175]) for a detailed account of these conditions. For the purpose of this paper, it is enough to notice that there are very few cases where the fulfillment of condition A follows from the nature of the original system. The most famous case is provided by the framework of the Hamiltonian systems, where the normal form is called the Birkhoff normal form (BNF in short). Among them, condition ω is trivially satisfied when there are no small divisors between the main characteristic exponents, but this only happens for Hamiltonian systems with one or two degrees of freedom.

Indeed, consider a 2-degrees of freedom Hamiltonian system and denote by {±λ_1, ±λ_2} its characteristic exponents at the origin. The condition for the non existence of small divisors between λ_1 and λ_2 is that λ_1/λ_2 /∈ R, and this condition is satisfied only when the origin is

• a saddle-focus, if {±λ_1, ±λ_2} = {±λ ± iα} with λ > 0, α > 0, or

• a saddle-center, if {±λ_1, ±λ_2} = {±λ, ±iα} and λ > 0, α > 0.

In these two cases, N can be written as

(a) N = ξa_1(ξη, μν) −ηa_1(ξη, μν) μa_2(ξη, μν) −νa_2(ξη, μν) , (b) N = ξa_1(ξη, μ^2 + ν^2) −ηa_1(ξη, μ^2 + ν^2) νa_2(ξη, μ^2 + ν^2) −μa_2(ξη, μ^2 + ν^2) , (2)

respectively, where a_j (0, 0) = λ_j , j = 1, 2 and χ = (ξ, η, μ, ν) ∈ C^4 .

The existence of an analytic transformation leading an analytic Hamiltonian system in the neighborhood of a saddle-focus or a saddle-center into BNF was provided in 1958 by Moser [21], extending the famous Lyapunov theorem [16]. (Recently, a new proof of this theorem has been provided by Giorgilli [13] putting special emphasis on the Hamiltonian character of the system—a characteristic which does not appear in Moser’s proof.)

At this point, it seems natural to wonder about the convergence of a normalizing transformation Φ in the case of a general system. The analogy with the Hamiltonian case suggests to consider 2- dimensional and 4-dimensional systems with characteristic exponents at the equilibrium point of the form (i) ±λ, λ ∈ C \ {0} and (ii) {±λ_1, ±λ_2}, respectively, to avoid small divisors. The case (i) was studied in [10]. The aim of the present work is to deal with case (ii), a general analytic system (1) with a saddle-focus or a saddle-center equilibrium point at the origin.

Let us be more precise. As it has been said, it is well-known in the saddle-focus or saddle-center Hamiltonian cases the existence of a convergent transformation X = Φ(χ) leading system (1) into

BNF, that is, the transformed system being of the form

χ̇ = (Φ^∗F ) (χ) = N(χ), (3)

where N is one of the two types in (2). Notice that equation (3) is equivalent to DΦ N = F ∘ Φ. Our approach, which comes from ideas of Moser and DeLatte [8], consists on looking for a remainder term of the form

(a) ^B = ξ^b_1(ξη, μν) η^b_1(ξη, μν) μ^b_2(ξη, μν) ν^b_2(ξη, μν) or (b) ^B = ξ^b_1(ξη, μ^2 + ν^2) η^b_1(ξη, μ^2 + ν^2) μ^b_2(ξη, μ^2 + ν^2) ν^b_2(ξη, μ^2 + ν^2)

, (4)

depending if we are considering the saddle-focus or saddle-center case, respectively, satisfying ^b_1(0, 0) = ^b_2(0, 0) = 0 and such that the equality

DΦ N + ^B = F ∘ Φ (5)

holds. Note that (5) is equivalent to saying that the new system is of the form

χ̇ = N(χ) + (DΦ(χ))^{−1} ^B(χ)

which is not, as a rule, a normal form. Thus, we will say that X = Φ(χ) transforms system (1) into pseudo-normal form (ΨNF in short).

The interest of this construction lies in the following facts: first, it constitutes an extension of the BNF and, therefore, in the contexts where BNF converges they must coincide; second, this procedure is convergent in some situations where BNF does not apply and, thus, it translates the problem of the existence of a convergent normalizing transformation to the one of determining if some analytic scalar-valued functions ^b_1 and ^b_2 vanish. Finally, even in the case that these functions do not vanish, some interesting dynamical consequences can be derived from this pseudo-normal form.

Theorem 1 (Main Theorem) Given a 4-dimensional system

Ẋ = F (X) = ΛX + ^F (X), (6)

analytic around the origin, where ^F (X) denotes terms of order at least 2 in X, and with characteristic exponents {±λ_1, ±λ_2} equal to

• {±λ ± iα} with λ > 0, α > 0 (saddle-focus case), or

• {±λ, ±iα} with λ > 0, α > 0 (saddle-center case),

there exist an analytic transformation X = Φ(χ) = χ + ^Φ(χ) and analytic vector fields N, as in (2), and ^B, as in (4), in such a way that the equality DΦ N + ^B = F ∘ Φ holds. Moreover, if system (6) is real analytic, Φ, N and B are also real analytic.

Section 2 is devoted to the proof of this theorem, which is constructive. It is based on a recurrent scheme which provides the coefficients of Φ, N and ^B, order by order. Moreover, a condition for determining the radius of convergence of these vector fields is provided in equation (64).

A first consequence of Theorem 1 is that for an initial Hamiltonian system, ΨNF becomes BNF.

Proposition H1 System (6) is Hamiltonian in a neighborhood of the origin if and only if ^B vanishes (and, therefore, ΨNF becomes BNF).

The proof is given in Section 3. In the case that system (6) is a 2-degrees of freedom Hamiltonian, this proposition provides a new proof for the celebrated Moser’s-Lyapunov theorem.

Corollary H2 [Lyapunov, Moser] For an analytic Hamiltonian system around a saddle-focus or a saddle-center equilibrium, BNF is convergent.

Some other consequences can be derived from a partial reading of Theorem 1. Namely, a linear center can be seen as a particular subsystem of the general saddle-center case. Indeed, if we write explicitly system (6) as { ẋ = λx + ^f_1(x, y, q, p) ẏ = −λy + ^f_2(x, y, q, p) { q̇ = αp + ^f_3(x, y, q, p) ṗ = −αq + ^f_4(x, y, q, p) (7)

for ^f_1(0, 0, q, p) = ^f_2(0, 0, q, p) = 0 and fix x = y = 0, we obtain the following planar system { q̇ = αp + ^f_3(q, p) ṗ = −αq + ^f_4(q, p) (8)

Here ^f_j (q, p), j = 3, 4 denote ^f_j(0, 0, q, p). This is the framework where the celebrated center-focus problem takes place. In this case Theorem 1 provides the existence of a transformation (q, p) = Φ(μ, ν) and vector fields N(μ, ν) and ^B(μ, ν), of the form N = ( νa(μ^2 + ν^2) −μa(μ^2 + ν^2) ) , ^B = ( μ^b(μ^2 + ν^2) ν^b(μ^2 + ν^2) ) , (9)

analytic in a neighborhood of the origin, with a(0) = α, ^b(0) = 0, and satisfying DΦ N + ^B = F_c ∘ Φ, where F_c(p, q) = (αp+ ^f_3(q, p), −αq+ ^f_4(q, p)). The following corollary is a reformulation of Proposition H1. Corollary H3 Assume ^f_3, ^f_4 analytic at the origin. Then, the following statements are equivalent.

(i) System (8) is (locally) Hamiltonian.

(ii) The origin is a center.

(iii) The function ^b(μ^2 + ν^2) in (9) provided by Theorem 1 vanishes identically.

On the other hand, assuming ^f_3 ≡ ^f_4 ≡ 0 in system (7) (that is, the origin is a center in the (q, p)- variables), taking polar coordinates, scaling time if necessary and fixing an invariant cycle, we have a system of the form ẋ = λx + ^g_1(x, y, θ) ẏ = −λy + ^g_2(x, y, θ) θ̇ = 1 ,

(10)

where γ = {x = y = 0} is now a hyperbolic periodic orbit (of characteristic exponents ±λ, λ > 0) and ^g_1, ^g_2 are analytic functions of x, y and θ. For such a system we have from Proposition H1 the following result.

Corollary H4 [Moser [20]] Assume (10) is an analytic Hamiltonian system. Then, there exists a convergent transformation leading system (10) into ΨNF in a neighborhood of γ and this ΨNF coincides with the BNF.

It is worth noticing that the original result due to Moser is also valid assuming only ^g_1 and ^g_2 to be C^1 with respect to the angular variable θ. With a similar scheme to the one presented in this paper, Corollary H4 can also be proved under these weaker assumptions.

Up to this point, the results already presented follow from a suitable reading of Theorem 1 in a Hamiltonian framework. However, this is not the unique context where they can be applied. Namely, these results have a counterpart in the well known setting of the reversible systems.

We say that a system Ẋ = F (X) is G(time-)reversible (or simply, G-reversible) if it is invariant under X −→ G(X) and a reversion in the direction of time t → −t, with G being an involutory diffeomorphism, that is, G^2 = id and G ≠ id. From this definition, it turns out that F satisfies

G^∗F = −F, (11)

where G^∗F = (DG)^{−1}F (G). The diffeomorphism G is commonly called a reversing involution of this system and is, in general, non linear. In this work we are dealing with analytic systems, so we will consider analytic involutions G. A set S which is invariant under the action of G (that is, G(S) ⊆ S) is called G-symmetric or, simply, symmetric if there is no problem of misunderstanding. Since we are dealing with systems in a neighborhood of an equilibrium point or a periodic orbit, from now on we will assume always that these elements are symmetric with respect to the corresponding involution G.

Important examples of reversible systems are provided by the BNF (2). For instance, the BNF around a saddle-center equilibrium point (case (b) in (2)) is R-reversible, R being the linear involution (ξ, η, μ, ν) −→ (η, ξ, μ, −ν). Analogously, the BNF around a saddle-focus equilibrium point (case (a) in (2)) is reversible with respect to the linear involution (ξ, η, μ, ν) → (η, ξ, ν, μ).

Proposition R1 System (6) is reversible in a neighborhood of the origin if and only if ^B vanishes (and, therefore, ΨNF becomes BNF).

We recall that the Reversible Lyapunov Theorem was proven by Devaney [11] in both the smooth and the analytic case, using a geometrical approach. An alternative proof for this theorem is due to Vanderbauwhede [26] (see also [24] and [17], for an extension to families of analytic reversible vector fields).

The proof of this proposition is provided in Section 3. Notice that, in particular, it implies that locally Hamiltonian and locally reversible is the same around this equilibrium point. Like in the Hamiltonian case, we have

Corollary R2 Corollaries H3 and H4 also hold substituting Hamiltonian by reversible.

From these results, it seems natural to look for a summarizing statement connecting both contexts, the Hamiltonian and the reversible. Indeed, we can summarize the previous statements in the following theorem.

Theorem 2 Let us consider an analytic system

Ẋ = F (X) (12)

and assume that one of the following three situations holds (corresponding to dimensions 2, 3 and 4, respectively),

(i) X = (q, p) ∈ R^2 and the origin is a linear center equilibrium point (like in system (8)).

(ii) X = (x, y, θ) ∈ R^2 × T and γ = {x = y = 0} is a hyperbolic periodic orbit (like in system (10)).

(iii) X = (x, y, q, p) ∈ R^4 and the origin is a saddle-center or saddle-focus equilibrium point (like in system (7)).

Then, in a neighborhood of the corresponding critical element, the following statements are equivalent

(i) System (12) is Hamiltonian (with respect to some suitable 2-form ω).

(ii) System (12) is reversible (with respect to some suitable reversing involution G).

(iii) The analytic vector field ^B (as in (4)) provided by Theorem 1 vanishes.

This local duality around critical elements between Hamiltonian and reversible systems is quite common. As an example, see for instance [18], where it is proved this equivalence in the case of a nonsemisimple 1 : 1 resonance, which occurs when two pairs of purely imaginary eigenvalues of the linearized system collide. Nevertheless, there exist also counter examples of such equivalence. For instance, see the one given at [23], where it is given a class of area preserving mappings, with linear part the identity, which are not reversible.

Beyond the consequences provided by Theorem 1 in the Hamiltonian or reversible frameworks, this ΨNF-approach can be useful to find out isolated periodic orbits and related invariant manifolds in other situations. For instance, in [10] it is shown that for the center-focus problem (case (i) in Theorem 2) each zero of the analytic function ^b, defined in (9), gives rise to a limit cycle of system (8) close to the origin.

Now, consider system (12) with the origin being a saddle-center equilibrium point (case (iii) in Theorem 2). Let N and ^B, as in (2b), (4b), be the analytic vector fields provided by Theorem 1. Assume this system (12) is not locally Hamiltonian (neither reversible, therefore). Equivalently, functions ^b_1, ^b_2 in equation (4b) do not vanish simultaneously. Then the transformed system becomes of the form

χ̇ = N(χ) + (DΦ(χ))^{−1} ^B(χ)

or, more precisely, ξ̇ η̇ μ̇ ν̇ = ξa_1(ξη, μ^2 + ν^2) −ηa_1(ξη, μ^2 + ν^2) νa_2(ξη, μ^2 + ν^2) −μa_2(ξη, μ^2 + ν^2)

+ (DΦ(χ))^{−1} ξ^b_1(ξη, μ^2 + ν^2) η^b_1(ξη, μ^2 + ν^2) μ^b_2(ξη, μ^2 + ν^2) ν^b_2(ξη, μ^2 + ν^2)

. (13)

Assume that ^b_2 does not vanish identically but there exists, at least, a non-zero value I_∗ > 0 satisfying ^b_2(0, I_∗) = 0. If we take initial conditions ξ0 = η0 = 0 in (13) it follows that ξ(t) = η(t) = 0 ∀t and, therefore, μ^2 + ν^2 = I_∗ becomes a limit cycle of the restricted system { μ̇ = νa_2(0, I_∗) ν̇ = −μa_2(0, I_∗)

(14)

where, for small enough values of I_∗, we have a_2(0, I_∗) = α + O(I_∗) ≠ 0. That is,

Γ_∗ = { μ^2 + ν^2 = I_∗ } is a hyperbolic periodic orbit of system (14) with period 2π/a_2(0, I_∗) and characteristic exponent a_1(0, I_∗) = λ + O(I_∗). Consequently,

Γ = Φ(Γ_∗) = { Φ(0, 0, μ, ν) : μ^2 + ν^2 = I_∗ } is a hyperbolic periodic orbit of system (12). It is also straightforward to parameterize the corresponding (local) stable and unstable invariant manifolds of Γ. Namely, there exists δ > 0, given by the radius of convergence of the ΨNF, such that

W^s_{loc}(Γ) = { Φ(0, η^0e^{−ta1 (0,I∗)}, μ, ν) : | |η0 | | < δ, μ2 + ν2 = I_∗} , W^u_{loc}(Γ) = { Φ(ξ^0e^{ta1 (0,I∗)}, 0, μ, ν) : | η^0 | < δ, μ^2 + ν^2 = I_∗ } . (15)

We finish this introduction summarizing this result.

Corollary 3 Consider system (12) where the origin is a saddle-center equilibrium point (case (iii) in Theorem 2) and let N and ^B, as in (2b) , (4b), be the analytic vector fields provided by Theorem 1. Assume that the (analytic) function I → ^b_2(0, I), defined in a neighborhood of the origin, does not vanish identically (so system (12) is neither Hamiltonian nor reversible). Thus, every positive zero of ^b_2(0, ∗) gives rise to a hyperbolic periodic orbit of system (12). Moreover, parameterizations for the (local) stable and unstable invariant manifolds associated to this periodic orbit are given by (15).

2 Proof of the Main Theorem

2.1 The formal solution: a first approach

It is worth noting that both cases, the origin being a saddle-focus or being a saddle-center, can be treated formally with the same argument. Moreover, we will deal first with the case of a complex ΨNF and will derive subsequently the case of a real ΨNF. Indeed, let us assume that we have complexified the original variables in such a way that the new (complex) matrix Λ is diagonal. Under this common approach, we will refer often to {±λ_1, ±λ_2} as the characteristic exponents of the origin, meaning {±λ ± iα} in the first case and {±λ, ±iα} in the second one, respectively, always with λ, α > 0. Moreover, it is not difficult to check that with such unified notation the vector fields N and ^B take the same form (2a) and (4a), respectively, in both cases. This will be their formal aspect along this proof if nothing against is explicitly said.

The sketch of the proof follows the standard pattern: first, we will look for a formal solution of equation DΦ N + ^B = F ∘ Φ (16)

by means of a recurrent scheme, that will consist on two steps, an initial approach and a final refinement. Later on, it will be introduced a norm which will allow us to establish the convergence of the functions involved.

Thus, let us start with the first part. We recall that ^G denotes that G is formed by formal power series beginning with terms of order at least 2. Now, since the linear part of F (X) = ΛX + ^F (X) (or shorter, F = Λ + ^F ) is in normal form, we have that the linear part of N is just Λ (notice that Λ represents also the complex matrix of eigenvalues ±λ_1, ±λ_2) . Writing Φ = id + ^Φ and N = Λ + ^N, equation (16) becomes D^Φ N − Λ^Φ = ^F ∘ Φ − ^N − ^B. (17) Assume that we already know ^Φ, ^N and ^B up to some order K and let us see which difficulties involves the computation of the terms of order K + 1 of ^Φ. From equation (17) we realize that we only have to consider the terms up to order K + 1 of equation D^Φ N − Λ^Φ = ^H. (18) where ^H = ^F ∘ Φ only contains terms up to order K of ^Φ. The terms in ^N and ^B of order K + 1 will be determined later. By direct computation, writing

^Φ = (^ϕ^{(1)}, ^ϕ^{(2)}, ^ϕ^{(3)}, ^ϕ^{(4)}), ^H = (^h^{(1)}, ^h^{(2)}, ^h^{(3)}, ^h^{(4)}),

with ^ϕ^{(i)}(ξ, η, μ, ν) = ∑ ϕ^{(i)}_{jkℓm} ξ^jη^kμ^ℓν^m, ^h^{(i)}(ξ, η, μ, ν) = ∑ h^{(i)}_{jkℓm} ξ^j η^kμ^ℓν^m, for i = 1, . . . , 4, and using that N starts with (ξλ_1, −ηλ_1, μλ_2, −νλ_2) the terms up to order K + 1 of equation (18) come from the system, ( ξ ^ϕ^{(i)}_ξ − η ^ϕ^{(i)}_η ) a_1(ξη, μν) + ( μ^ϕ^{(i)}_μ − ν ^ϕ^{(i)}_ν ) a_2(ξη, μν) − λ^∗_i ^ϕ^{(i)} = ^h^{(i)}, for i = 1, 2, . . . , 4 and λ^∗_1, λ^∗_2, λ^∗_3, λ^∗_4 equal to λ_1, −λ_1, λ_2 and −λ_2, respectively. Therefore, the terms of order K + 1 of ^Φ come from

ϕ^{(1)}_{jkℓm} = h^{(1)}_{jkℓm} λ_1(j − k − 1) + λ_2(ℓ − m)

, if j ≠ k + 1 or ℓ ≠ m,

ϕ^{(2)}_{jkℓm} = h^{(2)}_{jkℓm} λ_1(j − k + 1) + λ_2(ℓ − m)

, if k ≠ j + 1 or ℓ ≠ m, (19)

ϕ^{(3)}_{jkℓm} = h^{(3)}_{jkℓm} λ_1(j − k) + λ_2(ℓ − m − 1)

, if j ≠ k or ℓ ≠ m + 1,

ϕ^{(4)}_{jkℓm} = h^{(4)}_{jkℓm} λ_1(j − k) + λ_2(ℓ − m + 1)

, if j ≠ k or m ≠ ℓ + 1.

It is clear from these equations that terms of the form ξ ∑ ϕ^{(1)}_{k+1,kmm} (ξη)^k(μν)^m η ∑ ϕ^{(2)}_{j,j+1,ℓℓ} (ξη)^j μν)^ℓ μ ∑ ϕ^{(3)}_{kk,m+1,m} (ξη)^k(μν)^m ν ∑ ϕ^{(4)}_{jj,ℓ,ℓ+1} (ξη)^j (μν)^ℓ (20)

cannot be determined and remain in principle arbitrary. In terms of simply linear algebra this amounts to say that the transformation Φ is completely determined once it has been fixed its projection on a suitable vectorial subspace, called resonant subspace.

2.2 Definition of the projections The type of coefficients appearing in expression (20) and the remarks above motivate the following definition.

Definition 4 Given a formal series h(ξ, η, μ, ν) = ∑ h_{jkℓm} ξ^jη^kμ^ℓν^m, we define the projections

P_1h := ξ ∑ k≥0, m≥1 h_{k+1,kmm} (ξη)^k(μν)^m, P_2h := η ∑ j≥0, ℓ≥1 h_{j,j+1,ℓℓ} (ξη)^j (μν)^ℓ, P_3h := μ ∑ k≥1, m≥0 h_{kk,m+1,m} (ξη)^k(μν)^m, P_4h := ν ∑ j≥1, ℓ≥0 h_{jjℓ,ℓ+1} (ξη)^j (μν)^ℓ.

Moreover, if H = (h^{(1)}, h^{(2)}, h^{(3)}, h^{(4)}) is a (formal) vector field we define

PH := (P_1h^{(1)}, P_2h^{(2)}, P_3h^{(3)}, P_4h^{(4)}), RH := H − PH.

As it has been noticed before, P ^Φ corresponds to the terms which remain arbitrary from the solution of equation (18). Moreover, vector fields N and ^B are invariant under the action of P. This property will be used in the solution of equation (17). In this sense, we have the following lemma, whose proof is omitted since it consists on straightforward computations.

Lemma 5 Given N = Λ + ^N of the form (2a), the operator L_N defined as

L_N Ψ := DΨ N − ΛΨ (21)

satisfies the following properties.

(i) L_N Ψ is linear with respect to Ψ and N, that is L_N ( Ψ + Ψ^′ ) = L_N Ψ + L_N Ψ^′ L_{N+N} ′ Ψ = L_N Ψ + L_N ′ Ψ.

(ii) L_N preserves order, that is, L_N Ψ and Ψ start with terms in (ξ, η, μ, ν) of the same order.

(iii) The projections P and R commute with L_N , that is,

P (L_N Ψ) = L_N (PΨ) , R (L_N Ψ) = L_N (RΨ) .

2.3 The recurrent scheme

Let us come back to the solution of equation (17). Having in mind the definition of the operator L_N it can be written as L_N ^Φ = ^F ∘ Φ − ^N − ^B, (22) which is of type (18) provided we take ^H = ^F ∘ Φ − ^N − ^B. In a first approach to this kind of equations we have shown that they could be solved recurrently for those terms in Φ = id + ^Φ of type R^Φ, remaining those of the form P ^Φ arbitrary. This fact suggests the idea of splitting the transformation we are looking for, Φ, into id + P ^Φ + R^Φ, to determine R^Φ from equation (22) and to choose a suitable value for P ^Φ.

Remark 6 In Normal Form theory it is standard to set P ^Φ = 0 in order to simplify the computations. However, it could be useful to take advantage of this freedom in some concrete situations.

Applying R onto equation (22), R ( L_N ^Φ ) = R ( ^F (Φ) ) − R ^N − R ^B, using Lemma 5 and taking into account that R ^N = R ^B = 0 if ^N and ^B are assumed to be of the form (2a) and (4a), respectively, we obtain the equation L_N ( R^Φ ) = R ( ^F (Φ) ) . (23)

On the other hand, applying now P onto (22), taking again into account Lemma 5, the fact that P ^N = ^N, P ^B = ^B and choosing P ^Φ ≡ 0, it follows that ^N + ^B = P ( ^F (Φ) ) . (24)

A usual way to deal with such kind of equations is to consider it as a fixed point problem. Thus, we can set P ^Φ ≡ 0, take initial values

Φ^{(1)} = id, N^{(1)} = Λ, ^B^{(1)} = 0 (25)

and obtain, recurrently,

Φ^{(K+1)} = id + R^Φ^{(K+1)}, N^{(K+1)} = Λ + ^N^{(K+1)}, ^B^{(K+1)} (26)

from equations

L_N (K) ( R^Φ^{(K+1)} ) = R ( ^F ( Φ^{(K)} )) (27)

^N^{(K+1)} + ^B^{(K+1)} = P ( ^F ( Φ^{(K)} )) . (28)

We will see now how these two equations can be solved formally.

2.3.1 Solution of a L_N (R ^Ψ) = R ^H-type equation

Assuming that we know the coefficients of N and R ^H up to a given order K, the coefficients of R^Ψ of the same order will be determined from L_N ( R^Ψ ) = R ^H. (29) Indeed, writing R^Ψ = ( ^ψ_1, ^ψ_2, ^ψ_3, ^ψ_4 ) , R ^H = ( ^h_1, ^h_2, ^h_3, ^h_4 ) , where ^ψ_w(ξ, η, μ, ν) = ∑ ψ^{(w)}_{jkℓm} ξ^jη^kμ^ℓν^m, ^h_w(ξ, η, μ, ν) = ∑ ^h^{(w)}_{jkℓm} ξ^jη^kμ^ℓν^m for w = 1, . . . , 4, and taking into account that N(ξ, η, μ, ν) has the form (2a), with a_i(ξη, μν) = λ_i + ^a_i(ξη, μν), it follows that the left-hand side of (29) is equivalent to

((j − k − 1)λ_1 + (ℓ − m)λ_2) + ( ξ ^ψ_{1,ξ} − η ^ψ_{1,η} ) ^a_1 + ( μ ^ψ_{1,μ} − ν ^ψ_{1,ν} ) ^a_2 ((j − k + 1)λ_1 + (ℓ − m)λ_2) + ( ξ ^ψ_{2,ξ} − η ^ψ_{2,η} ) ^a_1 + ( μ ^ψ_{2,μ} − ν ^ψ_{2,ν} ) ^a_2 ((j − k)λ_1 + (ℓ − m − 1)λ_2) + ( ξ ^ψ_{3,ξ} − η ^ψ_{3,η} ) ^a_1 + ( μ ^ψ_{3,μ} − ν ^ψ_{3,ν} ) ^a_2 ((j − k)λ_1 + (ℓ − m + 1)λ_2) + ( ξ ^ψ_{4,ξ} − η ^ψ_{4,η} ) ^a_1 + ( μ ^ψ_{4,μ} − ν ^ψ_{4,ν} ) ^a_2 .

We can refer to this vector field, in short, as ( L^{(1)}_N ^ψ_1, L^{(2)}_N ^ψ_2, L^{(3)}_N ^ψ_3, L^{(4)}_N ^ψ_4 )

and write its components, in formal power series expansion, as L^{(w)}_N ^ψ_w(ξ, η, μ, ν) = ∑ j+k+ℓ+m≥2 g̃^{(w)}_{jkℓm}(ξη, μν) ψ^{(w)}_{jkℓm} ξ^j η^kμ^ℓν^m, (30) being g̃^{(w)}_{jkℓm}(ξη, μν) := γ^{(w)}_{jkℓm}(λ) + (j − k) ^a_1(ξη, μν) + (ℓ − m) ^a_2(ξη, μν), with γ^{(w)}_{jkℓm}(λ) := (j − k − 1)λ_1 + (ℓ − m)λ_2 if w = 1 (j − k + 1)λ_1 + (ℓ − m)λ_2 if w = 2 (j − k)λ_1 + (ℓ − m − 1)λ_2 if w = 3 (j − k)λ_1 + (ℓ − m + 1)λ_2 if w = 4.

Notice, from equation (30), that L_N acts on R^Ψ multiplying each coefficient ψ_{jkℓm} by a function of the products ξη and μν. To take advantage of this feature we will express our formal series expansions in a more convenient way which will highlight those terms of the form (ξη)^p and (μν)^q. A similar idea was suggested in [9]. In our case it works as follows. For any component ^ψ_w of R^Ψ we have ^ψ_w(ξ, η, μ, ν) = ∑ ψ^{(w)}_{jkℓm} ξ^jη^kμ^ℓν^m = ∑ ψ^{(w)}_{jkℓm} ξ^{j−k} (ξη)^k μ^{ℓ−m} (μν)^m . (31) Defining p = j − k, q = ℓ − m and taking into account that j + k + ℓ + m ≥ 2, p + k ≥ 0 and q + m ≥ 0, this expansion is equivalent to ∑ p,q∈Z ψ^{(w)}_{pq} (ξη, μν) ξ^pμ^q (32) where ψ^{(w)}_{pq} (ξη, μν) = ∑ (k,m)∈Q_{pq} ψ^{(w)}_{p+k,k,q+m,m} (ξη)^k (μν)^m (33) and Q_{pq} := { (k, m) ∈ (N ∪ {0})^2 : k ≥ max {0, −p} m ≥ max {0, −q} , k + m ≥ 1 − p + q 2 } . In the same way, for R ^H we get ^h_w(ξ, η, μ, ν) = ∑ p,q∈Z h^{(w)}_{pq} (ξη, μν) ξ^pμ^q where h^{(w)}_{pq} (ξ, η, μ, ν) = ∑ (k,m)∈Q_{pq} h^{(w)}_{p+k,k,q+m,m} (ξη)^k (μν)^m . (34) With this notation formula (30) becomes ∑ p,q∈Z g^{(w)}_{pq} (ξη, μν) ψ^{(w)}_{pq} (ξη, μν) ξ^pμ^q where now g^{(w)}_{pq} (ξη, μν) := Γ^{(w)}_{pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) being

Γ^{(w)}_{pq} (λ) :=

(p − 1)λ_1 + qλ_2 if w = 1 (p + 1)λ_1 + qλ_2 if w = 2 pλ_1 + (q − 1)λ_2 if w = 3 pλ_1 + (q + 1)λ_2 if w = 4.

(35)

Thus, equality (29) gives rise to the equations L^{(w)}_N ^ψ_w(ξ, η, μ, ν) = ^h_w(ξ, η, μ, ν) or, in formal series expansions, ∑ p,q∈Z g^{(w)}_{pq} (ξη, μν) ψ^{(w)}_{pq} (ξη, μν) ξ^pμ^q = ∑ p,q∈Z h^{(w)}_{pq} (ξη, μν) ξ^pμ^q, whose formal solution is given by ^ψ_w(ξ, η, μ, ν) = ∑ p,q∈Z ψ^{(w)}_{pq} (ξη, μν) ξ^pμ^q (36)

with the functions ψ^{(w)}_{pq} (ξη, μν) coming from ψ^{(w)}_{pq} (ξη, μν) = h^{(w)}_{pq} (ξη, μν) g^{(w)}_{pq} (ξη, μν) = h^{(w)}_{pq} (ξη, μν) Γ^{(w)}_{pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) , (37)

for w = 1, 2, . . . , 4 and p, q ∈ Z. With this notation coefficients with p = ±1 and q = 0 or p = 0 and q = ±1 are those belonging to the projection P ^Ψ.

2.3.2 Solution of a ^N + ^B = P ^H-type equation As it has been done for equations of type L_N (R^Ψ) = R ^H we are going to prove that equation ^N + ^B = P ^H determines uniquely the coefficients of ^N and ^B provided they are of type (2a) and (4a), respectively, and that ^H is known. Thus, writing P ^H = ( ξ^h_1, η^h_2, μ^h_3, ν^h_4 ) , (38) where ^h_w are functions of ξη and μν, for w = 1, 2, . . . , 4, the solution of this equation is given explicitly by ^a_1 =^1_2 ( ^h_1 − ^h_2 ) , ^b_1 =^1_2 ( ^h_1 + ^h_2 ) , ^a_2 =^1_2 ( ^h_3 − ^h_4 ) , ^b_2 =^1_2 ( ^h_3 + ^h_4 ) . (39)

2.4 The recurrent scheme: an improvement

One of the features of this procedure is that it provides a constructive (and, therefore, implementable on a computer) way to determine ^Φ, N and ^B. To do it we need to define (and allocate memory for them) data vectors representing these vector fields. Unfortunately, the scheme above implies to handle (and to recompute) the complete vectors storing ^Φ, N and ^B, at any step of the process. This makes it slow and not much efficient. In this sense it is easy to refine it by paying attention on the order of the solutions of equations (27)–(28).

Before going on with this refinement, let us introduce some notation. We will denote G = O_{[K]} if G is a homogeneous polynomial in the spatial variables ξ, η, μ, ν of order exactly K. Besides, we will write G = O_K if G contains only terms of order greater or equal than K in these variables and G = O_{≤K} if all the terms in G are of order less or equal than K. Thus, we have

Lemma 7 At any step K ≥ 1 of the process (25)–(28), the terms

Φ^{(K+1)} − Φ^{(K)}, N^{(K+1)} − N^{(K)}, ^B^{(K+1)} − ^B^{(K)}

are all three O_{K+1}.

It is not difficult to prove this result inductively, applying the properties in lemma 5 and using the Taylor expansion of ^F (Φ).

An important consequence of this lemma is the reduction of the computational effort of the recurrent scheme: in the K-th step of our recurrent scheme the coefficients of order less or equal than K computed from the previous iteration will remain invariant. Therefore, from now onwards we will consider ^Φ^{(K+1)} = O_{≤K+1}, N^{(K+1)} = O_{≤K+1}, ^B^{(K+1)} = O_{≤K+1},

obtained from the equations (27)–(28) taken only up to order K + 1 { L_N (K) ( R^Φ^{(K+1)} )} ≤K+1 = { R ( ^F ( Φ^{(K)} ))} ≤K+1 (40)

^N^{(K+1)} + ^B^{(K+1)} = { P ( ^F (Φ^{(K)}) )} ≤K+1 . (41)

In particular, we will denote

Φ^{(K+1)} = Φ^{(K)} + ΔΦ^{(K)}, N^{(K+1)} = N^{(K)} + ΔN^{(K)}, ^B^{(K+1)} = ^B^{(K)} + Δ ^B^{(K)} (42)

where ΔΦ^{(K)}, ΔN^{(K)} and Δ ^B^{(K)} are O_{[K+1]}. From a computational point of view, at any step K of this recurrent scheme it would be just necessary to compute these incremental terms. Besides, since ^N (K) and ^B(K) contain only terms of odd order, it follows that

ΔN^{(2J−1)} = Δ ^B^{(2J−1)} = 0, J ≥ 2. (43)

2.5 Convergence of the recurrent scheme

2.5.1 Definition of the norm, estimates and technical lemmas

The domains we consider are those of type D_σ = {z = (z_1, z_2, . . . , z_n) ∈ C^n : |z_j| ≤ σ j = 1, 2, . . . , n} , where r > 0 and | · | denotes the standard modulo. By an analytic function f(z) on D_σ we mean a function with Taylor expansion f(z) = ∑ α∈(N∪{0})^n f_αz^α (44)

(absolutely) convergent for any z ∈ D_σ. We use the standard multi-index notation. Given a function f analytic on D_σ we consider the following norms: ‖f‖_{∞,σ} = sup z∈D_σ |f(z)| , ‖f‖_{1,σ} = ∑ |α|≥0 |f_α| σ^{|α|},

the supremum norm and the 1-norm, respectively. For a vector field F = (f_1, f_2, . . . , f_n) : D_σ ⊆ C^n −→ C^n we define ‖F ‖_{∞,σ} = sup_{i=1,...,n} ‖f_i‖_{∞,σ} , ‖F ‖_{1,σ} = 1 n ∑ i=1,...,n ‖f_i‖_{1,σ} (45)

and analogously if F : D_σ ⊆ C^n −→ M_{n,n} (C^n ). The next lemma list some properties of these norms. We omit its proof since it is standard.

Lemma 8 Let f be an analytic function on D_{σ1} satisfying that f(0) = 0 and assume 0 < σ_2 ≤ σ_1. Then, the following properties hold: (i) ‖f‖_{∞,σ2} ≤ ‖f‖_{1,σ2} . (ii) Let Φ = (ϕ_1, ϕ_2, . . . , ϕ_n) : D_{σ2} ⊆ C^n −→ C^n be analytic on D_{σ2} and satisfying that ‖Φ‖_{∞,σ2} ≤ σ_1 (that is, Φ ( D_{σ2} ) ⊆ D_{σ1} ). Then we have ‖f ∘ Φ‖_{1,σ2} ≤ ‖f‖_{1,σ1} . If F = (f_1, . . . , f_n) is an analytic vector field on D_{σ1} the same estimate holds for ‖F ∘ Φ‖_{1,σ2} .

(iii) Let g be an analytic function on D_σ satisfying that |g(z)| ≥ C ∀z ∈ D_σ. Then, one has that ‖ ‖ ‖ 1 g ‖ ‖ ‖_{1,σ} ≤ 1 C .

(iv) If G_{[K]} = O_{[K]} and H_{[L]} = O_{[L]} are homogeneous polynomials of orders K and L, respectively, with K ≠ L, then ‖ ‖G_{[K]} + H_{[L]} ‖ ‖_{1,σ2} = ‖ ‖G_{[K]} ‖ ‖_{1,σ2} + ‖ ‖H_{[L]} ‖ ‖_{1,σ2} . From this point up to the end of this section we will prove some technical results which will be used during the proof of the convergence of the recurrent scheme introduced in Sections 2.3 and 2.4. In particular, next lemma provides a lower bound for |q_1λ_1 + q_2λ_2| which works in both cases, when the equilibrium point is a saddle-center or a saddle-focus (whose characteristic exponents are given by {±λ, iα} and {±λ ± iα}, respectively).

Lemma 9 Let us define ω_∞ = ω_∞(Λ) := min {λ, α} (46) where we assume λ, α > 0. Then, we have that

|q_1λ_1 + q_2λ_2| ≥ (√ q^2_1 + q^2 ) ω_∞ for any q_1, q_2 ∈ Z.

Proof. We proceed separately. Thus,

• Saddle-center case: as it has been mentioned above, we have λ_1 = λ and λ_2 = iα so

|q_1λ_1 + q_2λ_2| = √ q^2_1 λ^2 + q^2 α^2 ≥ (√ q^2_1 + q^2 ) min {λ, α} = (√ q^2_1 + q^2 ) ω_∞. • Saddle-focus case: now we have λ_1 = λ + iα and λ_2 = λ − iα. Then,

|q_1λ_1 + q_2λ_2| = |(q_1 + q_2)λ + (q_1 − q_2)iα| = √ (q_1 + q_2)^2λ^2 + (q_1 − q_2)^2α^2.

If q_1q_2 > 0, using that |q_1| + |q_2| ≥ √ q^2_1 + q^2, one obtains that √ (q_1 + q_2)^2λ^2 + (q_1 − q_2)^2α^2 ≥ √ (q_1 + q_2)^2λ^2 ≥ (√ q^2_1 + q^2 ) ω_∞. On the other hand, if q_1q_2 < 0 then √ (q_1 + q_2)^2λ^2 + (q_1 − q_2)^2α^2 ≥ √ (q_1 − q_2)^2α^2 ≥ (√ q^2_1 + q^2 ) ω_∞. □

Remark 10 In fact, ω_∞ constitutes a lower bound for the values ω_k introduced by Bruno in condition ω (see Section 1). Moreover, notice that, in the saddle-center case, one has that

ρ(Λ^{−1}) = ω^{−1}_∞

where ρ(M) is the spectral radius of the matrix M, defined as the maximum of the modulus of their eigenvalues.

Now, we present a basic result which provides estimates for the vector fields R^Ψ, ^N and ^B that are solution of the equations ^N + ^B = P ^H, L_N ( R^Ψ ) = R ^H (47)

and whose formal approach has been derived in Sections 2.3.2 and 2.3.1, respectively.

Proposition 11 Let us consider a vector field ^H analytic on D_σ and let R^Ψ and ^N, ^B (of the form (2a) and (4a), respectively) be the solutions of equations (47), (formally) derived in Sections 2.3.2 and 2.3.1. Then, the following estimates hold.

(i) First, we have ‖ ‖ ^N ‖ ‖ 1,σ , ‖ ‖ ^B ‖ ‖ 1,σ ≤ ‖ ‖P ^H ‖ ‖ 1,σ .

(ii) Moreover, ‖ ‖R^Ψ ‖ ‖_{1,σ} ≤ ‖ ‖R ^H ‖ ‖ 1,σ ω_∞ ( 1 −^4_{σ ω∞} ‖ ‖ ‖R ^H ‖ ‖ ‖_{1,σ} )

provided we assume that the following bound is satisfied: ‖ ‖R ^H ‖ ‖_{1,σ} < σω_∞ 4 . (48)

Proof.

(i) From (38) and (39) it follows that ‖ ^N ‖_{1,σ} and ‖ ^B‖_{1,σ} are both bounded by ‖P ^H‖_{1,σ}.

(ii) The second equation in (47) was solved in Section 2.3.1. From there it follows that ‖ ‖^hw ‖ ‖_{1,σ} = ∑ j+k+ℓ+m≥2 |h_{jkℓm}| σ^{j+k+ℓ+m} = (49) ∑ p,q∈Z ∑ (k,m)∈Q_{pq} | |h^{(w)}_{p+k,k,q+m,m} | | σ^{p+q+2(k+m)} = ∑ p,q∈Z ‖ ‖ ‖h^{(w)}_{pq} (ξη, μν) ξ^pμ^q ‖ ‖ ‖_{1,σ} .

From that section we also know that the solution R^Ψ = ( ^ψ_1, ^ψ_2, . . . , ^ψ_4) is given, in terms of formal power series by (32) where ψ^{(w)}_{pq} (ξη, μν) are obtained from ψ^{(w)}_{pq} (ξη, μν) = h^{(w)}_{pq} (ξη, μν) Γ^{(w)}_{pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) , (50)

for w = 1, 2, . . . , 4, p, q ∈ Z and the coefficients Γ^{(w)}_{pq} (λ) as defined in (35). Notice that the functions ψ^{(w)}_{pq} in (50) are rational functions of ξη, μν. Therefore, expression (32) is not an standard representation in power series, that is, formula (34) does not apply to ψ^{(w)}_{pq} .

To estimate the 1-norm of R^Ψ on D_σ we have to bound their components. Taking into account Lemma 8(i) we have ‖ ‖ ^ψw ‖ ‖_{1,σ} ≤ ∑ p,q∈Z ‖ ‖ψ^{(w)}_{pq} (ξη, μν) ξ^pμ^q ‖ ‖_{1,σ} = ∑ p,q∈Z ‖ ‖ ‖ ‖ h^{(w)}_{pq} (ξη, μν)ξ^pμ^q Γ^{(w)}_{pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) ‖ ‖ ‖ ‖_{1,σ} ≤ (51) ∑ p,q∈Z ‖ ‖h_{(w)pq} (ξη, μν)ξ_pμ_q ‖ ‖ 1,σ ‖ ‖ ‖ 1 Γ^{(w)}_{pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) ‖ ‖ ‖_{1,σ} Next lemma gives an upper bound for the second norm appearing in this formula (51).

Lemma 12 Consider Γ^{(w)}_{pq} (λ) as defined in (35) and ^a_1(ξη, μν), ^a_2(ξη, μν) coming from (2a). Then, for any p, q ∈ Z and (ξ, η, μ, ν) ∈ D_σ, we have that | |Γ_{(w)pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) | | ≥ ω_∞ ( 1 − 4 σω_∞ ‖ ‖R ^H ‖ ‖ 1,σ )

provided estimate (48) is satisfied.

Proof (lemma) We will distinguish two cases:

– If |p| + |q| ≥ 1 it follows that | |Γ^{(w)}_{pq} (λ) + p ^a1 + q ^a2 | | ≥ | | | |Γ^{(w)}_{pq} (λ) | | − ‖p ^a1 + q ^a2‖_{∞,σ} | | (52)

From the definition of Γ^{(w)}_{pq} in (35) and applying Lemma 9 it turns out that | |Γ_{(w)pq} (λ) | | ≥ M_{pq} ω_∞, where we define

M_{pq} := min {√ (|p| − 1)^2 + q^2, √ p^2 + (|q| − 1)^2 } . We recall that the terms h^{(w)}_{pq} (ξη, μν) with |p| = 1 and q = 0 or p = 0 and |q| = 1 vanish since they belong to the projection P ^H so, in particular, this implies that

M_{pq} ≥ 1. (53)

Moreover, it is clear that |p|, |q| ≤ 2M_{pq}. (54) Coming back to equation (52) we have that | | | |Γ_{(w)pq} (λ) | | − ‖p ^a_1 + q ^a_2‖_{∞,σ} | | ≥ M_{pq} ω_∞ | | |1 − 1 M_{pq} ω_∞ ‖p ^a_1 + q ^a_2‖_{∞,σ} | | | ≥ ω^∞ ( 1 − 4 σ ω_∞ ‖ ‖R ^H ‖ ‖ 1,σ ) , where it has been taken into account assumption (48) and, from (54), (39) and Lemma 8(i), the estimate 1 M_{pq} ω_∞ ‖p ^a_1 + q ^a_2‖_{∞,σ} ≤ 1 ω_∞ ( |p| M_{pq} ‖^a_1‖_{∞,σ} + |q| M_{pq} ‖^a_2‖_{∞,σ} ) ≤ 2 ω_∞ ( ‖^a_1‖_{∞,σ} + ‖^a_2‖_{∞,σ} ) = 2 σ ω_∞ ( ‖σ ^a_1‖_{∞,σ} + ‖σ ^a_2‖_{∞,σ} ) ≤ 4 σ ω_∞ ‖ ‖R ^H ‖ ‖_{∞,σ} ≤ 4 σ ω_∞ ‖ ‖R ^H ‖ ‖_{1,σ} . – If p = q = 0 one has that | |Γ_{(w)pq} (λ) + p ^a_1 + q ^a_2 | | = | |Γ(w)_{00} (λ) | | ≥ ω_∞, (55) and, in particular, assuming again (48), | |Γ(w)_{00} (λ) | | ≥ ω_∞ ≥ ω_∞ ( 1 − 4 σ ω_∞ ‖ ‖R ^H ‖ ‖ 1,σ ) . This concludes the proof of this lemma.

□

Since we are assuming that (48) holds, we can apply this lemma together with lemma 8(iii) and, therefore, it follows that ‖ ‖ ‖ 1 Γ^{(w)}_{pq} (λ) + p ^a_1(ξη, μν) + q ^a_2(ξη, μν) ‖ ‖ ‖ 1,σ ≤ 1 ω_∞ ( 1 −^4_{σ ω∞} ‖ ‖R ^H ‖ ‖_{1,σ} ).

Thus, estimate (51) jointly with (49) gives ‖ ‖ ^ψ_w ‖ ‖ 1,σ ≤ 1 ω_∞ ( 1 −^4_{σ ω∞} ‖ ‖R ^H ‖ ‖_{1,σ} ) ∑ p,q∈Z ‖ ‖h_{(w)pq} (ξη, μν)ξ_pμ_q ‖ ‖ 1,σ = ‖ ‖^h_w ‖ ‖ 1,σ ω_∞ ( 1 −^4_{σ ω∞} ‖ ‖R ^H ‖ ‖_{1,σ} ),

for w = 1, 2, . . . , 4. Finally, using (45), it turns out that ‖ ‖R^Ψ ‖ ‖ 1,σ ≤ ‖ ‖R ^H ‖ ‖_{1,σ} ω_∞ ( 1 −^4_{σ ω∞} ‖ ‖R ^H ‖ ‖ 1,σ ).

□

2.5.2 Proof of the convergence

To ease the reading of this proof, let us recall briefly the problem we are dealing with. Let consider a system Ẋ = F (X) = Λ + ^F (X) (56)

where F is analytic on a domain D_R and having at X = 0 a saddle-focus or saddle-center equilibrium point with characteristic exponents {±λ_1, ±λ_2} equal to {±λ ± iα} and {±λ, ±iα}, respectively. As it has been seen at the beginning of Section 2.1, we can assume the matrix Λ to be written in (complex) diagonal form. This allows us to deal with both cases using a unified approach. We also recall that, again in Section 2.1, we introduced the notation Λ to denote both the matrix Λ and the vector field Λid. We will only use explicitly the second expression in cases of possible misunderstanding.

Our aim is the following: we are looking for an analytic transformation X = Φ(χ) = χ + ^Φ(χ) and analytic vector fields N and ^B (that we can assume to be of the form (2a) and (4a), respectively) such that the equality DΦ N + ^B = F (Φ) (57)

is satisfied. We say in that case that Φ leads system (56) into ΨNF. To get such transformation and vector fields we have developed in Sections 2.3 and 2.4 the following recurrent scheme to whose convergence proof is devoted this section. Setting the following condition on ^Φ,

P ^Φ ≡ 0, (58) we take initial values Φ^{(1)} = id, N^{(1)} = Λ, ^B^{(1)} = 0 (59)

and obtain, recurrently,

Φ^{(K+1)} = id + R^Φ^{(K+1)}, N^{(K+1)} = Λ + ^N^{(K+1)}, ^B^{(K+1)} (60)

with ^Φ^{(K+1)} = O_{≤K+1}, ^N^{(K+1)} = O_{≤K+1}, ^B^{(K+1)} = O_{≤K+1},

from equations { L_N (K) ( R^Φ^{(K+1)} )} ≤K+1 = { R ( ^F ( Φ^{(K)} ))} ≤K+1 (61)

^N^{(K+1)} + ^B^{(K+1)} = { P ( ^F ( Φ^{(K)} ))} ≤K+1 . (62)

Let us start with the proof. First, let us consider a positive constant 0 < γ < 1 (in order to simplify the estimates, we can assume γ ≥ 1/2, which is not restrictive). As it is commonly done in Normal Form Theory, we can scale our system by means of a change X = αZ, where α > 0 is a constant to determine. Thus we have a new system

Ż = F_α(Z) := Λ + α^{−1} ^F (αZ), (63)

with F_α analytic on D_r, where r := α^{−1}R. Let us consider a positive constant 0 < γ < 1. In order to simplify the estimates, we can assume γ ≥ 1/2, which is not restrictive. Then, since ^F_α starts with terms of order at least 2, we can choose α big enough (so r small enough) in such a way that the following estimate holds ‖ ‖ ‖ ^F ‖ ‖_{1,r} ≤ ( (1 − γ)ω_∞ 8 ) r. (64)

Calling again Z and F_α as X and F , respectively, we can assume our system (56) to be analytic on D_r and satisfying (64). We are going to prove that the limit vector fields Φ, N and ^B obtained from this recurrent scheme satisfy (57) and are analytic on D_{γr} (and therefore, reversing the scaling, on D_{γR}).

We will itemize the proof in several parts: the first one will provide some estimates on the approximations provided by the recurrent scheme; in the second one, their convergence will be derived.

(i) Consider system (56) having F analytic on a domain D_r and satisfying the assumption (64).

Apply onto it the recurrent scheme (58)–(62) and consider the sequences {‖ ‖ ‖Φ^{(K)} ‖ ‖_{1,s} } K , {‖ ‖ ‖N^{(K)} ‖ ‖_{1,s} } K , {‖ ‖ ‖ ^B^{(K)} ‖ ‖_{1,s} } K , (65)

defined for K ≥ 1 and being s = γr. Then, the following properties are satisfied.

(a) They increase monotonically, that is, ‖ ‖Φ_{(K+1)} ‖ ‖ 1,s ≥ ‖ ‖Φ_{(K)} ‖ ‖ 1,s , ‖ ‖N_{(K+1)} ‖ ‖ 1,s ≥ ‖ ‖N_{(K)} ‖ ‖ 1,s , ‖ ‖ ^B_{(K+1)} ‖ ‖ 1,s ≥ ‖ ‖ ^B_{(K)} ‖ ‖ 1,s . (b) All these sequences are uniformly upper-bounded. Precisely, for all K ≥ 1 we have that ‖ ‖Φ^{(K)} ‖ ‖_{1,s} ≤ r (66)

and that ‖ ‖N_{(K)} ‖ ‖ 1,s , ‖ ‖ ^B_{(K)} ‖ ‖ 1,s ≤ ‖F ‖_{1,r} . (67)

Let us prove these assertions.

(a) From Lemma 7, expressions (42), (43) and taking into account Lemma 8(iv), it turns out that ‖ ‖Φ_{(K+1)} ‖ ‖ 1,s = ‖ ‖Φ_{(K)} + RΔ^Φ^{(K)} ‖ ‖ 1,s = ‖ ‖Φ_{(K)} ‖ ‖ 1,s + ‖ ‖RΔΦ_{(K)} ‖ ‖ 1,s ≥ ‖ ‖Φ_{(K)} ‖ ‖ 1,s . The result for ‖ ‖N (K+1) ‖ ‖_{1,s} and ‖ ‖ ^B_{(K+1)} ‖ ‖ 1,s can be derived analogously.

(b) To see it we proceed inductively. Thus, for K = 1 equation (61) becomes { L_N (1) ( R^Φ^{(2)} )} ≤2 = { R ( ^F (Φ^{(1)}) )} ≤2 . Having in mind that N^{(1)} = Λ (so ^N^{(1)} = 0), Φ^{(1)} = id and the definition (21) of the operator L, this equation is equivalent to D ( R^Φ^{(2)} ) Λ − Λ R^Φ^{(2)} = RF_{[2]}

and to [ Λ, R^Φ^{(2)} ] = F_{[2]},

where [H, G] = (DG)H − (DH)G stands for the Lie bracket of the vector fields H and G. Now, from Proposition 11(ii), taking into account that ^a^{(1)}_1 = ^a^{(1)}_2 = 0 (the functions appearing in ^N^{(1)}) and using estimate (55) it follows that ‖ ‖R^Φ^{(2)} ‖ ‖ 1,s ≤ ‖ F_{[2]} ‖ 1,s ω_∞ and, in particular, ‖ ‖R^Φ^{(2)} ‖ ‖_{1,s} ≤ ‖ ‖ ^F ‖ ‖ 1,r ω_∞ . (68)

Thus, applying Lemma 8(iv), the assumption P ^Φ = 0 and the estimate (64), one obtains that ‖ ‖Φ_{(2)} ‖ ‖ 1,s ≤ s + ‖ ‖ ^F ‖ ‖_{1,r} ω_∞ ≤ γr + 1 − γ 8 r ≤ γr + (1 − γ)r = r. Concerning vector fields N^{(2)} and ^B^{(2)} we have that

N^{(2)} = N^{(1)} = Λ, ^B^{(2)} = ^B^{(1)} = 0

and, therefore, estimate (67) satisfied. By induction hypothesis, let us now assume that the bounds (66), (67) hold. We are going to show that they are also true for K + 1. In fact, equation (61) is of type L_N (R^Ψ) = R ^H provided we take

N = N^{(K)}, R^Ψ = R^Φ^{(K+1)}, R ^H = R ( ^F (Φ^{(K)}) )

and consider just terms up to order K + 1. Setting σ = s and taking into account estimate (64), the induction hypothesis and Lemma 8(i, ii) it follows that ‖ ‖R ^H ‖ ‖_{1,s} = ‖ ‖R ( ^F (Φ^{(K)}) )‖ ‖_{1,s} ≤ ‖ ‖ ^F ‖ ‖_{1,r} ≤ ( (1 − γ)ω_∞ 8 ) r.

Using that 1/2 ≤ γ < 1 and that s = γr, this estimate reads ‖ ‖R ^H ‖ ‖_{1,s} ≤ ( (1 − γ)ω_∞ 8 ) r ≤ γ 8 ω_∞r = s ω_∞ 8 < s ω_∞ 4 , which is assumption (48). Applying Proposition 11(ii) and that 1 − 4 γr ω_∞ ‖ ‖R ( ^F (Φ_{(K)})) ‖ ‖ 1,γr = 1 − 4 γr ω_∞ ‖ ‖R ^H ‖ ‖ 1,s ≥ 1 − ( 4 s ω_∞ ) ( s ω_∞ 8 ) = 1 − 1 2 = 1 2 we obtain ‖ ‖R^Φ^{(K+1)} ‖ ‖ 1,γr ≤ ‖ ‖R ( ^F (Φ(K)) )‖ ‖_{1,γr} ω_∞ ( 1 −^4_{γr ω∞} ‖ ‖R ( ^F (Φ_{(K)})) ‖ ‖ 1,γr ) ≤

(1−γ)ω_∞ 8 r ω_∞/2 = (1 − γ)r 4 . Finally, from Lemma 8(iv) one obtains that ‖ ‖Φ_{(K+1)} ‖ ‖ 1,s = ‖ ‖Φ_{(K+1)} ‖ ‖ 1,γr = ‖id‖_{1,γr} + ‖ ‖R^Φ^{(K+1)} ‖ ‖ 1,γr ≤ γr + (1 − γ)r 4 ≤ γr + (1 − γ)r = r. Concerning N^{(K+1)} and ^B^{(K+1)}, having in mind the induction hypothesis ‖Φ^{(K)}‖_{1,s} ≤ r, equation (62) and section 2.3.2, one obtains that ‖ ‖ ^N^{(K+1)} ‖ ‖_{1,s} ≤ ‖ ‖ ^F ‖ ‖_{1,r} , ‖ ‖ ^B^{(K+1)} ‖ ‖_{1,s} ≤ ‖ ‖ ^F ‖ ‖_{1,r} ≤ ‖F ‖_{1,r} . Since N^{(K+1)} = Λ + ^N^{(K+1)} and F = Λ + ^F it turns out that ‖ ‖ ‖N^{(K+1)} ‖ ‖ ‖_{1,s} ≤ ‖F ‖_{1,r} which concludes the proof of (b).

(ii) At (i) it has been proved that the sequences {‖ ‖Φ_{(K)} ‖ ‖ 1,s } K , {‖ ‖N_{(K)} ‖ ‖ 1,s } K , {‖ ‖ ^B_{(K)} ‖ ‖ 1,s } K , increase monotonically and are uniformly upper-bounded. Applying onto them the Ascoli-Arzelà theorem it follows that they admit convergent subsequences {‖ ‖ ‖Φ^{(KJ )} ‖ ‖_{1,s} } J , {‖ ‖ ‖N^{(KJ )} ‖ ‖_{1,s} } J , {‖ ‖ ‖ ^B^{(KJ )} ‖ ‖_{1,s} } J . Therefore, if we define a vector field Φ given by

Φ(χ) := lim_{J→∞} Φ^{(KJ )}(χ) for any χ ∈ D_s, it follows that the limit ‖Φ‖_{1,s} = lim_{J→∞} ‖ ‖Φ_{(KJ )} ‖ ‖ 1,s exists and is finite. From Weierstrass theorem it follows that Φ is an analytic vector field on D_s = D_{γr}. Moreover, since the recurrent scheme (58)–(62) and Lemma 7, provide vector fields Φ^{(K+1)} of the form

Φ^{(K+1)} = Φ^{(K)} + RΔ^Φ^{(K)}, RΔ^Φ^{(K)} = O_{[K+1]},

it can be derived that the subsequence {‖Φ^{(KJ )}‖_{1,s}}_J is, in fact, the complete sequence {‖Φ^{(K)}‖_{1,s}}_K . In a similar way one obtains N and ^B, analytic vector fields on D_{γr} defined as

N := lim_K N^{(K)}, ^B := lim_K ^B^{(K)}.

Together with Φ, they satisfy equation (57) and, therefore, they lead system (56) into ΨNF.

3 Proof of Propositions H1 and R1

3.1 Proof of Proposition H1 It is clear that if ^B ≡ 0 then ΨNF is just BNF so, let us consider the converse situation. To fix ideas, let us deal with a 4-dimensional Hamiltonian system with the origin being a saddle-center equilibrium point. The saddle-focus case can be done in a similar way. Assume moreover that the center variables have been complexified (becoming complex conjugated). Applying Moser’s Theorem [21], we know the existence of an analytic convergent transformation Ψ, close to the identity, leading it into BNF, ξ̇ = ξ a_1(ξη, μν) η̇ = −η a_1(ξη, μν) μ̇ = μ a_2(ξη, μν) ν̇ = −ν a_2(ξη, μν) (69)

with a_1(ξη, μν) = λ + · · · and a_2(ξη, μν) = iα + · · · . It is clear that h̃_1(ξη) = ξη a_1(ξη, 0) = λξη + · · · and h̃_2(μν) = μν a_2(0, μν) = iαμν + · · · are independent first integrals of system (69) and, therefore,

h_1 = h̃_1 ∘ Ψ^{−1} = λxy + · · · , h_2 = h̃_2 ∘ Ψ^{−1} = iαuv + · · ·

are independent first integrals of the original one. Let Φ be the convergent analytic transformation leading the initial system into ΨNF, that is, such that the new system is of the form

χ̇ = N(χ) + (DΦ(χ))^{−1} ^B(χ) (70)

where χ = (ξ, η, μ, ν) denotes now the ΨNF-variables. Since Φ starts with the identity and h_1, h_2 are independent first integrals of the original system, it follows that h̆_1 = h_1 ∘ Φ and h̆_2 = h_2 ∘ Φ are first integrals of (70) and, moreover, they begin with λξη + · · · and iαμν + · · · , respectively. Indeed, they satisfy Dh̆_j ( N + (DΦ)^{−1} ^B ) ≡ 0 (71)

for j = 1, 2. Assume now that ^B ≠ 0 so its minimal order terms are

ξb^{(1)}_{rs} (ξη)^r(μν)^s + · · · ηb^{(1)}_{rs} (ξη)^r(μν)^s + · · · μb^{(2)}_{r′s′} (ξη)^{r′} (μν)^{s′} + · · · νb^{(2)}_{r′s′} (ξη)^{r′} (μν)^{s′} + · · · with b^{(1)}_{rs} ≠ 0 or b^{(2)}_{r′s′} ≠ 0 (and r + s not necessarily equal to r^′ + s^′). Using that h̆_1 = λξη + · · · and (DΦ)^{−1} = I − (D^Φ) + · · · , the term of type (ξη)^ℓ(μν)^m of minimal order corresponding to the left-hand side of equation (71), for j = 1, is given by 2λb^{(1)}_{rs} (ξη)^{r+1}(μν)^s + · · ·

Since λ ≠ 0 it implies that b^{(1)}_{rs} = 0. Applying the same argument to equation (71) with j = 2, and using that α ≠ 0, it follows that b^{(2)}_{r′s′} = 0, which contradicts the assumption of ^B ≠ 0. Consequently, ^B vanishes.

3.2 Proof of Proposition R1 The problem of the convergence of the ΨNF (and BNF) around an equilibrium is certainly a local problem. In the reversible setting, this implies that both the linearized system and the reversing involution can be taken in suitable way. Namely, we have the following lemma whose proof is essentially contained in [24].

Lemma 13 Let us consider a system Ẋ = F (X), analytic around the origin, a saddle-center or a saddle-focus equilibrium, and assume it is reversible with respect to an (in principle, non linear) involutory diffeomorphism G. Suppose that the origin is a fixed point of G. Then there exists an analytic change of variables X −→ Z, defined in a neighborhood of the origin, such that in the new coordinates the linearized system becomes Ż = Λ, with Λ = diag (λ, −λ, iα, −iα) Z (72) or Λ = diag (λ + iα, λ − iα, −(λ + iα), −(λ − iα)) Z, (73) depending if we are in the saddle-center or in saddle-focus case, respectively, and assuming λ, α > 0. In such coordinates and in both cases, the symmetry G can be taken of the form Z −→ RZ, where R is the matrix associated to the linear involution (x_1, x_2, x_3, x_4) −→ (x_2, x_1, x_4, x_3). (74) Therefore, it is not restrictive to assume that our system is written, in a neighborhood of the origin, in the form Ẋ = F (X) = Λ + ^F (X), (75) with Λ as in (72) or (73) and that is (locally) reversible with respect to the linear involution R defined in (74). Thus, the reversibility condition (11) reads RF (RX) = −F (X). (76) Once we have set the linear framework, we present a property which characterizes those transformations that preserve a given linear reversibility. Lemma 14 Let Ψ be a diffeomorphism satisfying RΨ(Rχ) = Ψ(χ). (77) Then the transformation X = Ψ(χ) preserves the R-reversibility, that is, the new system χ̇ = G(χ) := (Ψ^∗F ) (χ) is also R-reversible.

The proof of Proposition R1 is based on the following two points:

• Applying Theorem 1, there exist an analytic transformation X = Φ(χ) and analytic vector fields N(χ), ^B(χ) leading the original system into ΨNF, provided the origin is a saddle-center or saddle-focus equilibrium point. That is, satisfying equality (57).

• The vector fields obtained from the recurrent scheme satisfy: (a) the transformation X = Φ(χ) verifies relation (77), so it preserves R-reversibility; (b) N and ^B are R-reversible. This last property will imply that ^B has to vanish and, therefore, ΨNF will become BNF.

Lemma 15 Let us consider an R-reversible system (75), analytic on a neighborhood of the origin, a saddle-center or a saddle-focus equilibrium point. Let us take Φ^{(K)}, N^{(K)} and ^B^{(K)}, the vector fields provided by the ΨNF-recurrent scheme (58)–(62). Then, the following assertions hold:

(i) For any K ≥ 1, the vector field Φ^{(K)} satisfies (77) and the vector fields N^{(K)} and ^B^{(K)} are R-reversible, that is, RΦ^{(K)} (Rχ) = Φ^{(K)}(χ), and RN^{(K)} (Rχ) = −N^{(K)}(χ), R ^B^{(K)} (Rχ) = − ^B^{(K)}(χ).

(ii) The vector fields Φ, N and ^B provided by Theorem 1 and defined as Φ = lim_{K→∞} Φ^{(K)}, N = lim_{K→∞} N^{(K)}, ^B = lim_{K→∞} ^B^{(K)},

verify the same properties as Φ^{(K)}, N^{(K)} and ^B^{(K)} given above, respectively. (iii) Consequently, since ^B is R-reversible it must vanish.

Remark 16 Like in the Hamiltonian case, Φ is not completely determined. Namely, any choice for P ^Φ being convergent and satisfying (77) gives rise to a different transformation Φ. Proof. It is based in some statements that we list and whose proof can be obtained straightforwardly. Namely, (a) If a vector field H is R-reversible then its projections PH and RH are also R-reversible. (b) Let R^Ψ be the solution of an equation of type (29). Then, if R ^H is R-reversible it follows that R^Ψ satisfies (77) and, therefore, the transformation X = χ+R^Ψ(χ) preserves the R-reversibility. To see it, let us denote R^Ψ = ( ^ψ_1, ^ψ_2, ^ψ_3, ^ψ_4), where ^ψ_w(ξ, η, μ, ν) = ∑ j+k+ℓ+m≥2 ψ^{(w)}_{jkℓm} (78)

for w = 1, 2, . . . , 4. It is not difficult to check that if R^Ψ satisfies equation (29), whose explicit solution is given in section 2.3.1, then the coefficients in (78) verify that ψ^{(2)}_{jkℓm} = ψ^{(1)}_{kjmℓ}, ψ^{(4)}_{jkℓm} = ψ^{(3)}_{kjmℓ} and, consequently, R^Ψ satisfies relation (77).

(c) If H is R-reversible then H_{≤K} (constituted by its terms of order less or equal than K) is also R-reversible, for any K ≥ 1.

We are now in conditions of proving the assertions (i), (ii) and (iii).

(i) From its form, it is clear that ^N^{(K)} and N^{(K)} are R-reversible vector fields, for any K ≥ 1.

Now, we are going to prove that Φ^{(K)} verifies condition (77) and ^B^{(K)} is R-reversible using an inductive argument.

For K = 2 (the case K = 1 is trivial) we have that { L_N (1) ( R^Φ^{(2)} )} ≤2 = { R ( ^F ( Φ^{(1)} ))} ≤2 or, simplifying, L_Λ ( R^Φ^{(2)} ) = F_{[2]}.

Applying properties (c) and (b) above one obtains that R^Φ^{(2)} preserves R-reversibility. On the other hand, ^B^{(2)} = 0 so it is trivially a R-reversible vector field. Assume now, as induction hypotheses, that for a given K ≥ 1,

– Φ^{(K)} = id + R^Φ^{(K)} satisfies (77) (so it preserves R-reversibility), – ^B^{(K)} is a R-reversible vector field.

Applying properties (a), (c) and (b) on equation (61) it follows that R^Φ^{(K+1)} and, therefore, Φ^{(K+1)} = id + R^Φ^{(K+1)} preserve R-reversibility. Moreover, from equation (62) we have

^B^{(K+1)} = { P ( ^F (Φ^{(K)}) )} ≤K+1 − ^N^{(K+1)}. Thus, since Φ^{(K)} preserves R-reversibility, ^N^{(K+1)} is R-reversible and taking into account properties (a), (c), it turns out that ^B^{(K+1)} is also R-reversible.

(ii) It follows from (i) letting K tend to infinity and applying the (analytic) convergence of Φ^{(K)}, N^{(K)} and ^B^{(K)}.

(iii) From the R-reversibility of ^B, R ^B (Rχ) = − ^B (χ) , it turns out that ^b_1(ξη, μν) = −^b_1(ξη, μν) and ^b_2(ξη, μν) = −^b_2(ξη, μν), so ^b_1(ξη, μν) = ^b_2(ξη, μν) = 0 and the lemma is proved. □ From this lemma the proof of Proposition R1 follows straightforwardly. The transformation Φ preserves R-reversibility, the vector field N is R-reversible and ^B = 0 so, in fact, the ΨNF is nothing else but the BNF.

Acknowledgement. The authors wish to express their appreciation to A. Vanderbauwhede, C. Simó and À. Jorba for very stimulating discussions and fruitful remarks.

References

[1] Arnol’d, V. I. Chapitres supplémentaires de la théorie des équations différentielles ordinaries.

Éditions Mir, Moscou, 1980.

[2] Bochner, S. Compact groups of differentiable transformations. Ann. Math., second series, vol.

46, issue 3, 372–381, 1945.

[3] Broer, H.W., Huitema, G.B. and Sevryuk, M.B. Quasi-periodic motions in families of Dynamical Systems. Lecture Notes in Mathematics, 1645, Springer, 1997.

[4] Bruno, A.D. Analytic form of differential equations (I). Trans. Mosc. Math. Soc. 25, 131–288, 1971.

[5] Bruno, A.D. The analytic form of differential equations (II). Trans. Mosc. Math. Soc. 26, 199–239, 1972.

[6] Bruno, A.D. The normal form of a Hamiltonian system. Russian Math. Surveys 43, 1, 25–66, 1988.

[7] Bruno, A.D. Local methods in nonlinear differential equations. Springer Series in Soviet Mathematics, Springer, 1989.

[8] DeLatte, D. On normal forms in Hamiltonian dynamics, a new approach to some convergence questions. Ergod. Th. & Dynam. Sys. 15, 49–66, 1995.

[9] Delshams, D., Gelfreich, V., Jorba, À. and Seara, T.M. Exponentially small splitting of separatrices under fast quasiperiodic forcing. Commun. Math. Phys. 189, 35–71, 1997.

[10] Delshams, A., Guillamon, A. and Lázaro J.T. A pseudo-normal form for planar vector fields.

Qualitative Theory of Dynamical Systems 3 (1), 51–82, 2002.

[11] Devaney, R.L. Reversible diffeomorphims and flows. Trans. Am. Math. Soc., 218, 89–113, 1976. [12] Gaeta, G. and Cicogna G. Symmetry and perturbation theory in nonlinear dynamics. Volume M57 of Lecture Notes in Physics, Springer, Berlin, 1999.

[13] Giorgilli, A. Unstable equilibria of Hamiltonian systems Discrete and Cont. Dyn. Sys., 7, 4, 855–871, 2001.

[14] Henrici, P. Applied and computational complex analysis, Vol. I: power series, integration, conformal mapping, location of zeros. Wiley Classics Library, John Wiley and sons, 1974.

[15] Lamb, J.S.W. and Roberts, J.A.G. Time-reversal symmetry in dynamical systems: A survey.

Physica D, 112, 1–39, 1998.

[16] Lyapunov, A.M. The general problem of the stability of motion, Moscow, 1892. Problème général de la estabilité du mouvement. Ann. Fac. Sci. Toulouse, 9 (2), 202–474, 1907.

[17] Lombardi, E. Oscillatory integrals and phenomena beyond all algebraic orders. Volume 1741 of Lecture Notes in Mathematics, Springer, Berlin, 2000.

[18] van der Meer, J.C., Sanders, J.A. and Vanderbauwhede, A. Hamiltonian structure of the reversible nonsemisimple 1:1 resonance Dynamics, Bifurcation and Symmetry, 221–240, P. Chossat (ed.), Kluwer, Netherlands, 1994.

[19] Montgomery, D. and Zippin, L. Topological transformation groups. Interscience, New York, 1955.

[20] Moser, J.K. The analytic invariants of an area-preserving mapping near a hyperbolic fixed point.

Comm. Pure and Appl. Math. Vol IX, pp 673–692, 1956.

[21] Moser, J.K. On the generalization of a theorem of A. Liapounoff. Comm. Pure and Appl. Math.

Vol XI, pp 257–271, 1958.

[22] Roberts, J.A.G. and Quispel, G.R.W. Chaos and time-reversal symmetry. Order and Chaos in reversible systems. Physics Reports, 216 (2-3) :63–177, 1992.

[23] Roberts, J.A.G. and Capel, H.W. Area preserving mappings that are not reversible. Phys. Lett.

A, 162, 243–248, 1992.

[24] Sevryuk, M.B. Reversible systems. Volume 1211 of Lecture Notes in Mathematics, Springer, Berlin, 1986.

[25] Siegel, C.L., Moser, J.K. Lectures on Celestial Mechanics, Springer, 1971. [26] Vanderbauwhede, A. Local bifurcation and symmetry. Research Notes in Math., vol 75, Pitman, London, 1982.