Proof of the Parr Formula for the superheating field

Pierre Del Castillo UMR 8628 CNRS - Département de Mathématiques, Université Paris-Sud, 91405 0rsay, France

e-mail: Pierre.Castillo@math.u-psud.fr

Abstract

In [5], in order to prove the De Gennes Formula [16], C. Bolley and B. Helffer have obtained an upper bound for the superheating field h^{sh}(κ) in a semi-infinite film in the weak-κ limit. Precisely, they have proved that κ ( h^{sh}(κ) )_2

≤ 2^{− 3}2 + O(κ^12 ). In this paper, we improve this result and get the upper bound κ ( h^{sh}(κ) )_2

≤ 2^{− 32} + 15 32 κ + O(κ^{1+ρ}), ρ > 0. Combining this result with the lower bound for h^{sh}(κ) obtained in [11], we deduce the Parr Formula [19].

1. Introdution

The states of a superconducting material in an exterior magnetic field are described by the Ginzburg-Landau theory which introduces a functional ε depending in particular on a complex wave function and on the inner magnetic potential A. When the Landau parameter κ is small and when the width of the film d is large, (in the sense that κd is large), an approximation consists in reducing the problem to the study of local minima of the functional ε_∞(f, A) = ∫_{+∞} 0 [ 1 2 (1 − f(x)^2)^2 + κ^{−2} f^′(x)^2 + f(x)^2 A(x)^2 + A^′(x)^2 ] dx + 2 h A(0) , (1.1)

defined for (f, A) ∈ E_∞ = {(f, A) ; (1 − f) ∈ H^1(]0, +∞[), A ∈ H^1(]0, +∞[)}. The corresponding Ginzburg-Landau equations expressing the necessary conditions for minima are then (GL)_∞ { (a) − κ^{−2}f^{′′} − f + f^3 + f A^2 = 0 on [0, +∞[, (b) − A^{′′} + Af^2 = 0 on [0, +∞[, (1.2)

with the boundary conditions

f^′(0) = 0, A^′(0) = h. (1.3)

The problem (GL)_∞ is called the half-space model and was studied in [17] and [18] where numerical solutions are given.

We consider the set H_∞ ⊂ IR^+ of the h’s such that there exist solutions of the (G.L.) system with f > 0. We know that H_∞ is a bounded interval [0, h^+) (see [3], Proposition 2.1) and we then introduce the following definition:

Definition 1.1 The superheating field h^{sh}(κ) is defined as the supremum of the interval H_∞.

In the weak-κ limit, P. G. de Gennes [16] has proposed the formula

lim_{κ→0} κ ( h^{sh}(κ) )_2

= 2^{− 32} . (1.4)

In [3] and [5], C. Bolley and B. Helffer have proved rigorously (1.4). H. Parr [19] has proposed on the basis of some heuristic computations, the more general formula κ ( h^{sh}(κ) )_2

= 2^{− 32} + 15 32 κ + o(κ). (1.5)

Let us recall that we have proved in [11] the following theorem:

Theorem 1.2 There exist κ_0 > 0 and C such that, for all κ ≤ κ_0, we have the inequality

κ(h^{sh}(κ))^2 ≥ 2^{− 32} + 15 32 κ + Cκ^2. (1.6)

In this paper, to complete the proof of the Parr Formula, we prove the following theorem:

Theorem 1.3 There exist κ_0 and ρ > 0, such that, for all pairs (f, A) solution of (GL)_∞, for all κ ≤ κ_0, we have the inequality

κA^′(0)^2 = κh^2 ≤ 2^{− 32} + 15 32 κ + O(κ^{1+ρ}). (1.7)

Remark 1.4 In [2], C. Bolley and the author have proved the existence and the uniqueness of a solution of (GL)_∞ when the value of f(0) ∈]0, 1] is given. This permits to introduce the map t → σ(t) which has the property that if (f, A) is a solution of the (G.L.) equations such that f(0) = f_0, then A^′(0) = σ(f(0)). Theorem 1.3 permits to obtain an upper bound for the maximum of σ on ]0, 1].

In [5], to get an upper bound for A^′(0) and to prove the de Gennes Formula (1.4), C. Bolley and B. Helffer have proved the following estimates, for any pairs (f, A) solutions of (GL)_∞:

A^′(0)^2 ≤ √ 2[(1 − f(0)^2)f(0)^2κ^{−1} + 5A^′(0)f(0)^{−1}], (1.8)

κA^′(0)^2 ≥ √ 2(1 − f(0)^2)f(0)^2. (1.9)

In [8] (see Proposition 3), in order to prove that lim_{f(0)→0} σ(f(0)) = 1 √ 2 , these authors have proved the following estimate.

Proposition 1.5 There exist κ_0 and C such that, for all κ ≤ κ_0 and any solution (f, A) of (GL)_∞, we have

A^′(0)^2 = h^2 ≤ 1 2 + C f(0) κ . (1.10)

From (1.8), taking the maximum of (1 − f(0)^2)f(0)^2 on the interval [0, 1], and from (1.10), they have deduced the upperbound κh^2 ≤ 2^{− 32} + O(κ^{12} ), (1.11) for all h ∈ H_∞ and for κ small enough.

Remark 1.6 From Proposition 1.5, we deduce that Inequality (1.7) is true for any pairs (f, A) solutions of (GL)_∞ such that f(0) ≤ 1 10C . In all the following sections, we will restrict us to the pairs (f, A) such that f(0) ≥ 1 10C . The plan of this paper is the following. In Section 2, we first recall some estimates for the functions f, A, f^′ and A^′ obtained in [3] and [5]. Then, we improve estimates obtained for A and A^′. In Section 3, we analyze the estimate for A^′(0) = h obtained by C. Bolley and B. Helffer in [5]. We get a better estimate for f^′ in the interval [0, κ^{−ρ}], ρ > 0. In Section 4, using a principle maximum, we improve the upper bound for A^′(0) given in (1.8) and get Theorem 1.3. We deduce the Parr Formula (1.5). 2. Properties of solutions of (GL)_∞ 2.1. General properties of the Ginzburg-Landau equations

Let us recall some properties on the functions f, A, f^′ and A^′ obtained in [3] and [4]. Proposition 2.1 Let (f, A) be a solution of (GL)_∞. 1. f is increasing on IR^+ and we have 0 ≤ f(x) ≤ tanh( κx √ 2 + x_0), tanh(x_0) = f(0). (2.1) 2. A is strictly increasing on [0, +∞[ and we have 0 ≤ A^′(x) ≤ h, ∀ x ∈ [0, +∞[. (2.2) 3. f^′ satisfies the inequalities 0 ≤ f^′(x) ≤ κ √ 2 , ∀ x ∈ [0, +∞[. (2.3) 4. The pair (f, A) satisfies the following energy conservation κ^{−2}f^′(x)^2 + A^′(x)^2 = A(x)^2f(x)^2 +

(1 − f(x)^2)^2 2 , ∀ x ∈ [0, +∞[. (2.4) 5. The pair (f, A) satisfies the inequalities 0 < −A f ≤ A^′, ∀ x ∈ [0, +∞[. (2.5) Remark 2.2 From Proposition 2.1 (see (2.1)), we deduce that in a region [0, κ^{−ρ}], ρ > 0, we have f(0) ≤ f(x) ≤ f(0) + O(κ^{1−ρ}). (2.6)

2.2. New estimates for f^′, A and A^′

In the next sections, we use two useful versions of the maximum principle (cf. [5] and [7]).

Lemma 2.3 Let d ∈ IR^+ ∪ {+∞}. Let C be a bounded function on ]0, d[ such that C(x) ≥ 0, ∀ x ∈]0, d[, and let u ∈ C^2([0, d]) be a function such that { −u^{′′} + Cu ≤ 0 on ]0, d[, u^′(0) ≥ 0. (2.7)

If d ∈ IR^+, we assume that u(d) ≤ 0, and if d = +∞, u^′ → 0 when x → +∞. Then, in these two cases, u ≤ 0 on ]0, d[.

Let us recall that, from Remark 2.2, we assume that f(0) ≥ 1 10C . (2.8)

Some inequalities on the functions f^′, A and A^′ are not optimal. In this section, we get a better control on A and A^′. Let us recall that in [3], C. Bolley and B. Helffer have obtained the following control for A h exp(−x) ≤ −A ≤ h f(0) exp(−f(0)x), ∀ x ∈ IR^+. (2.9)

The comparison with the behavior of the formal solution given in [12] suggests that the lower bound for −A is not optimal. We get a better lower bound for −A in the following proposition:

Proposition 2.4 Let ρ ∈]0,^1_2 [. There exist κ_0 and C > 0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (2.8), the function A satisfies the inequality ∀ x ∈ [0, κ^{−ρ}], −A ≥ h f(0)

(1 − Cκ^{1−2ρ}) exp −(f(0)x). (2.10)

Proof We set:

v_2(x) := tanh( κx √ 2 + x_0), tanh(x_0) = f(0). (2.11)

From (2.1), we get

f ≤ v_2. (2.12)

Let us consider the unique solution in H^2(]0, +∞[) of the problem { −W^{′′} + v^2 W = 0, W^′(0) = h. (2.13)

From (2.13), and applying Lemma 2.3 with d = +∞, C = v^2 and u = W , we get W ≤ 0 on IR^+. From (1.2)_b, (2.12) and (2.13), we get −(A − W )^{′′} + f^2(A − W ) ≤ 0. Applying again Lemma 2.3 with d = +∞, C = f^2 and u = A − W , we get A ≤ W. (2.14) We set ϕ(x) := ∫_x 0 (v_2 + c_1κ)dt, (2.15) where c_1 is a strictly positive parameter, which will be determined later. We consider z(x) = z(0) exp (−ϕ(x)) , (2.16) where z(0) is determined by the condition z^′(0) = h. We get z^′(0) = −(v_2(0) + c_1κ)z(0) = h, hence, from (2.11) z(0) = − h f(0) + c_1κ

. (2.17) We have the equality −(W − z)^{′′} + v^2 (W − z) = z(0) exp(−ϕ(x))(−^{κ√}_2^1_{cosh2(} κx_{√2 +x0)} + 2v_2c_1κ + c^2_1κ^2). (2.18) From the definition of the function v_2, we have the inequality −^{1√}_2 cosh^{−2}(^{κx√}_2 + x_0) + 2v_2c_1 + c^2_1κ ≥ 2c_1 tanh(x_0) −^{1√}_2 cosh^{−2}(x_0). (2.19) We choose c_1 such that c_1 > 1 2 √ 2 (sinh(x_0) cosh(x_0))^{−1} . (2.20) From (2.17), we have z(0) < 0 for κ small enough. From (2.18), (2.19) and (2.20), we get −(W − z)^{′′} + v^2 (W − z) < 0.

Applying Lemma 2.3 on [0, +∞[ with C = v^2 and u = W − z, we deduce that W − u ≤ 0. From (2.16) and (2.17), it results that −W ≥ −z = h f(0) + c_1κ exp(−ϕ(x)). (2.21) From (2.15), there exists d_x ∈]0, 1[ such that we have the equality

ϕ(x) = ϕ^′(0)x + ϕ^{′′}(d_xx) 2 x^2.

According to (2.11) and (2.15), we deduce that ϕ(x) = (f(0) + c_1κ)x + 1 √ 2 cosh^{−2}( d_xκx √ 2 + x_0)κx^2.

It results that there exists ρ > 0 such that ∀ x ∈ [0, κ^{−ρ}], ϕ(x) ≤ (f(0) + c_1κ)x + κ^{1−2ρ} √ 2 . (2.22) Finally, from (2.14), (2.21) and (2.22), we get the inequality −A ≥ −W ≥ h f(0) + c_1κ exp ( −f(0)x − c_1κx − κ^{1−2ρ} √ 2 ) . (2.23)

We deduce the existence of some Ĉ > 0, such that, for κ small enough −A ≥ h f(0)

(1 − c_1 κ f(0)

) exp(−f(0)x) exp(−Ĉκ^{1−2ρ}). (2.24) From (2.8) and (2.24), we deduce that there exist C > 0 and κ_0, such that, for all κ ∈]0, κ_0], for all x ∈ [0, κ^{−ρ}], we have the inequality −A ≥ h f(0)

(1 − Cκ^{1−2ρ}) exp (−f(0)x) . (2.25) The proof of Proposition 2.4 follows.

We have also to get a lower bound and an upper bound for A^′. In [3], C. Bolley and B. Helffer get in Proposition 2.4 the following estimate for A^′: h exp(−x) ≤ A^′(x) ≤ h f(0) exp(−f(0)x), ∀ x ∈ IR^+. (2.26) The construction of a formal solution in [12] suggests that these inequalities are not optimal. We get a better control for A^′ in the following proposition: Proposition 2.5 Let ρ ∈ [0,^1_4 ]. There exists κ_0 such that, for all κ ≤ κ_0 and for all (f, A) solutions of (GL)_∞ satisfying (2.8), we have the following estimate for A^′: A^′ = ( h + O(κ^{12 −2ρ}) ) exp(−f(0)x), ∀ x ∈ [0, κ^{−ρ}]. (2.27) Proof From (1.2)_b, the function A^′ satisfies −(A^′)^{′′} + f^2A^′ = −2f^′fA, A^{′′}(0) = A(0)f(0)^2. (2.28) From (2.1), (2.3) and (2.9), we get the inequality −2f^′fA ≤ 2κh √ 2f(0) exp(−f(0)x), ∀ x ∈ IR^+. (2.29) We can compare A^′ with the unique solution in H^2(IR^+) of

−y^{′′} + f(0)^2y = √ 2κh f(0) exp(−f(0)x), y^′(0) = A(0)f(0)^2,

(2.30) given by y(x) = ( −A(0)f(0) + √ 2κh(1 + f(0)x) 2f(0)^3 ) exp(−f(0)x). (2.31)

According to (2.28), (2.29) and (2.30), we get −(A^′ − y)^{′′} + f^2A^′ − f(0)^2y ≤ 0. Applying the principle maximum (see Lemma 2.3) with d = +∞, C(x) = f(0)^2 and u = A^′ − y, we get A^′ ≤ y on IR^+. From (2.5) at the point x = 0, it results that −A(0)f(0) ≤ h. From (1.11), we have h = O(κ^{− 1}2 ). As^1_{10C} ≤ f(0) ≤ 1, for x ∈ [0, κ^{−ρ}], we deduce the estimate √ 2κh(1 + f(0)x) 2f(0)^3

= O(κ^{12 −ρ}).

As A^′ ≤ y, and from (2.31), it results that A^′ ≤ ( h + O(κ^{12 −ρ}) ) exp(−f(0)x). (2.32) To get a lower bound for A^′, we proceed as in Proposition 2.4. To get a lower bound, we compare A^′ solution of (2.28) with the unique solution in H^2(]0, +∞[ of { −W^{′′} + v^2 W = 0 W^′(0) = A(0)f(0)^2, (2.33) where v_2 is defined in (2.11). From Lemma 2.3 with u = −W and C = v^2 , let us remark that we have W ≥ 0 on IR^+. Applying again this lemma with d = +∞, C = f^2 and u = W − A^′, we deduce W ≤ A^′. Now, we compare W with the function z defined in (2.16) and satisfying z^′(0) = A(0)f(0)^2. We have z(0) = −

A(0)f(0)^2 f(0) + c_1κ

, and as A(0) < 0, we have z(0) > 0. Moreover, we have the equality (cf. (2.18)) −(z − W )^{′′} + v^2 (z − W ) = −z(0) exp(−ϕ(x))(−^{κ√}_2^1_{cosh2(} κx_{√2 +x0)} + 2v_2c_1κ + c^2_1κ^2). (2.34) We take c_1 as in (2.20). As z(0) > 0, we get −(z − W )^{′′} + v^2 (z − W ) < 0.

Applying Lemma 2.3 with d = +∞, u = z − W and C = v^2 , we get z(x) = − A(0)f(0)^2 f(0) + c_1κ exp(−ϕ(x)) ≤ W (x). Following Proposition 2.4, for x ∈ [0, κ^{−ρ}], we get − A(0)f(0)^2 f(0) + c_1κ exp ( −f(0)x − c_1κ − κ^{1−2ρ} √ 2 ) ≤ z(x). It results that −A(0)f(0)(1 − Cκ^{1−2ρ}) exp(−f(0)x) ≤ A^′. (2.35) From (2.10) at the point x = 0, we get h(1 − Cκ^{1−2ρ}) ≤ −A(0)f(0). From (2.35), it results that h(1 − Cκ^{1−2ρ}) exp(−f(0)x) ≤ A^′. (2.36) According to (2.32) and (2.36), the proof of Proposition 2.5 follows.

3. Estimates for A^′(0)

3.1. Preliminaries

First, we show that Inequality (1.7) is true for some pairs (f, A) such that f(0) ∈ [0,^{1√}_2 − ακ^γ ] ∪ [^{1√}_2 + ακ^γ , 1], (α, γ) ∈ (IR^+)^2.

Lemma 3.1 There exist α > 0 and κ_0, such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ such that f(0) ∈]0,^{1√}_2 − ακ^14 ] ∪ [^{1√}_2 + ακ^14 , 1], we have

κ(A^′(0))^2 ≤ 2^{− 32} . (3.1)

Proof We set

ϕ_0(y) = √ 2y^2(1 − y^2). (3.2)

This function achieves its unique maximum on [0, 1] at the point y =^{1√}_2 , and ϕ_0(^{1√}_2 ) = 2^{− 3}2 . We have seen in Remark 1.6 that Inequality (3.1) is satisfied for f(0) ≤^1_{10C} . If f(0) ≥^1_{10C} ,

then from (2.27), we have

A^′(0) f(0)

= O(κ^{− 12} ). From (1.8), with the choice f(0) = 1 √ 2 +ακ^{14} ,

we get for some C̃

κ(A^′(0))^2 ≤ 2^{− 32} + 1 2 ϕ^{′′}_0( 1 √ 2 )α^2κ^{12} + C̃κ^{12} + O_α(κ^{34} ).

We choose first α such that^1_2 ϕ^{′′}_0(^{1√}_2 )α^2 + C̃ ≤ −1 and then κ ≤ κ_0 for κ_0 small enough. The proof of Lemma 3.1 follows.

From now on, α is fixed according to Lemma 3.1 and we assume that

f(0) ∈ [ 1 √ 2 − ακ^{14} , 1 √ 2 + ακ^{14} ], α > 0. (3.3)

From (1.9), for all pairs (f, A) solution of (GL)_∞ satisfying (3.3), we have

κh^2 ≥ 2^{− 32} + O(κ^{14} ). (3.4)

From (1.11) and (3.4), we deduce that

κh^2 = 2^{− 32} + O(κ^{14} ), (3.5)

for all pairs (f, A) solution of (GL)_∞ satisfying (3.3).

In order to get Inequality (1.7), let us analyze the proof by C. Bolley and B. Helffer of the De Gennes formula [5] and improve some of their estimates. For doing this, we are guided by the analysis of the properties of the approximate solution constructed in [12]. To get an upper bound on A^′(0), C. Bolley and B. Helffer start by the identity

h^2 = −2 ∫_{+∞} 0 A^′(t)A^{′′}(t)dt.

Then, from (1.2)_{(b)}, they get

h^2 = 2 ∫_{+∞} 0 A^′(t)(−A(t)f(t)^2)dt. (3.6)

Then, using Inequality (2.5), they obtain

h^2 ≤ 2 ∫_{+∞} 0 f(t)A^′(t)^2dt. (3.7)

We suspect that something has been lost when writing : −Af ≤ A^′. Then, using (1.2)_{(a)} and the energy conservation (2.4), they get

h^2 ≤ 2 ∫_{+∞} 0 f(t)A^′(t)^2dt = ∫_{+∞} 0 f(x)(1 − f(x)^4)dx − 6κ^{−2} ∫_{+∞} 0 f(x)f^′(x)^2dx. (3.8)

In order to get the control of the right-hand side of Inequality (3.8), in particular the two terms f^′ and 1 − f^2, they use the conservation law (2.4). If we rewrite the energy conservation in the form

(κ^{−1}f^′(x) + A^′(x))^2 = A(x)^2f(x)^2 + 2κ^{−1}f^′(x)A^′(x) + 1 2 (1 − f(x)^2)^2,

we observe that these authors have neglected the positive term A(x)^2f(x)^2+2κ^{−1}f^′(x)A^′(x) for getting the inequality:

κ^{−1}f^′(x) + A^′(x) ≥ 1 √ 2 (1 − f(x)^2).

To improve Inequality (3.8), in the next sections, we get an upper bound and a lower bound for the difference (A^′)^2 − A^2f^2. Moreover, we improve the control on f^′ given in (2.3). This is the object of the following subsection.

3.2. Estimate for f^′

In order to get an estimate on f^′ on the interval [0, κ^{−ρ}], we establish the following lemma:

Lemma 3.2 Let ρ ∈ [0,^1_4 ]. There exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have the following estimate

A^′f^′ = κ^2h^3 2f(0)^2 exp(−f(0)x) (1 − exp(−2f(0)x) + O(κ^ρ)) , ∀ x ∈ [0, κ^{−ρ}]. (3.9)

Proof Step 1: Estimate for A^′f^′ at the point x = κ^{−ρ}.

Let ρ ∈ [0,^1_4 ]. We set Y = A^′f^′. As f^′ ≥ 0 and A^′ ≥ 0, we have Y ≥ 0. In order to use Lemma 2.3 with d = κ^{−ρ}, we estimate A^′f^′ at the point x = κ^{−ρ}. From (2.1), (2.4) at the point x = κ^{−ρ} and (2.5), we deduce that f^′(κ^{−ρ}) ≤ κ √ 2 (1 − f(κ^{−ρ})^2) ≤ κ √ 2 (1 − tanh(x_0)^2).

According to (2.27), and as tanh(x_0) = f(0) with f(0) ∈ [^{1√}_2 − ακ^14 ,^{1√}_2 + ακ^14 ], we deduce that there exists Ĉ such that

(A^′f^′)(κ^{−ρ}) ≤ ( κh 2 √ 2 + Ĉκ^{34} ) exp(−f(0)κ^{−ρ}). (3.10)

To get a lower bound for (A^′f^′)(κ^{−ρ}), let us remark that, at the point x = κ^{−ρ}, for κ small, we have

(A^2f^2 − A^{′2})(κ^{−ρ}) = O(κ^{−1}) exp(−f(0)κ^{−ρ}) = O(κ^2).

From (2.4) at the point x = κ^{−ρ}, we deduce that

κ^{−2}f^′(κ^{−ρ})^2 =

(1 − f(κ^{−ρ})^2)^2 2 + O(κ^2) ≥ 1 2 ( 1 − tanh^2( κ^{1−ρ} √ 2 + x_0) ) + O(κ^2).

Hence, from (3.3), we get f^′(κ^{−ρ}) ≥ κ 2 √ 2 ( 1 + O(κ^{34} ) ) . According to (2.27), it results that there exists C̃ such that ( κh 2 √ 2 + C̃κ^{34} ) exp(−f(0)κ^{−ρ}) ≤ (A^′f^′)(κ^{−ρ}) (3.11)

Finally, from (3.10) and (3.11), we get ( κh 2 √ 2 + C̃κ^{34} ) ) exp(−f(0)κ^{−ρ}) ≤ (A^′f^′)(κ^{−ρ}) ≤ ( κh 2 √ 2 + Ĉκ^{34} ) exp(−f(0)κ^{−ρ}). (3.12)

Step 2: Upper bound for Y. We have Y^′ = A^{′′}f^′ + A^′f^{′′}.

Using the Ginzburg-Landau equations (1.2), we get

Y^′ = Af^2f^′ + κ^2A^′(−f + f^3 + A^2f).

We observe that Y^′(0) = h f^{′′}(0). Differentiating once more and using (1.2), we deduce that the function Y is the unique solution in H^2(IR^+) of the problem

Y^{′′} − f^2Y = 2ff^{′2}A + 2κ^2Af^2(−f + f^3 + A^2f) + κ^2A^′(−f^′ + 3f^′f^2) + 2κ^2A^{′2}Af + 2κ^2A^′A^2f^′ Y^′(0) = h f^{′′}(0).

Hence, we get { −Y^{′′} + G Y = −2ff^{′2}A − 2κ^2Af^2(−f + f^3) − 2κ^2A^3f^3 − 2κ^2A^{′2}Af, Y^′(0) = h f^{′′}(0),

(3.13) where G := f^2 + κ^2(−1 + 3f^2 + A^2). (3.14) According to (2.6) and (2.9), for x ∈ [0, κ^{−ρ}], we get f(0)^2 ≤ G(x) ≤ f(0)^2 + O(κ^{1−ρ}). (3.15) In order to get an upper bound for Y , we look for an upper bound of the right-hand side of (3.13). According to (2.1), (2.2) and (2.3), we get 2f(f^′)^2A ≤ 2ff^{′2}A − 2κ^2Af^2(f − f^3).

As h = O(κ^{− 1}2 ) (see (1.11)), and from (2.3), (2.9),(2.27) and (3.3), there exists C_1 such that, for all x ∈ [0, κ^{−ρ}], we get 2f(f^′)^2A ≥ C_1κ^{32} exp(−f(0)x).

From (3.13), we deduce that, for x ∈ [0, κ^{−ρ}], we have −Y^{′′} + GY ≤ −2κ^2Af(A^2f^2 + A^{′2}) − C_1κ^32 exp(−f(0)x).

Now, let us analyze the main term −2κ^2Af(A^2f^2 + A^{′2}). According to (2.6), (2.9), and Proposition 2.5, we get −2κ^2Af(A^2f^2 + A^{′2}) ≤ ( 2κ^2 h^3 f(0)^3

(f(0) + O(κ^{1−ρ}))^3 + 2κ^2 h f(0) ( f(0) + O(κ^{1−ρ}) ) (h + O(κ^{12 −2ρ}))^2 ) exp(−3f(0)x).

It results that there exists C_2 such that, for x ∈ [0, κ^{−ρ}], we get −2κ^2Af(A^2f^2 + A^{′2}) ≤ ( 4κ^2h^3 + C_2κ^{1−ρ} ) exp(−3f(0)x).

Then, to get an upper bound for Y , we compare this function with the solution in H^2([0, κ^{−ρ}]) of −y_1^{′′} + f(0)^2y_1 = ( 4κ^2h^3 + C_2κ^{1−ρ} ) exp(−3f(0)x) − C_1κ^{32} exp(−f(0)x), (3.16) satisfying y^′_1(0) = Y^′(0), y_1(κ^{−ρ}) = ( κh 2 √ 2 + Ĉκ^{34} ) exp(−f(0)κ^{−ρ}). (3.17) From (3.15) and as Y ≥ 0, we have −(Y − y_1)^{′′} + f(0)^2(Y − y_1) ≤ −(Y − y_1)^{′′} + GY − f(0)^2y_1 ≤ 0.

From (3.12) and (3.17), we have (Y −y_1)^′(0) = 0 and (Y −y_1)(κ^{−ρ}) ≤ 0. Applying Lemma 2.3 with d = κ^{−ρ}, C = f(0)^2 and u = Y − y_1, for x ∈ [0, κ^{−ρ}], we get Y ≤ y_1 on [0, κ^{−ρ}]. The solution of (3.16) is given by y_1(x) = C̃_1(κ) exp(−f(0)x) + C̃_2(κ) exp(f(0)x) − 1 8f(0)^2 exp(−3f(0)x) ( 4κ^2h^3 + C_2κ^{1−ρ}) ) + exp(−f(0)x) ( − C_1 4f(0)^2 κ^{32} (1 + 2f(0)x) ) . (3.18)

For x ∈ [0, κ^{−ρ}], (ρ ≤^1_4 ), we have κ^32 (1 + 2f(0)x) = O(κ). Hence, from (3.17) and (3.18), we get y_1(κ^{−ρ}) = C̃_2(κ) exp(f(0)κ^{−ρ}) + ( C̃_1(κ) + O(κ) ) exp(−f(0)κ^{−ρ}) = (_{κh} 2 √ 2 + Ĉκ^34 ) exp(−f(0)κ^{−ρ}). (3.19)

As κh = O(κ^12 ), from (3.19), it results that C̃_2(κ) = ( −C̃_1(κ) + O(κ^{12} ) ) exp(−2f(0)κ^{−ρ}). (3.20) From (3.18), we have

y^′_1(0) = f(0)C̃_2(κ) − f(0)C̃_1(κ) + 1 8f(0)

(12κ^2h^3 − 2C_1κ^{32} + 3C_2κ^{1−ρ}).

From (3.20) and the condition y^′_1(0) = Y^′(0) = h f^{′′}(0), it results that C̃_1(κ) = −hf^{′′}(0) f(0) + 3 2 κ^2h^3 f(0)^2 + O(κ^{1−ρ}). From (1.2), (2.9) and (2.10), we get

f^{′′}(0) = κ^2h^2 f(0)

+ O(κ^2). (3.21) Hence, we get C̃_1(κ) = κ^2h^3

2f(0)^2

+ O(κ^{1−ρ}). (3.22)

According to (3.18) and (3.20), for x ∈ [0, κ^{−ρ}], we get

y_1(x) = − κ^2h^3 2f(0)^2 exp(−3f(0)x) + exp(−f(0)x)[C̃_1(κ) + ( −C̃_1(κ) + O(κ^12 ) ) exp (2f(0)(x − κ^{−ρ}))].

(3.23)

From (3.22), we have C̃_1(κ) = O(κ^12 ). Let us remark that, for x ∈ [0,^{κ−ρ}_2 ], for all n ∈ IN, we have ( −C̃_1(κ) + O(κ^{12} ) ) exp ( 2f(0)(x − κ^{−ρ}) ) = O(κ^n). From (3.22) and (3.23), for x ∈ [0,^{κ−ρ}_2 ], it results that

y_1(x) = − κ^2h^3 2f(0)^2 exp(−3f(0)x) + ( κ^2h^3 2f(0)^2

+ O(κ^{1−2ρ}) ) exp(−f(0)x). As Y ≤ y_1, it results the inequality Y (x) ≤ κ^2h^3 2f(0)^2 exp(−f(0)x) ( 1 − exp(−2f(0)x) + O(κ^{12 −2ρ}) ) , ∀ x ∈ [0, κ^{−ρ} 2 ]. (3.24)

Taking κ_0 smaller, we get (3.9) on [0, κ^{−ρ}]. Step 3: Lower bound for Y.

According to (2.1) and (2.3), and as A^′ ≥ 0 and A < 0, for x ∈ IR^+, we get 2ff^{′2}A + 2κ^2Af^2(−f + f^3) ≤ 2κ^2Af^2(−f + f^3).

From (2.1) and (2.9), there exists C_3 such that, for x ∈ [0, κ^{−ρ}], we have −2κ^2Af^2(f − f^3) ≤ C_3κ^{32} exp(−f(0)x).

It results that for x ∈ [0, κ^{−ρ}], we obtain the inequality 2ff^{′2}A + 2κ^2Af^2(−f + f^3) ≤ C_3κ^{32} exp(−f(0)x).

From (2.10) and (2.27), it results that there exists C_4 such that

−2κ^2Af(A^2f^2 + A^{′2}) ≥ ( 4κ^2h^3 + C_4κ^{1−ρ} ) exp(−3f(0)x), ∀ x ∈ [0, κ^{−ρ}]. We want compare Y with the solution in H^2([0, κ^{−ρ}]) of −y_2^{′′} + (f(0)^2 + C_5κ^{1−ρ})y_2 = (4κ^2h^3 + C_4κ^{1−ρ}) exp(−3f(0)x) − C_3κ^{32} exp(−f(0)x) (3.25) satisfying the conditions y^′_2(0) = Y^′(0), y_2(κ^{−ρ}) = ( κh 2 √ 2 + C̃κ^{34} ) exp(−f(0)κ^{−ρ}). (3.26) According to (3.12), (3.25) and (3.26), Lemma 2.3 with d = κ^{−ρ}, C = f(0)^2 + C_5κ^{1−ρ} and u = y_2 − Y , we get y_2 ≤ Y on [0, κ^{−ρ}]. We have y_2(x) = Ĉ_1(κ) exp ( − √ f(0)^2 + C_5κ^{1−ρ}x ) + Ĉ_2(κ) exp (√ f(0)^2 + C_5κ^{1−ρ}x )

− 4κ^2h^3 exp(−2f(0)x) + 8^{C3}_{C5} κ^12^{+ρ}f(0)^2 − C_3κ^32 + C_4κ^{1−ρ} exp(−2f(0)x) 8f(0)^2 − C_5κ^{1−ρ} exp(−f(0)x). (3.27)

From (3.5), we have κ^2h^3 = O(κ^12 ), hence

4κ^2h^3 exp(−2f(0)κ^{−ρ}) + 8^{C3}_{C5} κ^12^{+ρ}f(0)^2 − C_3κ^32 + C_4κ^{1−ρ} exp(−2f(0)κ^{−ρ}) −8f(0)^2 + C_5κ^{1−ρ}

= O(κ^{12} ).

From (3.25) and (3.27) at the point x = κ^{−ρ}, it results that Ĉ_2(κ) = −Ĉ_1(κ) exp(−2 √ f(0)^2 + C_5κ^{1−ρ}κ^{−ρ}) + O(κ^12 ) exp ( − (√ f(0)^2 + C_5κ^{1−ρ} + f(0) ) κ^{−ρ} ) . (3.28) From (3.27), we get

y^′_2(0) = −

8^{C3}_{C5} κ^12^{+ρ}f(0)^3 + 12κ^2h^3f(0) + 3κ^{1−ρ}C_4f(0) − f(0)C_3κ^32 (−8f(0)^2 + C_5κ^{1−ρ}) −Ĉ_1(κ) √ f(0)^2 + C_5κ^{1−ρ} + Ĉ_2(κ) √ f(0)^2 + C_5κ^{1−ρ}.

The condition y^′_2(0) = hf^{′′}(0), (3.21) and (3.28) lead to

−Ĉ_1(κ) √ f(0)^2 + C_5κ^{1−ρ} +

3κ^2h^3 2f(0)

+ O(κ^{12 +ρ}) = hf^{′′}(0),

hence Ĉ_1(κ) = −hf^{′′}(0)

f(0) + 3κ^2h^3 f(0)^2

+ O(κ^{12 +ρ}).

Following the step 1, on [0,^{κ−ρ}_2 ], we get the inequality Y (x) ≥ 3κ^2h^3 2f(0)^2 exp(−3f(0)x) + ( κ^2h^3 2f(0)^2 − hf^{′′}(0) f(0)^2

+ O(κ^{12 +ρ}) ) exp(−f(0)x), hence, from (3.21) Y (x) ≥ κ^2h^3 2f(0)^2 exp(−f(0)x) (1 − exp(−2f(0)x) + O(κ^ρ)) . (3.29)

From (3.24) and (3.29), we deduce that there exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) satisfying (3.3), Estimate (3.9) is true on [0, κ^{−ρ}]. The proof of Lemma 3.2 follows.

From Lemma 3.2, we deduce an estimate for f^′ in the following proposition: Proposition 3.3 Let ρ ∈ [0,^1_8 ]. There exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have the estimate f^′(x) = κ^2h^2 ( 1 − exp(− √ 2x) + O(κ^ρ) ) , ∀ x ∈ [0, κ^{−ρ}]. (3.30) Proof According to Proposition 2.5 and Lemma 3.2, we get

f^′(x) = κ^2h^3 2f(0)^2

(1 − exp(−2f(0)x) + O(κ^ρ)) . ( 1 h + O(κ^{32 −2ρ}) ) . For f(0) =^{1√}_2 + O(κ^14 ), and for x ∈ [0, κ^{−ρ}], we have

exp(−2f(0)x) = exp(− √ 2x) + O(κ^{14 −ρ}).

As ρ ∈ [0,^1_8 ], Estimate (3.30) follows and this achieved the proof of Proposition 3.3. Remark 3.4 Let us recall that in [12] (see also [15]), we have obtained an asymptotic matched solution of (GL)_∞ denoted by (f^{vd,(n)}, A^{vd,(n)}). For n = 1, at the superheating field, we have shown that f^{vd,(1)}(x) = tanh( κx √ 2 + x_0) + κ 4 exp(− √ 2x), (3.31)

where tanh(x_0) =^{1√}_2 . It results that, for x ∈ [0, κ^{−ρ}], we have

(f^{vd,(1)})^′(x) = √ 2 4 κ ( 1 − exp(− √ 2x) ) + O(κ^{2−ρ}). (3.32)

According to (1.9) and (1.10) with f(0) = 1 √ 2 , the main term of Estimate (3.30) is the one of Estimate (3.32). Therefore, we suspect that Estimate (3.30) is optimal.

3.3. Estimate for A^′ + Af

To get an estimate for A^′ + Af, we use Lemma 2.3 and estimates for A^′, A, f^′ and f obtained in Propositions 2.4 and 2.5.

Lemma 3.5 Let ρ ∈ [0,^1_8 ]. There exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have the following estimate A^′+Af = 1 2 exp(− 1 √ 2 x) ( −κ^2h^3 exp(− √ 2x) − 1 8h + 3κ^2h^3 + O(κ^{12 +ρ}) ) , ∀ x ∈ [0, κ^{−ρ}].(3.33) Proof .

Step 1: Upper bound for A^′ + Af We introduce the function Z := A^′ + Af. From (2.5), this function is positive. At the point x = κ^{−ρ}, from (2.9), (2.10) and (2.27), we deduce that there exists Ĉ and C̃ such that Ĉκ^12^{−2ρ} exp(−f(0)κ^{−ρ}) ≤ Z(κ^{−ρ}) = (A^′ + Af)(κ^{−ρ}) ≤ C̃κ^12^{−2ρ} exp(−f(0)κ^{−ρ}). (3.34)

From (1.2)_b, we have Z^′ = Af^2 + A^′f + Af^′.

Differentiating more, and using the (G.L.) equations, we get

Z^{′′} = A^′f^2 + 2Af^′f + Af^3 + 2A^′f^′ + κ^2A(−f + f^3 + A^2f).

It results that the function Z satisfies the equation

−Z^{′′} + (f^2 + 2f^′)Z = −κ^2A(−f + f^3 + A^2f). (3.35)

From (1.2)_b, we have Z^′(0) = f(0)(h + A(0)f(0)) ≥ 0. From (2.4) at the point x = 0, we get h + A(0)f(0) =

(1 − f(0)^2)^2 2(h − A(0)f(0)) . From (2.5) and (2.10) at the point x = 0, we get

h(2 + O(κ^{32 −2ρ})) ≤ h − A(0)f(0) ≤ 2h.

It results that

f(0)(1 − f(0)^2)^2 4h ≤ Z^′(0) = f(0) (h + A(0)f(0)) ≤ f(0)(1 − f(0)^2)^2 4h(1 + O(κ^32^{−2ρ})) .

Hence, as f(0) = 1 √ 2 + O(κ^{14} ), we get

Z^′(0) = f(0) (h + A(0)f(0)) = 1 16 √ 2h ( 1 + O(κ^{14} ) ) . (3.36)

Now, we can estimate the term −κ^2A(−f + f^3 + A^2f). First, for x ∈ IR^+, as A < 0 and 0 ≤ f ≤ 1, we have −κ^2A(−f + f^3) < 0.

According to (2.6), (2.9) and using f(0) =^{1√}_2 + O(κ^14 ), we deduce that there exists C_6 such that, for x ∈ [0, κ^{−ρ}], we get the estimate

−κ^2A^3f ≤ ( 2κ^2h^3 + C_6κ^{34} ) exp(−3f(0)x).

To get an upper bound for Z, as f^2 + 2f^′ ≥ f(0)^2, we compare this function with the solution in H^2([0, κ^{−ρ}]) of the equation −V^{′′} + f(0)^2V = ( 2κ^2h^3 + C_6κ^{34} ) exp(−3f(0)x), (3.37) and satisfying V^′(0) = Z^′(0), V (κ^{−ρ}) = C̃κ^{12 −2ρ} exp(−f(0)κ^{−ρ}). (3.38) From (3.34), (3.35), (3.37), (3.38) and as Z ≥ 0, we get on [0, κ^{−ρ}] −(Z − V )^{′′} + f(0)^2(Z − V ) ≤ 0, and (Z − V )^′(0) = 0, (Z − V )(κ^{−ρ}) ≤ 0.

We apply Lemma 2.3 with d = κ^{−ρ}, C = f(0)^2 and u = Z − V and get Z ≤ V . For x ∈ [0, κ^{−ρ}], the solution of (3.37) is given by V (x) = C̃_3(κ) exp(−f(0)x) + C̃_4(κ) exp(f(0)x) − ( κ^2h^3 4f(0)^2 + C_6 8f(0)^2 κ^{34} ) exp(−3f(0)x).

(3.39)

From (3.38) and (3.39), we get C̃_4(κ) = ( −C̃_3(κ) + O(κ^{12 −2ρ}) ) exp(−2f(0)κ^{−ρ}). (3.40) From (3.39), we deduce that

V^′(0) = −f(0)C̃_3(κ) + f(0)C̃_4(κ) + 3 4f(0) κ^2h^3 +

3C_6 8f(0) κ^{34} .

From (3.40) and taking account the condition V^′(0) = Z^′(0) (see (3.36)) and replacing f(0) with^{1√}_2 + O(κ^14 ), we get

C̃_3(κ) = − 1 16h ( 1 + O(κ^{14} ) ) + 3κ^2h^3 2 . (3.41)

We have exp(−f(0)x) = exp(−^{1√}_2 x) ( 1 + O(κ^14^{−ρ}) ) on [0, κ^{−ρ}]. From (3.39), (3.40) and (3.41), we get the estimate, for x ∈ [0,^{κ−ρ}_2 ]

V (x) = 1 2 exp(− 1 √ 2 x) ( −κ^2h^3 exp(− √ 2x) − 1 8h + 3κ^2h^3 + O(κ^{34 −ρ}) ) . (3.42)

As Z ≤ V on [0, κ^{−ρ}], we deduce that there exists κ_0 such that, for all κ ≤ κ_0, we get Z(x) ≤ 1 2 exp(− 1 √ 2 x) ( −κ^2h^3 exp(− √ 2x) − 1 8h + 3κ^2h^3 + O(κ^{34 −ρ}) ) , ∀ x ∈ [0, κ^{−ρ}]. (3.43)

Step 2: Lower bound for A^′ + Af First, from (2.10), we remark that there exists C_7 such that, for x ∈ [0, κ^{−ρ}],

−κ^2A(−f + f^3) ≥ C_7κ^{32} exp(−f(0)x).

According to (2.3) and (2.6), we deduce that there exists C_8 such that f^2 + 2f^′ ≤ (f(0)^2 + C_8κ^{1−ρ}). To get a lower bound, we compare Z with the solution of

−W^{′′} + (f(0)^2 + C_8κ^{1−ρ})W = ( 2κ^2h^3 + C_6κ^34 ) exp(−3f(0)x) + C_7κ^32 exp(−f(0)x), W^′(0) = Z^′(0), W (κ^{−ρ}) = Ĉκ^12^{−2ρ} exp(−f(0)κ^{−ρ}).

(3.44)

Following the step 1, we apply Lemma (2.3) with d = κ^{−ρ}, C = f(0)^2 + C_8κ^{1−ρ} and u = W − Z, and we get W ≤ Z on [0, κ^{−ρ}]. The function W is equal to

W (x) = Ĉ_3(κ) exp(− √ f(0)^2 + C_8κ^{1−ρ}x) + Ĉ_4(κ) exp( √ f(0)^2 + C_8κ^{1−ρ}x) − 2κ^2h^3 exp(−2f(0)x) − 8^{C7}_{C8} κ^12^{+ρ}f(0)^2 + C_7κ^32 + C_6κ^{1−ρ} exp(−2f(0)x) 8f(0)^2 − C_8κ^{1−ρ} exp(−f(0)x). (3.45)

From (3.45) at the point x = κ^{−ρ} and from (3.44), it results that Ĉ_4(κ) = −Ĉ_3(κ) exp(−2 √ f(0) + C_8κ^{1−ρ}κ^{−ρ}) + O(κ^12 ) exp ( −( √ f(0) + C_8κ^{1−ρ} + f(0))κ^{−ρ} ) . (3.46)

As W^′(0) = Z^′(0) and f(0) = 1 √ 2 + O(κ^{14} ), we get from (3.46) and following the step 1

Ĉ_3(κ) = − 1 16h ( 1 + O(κ^{14} ) ) + 3κ^2h^3 2 + O(κ^{12 +ρ}). (3.47)

On [0,^{κ−ρ}_2 ], according to (3.45), (3.46) and (3.47), we get that W is given by 1 2 exp(− 1 √ 2 x) ( −κ^2h^3 exp(− √ 2x) − 1 8h + 3κ^2h^3 + O(κ^{12 +ρ}) ) . Hence, as W ≤ Z on [0, κ^{−ρ}], we get the estimate for x ∈ [0,^{κ−ρ}_2 ] 1 2 exp(− 1 √ 2 x) ( −κ^2h^3 exp(− √ 2x) − 1 8h + 3κ^2h^3 + O(κ^{12 +ρ}) ) ≤ Z(x). (3.48)

Taking account (3.43) and (3.48), we deduce that there exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) satisfying (3.3), we get Estimate (3.33) on [0, κ^{−ρ}]. The proof of Lemma 3.5 follows.

Then, from Lemma 3.5, we can improve Inequality (2.5) and get the following proposition:

Proposition 3.6 There exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have the following estimate −Af = A^′ − B, ∀ x ∈ [0, κ^{−ρ}], (3.49) where B is defined by

B(x) := 1 2 exp(− 1 √ 2 x) ( −κ^2h^3 exp(− √ 2x) − 1 8h + 3κ^2h^3 + O(κ^{12 +ρ}) ) . (3.50)

3.4. Control of the function S := √ (A^′)^2 − A^2f^2 In all the following sections, we set

S^2 := (A^′)^2 − A^2f^2. (3.51)

From Proposition 3.5, we can state the following proposition:

Proposition 3.7 Let ρ ∈ [0,^1_8 ] and S^2 be the function defined in (3.51). There exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have the following estimate

S^2 = 1 8 ( −8κ^2h^4 exp(− √ 2x) − 1 + 24κ^2h^4 + O(κ^ρ) ) exp(− √ 2x), ∀ x ∈ [0, κ^{−ρ}]. (3.52)

Proposition 3.8 Let ρ ∈ [0,^1_8 ] and S^2 be the function defined in (3.51). There exists κ_0 such that, for all κ ≤ κ_0, for all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have the following estimate

S^2 = 1 8 ( −8κ^2h^4 exp(− √ 2x) − 1 + 24κ^2h^4 + O(κ^ρ) ) exp(− √ 2x), ∀ x ∈ [0, κ^{−ρ}]. (3.53)

Proof From Inequalities (2.9) and (2.26), for x ∈ [0, κ^{−ρ}], we get A^′ − Af ≤ ( h + O(κ^12^{−2ρ}) ) exp(−f(0)x) + h f(0) ( f(0) + O(κ^{1−ρ}) ) exp(−f(0)x). We deduce the upper bound A^′ − Af ≤ 2 ( h + O(κ^{12 −2ρ}) ) exp(−f(0)x). (3.54)

Moreover, from (2.10) and (2.27), we get the lower bound

(h + O(κ^{12 −2ρ})) exp(−f(0)x) + h f(0) f(0)(1 − Cκ^{1−2ρ}) exp(−f(0)x) ≤ A^′ − Af. (3.55)

From (3.54) and (3.55), for x ∈ [0, κ^{−ρ}], we deduce the estimate A^′ − Af = 2 ( h + O(κ^{12 −2ρ}) ) exp(−f(0)x). (3.56)

From (3.56) and Lemma 3.5 (see (3.33)), we can write

S^2 = (A^′ − Af).(A^′ + Af) = 1 8 ( −8κ^2h^4 exp(− √ 2x) − 1 + 24κ^2h^4 + O(κ^ρ) ) exp(− √ 2x). The proof of Proposition 3.8 follows.

4. Proof of Theorem 1.7

In this section, first, using Propositions 3.3, 3.6 and 3.8, we get Inequality 1.7 for all pairs (f, A) solution of (GL)_∞ such that f(0) ∈ [^{1√}_2 − ακ^14 ,^{1√}_2 + ακ^14 ]. In the following, we use the elementary equality, for a > 0 and b > 0 √ a^2 + b^2 = a + b − 2ab a + b + √ a^2 + b^2

. (4.1)

Step 1: New estimate for A^′(0) According to (3.6) and Proposition 3.6 (see (3.49)), we get the upper bound for A^′(0)^2

h^2 ≤ 2 ∫_∞ 0 f(t)A^′(t)^2dt − 2 ∫_κ−ρ 0 A^′(t)f(t)B(t)dt, where B is defined in (3.50). From (3.8), we get

h^2 ≤ −2 ∫_κ−ρ 0 A^′(t)f(t)B(t)dt + ∫_{+∞} 0 f(x)(1 − f(x)^4)dx − 6κ^{−2} ∫_{+∞} 0 f(x)f^′(x)^2dx. (4.2)

According to (2.4) and (4.1) with the choice a = κ^{−1}f^′ and b = S, it results the equality 1 √ 2 (1 − f^2) = κ^{−1}f^′ + S − T, (4.3)

where T is defined on IR^+ by

T (x) :=

2κ^{−1}f^′S S + κ^{−1}f^′ + √ S^2 + κ^{−2}(f^′)^2

. (4.4)

From (4.3) and following [5] (see Proposition 3.1), we get ∫_∞ 0 (1 − f^4(x))f(x)dx = 1 2 √ 2 κ^{−1}(1 − f(0)^2)(3 + f(0)^2) + √ 2 ∫_∞ 0 f(x)(1 + f(x)^2).S(x)dx − √ 2 ∫_∞ 0 f(x)(1 + f(x)^2)T (x)dx, and ∫_∞ 0 f(x)f^′(x)^2dx = κ 4 √ 2 (1 − f(0)^2)^2 − κ ∫_∞ 0 f(x)f^′(x)S(x)dx +κ ∫_∞ 0 f(x)f^′(x)T (x)dx. Hence, from (4.2) we get h^2 ≤ κ^{−1}ϕ_0(f(0)) + I_1 + I_2 + I_3, where ϕ_0 is defined in (3.2),

I_1 := −2 ∫_κ−ρ 0 A^′(t)f(t)B(t)dt, (4.5) I_2 := √ 2 ∫_∞ 0 f(x)(1 + f(x)^2)S(x)dx + 6κ^{−1} ∫_∞ 0 f(x)f^′(x)S(x)dx, (4.6)

I_3 := − √ 2 ∫_∞ 0 f(x)(1 + f(x)^2)T (x)dx − 6κ^{−1} ∫_∞ 0 f(x)f^′(x)T (x)dx. (4.7) For all f(0) ∈]0, 1], we have ϕ_0(f(0)) ≤ 2^{− 3}2 . Then, we get

h^2 ≤ κ^{−1}2^{− 32} + I_1 + I_2 + I_3. (4.8)

For ρ ∈]0,^1_8 [, we cut the integration interval in [0, κ^{−ρ}] and [κ^{−ρ}, +∞[. As the functions f, f^′ are bounded and the function S admits for upper bound and lower bound an exponential polynomial in the form of P (x) exp(− √ 2x), the integral in (4.6) on the interval [κ^{−ρ}, +∞[ are equal to O(κ^n) for all n ∈ IN. According to (2.6), (2.27) and (3.50), we get −2 ∫_κ−ρ 0 A^′(t)f(t)B(t)dt ≤ −(f(0) + O(κ^{1−ρ})) ∫_κ−ρ 0 exp(− √ 2x) ( κ^2h^4 exp(− √ 2x) − 1 8 + 3κ^2h^4 + O(κ^ρ) ) dx. From (3.5) and as e^{−√2κ−ρ} = O(κ^n) for κ small, it results that

I_1 ≤ − 3 32 + O(κ^ρ). (4.9)

Step 2: Estimate for I_2 On the other hand, using Proposition 3.8, and making the scaling u = exp(− √ 2x), we get ∫_κ−ρ 0 S(x)dx =^1_4

∫_1 e^{−√2κ−ρ} √ 2u − u^2 u du + O(κ^ρ) = [ 1 4 √ 2u − u^2 + 1 4 arcsin(u − 1)

]_1 e^{−√2κ−ρ} + O(κ^ρ)

hence, for κ small ∫_κ−ρ 0 S(x)dx = π 8 + 1 4 + O(κ^ρ). (4.10)

From (2.6), (4.10) and Proposition 3.3 (see (3.30)), it results that 6κ^{−1} ∫_κ−ρ 0 f(x)f^′(x)S(x)dx ≤ 6κ^{−1}(f(0) + O(κ^{1−ρ})) ∫_κ−ρ 0 κ^2h^2(1 − exp(− √ 2x)).S(x)dx. From (3.5) and making the scaling u = exp(− √ 2x), we get ∫_κ−ρ 0 (1 − exp(− √ 2x)).S(x)dx = 1 4 ∫_1 e^{−√2κ−ρ} (1 − u) u √ 2u − u^2du + O(κ^ρ) = [ ( 3 8 − u 8 ) √ 2u − u^2 + 1 8 arcsin(u − 1)

]_1 e^{−√2κ−ρ} + O(κ^ρ), hence ∫_{κ−ρ} 0 (1 − exp(− √ 2x)).S(x)dx = π 16 + 1 4 + O(κ^ρ).

From (3.3) and (3.5), we get 6κ^{−1} ∫_κ−ρ 0 f(x)f^′(x)S(x)dx ≤ 3 2 ( π 16 + 1 4 ) + O(κ^ρ). (4.11)

According to (2.6) and (4.10), we deduce that √ 2 ∫_κ−ρ 0 f(x)(1+f(x)^2)S(x)dx ≤ √ 2 ( f(0) + O(κ^{1−ρ}) ) ( 1 + (f(0) + O(κ^{1−ρ}))^2 ) ∫ κ^{−ρ} 0 S(x)dx. From (4.10), we get √ 2 ∫_κ−ρ 0 f(x)(1 + f(x)^2)S(x)dx ≤ 3 2 ( π 8 + 1 4 ) + O(κ^ρ). (4.12)

According to (4.6), (4.11) and (4.12), we get

I_2 ≤ 9π 32 + 3 4 + O(κ^ρ). (4.13)

Step 3: Estimate for I_3 From Proposition 3.3 (see (3.30)) and (3.5), on the interval [0, κ^{−ρ}], we have T ≥ U := B C , (4.14)

where

B(x) := √ 2 2 ( 1 − exp(− √ 2x) + O(κ^ρ) ) .S, (4.15) and C(x) := S+ √ 2 4 ( 1 − exp(− √ 2x) + O(κ^ρ) ) .S+ √ S^2 + 1 8 ( 1 − exp(− √ 2x) + O(κ^ρ)

)_2

.(4.16)

As the functions f^′ and S are positive on IR^+, from (4.4), we deduce that T ≥ 0. Thus, from (2.6) and (4.14), we get − √ 2 ∫_∞ 0 f(x)(1 + f(x)^2)T (x)dx ≤ − 3 2 ∫_κ−ρ 0 U(x)dx + O(κ^ρ). (4.17)

Moreover, we have −6κ^{−1} ∫_∞ 0 f(x)f^′(x)T (x)dx ≤ − 3 2 ∫_κ−ρ 0 (1 − exp(− √ 2x)).U(x)dx + O(κ^ρ). (4.18)

Making the scaling u = exp(− √ 2x), from (3.5), (4.14), (4.15) and (4.16), we get ∫_κ−ρ 0 U(x)dx = 1 √ 2 ∫_1 e^{−√2κ−ρ} 1 √ 2u √ u(2 − u)(u − 1) u − 2 − √ u(2 − u) du + O(κ^ρ), (4.19) and ∫_κ−ρ 0 (1 − exp(− √ 2x)).U(x)dx = 1 √ 2 ∫_1 e^{−√2κ−ρ} − 1 √ 2u √ u(2 − u)(u − 1)^2 u − 2 − √ u(2 − u) du + O(κ^ρ).(4.20)

For u ∈]0, 2[, we have ∫ 1 √ 2u √ u(2 − u)(u − 1) u − 2 − √ u(2 − u) du = √ 2 4 ( arcsin(u − 1) − u + √ 2u − u^2 ) , and ∫ − 1 √ 2u √ u(2 − u)(u − 1)^2 u − 2 − √ u(2 − u) du = 1 8 arcsin(u − 1) + √ 2 8 √ 2u − u^2(3 − u) − √ 2 4 u(1 − u 2 ). From (4.19), it results that ∫_κ−ρ 0 U(x)dx = π 8 + O(κ^ρ). (4.21)

Moreover, from (4.20), we get ∫_κ−ρ 0 (1 − exp(− √ 2x)).U(x)dx = 1 8 (1 + π 2 ) + O(κ^ρ). (4.22)

From (4.17), (4.18), (4.21) and (4.22), we get

I_3 ≤ − 9π 32 − 3 16 + O(κ^ρ). (4.23)

Step 4: Upper bound for A^′(0) Thus, according to (4.8), (4.9), (4.13) and (4.23), we deduce that there exists κ_0, such that, for all κ ≤ κ_0 and all pairs (f, A) solutions of (GL)_∞ satisfying (3.3), we have

h^2 ≤ κ^{−1}2^{− 3}2 + 15 32 + O(κ^ρ). (4.24)

From Lemma 3.1 and (4.24), the proof of Theorem 1.3 follows.

According to (1.6) and Theorem 1.3, we deduce the Parr Formula. Theorem 4.1 (Parr Formula) There exists κ_0 such that, for all κ_0 ≤ κ, we have κ ( h^{sh}(κ) )_2

= 2^{− 32} + 15 32 κ + o(κ). 5. Open problem

The challenge is now to obtain a complete expansion in powers of κ^12 for the superheating field. In [12], we have obtained a formal expansion for the superheating field, denoted by h^{sh,f} (κ) = κ^{− 1}2 ∞∑ i=0 h_iκ^i. In [14], we have proved that for all n ∈ IN, there exist κ_0 and C

such that, for all κ ≤ κ_0, we have the inequality

κ^{12} h^{sh}(κ) ≥ n∑ i=0 h_iκ^i + Cκ^{n+1}.

What remains is the following conjecture:

Conjecture 5.1 Let n ≥ 2. There exist κ_0 and C such that, for all κ ≤ κ_0, we have the inequality

κ^{12} h^{sh}(κ) ≤ n∑ i=0 h_iκ^i + Cκ^{n+1}.

Acknowledgements

The author would like to thank C. Bolley and B. Helffer for helpful discussions on the problem.

REFERENCES

1. A. Aftalion On the minimizers of the Ginzburg-Landau energy for high kappa: the one-dimensional case. 8, p. 331-345 Eur. J. Appl. Math. (1997) 2. C. Bolley and P. Del Castillo : Existence and uniqueness for the half-space Ginzburg- Landau model . Nonlin. anal. 47/1 (2001) 135–146.

3. C. Bolley and B. Helffer : Rigorous results for the Ginzburg-Landau equations associated to a superconducting film in the weak κ-limit. Reviews in Math. Physics. 8 (1996) 43–83.

4. C. Bolley and B. Helffer : Rigorous results on the Ginzburg-Landau models in a film submitted to an exterior parallel magnetic field. Part II. Nonlinear Studies. 3 2 (1996) 1–32 .

5. C. Bolley and B. Helffer : Proof of the De Gennes formula for the superheating field in the weak κ limit. Annales de l’Institut Henri Poincaré (section analyse non linéaire), Vol. 14, No. 5, 597–613, (1997).

6. C. Bolley and B. Helffer : Superheating in a semi-infinite film in the weak κ limit:

numerical results and approximate models. Math. Model. Num. Anal. (1997) 31 121–165 .

7. C. Bolley, F. Foucher and B. Helffer : Superheating field for the Ginzburg-Landau equations in the case of a large bounded interval. J. Math. Phys. Vol. 41, No. 11 (2000) 7263–7289.

8. C. Bolley and B. Helffer : A priori estimates for Ginzburg-Landau solutions. Nonlinear PDE’s in Condensed Matter and Reactive Flows (2002) 355–373.

9. S. Chapman : Superheating field of type II superconductors. Siam J. Appl. Math.

(1995) Vol. 55, No. 5, 1233–1258.

10. P. Del Castillo Thèse, Université Paris Sud, (Déc. 2000).

11. P. Del Castillo : Two terms in the lower bound for the superheating field in a semiinfinite film in the weak-κ limit. Eur. J. Appl. Math. (2002) Vol. 13, No.5, 519–547.

12. P. Del Castillo : Expansion for the superheating field in a semi-infinite film in the weak-κ limit. Math. Model. Num. Anal., Vol. 36, No. 6, (2002) 971–993.

13. P. Del Castillo : Lower bound for the superheating field in a semi-infinite film in the weak-κ limit: the general case. J. Math. Phys. Vol. 44 , No. 6, (2003) 2416–2450.

14. P. Del Castillo : Existence and Localization of solutions of the one dimensional Ginzburg-Landau system. Submitted 15. S. Di Bartolo, T. Dorsey & J. Dolgert. Superheating fields of superconductors Asymptotic analysis and numerical results. Physical Review B, Vol. 53, No 9, 1996. Erratum. Physical Review B, Vol. 56, No. 5, 1997.

16. P. G. De Gennes : Superconductivity: selected topics in solid state physics and theoretical Physics. Proc. of 8th Latin american school of physics, Caracas (1966).

17. V. L. Ginzburg : On the theory of superconductivity, Nuovo Cimento 2 (1955) 1234. 18. V. L. Ginzburg : On the destruction and the onset of superconductivity in a magnetic field, Zh. Eksperim. i Teor. Fiz. 34 (1958) 113–125. Transl. Soviet Physics JETP 7 (1958) 78–87.

19. H. Parr : Superconductive superheating field for finite κ. Z. Physik B25 (1976) 359–361.