Quantum electrodynamics of relativistic bound states with cutoffs.

Jean-Marie Barbaroux^∗

Centre de Physique Théorique, Campus de Luminy Case 907, 13288 Marseille Cedex 9, France

Mouez Dimassi^†

CNRS-UMR 7539, Département de Mathématiques Institut Galilée, Université Paris-Nord 93430 Villetanneuse, France

Jean-Claude Guillot^‡

CNRS-UMR 7539, Département de Mathématiques Institut Galilée, Université Paris-Nord 93430 Villetanneuse, France and CNRS-UMR 7641, Centre de Mathématiques Appliquées, Ecole Polytechnique 91128 Palaiseau Cedex, France

February 2003

Abstract We consider an Hamiltonian with ultraviolet and infrared cutoffs, describing the interaction of relativistic electrons and positrons in a Coulomb potential with photons in Coulomb gauge. The interaction includes both interaction of the current-density with transversal photons and the Wick ordering corrected Coulomb interaction of chargedensity with itself.

We prove that the Hamiltonian is self-adjoint and has a ground state for sufficiently small coupling constants.

1 Introduction

In [15] an Hamiltonian with cutoffs describing relativistic electrons and positrons in a Coulomb potential interacting with transversal photons in Coulomb gauge is considered.

∗E-mail: barbarou@cpt.univ-mrs.fr †E-mail: dimassi@math.univ-paris13.fr ‡E-mail: guillot@cmapx.polytechnique.fr

In that note [15], results concerning the self-adjointness of the Hamiltonian and the existence of a ground state for it are announced.

In this article, we consider the full model of QED by adding the Wick ordering corrected Coulomb interaction of the charge density with itself to the Hamiltonian described in [15]. We thus study an Hamiltonian with ultraviolet and infrared cutoff functions with respect to the momenta of photons, but also with respect to the momenta of electrons and positrons. The total Hamiltonian in the Fock space of electrons, positrons and photons is then well defined in the Furry picture.

In this paper, we prove results concerning the self-adjointness of the Hamiltonian and the existence of a ground state when the coupling constant is sufficiently small.

In [7], Bach, Fröhlich and Sigal proved the existence of a ground state for the Pauli- Fierz Hamiltonian with an ultraviolet cutoff for photons, and for sufficiently small values of the fine structure constant, without introducing an infrared cutoff. Their result has been extended by Griesemer, Lieb and Loss [20] under the binding condition. For related results see [4, 5, 6, 17, 36].

No-pair Hamiltonians for relativistic electrons in QED have been recently considered in [10, 16, 28, 31]. In [3], Arai has analyzed the hamiltonian of a Dirac particle interacting with the quantum radiation field. In [35], an Hamiltonian without conservation of the particle number is studied. In [1], the scattering theory for the spin fermion model is studied.

The case of relativistic electrons in classical magnetic fields was studied earlier in [30] and [21]. There, it was proven instability for the Brown and Ravenhall model in the free picture. In [21] it is even deduced from this result that instability also holds in QED context, i.e. for the Brown and Ravenhall model in the free picture, coupled to the quantized radiation field with or without cutoff.

In our case, working in the Furry picture and imposing both electronic and photonic cutoffs prevent from instability.

Our methods follow those of [2, 7, 8, 9, 18], in which the spectral theory of the spin-boson and Pauli-Fierz Hamiltonians is studied.

The infrared conditions on the cutoff functions with respect to the momenta of photons are stronger than those appearing in [7] and [20]. The authors plan to weaken these infrared conditions by using the gauge invariance of the model.

Some of the results obtained in this paper have been announced in [15] and [11].

Acknowledgements: The first author was supported in part by Ministère de l’Education Nationale, de la Recherche et de la Technologie via ACI Blanche project. This work was supported in part by EU TMR - Grant 96-2001. One of us (J.-C. G.) wishes to thank Volker Bach for helpful discussions and Heinz Siedentop for a valuable remark. We wish to thank Benoît Grébert and François Nicoleau for many helpful remarks

2 The quantization of the Dirac-Coulomb field

The Dirac electron of mass m_0 in a Coulomb potential is described by the following Hamiltonian:

H_D := H_D(e) = cα · 1 i ∇ + βm_0c^2 − e^2Z |x| , acting in the Hilbert space L^2(R^3; C^4) with domain D(H_D) = H^1(R^3; C^4), the Sobolev space of order 1. Here ℏ = 1. We refer to [37] for a discussion of the Dirac operator (see also [33]).

Here e is the negative charge of the electron, −Ze is the positive charge of the nucleus and α = (α_1, α_2, α_3), β are the Dirac matrices in the standard form: β = � I 0 0 −I � , α_i = � 0 σ_i σ_i 0 � , i = 1, 2, 3,

where σ_i are the usual Pauli matrices.

It is well known that H_D(e) is self-adjoint for Z ≤ 118 ([37, Theorem 4.4]). The eigenstates of the Dirac-Coulomb operator H_D are labelled by the angular momentum quantum numbers j =^1_2 ,^3_2 ,^5_2 , . . . , m_j = −j, −j + 1, . . . , j − 1, j, by the spin-orbit quantum number k_j = ±(j +^1_2 ) = ±1, ±2, . . . and by the quantum number n = 0, 1, 2, . . . , counting the non-degenerate eigenvalues of the Dirac radial operator associated with k_j . From now on we set γ = (j, m_j , k_j ).

Let ψ_{γ,n} denote the eigenstates of the Hamiltonian H_D. We have

H_D(e)ψ_{γ,n} = E_{γ,n}ψ_{γ,n},

with

E_{γ,n} = m_0c^2 � �1 + (Ze^2)^2/c^2 (n + � k^2_j − (Ze^2)^2/c^2)^2 � � −1/2

Each eigenvalue is degenerate. The infimum of the discrete spectrum is an isolated eigenvalue of multiplicity two. Together with the bound state energy levels the continuum energy levels are given by

±ω(p), ω(p) = (m^2_0c^4 + p^2)^{12} , p = |p| (1)

Here p is the momentum of the electron.

Let ψ_{γ,±}(p, x) denote the continuum eigenstates of H_D(e). We then have

H_Dψ_{γ,±}(p, x) = ±ω(p)ψ_{γ,±}(p, x) .

Here, ψ_{γ,n} and ψ_{γ,±}(p, x) are normalized in such a way that � R^3

ψ^†_{γ,n}(x)ψ_γ′_{,n}′ (x)d^3x = δ_{nn}′ δ_{γγ}′ , � R^3

ψ^†_{γ,±}(p, x)ψ_γ′_{,±}(p^′, x)d^3x = δ_{γγ}′ δ(p − p^′), � R^3

ψ^†_{γ,±}(p, x)ψ_γ′_{,∓}(p^′, x)d^3x = 0, � R^3

ψ^†_{γ,n}(x)ψ_γ′_{,±}(p, x)d^3x = 0.

Here ψ^†_{γ,±}(p, x) (resp. ψ^†_{γ,n}(x)) is the adjoint spinor of ψ_{γ,±}(p, x) (resp. ψ_{γ,n}(x)). The spinors (ψ_{γ,n})_{γ,n} and (ψ_{γ,±})_γ generate a spectral representation of H_D(e).

According to the hole theory [12, 25, 26, 33, 34, 37, 38], the absence in the Dirac theory of an electron with energy E < 0 and charge e is equivalent to the presence of a positron with energy −E > 0 and charge −e. Indeed, by the charge conjugation Cψ = iβα_2ψ, one obtains CH_D(e)C^{−1} = − � cα · 1 i ∇ + βm_0c^2 + e^2Z |x| � . Let us split the Hilbert space H = L^2(R^3; C^4) into

H_c− = P_{(−∞,0]}(H_D)H, H_d = P_{(0,m0c}2_)(H_D)H, H_c+ = P_{[m0c}2_{,+∞)}(H_D)H.

Here P_I (H_D) denotes the spectral projection of H_D corresponding to the interval I. Since (ψ_{n,γ} )_{γ,n} is a basis in H_d, every ψ ∈ H_d can be written as

ψ(x) = L.i.m � γ,n b_{γ,n} ψ_{n,γ} (x) ,

with � γ,n |b_{γ,n}|^2 < ∞.

Hence we can identify H_d with the Hilbert space H̃_d = ⊕_γ F_γ , where F_γ is a closed subspace of L^2(R_+). Precisely, there exists a unitary operator U_d from H_d onto H̃_d given by

U_dψ = � � n b_{γ,n} 1l_{[n,n+1)}(p) � γ , ψ ∈ H_d

where p ∈ R_+.

Similarly, H_{c±} can be identified with H̃_{c±} := ⊕_γ L^2(R_+) by using the unitary operators U_{c±} :

U_{c±}ψ = � L.i.m � ψ^†_{γ,±}(p, x) ψ(x)dx � γ , where ψ ∈ H_{c±}.

2.1 The Fock space for electrons and positrons

Let G be any separable Hilbert space. Let ⊗^n_a G denotes the antisymmetric n-th tensor power of G appropriate to Fermi-Dirac statistics. We define the Fermi-Fock space over G, denoted by F_a(G), to be the direct sum

F_a(G) =^∞⊕_{n=0} ⊗^n_a G ,

where ⊗^0_aG := C. The state Ω will denote the vacuum vector, i.e., the vector (1, 0, 0, · · · ).

Let F_{a,d}, F_{a,+} and F_{a,−} be the Fermi-Fock spaces over H̃_d, H̃_{c+} and H̃_{c−} respectively. Ω_d, Ω_+ and Ω_− denote the associated vacua.

In the Furry picture, the Fermi-Fock space for electrons and positrons, denoted by F_D, is then the following Hilbert space F_D = F_{a,d} ⊗ F_{a,+} ⊗ F_{a,−} (2) The vector Ω_d ⊗ Ω_+ ⊗ Ω_− is the vacuum of electrons and positrons.

One has F_D =^∞⊕_{q,r,s=0} F^{(q,r,s)}_a

where F^{(q,r,s)}_d = (⊗^q_aH̃_d) ⊗ (⊗^r_aH̃_{c+}) ⊗ (⊗^s_aH̃_{c−}).

Let us remark that F_D is unitarily equivalent to F_a(H̃_d ⊕ H̃_{c+} ⊕ H̃_{c−}). (See [13] and [14]).

2.2 Creation and annihilation operators For every φ ∈ H we define in F_a(H) the annihilation operator, denoted by b(φ), which maps ⊗^{n+1}_a H into ⊗^n_a H :

b(φ) (A_{n+1}(φ_1 ⊗ . . . ⊗ φ_{n+1})) = √ n + 1 (n + 1)! � σ sgn(σ) (φ, φ_{σ(1)} ) φ_{σ(2)} ⊗ . . . ⊗ φ_{σ(n+1)}

where φ_i ∈ H.

The creation operator, denoted by b^∗(φ), is the adjoint of b(φ). The operators b^∗(φ) and b(φ) are bounded in F_a(H) and ‖b(φ)‖ = ‖b^∗(φ)‖ = ‖φ‖.

We now define the annihilation and creation operators in F_D.

2.2.1 Bound states

For every (γ, n), we define in F_D the annihilation operator, denoted by b_{γ,n}, which maps F^{(q+1,r,s)} into F^{(q,r,s)} :

b_{γ,n} (A_{q+1}(f_1 ⊗ . . . ⊗ f_{q+1}) ⊗ A_r(g_1 ⊗ . . . ⊗ g_r) ⊗ A_s(h_1 ⊗ . . . ⊗ h_s))

= [b(U_d ψ_{γ,n})A_{q+1}(f_1 ⊗ . . . ⊗ f_{r+1})] ⊗ A_r(g_1 ⊗ . . . ⊗ g_r) ⊗ A_s(h_1 ⊗ . . . ⊗ h_s) where f_i ∈ H̃_d, g_j ∈ H̃_{c+} and h_k ∈ H̃_c− .

The creation operator b^∗_{γ,n} is the adjoint of b_{γ,n}. b^∗_{γ,n} and b_{γ,n} are bounded operators in F_D.

2.2.2 Electrons in the continuum For every g ∈ H̃_{c+}, we define in F_D the annihilation operator, denoted by b_+(g), which maps F^{(q,r+1,s)} into F^{(q,r,s)} as follows b_+(g) (A_q(f_1 ⊗ . . . ⊗ f_q) ⊗ A_{r+1}(g_1 ⊗ . . . ⊗ g_{r+1}) ⊗ A_s(h_1 ⊗ . . . ⊗ h_s)) = A_q(f_1 ⊗ . . . ⊗ f_q) ⊗ [(−1)^q b(g)A_{r+1}(g_1 ⊗ . . . ⊗ g_{r+1})] ⊗ A_s(h_1 ⊗ . . . ⊗ h_s) The creation operator b^∗_+(g) is the adjoint of b_+(g). b^∗_+(g) and b_+(g) are bounded operators in F_D.

We set, for every ψ ∈ H̃_{c+}, b_{γ,+}(ψ) = b_+(P^+_γ ψ) b^∗_{γ,+}(ψ) = b^∗_+(P^+_γ ψ) where P^+_γ is the projection of H̃_{c+} onto the γ-th component.

2.2.3 Positrons For every h ∈ H̃_{c−}, we define in F_D the annihilation operator, denoted by b_−(h), which maps F^{(q,r,s+1)} into F^{(q,r,s)} :

b_−(h)(A_q(f_1 ⊗ . . . ⊗ f_q) ⊗ A_r(g_1 ⊗ . . . ⊗ g_r) ⊗ A_{s+1}(h_1 ⊗ . . . ⊗ h_{s+1})) = A_q(h_1 ⊗ . . . ⊗ f_q) ⊗ A_r(g_1 ⊗ . . . ⊗ g_r) ⊗ [(−1)^{q+r}b(h)A_{s+1}(h_1 ⊗ . . . ⊗ h_{s+1})] The creation operator b^∗_−(h) is the adjoint of b_−(h). b^∗_−(h) and b_−(h) are bounded operators in F_D.

We set for every ψ ∈ H̃_{c−}, b_{γ,−}(ψ) = b_−(P^−_γ ψ) b^∗_{γ,−}(ψ) = b^∗_−(P^−_γ ψ) where P^−_γ is the projection of H̃_{c−} onto the γ-th component.

A simple computation shows that the following anti-commutation relations hold {b^∗_{γ,n}, b_{β,m}} = δ_{γ,β} δ_{n,m} {b^∗_{γ,n}, b^∗_{β,m}} = 0 = {b_{γ,n}, b_{β,m}}

{b_{γ,+}(ψ_1), b^∗_{β,+}(ψ_2)} = δ_{γ,β}(P^+_γ ψ_1, P^+_γ ψ_2)_L2_{(R+)}, ψ_i ∈ H̃_{c+}

{b_{γ,−}(ψ_1), b^∗_{β,−}(ψ_2)} = δ_{γ,β}(P^−_γ ψ_1, P^−_γ ψ_2)_L2_{(R+)}, ψ_i ∈ H̃_{c−}

Furthermore

{b^#_{γ,±}(ψ), b^#_{β,n}} = 0.

Here b^# is b or b^∗.

{b_{γ,+}(ψ_1), b_{β,−}(ψ_2)} = {b_{γ,+}(ψ_1), b^∗_{β,−}(ψ_2)} = 0,

{b^∗_{γ,+}(ψ_1), b_{β,−}(ψ_2)} = {b^∗_{γ,+}(ψ_1), b^∗_{β,−}(ψ_2)} = 0,

where ψ_1 ∈ H̃_{c+} and ψ_2 ∈ H̃_{c−}. One should remark that, in contrast to [37], the charge conjugation operator C is not included in the definition of the annihilation and creation operators for the positrons.

Our definition is close to the hole theory and is the one occurring in many text books in Quantum Field Theory as in [25], [26], [34] and [38]. The other method for the quantization of the Dirac field is close to the so-called symmetric theory of charge. Both approaches are described in [26].

In the first approach the Fock space for electrons and positrons is built upon the subspaces H̃_d, H̃_{c+} and H̃_{c−} of the one-particle Hilbert space and, in the second case, upon the subspaces H̃_d, H̃_{c+} and C^′H̃_{c−} where C^′ = U_{c−} C U^{−1}_{c−} .

As in [32, chapter X], we introduce operator-valued distributions b_{γ,±}(p) and b^∗_{γ,±}(p) such that we write

b_{γ,±}(ψ) = � R^+

dp b_{γ,±}(p) (P^±_γ ψ) (p)

b^∗_{γ,±}(ψ) = � R^+

dp b^∗_{γ,±}(p) (P^±_γ ψ) (p)

where ψ ∈ H̃_{c+} ⊕ H̃_{c−}.

We now give a representation of b_{γ,±}(p) and b^∗_{γ,±}(p). Let D_D denote the set of smooth vectors Φ ∈ F_D for which Φ^{(q,r,s)} has a compact support and Φ^{(q,r,s)} = 0 for all but finitely many (q, r, s).

For every (p, γ), b_{γ,+}(p) maps F^{(q,r+1,s)}_a ∩ D_D into F^{(q,r,s)}_a ∩ D_D and we have

(b_{γ,+}(p)Φ)^{(q,r,s)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , p_r, γ_r; p_1, γ_1, . . . , p_s, γ_s) = √ r + 1(−1)^qΦ^{(q,r+1,s)}(p_1, γ_1, . . . , p_q, γ_q; p, γ, p_1, γ_1, . . . , p_r, γ_r; p_1, γ_1, . . . , p_s, γ_s)

b^∗_{γ,+}(p) is then given by:

(b^∗_{γ,+}(p)Φ)^{(q,r+1,s)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , p_{r+1}, γ_{r+1}; p_1, γ_1, . . . , p_s, γ_s) =

(−1)^q √ r + 1 r+1� i=1 (−1)^{i+1}δ_{γiγ} δ(p − p_i)

Φ^{(q,r,s)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , ^ p_i, γ_i, . . . , p_{r+1}, γ_{r+1}; p_1, γ_1, . . . , p_s, γ_s) where ^· denotes that the i-th variable has to be omitted.

Similarly b_{γ,−}(p) maps F^{(q,r,s+1)}_a ∩ D_D into F^{(q,r,s)}_a ∩ D_D such that (b_{γ,−}(p)Φ)^{(q,r,s)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , p_r, γ_r; p_1, γ_1, . . . , p_s, γ_s) = √ s + 1(−1)^{q+r}Φ^{(q,r,s+1)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , p_r, γ_r; p, γ, p_1, γ_1, . . . , p_s, γ_s) b^∗_{γ,−}(p) is then given by

(b^∗_{γ,−}(p)Φ)^{(q,r,s+1)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , p_r, γ_r; p_1, γ_1, . . . , p_{s+1}, γ_{s+1}) = 1 √ s + 1

(−1)^{q+r} s+1� i=1 (−1)^{i+1}δ_{γ,γi} δ(p − p_i)

Φ^{(q,r,s)}(p_1, γ_1, . . . , p_q, γ_q; p_1, γ_1, . . . , p_r, γ_r; p_1, γ_1, . . . , ^ p_i, γ_i, . . . , p_{s+1}, γ_{s+1}) Let us recall that Φ^{(q,r,s)} is antisymmetric in the bound states, the electron in the continuum and the positron variables separately. We have {b_{γ,+}(p), b^∗_γ′_{,+}(p^′)} = {b_{γ,−}(p), b^∗_γ′_{,−}(p^′)} = δ_{γ,γ}′ δ(p − p^′) Any other anti-commutation relation is equal to zero. In particular we have {b_{γ,±}(p), b^#_{γ′ ,n}} = {b^∗_{γ,±}(p), b^#_{γ′ ,n}} = 0 where b^# is b or b^∗.

2.2.4 The Hamiltonian for the quantized Dirac-Coulomb field The quantization of the Dirac-Coulomb Hamiltonian H_D, denoted by dΓ(H_D), is now given by dΓ(H_D) = � γ,n E_{γ,n} b^∗_{γ,n} b_{γ,n} + � γ � dp ω(p) b^∗_{γ,+}(p) b_{γ,+}(p)

+ � γ � dp ω(p) b^∗_{γ,−}(p) b_{γ,−}(p) ,

with ω(p) given in (1). The operator dΓ(H_D) is the Hamiltonian of the quantized Dirac- Coulomb field. It is well defined on the dense subset D_D and it is essentially self-adjoint on D_D. The self-adjoint extension will be also denoted by dΓ(H_D) with domain D(dΓ(H_D)). Moreover the operator number of electrons and positrons, denoted by N_D, is given by

N_D = � γ,n b^∗_{γ,n}b_{γ,n} + � γ � dp b^∗_{γ,+}(p)b_{γ,+}(p) + � γ � dp b^∗_{γ,−}(p)b_{γ,−}(p) .

The operator N_D is essentially self-adjoint on D_D. The self-adjoint extension will be also denoted by N_D with domain D(N_D).

Let Δ denote the set of all eigenvalues of the operator

dΓ(H_D)_d := � γ,n E_{γ,n}b^∗_{γ,n}b_{γ,n}

Each E_{γ,n} is in Δ and we have

0 < E_0 = inf_{γ,n} E_{γ,n}, and inf_{E∈Δ} E = 0.

0 is the eigenvalue associated with Ω_D. Furthermore

σ(dΓ(H_D)) = Δ ∪ [m_0c^2, ∞) .

The set [m_0c^2, ∞) is the absolutely continuous spectrum of dΓ(H_D). Let us remark that, for E ∈ Δ with E > m_0c^2, E is an eigenvalue embedded in the continuous spectrum.

Let P^⊥_D be the orthogonal projection on the orthogonal subspace to Ω_D in F_D. Then E_0 is the ground state of the self-adjoint operator P^⊥_D dΓ(H_D)P^⊥_D in P^⊥_D F_D.

2.3 The Fock space for transversal photons The one photon Hilbert space is given by L^2(R^3, C^2). For every f in L^2(R^3, C^2), we shall write f(k, μ) where k ∈ R^3 is the momentum variable of the photon and μ = 1, 2 is its polarization index associated with two given independent real transversal polarizations ε_μ(k) of the photon in the Coulomb gauge such that ε_μ(k).ε_μ′ (k) = δ_{μμ}′ and ε_μ(k).k = 0.

Let F_{ph} denote the Fock space for transversal photons :

F_{ph} = ⊕^∞_{n=0}L^2(R^3, C^2)^{⊗ns}

where L^2(R^3, C^2)^{⊗0s} = C. Here L^2(R^3, C^2)^{⊗ns} is the symmetric n-tensor power of L^2(R^3, C^2) appropriate for Bose-Einstein statistics.

For f ∈ L^2(R^3, C^2), the annihilation and creation operators, denoted by a(f) and a^∗(f) respectively, are now given by:

a(f) = � μ=1,2

a_μ(f(·, μ))

a^∗(f) = � μ=1,2

a^∗_μ(f(·, μ))

where

(a_μ(f(·, μ))Ψ)^{(n)}(k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n) = √ n + 1 � d^3k f(k, μ) Ψ^{(n+1)}(k, μ, k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n)

(a^∗_μ(f(·, μ))Ψ)^{(n)}(k_1, μ_1, . . . , k_n, μ_n) = 1 √ n n� i=1 f(k_i, μ_i) Ψ^{(n−1)}(k_1, μ_1, . . . , ^k_i, μ_i, . . . , k_n, μ_n)

where ^· denotes that the i-th variable has to be omitted. Note that a^∗_μ(f(·, μ)) and a_μ(f(·, μ)) are linear and anti-linear with respect to f respectively, so that we can introduce operator valued distributions, i.e, fields a_μ(k) and a^∗_μ(k) such that

a_μ(f(·, μ)) = � d^3k f(k, μ) a_μ(k) and a^∗_μ(f(·, μ)) = � d^3k f(k, μ) a^∗_μ(k)

where f(·, μ) ∈ L^2(R^3).

Let D_{ph} denote the set of smooth vectors Ψ ∈ F_{ph} for which Ψ^{(n)} has a compact support and Ψ^{(n)} = 0 for all but finitely many n. Then, for any Ψ ∈ D_{ph}, the action of a_μ(k) and a^∗_μ(k) is given by

(a_μ(k)Ψ)^{(n)}(k_1, μ_1, k_2, μ_2, . . . , k_n, μ_n) = √ n + 1Ψ^{(n+1)}(k, μ, k_1, μ_1, . . . , k_n, μ_n)

(a^∗_μ(k)Ψ)^{(n+1)}(k_1, μ_1; k_2, μ_2, . . . , k_{n+1}, μ_{n+1})

= 1 √ n + 1 n+1� i=1 δ_{μi ,μ} δ(k_i − k) Ψ^{(n)}(k_1, μ_1, . . . , ^k_i, μ_i, . . . , k_{n+1}, μ_{n+1})

We have the canonical commutation relations

[a_μ(k), a^∗_μ′ (k^′)] = δ_{μμ}′ δ(k − k^′)

Any other commutation relation is equal to zero.

The Hamiltonian of the quantized electromagnetic field, denoted by H_{ph}, is

H_{ph} = � μ=1,2 � d^3k ω(k) a^∗_μ(k) a_μ(k)

where ω(k) = c|k|. H_{ph} is essentially self-adjoint on D_{ph}.

The state (1, 0, . . . ) ∈ F_{ph} is the vacuum of photons and will be denoted Ω_{ph}. The spectrum of H_{ph} consists of an absolutely continuous spectrum covering [0, +∞) and a simple eigenvalue, equal to zero, whose the corresponding eigenvector is the vacuum state Ω ∈ F_{ph}.

2.4 The total Hamiltonian and the main results

The Fock space for electrons, positrons and photons is the following Hilbert space:

F = F_D ⊗ F_{ph}.

Ω = Ω_D ⊗ Ω_{ph} is the vacuum of F.

The free Hamiltonian for electrons, positrons and photons, denoted by H_0, is the following operator in F :

H_0 = dΓ(H_D) ⊗ 1l_{ph} + 1l_D ⊗ H_{ph}

H_0 is a self-adjoint operator with domain

D (dΓ(H_D) ⊗ 1l_{ph}) ∩ D (1l_D ⊗ H_{ph}) .

The operator H_0 has the same point spectrum as dΓ(H_D) and its continuous spectrum covers the half axis [0, ∞). Hence the point spectrum of dΓ(H_D) is embedded in the continuous spectrum of H_0. The eigenfunctions of H_0 corresponding to the eigenvalues E have the form φ ⊗ Ω_{ph}, where φ are the eigenfunctions of dΓ(H_D) corresponding to the eigenvalues E.

Let us now describe the interaction between electrons, positrons and photons in Coulomb gauge that we consider.

Let us first recall the physical interaction in Q. E. D. with the Coulomb gauge. The quantized Dirac-Coulomb field is given by

ψ(x) = � γ,n b_{γ,n}ψ_{γ,n}(x)

+ � γ � R^+

dp b_{γ,+}(p)ψ_{γ,+}(p, x) + � γ � R^+

dp b^∗_{γ,−}(p)ψ_{γ,−}(p, x)

together with

ψ^†(x) = � γ,n b^∗_{γ,n}ψ^†_{γ,n}(x) + � γ � R^+

dp b^∗_{γ,+}(p)ψ^†_{γ,n}(p, x)

+ � γ � R^+

dp b_{γ,−}(p)ψ^†_{γ,−}(p, x)

for the quantized adjoint spinor.

Here b_{γ,n}, b^∗_{γ,n}, b_{γ,±}(p) and b^∗_{γ,±}(p) are the annihilation and creation operators defined above.

The density of charge is then given by

ρ(x) = e : ψ^†(x) ψ(x) :

and the density of current by

j(x) = ec : ψ^†(x) α ψ(x) :

Here : : is the normal ordering and α = (α_1, α_2, α_3).

The interaction of electrons and positrons with photons is given by two terms. The first one is

e^2 2 � R^3×R^3

d^3x d^3x^′ ρ(x) ρ(x^′) |x − x^′|

, (3)

and describes the Coulomb interaction of densities of charges. The second one, −e � R^3

d^3x j(x) · A(x) ,

describes the interaction between the current and the transversal photons. Here A(x) is the quantized electromagnetic field in Coulomb gauge

A(x) = � μ=1,2 � ℏ 2ε_0(2π)^3

�_{1/2} � d^3k � 2ω_{ph}(k) � ε_μ(k)e^{ik·x}a_μ(k) + ε_μ(k)e^{−ik·x}a^∗_μ(k) �

(See [12] and [19]), a^∗_μ(k) and a_μ(k) are the creation and annihilation operators on F_{ph}.

It is a known fact that in order to get a well-defined total Hamiltonian, one first needs to rewrite (3) with a Wick ordering correction, i.e., in (3), the term e^2 : ψ^†(x)ψ(x) : : ψ^†(x^′)ψ(x^′) : is replaced by e^2 : ψ^†(x)ψ(x) ψ^†(x^′)ψ(x^′) :. Furthermore, we have to introduce several cutoff functions in the Dirac-Coulomb field and the electromagnetic vector potential in order to get a well defined total Hamiltonian in the Fock space (see [29]).

Then, by a formal computation, the interaction term can be expressed in terms of the annihilation and creation operators b_{γ,n}, b^∗_{γ,n}, b_{γ,±}(p), b^∗_{γ,±}(p), a_μ(k) and a^∗_μ(k).

The interaction between electrons, positrons and photons consists in two terms. The first term in the interaction, denoted by H^{(1)}_I , is given by

H^{(1)}_I = � γ,γ^′,n,ℓ � μ=1,2 � d^3k � G^μ_{d,γ,γ′,n,ℓ}(k)b^∗_{γ,n}b_γ′_{,ℓ}a^∗_μ(k) + h.c. �

+ � ϵ=+,− � γ,γ^′,n � μ=1,2 � d^3k dp � G^μ_{d,ϵ,γ,γ′,n}(p; k) � b^∗_{γ,n}b_γ′_{,ϵ}(p)

+b^∗_{γ,ϵ}(p)b_γ′_{,n} � a^∗_μ(k) + h.c. �

+ � γ,γ^′ � μ=1,2 � d^3k dp dp^′ � G^μ_{+,−,γ,γ′} (p, p^′; k) � b^∗_{γ,+}(p)b^∗_γ′_{,−}(p^′)

+b_{γ,−}(p)b_γ′_{,+}(p^′) � a^∗_μ(k) + h.c. �

+ � ϵ=+,− � γ,γ^′ � μ=1,2 � d^3k dp dp^′ � G^μ_{ϵ,ϵ,γ,γ′} (p, p^′; k)b^∗_{γ,ϵ}(p)b_γ′_{,ϵ}(p^′)a^∗_μ(k) + h.c. �

For the second term let us introduce some notations. In the case of electrons, ξ will be equal to (γ, p) and (γ, n) with � dξ = � γ � dp + � γ,n. In the case of positrons, ξ will be equal to (γ, p) with � dξ = � γ � dp. The second term of the interaction, denoted by H^{(2)}_I , is an operator in F_D given by

H^{(2)}_I = � dξ_1dξ_2dξ_3dξ_4 F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4)b^∗_+(ξ_1)b^∗_−(ξ_2)b_+(ξ_3)b_−(ξ_4) + � ϵ=+,− � dξ_1dξ_2dξ_3dξ_4 F^{(2)}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b_ϵ(ξ_3)b_ϵ(ξ_4) + � ϵ,ϵ′=+,−,

ϵ+ϵ′=0

� dξ_1dξ_2dξ_3dξ_4 � F^{(3)}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4)b^∗_ϵ (ξ_1)b_ϵ(ξ_2)b_ϵ′ (ξ_3)b_ϵ(ξ_4)

−F^{(3)}_{ϵ,ϵ′} (ξ_4, ξ_2, ξ_3, ξ_1)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b^∗_ϵ′ (ξ_3)b_ϵ(ξ_4) �

+ � ϵ,ϵ′=+,−,

ϵ+ϵ′=0

� dξ_1dξ_2dξ_3dξ_4 � F^{(4)}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4)b_ϵ(ξ_1)b_ϵ(ξ_2)b_ϵ′ (ξ_3)b_ϵ′ (ξ_4)

+F^{(4)}_{ϵ,ϵ′} (ξ_4, ξ_2, ξ_3, ξ_1)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b^∗_ϵ′ (ξ_3)b^∗_ϵ′ (ξ_4) � . Furthermore, we suppose that

F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4) = F^{(1)}(ξ_3, ξ_4, ξ_1, ξ_2) and F^{(2)}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4) = F^{(2)}_ϵ (ξ_4, ξ_3, ξ_2, ξ_1) .

We set F^{(2),a}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4) = F^{(2)}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4) − F^{(2)}_ϵ (ξ_1, ξ_2, ξ_4, ξ_3) Definition 2.1. The Hamiltonian for relativistic electrons and positrons in a Coulomb potential interacting with photons in Coulomb gauge that we consider is given by

H(g_1, g_2) := H_0 + g_1 H^{(1)}_I + g_2H^{(2)}_I ⊗ 1l , where g_i, i = 1, 2, are real coupling constants.

It is easy to show that H(g) is a symmetric operator in F as soon as the kernels F^{(i)}’s and G^{(i)}’s are square integrable. With stronger conditions on the F^{(i)}’s and G^{(i)}’s, we recover a self-adjoint operator with a ground state, as stated in Theorem 2.2 and 2.3 below.

Let, for β = 0, 1, 2,

C_β = � μ=1,2

� � � γ,γ^′,n,ℓ � R^3

|G^μ_{d,γ,γ′,n,ℓ}(k)|^2ω(k)^{−β} d^3k � � 1/2

+ � ε=+,− � μ=1,2 � � � γ,γ^′,n � R^3×R^+

|G^μ_{d,ε,γ,γ′,n}(p; k)|^2ω(k)^{−β} dp d^3k � � 1/2

+ � r � μ=1,2

� � � γ,γ^′ � R^3×R^3×R^+

|G^μ_{r,γ,γ′} (p, p^′; k)|^2ω(k)^{−β}dp dp^′ d^3k � � 1/2

where r = {+, +}, {+, −}, {−, −}.

We now state our main results.

Theorem 2.2. We assume that every F^{(j)} ∈ L^2 (j = 1, 2, 3, 4). Furthermore, we suppose that C_0 < ∞, C_1 < ∞ and |g_1| √ E_0

C_1 +

|g_2| E_0 � 1 √ 2 ‖F^{(1)}‖ + ‖F^{(2),a}_+ ‖ + ‖F^{(2),a}_− ‖ � < 1 (4)

Then, H(g_1, g_2) is self adjoint on the domain D(H_0).

Theorem 2.3. We assume that every F^{(j)} ∈ L^2 (j = 1, 2, 3, 4), and that C_0 < ∞, C_1 < ∞ and C_2 < ∞. Furthermore, we suppose that (4) holds true. Then there exists g_0 > 0 such that for |g_1| + |g_2| ≤ g_0, the self-adjoint operator H(g_1, g_2) has a ground state. Remark 2.4. The same proof shows that the operator (P^⊥_D ⊗1l)H(g)(P^⊥_D ⊗1l), with domain (P^⊥_D ⊗1l)F, has a ground state under the same conditions. This ground state is a perturbation of the one associated with the ground state energy E_0 of (P^⊥_D ⊗ 1l)dΓ(H_D)(P^⊥_D ⊗ 1l) in (P^⊥_D ⊗ 1l)F. (Recall that E_0 is also the ground state energy of the Dirac-Coulomb operator H_D.)

3 Proofs of Theorems 2.2 and 2.3 Let D = {γ = (j, m_j , k_j ); j = 1 2 , 3 2 , . . . , m_j = −j + 1, . . . , j, k_j = ±1, ±2, . . . , }

D_d = {(γ, n); γ ∈ D and n = 0, 1, 2, . . . }

We set

Σ_+ = Σ_− = R^+ × D

Σ_d = R^+ × D_d

We will write ξ = (p, γ) where (p, γ) belongs to Σ_+ and Σ_− respectively and ξ_d = (p, γ, n) where (p, γ, n) belongs to Σ_d. Then

L^2(Σ_±) = � f : Σ_± → C; � Σ_±

|f(ξ)|^2dξ := Σ_{γ∈D} � R^+

|f(p, γ)|^2dp < ∞ � . Thus the map

(f_γ (·))_{γ∈D} ∈ ⊕_{γ∈D} L^2(R^+) −→ f(ξ) = f(p, γ) ∈ L^2(Σ_±) ,

is unitary and we will identify the space H̃_{c+} (resp. H̃_{c−} ) introduced in Section 2 with L^2(Σ_+)(resp. L^2(Σ_−)).

Similarly we identify the space H̃_d with a closed subspace, denoted by F , of L^2(Σ_d). According to Section 2, F is the closure of the following subspace � � � � (γ,n)∈D_d

c_{γ,n} 1l_{[n,n+1]}(p) ; � (γ,n)∈D_d

|c_{γ,n}|^2 < ∞ � � � Hence the Fermi-Fock space F_D will be identified with

F_a(F ) ⊗ F_a(L^2(Σ_+)) ⊗ F_a(L^2(Σ_−))

Let us now define the new annihilation and creation operators. Recall that (See [37]) � � � � R^+

dp h_±(p, γ) b_{γ±}(p) � � � = � � � � dp h_±(p, γ) b^∗_{γ,±}(p) � � � = ‖h_±(·, γ)‖_L2_{(R}+_)

Thus the series � γ∈D � R^+

dp h_±(p, γ)b_{γ,±}(p) and � γ∈D � R^+

dp h_±(p, γ)b^∗_{γ,±}(p) are normally con-

vergent in ℓ^2(D, B(F_a(H̃_{c±})) respectively, for every h_± in L^2(Σ_±).

Here B(F_a(H̃_{c±})) is the set of bounded operators in F_a(H̃_{c±}) respectively. We then set, for every h_± in L^2(Σ_±) respectively, b_±(h_±) := � dξ h_±(ξ) b_±(ξ) = � γ∈D � R^+

dp h_±(p, γ) b_{γ,±}(p)

b^∗_±(h_±) := � dξ h_±(ξ) b^∗_±(ξ) = � γ∈D � R^+

dp h_±(p, γ) b^∗_{γ,±}(p)

where b_{γ,±}(p) and b^∗_{γ,±}(p) are defined in Section 2.

Similarly the series � (γ,n)∈D_d

c_{γ,n} b_{γ,n} and � (γ,n)∈D_d

c_{γ,n} b^∗_{γ,n}, where � (γ,n)∈D_d

|c_{γ,n}|^2 < ∞, are

normally convergent in ℓ^2(D_d, B(F_a(H̃_d))).

Thus, for any h_d(ξ_d) = � (γ,n)∈D_d

c_{γ,n} 1l_{[n,n+1]}(p) ∈ F ⊂ L^2(Σ_d), we set

b_d(h_d) = � (γ,n)∈D_d

c_{γ,n} b_{γ,n} ,

b^∗_d(h_d) = � (γ,n)∈D_d

c_{γ,n} b^∗_{γ,n} ,

where b_{γ,n} and b^∗_{γ,n} are defined in Section 2.2.1.

The new canonical anti-commutation relations are the following ones {b_±(h^1_±), b^∗_±(h^2_±)} = ⟨h^1_±, h^2_±⟩_L2_{(Σ±)} (5) {b^#_± (h^1_±), b^#_± (h^2_±)} = 0 (6) {b^#_± (h_±), b^#_d (h_d)} = 0 (7) {b_d(h^1_d), b^∗_d(h^2_d)} = (h^1_d, h^2_d)_L2_{(Σd)} (8) Here b^# is b or b^∗.

We now have the following lemmas whose proofs are well-known. Lemma 3.1. Let f be in L^2(R^3, C^2; ω(k)^{−β} d^3k) for β = 0, 1. We have

‖a(f)Ψ‖^2_{Fph} ≤ � � � μ=1,2 � |f(k, μ)|^2

ω(k) d^3k � � ‖H^{1/2}_{ph} Ψ‖^2_{Fph}

‖a^∗(f)Ψ‖^2_{Fph} ≤ � � � μ=1,2 � |f(k, μ)|^2

ω(k) d^3k � � ‖H^{1/2}_{ph} Ψ‖^2_{Fph}

+ � � � μ=1,2 � |f(k, μ)|^2 d^3k � � ‖Ψ‖^2_{Fph} for every Ψ ∈ D(H_{ph}) (See [8]).

Lemma 3.2. For h_± ∈ L^2(Σ_±), b_±(h_±) and b^∗_±(h_±) are bounded operators and we have ‖b_±(h)Ψ‖^2 + ‖b^∗_±(h)Ψ‖^2 = ‖Ψ‖^2‖h‖^2_L2_{(Σ±)}.

In particular, ‖b_±(h)‖ = ‖b^∗_±(h)‖ = ‖h‖_L2_{(Σ±)} for every Ψ ∈ F_a(L^2(Σ_±)) respectively (See [37]).

Lemma 3.3. For every h_d ∈ F , b^#_d (h_d) is a bounded operator and we have ‖b_d(h_d)Ψ‖^2 + ‖b^∗_d(h_d)Ψ‖^2 = ‖h_d‖^2_L2_{(Σd)}‖Ψ‖^2 for all Ψ ∈ F_a(L^2(Σ_d)).

Let {f_i, i = 1, 2, . . . } (resp. {g_j , j = 1, 2, . . . }, {h_k, k = 1, 2, . . . }) be an orthonormal basis of L^2(F ) (resp. L^2(Σ_+), L^2(Σ_−)). We suppose that the g_j ’s and the h_k’s are smooth functions in the Schwartz space with respect to p.

We will now consider vectors in F_D of the following form:

Φ^{(ℓ,m,n)} := b^∗_d(f_{i1} ) . . . b^∗_d(f_{iℓ} )b^∗_+(g_{j1} ) . . . b^∗_+(g_{jm} )b^∗_−(h_{k1} ) . . . b^∗_−(h_{kn} ) Ω , (9) where l, m, n are positive integers and Ω = Ω_d ⊗ Ω_{c+} ⊗ Ω_{c−}. The indexes will be assumed ordered such that i_1 < . . . < i_l, j_1 < . . . < j_m and k_1 < . . . < k_n. It is known that the set {Φ^{(ℓ,m,n)}; ℓ, m, n = 0, 1, 2, . . . } is an orthonormal basis of F_D (See [37]). The set F_{0,D} ={Ψ ∈ F_D; Ψ is a finite linear combination of basis vectors of the form (9)} is dense in F_D.

In the following propositions we investigate several operators in F_D built from product of creation operators or annihilation operators only.

For G ∈ L^2(Σ_± × Σ_±) the formal operators � Σ_±×Σ_±

dξ_1 dξ_2G(ξ_1, ξ_2)b_±(ξ_1)b_±(ξ_2)

are defined as quadratic forms on F_{0,D} × F_{0,D}: � Σ_±×Σ_±

dξ_1 dξ_2⟨Ψ, G(ξ_1, ξ_2)b_±(ξ_1)b_±(ξ_2)Φ⟩ ,

where Ψ, Φ ∈ F_{0,D}. Mimicking the proof of [32, Theorem X.44], we get two operators, denoted by A_±, associated with these two forms such that A_± are the unique operators in F_D so that F_{0,D} ⊂ D(A_±) is a core for A_± and

A_± = � Σ_±×Σ_±

dξ_1 dξ_2G(ξ_1, ξ_2)b_±(ξ_1)b_±(ξ_2) as quadratic forms on F_{0,D} × F_{0,D}.

From now on we denote A_ϵ the operators A_± where ϵ = +, −, associated with the kernels G_ϵ(ξ_1, ξ_2). In the same way, we define as quadratic forms on F_{0,D} × F_{0,D} the operators A_{ϵϵ}′ , A_{ϵϵ}′_ϵ and A_{ϵϵϵ}′_ϵ′ , where ϵ, ϵ^′ = +, − and ϵ ≠ ϵ^′ as follows

A_{ϵϵ}′ = � Σ_ϵ×Σ_ϵ′

dξ_1 dξ_2G_{ϵϵ}′ (ξ_1, ξ_2)b_ϵ(ξ_1)b_ϵ′ (ξ_2) ,

A_{ϵϵ}′_ϵ = � Σ_ϵ×Σ_ϵ′ ×Σ_ϵ

dξ_1 dξ_2 dξ_3G_{ϵϵ}′_ϵ(ξ_1, ξ_2, ξ_3)b_ϵ(ξ_1)b_ϵ′ (ξ_2)b_ϵ(ξ_3) ,

A_{ϵϵϵ}′_ϵ′ = � Σ_ϵ×Σ_ϵ×Σ_ϵ′ ×Σ_ϵ′

dξ_1 dξ_2 dξ_3 dξ_4G_{ϵϵϵ}′_ϵ′ (ξ_1, ξ_2, ξ_3, ξ_4)b_ϵ(ξ_1)b_ϵ(ξ_2)b_ϵ′ (ξ_3)b_ϵ′ (ξ_4) ,

with G_{ϵϵ}′ , G_{ϵϵ}′_ϵ and G_{ϵϵϵ}′_ϵ′ in L^2.

Let Φ^{(ℓ,m,n)} be a vector of the form (9). In addition, for simplicity, assume that {i_1, . . . , i_ℓ} = {1, . . . , ℓ}, {j_1, . . . , j_m} = {1, . . . , m} and {k_1, . . . , k_n} = {1, . . . , n}, i.e.

Φ^{(ℓ,m,n)} = ℓ� i=1 b^∗_d(f_i) ⊗ m� j=1 b^∗_+(g_j ) ⊗ n� k=1 b^∗_−(h_k)Ω .

We claim that

A_+Φ^{(ℓ,m,n)} = � 1≤α<β≤m

(−1)^{α+β} ⟨G^a_+, g_α ⊗ g_β⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ n� k=1 b^∗_+(h_k) (10)

where G^a_+(ξ_1, ξ_2) = G_+(ξ_1, ξ_2) − G_+(ξ_2, ξ_1) and ⟨G^a_+, g_α ⊗ g_β⟩ = � G^a_+(ξ_1, ξ_2)g_α(ξ_1)g_β (ξ_2)dξ_1 dξ_2 .

Indeed, the canonical anti-commutation relations (CAR) (5)-(8) yield � dξ_2G_+(ξ_1, ξ_2)b_+(ξ_2)Φ^{(ℓ,m,n)}

= (−1)^ℓ m� α=1 (−1)^{α+1}⟨G_+(ξ_1, .), g_α⟩ ℓ� i=1 b^∗_d(h_i) ⊗ � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ n� k=1 b^∗_−(h_k)Ω (11)

We have the identity ⟨G_+(ξ_1, .), g_α⟩ =

�_∞ β=1⟨G_+, g_β ⊗ g_α⟩g_β(ξ_1) where ⟨G_+, g_β ⊗ g_α⟩ = � Σ_+×Σ_+ G+(ξ1, ξ2)gβ(ξ1)gα(ξ2)dξ1 dξ2.

Applying b_+(ξ_1) to the right hand side of (11), using the CAR as above and integrating with respect to ξ_1 we get A_+Φ^{(ℓ,m,n)} = m−1� α=1 (−1)^{α+1} � 1≤α<β≤m

⟨G_+, g_α ⊗g_β⟩ (−1)^{β+1} ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ n� k=1 b^∗_+(h_k)Ω

+ m−1� α=1 (−1)^{α+1} � 1≤α<β≤m

⟨G_+, g_β ⊗ g_α⟩ (−1)^β ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ n� k=1 b^∗_−(h_k)Ω ,

(12)

from which we deduce (10). Similarly, we have A_−Φ^{(ℓ,m,n)} = � 1≤γ<δ≤n

(−1)^{γ+δ} ⟨G^a_−, h_γ ⊗ h_δ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ m� j=1 b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠γ,k≠δ

b^∗_+(h_k)Ω ,

(13)

where G^a_−(ξ_1, ξ_2) = G_−(ξ_1, ξ_2) − G_−(ξ_2, ξ_1) and ⟨G^a_−, h_γ ⊗ h_δ ⟩ = � Σ_−×Σ_− G a −(ξ_1, ξ_2)h_γ (ξ_1)h_δ(ξ_2)dξ_1 dξ_2.

In a complete similar way, we also get

A_{+−}Φ^{(ℓ,m,n)} =(−1)^m m� α=1 n� β=1 (−1)^{α+β} ⟨G_{+−}, g_α ⊗ h_β ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠β

b^∗_−(h_k)Ω

(14)

A_{−+}Φ^{(ℓ,m,n)} =(−1)^m m� α=1 n� β=1 (−1)^{α+β} ⟨G_{−+}, h_β ⊗ g_α⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠β

b^∗_−(h_k)Ω where ⟨G_{+−}, g_α ⊗ h_β⟩ = � Σ_+×Σ_−

G_{+−}(ξ_1, ξ_2)g_α(ξ_1)h_β (ξ_2)dξ_1 dξ_2 and ⟨G_{−+}, h_β ⊗ g_α⟩ = � Σ_−×Σ_+

G_{−+}(ξ_1, ξ_2)h_β (ξ_1)g_α(ξ_2)dξ_1 dξ_2 . Using (14) we get, as for (12) A_{−+−}Φ^{(ℓ,m,n)} = m� α=1 n� β=1 (−1)^{α+β} � 1≤γ<β≤n

(−1)^{γ+1}⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_β⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠β,k≠γ

b^∗_−(h_k)Ω

(15)

and A_{+−+}Φ^{(ℓ,m,n)} = m� α=1 n� β=1 (−1)^{α+β} � 1≤γ<β≤n

(−1)^{γ+1}⟨G^a_{+−+}, g_γ ⊗ h_α ⊗ g_β ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠γ,j≠β

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠α

b^∗_−(h_k)Ω

where G^a_{ϵϵ}′_ϵ(ξ_1, ξ_2, ξ_3) = G_{ϵϵ}′_ϵ(ξ_1, ξ_2, ξ_3) − G_{ϵϵ}′_ϵ(ξ_3, ξ_2, ξ_1) and ⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_β ⟩ = � Σ_−×Σ_+×Σ_−

G^a_{−+−}(ξ_1, ξ_2, ξ_3)h_γ (ξ_1)g_α(ξ_2)h_β (ξ_3)dξ_1 dξ_2 dξ_3

⟨G^a_{+−+}, g_γ ⊗ h_α ⊗ g_β⟩ = � Σ_+×Σ_−×Σ_+

G^a_{+−+}(ξ_1, ξ_2, ξ_3)g_γ (ξ_1)h_α(ξ_2)g_β (ξ_3)dξ_1 dξ_2 dξ_3 By (10) and (13), we finally obtain A_{++−−}Φ^{(ℓ,m,n)} = � 1≤α<β≤m

(−1)^{α+β} � 1≤γ<δ≤n

(−1)^{γ+δ} ⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_δ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠γ,k≠δ

b^∗_−(h_k)Ω

(16) and A_{−−++}Φ^{(ℓ,m,n)} = � 1≤γ<δ≤n

(−1)^{γ+δ} � 1≤α<β≤m

(−1)^{α+β} ⟨G^{aa}_{−−++}, h_γ ⊗ h_δ ⊗ g_α ⊗ g_β⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠γ,k≠δ

b^∗_−(h_k)Ω

where

G^{aa}_{ϵϵϵ}′_ϵ′ (ξ_1, ξ_2, ξ_3, ξ_4) = G_{ϵϵϵ}′_ϵ′ (ξ_1, ξ_2, ξ_3, ξ_4) − G_{ϵϵϵ}′_ϵ′ (ξ_1, ξ_2, ξ_4, ξ_3) −G_{ϵϵϵ}′_ϵ′ (ξ_2, ξ_1, ξ_3, ξ_4) + G_{ϵϵϵ}′_ϵ′ (ξ_2, ξ_1, ξ_4, ξ_3) .

We have the following proposition Proposition 3.4. We have, for ϵ ≠ ϵ^′

(i) ‖A_ϵ‖ = ‖A^∗_ϵ ‖ ≤ ‖G^a_ϵ ‖_L2_{(Σϵ×Σϵ)} (ii) ‖A_{ϵϵ}′ ‖ = ‖A^∗_{ϵϵ}′ ‖ ≤ ‖G_{ϵϵ}′ ‖_L2_{(Σϵ×Σϵ′ )} (iii) ‖A_{ϵϵ}′_ϵ‖ = ‖A^∗_{ϵϵ}′_ϵ‖ ≤ ‖G^a_{ϵϵ}′_ϵ‖_L2_{(Σϵ×Σϵ′ ×Σϵ)} (iv) ‖A_{ϵϵϵ}′_ϵ′ ‖ = ‖A^∗_{ϵϵϵ}′_ϵ′ ‖ ≤ ‖G^{aa}_{ϵϵϵ}′_ϵ′ ‖_L2_{(Σϵ×Σϵ×Σϵ′ ×Σϵ′ )} Proof. For the proof of (i) we restrict ourselves to A_+. The case of A_− is similar. Since � � � � ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ n� k=1 b^∗_+(h_k)Ω � � � � 1≤α<β≤m

is an orthonormal family, it follows

from (10) that

‖A_+Φ^{(ℓ,m,n)}‖^2 = � 1≤α<β≤m

|⟨G_+, g_α ⊗ g_β⟩|^2_L2_{(Σ+×Σ+)} ≤ ‖G^a_+‖^2_L2_{(Σ+×Σ+)}‖Φ^{(ℓ,m,n)}‖^2 .

In order to prove (i), it is enough to show that ‖A_+Ψ‖^2 ≤ ‖G^a_+‖^2‖Ψ‖^2 (17) for every Ψ ∈ F_{0,D}.

The most significant finite linear combination of basis vectors is the following one Ψ = N� μ=1 P� ν=1 λ_{μν} ℓ� i=1 b^∗_d(f_i) ⊗ m−1� j=1 b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ n−1� k=1 b^∗_−(h_k)b^∗_−(h_{nν} )Ω (18)

Here N and P are positive integers and we have m − 1 < m_1 < m_2 < . . . < m_N and n − 1 < n_1 < n_2 < . . . < n_P . From now on we restrict ourselves to finite linear combination of the form (18). The proof of inequality (17) is easier for any other finite linear combination of basis vectors. Note that ‖Ψ‖^2 =

�_N μ=1 �_P

ν=1 |λ_{μν} |^2. By (10) we get

A_+Ψ = N� μ=1 P� ν=1 � 1≤α<β≤m−1

(−1)^{α+β} λ_{μν} ⟨G^a_+, g_α ⊗ g_β ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α,j≠β

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ n−1� k=1 b^∗_−(h_k)b^∗_−(h_{nν} )Ω

+ P� ν=1 � 1≤α≤m−1

(−1)^{α+m} � � N� μ=1 λ_{μν} ⟨G^a_+, g_α ⊗ g_{mμ} ⟩ � � ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j ) ⊗ n−1� k=1 b^∗_−(h_k)b^∗_−(h_{nν} )Ω .

(19)

The right hand side of (19) is a linear combination of vectors of an orthogonal family. Thus

‖A_+Ψ‖^2 = � 1≤α<β≤m−1 ( P� ν=1 N� μ=1 |λ_{μν} |^2)|⟨G^a_+, g_α ⊗ g_β ⟩|^2

+ � 1≤α≤m−1 P� ν=1 | N� μ=1 λ_{μν} ⟨G^a_+, g_α ⊗ g_{mμ} ⟩|^2

By the Cauchy-Schwarz inequality we get

‖A_+Ψ‖^2 ≤( N� μ=1 P� ν=1 |λ_{μν} |^2) � � 1≤α<β≤m−1 � ⟨G^a_+, g_α ⊗ g_β ⟩

�_2

+ � 1≤α≤m−1 N� μ=1 |⟨G^a_+, g_α ⊗ g_{mμ} ⟩|^2 � ≤ ‖G^a_+‖^2‖Ψ‖^2 .

This concludes the proof of (i).

Since � � � ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠β

b^∗_+(h_k)Ω � � � 1≤α≤m

1≤β≤n

is an orthonormal family

we have

‖A_{+−}Φ^{(ℓ,m,n)}‖^2 = m� α=1 n� β=1 |⟨G_{+−}, g_α ⊗ h_β⟩|^2 ≤ ‖G_{+−}‖^2‖Φ^{(ℓ,m,n)}‖^2

Let Ψ be of the form (18). By (14) we get

A_{+−}Ψ = (−1)^m N� μ=1 P� ν=1 m−1� α=1 n−1� β=1 (−1)^{α+β} λ_{μν} ⟨G_{+−}, g_α ⊗ h_β⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ � k∈{1,... ,n−1}

k≠β

b^∗_−(h_k)b^∗_−(h_{nν} )Ω

+ (−1)^m N� μ=1 n−1� β=1 (−1)^β P� ν=1 λ_{μν} ⟨G_{+−}, g_{mμ} ⊗ h_β ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ m−1� j=1 b^∗_+(g_j ) ⊗ � k∈{1,... ,n−1}

k≠β

b^∗_−(h_k)b^∗_−(h_{nν} )Ω

+ (−1)^{m+n} P� ν=1 m−1� α=1 (−1)^α N� μ=1 λ_{μν} ⟨G_{+−}, g_α ⊗ h_{nν} ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ n−1� k=1 b^∗_−(h_k)Ω

+ (−1)^n � � N� μ=1 P� ν=1 λ_{μν} ⟨G_{+−}, g_{mμ} ⊗ h_{nν} ⟩ � � ℓ� i=1 b^∗_d(f_i) ⊗ m−1� j=1 b^∗_+(g_j ) ⊗ n−1� k=1 b^∗_−(h_k)Ω

(20) The right hand side of (20) is a linear combination of vectors of an orthogonal family. Thus we obtain

‖A_{+−}Ψ‖^2 = N� μ=1 P� ν=1 m−1� α=1 n−1� β=1 |λ_{μν} |^2|⟨G_{+−}, g_α ⊗ h_β⟩|^2 + n−1� β=1 P� ν=1 � � N� μ=1 λ_{μν} ⟨G_{+−}, g_{mμ} ⊗ h_β⟩ � �^2

+ m−1� α=1 N� μ=1 � �^P� μ=1 λ_{μν} ⟨G_{+−}, g_α ⊗ h_{nν} ⟩ � �^2 + � �^N� μ=1 P� ν=1 λ_{μν} ⟨G_{+−}, g_{mμ} ⊗ h_{nν} ⟩ � �^2 .

By the Cauchy-Schwarz inequality we get

‖A_{+−}Ψ‖^2 ≤ N� μ=1 P� ν=1 |λ_{μν} |^2 m−1� α=1 n−1� β=1 |⟨G_{+−}, g_α ⊗h_β ⟩|^2 + n−1� β=1 P� ν=1 N� μ=1 |λ_{μν} |^2 N� μ=1 |⟨G_{+−}, g_{mμ} ⊗h_β ⟩|^2

+ m−1� α=1 N� μ=1 P� ν=1 |λ_{μν} |^2 P� ν=1 |⟨G_{+−}, g_α ⊗h_{nν} ⟩|^2 + N� μ=1 P� ν=1 |λ_{μν} |^2 N� μ=1 P� ν=1 |⟨G_{+−}, g_{mμ} ⊗h_{nν} ⟩|^2

≤ N� μ=1 P� ν=1 |λ_{μν} |^2

�_{m−1} � α=1 n−1� β=1 |⟨G_{+−}, g_α ⊗ h_β⟩|^2 + n−1� β=1 N� μ=1 |⟨G_{+−}, g_{mμ} ⊗ h_β⟩|^2

+ m−1� α=1 P� ν=1 |⟨G_{+−}, g_α ⊗ h_{nν} |^2 + N� μ=1 P� ν=1 |⟨G_{+−}, g_{mμ} ⊗ h_{nν} ⟩|^2 � ≤ ‖G_{+−}‖^2‖Ψ‖^2 .

The proof for A_{−+} is the same. This concludes the proof of (ii).

Since � � � ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠γ,k≠β

b^∗_−(h_k)Ω � � � 1≤α≤m

1≤γ<β≤n

is an orthonormal family, by (15) we get

‖A_{−+−}Φ^{(ℓ,m,n)}‖^2 = m� α=1 n� β=1 � 1≤γ<β≤n

|⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_β ⟩|^2 ≤ ‖G^a_{−+−}‖^2‖Φ^{(ℓ,m,n)}‖^2

Let now Ψ be of the form (18). By (15) we obtain

A_{−+−}Ψ = N� μ=1 P� ν=1 λ_{μν} m−1� α=1 n−1� β=1 (−1)^{α+β} � 1≤γ<β

(−1)^{γ+1}⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_β⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ � k∈{1,... ,n−1}

k≠β,k≠γ

b^∗_−(h_k)b^∗_−(h_{nν} )Ω

+ P� ν=1 n−1� β=1 (−1)^{m+β} � 1≤γ<β

(−1)^{γ+1} N� μ=1 λ_{μν} ⟨G^a_{−+−}, h_γ ⊗ g_{mμ} ⊗ ⊗h_β⟩ ℓ� i=1 b^∗_d(f_i) ⊗ m−1� j=1 b^∗_+(g_j ) ⊗ � k∈{1,... ,n−1}

k≠β,k≠γ

b^∗_−(h_k)b^∗_−(h_{nν} )Ω

+ N� μ=1 m−1� α=1 (−1)^{α+n} � 1≤γ<n

(−1)^{γ+1} P� ν=1 λ_{μν} ⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_{nν} ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ � k∈{1,... ,n−1}

k≠γ

b^∗_−(h_k)Ω

+ (−1)^{m+n} � 1≤γ≤n−1

(−1)^{γ+1} N� μ=1 P� ν=1 λ_{μν} ⟨G^a_{−+−}, h_γ ⊗ g_{mμ} ⊗ h_{nν} ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ m−1� j=1 b^∗_+(g_j ) ⊗ � k∈{1,... ,n−1}

k≠γ

b^∗_−(h_k)Ω

(21)

The right hand side of (21) is a linear combination of vectors of an orthogonal family. Thus

‖A_{−+−}Ψ‖^2 = N� μ=1 P� ν=1 |λ_{μν} |^2 m−1� α=1 n−1� β=1 � 1≤γ<β

|⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_β⟩|^2

+ m−1� α=1 � 1≤γ≤n−1 N� μ=1 � � � P� ν=1 λ_{μν} ⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_{nν} ⟩ � � � 2

+ n−1� β=1 � 1≤γ<β≤n−1 P� ν=1

� � � � N� μ=1 λ_{μν} ⟨G^a_{−+−}, h_γ ⊗ g_{mμ} ⊗ h_β⟩ � � � � 2

+ � 1≤γ≤n−1

� � � � N� μ=1 P� ν=1 λ_{μν} ⟨G^a_{−+−}, h_γ ⊗ g_{mμ} ⊗ h_{nν} ⟩ � � � � 2

By the Cauchy-Schwarz inequality we get

‖A_{−+−}Ψ‖^2 ≤ N� μ=1 P� ν=1 |λ_{μν} |^2

�_{m−1} � α=1 n−1� β=1 � 1≤γ<β

|⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_β ⟩|^2

+ m−1� α=1 � 1≤γ≤n−1 P� ν=1 |⟨G^a_{−+−}, h_γ ⊗ g_α ⊗ h_{nν} ⟩|^2

+ n−1� β=1 � 1≤γ<β N� μ=1 |⟨G^a_{−+−}, h_γ ⊗ g_{mμ} ⊗ h_β ⟩|^2

+ n−1� γ=1 N� μ=1 P� ν=1 |⟨G^a_{−+−}, h_γ ⊗ g_{mμ} ⊗ h_{nν} ⟩|^2 � ≤ ‖G^a_{−+−}‖^2‖Ψ‖^2 .

The proof of the estimate for A_{−+−} is the same. This concludes the proof of (iii).

Since � � � � ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m}

j≠α,j≠β

b^∗_+(g_j ) ⊗ � k∈{1,... ,n}

k≠γ,k≠δ

b^∗_−(h_k)Ω � � � � 1≤α<β≤m

1≤γ<δ≤n

is an orthonormal family, we get from (16)

‖A_{++−−}Φ^{(ℓ,m,n)}‖^2 = � 1≤α<β≤m � 1≤γ<δ≤n

|⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_δ⟩|^2

≤ ‖G^{aa}_{−−++}‖^2‖Φ^{(ℓ,m,n)}‖^2 Let now Ψ be of the form (18). By(16) we then get

A_{++−−}Ψ = N� μ=1 P� ν=1 λ_{μν} � 1≤γ<δ≤n−1

(−1)^{γ+δ} � 1≤α<β≤m−1

(−1)^{α+β} ⟨G^{aa}_{++−−}, g_α ⊗g_β ⊗h_γ ⊗h_δ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α,j≠β

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ � k∈{1,... ,n−1}

k≠γ,k≠δ

b^∗_−(h_k)b^∗_−(h_{nν} )Ω

(22)

+ N� μ=1 � 1≤γ≤n−1

(−1)^{γ+n} � 1≤α<β≤m−1

(−1)^{α+β} P� ν=1 λ_{μν} ⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_{nν} ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α,j≠β

b^∗_+(g_j )b^∗_+(g_{mμ} ) ⊗ � j∈{1,... ,n−1}

k≠γ

b^∗_−(h_k)Ω

+ P� ν=1 � 1≤α≤m−1

(−1)^{α+m} � 1≤γ<δ≤n−1

(−1)^{γ+δ} N� μ=1 λ_{μν} ⟨G^{aa}_{++−−}, g_α ⊗ g_{mμ} ⊗ h_γ ⊗ h_δ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n−1}

k≠γ,k≠δ

b^∗_−(h_k)b^∗_−(h_{nν} )Ω

+ � 1≤α≤m−1

(−1)^{α+m} � 1≤γ≤n−1

(−1)^{γ+n} N� μ=1 P� ν=1 λ_{μν} ⟨G^{aa}_{++−−}, g_α ⊗ g_{mμ} ⊗ h_γ ⊗ h_{nν} ⟩ ℓ� i=1 b^∗_d(f_i) ⊗ � j∈{1,... ,m−1}

j≠α

b^∗_+(g_j ) ⊗ � k∈{1,... ,n−1}

k≠γ

b^∗_−(h_k)Ω .

The right hand side of (22) is a linear combination of vectors of an orthogonal family. Thus

‖A_{++−−}Ψ‖^2 = N� μ=1 P� ν=1 |λ_{μν} |^2 � 1≤α<β≤m−1 � 1≤γ<δ≤n−1

|⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_δ⟩|^2

+ � 1≤γ≤n−1 � 1≤α<β≤n−1 N� μ=1 � � � P� ν=1 λ_{μν} ⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_{nν} ⟩ � � � 2

+ � 1≤α≤m−1 � 1≤γ<δ≤n−1 P� ν=1

� � � � N� μ=1 λ_{μν} ⟨G^{aa}_{++−−}, g_α ⊗ g_{mμ} ⊗ h_γ ⊗ h_δ ⟩ � � � � 2

+ � 1≤α≤m−1 � 1≤γ≤n−1

� � � � N� μ=1 P� ν=1 λ_{μν} ⟨G^{aa}_{++−−}, g_α ⊗ g_{mμ} ⊗ h_γ ⊗ h_{nν} ⟩ � � � � 2

(23)

By the Cauchy-Schwarz inequality and (23) we get

‖A_{++−−}Ψ‖^2 ≤ N� μ=1 P� ν=1 |λ_{μν} |^2 � 1≤α<β≤m−1 � 1≤γ<δ≤n−1

|⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_δ ⟩|^2

+ � 1≤γ≤n−1 � 1≤α<β≤n−1 N� μ=1 P� ν=1 |λ_{μν} |^2|⟨G^{aa}_{++−−}, g_α ⊗ g_β ⊗ h_γ ⊗ h_{nν} ⟩|^2

+ � 1≤α≤m−1 � 1≤γ<δ≤n−1 P� ν=1 N� μ=1 |λ_{μν} |^2 N� μ=1 |⟨G^{aa}_{++−−}, g_α ⊗ g_{mμ} ⊗ h_γ ⊗ h_δ ⟩|^2

+ � 1≤α≤m−1 � 1≤γ≤n−1 N� μ=1 P� ν=1 |λ_{μν} |^2 N� μ=1 P� ν=1 |⟨G^{aa}_{++−−}, g_α ⊗ g_{mμ} ⊗ h_γ ⊗ h_{nν} ⟩|^2

which yields ‖A_{++−−}Ψ‖ ≤ ‖G^{aa}_{++−−}‖‖Ψ‖ The proof for A_{−−++} is the same as above. This concludes the proof of (iv).

Proposition 3.4 is thus proved.

Remark 3.5. The following formal operators � dξ_1 dξ_2 G_ϵ(ξ_1, ξ_2)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2) , � dξ_1 dξ_2 G_{ϵϵ}′ (ξ_1, ξ_2)b^∗_ϵ (ξ_1)b^∗_ϵ′ (ξ_2) , � dξ_1 dξ_2 dξ_3 G_{ϵϵ}′_ϵ(ξ_1, ξ_2, ξ_3)b^∗_ϵ (ξ_1)b^∗_ϵ′ (ξ_2)b^∗_ϵ (ξ_3) ,

and � dξ_1 dξ_2 dξ_3 dξ_4 G_{ϵϵϵ}′_ϵ′ (ξ_1, ξ_2, ξ_3, ξ_4)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b^∗_ϵ′ (ξ_3)b^∗_ϵ′ (ξ_4) ,

are the ones associated respectively with A^∗_ϵ , A^∗_{ϵ,ϵ}′ , A^∗_{ϵ,ϵ}′_{,ϵ} and A^∗_{ϵϵϵ}′_ϵ′ , as quadratic forms on F_{0,D} × F_{0,D}.

We now investigate operators in F_D built from a product of creation and annihilation operators. Let us introduce

F_{D,fin} = � Ψ = (Ψ^{(q,r,s)})_{q≥0,r≥0,s≥0}; Ψ^{(q,r,s)} is in the Schwartz space and

Ψ^{(q,r,s)} = 0 for all but finitely many (q, r, s) � .

F_{D,fin} is a core for N_D. For G_ϵ ∈ L^2, by mimicking the proof of [32, Theorem X.44], one can show that there exists two operators, denoted by B_ϵ (ϵ ∈ {+, −}), such that B_ϵ are the unique operators in F_D such that F_{D,fin} ⊂ D(B_ϵ) is a core for B_ϵ and

B_ϵ = � Σ_ϵ×Σ_ϵ

dξ_1 dξ_2G_ϵ(ξ_1, ξ_2)b^∗_ϵ (ξ_1)b_ϵ(ξ_2) and B^∗_ϵ = − � Σ_ϵ×Σ_ϵ

dξ_1 dξ_2G_ϵ(ξ_1, ξ_2)b^∗_ϵ (ξ_1)b_ϵ(ξ_2) (24)

as quadratic forms on F_{D,fin} × F_{D,fin}.

We then have the following proposition whose proof is borrowed from [18] Proposition 3.6. For G_ϵ ∈ L^2(Σ_ϵ × Σ_ϵ) we have ‖B_ϵ (N_D + 1)^{−1/2}‖ ≤ ‖G‖_L2 , (25) and ‖(N_D + 1)^{−1/2} B_ϵ‖ ≤ ‖G‖_L2 . (26) Proof. Since N_D is a self-adjoint operator, (26) follows from (24) and (25). We only investigate B_+ since the proof for B_− is the same.

Let Ψ = (Ψ^{(q,r,s)}) and Φ = (Φ^{(q′,r′,s′)} be two vectors in F_{D,fin}. We have ⟨Φ^{(q′,r′,s′)}, B_+Ψ^{(q,r,s)}⟩_{FD} = δ_{qq}′ δ_{rr}′ δ_{ss}′ � Σ_+×Σ_+

G_+(ξ_1, ξ_2)⟨b_+(ξ_1)Φ^{(q,r,s)}, b_+(ξ_2)Ψ^{(q,r,s)}⟩_F(q,r−1,s)_a dξ_1 dξ_2

Thus B_+Ψ^{(q,r,s)} ∈ F^{(q,r,s)}_a for every triple (q, r, s). Therefore, we only need to estimate ⟨Φ^{(q,r,s)}, B_+Ψ^{(q,r,s)}⟩ for every triple (q, r, s). By the Fubini theorem we have

|⟨Φ^{(q,r,s)}, B_+Ψ^{(q,r,s)}⟩|^2 = � � � � � b_+(ξ_1)Φ^{(q,r,s)}, � G_+(ξ_1, ξ_2)b_+(ξ_2)Ψ^{(q,r,s)}dξ_2 � dξ_1 � � � 2

By the Cauchy-Schwarz inequality and the fact that ‖b_+(f)‖ = ‖f‖, we get

|⟨Φ^{(q,r,s)}, B_+Ψ^{(q,r,s)}⟩|^2 ≤ � Σ_+

‖b_+(ξ_1)Φ^{(q,r,s)}‖ � Σ_+

|G_+(ξ_1, ξ_2)|^2dξ_2

� 1_2 dξ_1

�_2 ‖Ψ^{(q,r,s)}‖^2

Applying again Cauchy-Schwarz inequality and the definition of b_+(ξ), we finally get |⟨Φ^{(q,r,s)}, B_+Ψ^{(q,r,s)}⟩|^2 ≤ r‖G_+‖^2‖Φ^{(q,r,s)}‖^2‖Ψ^{(q,r,s)}‖^2 ≤ ‖G_+‖^2‖Φ^{(q,r,s)}‖^2‖(N_D + 1)^{12} Ψ^{(q,r,s)}‖^2 .

(27)

Since B_+Ψ^{(q,r,s)} ∈ F^{(q,r,s)}_a , we have |⟨Φ, B_+Ψ^{(q,r,s)}⟩|^2 ≤ ‖G_+‖^2‖Φ‖^2‖(N_D + 1)^{12} Ψ^{(q,r,s)}‖^2 , (28) for every Φ ∈ F_{D,fin}. Now, since F_{D,fin} is dense in F_D, inequality (28) holds for all Φ ∈ F_D and all triples (q, r, s). Therefore, we have ‖B_+Ψ^{(q,r,s)}‖^2 ≤ ‖G_+‖^2‖(N_D + 1)^{12} Ψ^{(q,r,s)}‖^2 which yields ‖B_+Ψ‖ ≤ ‖G_+‖ ‖(N_D + 1)^{12} Ψ‖ (29) for every Ψ ∈ F_{D,fin}. Since F_{D,fin} is a core for (N_D +1)^12 , D(B_+) ⊂ D((N_D +1)^12 ) and (29) is still true for every Ψ ∈ D((N_D + 1)^12 ). This concludes the proof of Proposition 3.6. Remark 3.7. Inequalities (25) and (26) are the best estimates that we can get. Indeed, set Φ^{(l,m,n)} = ℓ� i=1 b^∗_d(f_i) ⊗ m� j=1 b^∗_+(g_j ) ⊗ n� k=1 b^∗_−(h_k)Ω

we have

B_+Φ^{(l,m,n)} = m� α=1 ⟨G_+, g_α ⊗ g_α⟩Φ^{(l,m,n)}

+ m� α=1 (−1)^{α+1} ∞� β=m+1

⟨G_+, g_β ⊗ g_α⟩ ℓ� i=1 b^∗_d(f_i) ⊗ b^∗_+(g_β ) � j∈{1,... ,m}

j≠α

b^∗_+(g_j ) ⊗ n� k=1 b^∗_−(h_k)Ω .

(30)

Two different vectors in the right hand side of (30) are orthogonal. Therefore, we get

‖B_+Φ^{(ℓ,m,n)}‖^2 = � � � m� α=1 ⟨G_+, g_α ⊗ g_α⟩ � � � 2 + m� α=1 ∞� β=m+1

|⟨G_+, g_β ⊗ g_α⟩|^2

from which we deduce ‖B_+Φ^{(ℓ,m,n)}‖^2 ≤ m‖G_+‖^2‖Φ^{(ℓ,m,n)}‖^2 ≤ ‖G_+‖^2‖N^{12}_DΦ^{(ℓ,m,n)}‖^2 .

We now have the following lemmas Lemma 3.8. Let A (resp. B) be a positive self-adjoint operator in the Hilbert space H_1 (resp. H_2) with domain D(A) (resp. D(B)).

Then the operator H_0 = A ⊗ 1l + 1l ⊗ B with domain D(A ⊗ 1l) ∩ D(1l ⊗ B) is self-adjoint in H_1 ⊗ H_2 and we have ‖(A ⊗ 1l) ψ‖ ≤ ‖H_0 ψ‖ , ‖(1l ⊗ B) ψ‖ ≤ ‖H_0 ψ‖ , for every ψ ∈ D(A ⊗ 1l) ∩ D(1l ⊗ B).

Proof. The operators A ⊗ 1l, 1l ⊗ B and A ⊗ 1l + 1l ⊗ B are essentially self-adjoint on D(A) ⊗ D(B), the algebraic tensor product of D(A) and D(B). (See [32, chap.VIII]). Let ~H_0 be the self-adjoint extension of A ⊗ 1l + 1l ⊗ B defined on D(A) ⊗ D(B). The lemma is proved if we show that D( ~H_0) is contained in D(A ⊗ 1l) ∩ D(B ⊗ 1l). Let (u_n)_{n≥1} be a sequence such that u_n ∈ D(A) ⊗ D(B), u_n −→_{n→∞} u and ~H_0 u_n −→_{n→∞} w in H_1 ⊗ H_2. We have

‖ ~H_0(u_n − u_m)‖^2 = ‖(A ⊗ 1l + 1l ⊗ B) (u_n − u_m)‖^2 = ‖(A ⊗ 1l) (u_n − u_m)‖^2 + ‖(1l ⊗ B) (u_n − u_m)‖^2 + 2‖A^{1/2} ⊗ B^{1/2}(u_n − u_m)‖^2 Therefore ‖ ~H_0(u_n − u_m)‖ ≥ ‖(A ⊗ 1l) (u_n − u_m)‖ , ‖ ~H_0(u_n − u_m)‖ ≥ ‖(1l ⊗ B) (u_n − u_m)‖ .

Thus, the sequences ((A ⊗ 1l)u_n)_{n≥1} and ((A ⊗ B)u_n)_{n≥1} are convergent in H_1 ⊗ H_2. Finally it follows from the self-adjointness of A ⊗ 1l and 1l ⊗ B that u ∈ D(A ⊗ 1l) ∩ D(1l ⊗ B), (A ⊗ 1l)u_n −→_{n→∞}(A ⊗ 1l)u, (1l ⊗ B)u_n −→_{n→∞}(1l ⊗ B)u and ~H_0 u_n −→_{n→∞} ~H_0u = H_0u = w. Hence the lemma is proved.

The proof of the following lemma is easy. Lemma 3.9. Let E_0 = inf_{(γ,n)∈Dd} E_{γ,n} > 0. We have E_0‖N_D Ψ‖ ≤ ‖dΓ(H_D) Ψ‖ for any Ψ ∈ D(dΓ(H_D)).

Applying Lemma 3.8 to A = dΓ(H_D) and B = H_{ph} we get, from Lemma 3.9, the following result Proposition 3.10. For any Ψ ∈ D(dΓ(H_D) ⊗ 1l) ∩ D(1l ⊗ H_{ph}), we have E_0‖ (N_D ⊗ 1l) Ψ‖ ≤ ‖H_0Ψ‖

‖ (1l ⊗ H_{ph}) Ψ‖ ≤ ‖H_0Ψ‖ where H_0 = dΓ(H_D) ⊗ 1l + 1l ⊗ H_{ph}

3.1 Proof of Theorem 2.2 The proof of Theorem 2.2 is achieved by showing that H^{(1)}_I and H^{(2)}_I ⊗ 1l are relatively H_0-bounded.

We first treat H^{(1)}_I . The result follows from Lemma 3.11 and Corollary 3.12. Then we study all the quartic terms that appear in H^2_I , and the results are collected in Corollary 3.15. In both cases, details of proofs are given in the Appendix.

The interaction between electrons, positrons and transversal photons can be written in the following form (See Section 2.4)

H^{(1)}_I = 6� i=1 � μ=1,2 � d^3k(v^μ_i (k) ⊗ a^∗_μ(k) + v^μ_i^∗(k) ⊗ a_μ(k)) (31)

where

v^μ_1 (k) = � γ,γ^′,n,ℓ

G^μ_{d,γ,γ}′_{,n,ℓ}(k)b^∗_{γ,n}b_γ′_{,l} ,

v^μ_2 (k) = � γ,γ^′,n � dp G^μ_{d,+,γ,γ′,n}(p; k)(b^∗_{γ,n}b_γ′_{,+}(p) + b^∗_{γ,+}(p)b_γ′_{,n}) ,

v^μ_3 (k) = � γ,γ^′,n � dp G^μ_{d,−,γ,γ′,n}(p; k)(b^∗_{γ,n}b^∗_γ′_{,−}(p) + b_{γ,−}(p)b_γ′_{,n}) ,

v^μ_4 (k) = � γ,γ^′ � � dp dp^′G^μ_{+,−,γ,γ′} (p, p^′; k)(b^∗_{γ,+}(p)b^∗_γ′_{,−}(p^′) + b_{γ,−}(p)b_γ′_{,+}(p^′)) ,

v^μ_5 (k) = � γ,γ^′ � � dp dp^′G^μ_{+,+,γ,γ′} (p, p^′; k)b^∗_{γ,+}(p)b_γ′_{,+}(p^′) ,

v^μ_6 (k) = � γ,γ^′ � � dp dp^′G^μ_{−,−,γ,γ′} (p, p^′; k)b^∗_{γ,−}(p)b_γ′_{,−}(p^′) .

It follows from Proposition 3.4, Proposition 3.6 and Lemma 3.9 that v^μ_i (k), i ≠ 5, 6, v^μ_j (k)^∗(N_D + 1)^{−1/2}, (N_D + 1)^{−1/2}v^μ_j (k), j = 5, 6 are bounded from F_D into F_D.

For β = 0, 1, μ = 1, 2 and i ∈ {1, 2, . . . , 6}, we set

a^μ_{β,i} = � R^3

ω(k)^{−β} ‖v^μ_i (k)‖^2d^3k

�_{1/2} , i ≠ 5, 6

a^μ_{β,i} = � R^3

ω(k)^{−β} ‖v^μ_i (k)(N_D + 1)^{−1/2}‖^2d^3k

�_{1/2} , i = 5, 6.

(32)

b^μ_i = � ω(k)^{−1}‖v^μ_i (k)‖^2d^3k

�_{1/2} , i ≠ 5, 6

b^μ_i = � ω(k)^{−1}‖(N_D + 1)^{−1/2} v^μ_i (k)‖^2d^3k

�_{1/2} , i = 5, 6.

(33)

Lemma 3.11. For every Ψ ∈ D(H_0), we have � � � d^3k v^μ_i (k)^∗ ⊗ a_μ(k) Ψ � � ≤ b^{μi}√

E_0

‖(H_0 + m_0c^2)Ψ‖, (34)

� � � � d^3k v^μ_i (k) ⊗ a^∗_μ(k) Ψ � � � 2 ≤ � (a^μ_{1,i})^2

E_0 + ε (a^μ_{0,i})^2

E^2_0 � ‖(H_0 + m_0c^2)Ψ‖^2

+ (a^μ_{0,i})^2 4ε ‖Ψ‖^2

(35)

for every ε > 0.

Proof. In the appendix, we prove that, for every Ψ ∈ D(H_0) and every ε > 0, we have � � � � d^3k v^μ_i (k)^∗ ⊗ a_μ(k) Ψ � � � ≤ b^μi ‖(N^D + 1)^{1/2} ⊗ H^{1/2}ph Ψ‖, (36) � � � � d^3k v^μ_i (k) ⊗ a^∗_μ(k) Ψ � � � 2 ≤ (a^μ_{1,i})^2‖(N_D + 1)^{1/2} ⊗ H^{1/2}_{ph} Ψ‖^2

+(a^μ_{0,i})^2 � ε‖(N_D + 1) ⊗ 1l Ψ‖^2 + 1 4ε ‖Ψ‖^2 � , (37)

which together with Lemma 3.8 and Lemma 3.9 give (34) and (35) by noting that E_0 < m_0c^2.

Finally, from (31), (34) and (35), we get

Corollary 3.12. The operator H^{(1)}_I is (H_0 + m_0c^2)-bounded, with relative bound

C^′_1 = � μ=1,2 6� i=1 a^μ_{1,i} + b^μ_{1,i} √ E_0 .

We now treat the term H^{(2)}_I .

For F^{(1)} ∈ L^2, the following formal operator � dξ_1 dξ_2 dξ_3 dξ_4F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4)b^∗_+(ξ_1)b^∗_−(ξ_2)b_+(ξ_3)b_−(ξ_4)

is defined as a quadratic form on F_{D,fin} × F_{D,fin} in the following way � dξ_1dξ_2dξ_3dξ_4⟨b_−(ξ_2)b_+(ξ_1)Ψ, b_+(ξ_3)b_−(ξ_4)Φ⟩

As for the quadratic terms, one can show that there exists an operator, denoted by C^{(1)} such that C^{(1)} is the unique operator in F_D such that F_{D,fin} ⊂ D(C^{(1)}) is a core for C^{(1)} and C^{(1)} = � dξ_1dξ_2dξ_3dξ_4F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4)b^∗_+(ξ_1)b^∗_−(ξ_2)b_+(ξ_3)b_−(ξ_4) and (C^{(1)})^∗ = � dξ_1dξ_2dξ_3dξ_4F^{(1)}(ξ_3, ξ_4, ξ_1, ξ_2)b^∗_+(ξ_1)b^∗_−(ξ_2)b_+(ξ_3)b_−(ξ_4)

as quadratic forms on F_{D,fin} × F_{D,fin}. In the same way, for F^{(2)}_ϵ , F^{(3)}_{ϵ,ϵ′} and F^{(4)}_{ϵ,ϵ′} in L^2, we define the following operators as quadratic forms on F_{D,fin} × F_{D,fin}

C^{(2)}_ϵ = � dξ_1dξ_2dξ_3dξ_4F^{(2)}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b_ϵ(ξ_3)b_ϵ(ξ_4) ,

(C^{(2)}_ϵ )^∗ = � dξ_1dξ_2dξ_3dξ_4F^{(2)}_ϵ (ξ_4, ξ_3, ξ_2, ξ_1)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b_ϵ(ξ_3)b_ϵ(ξ_4) ,

C^{(3)}_{ϵ,ϵ′} = � dξ_1dξ_2dξ_3dξ_4F^{(3)}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4)b^∗_ϵ (ξ_1)b_ϵ(ξ_2)b_ϵ′ (ξ_3)b_ϵ(ξ_4) ,

(C^{(3)}_{ϵ,ϵ}′ )^∗ = − � dξ_1dξ_2dξ_3dξ_4F^{(3)}_{ϵ,ϵ}′ (ξ_4, ξ_2, ξ_3, ξ_1)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b^∗_ϵ′ (ξ_3)b_ϵ(ξ_4) ,

C^{(4)}_{ϵ,ϵ′} = � dξ_1dξ_2dξ_3dξ_4F^{(4)}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4)b_ϵ(ξ_1)b_ϵ(ξ_2)b_ϵ′ (ξ_3)b_ϵ′ (ξ_4) ,

(C^{(4)}_{ϵ,ϵ′} )^∗ = � dξ_1dξ_2dξ_3dξ_4F^{(4)}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4)b^∗_ϵ (ξ_1)b^∗_ϵ (ξ_2)b^∗_ϵ′ (ξ_3)b^∗_ϵ′ (ξ_4) ,

We now have the following proposition

Proposition 3.13.

(i) For F^{(1)} ∈ L^2 we have

‖C^{(1)}(N_D + 1)^{−1}‖ ≤ 1 √ 2 ‖F^{(1)}‖ and ‖(C^{(1)})^∗(N_D + 1)^{−1}‖ ≤ 1 √ 2 ‖F^{(1)}‖

(ii) For F^{(2)}_ϵ ∈ L^2 we have ‖C^{(2)}_ϵ (N_D + 1)^{−1}‖ ≤ ‖F^{(2),a}_ϵ ‖ and ‖(C^{(2)}_ϵ )^∗(N_D + 1)^{−1}‖ ≤ ‖F^{(2),a}_ϵ ‖ where F^{(2),a}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4) = F^{(2)}_ϵ (ξ_1, ξ_2, ξ_3, ξ_4) − F^{(2)}_ϵ (ξ_1, ξ_2, ξ_4, ξ_3).

(iii) For F^{(3)}_{ϵ,ϵ′} ∈ L^2 we have ‖C^{(3)}_{ϵ,ϵ′} (N_D + 1)^{− 12} ‖ ≤ ‖F^{(3),a}_{ϵ,ϵ′} ‖ and ‖(C^{(3)}_{ϵ,ϵ′} )^∗(N_D + 1)^{− 12} ‖ ≤ ‖F^{(3),a}_{ϵ,ϵ′} ‖

where F^{(3),a}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4) = F^{(3)}_{ϵ,ϵ′} (ξ_1, ξ_2, ξ_3, ξ_4) − F^{(3)}_{ϵ,ϵ′} (ξ_1, ξ_4, ξ_3, ξ_2).

(iv) For F^{(4)}_{ϵ,ϵ′} ∈ L^2 we have ‖C^{(4)}_{ϵ,ϵ′} ‖ ≤ ‖F^{(4),aa}_{ϵ,ϵ′} ‖ and ‖(C^{(4)}_{ϵ,ϵ′} )^∗‖ ≤ ‖F^{(4),aa}_{ϵ,ϵ′} ‖

where F^{(4),aa}_{ϵ,ϵ}′ (ξ_1, ξ_2, ξ_3, ξ_4) = F^{(4)}_{ϵ,ϵ}′ (ξ_1, ξ_2, ξ_3, ξ_4) − F^{(4)}_{ϵ,ϵ}′ (ξ_1, ξ_2, ξ_4, ξ_3) − F^{(4)}_{ϵ,ϵ′} (ξ_2, ξ_1, ξ_3, ξ_4) + F^{(4)}_{ϵ,ϵ′} (ξ_2, ξ_1, ξ_4, ξ_3).

Proof. We mimick the proof of Proposition 3.6 by using Proposition 3.4. We first prove (i). Let Ψ = (Ψ^{(q,r,s)}) and Φ = (Φ^{(q,r,s)}) be two vectors of F_{D,fin}. We have

⟨Φ^{(q′,r′,s′)}, C^{(1)}Ψ^{(q,r,s)}⟩ = δ_{q,q}′ δ_{r,r}′ δ_{s,s}′ × � dξ_1dξ_2dξ_3dξ_4F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4)⟨b_−(ξ_2)b_+(ξ_1)Φ^{(q,r,s)}, b_+(ξ_3)b_−(ξ_4)Ψ^{(q,r,s)}⟩

Thus C^{(1)}Ψ^{(q,r,s)} ∈ F^{(q,r,s)}_a for every triple (q, r, s). By the Fubini Theorem we get

|⟨Φ^{(q′,r′,s′)}, C^{(1)}Ψ^{(q,r,s)}⟩| = � � � � � b_−(ξ_2)b_+(ξ_1)Ψ^{(q,r,s)}, � F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4)b_+(ξ_3)b_−(ξ_4)Ψ^{(q,r,s)}dξ_3dξ_4 � dξ_1dξ_2 � � � By the Cauchy-Schwarz inequality and Proposition 3.4(ii) we get

|⟨Φ^{(q,r,s)}, C^{(1)}Ψ^{(q,r,s)}⟩|^2 ≤ � ‖b_−(ξ_2)b_+(ξ_1)Ψ^{(q,r,s)}‖ � |F^{(1)}(ξ_1, ξ_2, ξ_3, ξ_4)|^2dξ_3dξ_4

� 1_2 dξ_1dξ_2

�_2 ‖Ψ^{(q,r,s)}‖^2

Again by the Cauchy-Schwarz inequality and the definitions of b_+(ξ) and b_−(ξ) we finally get |⟨Φ^{(q,r,s)}, C^{(1)}Ψ^{(q,r,s)}⟩|^2 ≤ rs‖F^{(1)}‖^2‖Φ^{(q,r,s)}‖^2‖Ψ^{(q,r,s)}‖^2 ≤ 1 2 ‖F^{(1)}‖^2‖Φ^{(q,r,s)}‖^2‖(N_D + 1)^2Ψ^{(q,r,s)}‖^2 ,

which yields ‖C^{(1)}(N_D + 1)^{−1}‖ ≤ 1 √ 2 ‖F^{(1)}‖_2 .

The estimate for (C^{(1)})^∗ follows directly from above and from ⟨(C^{(1)})^∗Φ^{(q,r,s)}, Ψ^{(q,r,s)}⟩ = ⟨(Φ^{(q,r,s)}, C^{(1)}Ψ^{(q,r,s)}⟩

Let us now prove (ii). We consider only the case of C^{(2)}_+ , since the proof for C^{(2)}_− is the same. We have

⟨ϕ^{(q′,r′,s′)}, C^{(2)}_+ Ψ^{(q,r,s)}⟩ = δ_{qq}′ δ_{rr}′ δ_{ss}′ × � dξ_1dξ_2dξ_3dξ_4F^{(2)}_+ (ξ_1, ξ_2, ξ_3, ξ_4)⟨b_+(ξ_2)b_+(ξ_1)Φ^{(q,r,s)}, b_+(ξ_3)b_+(ξ_4)Ψ^{(q,r,s)}⟩

Thus C^{(2)}_+ Ψ^{(q,r,s)} ∈ F^{(q,r,s)}_a for every triple (q, r, s) and

|⟨Φ^{(q,r,s)}, C^{(2)}_+ Ψ^{(q,r,s)}⟩|^2 = � � � � � b_+(ξ_2)b_+(ξ_1)Φ^{(q,r,s)}, � F^{(2)}_+ (ξ_1, ξ_2, ξ_3, ξ_4)b_+(ξ_3)b_+(ξ_4)Ψ^{(q,r,s)} � dξ_1dξ_2 � � �^2

By the Cauchy-Schwarz inequality and Proposition 3.4(i) we obtain

|⟨Φ^{(q,r,s)}, C^{(2)}_+ Ψ^{(q,r,s)}⟩|^2 ≤ � ‖b_+(ξ_2)b_+(ξ_1)Φ^{(q,r,s)}‖ � |F^{(2),a}_+ (ξ_1, ξ_2, ξ_3, ξ_4)|^2dξ_3dξ_4

� 1_2 dξ_1dξ_2

�_2 ‖Ψ^{(q,r,s)}‖^2

Applying again Cauchy-Schwarz inequality and the definition of b_+(ξ) we get

|⟨Φ^{(q,r,s)}, C^{(2)}_+ Ψ^{(q,r,s)}⟩|^2 ≤r(r − 1)‖F^{(2),a}_+ ‖^2‖Φ^{(q,r,s)}‖^2‖Ψ^{(q,r,s)}‖^2 ≤ ‖F^{(2),a}_+ ‖^2‖Φ^{(q,r,s)}‖^2‖(N_D + 1)Ψ^{(q,r,s)}‖^2 .

We conclude this item as in the proof of Proposition 3.6. We thus obtain

‖C^{(2)}_+ (N_D + 1)^{−1}‖ ≤ ‖F^{(2),a}_ϵ ‖ .

The proof for C^{(2)}_− , (C^{(2)}_+ )^∗ and (C^{(2)}_− )^∗ is similar.

We now prove (iii). We have

⟨Φ^{(q′,r′,s′)}, C^{(3)}_{+−}Ψ^{(q,r,s)}⟩ = δ_q′_{,q}δ_r′_{,r−1}δ_s′_{,s−1} × � dξ_1dξ_2dξ_3dξ_4F^{(3)}_{+−}(ξ_1, ξ_2, ξ_3, ξ_4)⟨b_+(ξ_1)Φ^{(q′,r′,s′)}, b_+(ξ_2)b_−(ξ_3)b_+(ξ_4)Ψ^{(q,r,s)}⟩

Thus C^{(3)}_{+−}Ψ^{(q,r,s)} ∈ F^{q,r−1,s−1)} a for r > 1 and s > 1 and C^{(3)}_{+−}Ψ^{(q,r,s)} = 0 for r ≤ 1 or s ≤ 1.

We then have

|⟨Φ^{(q,r−1,s−1)}, C^{(3)}_{+−}Ψ^{(q,r,s)}⟩|^2 = � � � � � b_+(ξ_1)Φ^{(q,r−1,s−1)}, � F^{(3)}_{+−}(ξ_1, ξ_2, ξ_3, ξ_4)b_+(ξ_2)b_−(ξ_3)b_+(ξ_4)Ψ^{(q,r,s)} � � � 2

Using Cauchy-Schwarz inequality and Proposition 3.4(iii) we obtain |⟨Φ^{(q,r−1,s−1)}, C^{(3)}_{+−}Ψ^{(q,r,s)}⟩|^2 ≤ � ‖b_+(ξ_1)Φ^{(q,r−1,s−1)}‖ � |F^{(3),a}_{+−} (ξ_1, ξ_2, ξ_3, ξ_4)|^2dξ_2dξ_3dξ_4

� 1_2 dξ_1

�_2 ‖Ψ^{(q,r,s)}‖^2

Thus, using Cauchy-Schwarz inequality and the definition of b_+(ξ) we get |⟨Φ^{(q,r−1,s−1)}, C^{(3)}_{+−}Ψ^{(q,r,s)}⟩|^2 ≤ (r − 1)‖F^{(3),a}_{+−} ‖^2‖Φ^{(q,r−1,s−1)}‖^2‖Ψ^{(q,r,s)}‖^2 ≤ ‖F^{(3),a}_{+−} ‖^2‖Φ^{(q,r−1,s−1)}‖^2‖(N_D + 1)^{12} Ψ^{(q,r,s)}‖^2 We conclude as in the proof of Proposition 3.6 that ‖C^{(3)}_{+−}(N_D + 1)^{− 12} ‖ ≤ ‖F^{(3),a}_{+−} ‖ .

The proofs for C^{(3)}_{ϵϵ′} and (C^{(3)}_{ϵϵ′} )^∗ are very similar.

Let us finally prove (iv). We have

⟨Φ^{(q′,r′,s′)}, C^{(4)}_{+−}Ψ^{(q,r,s)}⟩ = δ_{q,q}′ δ_r′_{,r−2}δ_s′_{,s−2} × � dξ_1dξ_2dξ_3dξ_4F^{(4)}_{+−}(ξ_1, ξ_2, ξ_3, ξ_4)⟨Φ^{(q′,r′,s′)}, b_+(ξ_1)b_+(ξ_2)b_−(ξ_3)b_−(ξ_4)Ψ^{(q,r,s)}⟩ .

Thus C^{(4)}_{+−}Ψ^{(q,r,s)} ∈ F^{(q,r−2,s−2)} a for r > 2 and s > 2 and C^{(4)}_{+−}Ψ^{(q,r,s)} = 0 for r ≤ 2 or s ≤ 2.

By Proposition 3.4(iv) we get for r > 2 and s > 2 |⟨Φ^{(q,r−2,s−2)}, C^{(4)}_{+−}Ψ^{(q,r,s)}⟩|^2 ≤ ‖F^{(4),aa}_{+−} ‖^2‖Φ^{(q,r−2,s−2)}‖^2‖Ψ^{(q,r,s)}‖^2 Thus ‖C^{(4)}_{+−}‖ ≤ ‖F^{(4),aa}_{+−} ‖ .

The proof for C^{(4)}_{ϵ,ϵ′} and (C^{(4)}_{ϵϵ′} )^∗ is similar.

This concludes the proof of Proposition 3.13.

Remark 3.14. One can show, as in Remark 3.7 that the estimates (i), (ii), (iii) and (iv) are the best one can get.

As a consequence of Lemmas 3.8, 3.9 and Proposition 3.13 we obtain

Corollary 3.15. For any Ψ ∈ D(N_D) we have

‖H^{(2)}_I Ψ‖ ≤ � 1 √ 2 ‖F^{(1)}‖ + ‖F^{(2),a}_+ ‖ + ‖F^{(2),a}_− ‖ � ‖(N_D + 1)Ψ‖ + � ‖F^{(3),a}_{+−} ‖ + ‖F^{(3),a}_{−+} ‖ � ‖(N_D + 1)^{12} Ψ‖ + � ‖F^{(4),aa}

+− ‖ + ‖F^{(4),aa}_{−+} ‖ � ‖Ψ‖ .

Proof of Theorem 2.2. Supposing that C_0 < ∞, C_1 < ∞ and choosing g_1 and g_2 such that

|g_1| √ E_0 C1 +

|g_2| E_0 ( 1√ 2 ‖F^{(1)}‖+‖F^{(2),a}_+ ‖+‖F^{(2),a}_− ‖) < 1, Theorem 2.2 follows from Proposition 3.6, Corollary 3.12, Corollary 3.15 and Theorem V.4.3 of [27].

4 Proof of Theorem 2.3

Throughout this section we assume that the assumptions of Theorem 2.3 are satisfied. Let us introduce an infrared cutoff in the first part of the interaction

Let H^{(1)}_{I,m} be the operator obtained from (31) by substituting

v^μ_{i,m}(k) := 1_{{k;ω(k)≥m}}v^μ_i (k) , m > 0 ,

for v^μ_i (k). We then define

H_m := H_0 + g_1H^{(1)}_{I,m} + g_2H^{(2)}_I ⊗ 1l.

Theorem 2.3 will be a simple consequence of the following result.

Theorem 4.1. There exists g_0 > 0 such that for every (g_1, g_2) satisfying |g_1| + |g_2| ≤ g_0, the following properties hold.

(i) For every Ψ ∈ D(H_0), H_m Ψ −→_{m→0} HΨ.

(ii) For every m ∈ (0, 1), H_m has a normalized ground state Φ_m.

(iii) Fix λ in (E_0, m_0 c^2). For every m > 0, we have

⟨Φ_m, P_{(−∞,λ]}(dΓ(H_D)) ⊗ P_{Ωph} Φ_m⟩ ≥ 1 − δ_{g1, g2} , (38)

where δ_{g1, g2} tends to zero when |g_1|+|g_2| tends to zero and δ_{g1,g2} < 1 for |g_1|+|g_2| ≤ g_0.

Theorem 2.3 is easily deduced from Theorem 4.1 as follows: Let H_m and Φ_m be the same as in Theorem 4.1. Since ‖Φ_m‖ = 1, there exists a subsequence (Φ_{mk} ) of (Φ_m) such that w − lim Φ_{mk} = Φ.

On the other hand, since P_{(−∞,λ]}(dΓ(H_D)) ⊗ P_{Ωph} is of finite rank for λ ∈ (E_0, m_0c^2), it follows from (38) that

⟨Φ, P_{(−∞,λ]}(dΓ(H_D)) ⊗ P_{Ωph} Φ⟩ ≥ 1 − δ_{g1, g2} ,

which implies that Φ ≠ 0.

Now, in order to conclude the proof of Theorem 2.3, it suffices to apply the following well known result [4]

Lemma 4.2. Let T_n, n ≥ 1, and T be self-adjoint operators on a Hilbert space K having a common core D such that, for all Φ ∈ D, T_nΦ → T Φ as n → ∞. We assume that, for every n ≥ 1, T_n has a normalized ground state Φ_n with ground state energy E_n such that lim_{n→∞} E_n = E and ω − lim_{n→+∞} Φ_n = Φ ≠ 0. Then Φ is a ground state of T with ground state energy E.

Theorem 4.1 will be proved in several steps. We first prove (i). We then prove (iii). Finally, by the periodic approximation method, we will prove the existence of a ground state for H_m, m > 0.

4.1 Proof of (i) of Theorem 4.1

Proof. For m > 0, set ṽ^{μ,m}_i (k) = 1_{{k;ω(k)≤m}}(k) v^μ_i (k).

We denote by ã^{μ,m}_{β,j} (resp. b̃^{μ,m}_j ) the expression (32) and (33) that we obtain by substituting ṽ^{μ,m}_j (k) for v^μ_j (k).

Since H − H_m = g_1(H^{(1)}_I − H^{(1)}_{I,m}), it follows from Lemma 3.11 that

‖(H − H_m)Φ‖ ≤ g_1 � μ=1,2 6� j=0 � ã^{μ,m}_{1,j} + b̃^{μ,m}_j √ E_0 + ã^{μ,m}_{0,j} E_0 � ‖(H_0 + m_0c^2)Φ‖ + ã^{μ,m}_{0,j} 4 ‖Φ‖ �

for every Φ ∈ D(H_0).

By Lebesgue’s Theorem, (ã^{μ,m}_{1,j} + ã^{μ,m}_{0,j} + b̃^{μ,m}_j ) tends to zero when m tends to zero. We then get, for every Φ ∈ D(H_0),

lim_{m→0} ‖(H − H_m)Φ‖ = 0 . (39)

Thus the first statement of Theorem 4.1 is proved.

4.2 Proof of (iii) of Theorem 4.1 The proof of (38) will be a consequence of the following lemmas. Lemma 4.3. For every m ∈ (0, 1), we have E_m := inf_{Φ∈D(H0)}

‖Φ‖=1

(H_mΦ, Φ) ≤ 0

and sup m∈(0, 1)

|E_m| < ∞ . (40)

Proof. Since ⟨a_μ(k)Ω_{ph}, Ω_{ph}⟩ = ⟨Ω_{ph}, a^∗_μ(k)Ω_{ph}⟩ = 0, we have ⟨H^{(1)}_{I,m}Ω_D ⊗ Ω_{ph}, Ω_D ⊗ Ω_{ph}⟩ = 0 , and ⟨(1l ⊗ H_{ph}) Ω_D ⊗ Ω_{ph}, Ω_D ⊗ Ω_{ph}⟩ = 0 .

Furthermore we also obviously have ⟨H^{(2)}_I Ω_D, Ω_D⟩ = 0 .

Hence we get

⟨H_mΩ_D ⊗ Ω_{ph}, Ω_D ⊗ Ω_{ph}⟩ = ⟨(dΓ(H_D) ⊗ 1l) Ω_D ⊗ Ω_{ph}, Ω_D ⊗ Ω_{ph}⟩ = 0 and E_m = inf_{Φ∈D(H0)}

‖Φ‖=1

⟨H_mΦ, Φ⟩ ≤ ⟨H_mΩ_D ⊗ Ω_{ph}, Ω_D ⊗ Ω_{ph}⟩ = 0

By Lemma 3.11, which also holds when v^μ_i (k) is replaced by v^μ_{i,m}(k), we get for some finite constant C which does not depend on m ∈ (0, 1): ‖H^{(1)}_{I,m}Φ‖ ≤ C � ‖H_0 + m_0c^2)Φ‖ + ‖Φ‖ � (41) for every Φ ∈ D(H_0). From Corollary 3.15 we have, for some finite constant C̃: ‖(H^{(2)}_I ⊗ 1l)Φ‖ ≤ C̃ � ‖(H_0 + m_0c^2)Φ‖ + ‖Φ‖ � (42) for every Φ ∈ D(H_0). Thus (41), (42) and the Kato-Rellich Theorem yield (40).

In Section 4.3 below, we will show that, for |g_1| + |g_2| sufficiently small, H_m has a ground state Φ_m(g_1, g_2), i.e. there exists, for every m ∈ (0, 1), a normalized solution to H_mΦ_m(g_1, g_2) = E_mΦ_m(g_1, g_2).

We have

Lemma 4.4. There exist ~g_0 > 0 and ν( ~g_0) > 0, independent of m ∈ (0, 1), such that

‖(H_0 + m_0c^2)Φ_m(g_1, g_2)‖ ≤ ν( ~g_0) ,

for every m ∈ (0, 1) and for every (g_1, g_2) such that |g_1| + |g_2| ≤ ~g_0. Proof. For simplicity, we will drop the dependence on (g_1, g_2) in Φ_m(g_1, g_2) by denoting Φ_m := Φ_m(g_1, g_2). We have

H_0Φ_m = H_mΦ_m − g_1 H^{(1)}_{I,m}Φ_m − g_2(H^{(2)}_I ⊗ 1l)Φ_m = E_mΦ_m − g_1 H^{(1)}_{I,m}Φ_m − g_2(H^{(2)}_I ⊗ 1l)Φ_m .

(43)

From (41), (42) and (43) we obtain

‖H_0Φ_m‖ ≤ |E_m| + � |g_1|C + |g_2|C̃ � � ‖(H_0 + m_0c^2)Φ_m‖ + 1 � , which implies

‖(H_0 + m_0c^2)Φ_m‖ ≤ � m_0c^2 + |E_m| + |g_1|C + |g_2|C̃ � � 1 − |g_1|C − |g_2|C̃

�_{−1}

To conclude, we apply Lemma 4.3, and we choose ~g_0 > 0 such that |g_1| C + |g_2|C̃ ≤ 1/2 for every (g_1, g_2) such that |g_1| + |g_2| ≤ ~g_0. Lemma 4.5. We have � μ=1,2

‖[1 ⊗ a_μ(k), H^{(1)}_{I,m}] Φ‖^2 ≤

G(k)^2 E^2_0

[‖H_0Φ‖^2 + ‖Φ‖^2]

for every Φ ∈ D(H_0) and for a.e. k ∈ R^3. Here

G(k)^2 = � μ=1,2 � γ,γ^′,n,ℓ

|G^μ_{d,γ,γ′,n,l}(k)|^2 + 4 � μ=1,2 � r=+,− � γ,γ^′,n � |G^μ_{d,r,γ,γ′,n}(p; k)|^2dp

+ 4 � μ=1,2 � γ,γ^′ � � |G_{+,−,γ,γ}′ (p, p^′; k)|^2dpdp^′

+ � μ=1,2 � r=+,− � γ,γ^′ � � |G_{r,r,γ,γ}′ (p, p^′; k)|^2dpdp^′

Proof. By using the commutation relations, a simple computation shows that

[1l ⊗ a_μ(k), H^{(1)}_{I,m}] = 6� i=1 v^μ_{i,m}(k)

The lemma now follows from Proposition 3.4 and Proposition 3.6.

Lemma 4.6. There exists C > 0, independent of g_1 and g_2 for |g_1| + |g_2| ≤ ~g_0, such that

(1l ⊗ N_{ph}Φ_m, Φ_m) ≤ C g^2_1 � R^3

G(k)^2 ω(k)^2 d^3k � , for every m ∈ (0, 1). Here N_{ph} := � μ=1,2 � R^3

d^3k a^∗_μ(k) a_μ(k)

is the operator number of photons. Proof. One easily checks that we have [1l ⊗ a_μ(k), dΓ(H_D) ⊗ 1l] Ψ = 0 , [1l ⊗ a_μ(k), H^{(2)}_I ⊗ 1l]Ψ = 0 , and [1l ⊗ a_μ(k), 1l ⊗ H_{ph}] Ψ = ω(k) (1l ⊗ a_μ(k)) Ψ , for every Ψ ∈ D(H_0) and for a.e. k ∈ R^3.

We then obtain :

(H_m + ω(k)) 1l ⊗ a_μ(k) − 1l ⊗ a_μ(k) H_m = g_1[H^{(1)}_{I,m}, 1l ⊗ a_μ(k)] , for a.e. k ∈ R^3.

Applying this equality to Φ_m and taking the scalar product with 1l ⊗ a_μ(k) Φ_m, we get

‖1l ⊗ a_μ(k)Φ_m‖ ≤

|g_1| ω(k)

‖[1l ⊗ a_μ(k), H_{I,m}] Φ_m‖ (44)

for a.e. k ∈ R^3.

Since ⟨1l ⊗ N_{ph} Φ_m, Φ_m⟩ = � μ=1,2 � ‖1l ⊗ a_μ(k) Φ_m‖^2d^3k

Lemma 4.6 follows from (44), Lemma 4.4 and Lemma 4.5.

Lemma 4.7. Fix λ in (0, m_0c^2_0). There exists δ_{g1,g2} (λ) > 0 such that δ_{g1,g2} (λ) tends to zero when |g_1| + |g_2| tends to zero and ⟨P^⊥_D (λ) ⊗ P_{Ωph} Φ_m, Φ_m⟩ ≤ δ_{g1,g2} (λ) for every m ∈ (0, 1). Here P^⊥_D (λ) = 1l − P_D(λ) = 1l_{[λ, ∞)}(dΓ(H_D)).

Proof. Using P_{Ωph} H_{ph} = 0, we get (P_D(λ)^⊥ ⊗ P_{Ωph} ) (H_m − E_m)

= P_D(λ)^⊥(dΓ(H_D) − E_m) ⊗ P_{Ωph} + g_1(P_D(λ)^⊥ ⊗ P_{Ωph} ) H^{(1)}_{I,m} +g_2 � P_D(λ)^⊥ ⊗ P_{Ωph} � H^{(2)}_I ⊗ 1l . (45) From (45) we obtain

0 = (P^⊥_D (λ) ⊗ P_{Ωph} ) (H_m − E_m) Φ_m (46) = P^⊥_D (λ) (dΓ(H_D ) − E_m) ⊗ P_{Ωph} Φ_m + g_1 P^⊥_D (λ) ⊗ P_{Ωph} H^{(1)}_{I,m}Φ_m +g_2 � P_D(λ)^⊥ ⊗ P_{Ωph} � H^{(2)}_I ⊗ 1l .

Since dΓ(H_D)P_D(λ)^⊥ ≥ λ P^⊥_D (λ) , by (46) and Lemma 4.3, we obtain

⟨P^⊥_D (λ) ⊗ P_{Ωph} Φ_m, Φ_m⟩ ≤ − λ^{−1} � g_1 � (P^⊥_D (λ) ⊗ P_{Ωph} )H^{(1)}_{I,m}Φ_m, Φ_m �

+ g_2 � (P^⊥_D (λ) ⊗ P_{Ωph} )(H^{(2)}_I ⊗ 1l)Φ_m, Φ_m � , for every m ∈ (0, 1).

Lemma 4.7 then follows by remarking that Corollary 3.12 also holds for H^{(1)}_{I,m} and by using Lemma 3.15 and Lemma 4.4.

We are now able to prove the inequality (38), i.e., point (iii) of Theorem 4.1. Proof. The equation (38) is equivalent to ⟨(P^⊥_D (λ) ⊗ P_{Ωph} + 1l ⊗ P^⊥_{Ωph} ) Φ_m, Φ_m⟩ ≤ δ_{g1,g2} , Since P^⊥_{Ωph} ≤ N_{ph}, it suffices to show that ⟨(P^⊥_D (λ) ⊗ P_{Ωph} + 1l ⊗ N_{ph})Φ_m, Φ_m⟩ ≤ δ_{g1,g2} , which follows from Lemma 4.6 and Lemma 4.7.

From the fact that δ_{g1,g2} tends to zero when |g_1| + |g_2| tends to zero, we deduce the existence of ~g_{00} such that δ_{g1,g2} < 1 for |g_1| + |g_2| ≤ ~g_{00}.

4.3 Proof of (ii) of Theorem 4.1: Existence of a ground state for H_m From now on we mimic the proof in [2] and [8] (See also [22], [23] and [17]) and we use the same notations as in [8].

For m > 0, we set A_ℓ = {k ∈ R^3 ; ω(k) ≥ m}, A_s = R^3 \ A_ℓ , and h_{s/ℓ} = L^2(A_{s/ℓ}) .

Let F(h_{ℓ/s}) be the bosonic Fock spaces associated with h_{ℓ/s}, with associated vacua Ω_{ℓ/s}.

Using the following lemma (See [8] and [14]), Lemma 4.8. Let h_i, i = 1, 2 be two Hilbert spaces. There exists a unitary operator from the Fermi-Dirac Fock space (resp. the photonic Fock space) over h_1 ⊕ h_2 to F_D(h_1) ⊗ F_D(h_2) (resp. F_{ph}(h_1) ⊗ F_{ph}(h_2)).

We may identify H_{ph} (resp. g_1H^{(1)}_I ) with H_{ph,ℓ} ⊗ 1l_s + 1l_ℓ ⊗ H_{ph,s}, (resp. g_1H^{(1)}_{I,m} ⊗ 1l_s).

Here H_{ph,ℓ/s} = � μ=1,2 � A_{ℓ/s}

d^3k ω(k) a^∗_μ(k) a_μ(k).

We set H_{m,ℓ} = dΓ(H_D) ⊗ 1l_ℓ + 1l_D ⊗ H_{ph,ℓ} + g_1 H^{(1)}_{I,m} + g_2H^{(2)}_I ⊗ 1l_ℓ .

In this representation, H_m appears as H_m = H_{m,ℓ} ⊗ 1l_s + 1l_D ⊗ 1l_ℓ ⊗ H_{ph,s} . (47) We then have Lemma 4.9. H_{m,ℓ} has a ground state Φ_{m,ℓ} if and only if H_m has a ground state Φ_m = Φ_{m,ℓ} ⊗ Ω_s.

Proof. In view of (47), one has H_m(Φ_{m,ℓ} ⊗ Ω_s) = H_{m,ℓ} Φ_{m,ℓ} ⊗ Ω_s (48) Furthermore, it results from (47) that σ(H_m) = σ(H_{m,ℓ}) + σ(H_{ph,s}) = [inf σ(H_{m,ℓ}), +∞) which, together with (48), gives the lemma.

By Lemma 4.9, Theorem 4.1 then follows from

Theorem 4.10. There exists �g_{000} such that, for every (g_1, g_2) such that |g_1| + |g_2| ≤ �g_{000} and m ∈ (0, 1), H_{m,ℓ} has a ground state Φ_{m,ℓ} at E_m = inf σ(H_m) = inf σ(H_{m,ℓ}).

Proof. Let ε > 0 be a parameter and γ ∈ Z^3. We use the same decomposition of R^3 into a disjoint union of “cubes” (C_{γ,ε})_{γ∈Z}3 as in [8].

For F ∈ L^1_{loc}(R^3), we define its ε-average by

⟨F ⟩_ε(k) = ε^{−3} � C_{γ,ε}

F (k^′) d^3k^′ for k ∈ C_{γ,ε} .

More generally, when G ∈ L^2(Σ × R^3_k), we define its ε-average with respect to k by

⟨G⟩_ε(k) := G_ε(·, k) = ε^{−3} � C_{γ,ε}

G(·, k^′) d^3k^′ for k ∈ C_{γ,ε}.

Let H^ε_{I,m} be the operator obtained from H^{(1)}_{I,m} by substituting ⟨v^μ_{i,m}⟩_ε(k) for v^μ_{i,m}(k).

Similarly, we define H^ε_{ph,ℓ/s} by substituting ⟨ω(k)⟩_ϵ for ω(k) in H_{ph,ℓ/s}. A simple calculation shows that

|ω(k) − ⟨ω⟩_ε(k)| ≤ C̃ ε ω(k) ,

where C̃ does not depend on γ ∈ Z^3. It implies

±(H_{ph,ℓ} − H^ε_{ph,ℓ}) ≤ C̃ ε H_{ph,ℓ} . (49)

Set H^ε_{m,ℓ} = dΓ(H_D) ⊗ 1l_s + 1l_D ⊗ H^ε_{ph,ℓ} + g_1H^ε_{I,m} + g_2H^{(2)}_I ⊗ 1l_l. Combining (49) with Corollary 3.12 and using the fact that

H^ε_{m,ℓ} − H_{m,ℓ} = H^ε_{ph,ℓ} − H_{ph,ℓ} + g_1(H^ε_{I,m} − H^{(1)}_{I,m}) ,

we obtain

‖(H^ε_{m,ℓ} − H_{m,ℓ}) (H_{m,ℓ} − E_m + 1)^{−1}‖ ≤ const. � β=0,1 6� j=1 (a^{μ,m,ε}_{β,j} + b^{μ,m,ε}_j ) , (50)

where a^{μ,m,ε}_{β,j} (resp. b^{μ,m,ε}_j ) denotes the expression (32) (resp. (33)) that we obtain when we substitute v^μ_{j,m}(k) − ⟨v^μ_{j,m}⟩_ε(k) for v^μ_j (k).

By Lebesgue’s dominated convergence Theorem, the right hand side of (50) converges to zero as ε → 0.

On the other hand, by mimicking [7] and [8] one shows that there exists �g_{000} such that the finite volume approximation H^ε_{m,ℓ} has discrete spectrum in (−∞, E_m +m_2), for m_2 < m and for (g_1, g_2) such that |g_1| + |g_2| ≤ �g_{000}.

Theorem 4.10 then follows from (50) and from the following lemma (see [24]).

Lemma 4.11. Let (T_n)_{n≥1} and T be bounded below self-adjoint operators on a Hilbert space. Suppose that

i) T_n → T as n → +∞ in the norm resolvent sense.

ii) T_n has purely discrete spectrum in [inf σ(T_n), inf σ(T_n) + C), where C is a constant independent of n.

Then T has purely discrete spectrum in [inf σ(T ), inf σ(T ) + C).

Proofs of Theorem 2.3 and Theorem 4.1. Choosing g_0 = min{ ~g_0, ~g_{00}, �g_{000}}, Theorem 4.1 follows from (39), Lemma 4.7 and Theorem 4.10. The proof of Theorem 2.3 is easily deduced from Theorem 4.1 as it is explained at the beginning of the Section 4.

5 Appendix

5.1 Proof of (36) and (37) We keep the same notations as in Section 3.

Lemma 5.1. Under the assumptions of Theorem 2.2, we have ‖ � d^3k v^μ_i (k)^∗ ⊗ a_μ(k) Ψ‖ ≤ b^μ_i ‖(N_D + 1)^{1/2} ⊗ H^{1/2}_{ph} Ψ‖ , (51) and ‖ � d^3k v^μ_i (k) ⊗ a^∗_μ(k) Ψ‖^2 ≤ (a^μ_{1,i})^2‖(N_D + 1)^{1/2} ⊗ H^{1/2}_{ph} Ψ‖^2

+(a^μ_{0,i})^2 � ε‖(N_D + 1) ⊗ 1l Ψ‖^2 + 1 4ε ‖Ψ‖^2 � , (52)

for every Ψ ∈ D(H_0) and every ε > 0.

Proof. We only give the proof of (52) for i = 5. The case of i = 6 is quite similar.

The other cases, i.e. i ≠ 5, 6 are simpler since v^μ_i (k) is bounded on F_D for i ≠ 5, 6. In the following we omit the indexes μ and 5. Set a(v) = � d^3k v^∗(k) ⊗ a(k)

a(v)^∗ = � d^3k v(k) ⊗ a^∗(k)

Let u ∈ D(H_0). For k ∈ R^3, set

Φ(k) = ω(k)^{1/2}((N_D + 1)^{1/2} ⊗ a(k)) u.

One has � ‖Φ(k)‖^2d^3k = � ω(k) � (N_D + 1)^{1/2} ⊗ a(k)u, (N_D + 1)^{1/2} ⊗ a(k)u � d^3k

= � (N_D + 1)^{1/2} ⊗ � ω(k)a^∗(k)a(k)d^3ku, (N_D + 1)^{1/2} ⊗ 1l u �

= � ((N_D + 1)^{1/2} ⊗ H_{ph}) u, ((N_D + 1)^{1/2} ⊗ 1l) u �

= ‖((N_D + 1)^{1/2} ⊗ H^{1/2}_{ph} )u‖^2 (53)

Using (53), we get

‖a(v)u‖^2 = � � v^∗(k) ⊗ a(k)u, v^∗(k^′) ⊗ a(k^′)u � d^3k d^3k^′ = � ω(k)^{− 12} ω(k^′)^{− 12} × � v^∗(k)((N_D + 1)^{− 12} ⊗1l)Φ(k), v^∗(k^′)((N_D + 1)^{− 12} ⊗1l)Φ(k^′) � d^3k d^3k^′ ≤ � ω(k)^{− 12} ‖v^∗(k)(N_D + 1)^{− 12} ‖_{FD} ‖Φ(k)‖ d^3k

�_2 . Cauchy-Schwarz inequality now implies that

‖a(v)u‖^2 ≤ � ω(k)^{−1}‖v^∗(k) (N_D + 1)^{−1/2}‖^2_{FD} d^3k � � ‖Φ(k)‖^2d^3k � , which, together with (53) gives (51).

Let us now prove (52). We have

‖a^∗(v)u‖^2 = � � v(k) ⊗ a^∗(k)u, v(k^′) ⊗ a^∗(k^′)u � d^3k d^3k^′ .

Using the commutation relations for a and a^∗ we obtain

‖a^∗(v)u‖^2 = � � v(k) ⊗ a^∗(k)a(k^′)u, v(k^′) ⊗ 1l u � d^3k d^3k^′ + � ‖(v(k) ⊗ 1l) u‖^2d^3k (54)

The first term in the right hand side of (54) can be written in the following way � � v(k) ⊗ a(k^′)u, v(k^′) ⊗ a(k)u � d^3k d^3k^′ = � ω(k)^{− 12} ω(k^′)^{− 12} × � v(k) � (N_D + 1)^{− 12} ⊗ 1l � Φ(k^′), v(k^′) � (N_D + 1)^{− 12} ⊗ 1l � Φ(k) � d^3k d^3k^′

Hence � � v(k) ⊗ a^∗(k)a(k^′)u, v(k^′) ⊗ 1l u � d^3k d^3k^′ ≤ � ω(k)^{−1/2}‖v(k)(N_D + 1)^{−1/2}‖_{FD} ‖Φ(k)‖d^3k

�_2

≤ � ω(k)^{−1}‖v(k)(N_D + 1)^{−1/2}‖^2_{FD} d^3k � � ‖Φ(k)‖^2d^3k �

which, together with (53), yields � � v(k) ⊗ a^∗(k)a(k^′)u, v(k^′) ⊗ 1l u � d^3k d^3k^′ ≤ � ω(k)^{−1/2}‖v(k)(N_D + 1)^{−1/2}‖^2_{FD} d^3k

�_2 � � � � (N_D + 1)^{1/2} ⊗ H^{1/2}_{ph} � u � �^2 = � ω(k)^{−1}‖(N_D + 1)^{−1/2}v(k)^∗‖^2_{FD} d^3k � � �(N_D + 1)_{1/2} ⊗ H1/2_{ph} � u � �^2 . (55)

For the second term in the right hand side of (54), we write � ‖(v(k) ⊗ 1l) u‖^2d^3k ≤ � ‖v(k)(N_D + 1)^{− 12} ‖^2_{FD} d^3k � ‖((N_D + 1)^{12} ⊗ 1l)u‖^2 = � ‖v(k)(N_D + 1)^{− 12} ‖^2_{FD} d^3k � ((N_D + 1)u, u) .

Using for all ε > 0, ab ≤ ε a^2 +^1_{4ε} b^2, we get � ‖(v(k) ⊗ 1l) u‖^2d^3k ≤ � ‖v(k)(N_D + 1)^{−1/2}‖^2d^3k � � ε‖(N_D + 1)u‖^2 + 1 4ε ‖u‖^2 � (56)

Finally, (54), (55) and (56) give (52).

References

[1] Z. Ammari, Scattering theory for the spin fermion model, Preprint mp-arc 02–196 (2002).

[2] A. Arai, On a model of a harmonic oscillator coupled to a quantized, massless, scalar field, J. Math. Phys. 22 (1981), 2539–2548.

[3] A. Arai, A particle-field Hamiltonian in relativistic quantum electrodynamics, J. Math.

Phys. 41 (2000), 4271–4283.

[4] A. Arai, M. Hirokawa, On the existence and uniqueness of ground states of a generalized spin-boson model, J. Funct. Anal. 151 (1997), 455–503.

[5] A. Arai, M. Hirokawa, Ground states of a general class of quantum field Hamiltonians, Rev. Math. Phys. 12 (2000), 1085–1135.

[6] A. Arai, M. Hirokawa, F. Hiroshima, On the absence of eigenvectors of Hamiltonians in a class of massless quantum field models without infrared cutoff, J. Funct. Anal. 168 (1999), 470–497.

[7] V. Bach, J. Fröhlich, I. M. Sigal, Spectral analysis for systems of atoms and molecules coupled to the quantized radiation field, Comm. Math. Phys. 207 (1999), 249–290.

[8] V. Bach, J. Fröhlich, I. M. Sigal, Quantum electrodynamics of confined non-relativistic particles, Adv. Math. 137 (1998), 299–395.

[9] V. Bach, J. Fröhlich, I. M. Sigal, Renormalization group analysis of spectral problems in quantum field theory, Adv. Math. 137 (1998), 205–298.

[10] V. Bach, O. Matte, Exponential decay of eigenfunctions of the Bethe-Salpeter operator, Lett. Math. Phys. 55 (2001), no. 1, 53–62.

[11] J.-M. Barbaroux, M. Dimassi, J.-C. Guillot, Quantum electrodynamics of relativistic bound states with cutoffs II., Mathematical Results in Quantum Mechanics, Contemporary Mathematics 307 (2002), 9–14.

[12] C. Cohen-Tannondji, J. Dupont-Roc and G. Grynberg, Photons et Atomes. Introduction à l’électrodynamique quantique. Editions du CNRS, (1987).

[13] J. Derezinski, Asymptotic completeness in quantum field theory. A class of Galileecovariant models, Rev. Math. Phys. 10 (1997), p. 191.

[14] J. Dereziński, C. Gérard, Asymptotic completeness in quantum field theory. Massive Pauli-Fierz Hamiltonians, Rev. Math. Phys. 11 (1999), no. 4, 383–450.

[15] M. Dimassi, J.-C. Guillot, The quantum electrodynamics of relativistic states with cuttofs. I, To appear in Applied Math. Letters.

[16] J. Fröhlich, M. Griesemer, B. Schlein, Asymptotic electromagnetic fields in models of quantum-mechanical matter interacting with the quantized radiation field, mp-arc 00– 374, (2000).

[17] C. Gérard, On the existence of ground states for massless Pauli-Fierz Hamiltonians, Ann. Henri Poincaré 1 (2000), 443–459.

[18] J. Glimm, A. Jaffe, Quantum field theory and statistical mechanics. Birkhuser Boston Inc., Boston, MA, 1985. Expositions, Reprint of articles published 1969–1977.

[19] R. Greiner, J. Reinhard, Field Quantization, Springer, Berlin, 1996. [20] M. Griesemer, E. H. Lieb, M. Loss, Ground states in non-relativistic quantum electrodynamics, Invent. Math. 145 (2001), 557–595.

[21] M. Griesemer, C. Tix, Instability of a pseudo-relativistic model of matter with selfgenerated magnetic field, J. Math. Phys. 40 (1999), 1780–1791.

[22] F. Hiroshima, Ground states of a model in non-relativistic quantum electrodynamics.

I, J. Math. Phys. 40 (1999), no. 12, 6209–6222.

[23] F. Hiroshima, Ground states of a model in non-relativistic quantum electrodynamics.

II, J. Math. Phys. 41 (2000), no. 2, 661–674.

[24] R. Høegh-Krohn, B. Simon, Hypercontractive semigroups and two dimensional self coupled Bose field, J. Funct. Anal. 9 (1972), 121–180.

[25] C. Itzykson, J.-B. Zuber, Quantum Field theory, Mc Graw-Hill, New York, (1985). [26] D. Kastler, Introduction à l’Electrodynamique Quantique, Dunod, Paris, 1960. [27] T. Kato, Perturbation Theory for Linear Operators, Springer-Verlag, New York Inc.

(1966).

[28] E. H. Lieb, M. Loss, Stability of a model of relativistic quantum electrodynamics, mparc 01–315 (2001).

[29] E. H. Lieb, H. Siedentop, Renormalization of the regularized relativistic electronpositron field, Comm. Math. Phys. 213 (2000), no. 3, 673–683.

[30] E. H. Lieb, H Siedentop, J.-P. Solovej, Stability and instability of relativistic electrons in classical electromagnetic fields, J. Stat. Phys. 89 (1997), 37–59.

[31] O. Matte, Existence of ground states for a relativistic Hydrogen atom coupled to the quantized electromagnetic field, Diploma thesis. Johannes Gutenberg Universität Mainz.

[32] M. Reed, B. Simon, Methods of modern mathematical physics, Vol. I and II, Academic Press, New York, 1972.

[33] M.E. Rose, Relativistic Electron Theory, Wiley, 1961.

[34] S. Schweber, An Introduction to Relativistic Quantum Field Theory, Harper and Ross, New York, (1961).

[35] I. M. Sigal, A. Soffer and L. Zielinski, On the spectral properties of Hamiltonians without conservation of the particle number, mp-arc 02–32 (2002).

[36] H. Spohn, Ground state of a quantum particle coupled to a scalar Bose field, Lett.

Math. Phys. 44 (1998), 9–16.

[37] B. Thaller, The Dirac Equation. Texts and Monographs in Physics. Springer Verlag, Berlin, 1 edition, 1992.

[38] S. Weinberg, The Quantum Theory of Fields Vol. I., Cambridge University Press, 1995.