TRACE FORMULAS FOR NON-SELF-ADJOINT PERIODIC SCHRÖDINGER OPERATORS AND SOME APPLICATIONS

KWANG C. SHIN

Abstract. Recently, a trace formula for non-self-adjoint periodic Schrödinger operators in L^2(R) associated with Dirichlet eigenvalues was proved in [9]. Here we prove a corresponding trace formula associated with Neumann eigenvalues.

In addition we investigate Dirichlet and Neumann eigenvalues of such operators. In particular, using the Dirichlet and Neumann trace formulas we provide detailed information on location of the Dirichlet and Neumann eigenvalues for the model operator with the potential Ke^{2ix}, where K ∈ C.

1. Introduction

Consider the differential expression L

L = − d^2 dx^2

+ V (x), x ∈ R,

where V is a continuous complex-valued periodic function on R of period π. The Hill operator H in L^2(R) generated by the differential expression L is defined by

(Hf)(x) = L(f(x)), x ∈ R, f ∈ dom(H) = H^{2,2}(R),

where H^{2,2}(R) denotes the usual Sobolev space. Then H is a densely defined closed operator in L^2(R) (see, e.g., [7, Ch. 5]).

In addition, we define families of differential operators H^D_{x0} and H^N_{x0} in L^2([x_0, x_0 + π]), x_0 ∈ R, as follows:

(H^D_{x0} f)(x) = L(f(x)), x ∈ [x_0, x_0 + π], f ∈ dom(H^D_{x0} ), (H^N_{x0} f)(x) = L(f(x)), x ∈ [x_0, x_0 + π], f ∈ dom(H^N_{x0} ),

2000 Mathematics Subject Classification. Primary 34A55, 34L15, 34L20. Date: December 10, 2003.

Key words and phrases. Trace formulas, non-self-adjoint Hill operators, Dirichlet and Neumann eigenvalues. 1

where

dom(H^D_{x0} ) = { f ∈ L^2([x_0, x_0 + π]) | | f, f^′ ∈ AC([x_0, x_0 + π]);

f(x_0+) = 0 = f(x_0 + π−) } , dom(H^N_{x0} ) = { f ∈ L^2([x_0, x_0 + π]) | | f, f^′ ∈ AC([x_0, x_0 + π]);

f^′(x_0+) = 0 = f^′(x_0 + π−) } . The L^2(R) spectrum of the Hill operator H is purely continuous and it is the union of countably many analytic arcs in the complex plane [18]. On the other hand, the spectra of H^D_{x0} and H^N_{x0} are purely discrete. We will denote the Dirichlet eigenvalues (i.e., the eigenvalues of H^D_{x0} ) by μ_j(x_0), j ∈ N, and the Neumann eigenvalues (i.e., the eigenvalues of H^N_{x0} ) by ν_k(x_0), k ∈ N_0 = N ∪ {0}, where we number these eigenvalues in the order of non-decreasing magnitudes.

When the potential V is real-valued and periodic, the operators H, H^D_{x0} and H^N_{x0} are all self-adjoint, and hence the spectra of these operators are subsets of the real line. In this case, the spectrum of H is a countable union of closed intervals [E_{2m}, E_{2m+1}], m ∈ N_0, on the real line, where E_m are such that Lϕ = E_mϕ has a nontrivial (i.e., nonzero) periodic solution of period 2π. Thus, E_m are eigenvalues of the selfadjoint operator associated with L under periodic boundary conditions at 0 and 2π, and they are all real. Moreover,

ν_0(x_0) ≤ E_0, E_{2m−1} ≤ μ_m(x_0), ν_m(x_0) ≤ E_{2m}, m ∈ N, x_0 ∈ R (1.1) (see, e.g., [7, Theorem 3.1.1], [14]).

Moreover, the following trace formulas hold.

Lemma 1.1. Suppose that V ∈ C^1(R) is a periodic function on R and let x ∈ R. Then,

V (x) = E_0 + ∞∑ m=1 ( E_{2m−1} + E_{2m} − 2μ_m(x) ) , (1.2)

V (x) = 2ν_0(x) − E_0 + ∞∑ m=1 ( 2ν_m(x) − E_{2m−1} − E_{2m} ) . (1.3)

Under the hypothesis that V ∈ C^3(R) is a real-valued periodic function on R, Trubowitz [22] proved the Dirichlet trace formula (1.2). The Neumann trace formula (1.3) for real-valued potentials is due to McKean and Trubowitz [15]. In 2001, Gesztesy [9] extended (1.2) to complex-valued periodic C^1(R) potentials. In Section 3, we will prove the trace formula (1.3) for complex-valued periodic C^1(R) potentials, by closely following the methods in [9]. We refer to [10, p. 121] (cf. also [11]) for further references and a detailed history of trace formulas.

In the self-adjoint case, Borg [4] showed that V = E_0 is the only real-valued periodic potential, for which the Hill operator H has the spectrum [E_0, ∞). One can see that if V ∈ C^1(R) is real-valued and periodic, the Dirichlet trace formula (1.2) yields V (x) = E_0 since then E_{2m−1} = E_{2m} and E_{2m−1} ≤ μ_m(x) ≤ E_{2m} for m ∈ N. Extensions of this simple observation to reflectionless potentials can be found in [5].

Unlike the self-adjoint case, there are infinitely many complex-valued potentials that generate a half-line spectrum [0, ∞) as shown by Gasymov [13] (also, see [17], [20]). In these cases, even though all E_m are real and E_{2m−1} = E_{2m} for all m ∈ N, the Dirichlet and Neumann eigenvalues μ_m(x), ν_m(x) are not trapped between E_{2m−1} and E_{2m}, due to nonself-adjointness of the corresponding operators H^D_x and H^N_x . From the inverse spectral point of view, this explains the highly non-uniqueness property of complex-valued periodic potentials (see, e.g., [10, p. 113]). As a concrete example, the potential V (x) = e^{2ix} generates the spectrum [0, ∞) (cf. [13]) and one infers E_0 = 0, E_{2m−1} = E_{2m} = m^2, m ∈ N. Marchenko [16] provides the asymptotic location of μ_j(x) and ν_k(x) (see (3.6), (3.7) and (3.8) below). However, up to date, the precise location of μ_j(x) and ν_k(x) for small j, k, is not known for this example. The principal application of the trace formulas proved in this paper will be a determination of the location of these eigenvalues. This complements the asymptotic results of Marchenko [16].

In Section 2, we will briefly review elements of Floquet theory and show that algebraic and geometric multiplicities of the eigenvalues E_m are different for some cases in Theorem 1.4. Our principal new result, the Neumann trace formula for periodic potentials will be proved in Section 3. In Section 4, we will prove the following result:

Theorem 1.2. If V (−x) = V (x), x ∈ R, then for all x_0 ∈ R, j ∈ N, and k ∈ N_0, μ_j(π − x_0) = μ_j(x_0) and ν_k(π − x_0) = ν_k(x_0).

In Section 5, we will recall some unpublished work by Deift [6] and review some basic facts on Bessel functions that we use in our final Section 6. In Section 6, we will use the trace formulas (1.2) and (1.3) to investigate the location of μ_j(x_0) and ν_k(x_0) for the concrete example V (x) = Ke^{2ix}, K ∈ C. More precisely, we will prove the following theorems.

Theorem 1.3. Suppose that V (x) = Ke^{2ix} and K = |K|e^{2iφ0} for some φ_0 ∈ R. Then for all j ∈ N and k ∈ N_0, μ_j (K, x_0) = μ_j(|K|, x_0 + φ_0) and ν_k(K, x_0) = ν_k(|K|, x_0 + φ_0).

Theorem 1.4. Suppose that V (x) = Ke^{2ix}, K > 0. Then (i) (j − 1)^2 ≤ μ_j(0) ≤ j^2 for all j ∈ N. (ii) If 0 < K ≤ 1, then for all j ∈ N, j^2 −^K_2 < j^2 −^K_2 +

∑_{j−1} m=1(m^2 − μ_m(0)) < μ_j (0) < j^2, and hence μ_j(0) ≠ E_m for all j ∈ N.

(iii) If K > 1 then M_1 = K − 2

∑_⌊^√_{K⌋} m=1 (m^2 − μ_m(0)) > 0 and j^2 −^{M1}_2 < μ_j(0) < j^2 for all j ≥ √ K + 1, where ⌊ √ K⌋ denotes the largest integer that is less than or equal to √ K. In particular, μ_j(0) ≠ E_m if j ≥ √ K + 1 and m ∈ N_0.

(iv) k^2 ≤ ν_k(0) ≤ (k + 1)^2 for all k ∈ N_0. (v) If 0 < K ≤ 1, then for all k ∈ N_0, k^2 < ν_k(0) < k^2 +^K_2 − ν_0(0) −

∑_{k−1}

m=1(ν_m(0) − m^2) < k^2 +^K_2 − ν_0(0), and hence ν_k(0) ≠ E_m for all k, m ∈ N_0.

(vi) If K > 1 then M_2 = K − 2ν_0(0) − 2

∑_⌊^√_{K⌋}

m=1 (ν_m(0) − m^2) > 0 and k^2 < ν_k(0) < k^2 +^{M2}_2 for all k ≥ √ K. In particular, ν_k(0) ≠ E_m for k ≥ √ K and m ∈ N_0.

(vii) If K > 0 then (2j − 1)^2 < μ_{2j−1}(π/2) ≤ μ_{2j} (π/2) < (2j)^2 for all j ∈ N, and hence μ_j(π/2) ≠ E_m for all j ∈ N and m ∈ N_0. Moreover, if 0 < K ≤ 1 then for all j ∈ N, (2j − 1)^2 < μ_{2j−1}(π/2) < (2j − 1/2)^2 < μ_{2j} (π/2) < (2j)^2.

(viii) If K > 0 then (2k)^2 < ν_{2k}(π/2) ≤ ν_{2k+1}(π/2) < (2k + 1)^2 for all k ∈ N_0, and hence ν_k(π/2) ≠ E_m for all k ∈ N_0. Moreover, if 0 < K ≤^1_2 then for all k ∈ N_0, (2k)^2 < ν_{2k}(π/2) < (2k + 1/2)^2 < μ_{2k+1}(π/2) < (2k + 1)^2.

(ix) For every x_0 ∈ (0, π), μ_j(x_0), ν_k(x_0) ≠ E_m.

2. Background

In this section, we introduce some definitions and basic facts on Floquet theory. In addition, we investigate algebraic and geometric multiplicities of the eigenvalues E_m.

We study

Lψ(x) = −ψ^{′′}(x) + V (x)ψ(x) = λψ(x), x ∈ R, (2.1) where λ ∈ C and V ∈ L^1_{loc}(R) is a periodic function of period π.

For each λ ∈ C and x_0 ∈ R, there exists a fundamental system of solutions c(λ, x_0, x), s(λ, x_0, x) of equation (2.1) such that c(λ, x_0, x_0) = 1,c^′(λ, x_0, x_0) = 0; s(λ, x_0, x_0) = 0,s^′(λ, x_0, x_0) = 1.

One can check that these two solutions satisfy the Volterra integral equations

c(λ, x_0, x) = cos[ √ λ(x − x_0)] + ∫_x

x_0

dx_1 sin[ √ λ(x − x_1)] √ λ V (x_1)c(λ, x_0, x_1), (2.2)

s(λ, x_0, x) = sin[ √ λ(x − x_0)] √ λ + ∫_x

x_0

dx_1 sin[ √ λ(x − x_1)] √ λ V (x_1)s(λ, x_0, x_1). (2.3)

From these integral equations, along with uniqueness of their solutions, one can show that ∂ ∂x_0 ( c(λ, x_0, x) ) = (λ − V (x_0))s(λ, x_0, x), (2.4) ∂ ∂x_0 ( s(λ, x_0, x) ) = −c(λ, x_0, x). (2.5)

The monodromy matrix M associated with (2.1) is defined by

M(λ, x_0) = ( c(λ, x_0, x_0 + π) s(λ, x_0, x_0 + π) c^′(λ, x_0, x_0 + π) s^′(λ, x_0, x_0 + π) ) , and the corresponding Floquet discriminant Δ(λ) (half the trace of M) is defined by

Δ(λ) = 1 2 ( c(λ, x_0, x_0 + π) + s^′(λ, x_0, x_0 + π) ) . (2.6)

Using (2.4) and (2.5), it can be shown that Δ is independent of x_0 ∈ R.

The Floquet discriminant Δ(λ) is an entire function of order^1_2 , and E_m, m ∈ N_0, are the zeros of Δ(λ)^2 − 1 = 0 (see, e.g., [7, Ch. 4]). Moreover, since for each x_0 ∈ R the entire function λ → s(λ, x_0, x_0 +π) is of order^1_2 (see, e.g., [7, Ch. 4], [21, Ch. 21]), the function has infinitely many zeros μ_j(x_0), j ∈ N, by the Picard little theorem (see, e.g., [2, Ch. 5]). Similarly, there are infinitely many zeros ν_k(x_0), k ∈ N_0, of the entire function c^′(λ, x_0, x_0 + π) of order^1_2 .

Algebraic and geometric multiplicities of the eigenvalues E_m. When V is real-valued and periodic, the Hill operator associated with L in L^2([0, 2π]) with periodic boundary conditions at 0 and 2π (which can easily be defined also for V ∈ L^1_{loc}(R)) is self-adjoint, and hence the algebraic and geometric multiplicities are the same. However, these two multiplicities of the eigenvalues E_m do not necessarily agree in the context of non-self-adjoint Hill operators. In particular, for the concrete example V (x) = Ke^{2ix} that generates a non-self-adjoint Hill operator in L^2([0, 2π]) with periodic boundary conditions at 0 and 2π, we will explain below why these two multiplicities are different for all E_m, m ∈ N if |K| ≤ 1.

The geometric multiplicity of an eigenvalue is the number of linearly independent eigenfunctions corresponding to the eigenvalue. In addition, the geometric multiplicity of the eigenvalues E_m corresponding to periodic or anti-periodic boundary conditions at 0 and π agrees with the number of linearly independent eigenvectors of the monodromy matrix M(E_m, x_0) (see, e.g., [7, Ch. 1]).

Since the Wronskian of c(E_m, x_0, ·) and s(E_m, x_0, ·) is one (i.e., the determinant of the monodromy matrix equals one), and since the trace of the monodromy matrix M(E_m, x_0) is 2 (or −2) (i.e., Δ(E_m) = ±1), we see that 1 (or −1) is the only eigenvalue of the matrix M(E_m, x_0). In this case, the only way the monodromy matrix can have two linearly independent eigenvectors occurs when M(E_m, x_0) equals the 2×2 identity matrix I_2 (or −I_2). Thus, the geometric multiplicity of E_m is 2 if and only if c(E_m, x_0, x_0 + π) = s^′(E_m, x_0, x_0 + π) = ±1 and c^′(E_m, x_0, x_0 + π) = 0 = s(E_m, x_0, x_0 + π).

In the special case where V is real-valued and periodic, the condition E_{2m−1} = E_{2m} forces E_{2m} = μ_m = ν_m, m ∈ N (see, e.g., [7, §2.3]) and hence c^′(E_{2m}, x_0, x_0 + π) = 0 = s(E_{2m}, x_0, x_0 + π). So M(E_{2m}, x_0) = ±I_2. Thus, if E_{2m−1} = E_{2m} for some m ∈ N then the geometric multiplicities of such E_{2m} are all 2. However, when V is complex-valued and periodic, the condition E_{2m−1} = E_{2m} does not imply c^′(E_{2m}, x_0, x_0 +π) = 0 = s(E_{2m}, x_0, x_0 +π), and hence the geometric multiplicity of E_{2m} could be 1.

When V (x) = Ke^{2ix}, K ∈ C, the Floquet discriminant takes on the special form Δ(λ) = cos(π √ λ) (see [13], [17], [20, Theorem 2]). Thus, E_{2m−1} = E_{2m} = m^2 for all m ∈ N, but as we see from Theorem 1.4, if |K| ≤ 1 then s(E_{2m}, x_0, x_0 + π) ≠ 0 since μ_j(x_0) ≠ m^2 for any j ∈ N. Thus, if |K| ≤ 1, the geometric multiplicity of each E_m, m ∈ N, equals 1. On the other hand, the algebraic multiplicity of the eigenvalues E_m could be higher than one. In general, the algebraic multiplicity of the eigenvalue E_m is the multiplicity of the zero of Δ(λ) ∓ 1 = 0 at λ = E_m (see, e.g., [12, Theorem 3.3]). So except for E_0 = 0, the eigenvalues E_{2m−1} = E_{2m} = m^2 have algebraic multiplicities 2 and geometric multiplicities 1. This result is mentioned in [3, p. 5] without proof.

3. Trace formulas

In this section, we prove a trace formula for V associated with the Neumann eigenvalues ν_k, k ∈ N_0.

In [9], Gesztesy proved the following trace formula for Dirichlet eigenvalues μ_j , j ∈ N in the general case where V ∈ C^1(R) is complex-valued and periodic (actually, a larger class of potentials was considered in [9]). For simplicity we assume that V has period π.

Theorem 3.1. Suppose that the potential V ∈ C^1(R) is periodic of period π. Then

V (x) = E_0 + ∞∑ m=1 ( E_{2m−1} + E_{2m} − 2μ_m(x) ) , x ∈ R. (3.1)

Next, we will prove the corresponding trace formula associated with Neumann eigenvalues ν_k(x). In Section 6, these two trace formulas will be used to investigate location of μ_j(x) and ν_k(x) for the example V (x) = Ke^{2ix}, K ∈ C.

Theorem 3.2. Suppose that the potential V ∈ C^1(R) is periodic of period π. Then

V (x) = 2ν_0(x) − E_0 + ∞∑ m=1 ( 2ν_m(x) − E_{2m−1} − E_{2m} ) , x ∈ R. (3.2)

Proof. We will closely follow the proof in the Dirichlet case in [9].

Let G(λ, x_1, x_2) be the Green’s function of the Hill operator H in L^2(R). Then the diagonal Green’s function g(λ, x) = G(λ, x, x) of H becomes g(λ, x) = − s(λ, x, x + π) 2 √ Δ^2(λ) − 1

(3.3)

(see, e.g., [9, eq. (3.58)]), where the branch of the square root is chosen so that the positive real axis maps onto itself and the square root is analytically continued to the complex λ-plane away from the spectrum of H. Next, using (2.5) and (3.3), one can show by straightforward computations that 1 2 g_{xx}(λ, x) + (λ − V (x))g(λ, x) = c^′(λ, x, x + π) 2 √ Δ^2(λ) − 1

. (3.4)

Together with (2.5) this implies

−2g_{xx}(λ, x)g(λ, x) + g_x(λ, x)^2 + 4(V (x) − λ)g(λ, x)^2 = 1. (3.5)

Next, we recall that {E_m}_{m∈N0} , {μ_j(x)}_{j∈N} and {ν_k(x)}_{k∈N0} are the zeros of the functions Δ(λ)^2 − 1, s(λ, x, x + π) and c^′(λ, x, x + π), respectively. Thus,

E2m−1_{2m} =_{m→∞} ( m + c_1 m + c_2 m^2 ± δ_m m^2 + ε^±_m m^3

)_2

, (3.6)

μ_m(x) =_{m→∞} ( m + c_1 m + c_2 m^2 + s_m(x) m^2

)_2

, (3.7)

ν_m(x) =_{m→∞} ( m + c_1 m + c_2 m^2 + c_m(x) m^2

)_2

, (3.8)

where {δ_m}_{m∈N} , {ε^±_m}_{m∈N} , {s_m(x)}_{m∈N} , {c_m(x)}_{m∈N} ∈ ℓ^2(N) (see, e.g., [16, Chs. 1, 3]). (Actually, Marchenko [16] did not explicitly work out the proof of (3.8), but using his equation (1.5.3) along with ideas in the proof of [16, Theorem 1.5.1], one can directly prove (3.8). When V is real-valued, one can use the interlacing property (1.1) and (3.6).)

We write

g(λ, x) = i f_0(λ, x) 2 √ λ for some function f_0(λ, ·) ∈ C^3(R). (3.9)

Then (3.6) and (3.7) together with (3.3) and the Hardamard factorization theorem (see, e.g., [2, Ch. 5]) imply that

f_0(λ, x) =_{λ→i∞} O(1) for each x ∈ R.

Next, we infer from (3.5) and (3.9) that f_0(λ, x)^2 =_{λ→i∞} 1 for every x ∈ R. Moreover, one can see that f_0(λ, x) = f_0(x) + f_1(λ, x)/λ for some f_0(x)^2 = 1 and f_1(λ, ·) ∈ C^3(R), where f_1(λ, x) =_{λ→i∞} O(1) for each x ∈ R. Thus,

g(λ, x) = i f_0(x) 2 √ λ + i f_1(λ, x) 2( √ λ)^3

, (3.10)

g_x(λ, x), g_{xx}(λ, x) =_{λ→i∞} O(|λ|^{−3/2}). (3.11) Next, from (3.5), (3.10) and (3.11) we infer that f_1(λ, x) =_{λ→i∞} f_0(x)V (x)/2 for every x ∈ R, and hence g(λ, x) has the following asymptotic expression

g(λ, x) =_{λ→i∞} f_0(x) ( i 2 √ λ + i 4( √ λ)^3

V (x) + O(|λ|^{−5/2}) ) . (3.12)

(Actually, it is known that f_0(x) = 1 but f_0(x)^2 = 1 suffices for our argument below.) The asymptotic expressions (3.11) and (3.12) along with (3.4) imply ( c^′(λ, x, x + π) 2 √ Δ^2(λ) − 1

)_2 =_{λ→i∞} − λ 4 + 1 4 V (x) + O(|λ|^{−1}). (3.13)

Next, one can choose n ∈ N so that the infinite product ∞∏ m=n ν_m(x)^2 E_{2m−1}E_{2m}

(3.14)

converges absolutely to a non-zero complex number.

If c^′(λ, x, x + π) = 0 for some x ∈ R and λ ∈ C, then it is clear that t → c(λ, x, t) is an eigenfunction of the Neumann problem in L^2([x, x + π]) and λ = ν_k(x) for some k ∈ N_0. Since λ → c^′(λ, x, x + π)^2 and 4(Δ(λ)^2 − 1) are entire functions of order^1_2 , the Hardamard factorization theorem implies that

c^′(λ, x, x + π)^2 = A_1(x)

N−1∏ m=0 (ν_m(x) − λ)^2 ∞∏ m=N ( 1 − λ ν_m(x)

)_2 ,

4(Δ(λ)^2 − 1) = B_1

2N−2∏

m=0 (E_m − λ) ∞∏ m=N [( 1 − λ E_{2m−1} ) ( 1 − λ E_{2m} )] , for some function A_1 on R and a constant B_1 ∈ C. Here we chose N ≥ n so that for all m ≥ N, E_m ≠ 0, ν_m(x) ≠ 0 and

|λ − E_m| ≤ |λ| for all large |λ| with arg(λ) = π 2 . (3.15)

This is possible because |Im (E_m)| ≤ max_{0≤x≤π} |Im (V (x))| for m ∈ N_0.

Thus, ( 1 λ ) c^′(λ, x, x + π)^2 4(Δ^2(λ) − 1)

= −A(x)

(ν_0(x) − λ)^2 λ(E_0 − λ) ∞∏ m=1 [ (ν_m(x) − λ)^2 (E_{2m−1} − λ)(E_{2m} − λ) ]

= A(x) ( 1 −^{ν0(x)}_λ

)_2

1 −^{E0}_λ ∞∏ m=1

( 1 −^{νm(x)}_λ

)_2 ( 1 −^{E2m−1}_λ ) ( 1 −^{E2m}_λ ) , (3.16)

where

A(x) = −

A_1(x) B_1 ∞∏ m=N E_{2m−1}E_{2m} ν_m(x)^2

. (3.17)

Next, we have

ln (_N ∏ m=1 [ (ν_m(x) − λ)^2 (E_{2m−1} − λ)(E_{2m} − λ) ])

= N∑ m=1 [ 2 ln ( 1 − ν_m(x) λ ) − ln ( 1 − E_{2m−1} λ ) − ln ( 1 − E_{2m} λ )]

=_{λ→i∞} − 1 λ N∑ m=1 [2ν_m(x) − E_{2m−1} − E_{2m}] + O(|λ|^{−2}), (3.18)

where we used ln(1 − t) =_{t→0} −t + O(t^2). Moreover,

∞∑ m=N+1

| | | | | (2ν_m(x) − E_{2m−1} − E_{2m}) (_{E2m−1}

λ − 1

) (_{E2m}

λ − 1 ) | | | | | ≤ ∞∑ m=N+1

|2ν_m(x) − E_{2m−1} − E_{2m}| |λ|^{−2} |(E_{2m−1} − λ) (E_{2m} − λ)| ≤ ∞∑ m=N+1

|2ν_m(x) − E_{2m−1} − E_{2m}| |λ|^{−2} |λ^2|

< +∞, and by (3.6), (3.8) and (3.15), ∞∑ m=N+1

|ν_m(x)^2 − E_{2m−1}E_{2m}| | | | (_{E2m−1}

λ − 1

) (_{E2m}

λ − 1 )| | ≤ ∞∑ m=N+1 | |ν_m(x)^2 − E_{2m−1}E_{2m} | | < +∞.

Thus, we obtain ln (_∞ ∏ m=N+1 [ (ν_m(x) − λ)^2 (E_{2m−1} − λ)(E_{2m} − λ) ])

= ∞∑ m=N+1 ln [ 1 − (E_{2m−1} − λ) (E_{2m} − λ) − (ν_m(x) − λ)^2 (E_{2m−1} − λ) (E_{2m} − λ) ]

= ∞∑ m=N+1 ln 1 − (2ν^m(x) − E^{2m−1} − E^{2m})λ + (E^{2m−1}E^{2m} − ν^m(x)^2) λ^2

(_{E2m−1} λ − 1

) (_{E2m} λ − 1 )

= − ∞∑ m=N+1

(2ν^m(x) − E^{2m−1} − E^{2m})λ + (E^{2m−1}E^{2m} − ν^m(x)^2) λ^2

(_{E2m−1} λ − 1

) (_{E2m} λ − 1 )

+ O ∞∑ m=N+1

| | | | | (2ν_m(x) − E_{2m−1} − E_{2m})λ + (E_{2m−1}E_{2m} − ν_m(x)^2)

λ^2

(_{E2m−1} λ − 1

) (_{E2m} λ − 1 ) | | | | | 2

= − 1 λ ∞∑ m=N+1

(2ν_m(x) − E_{2m−1} − E_{2m}) (_{E2m−1} λ − 1

) (_{E2m}

λ − 1 )

− 1 λ^2 ∞∑ m=N+1

(E_{2m−1}E_{2m} − ν_m(x)^2) (_{E2m−1}

λ − 1

) (_{E2m}

λ − 1

) + O(|λ|^{−2}), (3.19)

where we used again (3.15) to bound the error term. Next, we use the dominated convergence theorem (with the discrete counting measure)

in (3.19) to derive ln (_∞ ∏ m=N+1 [ (ν_m(x) − λ)^2 (E_{2m−1} − λ)(E_{2m} − λ) ])

=_{λ→i∞} − 1 λ ∞∑ m=N+1

(2ν_m(x) − E_{2m−1} − E_{2m}) + O ( 1 |λ|^2 ) . (3.20)

Finally, (3.16), (3.18) and (3.20) along with the fact e^t =_{t→0} 1 + O(t) yield 1 λ c^′(λ, x, x + π)^2 4(Δ^2(λ) − 1)

=_{λ→i∞} A(x) [ 1 − 2ν_0(x) − E_0 λ − 1 λ ∞∑ m=1 [2ν_m(x) − E_{2m−1} − E_{2m}] + O ( 1 |λ|^2 ) ] . (3.21)

Thus, comparing (3.21) with (3.13), we infer A(x) = −^1_4 and the desired trace formula (3.2). □

4. The case when V (−x) = V (x)

In this section, we prove some general results on the location of Dirichlet and Neumann eigenvalues.

The following lemma on periodicity of the eigenvalues is well-known and hence we omit the proof.

Lemma 4.1. Suppose that V ∈ L^1_{loc}(R) is periodic of period π. Then μ_j(x_0), j ∈ N, and ν_k(x_0), k ∈ N_0, are all periodic functions of period π. Next, we prove the following theorem, regarding a certain symmetry of the eigenvalues μ_j(x_0) and ν_k(x_0).

Theorem 4.2. Suppose that V ∈ L^1_{loc}(R) is periodic of period π and that V (−x) = V (x) for all x ∈ R, or equivalently, V (π − x) = V (x) for all x ∈ [0, π]. Then for every j ∈ N, k ∈ N_0, and x_0 ∈ [0, π],

μ_j(π − x_0) = μ_j(x_0) and ν_k(π − x_0) = ν_k(x_0). (4.1)

Proof. Let y(μ_j(x_0), x) = s(μ_j(x_0), x_0, x). Then since V (−x) = V (x), we see that y(μ_j(x_0), −x) is also a solution of

−ψ^{′′}(x) + V (x)ψ(x) = μ_j(x_0)ψ(x) (4.2)

with μ_j(x_0) replaced by μ_j(x_0). (To see this, we take the complex conjugate of equation (4.2) and replace x by −x.) We write y(μ_j(x_0), −x) = y(μ_j(x_0), x).

Thus, y(μ_j(x_0), x_0) = 0 = y(μ_j(x_0), x_0 + π) yields y(μ_j(x_0), −x_0 − π) = 0 = y(μ_j(x_0), −x_0) = y(μ_j(x_0), (−x_0 − π) + π). This implies μ_j(−x_0 − π) = μ_j(x_0).

By Lemma 4.1 we then have μ_j(π − x_0) = μ_j((π − x_0) − 2π) = μ_j(x_0).

Similarly, we can show that ν_k(π − x_0) = ν_k(x_0). □

Thus, for all x_0 ∈ [0, π/2], μ_j(x_0) and ν_k(x_0) contain all information of the eigenvalues for x_0 ∈ R. Moreover, we have the following corollary regarding reality of the eigenvalues μ_j (x_0), ν_k(x_0) for x_0 = 0,^π_2 .

Corollary 4.3. Suppose that V ∈ L^1_{loc}(R) is periodic of period π and that V (−x) = V (x) for all x ∈ R. Then for all j ∈ N, k ∈ N_0, μ_j(0), μ_j(^π_2 ), ν_k(0) and ν_k(^π_2 ) are all real.

Proof. Since μ_j (0) = μ_j(π) = μ_j (π − π) = μ_j(0), μ_j(0) are all real. Similarly, ν_k(0) are all real. Moreover,

μ_j ( π 2 ) = μ_j(π − π 2 ) = μ_j ( π 2 ), ν_k( π 2 ) = ν_k(π − π 2 ) = ν_k( π 2 ). □ 5. Bessel functions and some unpublished work of Deift

In this section, we reconsider some results in an unpublished manuscript by Deift [6], where he explicitly expressed c^′(λ, x_0, x_0 + π) and s(λ, x_0, x_0 + π) for V (x) = Ke^{2ix}, K ∈ C, in terms of Bessel functions. In addition we will introduce some useful facts on Bessel functions.

Consider the Schrödinger equation −ψ^{′′}(x) + Ke^{2ix}ψ(x) = λψ(x), x ∈ R, (5.1) where λ, K ∈ C. Gasymov [13] (also, see [17], [20, Theorem 2]) showed that if V (x) = Ke^{2ix}, K ∈ C, then Δ(λ) = cos(π √ λ).

From this fact it is clear that

E_0 = 0, E_{2m−1} = E_{2m} = m^2, m ∈ N. (5.2)

Next, the Bessel function J_ν (u) of the first kind is given by

J_ν (u) = (u 2 )_ν^∞∑ m=0 (−1)^m m!Γ(m + ν + 1) (u 2 )_{2m} , u, ν ∈ C, (5.3)

where we choose the negative real axis as its branch cut for ν ∉ Z. The Bessel function J_ν solves the following differential equation d^2 du^2

J_ν (u) + 1 u d du J_ν (u) + u^2 − ν^2 u^2

J_ν (u) = 0. (5.4)

One can show that x → J^√_λ( √ Ke^{ix}) is a solution of (5.1) (see, e.g., [8, p. 196]). Moreover,

c(λ, 0, x) = π √ K 2 ( Y^{′√}_λ( √ K)J^√_λ( √ Ke^{ix}) − J^{′√}_λ( √ K)Y^√_λ( √ Ke^{ix}) ) , s(λ, 0, x) = πi 2 ( Y^√_λ( √ K)J^√_λ( √ Ke^{ix}) − J^√_λ( √ K)Y^√_λ( √ Ke^{ix}) ) , where Y_ν is the Bessel function of the second kind (also a solution of (5.4)), defined by

Y_ν (u) =

J_ν (u) cos(νπ) − J_{−ν} (u) sin(νπ)

. (5.5)

In his unpublished manuscript [6], Deift showed that

s(λ, 0, π) = πJ^√_λ( √ K)J_−^√_λ( √ K), (5.6) c^′(λ, 0, π) = πKJ^{′√}_λ( √ K)J^′_−^√_λ( √ K), (5.7)

where he used (5.5) with

J_ν (ue^{iπ}) = e^{νπi}J_ν (u), Y_ν (ue^{iπ}) = e^{−νπi}Y_ν (u) + 2i cos(νπ)J_ν (u).

In Section 6, we will extensively use equations (5.6) and (5.7), along with the trace formulas (3.1), (3.2) to investigate the location of μ_j and ν_k.

Next, we list a number of basic facts on Bessel functions that will be used in the next section.

Lemma 5.1.

(1) If ν is real, then J_ν (u) is real for all u ∈ R.

(2) If ν ≥ −1, then all zeros of J_ν (u) are real and if ν ≥ 0, then all zeros of J^′_ν (u) are real.

(3) If ν ≥ 0, then the smallest positive zeros of J_ν (u) and J^′_ν (u) are greater than ν.

(4) If n ∈ Z, then J_{−n}(u) = (−1)^nJ_n(u) and J^′_{−n}(u) = (−1)^nJ^′_n(u), u ∈ C.

(5) J_ν and J_{−ν} are linearly independent if and only if ν ∉ Z. (6) J_n and J_m do not have a common zero if m, n ∈ N_0 with m ≠ n. (7) J^′_{n−1} and J^′_n do not have a common zero for n ∈ N.

Proof. See, for example, [23, Ch. 15] and [1, Ch. 9] for proofs of these results. We also note that assertions (1), (4) and (5) can be derived directly from (5.3). □

6. Applications of the trace formulas

In this section, we will prove a number of results regarding the location of the Dirichlet and Neumann eigenvalues for the potential V (x) = Ke^{2ix}, the collection of which becomes Theorem 1.4.

In the following theorem, we will use μ_j(K, x_0) and ν_k(K, x_0) to explicitly indicate the K-dependence of these eigenvalues.

Theorem 6.1. Suppose that V (x) = Ke^{2ix} and K = |K|e^{2iφ0} for some φ_0 ∈ R. Then for each x ∈ R, j ∈ N, and k ∈ N_0,

μ_j (K, x) = μ_j(|K|, x + φ_0) and ν_k(K, x) = ν_k(|K|, x + φ_0).

Proof. With K = |K|e^{2iφ0} , (5.1) becomes −ψ^{′′}(x) + |K|e^{2i(x+φ0)}ψ(x) = λψ(x), x ∈ R. (6.1) Next, we consider the equation −ψ^{′′}(x) + |K|e^{2ix}ψ(x) = λψ(x), x ∈ R. (6.2) Clearly, y(x) is a solution of (6.1) if and only if y_1(x) = y(x − φ_0) is a solution of (6.2). Moreover, y(x) = 0 = y(x + π) if and only if y_1(x + φ_0) = 0 = y_1(x + φ_0 + π). This implies that μ_j (|K|e^{2iφ0} , x) = μ_j(|K|, x + φ_0), j ∈ N. Similarly one proves that ν_k(|K|e^{2iφ0} , x) = ν_k(|K|, x + φ_0), k ∈ N_0. □

Remark. (i) From the proof of Theorem 6.1, we conclude that for all x ∈ R, j ∈ N, and k ∈ N_0,

μ_j(K, x) = μ_j(e^{2ix}K, 0) and ν_k(K, x) = ν_k(e^{2ix}K, 0). (6.3) (ii) By Theorem 6.1, the periodic curves in the complex plane, generated by x → μ_j(x) and x → ν_k(x) remain the same for all K ∈ C with the same magnitude. Thus, we will focus on the case K > 0.

Next, we will provide more precise location of the Dirichlet eigenvalues μ_j(0).

Theorem 6.2. Suppose that V (x) = Ke^{2ix} and K > 0. Then (i) (j − 1)^2 ≤ μ_j(0) ≤ j^2 for all j ∈ N. (ii) If 0 < K ≤ 1, then for all j ∈ N, j^2 −^K_2 < j^2 −^K_2 +

∑_{j−1} m=1(m^2 − μ_m(0)) < μ_j (0) < j^2, and hence μ_j(0) ≠ E_m for all j ∈ N, m ∈ N_0.

(iii) If K > 1 then M_1 = K − 2

∑_⌊^√_{K⌋} m=1 (m^2 − μ_m(0)) > 0 and j^2 −^{M1}_2 < μ_j(0) < j^2 for all j ≥ √ K + 1, where ⌊ √ K⌋ denotes the largest integer that is less than or equal to √ K. In particular, μ_j(0) ≠ E_m if j ≥ √ K + 1 and m ∈ N_0.

Proof of (ii). We recall that μ_j(0), j ∈ N, are the zeros of s(λ, 0, π) and from (5.6), s(λ, 0, π) = πJ^√_λ( √ K)J_−^√_λ( √ K). (6.4) Also, by Corollary 4.3, μ_j(0) ∈ R for all j ∈ N.

Below, we will show the existence of μ_j(0) in certain intervals applying the intermediate value theorem. Subsequently the convergence of the series in the trace formula in Theorem 3.1 will be used to show that there exist no other μ_j (0).

First, we will show that if 0 < K ≤ 1, then s((2n)^2, 0, π) > 0 and s((2n − 1)^2, 0, π) < 0, n ∈ N. The continuous function s(λ, 0, π) is real for λ ≥ 0 (in fact, it is real for all λ ∈ R because if λ < 0 then the two Bessel functions in (6.4) at √ K ∈ R are complex conjugates of each other since Re ( √ λ) = 0).

By Lemma 5.1 (4), J_{−n}(u) = (−1)^nJ_n(u), n ∈ Z and hence s(n^2, 0, π) = (−1)^n ( J_n( √ K) )_2 . (6.5) By Lemma 5.1 (2) and (3), for each √ λ ≥ 0, the zeros of u → J^√_λ(u) are all real, and positive zeros of these functions are all greater than √ λ. Thus, if 0 < K ≤ 1, then for every n ≥ 1, J_n( √ K) ≠ 0, and J_0( √ K) ≠ 0 by (5.3) since the terms in the series (5.3) have alternating signs and since absolute values of these terms are strictly decreasing if √ K ≤ 2. Thus, the sequence n → s(n^2, 0, π) = (−1)^n ( J_n( √ K) )_2

alternates its sign for all n ≥ 0. By the intermediate value theorem at least one of μ_j(0) lies in every open interval ((n−1)^2, n^2), n ∈ N. Next, using the trace formula (3.1), we will show that there is precisely one μ_j(0) in every interval ((n − 1)^2, n^2).

The trace formula (3.1) at x_0 = 0 reads

K = Ke^{2ix0} | | |_{x0=0} = E0 + ∞∑ j=1 (E_{2j−1} + E_{2j} − 2μ_j(0))

= 0 + ∞∑ j=1 ( 2j^2 − 2μ_j(0) ) . (6.6)

This implies that if there were more than one μ_j(0) in some ((n−1)^2, n^2) or if there were one μ_j(0) on the negative real axis, then j^2 − μ_j (0) > 1 for all j ≥ n + 1, and hence the sum in (6.6) would be divergent. Thus, there is exactly one μ_j (0) in every interval ((n − 1)^2, n^2), n ∈ N. Since the sum is K and since 2j^2 − 2μ_j(0) > 0 for all j ∈ N, we have

j^2 − K 2 < j^2 − K 2 + j−1∑ m=1 μ_m(0) < μ_j(0) < j^2, j ∈ N.

Proof of (i) and (iii). There is at least one μ_j(0) in each closed interval [(n−1)^2, n^2], n ∈ N. Otherwise, s((n−1)^2, 0, π) ≠ 0 and s(n^2, 0, π) ≠ 0.

By (6.4), there would be at least one μ_j(0) in the interior of the interval by the intermediate value theorem. Next, since the smallest positive zero of J_ν (u), ν ≥ 0, is greater than ν, the sequence n → s(n^2, 0, π) alternates its sign for n ≥ √ K. However, it is possible that s(n^2, 0, π) = 0 for some 0 ≤ n < √ K. Suppose that s(n^2_0, 0, π) = 0 for some n_0 ∈ N, 0 < n_0 < √ K. Then by (6.4) either J_{n0} ( √ K) = 0 or J_{−n0} ( √ K) = 0. However, since J_{n0} and J_{−n0} are linearly dependent, by Lemma 5.1 (4), one concludes that J_{n0} ( √ K) = 0 and J_{−n0} ( √ K) = 0. Next, we will show that s(λ, 0, π) has at least double zeros at λ = n^2_0 if s(n^2_0, 0, π) = 0.

Since J_{n0} ( √ K) = 0, one infers that √ λ → J^√_λ( √ K) = ( √ λ − n_0)f( √ λ) for some entire function f. Since J_{−n0} ( √ K) = 0, also J^√_λ( √ K) = ( √ λ − n_0)( √ λ + n_0)f_1(λ) for some entire function f_1.

Thus,

s(λ, 0, π) = πJ^√_λ( √ K)J_−^√_λ( √ K) = π(λ − n^2_0)^2f_1( √ λ)f_1(− √ λ) and hence s(λ, 0, π) has at least a double zero at λ = n^2_0. If n_0 = 0 then since n_0 = −n_0, we have for some entire function f_1,

s(λ, 0, π) = πλf_1( √ λ)f_1(− √ λ), and hence the zero can be simple or it can be of higher order.

By Lemma 5.1 (6), if s(n^2_0, 0, π) = 0 for some integer 0 < n_0 < √ K, then s(n^2, 0, π) ≠ 0 for n ∈ N_0 with n ≠ n_0. If n_0 = 0, then the zero must be simple, due to the convergence of the sum in (6.6) since (j − 1)^2 < μ_j(0) < j^2 for all j ≥ 2. If n_0 ≠ 0 then the zero is not simple from the above argument. In fact, the zero must be of order 2; otherwise, the sum in (6.6) would diverge.

If s(n^2, 0, π) ≠ 0 for all n ∈ N_0, then (j − 1)^2 < μ_j(0) < j^2 for all j ∈ N like in the case (ii). Thus, we proved (i).

The proof of (iii) is analogous to that of (ii). □

Next, we study the location of Neumann eigenvalues ν_k(0).

Theorem 6.3. Suppose that V (x) = Ke^{2ix} and K > 0. Then

(i) k^2 ≤ ν_k(0) ≤ (k + 1)^2 for all k ∈ N_0. (ii) If 0 < K ≤ 1, then for all k ∈ N_0, k^2 < ν_k(0) < k^2 +^K_2 − ν_0(0) −

∑_{k−1}

m=1(ν_m(0) − m^2) < k^2 +^K_2 − ν_0(0), and hence ν_k(0) ≠ E_m for k ∈ N_0, m ∈ N_0.

(iii) If K > 1 then M_2 = K − 2ν_0(0) − 2

∑_⌊^√_{K⌋} m=1 (ν_m(0) − m^2) > 0 and k^2 < ν_k(0) < k^2 +^{M2}_2 for all k ≥ √ K. In particular, ν_k(0) ≠ E_m for k ≥ √ K, m ∈ N_0.

Proof of (ii). The arguments are very similar to that in the proof of Theorem 6.2 (ii). However, in the trace formula (3.2), ν_0(x_0) is paired with E_0, unlike in the Dirichlet case (3.1). Hence, a more careful analysis is needed in the present Neumann case.

We recall that ν_k(0), k ∈ N_0, are the zeros of

c^′(λ, 0, π) = πKJ^{′√}_λ( √ K)J^′_−^√_λ( √ K), (6.7)

a real-valued continuous function on the real line. Moreover, by Corollary 4.3, ν_k(0) ∈ R for all k ∈ N_0.

If 0 < K ≤ 1, as in the case of Dirichlet eigenvalues, the sequence n → c^′(n^2, 0, π) = (−1)^n ( J^′_n( √ K) )_2 alternates its sign for all n ≥ 1.

By (5.3), we see that J^′_0( √ K) ≠ 0 as in the case of J_0( √ K) ≠ 0 for √ K ≤ 2. Hence, by the intermediate value theorem there is at least one ν_k(0) in the interval ((n − 1)^2, n^2) for every n ∈ N. Moreover, ν_k(0) ≠ n^2 for any n ∈ Z. Next, we will show that ν_0(0) > 0, that is, there is no negative Neumann eigenvalue since c^′(0, 0, π) ≠ 0.

The trace formula (3.2) at x_0 = 0 reads

K = Ke^{2ix0} | |_{x0=0} = 2ν0(0) − E0 + ∞∑ k=1 (2ν_k(0) − E_{2k−1} − E_{2k})

= 2ν_0(0) + ∞∑ k=1 ( 2ν_k(0) − 2k^2 ) . (6.8)

21 Next, suppose that J^{′√}_λ( √ K) = 0 at λ = ν_0(0) < 0. Then since J^{′√}_λ( √ K) is an entire function of √ λ, we can write J^{′√}_λ( √ K) = ( √ λ − i √ |ν_0(0)|)f( √ λ) for some entire function f. Since J^′_−√_{ν0(0)}( √ K) = J^′√_{ν0(0)}( √ K) = 0,

we see that f(−i √ |ν_0(0)|) = 0, and hence J^{′√}_λ( √ K) = ( √ λ − i √ |ν_0(0)|)( √ λ + i √ |ν_0(0)|)f_1( √ λ) for some entire function f_1. Thus, c^′(λ, 0, π) = πKJ^{′√}_λ( √ K)J^′_−^√_λ( √ K) = πK(λ − ν_0(0))^2f_1( √ λ)f_1(− √ λ), implying ν_1(0) < 0. But then (6.8) would diverge, since there exists at least one ν_k(0) in the open interval ((n − 1)^2, n^2) for every n ∈ N. This is a contradiction, and hence there is no negative Neumann eigenvalue.

The previous argument also shows that if c^′(n^2_0, 0, π) = 0 for some n_0 ∈ N, then c^′(λ, 0, π) has at least a double zero at λ = n^2_0, while c^′(λ, 0, π) could have a simple zero at λ = 0.

Moreover, still assuming 0 < K ≤ 1, if there were more than one Neumann eigenvalue ν_k(0) in some interval ((n−1)^2, n^2), there would be at least three ν_k(0) in this interval, counting multiplicity since ν_k(0) ≠ m^2. This would violate the convergence of the sum in (6.8). Hence, there is exactly one ν_k(0) in each interval ((k − 1)^2, k^2), k ∈ N. Since ν_k(0) − k^2 > 0 for all k ∈ N_0, we infer that

0 < ν_0(0) < K 2 , k^2 < ν_k(0) < k^2 + K 2 − ν_0(0) − k−1∑ m=1 ν_m(0) < k^2 + K 2 − ν_0(0),

k ∈ N.

Proof of (i) and (iii). Suppose that K > 1. We recall that ν_k(x_0) is numbered according to k ∈ N_0. In proving Theorem 6.2 (i) and (iii), we used Lemma 5.1 (6), while here we need Lemma 5.1 (7). The point of

Lemma 5.1 (7) in the proof is that if c^′(n^2, 0, π) = 0 then c^′(k^2, 0, π) ≠ 0 for k = (n − 1) and k = (n + 1). The rest of the proof is similar to that of Theorem 6.2 (i) and (iii). Hence, we omit further details. □

Next, we investigate μ_j(π/2), j ∈ N.

Theorem 6.4. Suppose that V (x) = Ke^{2ix} and K > 0. Then, (2j − 1)^2 < μ_{2j−1}(π/2) ≤ μ_{2j}(π/2) < (2j)^2, j ∈ N, and hence μ_j(π/2) ≠ E_m, m ∈ N_0.

Moreover, if 0 < K ≤ 1, then

(2j − 1)^2 < μ_{2j−1}(π/2) < (2j − 1 2 )^2 < μ_{2j}(π/2) < (2j)^2, j ∈ N.

Proof. By (5.6) and (6.3), μ_j(π/2) are the values of λ for which s(λ, π/2, 3π/2) = πJ_−^√_λ(e^{iπ/2} √ K)J^√_λ(e^{iπ/2} √ K) = 0.

If λ ≥ 0, then all the zeros u of J^√_λ(u) are real and one concludes that J^√_λ(e^{iπ/2} √ K) ≠ 0. Thus, the zeros of s(λ, π/2, 3π/2) agree with those of J_−^√_λ(i √ K) and hence with those of [( i √ K 2^{−1}

)^√_λ J_−^√_λ(i √ K) ] . Let f(α) = ( i √ K 2 )_{−α} J_α(i √ K) = ∞∑ m=0

(_{√K} 2 )_{2m}

m!Γ(m + α + 1)

. (6.9)

We will show below that if 0 < K ≤ 1, then

f(−n) > 0 and f(−(2n − 1/2)) < 0 for all n ∈ N. (6.10) By the intermediate value theorem this then implies the existence of at least one μ_j(π/2) in every interval of the form

(−(2n − 1)^2, −(2n − 1/2)^2), (−(2n − 1/2)^2, −(2n)^2), n ∈ N. Thus, the convergence of the trace formula

−K = Ke^{2ix0} | | |_{x0=π/2} = E0 + ∞∑ j=1 ( E_{2j−1} + E_{2j} − 2μ_j(π/2) ) (6.11)

implies that there is exactly one eigenvalue μ_j(π/2) in each interval above, and these are all the μ_j(π/2).

23 Since J_{−n}(i √ K) = (−1)^nJ_n(i √ K), n ∈ Z, and since by (6.9), f(n) > 0, n ∈ N_0, we infer from Lemma 5.1 (4) that f(−n) = (i √ K/2)^nJ_{−n}(i √ K) = (−1)^n(i √ K/2)^{2n}f(n) > 0, n ∈ N_0. (6.12) Next, we show that f(−2n + 1/2) < 0, n ∈ N. For every 0 ≤ m ≤ 2n − 2, repeated use of the formula Γ(λ) =^1_λ Γ(λ + 1), implies

Γ(m − 2n + 3/2) =

(−2)^{2n−m−1}Γ(1/2) ∏_{2n−m−1}

j=1 (4n − 2m − (2j + 1))

. (6.13)

Thus, from (6.9),

f(−2n + 1/2) = ∞∑ m=0

(_{√K} 2 )_{2m}

m!Γ(m − 2n + 1/2 + 1) = 2n−2∑

m=0 (−1)^{m+1}

∏_{2n−m−1}

j=1 (4n − 2m − (2j + 1))

2^{2n−1}m!Γ(1/2) ( K 2 )_m

+ ∞∑ m=2n−1

(_{√K} 2 )_{2m}

m!Γ(m − 2n + 1/2 + 1)

. (6.14)

Moreover, ∞∑ m=2n−1

(_{√K} 2 )_{2m}

m!Γ(m − 2n + 1/2 + 1) < (_K 4 )_{2n−1}

e^{K/4} (2n − 1)! √ π , n ∈ N, (6.15)

and hence, if 0 < K ≤ 1,

f(−2n + 1/2) < −

(_K 2 )_{2n−2}

2^{2n−1}(2n − 2)! √ π + (_K 4 )_{2n−1}

e^{K/4} (2n − 1)! √ π = − (_K 2 )_{2n−2}

2^{2n−1} √ π(2n − 2)! [ 1 − (_K 2 ) e^{K/4} (2n − 1) ] < 0. (6.16)

Here we used the fact that the sign of an alternating sum with terms of decreasing magnitudes agrees with the sign of the first term.

In order to prove the first part of the theorem, we note that (6.12) holds for every K > 0, while (6.16) may not hold for some K > 1. Next, for each K > 1 and^1_K ≤ ε ≤ 1 we introduce the family of potentials V (x) = εKe^{2ix}. Again, we use the notation μ_j(εK, 0) to indicate the ε-dependence of these eigenvalues. Then, for each j ∈ N, the function ε → μ_j(εK, 0) is continuous since J_ν (u) is an entire function of ν for each fixed u ≠ 0, and an analytic function of u on the positive real axis.

When ε =^1_K , that is, when V (x) = e^{2ix}, we proved above that (2j − 1)^2 < μ_{2j−1}(1, π/2) ≤ μ_{2j}(1, π/2) < (2j)^2, j ∈ N.

So as ε increases to 1, the real numbers μ_j(εK, π/2) cannot become (2j − 1)^2 or (2j)^2 due to (6.12) which holds for all K > 0. This completes the proof. □

Next, we investigate ν_k(π/2) for k ∈ N_0.

Theorem 6.5. Suppose that V (x) = Ke^{2ix} and K > 0. Then (2k)^2 < ν_{2k}(π/2) ≤ ν_{2k+1}(π/2) < (2k + 1)^2, k ∈ N_0, and hence ν_k(π/2) ≠ E_m, k ∈ N_0.

Moreover, if 0 < K ≤^1_2 , then

(2k)^2 < ν_{2k}(π/2) < (2k + 1 2 )^2 < μ_{2k+1}(π/2) < (2k + 1)^2, k ∈ N_0.

Proof. One can follow the arguments in the proof of Theorem 6.4. By (5.7) and (6.3), ν_k(π/2) are values of λ for which

c^′(λ, π/2, 3π/2) = iπJ^′_−^√_λ(i √ K)J^{′√}_λ(i √ K) = 0.

If λ ≥ 0, then J^{′√}_λ(i √ K) ≠ 0 and hence the zeros of c^′(λ, π/2, 3π/2) agree with those of J^′_−^√_λ(i √ K) and hence they agree with those of (_{i√K} 2 )^√_{λ+1} J^′_−^√_λ(i √ K). Next, define

g(α) = ( i √ K 2 )_{−α+1}

J^′_α(i √ K), α ∈ R.

Then one can show that for each K > 0, g(n) > 0, n ∈ Z. (6.17) Here the identity J^′_ν (u) = ν u J_ν (u) − J_{ν+1}(u)

(see [23, pp. 45]) turns out to be useful.

Moreover, one can show that if 0 < K ≤^1_2 , then g(−2n − 1/2) < 0, n ∈ N_0.

Thus, if 0 < K ≤^1_2 , then g(α) has at least one zero in each interval of the form (−2n − 1, −2n − 1/2) and (−2n − 1/2, −2n), n ∈ N_0. Using the trace formula (3.2) one can show that there are no other zeros and hence this proves the second part of the theorem.

The proof of the first part of the theorem is analogous to that of Theorem 6.4. □

Theorem 6.6. Suppose that V (x) = Ke^{2ix} and K > 0. Then for every x ∈ (0, π), μ_j(x), ν_k(x) ≠ E_m.

Proof. From (6.3) one knows that μ_j(x) are zeros of s(λ, x, x + π) = πJ^√_λ(e^{ix} √ K)J_−^√_λ(e^{ix} √ K), (6.18) and that ν_k(x) are zeros of

c^′(λ, x, x + π) = π √ Ke^{ix}J^{′√}_λ(e^{ix} √ K)J^′_−^√_λ(e^{ix} √ K). (6.19) Since all zeros of J_n(u) and J^′_n(u) are real for n ≥ 0, we see that if 0 < x < π, then μ_j(x), ν_k(x) ≠ n^2, n ∈ N_0, because e^{ix} is non-real. □

Acknowledgments. The author thanks Fritz Gesztesy for initiating this research, for many pertinent references on this subject, and for showing him Percy Deift’s unpublished manuscript. He also thanks Mark Ashbaugh for some help with references on Bessel functions.

References

[1] M. Abramowitz and I. E. Stegun, Handbook of Mathematical Functions, Dover, New York, 1972.

[2] L. V. Ahlfors, Complex Analysis, McGraw-Hill, Inc., New York, 1979. [3] B. Birnir, Complex Hill’s equation and the complex periodic Korteweg-de Vries Equations, Comm. Pure Appl. Math. 39, 1–49 (1986).

[4] G. Borg, Eine Umkehrung der Sturm-Liouvillschen Eigenwertaufgabe. Acta Math. 78, 1–96 (1946).

[5] S. Clark, F. Gesztesy, H. Holden, and B. M. Levitan, Borg-type theorems for matrix-valued Schrödinger and Dirac operators, J. Diff. Eqs. 167, 181–210 (2000).

[6] P. A. Deift, An unpublished manuscript on the Hill equation with the potential Ke^{2ix}.

[7] M. S. P. Eastham, The Spectral Theory of Periodic Differential Equations, Scottish Academic Press, London, 1973.

[8] S. Flügge, Practical Quantum Mechanics, Springer, New York, 1974. [9] F. Gesztesy, Integrable systems in the infinite genus limit, Diff. Integral Eqs.

14, 671–700 (2001).

[10] F. Gesztesy and H. Holden, Soliton Equations and Their Algebro-Geometric Solutions. Vol. I: (1 + 1)-Dimensional Continuous Models, Cambridge Studies in Advanced Mathematics, Vol. 79, Cambridge Univ. Press, 2003.

[11] F. Gesztesy and B. Simon, The xi function, Acta Math. 176, 49–71 (1996). [12] F. Gesztesy and R. Weikard, Floquet Theory Revisited, Differential Equations and Mathematical Physics, I. Knoeles (ed.), International Press, Boston, p. 67–84, 1994.

[13] M. G. Gasymov, Spectral analysis of a class of second-order non-self-adjoint differential operators, Funct. Anal. Appl. 14, 11–15 (1980).

[14] W. Magnus and S. Winkler, Hill’s Equation, Dover Publications, Inc., New York, 1979.

[15] H. P. McKean and E. Trubowitz, Hill’s operator and hyperelliptic function theory in the presence of infinitely many branch points, Comm. Pure Appl. Math. 29, 143–226 (1976).

[16] V. A. Marchenko, Sturm-Liouville Operators and Applications, Birkhäuser, Basel, 1986.

[17] L. A. Pastur and V. A. Tkachenko, Spectral theory of Schrödinger operators with periodic complex-valued potentials, Funct. Anal. Appl. 22, 156–158 (1988).

[18] F. S. Rofe-Beketov, The spectrum of non-selfadjoint differential operators with periodic coefficients, Sov. Math. Dokl. 4, 1563–1566 (1963).

[19] J. -J. Sansuc and V. Tkachenko, Spectral properties of non-selfadjoint Hill’s operators with smooth potentials, in Algebraic Methods in Mathematical Physics, A. Boutel de Monvel and V. Marchenko (eds.), Kluwer, Dordrecht, p. 371–385, 1996.

[20] K. C. Shin, On half-line spectra for a class of non-self-adjoint Hill operators, Math. Nachr. 261–262, 171–175 (2003).

[21] E. C. Titchmarsh, Eigenfunction Expansions associated with Second-Order Differential Equations, Part II, Oxford University Press, New York, 1958.

[22] E. Trubowitz, The inverse problem for periodic potentials, Comm. Pure Appl.

Math. 30, 321–337 (1977).

[23] G. N. Watson, Theory of Bessel Functions, Cambridge University Press, New York, 1966.

e-mail: kcshin@math.missouri.edu

Department of Mathematics, University of Missouri, Columbia, MO 65211