HIGH ENERGY ASYMPTOTICS OF THE SCATTERING AMPLITUDE FOR THE SCHRÖDINGER EQUATION

D.Yafaev Department of Mathematics, University Rennes-1, Campus Beaulieu, 35042, Rennes, France

Dedicated to Jean-Michel Combes on the occasion of his Sixtieth Birthday

Abstract

We find an explicit function approximating at high energies the kernel of the scattering matrix with arbitrary accuracy. Moreover, the same function gives all diagonal singularities of the kernel of the scattering matrix in the angular variables.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exINTRODUCTION

High energy asymptotics of the scattering matrix S(λ) : L_2(S^{d−1}) → L_2(S^{d−1}) for the Schrödinger operator H = −Δ + V in the space L_2(R^d) with a shortrange potential (bounded and satisfying the condition V (x) = O(|x|^{−ρ}), ρ > 1, as |x| → ∞) is given by the Born approximation. To describe it, let us introduce the operator Γ_0(λ),

(Γ_0(λ)f)(ω) = 2^{−1/2}k^{(d−2)/2}f̂(kω), λ = k^2 ∈ R_+ = (0, ∞), ω ∈ S^{d−1}, (0.1)

of the restriction (up to the numerical factor) of the Fourier transform f̂ of f to the sphere of radius k. Set R_0(z) = (−Δ − z)^{−1}. By the Sobolev trace theorem and the limiting absorption principle the operators Γ_0(λ)⟨x⟩^{−r} and ⟨x⟩^{−r} R_0(λ+i0)⟨x⟩^{−r} are correctly defined as bounded operators for any r > 1/2 and their norms are estimated by λ^{−1/4} and λ^{−1/2}, respectively. Therefore it is easy to deduce (see, e.g, [7, 13]) from the usual stationary representation for the scattering matrix that

S(λ) = I − 2πi N∑ n=0 (−1)^nΓ_0(λ)V (R_0(λ + i0)V )^nΓ^∗_0(λ) + σ_N (λ), (0.2)

where ||σ_N (λ)|| = O(λ^{−(N+2)/2}) as λ → ∞. Moreover, the operator σ_N belongs to a suitable Schatten - von Neumann class S_{α(N)} and α(N) → 0 as N →

∞. Nevertheless the Born expansion (0.2) is not very convenient because the structure of the n^{th} term is extremely complicated already for relatively small n. We suppose that the potential V (x) of the Schrödinger operator H = −Δ+V satisfies the estimates

|∂^αV (x)| ≤ C_α(1 + |x|)^{−ρ−|α|}, ρ > 1, (0.3)

for all multi-indices α. Our goal is to find an explicit function s_0(ω, ω^′; λ) approximating the kernel s(ω, ω^′; λ) of the scattering matrix S(λ) with arbitrary accuracy at high energies (as λ → ∞). It turns out that the same function s_0(ω, ω^′; λ) gives all diagonal singularities of the kernel s(ω, ω^′; λ) in the angular variables ω, ω^′ ∈ S^{d−1}.

Let us formulate our main result. The answer is given in terms of approximate solutions of the Schrödinger equation. To be more precise, we denote by u(x, ξ) = u^{(N)}(x, ξ) explicit functions (see Section 2, for their construction)

u(x, ξ) = e^{i⟨x,ξ⟩}a(x, ξ), ξ = |ξ|ξ̂ ∈ R^d, (0.4)

such that r^{(N)}(x, ξ) = e^{−i⟨x,ξ⟩}(−Δ + V (x) − |ξ|^2)u^{(N)}(x, ξ) (0.5)

tends to zero faster than |x|^{−p} as |x| → ∞ where p = p(N) → ∞ as N → ∞ and faster than |ξ|^{−N} as |ξ| → ∞ off any conical neighborhood of the direction x̂ = ξ̂. The amplitude a(x, ξ) is obtained as a solution of the corresponding transport equation.

We note that, off the diagonal ω = ω^′ (see [1]), s(ω, ω^′; λ) is a C^∞-function of ω, ω^′ ∈ S^{d−1}, and it tends to zero faster than any power of λ^{−1} as λ → ∞. Thus, it suffices to describe the structure of s(ω, ω^′; λ) in a neighborhood of the diagonal ω = ω^′. Let ω_0 ∈ S^{d−1} be an arbitrary point, Π_{ω0} be the plane orthogonal to ω_0 and Ω_±(ω_0, δ) ⊂ S^{d−1} be determined by the condition ±⟨ω, ω_0⟩ > δ > 0. Set x = ω_0z + y, y ∈ Π_{ω0} , and s_0(ω, ω^′; λ) = ±2^{−1}λ^{(d−1)/2}(2π)^{−d+1} × ∫ Π_{ω0}

e^{iλ1/2 ⟨y,ω′−ω⟩} [ ⟨ω + ω^′, ω_0⟩a(y, −λ^{1/2}ω)a(y, λ^{1/2}ω^′)

+iλ^{−1/2} ( a(y, λ^{1/2}ω^′)(∂_z a)(y, −λ^{1/2}ω) − a(y, −λ^{1/2}ω)(∂_za)(y, λ^{1/2}ω^′) )] dy(0.6)

for ω, ω^′ ∈ Ω_± = Ω_±(ω_0, δ). Then the kernel

s(ω, ω^′; λ) − s_0(ω, ω^′; λ), s_0 = s^{(N)}_0 , (0.7) belongs to the class C^p(Ω × Ω) where Ω = Ω_+ ∪ Ω_− and p = p(N) → ∞ as N → ∞. Moreover, the C^p-norm of this kernel is O(λ^{−p}) as λ → ∞. Thus, all singularities of s(ω, ω^′; λ) both for high energies and in smoothness are described by the explicit formula (0.6). Formula (0.6) shows that we actually consider the singular part s_0(ω, ω^′; λ) of the scattering matrix as a pseudodifferential operator (on the unit sphere) determined by its amplitude. Note that the function s_0(ω, ω^′; λ) satisfies the same symmetry relation

s(ω, ω^′; λ) = s(−ω^′, −ω; λ)

as kernel of the scattering matrix itself. We emphasize that formula (0.6) gives the singular part of the scattering amplitude off any neighborhood of the hyperplane Π_{ω0} . Since ω_0 ∈ S^{d−1} is arbitrary, this determines the singular part of s(ω, ω^′; λ) for all ω, ω^′ ∈ S^{d−1}.

The procedure similar to the one described above was used, probably for the first time, in [2] for potentials V from the Schwartz class. The problem is getting substantially more difficult already for short-range potentials V satisfying condition (0.3). In this case the formula for the singular part of the scattering matrix somewhat similar to (0.6) was given (without proof) in [11]. Our method allows us to consider also long-range electric as well as magnetic potentials. These results will be presented elsewhere.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exTHE TRANSPORT EQUATION

In this section we give a standard construction of an approximate but explicit solution of the Schrödinger equation. This construction relies on a solution of the corresponding transport equation by iterations.

Comparing formulas (0.4) and (0.5), we see that

r(x, ξ) = −2i⟨ξ, ∇a(x, ξ)⟩ − Δa(x, ξ) + V (x)a(x, ξ), ∇ = ∇_x. (0.8)

Let us seek the function a in the form

a(x, ξ) = a^{(N)}(x, ξ) = N∑ n=0 (2i|ξ|)^{−n}b_n(x, ξ̂), b_0(x, ξ̂) = 1. (0.9)

Plugging this expression into (0.8) and equating coefficients at the same powers of (2i|ξ|)^{−n}, we obtain recurrent equations for the functions b_n:

⟨ξ̂, ∇_xb_{n+1}(x, ξ̂)⟩ = −Δb_n(x, ξ̂) + V (x)b_n(x, ξ̂). (0.10)

Then

r^{(N)}(x, ξ) = (2i|ξ|)^{−N} (−Δb_N (x, ξ̂)+V (x)b_N (x, ξ̂)) = (2i|ξ|)^{−N} ⟨ξ̂, ∇b_{N+1}(x, ξ̂)⟩.

Let the domain Γ_±(ϵ, R) ⊂ R^d × R^d be distinguished by the condition: (x, ξ) ∈ Γ_±(ϵ, R) if either |x| ≤ R or ±⟨x̂, ξ̂⟩ ≥ −1 + ϵ for some ϵ > 0. We set Γ = Γ_−. The following assertion is almost obvious.

Proposition 0.1 Let assumption (0.3) hold. Then the functions

b_{n+1}(x, ξ̂) =

∫_0 −∞ ( −Δb_n(x + tξ̂, ξ̂) + V (x + tξ̂)b_n(x + tξ̂, ξ̂) ) dt satisfy equations (0.10) and for (x, ξ) ∈ Γ(ϵ, R) (and ρ ≤ 2) |∂^α_x ∂^β_ξ b_n(x, ξ̂)| ≤ C_{α,β} (1 + |x|)^{−(ρ−1)n−|α|} |ξ|^{−β} . (0.11) In particular, the function (0.9) and the remainder (0.5) satisfy the estimates |∂^α_x ∂^β_ξ a(x, ξ)| ≤ C_{α,β} (1 + |x|)^{−|α|} |ξ|^{−|β|}. (0.12) and |∂^α_x ∂^β_ξ r^{(N)}(x, ξ)| ≤ C_{α,β} (1 + |x|)^{−1−(ρ−1)(N+1)−|α|} |ξ|^{−N−|β|}. (0.13)

Let us write down explicit expressions for the first two functions b_n:

b_1(x, ξ̂) =

∫_0 −∞ V (x + tξ̂)dt,

b_2(x, ξ̂) =

∫_0 −∞ t(ΔV )(x + tξ̂)dt + 1 2 (∫ 0 −∞ V (x + tξ̂)dt

)_2 . We put a_−(x, ξ) = a(x, ξ), a_+(x, ξ) = a(x, −ξ) and r_−(x, ξ) = r(x, ξ), r_+(x, ξ) = r(x, −ξ).

Clearly, the functions a_+(x, ξ) and r_+(x, ξ) satisfy the same assertion as that of Proposition 0.1 but with the region Γ_−(ϵ, R) replaced by Γ_+(ϵ, R).

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2ex WAVE OPERATORS AND THE SCATTERING MATRIX

1. If V (x) is a bounded function and V (x) = O(|x|^{−ρ}), ρ > 1, as |x| → ∞, then, for the pair H_0 = −Δ, H = −Δ + V (x) in the space H = L_2(R^d), the wave operators W_±(H, H_0) = s − lim_{t→±∞} e^{iHt}e^{−iH0 t} exist and W_±(H, H_0)H_0 = HW_±(H, H_0). Moreover, the wave operators are isometric and complete (see, e.g., [10, 13]). Therefore the scattering operator S = W^∗_+(H, H_0)W_−(H, H_0) commutes with the operator H_0 and is unitary in the space H.

Let N = L_2(S^{d−1}), let the operator Γ_0(λ) : S(R^d) → N be defined by formula (0.1) and let (Uf)(λ) = Γ_0(λ)f. Then U : H → Ĥ = L_2(R_+; N) is a unitary operator, and UH_0U^∗ acts in the space Ĥ as multiplication by the independent variable λ. Since SH_0 = H_0S, the operator USU^∗ acts in the space Ĥ as multiplication by the operator-function S(λ) : N → N known as the scattering matrix.

However our study of the scattering matrix relies on introduction of wave operators with special identifications J_± which will be constructed as pseudodifferential operators.

2. Let us recall briefly some basic facts about pseudo-differential operators. Let (T f)(x) = (2π)^{−d/2} ∫ R^d

e^{i⟨x,ξ⟩}t(x, ξ)f̂ (ξ)dξ,

where f̂ is the Fourier transform of f, the symbol t ∈ C^∞(R^d × R^d) and, for some n and m and for all multi-indices α, β,

|(∂^α_x ∂^β_ξ t)(x, ξ)| ≤ C_{α,β} ⟨x⟩^{n−|α|}⟨ξ⟩^{m−|β|}.

The class of operators or symbols satisfying this condition will be denoted S^{n,m}. The operators from these classes send the Schwartz space S(R^d) into itself. The proof of the following assertion can be found in [3], Ch. 18.

Proposition 0.2 Let t ∈ S^{n,m} where n ≤ 0 and m ≤ 0. Then the operator T ⟨x⟩^{−n} is bounded in L_2(R^d).

We need also a more special class S^{n,m}_± ⊂ S^{n,m} of symbols satisfying the additional property t(x, ξ) = 0 if ∓ ⟨x̂, ξ̂⟩ ≤ ε

for some ε > 0. Moreover, we assume that for symbols from this class t(x, ξ) = 0 if |x| ≤ ε_0 or if |ξ| ≤ ε_0 for some ε_0 > 0.

3. Now we are able to define the identifications J_±. Let σ_+ ∈ C^∞(−γ, γ), γ > 1, be such that σ_+(τ) = 1 if τ ∈ (−ε, 1] for some ε ∈ (0, 1), σ_+(τ) = 0 in a neighborhood of the point −1 and σ_−(τ) = σ_+(−τ). Let η ∈ C^∞(R^d) be such that η(x) = 0 in a neighborhood of zero and η(x) = 1 for large |x|. We denote by θ a C^∞(R_+)-function which equals to zero in a neighborhood of 0 and θ(λ) = 1 for, say, λ ≥ λ_0 (for some λ_0 > 0). Set

ζ_±(x, ξ) = σ_±(η(x)⟨x̂, ξ̂⟩)θ(|ξ|^2).

We construct J_± as a pseudo-differential operator (cf. [4]),

(J_±f)(x) = (2π)^{−d/2} ∫ R^d

e^{i⟨x,ξ⟩}a_±(x, ξ)ζ_±(x, ξ)f̂(ξ)dξ, (0.14) where a_± is the function (it depends on N) defined in the previous section. Due to the cut-off functions ζ_± the symbols a_±ζ_± ∈ S^{0,0}, so that, by Proposition 0.2, the operators J_± are bounded.

It is easy to see that s − lim_{t→±∞}(J_± − θ(H_0))e^{−iH0 t} = 0.

Therefore the wave operators W_±(H, H_0; J_±) = s − lim_{t→±∞} e^{iHt}J_±e^{−iH0t}

also exist and W_±(H, H_0)θ(H_0) = W_±(H, H_0; J_±).

It follows that Sθ^2(H_0) = W^∗_+(H, H_0; J_+)W_−(H, H_0; J_−). (0.15)

We need a stationary formula (see [4, 12, 13]) for the scattering matrix S(λ) in the case where identifications J_+ and J_− for t → +∞ and t → −∞ are different. Let us set T_± = HJ_± − J_±H_0. (0.16) Since auxiliary wave operators s − lim_{t→±∞} e^{iH0 t}J^∗_+J_−e^{−iH0 t} = 0,

it can be deduced from (0.15) that the scattering matrix admits for λ ≥ λ_0 the representation S(λ) = S_0(λ) + S_1(λ), (0.17) where, at least formally, S_0(λ) = −2πiΓ_0(λ)J^∗_+T_−Γ^∗_0(λ) (0.18) and S_1(λ) = 2πiΓ_0(λ)T^∗_+R(λ + i0)T_−Γ^∗_0(λ). (0.19) Of course, to give a precise sense to expressions (0.18) and (0.19), we need to discuss restrictions of integral or pseudo-differential operators to the spheres |ξ|^2 = λ, but we do not dwell upon it here.

Let us choose a function ψ ∈ C^∞_0 (R_+) such that ψ(λ) = 1 in a neighborhood of the point λ = 1. Then formulas (0.18) and (0.19) remain true if the operators J_± and T_± are replaced by the operators J_±(λ) = J_±ψ(H_0/λ) and T_±(λ) = T_±ψ(H_0/λ), respectively.

4. According to (0.17), our proof of formula (0.6) for the singular part of the scattering matrix splits up into two steps. The first is to show that S_1(λ) is negligible. To be more precise, we will prove the following

Theorem 0.3 The kernel s_1(ω, ω^′; λ) of the operator (0.19) belongs to the class C^p(S^{d−1} × S^{d−1}) where p = p(N) → ∞ as N → ∞. Moreover, the C^p-norm of this kernel is O(λ^{−q} ) as λ → ∞ for some q = q(N) → ∞.

Set u_0(x, ω, λ) = exp(iλ^{1/2}⟨ω, x⟩). Taking into account (0.1), we see that s_1(ω, ω^′; λ) = πiλ^{(d−2)/2}(2π)^{−d}(T^∗_+(λ)R(λ + i0)T_−(λ)u_0(ω^′, λ), u_0(ω, λ)).

Thus, for the proof of Theorem 0.3, it suffices to check Proposition 0.4 Let u_± = u^{(N)}_± be the functions constructed in Proposition 0.1. Then, for the operators J_± and T_± defined by (0.14) and (0.16), respectively, ||⟨x⟩^pψ(H_0/λ)T^∗_+R(λ + i0)T_−ψ(H_0/λ)⟨x⟩^p|| = O(λ^{−q} ) where p(N) → ∞ and q(N) → ∞ as N → ∞.

We use the following elementary Lemma 0.5 For any p and q ||⟨x⟩^{−p}⟨ξ⟩^{−q} ψ(H_0/λ)⟨x⟩^p|| = O(λ^{−q/2}), λ → ∞.

Therefore for the proof of Proposition 0.4 it suffices to verify Proposition 0.6 Under the assumptions of Proposition 0.4, the operators ⟨x⟩^p⟨ξ⟩^q T^∗_+R(λ + i0)T_−⟨ξ⟩^q ⟨x⟩^p are bounded uniformly in λ ≥ λ_0 > 0.

This result will be verified in Section 4. The second step of the proof is to show that, up to negligible terms, kernel of the operator S_0(λ) is given by formula (0.6). This is postponed until Section 5.

5. Let us calculate the perturbation (0.16). According to (0.5), we have that g_±(x, ξ) := (−Δ + V (x) − |ξ|^2)(u_±(x, ξ)ζ_±(x, ξ)) = e^{i⟨x,ξ⟩}r_±(x, ξ)ζ_±(x, ξ) − 2⟨∇u_±(x, ξ), ∇ζ_±(x, ξ)⟩ − u_±(x, ξ)Δζ_±(x, ξ). (0.20) Set also t_±(x, ξ) = e^{−i⟨x,ξ⟩}g_±(x, ξ). Now it follows from (0.14) that

(T_±f)(x) = (2π)^{−d/2} ∫ R^d

e^{i⟨x,ξ⟩}t_±(x, ξ)f̂ (ξ)dξ

= (2π)^{−d/2} ∫ R^d

e^{i⟨x,ξ⟩} ( t^{(r)}_± (x, ξ) + t^{(s)}_± (x, ξ) ) f̂(ξ)dξ = : (T^{(r)}_± f)(x) + (T^{(s)}_± f)(x), (0.21) where

t^{(r)}_± = r_±ζ_± and t^{(s)}_± = −2⟨ia_±ξ + ∇a_±, ∇ζ_±⟩ − a_±Δζ_±.

Due to the cut-off functions ζ_±, ∇ζ_± and Δζ_± the next result follows directly from Proposition 0.1.

Proposition 0.7 Let assumption (0.3) hold. Then

t^{(r)}_± ∈ S^{−1−(ρ−1)(N+1),−N} and t^{(s)}_± ∈ S^{−1,1}_± .

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exPSEUDO-DIFFERENTIAL OPERATORS AND RESOLVENT ESTIMATES

1. We need some results on the boundedness of combinations of operators from the classes S^{n,m}_± (see subs. 2 of Section 3) with functions of the generator of dilations A = 1 2 d∑ j=1 (x_j D_j + D_j x_j ).

We denote by P_± = E_A(R_±) the spectral projection of the operator A.

The following two assertions are motivated by the results of [5]. Proposition 0.8 Let t ∈ S^{0,0}_± for one of the signs, and let q > 0 be an arbitrary number.

Then the operator ⟨A⟩^{−q} T ⟨ξ⟩^q⟨x⟩^q is bounded.

Proposition 0.9 Let t ∈ S^{n,m}_± for some n and m. Then the operator ⟨A⟩^pP_±T ⟨ξ⟩^p⟨x⟩^p is bounded for all p.

2. The following resolvent estimates were deduced for bounded z in [9, 6] from the famous Mourre estimate [9]. Moreover, making the dilation transformation x → λ^{−1/2}x and taking into account that the functions λ^{−1}V (λ^{−1/2}x) satisfy the assumptions of [6] uniformly in λ, we can obtain estimates for high energies.

Proposition 0.10 Let assumption (0.3) hold. Then for Re z > 0, Im z ≥ 0 the operator-functions ⟨A⟩^{−p}R(z)⟨A⟩^{−p}, p > 1/2, (0.22)

⟨A⟩^{−1+p2} P_−R(z)⟨A⟩^{−p1} , ⟨A⟩^{−p1} R(z)P_+⟨A⟩^{−1+p2} (0.23) for each p_1 > 1/2, p_2 < p_1 and ⟨A⟩^pP_−R(z)P_+⟨A⟩^p (0.24) for arbitrary p are continuous in norm with respect to z. Moreover, the norms of the operators (0.22) - (0.24) at z = λ + i0 are O(λ^{−1}) as λ → ∞.

3. Now we are able to check Proposition 0.6. Let us first show that the operator ⟨x⟩^p⟨ξ⟩^q (T^{(r)}_+ )^∗R(λ + i0)T^{(r)}_− ⟨ξ⟩^q ⟨x⟩^p is uniformly bounded. Note that the operators ⟨x⟩^σ T^{(r)}_± ⟨ξ⟩^q ⟨x⟩^p are bounded by Propositions 0.2 and 0.7 if (N + 1)(ρ − 1) ≥ σ + p − 1 and N ≥ q. Thus, it suffices to use that ||⟨x⟩^{−σ} R(λ + i0)⟨x⟩^{−σ} || = O(λ^{−1/2}), σ > 1/2, which follows, for example, from the first result of Proposition 0.10.

Let us further consider the singular part T^{(s)}_± of T_±. Recall that, according to Proposition 0.7, T^{(s)}_± ∈ S^{−1,1}_± . We need to prove the boundedness of four operators ⟨x⟩^p⟨ξ⟩^q (T^{(s)}_+ )^∗P_−R(λ + i0)P_+T^{(s)}_− ⟨ξ⟩^q ⟨x⟩^p, (0.25) ⟨x⟩^p⟨ξ⟩^q (T^{(s)}_+ )^∗P_+R(λ + i0)P_−T^{(s)}_− ⟨ξ⟩^q ⟨x⟩^p (0.26) and ⟨x⟩^p⟨ξ⟩^q (T^{(s)}_+ )^∗P_±R(λ + i0)P_±T^{(s)}_− ⟨ξ⟩^q ⟨x⟩^p. (0.27) The result about the operator (0.25) is a combination of Proposition 0.8 and the result of Proposition 0.10 about the operator (0.24). Similarly, the result about the operator (0.26) is a combination of Proposition 0.9 and the result of Proposition 0.10 about the operator (0.22). Finally, to consider the operator (0.27) we have to combine Propositions 0.8 and 0.9 with the result of Proposition 0.10 about the operator (0.23).

The cross-terms containing

(T^{(r)}_+ )^∗R(λ + i0)T^{(s)}_− , (T^{(s)}_+ )^∗R(λ + i0)T^{(r)}_− can be considered quite similarly. This concludes our sketch of the proof of Proposition 0.6 and hence of Theorem 0.3.

ionsection1-3.5ex plus -1ex minus -.2ex2.3ex plus .2exMAIN THEOREM According to Theorem 0.3 the operator (0.18) contains all power terms of the high-energy expansion of the scattering matrix as well as its diagonal singularity.

The obvious drawback of the expression (0.18) is that it depends on the cut-off functions ζ_±. So our goal is to show that, up to negligible terms, it can be transformed to the invariant expression (0.6).

Let us consider first the operator J^∗_+T_−. We set ζ = ζ_−, u = u_−, then ζ_+(x, ξ) = ζ(x, −ξ) and u_+(x, ξ) = u(x, −ξ). It follows from (0.14), (0.20) and (0.21) that J^∗_+T_− is the integral operator with kernel (2π)^{−d}G(ξ, ξ^′) where

G(ξ, ξ^′) = ∫ R^d

u(x, −ξ)ζ(x, −ξ)g_−(x, ξ^′)dx. (0.28)

By (0.1), kernel of the singular part (0.18) of the scattering matrix is given by the formal relation s_0(ω, ω^′; λ) = −πiλ^{(d−2)/2}(2π)^{−d}G(λ^{1/2}ω, λ^{1/2}ω^′). (0.29) Let us plug (0.20) into (0.28) and denote by G_j , j = 1, 2, 3, the integrals corresponding to the three functions in the right-hand side of (0.20):

G_1(ξ, ξ^′) = ∫ R^d

e^{i⟨x,ξ′−ξ⟩}a(x, −ξ)ζ(x, −ξ)r(x, ξ^′ )ζ(x, ξ^′)dx,

G_2(ξ, ξ^′) = −2 ∫ R^d

u(x, −ξ)ζ(x, −ξ)⟨(∇u)(x, ξ^′ ), (∇ζ)(x, ξ^′ )⟩dx,

G_3(ξ, ξ^′) = − ∫ R^d

u(x, −ξ)ζ(x, −ξ)u(x, ξ^′)(Δζ)(x, ξ^′)dx.

Then G = G_1 + G_2 + G_3.

By virtue of Proposition 0.1 the function a(x, −ξ)ζ(x, −ξ) satisfies estimates (0.12) for all x, ξ ∈ R^d and the function r(x, ξ^′)ζ(x, ξ^′) satisfies estimates (0.13) for all x, ξ^′ ∈ R^d. It follows that | |∂^α_x ∂^β_ξ ∂^{β′}_ξ′ ( a(x, −ξ)ζ(x, −ξ)r(x, ξ^′ )ζ(x, ξ^′) )| | ≤ C_{α,β,β}′ (1 + |x|)^{−1−(ρ−1)N−|α|} |ξ|^{−|β|} |ξ^′|^{−N−|β′|}, and hence G_1(ξ, ξ^′) is a smooth function of ξ, ξ^′ rapidly decreasing as |ξ| = |ξ^′| → ∞.

Let ω and ω^′ belong to some conical neighborhood of a point ω_1 ∈ S^{d−1}. Then ζ(x, −ξ)(∇ζ)(x, ξ^′ ) = (∇ζ)(x, ξ^′) so that the function ζ(x, −ξ) in the integrals G_j (ξ, ξ^′), j = 2, 3, can be omitted. Integrating in the integral G_3(ξ, ξ^′) by parts, we find that G_2(ξ, ξ^′) + G_3(ξ, ξ^′) = ∫ R^d

⟨(∇u)(x, −ξ)u(x, ξ^′) − u(x, −ξ)(∇u)(x, ξ^′), (∇ζ)(x, ξ^′ )⟩dx. (0.30)

If, for example, ⟨ω_1, ω_0⟩ > 0, then due to the function (∇ζ)(x, ξ^′ ), the integral (0.30) is actually taken over the half-space z ≥ 0 only. Therefore integrating once more by parts, we obtain that

G_2(ξ, ξ^′) + G_3(ξ, ξ^′) = − ∫ z≥0 ( (Δu)(x, −ξ)u(x, ξ^′) − u(x, −ξ)(Δu)(x, ξ^′) ) ζ(x, ξ^′)dx + ∫ Π_{ω0} ( u(y, −ξ)(∂_zu)(y, ξ^′) − u(y, ξ^′)(∂_zu)(y, −ξ) ) dy. (0.31)

Substituting the integral (0.31) over Π_{ω0} into (0.29), we obtain the expression (0.6).

It remains to show that the first integral over the half-space z ≥ 0 in (0.31) is negligible. Let us take into account relation (0.5). Then

−(Δu)(x, −ξ)u(x, ξ^′) + u(x, −ξ)(Δu)(x, ξ^′)

= e^{i⟨x,ξ′−ξ⟩} ( r(x, −ξ)a(x, ξ^′ ) − r(x, ξ^′)a(x, −ξ)

+(|ξ|^2 − |ξ^′|^2)a(x, −ξ)a(x, ξ^′) ) . (0.32)

To consider the integral ∫ z≥0 e^{i⟨x,ξ′−ξ⟩} ( r(x, −ξ)a(x, ξ^′) − r(x, ξ^′)a(x, −ξ) ) ζ(x, ξ^′)dx (0.33)

we use again that, by Proposition 0.1, the functions

a(x, ξ^′)ζ(x, ξ^′) and r(x, ξ^′)ζ(x, ξ^′)

satisfy estimates (0.12) and (0.13), respectively, for all x, ξ^′ ∈ R^d. The same result for the functions a(x, −ξ) and r(x, −ξ) holds true in the half-space z ≥ 0 which does not contain the “bad” direction x̂ = −ξ̂. Therefore, similarly to the function G_1(ξ, ξ^′), the integral (0.33) is a smooth function of ξ, ξ^′ rapidly decreasing as |ξ| = |ξ^′| → ∞.

Let us, finally, consider the integral

K(μ, ν; ω, ω^′) = ∫ z≥0 e^{i⟨x,ξ′−ξ⟩}a(x, −ξ)a(x, ξ^′)ζ(x, ξ^′)dx (0.34)

where ξ = μ^{1/2}ω, ξ^′ = ν^{1/2}ω^′. We regard (0.34) as kernel of the operator K(μ, ν) acting in the space L_2(S^{d−1}). According to the results of [8, 14] the family K(μ, ν) is continuous in μ, ν > 0 in a suitable topology of operators. Actually in [8, 14] only the integrals taken over the whole space (that is pseudo-differential operators defined by their amplitudes) were considered but the restriction z ≥ 0 is inessential. The crucial point of the proof is that due to the function ζ(x, ξ^′) the integrand in (0.34) equals zero in a neighborhood of the direction x̂ = ξ̂^′. Therefore the operator (μ − ν)K(μ, ν) equals zero on the diagonal μ = ν.

Now we can formulate our main result.

Theorem 0.11 Let assumption (0.3) hold, let p be an arbitrary number and N = N(p) be sufficiently large. Let functions a(x, ξ) = a^{(N)}(x, ξ) be constructed in Proposition 0.1. Define, for ω, ω^′ ∈ Ω, the singular part s_0(λ) of the scattering amplitude s(λ) by formula (0.6). Then the remainder (0.7) belongs to the class C^p(Ω × Ω) and the C^p-norm of this kernel is O(λ^{−p}) as λ → ∞.

REFERENCES

[1] S. Agmon, Some new results in spectral and scattering theory of differential operators in R^n, Seminaire Goulaouic Schwartz, Ecole Polytechnique, 1978.

[2] V. S. Buslaev, Trace formulas and certain asymptotic estimates of the resolvent kernel for the Schrödinger operator in three-dimensional space, in Topics in Math. Phys. 1, Plenum Press, 1967.

[3] L. Hörmander, The Analysis of Linear Partial Differential Operators III, Springer-Verlag, 1985. Differential Operators IV, 2-body Schrödinger time-independent modifies, J. Fac.

[4] H. Isozaki, H. Kitada, Scattering matrices for two-body Schrödinger operators, Sci. Papers College Arts and Sci., Univ. Tokyo, 35 (1985), 81-107. estimates for two-body

[5] A. Jensen, Propagation estimates for Schrödinger-type operators, Trans.

Amer. Math. Soc. 291 (1985), 129-144.

[6] A. Jensen, E. Mourre, P. Perry, Multiple commutator estimates and resolvent smoothness in quantum scattering theory, Ann. Inst. Henri Poincaré, Phys. théor. 41 (1984), 207-225.

[7] L. D. Landau and E. M. Lifshitz, Quantum mechanics, Pergamon Press, 1965.

[8] N. Lerner, D. Yafaev, Trace theorems for pseudo-differential operators, J.

Analyse Math. 74 (1998), 113-164.

[9] E. Mourre, Opérateurs conjugués et propriétés de propagation, Comm.

Math. Phys. 91 (1983), 279-300.

[10] M. Reed and B. Simon, Methods of Modern Mathematical Physics III, Academic Press, 1979.

Theory, Springer-Verlag, [11] M. M. Skriganov, Uniform coordinate and spectral asymptotics for solutions of the scattering problem for the Schrödinger equation, J. Soviet Math. 8, no. 1, 120-141. Math. Soc., 1992.

[12] D. R. Yafaev, The scattering amplitude for the Schrödinger equation with a long-range potential, Comm. Math. Phys. 191 (1998), 183-218.

[13] D. R. Yafaev, Scattering theory: some old and new problems, Lect. Notes Math. Springer-Verlag, 2000.

[14] D. R. Yafaev, A class of pseudo-differential operators with oscillating symbols, St. Petersburg Math. J. 11 no. 2 (2000).