Quasi–Periodic Response Solutions at Normal–Internal Resonances^∗

Henk Broer

Instituut voor Wiskunde en Informatica (IWI), Rijksuniversiteit Groningen Postbus 800, 9700 AV Groningen, The Netherlands

Heinz Hanßmann

Institut für Reine und Angewandte Mathematik der RWTH Aachen 52056 Aachen, Germany

Àngel Jorba

Departament de Matemàtica Aplicada i Anàlisi, Universitat de Barcelona Gran Via 585, 08007 Barcelona, Spain

Jordi Villanueva

Departament de Matemàtica Aplicada I, Universitat Politècnica de Catalunya Diagonal 647, 08028 Barcelona, Spain

Florian Wagener

CeNDEF, Department of Quantitative Economics, Universiteit van Amsterdam Roetersstraat 11, 1018 WB Amsterdam, The Netherlands

30 August 2003

Abstract

In the conservative dynamics of certain quasi–periodically forced oscillators, normal– internal resonances are considered in a bifurcational setting. The unforced system is a one degree of freedom oscillator, under forcing the system becomes a skew– product flow with a quasi–periodic motion on an n–dimensional torus as driving system. In this work, we investigate the persistence and the bifurcations of quasi– periodic n–dimensional tori (so–called “response solutions”) in the averaged system, filling normal–internal resonance ‘gaps’ that had been excluded in previous analyses.

∗Talk held at Equadiff 2003

1 Introduction

This note summarizes some recent results [3] on the dynamics of families of quasi– periodically forced nonlinear Hamiltonian oscillators at normal–internal resonances. The motivating example, which is quite representative for the general case, is the quasi– periodically forced mechanical pendulum

θ̇ = ω, ẋ = y, (1) ẏ = −α^2 sin x + εG(θ),

where G : T^n → R, x, y ∈ R, α > 0 and ε ≥ 0. The components of the frequency vector ω = (ω_1, . . . , ω_n) are assumed to be rationally independent. The oscillator is said to be at a normal–internal 1 : ℓ resonance, if α satisfies ⟨k, ω⟩ + ℓα = 0, for some k ∈ Z^n\{0}, some ℓ ∈ {1, 2, . . .}, and if ℓ is the smallest positive integer with this property. Throughout this article, the frequency vector ω is fixed and Diophantine, while the parameter α ranges over a compact interval not containing 0.

A classical question [16] asks for solutions of (1) that are quasi–periodic with the same frequency vector as the forcing: the so–called response solutions. The central question of this article is whether response solutions exist, and if so, how these solutions behave as the parameter α takes values near a normal–internal resonance value.

Note that any invariant torus that can be represented as the graph of a function τ = (τ_1, τ_2) : T^n → R^2 corresponds to a family of response solutions x(t) = τ_1(ωt + θ_0), parametrised by θ_0, and vice versa. Hence, in a geometrical language, we are asking for invariant tori of the system (1) in graph form. The forcing strength ε will be regarded as a perturbation parameter. For ε = 0, the torus τ = 0 is invariant; we are interested in the fate of this torus if ε is small and positive.

The unperturbed torus τ = 0 is normally elliptic, and its normal frequency is equal to α. Kolmogorov–Arnold–Moser (KAM) theory shows that for small ε > 0, this torus will persist for the parameter α taking values in a Cantor set of positive Lebesgue measure [5, 6, 11, 12, 14, 15]. The “holes” that conform the Cantor structure correspond to normal– internal resonances; in their presence standard KAM theory cannot be applied directly. Note that in the well–known periodic analogue of this problem, that is in the case n = 1, response solutions are known to persist for all α ranging over some compact interval. The main goal of this work is hence to analyse what happens in a given normal–internal resonance gap.

Figure 1: Response diagram of (1). Shown are the parameter α on the horizontal axis, against the L^2 norm of the response solution on the vertical axis. Classical KAM–theory can only prove the existence of invariant tori whose L^2–norm is below some bound c, which is of the same order O(ε) as the forcing, as ε → 0. Moreover the normal dynamics of these invariant tori should be elliptic, which fails to be the case for 1 : 2 resonances (the corresponding gaps are not shown in this figure).

2 Phenomenology

To illustrate this dynamical phenomenon, numerical simulations of (1) have been performed for the case n = 2, ω = (1, −^1_2 +^1_2 √ 5), cf. [7]. We have taken G(θ) = (3 + cos θ_1 + cos θ_2)^{−1}, whose Fourier coefficients are all non–zero. The perturbation strength has been set to ε = 0.05.

Response solutions have been computed numerically [8, 10] for a range of values of the parameter α. The results are summarised in Figure 1, where on the vertical axis the L^2 norm of the Fourier series is plotted against the parameter α. In the figure, it can be seen clearly how invariant tori are ‘pushed away’ by 1 : 1 resonances; however, these resonances do not destroy the tori. As remarked before, ‘classical’ KAM theory handles only the case that response solutions have an amplitude of order O(ε): this corresponds to the lower part of the curves. The ‘spikes’ are cut off, and hence correspond to the ‘gaps’ in the Cantor sets for which classical KAM theory fails to find invariant tori. These gaps will be almost completely ‘filled’ by the results of the present paper.

Another case for which gaps occur in the KAM Cantor sets is for 1 : 2 resonances. Although in that case invariant tori are not pushed away, their normal linear behaviour changes from elliptic to hyperbolic and back again. Classical KAM theory also fails for

Figure 2: Two response diagrams associated to the 1 : 1 normal–internal resonance. The left plot shows the big resonance for α near the golden number −^1_2 +^1_2 √ 5 = 0.618 . . ., and the right plot is a magnification of the ‘secondary’ gap that appears in the left plot.

these tori: this gives rise to another kind of ‘gap’ in the KAM Cantor sets, which will be filled completely by the present paper. Note that this kind of gap is not present in schemes that do not compute the normal behaviour of the tori [1, 2].

Both kind of gaps are already present in the case of periodic forcing [13] n = 1 where the resonance gaps are isolated. In our quasi–periodic case, these resonance phenomena reappear, but now forming a dense set. In fact, in the case n = 1 the parameter values of α for which kω + ℓα = 0 for some fixed ℓ — the resonances — form a set of isolated points; the corresponding set for n ≥ 2 is dense.

This denseness of resonances leads us to expect ‘secondary’ resonances located on the ‘primary’ resonance curves. To illustrate these, the left–hand picture in figure 2 zooms in on the interval [0.54, 0.70] ⊂ [0.5, 1.5] of Figure 1. In this way the ‘primary’ resonance at α = −^1_2 +^1_2 √ 5 is magnified and a ‘secondary’ resonance at α ≈ 0.563813 becomes visible. Although resonances form a dense set, the width of the associated gaps decreases rapidly (in first approximation, this width is proportional to the corresponding Fourier

Figure 3: Phase portraits associated to the 1:1–resonance, the first three for α ≈ −^1_2 + 1 2 √ 5 , and the other three for ‘a gap within that gap’ (α ≈ 0.563813, see Figure 2, left).

Figure 4: Phase portraits associated to a 1:2–resonance, for −3(−^1_2 +^1_2 √ 5) + 2α ≈ 0.

coefficient of the forcing function G(θ)) and the numerical detection of these phenomena becomes difficult.

In order to obtain a two–dimensional impression of the dynamics in phase space, ‘quasi–periodic’ Poincaré sections of system (1) are displayed in Figure 3. These are constructed by taking the first return map under the flow of (1) to the set Σ = {θ_1 = 0, θ_2 ∈ [a, b]} × R^2 , where [a, b] is a small interval, and then plotting the resulting points only using their R^2 –coordinates.

Figure 4 shows three slices of the phase space for the case k = (0, −3), ℓ = 2, clearly showing a period doubling bifurcation.

3 On the proofs

The previous (numerical) results can be put into a rigorous setting [3]. Here we simply outline the scheme of the proof.

The Hamiltonian is simplified in two steps. First an integrable normal form plus a small remainder is computed. Second, after a better adapted choice of angles, the system is lifted (by a van der Pol transformation) to a covering space suited for the resonance at hand.

After truncation and reduction, a one degree of freedom system is obtained, which is the same as in the periodic case. Then, this one degree of freedom system is investigated for its own sake, since it forms the backbone of our perturbation problem. Our main interest is with the (relative) equilibria, since they correspond to response solutions in the full system. The analysis is simplified by suitable scalings, allowing us to retain only significant lowest order terms of the system.

The corresponding dynamics in n + 1 degrees of freedom of the integrable part of the normal form is reconstructed using structural stability arguments. Finally, we re– incorporate the non–integrable terms neglected earlier on, and KAM techniques [4, 5, 6, 9, 11, 12, 14, 15] are applied to show persistence of response solutions, solving the original perturbation problem. Actually, in the analytic case, by using normal forms with exponentially small remainders, the new gaps in the parameter space are shown to be exponentially small in the perturbation parameter ε.

Acknowledgements. This work is supported by the Graduiertenkolleg Analyse und Konstruktion in der Mathematik, the Spanish MCyT grant BFM2000–0623, the Catalan CIRIT grant 2001SGR–70 and DURSI, the INTAS grant 2002–221, the CeNDEF Pionier grant of the Netherlands Organisation for Science and the FOM grant MFGBb1

References

[1] Bourgain, J., Int. Math. Res. Notices 11, 475 (1994) [2] Bourgain, J., Math. Res. Lett. 4, 445 (1997) [3] Broer, H.W., Hanßmann, H., Jorba, À., Villanueva, J. and Wagener, F., Nonlinearity 16, 1751 (2003) [4] Broer, H.W., Hanßmann, H. and You, J., Bifurcations of Normally Parabolic Tori in Hamiltonian Systems, preprint, Inst. Reine & Angew. Math., RWTH Aachen (2003) [5] Broer, H.W., Huitema, G.B. and Sevryuk, M.B., Quasi–Periodic Motions in Families of Dynamical Systems : Order amidst Chaos, LNM 1645, Springer–Verlag, New York (1996) [6] Broer, H.W., Huitema, G.B. and Takens, F., Mem. AMS 83, 1 (1990) [7] Broer, H.W. and Simó, C., Bol. Soc. Bras. Mat. 29, 253 (1998) [8] Castellà, E. and Jorba, À., Cel. Mech. Dynam. Astronom. 76, 35 (2000) [9] Hanßmann, H., J. Diff. Eqs. 142, 305 (1998) [10] Jorba, À., Nonlinearity 14, 943 (2001) [11] Jorba, À. and Simó, C., SIAM J. Math. Anal. 27, 1704 (1996) [12] Jorba, À. and Villanueva, J., J. Nonlinear Sci. 7, 427 (1997) [13] Meyer, K. and Hall, G., Introduction to Hamiltonian Dynamical systems and the N–Body Problem, Applied Mathematical Sciences 90, Springer–Verlag, New York (1992) [14] Moser, J.K., Math. Ann. 169, 136 (1967) [15] Pöschel, J., Math. Z. 202, 559 (1989) [16] Stoker, J.J., Nonlinear vibrations in mechanical and electrical systems, Interscience Publishers (1950); Wiley (1992)