MOMENT ANALYSIS FOR LOCALIZATION IN RANDOM SCHRÖDINGER OPERATORS

MICHAEL AIZENMAN, ALEX ELGART, SERGEI NABOKO, JEFFREY H. SCHENKER, AND GUNTER STOLZ

Abstract. We study localization effects of disorder on the spectral and dynamical properties of Schrödinger-type operators with random potentials. The new results include a fractional-moment method for continuum operators, which enables us to establish exponentially decaying bounds for the mean values of transition amplitudes, and of related resolvent operator kernels, for energies throughout the localization regime. The obstacles which have up to now prevented an extension to the continuum of this method, initially developed in the discrete context, are traced to the lack of a uniform bound on the Lifshitz-Krein spectral shift associated with the local potential terms, for which in the discrete case there is a simple universal upper bound. The difficulties are resolved here through an analysis of the resonance-diffusing effects of the disorder.

Date: Aug. 19, 2003. 1

Contents

1. Introduction 3 1.1. Statement of the main results 4 1.2. Assumptions 7 2. The Birman-Schwinger relation 10 3. From resolvent bounds to eigenfunction correlators and dynamical localization 13 3.1. Correlators – eigenfunction and other 13 3.2. Eigenfunction correlators and resolvent moments 14 3.3. Spectral shift bounds 16 3.4. From fractional moment bounds to localization 16 3.5. Infinite volumes – proof of Theorem 1.1 17 4. Finiteness of the fractional-moments 21 4.1. Why are the moments finite? 21 4.2. The 1/t-tails 22 4.3. A pair of fractional-moment lemmas 24 4.4. Averaging over local environments 27 5. Finite-volume criteria 33 5.1. The finite-volume inequality 33 5.2. Large disorder and blow-up regularity 37 5.3. The criteria – proof of Theorem 1.2. 39 6. Applications: results for distinct energy ranges 41 6.1. The multi-scale analysis regime 42 6.2. Large disorder 43 6.3. Localization via density of states bounds 45 Appendix A. Technical comments 51 Appendix B. A “weak L^1” bound for resolvents of dissipative operators 54 Appendix C. A disorder-averaged spectral shift bound 57 Acknowledgements 58 References 59

1. Introduction

The addition of disorder can have a profound effect on the spectral and dynamical properties of a self adjoint differential operator. We consider here such phenomena for a class of operators in L^2(R^d) of the form

H_ω := H_o + λV_ω , (1.1)

with the disorder expressed through a random potential V_ω. In the prototypical example H_o is the Schrödinger operator

H_o = −Δ + V_o(q) (1.2)

with Δ the Laplacian and V_o(q) a bounded periodic background potential. The random term V_ω is given by a sum of local non-negative “bumps”, U_α (q) = U(q − q_α ), centered at the lattice sites q_α ∈ Z^d,

V_ω(q) := � α∈I η_{α;ω} U_α (q) , (1.3)

with {η_α }_{α∈I} a collection of independent random variables uniformly distributed in [0, 1]. It will be assumed that the space R^d is covered by the supports of {U_α (·)} so that inf_q � U_α (q) ≥ 1, with the parameter λ ≥ 0 controlling the strength of the disorder. The subscript ω indicates a point in a probability space (Ω, Prob(dω)) and often will be dropped when it is clear from context we are discussing a random variable.

More generally, the initial term H_o may incorporate a magnetic field, i.e., take the form H_o := D_A · D_A + V_o(q) (1.4) where D_A = i∇−A(q) with A(q) the magnetic vector potential, and the periodicity of V_o and of the bump potentials may be replaced by more relaxed assumptions. The required technical conditions are listed in §1.2.

Our objective is to present tools for the study of the phenomenon known as Anderson localization [8], which concerns the potentially drastic effect of the disorder on the dynamical and spectral properties of the perturbed operator. In general terms, the effect is that in certain energy ranges the absolutely continuous spectrum of H_0 = −Δ may be modified to consist of a random dense set of eigenvalues associated with localized eigenfunctions.

A convenient tool is provided by the Green function G_E (x, y), which is the kernel of the resolvent operator (H_ω − E − i0)^{−1} . This kernel is well known to decay exponentially in |x − y| when E is in the resolvent set. The hallmark of localization is rapid (even exponential) decay of G_E (x, y) at energies in the spectrum, though in this case it occurs with pre-factors which are not uniform in space and diverge at a dense countable set of eigenvalues. Rapid decay of the Green function is related to the non-spreading of wave packets supported in the corresponding energy regimes and various other manifestations of localization whose physical implications have been extensively studied in regards to the conductive properties of metals [8, 48, 66, 1, 47] and in particular to the quantum Hall effect [30, 50, 10, 12, 3].

The related mathematical analysis of localization for random operators has been a very active field, with various analytical methods appearing first in the context of discrete versions of the random operators (1.1), i.e. operators on the space ℓ^2 of a graph such as Z^d, with the differential operator D_A · D_A replaced by a “hopping matrix”. The goal of this work is to formulate a continuum version of the fractionalmoment method, which for discrete systems has provided a simple perspective on localization and has enabled exponentially decaying bounds on expectation values of various propagation kernels [4, 2, 3, 6]. The existing results on localization in the continuum have been based on the multiscale analysis, first obtained for discrete operators [26, 25, 67] and then extended to the continuum [43, 16, 11, 39, 28, 64]. (We do not attempt to give an exhaustive survey of the vast literature on localization. The reader is referred to the recent book of P. Stollmann [64] for a review of the history of the subject and a gentle introduction to the multi-scale analysis – which is not used here.)

An important component of the analysis is the understanding of the effect of an independent variation of a random coefficient. Such a variation can resolve a singularity which may be present due to the proximity of the given energy to an eigenvalue whose eigenfunction has significant support nearby. However, a change in the parameter can produce the opposite effect, through the creation of a resonance. In the discrete setup the latter possibility occurs at not more than a single value of the random parameter, since each coefficient affects a rank-one term and the number of levels which can be moved past a given energy is bounded by the rank of the perturbation. The source of the difficulty in the extension of the discrete analysis – aside from the fact that the rank-one argument is not applicable here – can be traced to the fact that in the continuum setup there is no uniform bound on the corresponding “spectral shift”. To circumvent these difficulties we employ the Birman-Schwinger principle in place of rank-one analysis and control the Lebesgue measure of the set of nearly-singular values of a coupling parameter by means of the “weak L^1” bound � η : � T (η + A + i0)^{−1} T � HS > t � ≤ C t ‖T ‖^2_{HS} , (1.5)

which is valid for any maximally dissipative operator A and Hilbert-Schmidt operator T .

1.1. Statement of the main results. Our analysis of the localization regime consists of three distinct, but inter-related, parts. The goal is to shed light on the spectral and dynamical localization exhibited by the random operators. We go beyond the past results by establishing, for suitable energy ranges, exponential decay of the mean values (which conveys more information than decay of the typical values) of the related kernels. The analysis involves also finite-volume “constructive criteria” which in principle may be used to map the energy range at which there is a finite localization length. However, all this relies on an essential step, which is the identification -and proof of preliminary bounds for- a pertinent quantity whose expectation value is finite and indicative of the behavior of various other quantities of interest.

A key to the properties of an operator is provided by the family of resolvent operators (H − z)^{−1} , and their finite volume versions (H^{(Λ)} − z)^{−1} for Λ ⊂ R^d. However, even in the simpler lattice case the expectation value of the Green function does not provide the optimal diagnostic; the mean value E (G_{E+i0}(x, y)) may decay exponentially due to cancellations even in the absence of localization whereas E (|G_E (x, y)|) = ∞ for E in the regime of localization due to the presence of nonintegrable singularities. However a useful diagnostic is provided by the fractional moment E (|G(x, y)|^s), which is finite for s < 1 under suitable regularity assumptions on the distribution of the random coefficients (the value of s does not play an important role in the discussion) [4].

For the random Schrödinger operators in the continuum it has been noted [16, 38] that a useful counterpart of the discrete Green function |G(x, y)| need not be the integral kernel of (H−E−i0)^{−1} , but rather the operator norm ‖χ_x(H−E−i0)^{−1} χ_y‖ for suitable compactly supported functions χ_x and χ_y. A preliminary result for our discussion is that the fractional moments of these quantities are finite also for the continuum operators. This is not a minor step, as it requires to prove that the randomness present in H_ω suffices to diffuse the singularities which are present when the above quantity is evaluated for energies in the spectrum. The statement requires some regularity assumptions, whose detailed presentation is postponed to section 1.2.

We shall be interested in restrictions of H to open sets Λ ⊂ R^d, for which we denote the Dirichlet boundary conditions operator on L^2(Λ) by H^{(Λ)} . However, all that we say is rather insensitive to the boundary conditions. In particular, the methods used are applicable to operators with Neumann, periodic, or quasi-periodic boundary conditions, which will play a role in our discussion of the application of density of states bounds (section 6.3).

Throughout we denote the characteristic function of a set Λ by 1_Λ . It is convenient to set the distance unit as r - the size of the “bumps” U_α , as described in assumption A2 below. Thus, for x ∈ R^d we let χ_x = 1_Br_x , where B^r_x is the ball of radius r centered at x.

Decay rates will be expressed here through a distance function dist(x, y) = |x−y| for which the choice of the norm on R^d does not affect our analysis. It is convenient to interpret it as |x| = sup_j |x_j |, in which case “balls” B^r_x are hypercubes. We shall also use the domain-adapted:

dist_Λ (x, y) = min {|x − y|, dist(x, Λ^c) + dist(y, Λ^c)} , (1.6)

for which the boundary of Λ ⊂ R^d is in effect regarded as a single point. The (optional) use of the modified distance, as in [6], enables the analysis to cover also the cases where exponential localization in the bulk may possibly conicide with the occurance of extended boundary states in certain subdomains.

Following is the important preliminary result. (Regardless of its preliminary and fundamental nature, its proof is placed here after that of the theorem stated next). Here, and in the following, E_o denotes the minimum of the spectrum of H_o.

Lemma 1.1. Let H_ω be a random Schrödinger operator of the type (1.1) which satisfies the regularity assumptions A (see below). Then, for each s ∈ (0, 1), there exists C_{s,λ} < ∞ such that

sup_{ε>0} E � � �χ_x 1 H^{(Ω)} − E − iε χ_y � �^s � ≤ C_{s,λ} (1 + 1/λ)^s(1 + |E − E_0|)^{s(d+2)} (1.7)

for any open Ω ⊂ R^d, x, y ∈ Ω, and E ∈ R, with

C_{s,λ} ≤ Const.

(1 + λ) 1 − s

s(d+2)

. (1.8)

For any bounded region Ω, (1.7) holds also with ε = 0, and if H satisfies the (stronger) condition A3^′ then it holds with

C_{s,λ} ≤ Const. 1 1 − s

. (1.9)

Our next statement is that the above resolvent-related fractional moment provides information on a host of other quantities of interest:

Theorem 1.1. Let H be a random Schrödinger operator which satisfies the regularity assumptions A, let Ω be an open subset of R^d, and Λ_n an increasing sequence of bounded open subsets of Ω with ∪Λ_n = Ω. Suppose that for some 0 < s < 1 and J an open bounded interval there are constants A < ∞ and μ > 0 such that � J E � ‖χ_x 1 H^{(Λ n)} − E χ_y‖^s � dE ≤ Ae^{−μ dist Λ n (x,y)} (1.10)

for all n ∈ N, x, y ∈ Λ_n. Then for every r < 1/(2 − s) there exists A_r < ∞ such that, for all f x, y ∈ Ω, E � sup g: |g|≤1

‖χ_xg(H^{(Ω)} )P_J (H^{(Ω)} )χ_y‖_1 � ≤ A_re^{−rμ dist Ω (x,y)} , (1.11)

where the supremum is taken over all Borel measurable functions g which satisfy |g| ≤ 1 pointwise, and ‖ · ‖_1 is the trace norm.”

In case Ω = R^d, one may further conclude that the spectrum of H in J is almost surely pure point, with eigenfunctions {ψ_{n;ω}(x)} which for any ν ∈ (0, μ/(2 − s)) satisfy |ψ_{n;ω}(x)| ≤ B_{n,ν;ω} e^{−ν dist(x,x n;ω )} . (1.12) with B_{n,ν;ω} < ∞ (almost surely).

Remarks: i. The bound (1.11) implies dynamical localization, with g(H) = e^{−itH} . ii. Eq. (1.12) is equivalent to lim sup_{x→∞} ln |ψ_{n;ω}(x)|/|x| ≤ −ν , and x_{n;ω} may be omitted there (replaced by 0) - at the expense of a somewhat worse bound on B_n. iii. The proof, given in Section 3, yields more explicit information on the constant A_r. In particular, for given r, s and λ, it depends polynomially on E_+ = sup J with degree slightly larger than d/2.

Our next result deals with finite volume sufficiency criteria for the localization bounds (1.10). We define the boundary layer of a set Λ to be the (open) set δΛ := {q : r < dist(q, Λ^c) < 23r}, (1.13) where the choice of the depth is somewhat arbitrary, but convenient for our argument. The basic idea is that if in some ball Λ the fractional moments from the center to ∂Λ are “small enough” then the input criteria of Theorem 1.1 are satisfied. In the following statement r_o is the (independence) length introduced in the below-stated assumption IAD.

Theorem 1.2. Let H be a random Schrödinger operator which satisfies the assumptions A as well as IAD. For each s ∈ (0, 1/3), there exists M_{s,λ} < ∞, such that if for some E ∈ R and L > r_0 + 23r,

e^{−γ} := M_{s,λ} (1 + 1/λ)^{2s}(1 + |E − E_0|)^{5s(d+2)}(1 + L)^{2(d−1)}

× sup_{α∈I} lim sup_{ε↓0} E � � �χ_α 1 H^{(BL}α^) − E − iε

1_{δB}L_α � �^s � < 1 , (1.14) then for any open Ω ⊂ R^d, and any x, y ∈ Ω

lim sup ε↓0 E � � �χ_x 1 H^{(Ω)} − E − iε χ_y � � � s� ≤ e^γ A(s, λ, E) e^{−γ dist Ω (x,y)/2L} , (1.15)

with A(s, λ, E) the fractional moment bound provided by Lemma 1.1 – i.e, the right hand side of eq. (1.7).

Furthermore, for any bounded region Ω (1.15) holds also with ε = 0, and if H satisfies also A3^′ then M_{s,λ} can be chosen to depend on s and λ as

M_{s,λ} =

Const. 1 − 3s

. (1.16)

whereas without the stronger assumption we need to allow an additional factor of (1 + λ)^{5s(d+4)}.

To complete the discussion it is useful to observe that exponential decay of the Green function in R^d at a single energy implies the localization bound eq. (1.10) in all sufficiently large volumes. Namely a necessary and sufficient condition for eq. (1.15), and thus eq. (1.11), to hold in a neighborhood of an energy E is eq. (1.17) below. Thus, in principle the entire regime of localization in the sense of eq. (1.15) may be mapped out using the criterion provided by Theorem 1.2.

Theorem 1.3. Let H be a random Schrödinger operator which satisfies A and IAD. Suppose that for some A < ∞, μ > 0 and E ∈ R

lim sup ε↓0 E � ‖χ_α 1 H − E − iε χ_β ‖^s � ≤ Ae^{−μ|α−β|} (1.17)

for all α, β ∈ I. Then, for sufficiently large L, eq. (1.14) is satisfied uniformly for all E^′ in an open neighborhood of E.

1.2. Assumptions. Following are the regularity conditions required for our results. The condition A refers to the collection A1-A3.

A1 The components of the vector potential A, its first derivatives ∂_iA for i = 1, ..., d, and V_{o,+} (the positive part of V_o) are locally bounded on R^d. The negative part V_{o,−} of V_o is bounded.

A2 Each function U_α is bounded, non-negative, supported in a ball of radius r around α for fixed r > 0 and some α ∈ I, with I a discrete set of points in R^d. The number of points α falling within any unit cube is uniformly bounded by some N < ∞, and the function

F (q) := � α∈I U_α (q) (1.18)

satisfies uniform bounds

1 ≤ inf_q F (q) ≤ sup_q F (q) =: b_+ < ∞ . (1.19)

Moreover, |∂(supp U_α )| = 0.

A3 The random variables η_α , α ∈ I take values in [0, 1] and the conditional distribution of η_α at specified values of {η_ζ }_{ζ≠α} has a density, denoted ρ_α (η | ω), which is uniformly bounded:

D := sup_α ‖ρ_α (·|·)‖_∞ < ∞ (1.20)

where ‖·‖_∞ indicates the essential supremum over η and ω.

Assumption A is sufficiently general to cover many important examples, such as the two-dimensional Landau hamiltonian with random potential, where A(q_1, q_2) = 1 2 (−Bq_2, Bq_1). For both A and V_o one could allow suitable, dimension-dependent, L^p-type singularities, but we prefer to avoid the additional technicalities which are caused by this.

A key requirement for Theorem 1.2 is “independence at a distance,” namely the random functions obtained by restricting V_ω to well separated regions are pairwise independent.

IAD: There exists r_0 > 0 such that if Λ, Λ^′ ⊂ R^d with dist(Λ, Λ^′) > r_0 then the collections of random variables η_Λ := {η_ζ : ζ ∈ Λ ∩ I} and η_Λ ′ := {η_ζ : ζ ∈ Λ^′ ∩ I} are independent , i.e.,

E (f(η_Λ )g(η_Λ ′ )) = E (f(η_Λ )) E (g(η_Λ ′ )) , (1.21)

for arbitrary bounded measurable functions f, g on R^{Λ∩I} and R^{Λ ′∩I} , respectively. Without loss of generality we assume that r_0 ≥ 2r.

We note, however, that this assumption is not required for the proof of the boundedness of the fractional moments (Lemma 1.1) and also not for the derivation of localization from the Green function decay (Theorem 1.1).

The restriction of η_α to range over [0, 1] is not essential; through the adjustment of the background potential and the disorder parameter that range can be replaced by any other bounded interval. However, the normalization becomes relevant when one considers the strong disorder regime.

Some of the bounds derived below – c.f. Lemmas 4.3 and 4.4 – exhibit coefficients which grow with increasing λ. For applications of these bounds to the “large disorder regime” (λ >> 1) it is useful to break the coupling λη_α into a sum of variables η_{1;λ} + η_{2;λ} such that η_{1;λ} is of order one and obeys A3. This could be accomplished in a number of ways – e.g., let η_{1;λ} be the fractional part of λη_α . However, without an additional assumption these decompositions might become more and more singular as λ increases. Following is a useful notion.

Definition 1.1. A real valued random variable X, with an absolutely continuous probability measure of density ρ(·) on R, is blow-up regular if there exist two sequences of real valued random variables, {X^{(n)} : n ≥ 1} and {Y^{(n)} : n ≥ 1} such that

(1) X^{(n)} takes values in [0, 1]. (2) For each n ≥ 1, nX = Y^{(n)} + X^{(n)} . (1.22)

(3) The conditional distribution of X^{(n)}, at a specified value Y^{(n)} = y, has a bounded density, ρ_n(·|y), and

D ≡ sup

n≥1; x,y∈R

|ρ_n(x|y)| < ∞ . (1.23)

The blow-up norm of the probability density ρ, denoted D_ρ , is the infimum of the above quantity D taken over all sequences � X^{(n)}, Y^{(n)} : n ≥ 1 � satisfying (1) and (2).

The following assumption, in lieu A3, allows better bounds for the strong disorder regime.

A3^′ The random variables η_α , α ∈ I take values in [0, 1], and for each α the conditional distribution of η_α at specified values of {η_ζ }_{ζ≠α} is blow-up regular, with the blow-up regularity norms bounded by a common D < ∞.

The above condition is satisfied in case of the uniform distribution in [01], and also if ln ρ is Lipshitz-continuous in [0, 1] (see Appendix A).

Naturally, both the assumptions and the results outlined above, deserve a number of more technical comments. In order to keep the introduction relatively free of technicalities, further discussion is postponed to the Appendix.

The derivation of the results presented above is organized as follows. Section 2 contains a short description of the Birman-Schwinger relation, which is used throughout this work. In Section 3 we discuss the relation of resolvent moment bounds with eigenvalue correlators and dynamical localization. We derive there Theorem 1.1 and some related results. In Section 4 we turn to the main technical issue of finiteness of the resolvent’s fractional moments. The technical part of Section 4, which is §4.4, is essential for the progress presented here, however the reader interested only in the general outline of our method may wish to skip that portion at first reading since those arguments are not used elsewhere in this work. In Section 5 we concentrate on the sufficiency criteria of Theorem 1.2. Finally, we present a proof of Theorem 1.3 and several applications of our method -to specific energy and disorder regimes- in Section 6. Further discussion and related results are found in Appendices A-C.

2. The Birman-Schwinger relation

Central to our analysis is the consideration of one-parameter operator families of the form A_ξ = A_0 − ξV (2.1) with a non-negative operator V and ξ ∈ R. Such families arise here when all but one of the random couplings in the random operator (1.1) are considered fixed. Their study replaces the rank one perturbation arguments which have played a key role in the analysis of discrete operators, e.g. in [62, 4].

The family (2.1) formally satisfies the Birman-Schwinger relation:

V^{1/2}A^{−1}_ξ V^{1/2} = � (V^{1/2}A^{−1}_0 V^{1/2})^{−1} − ξ1

�_{−1} (2.2)

to be interpreted as equality of operators in (ker V )^⊥, subject to issues of invertibility. In the “classical” version of this relation [14, 56], A_0 = −Δ + γ1 for some γ > 0, and V is a non-negative relatively compact potential perturbation. It is shown, e.g. in [57, Sect.8], that the number of eigenvalues of −Δ − V less than −γ < 0 equals the number of eigenvalues of V^{1/2}(−Δ + γ1)^{−1} V^{1/2} greater than one. This can be understood through the observation that the two sides of (2.2) become singular for the same values of the parameters γ and ξ.

We shall need two non-classical, though certainly not new, versions of the Birman- Schwinger relation which are described below. In our applications they arise through the two standard procedures for regularizing the Green function at energies in the infinite volume spectrum: (1) adding a small imaginary part to the energy or (2) using finite volume approximations.

The case of complex energy is covered by the following.

Lemma 2.1. Let A_0 = B + iC be an operator on a separable Hilbert space H, where B is self-adjoint and C is bounded with C ≥ δ1 for some δ > 0. Also, let V be a bounded non-negative operator in H. Then the Birman-Schwinger operator

A_{BS} := (V^{1/2}A^{−1}_0 V^{1/2})^{−1} (2.3)

with D(A_{BS} ) = R(V^{1/2}A^{−1}_0 V^{1/2}) is maximally dissipative in (ker V )^⊥. Moreover, its resolven set ρ(A_{BS} ) includes the closed lower half plane C_− , and the Birman- Schwinger relation

(A_{BS} − ξ1)^{−1} = V^{1/2}(A_0 − ξV )^{−1} V^{1/2} (2.4)

holds in (ker V )^⊥ for every ξ ∈ C_− .

Remarks:

(1) Recall that a densely defined operator A is called dissipative if Im ⟨φ, Aφ⟩ ≥ 0 for all φ ∈ D(A). It is called maximally dissipative if it has no proper dissipative extension, which is equivalent to contractivity of the semi-group e^{itA} generated by iA.

(2) In our applications we V appears as a non-negative potential and A_0 = z − H with Im z > 0 and H a self-adjoint Schrödinger operator on L^2(Ω). In this case (ker V )^⊥ = L^2({x : V (x) > 0}).

Proof. Note that A_0 is boundedly invertible with ‖A^{−1}_0 ‖ ≤ 1/δ. To show that the restriction of V^{1/2}A^{−1}_0 V^{1/2} to (ker V )^⊥ is invertible, suppose we are given f ∈ (ker V )^⊥ such that V^{1/2}A^{−1}_0 V^{1/2}f = 0. Then g := A^{−1}_0 V^{1/2}f ∈ D(A_0) with

V^{1/2}g = 0. Thus 0 = ⟨V^{1/2}g, f⟩ = ⟨g, V^{1/2}f⟩ = ⟨g, A_0g⟩. Taking imaginary parts and using C ≥ δ1 we find that g = 0. Thus V^{1/2}f = A_0g = 0 and therefore f ∈ (ker V ) ∩ (ker V )^⊥ = {0}.

We conclude that A_{BS} exists as an operator in (ker V )^⊥. It is densely defined, since if ⟨f, V^{1/2}A^{−1}_0 V^{1/2}g⟩ = 0 for all g ∈ (ker V )^⊥, then V^{1/2}(A^{−1}_0 )^∗ V^{1/2}f = 0 and, by the same argument as above, f = 0. It is easily checked that A_{BS} is dissipative.

For ξ ∈ C_− one verifies explicitly that

(A_{BS} − ξ1)V^{1/2}A^{−1}_0 V^{1/2} = 1 − ξV^{1/2}A^{−1}_0 V^{1/2}

is the inverse of I + ξV^{1/2}(A_0 − ξV )^{−1} V^{1/2} in (ker V )^⊥. In particular, for ξ = −i, this shows that (A_{BS} + iI)D(A_{BS} ) = (ker V )^⊥, proving that A_{BS} is maximally dissipative (see [65]). Using the resolvent identity we also get (2.4). □

The argument in the above proof which showed that V^{1/2}A^{−1}_0 V^{1/2} is invertible does not generally carry over to the case where A_0 is an invertible self-adjoint operator. If A_0 has fixed sign (as in the classical BS-principle) it does, but not if 0 is in a spectral gap for A. However, in the case which is of interest to us, namely that A_0 = H − E with H a finite volume Schrödinger operator, we can make use of the fact that H is local in the sense that Hφ vanishes on an open set O if φ ∈ D(H) vanishes on O.

Thus, let Λ ⊂ R^d be open and bounded and let H_0 be the Dirichlet restriction of a Schrödinger operator (i∇ − A)^2 + V_0 onto L^2(Λ), where A and V_0 satisfy the general assumptions of Section 1. Let V ≥ 0 be a bounded non-zero potential of compact support with |∂(supp V )| = 0, and for ξ ∈ R let

H_ξ = H_0 − ξV. (2.5)

Then H_ξ is self-adjoint with compact resolvent. Thus, by Theorem VII.3.9 of [36], its repeated eigenvalues E_n(ξ), n ∈ N, and corresponding complete set of orthonormal eigenfunctions ψ_n(ξ) can be labeled such that E_n(·) and ψ_n(·) are holomorphic (note that crossings are possible, that is, the E_n may be degenerate and are not necessarily in increasing order). By the Feynman-Hellmann Theorem and the unique continuation property of eigenfunctions,

E^′_n(ξ) = −⟨V ψ_n(ξ), ψ_n(ξ)⟩ < 0. (2.6)

Thus Γ_n := E^{−1}_n exists on the range of E_n and

Γ^′_n(E) = − 1 ⟨V ψ_n(Γ_n(E)), ψ_n(Γ_n(E))⟩

. (2.7)

For real E ∉ σ(H_ξ ), we define

K_{ξ,E} = V^{1/2}(H_ξ − E)^{−1} V^{1/2} (2.8)

as an operator in L^2(supp V ), where it is compact and self-adjoint. We claim that ker K_{ξ,E} = {0}. Indeed, if V^{1/2}(H_ξ − E)^{−1} V^{1/2}f = 0 for f ∈ L^2(supp V ), then (H_ξ − E)^{−1} V^{1/2}f = 0 on supp V and, since H_ξ is local, V^{1/2}f = 0 in the interior of supp V . This implies that f = 0 since |∂(supp V )| = 0.

We conclude that K^{−1}_{ξ,E} exists in L^2(supp V ) as an unbounded self-adjoint operator with discrete spectrum. By the same arguments used in the proof of Lemma 2.1 it may be shown that for E ∉ σ(H_ξ ) ∪ σ(H_0),

K_{ξ,E} = (K^{−1}_{0,E} − ξ1)^{−1} . (2.9)

Lemma 2.2. Let E ∉ σ(H_0) and ξ ≠ 0. Then

(1) ϕ is a normalized eigenfunction of K^{−1}_{0,E} with eigenvalue ξ if and only if ψ := ξ(H_0 − E)^{−1} V^{1/2}ϕ is an eigenfunction of H_ξ with eigenvalue E and ⟨ψ, V ψ⟩ = 1.

(2) the repeated eigenvalues of K^{−1}_{0,E} are given by Γ_n(E), n ∈ N, with (nonnormalized) complete eigenvectors V^{1/2}ψ_n(E).

Proof. The second claim follows from the first and the definition of Γ_n(E).

To prove the first claim, first suppose that that K^{−1}_{0,E} ϕ = ξϕ and let ψ := ξ(H_0 − E)^{−1} V^{1/2}ϕ. Then V^{1/2}ψ = ξK_{0,E} ϕ = ϕ and (H_ξ − E)ψ = ξ(H_ξ − E)(H_0 − E)^{−1} V^{1/2}ϕ = ξV^{1/2}ϕ − ξV ψ = 0.

Conversely, if H_ξ ψ = Eψ with ⟨V ψ, ψ⟩ = 1, then ψ = ξ(H_0 − E)^{−1} V ψ and thus ϕ := V^{1/2}ψ ∈ R(V^{1/2}(H_0 − E)^{−1} V^{1/2}) = D(K^{−1}_{0,E} ) and is normalized. Moreover, K^{−1}_{0,E} ϕ = K^{−1}_{0,E} V^{1/2}ϕ = ξK^{−1}_{0,E} K_{0,E} V^{1/2}ψ = ξϕ. □

3. From resolvent bounds to eigenfunction correlators and dynamical localization

In this section we prove Theorem 1.1. For discrete models such results were derived in ref. [2, 6] employing the observation that the eigenfunctions of the operator H play the role of Green functions for a re-sampled operator Ĥ, at other values of the coupling variables. Key in that analysis were properties of rank one perturbations. Use was also made of a very convenient interpolation argument which permits to extract bounds on the off-diagonal matrix elements of the spectral projections of H from fractional moment bounds on the Green function of Ĥ.

We find that the approach of ref. [2, 6] can also be applied to continuum operators, with the arguments which were based on rank one perturbation replaced, or generalized, by considerations of the Birman-Schwinger operator.

3.1. Correlators – eigenfunction and other. In the discussion of dynamical localization for discrete random operators in ref. [6], estimates were developed for the spectral measures μ_{x,y} which are defined through the Riesz theorem by � f(E)μ_{x,y}(dE) = ⟨x|f(H)|y⟩ , f ∈ C_o(R) (3.1)

Exponential decay (in |x − y|) of the total variation of these measures provided a strong description of dynamical localization. For analogous bounds in the present context, it is convenient to work with the “operator valued measures,”

f → χ_xf(H^{(Ω)} )χ_y f ∈ C_c(R) . (3.2)

We introduce also the “total variation” of these measures,

Y_Ω (J ; x, y) := sup_{f∈Cc(J )}

‖f‖_∞≤1 � �χ xf(H^{(Ω)} )χ y � �_1 , (3.3)

defined for bounded open intervals J where C_c(J ) denotes the continuous functions compactly supported inside J . (For the main applications it would suffice to estimate the operator-norm analog of Y_Ω , however our methods yield at no extra effort the stronger trace norm bounds, c.f., (3.6) below.)

For a finite region Λ and fixed α ∈ I, we use the Birman-Schwiner relation of Section 2 to study the dependence of H^{(Λ)} on the single random parameter η_α , keeping {η_β }_{β≠α} fixed. We express H_{η α} ≡ H^{(Λ)} in terms of a re-sampled reference operator H_{η̂ α} as H_{η α} = H_{η̂ α} − λ(η̂_α − η_α )U_α , (3.4)

where we will take the re-sampled variable η̂_α to have the same conditional distribution as η_α . The family H_{η α} has the form of the one-parameter family eq. (2.5) of Section 2, with H_0 = H_{η̂ α} , V = U_α and ξ = λ(η̂_α − η_α ).

For 0 ≤ r ≤ 2 we define the fractional “eigenfunction correlators” as

Q_r(J ; x, α) = � n: E_n∈J

⟨χ_xψ_n, ψ_n⟩^{r/2} ⟨U_α ψ_n, ψ_n⟩^{1−r/2} , (3.5)

where n labels the eigenvalues E_n = E_n(ξ) and the corresponding orthonormal eigenfunctions ψ_n = ψ_n(ξ) of H_{η α} , choosing the labeling so that these are holomorphic in ξ, as in Section 2.

For r = 1 the eigenfunction correlators provide bounds for Y_Λ (J ; x, y): If f ∈ C_c(J ), then f(H^{(Λ)} ) = � n:E_n∈J f(En)Pψ n , where Pψ n is the orthogonal projector

onto ψ_n. Thus, by the “covering condition” (1.19),

Y_Λ (J ; x, y) ≤ � α∈I |y−α|≤2r sup f∈C_c(J ) |f|≤1 � �χ xf(H^{(Λ)} )U^{1/2}_α � �_1

≤ � α∈I |y−α|≤2r � n:E_n∈J � �χ xPψ_n U^{1/2}_α � �_1

= � α∈I |y−α|≤2r

Q_1(J ; x, α) .

(3.6)

Here it was used that � �χ xPψ_n U^{1/2}α � �_1 = ‖χ xψ n‖ � �U^{1/2}α ψ n � �. For all 0 < r < 2 the quantity Q_r(J ; x, α) reflects the overlap between the eigenfunctions at x and α. That, however, is not the case at the end-points r = 0, 2 for which the corresponding values of Q_r depend only on the density of states:

Q_0(J ; x, α) = Tr U_α P_J (H^{(Λ)} ) Q_2(J ; x, α) = Tr χ_x P_J (H^{(Λ)} ) (3.7)

with P_J (H^{(Λ)} ) the spectral projection operator. For the Schrödinger operators considered here, both Q_0(J ; x, α) and Q_2(J ; x, α) are of order one, for a finite interval J , in the sense that they are finite and do not decay for increasing dist(x, α). In particular, if J ⊂ (−∞, E) and p > d/2 we have

Q_2(J ; x, α) ≤ Tr χ_xP_{≤E} (H^{(Λ)} )

≤ (|E − E_o| + 1)^p Tr χ_x(H^{(Λ)} + E_o + 1)^{−p} ≤ C(|E − E_o| + 1)^p .

(3.8)

This bound is deterministic, and thus holds also for E(Q_2(J ; x, α)).

Lemma 3.1. Q_r(J ; x, α) is log convex in r, and for any r ∈ (0, 1):

E (Q_1(J )) ≤ E (Q_r(J ))^{1/(2−r)} E (Q_2(J ))^{(1−r)/(2−r)} . (3.9)

at any value of the (omitted) argument (x, α) of Q_r.

Proof. The log convexity of Q_r in r is a standard observation for a function of the form F (r) = � n A_n B^r_n. In particular, for r < 1 < 2, writing 1 as a convex combination of the other values: 1 = ar+(1−a)2, one gets via the Hölder inequality: F (1) ≤ F (r)^a F (2)^{1−a} (with a = 1/(2 − r)). In the present context that yields

Q_1(J ) ≤ Q_r(J )^{1/(2−r)} Q_2(J )^{(1−r)/(2−r)} . (3.10)

One more application of the Hölder inequality, this time to the average over the randomness (E(·)), yields eq. (3.9). □

3.2. Eigenfunction correlators and resolvent moments. Here we will relate the Q_r to fractional resolvent moments by applying the results of Lemma 2.2 to the family eq. (3.4). By eq. (2.6) and eq. (2.7) we have d dξ E_n = −⟨U_α ψ_n, ψ_n⟩ (3.11) and for Γ_n(E), the inverse function of E_n, d dE Γ_n(E) = − 1 ⟨U_α ψ_n(Γ_n(E)), ψ_n(Γ_n(E))⟩

. (3.12)

For E ∉ σ(H_{η α} ) define K_{η α ,E} := U^{1/2}α (H_{η α} − E)^{−1} U^{1/2}α . If E ∉ σ(H_{η̂ α} ) then, by Lemma 2.2, {Γ_n(E)} are the repeated eigenvalues and ϕ_n(E) := U^{1/2}α ψ_n(Γ_n(E)) corresponding complete (non-normalized) eigenvectors for the unbounded self-adjoint operator K^{−1}_{η̂ α ,E} . With this notation we have

Theorem 3.1. If η_α ≠ η̂_α and σ(H_{η α} ) ∩ σ(H_{η̂ α} ) ∩ J = ∅, then the eigenfunction correlator Q_r(J ; x, α) for H^{(Λ)} admits the following representation:

Q_r(J ; x, α) = � n � J dE δ(Γ_n(E) + λ(η_α − η̂_α )) |Γ_n(E)|^r × � �χ x (Hη̂_α − E)^{−1} U^{1/2}_α ϕ n(E) � �^r � ‖ϕ_n(E)‖^r . (3.13)

Furthermore, for any E and a < b such that E is not an eigenvalue of H_a or H_b, �_b a dη_α � n δ(Γ_n(E) + λ(η_α − η̂_α )) = [Tr P_{≤E} (H_a) − Tr P_{≤E} (H_b)] / λ . (3.14)

Remark: Using Lemma 2.2 it is easy to see that the condition σ(H_{η α} )∩σ(H_{η̂ α} )∩J = ∅ holds for Lebesgue almost every η_α .

Proof. As Γ_n(E) = E^{−1}_n (E) we have for arbitrary η_α that E ∈ σ(H_{η α} ) if and only if Γ_n(E) = ξ = λ(η̂_α − η_α ) for some n. Thus one may express sums over eigenvalues as integrals with suitably weighted δ-functions: � n: E_n∈J

. . . = � J dE � n δ (Γ_n(E) + λ Δη_α ) � � � d dE Γ_n(E) � � � . . . , (3.15)

where Δη_α = η_α − η̂_α . In particular, eq. (3.12) implies that

Q_o(J ; x, α) = � n: E_n∈J

⟨U_α ψ_n(E), ψ_n(E)⟩ = � J dE � n δ (Γ_n(E) + λ Δη_α ) ,

(3.16)

and for other values of r:

Q_r(J ; x, α) = � n: E_n∈J

⟨U_α ψ_n, ψ_n⟩ � ⟨χ_xψ_n, ψ_n⟩ ⟨U_α ψ_n, ψ_n⟩

�_{r/2}

= � J dE � n δ (Γ_n(E) + λ Δη_α )

⟨χ_xψ_n, ψ_n⟩^{r/2} ‖ϕ_n(E)‖^r . (3.17)

For Γ_n(E) = −λΔη_α = ξ, i.e. E = E_n(ξ), it follows that ψ_n(ξ) = ξ(H_{η̂ α} − E)^{−1} U^{1/2}_α ϕ_n(E) , (3.18)

since K^{−1}_{η̂ α} ϕ_n(E) = Γ_n(E)U^{1/2}α ψ_n(ξ) . Thus eq. (3.13) follows from eq. (3.17).

For fixed E, the left-hand side of eq. (3.14), up to a factor 1/λ, counts the number of n for which Γ_n(E) = λ(η̂_α − η_α ) has a solution with a < η_α < b. This number is exactly the decrease in the number of eigenvalues of H_{η α} below E as η_α is moved from a to b. That yields eq. (3.14). □

3.3. Spectral shift bounds. In applying the interpolation argument seen in Lemma 3.1, we shall need bounds on the spectral shift function, defined by

S_{α,λ} (H^{(Λ)} ; E) := Tr � P_{≤E} (H^{(Λ)}_{η α =0}) − P_{≤E} (H^{(Λ)}_{η α =1}) � , (3.19)

and expressing how many energy levels are pushed over E when the value of the parameter η_α is increased by 1. Note that S_{α,λ} (H^{(Λ)} ; E) is non-negative and bounded (since |Λ| < ∞):

0 ≤ S_{α,λ} (H^{(Λ)} ; E) ≤ Tr P_{≤E} (H^{(Λ)}_{η α =0}) ≤ C_r (1 + |E − E_o|)^r|Λ| , (3.20)

for any r > d/2.

In the discrete setup, where the role of U_α is taken by a rank-one operator, the shift is at most 1. For continuum operators there is no such uniform bound independent of the volume (see ref. [37]), however S_{α,λ} (H^{(Λ)} ; E) has locally bounded L^p norms as a function of the energy E, as was shown in ref. [17].

Lemma 3.2 (L^p boundedness of the spectral shift). Let 1 ≤ p < ∞ and n ∈ N such that n > dp/2. Then there exists a constant C_{p,λ,n} < ∞ such that �_{E+} −∞ S_{α,λ} (H^{(Λ)} ; E)^pdE ≤ C_{p,λ,n} (1 + |E_+ − E_o|)^{n+1} (3.21)

uniformly in the domain Λ as well as in the choice of α and the random parameters η_β (β ≠ α).

3.4. From fractional moment bounds to localization. We shall now put together the elements introduced in the previous sections and prove that rapid decay of the resolvent moments implies localization in its various manifestations.

Theorem 3.2. Let H_ω be a random Schrödinger operator which satisfies A. Let 0 < s < 1 and J ⊂ (−∞, E_+] be a bounded open interval. Suppose that for some C < ∞, η > 0 and a bounded region Λ, E � � J dE � � �χ^x 1 H^{(Λ)} − E χ_y � � � s� ≤ Ce^{−η dist Λ (x,y)} , (3.22)

for all x, y ∈ Λ. Then, for any r < 1/(2 − s), there exists a volume independent constant C_{s,r}(E_+, λ) < ∞ such that E � sup f∈C_c(J ): |f|≤1 � �χ x f(H^{(Λ)} ) χ y � �_1 � ≤ C_{s,r}(E_+, λ) e^{−rη dist Λ (x,y)} , (3.23)

for all x, y ∈ Λ. Here C_c(J ) denotes the continuous functions compactly supported inside J .

Remark: The operators H^{(Λ)} have finite spectrum in J . Thus, in eq. (3.23) one could equivalently take the supremum over all functions on J as long as they pointwise satisfy |f| ≤ 1. The only reason for stating eq. (3.23) in terms of functions in C_c(J ) is to prepare for a limiting argument in the proof of Thm 1.1.

Proof. Assume that for some open interval J the fractional moment bound eq. (3.22) holds. By eq. (3.6), to prove Theorem 3.2 it suffices to establish a related bound on E(Q_1(J ; x, α)) for α ∈ I with dist(α, y) ≤ 2r. This in turn is controlled through Lemma 3.1 by an interpolating product of E(Q_2(J ; x, α)) and E(Q_r(J ; x, α)), with r < 1. Leaving room for one more interpolation, we choose r < s.

To estimate E(Q_r(J ; x, α)), we start from the representation eq. (3.13) and average first over η_α at specified values of η_ζ for ζ ≠ α. For almost every choice of η_ζ (ζ ≠ α), E is neither an eigenvalue of H^{(Λ)}_{η α =0} nor of H^{(Λ)}_{η α =1}. Also, for fixed η̂_α and almost every η_α we have σ(H^{(Λ)}η_α ) ∩ σ(H^{(Λ)}_{η̂ α} ) ∩ J = ∅. Thus we can apply eq. (3.13) and eq. (3.14) to conclude

E(Q_r(J ; x, α))

≤ 2^rλ^{r−1} D E � � J dE S_{α,λ} (H^{(Λ)} ; E) ‖χ_x(H^{(Λ)} − E)^{−1} U^{1/2}_α ‖^r � . (3.24)

Here we have used A3, the bound |Γ_n(E)| ≤ 2λ (imposed by the δ functions in eq. (3.13)), and we chose the re-sampled variable η̂_α to have the same conditional distribution as η_α .

Using Hölder’s inequality we can further estimate the right hand side of eq. (3.24) to get

E(Q_r(J ; x, α)) ≤ 2^rλ^{r−1} D � E � J dE S_{α,λ} (H^{(Λ)} ; E)^{ss−r}

� s−r_s

× � E � J dE ‖χ_x(H^{(Λ)} − E)^{−1} U^{1/2}_α ‖^s

�_{r/s}

≤ C_{s,r,λ,n} (1 + |E_+ − E_o|)^{(n+1)(s−r)/s} e^{−ηr dist Λ (x,α)/s}

(3.25)

for any integer n >^{ds}_{2(s−r)} . In the final estimate we have used the spectral shift bound from Lemma 3.2 and the assumption eq. (3.22).

Collecting all our bounds as well as the uniform bound for E(Q_2(J ; x, α)) provided by eq. (3.8), we arrive at

E(Y_Λ (J ; x, y)) ≤ C_{r,s}(E_+, λ)e^{− ηr dist Λ (x,α)s(2−r)} . (3.26)

After reorganizing the exponent this yields eq. (3.23). □

3.5. Infinite volumes – proof of Theorem 1.1. The eigenfunction correlator methods used above are most easily implemented for the finite volume operators H^{(Λ)} . However, it is important to note that the bounds obtained in this way do not depend on the size of the volume Λ (except for the presence of the modified distance dist_Λ (x, α), which for fixed x, α is equal to the usual distance |x − α| for sufficiently large Λ). In this section we prove Theorem 1.1, stating that uniform exponential bounds in finite volumes imply exponential localization in the infinite system. The fundamental analytic tools are 1) strong resolvent convergence and 2) the RAGE theorem. The infinite region Ω being fixed throughout this section, we write H = H^{(Ω)} .

Proof of eq. (1.11): For g ∈ C_c(J ), g(H^{(Λ n)}) converges strongly to g(H) since H^{(Λ n)} converges to H in the strong resolvent sense. By lower semi-continuity of the trace norm in the strong operator topology [58, Theorem 2.7(d)] one sees that

‖χ_xg(H)χ_y‖_1 ≤ lim inf_{n→∞} ‖χ_xg(H^{(Λ n)})χ_y‖_1 . (3.27)

Taking suprema and applying Fubini’s theorem yields E � sup g: |g|≤1

‖χ_xg(H)P_J (H)χ_y‖_1 � ≤ lim inf_{n→∞} E � sup f∈C_c(J ): |f|≤1

‖χ_xf(H^{(Λ n)})χ_y‖_1 � . (3.28) The supremum on the left-hand side is initially only taken over g ∈ C_c(J ), but can be extended to all Borel functions g without changing its value. To see this, let T_g := χ_xg(H)P_J (H)χ_y for a fixed Borel function g with |g| ≤ 1. Recall that

‖T_g‖_1 = sup | Tr T_gG| , (3.29)

where the supremum is taken over all finite rank operators G with ‖G‖ ≤ 1. Thus, for any ε > 0 there is a finite rank operator G =

�_N

k=1⟨·, ψ_k⟩ϕ_k with ‖G‖ ≤ 1 and

‖T_g‖_1 ≤ ε + | Tr T_gG| . (3.30)

One calculuates

Tr T_gG = N� k=1 ⟨g(H)P_J (H)χ_yϕ_k, χ_xψ_k⟩ = N� k=1 � J g(λ) dμ_k(λ) , (3.31)

with the spectral measures dμ_k(λ) = d⟨E(λ)χ_yϕ_k, χ_xψ_k⟩ associated to H. The μ_k are complex Borel measures on R and thus regular (e.g. [54]). Thus it follows from elementary considerations that there exist g_n ∈ C_c(J ) with |g_n| ≤ 1 and � J g_n dμ_k → � J g dμ_k as n → ∞ simultaneously for k = 1, . . . , N.

In particular, using eqs. (3.31), (3.30) and (3.29) we see that there is g̃ ∈ C_c(J ) with |g̃| ≤ 1 and ‖T_g‖_1 ≤ 2ε + ‖T_{g̃}‖_1. As ε > 0 was arbitrary, we conclude that the left-hand side of eq. 3.28 does not change if the supremum is taken over all Borel functions with |g| ≤ 1.

Equation (1.11) now follows through the uniform bounds eq. (3.23) provided by Theorem 3.2 under the assumption eq. (1.10). □

We now turn to the spectral type of H, where Ω = R^d is assumed, and therefore dist_Ω (x, y) = dist(x, y). The absence of continuous spectrum can be demonstrated from our estimates using the RAGE theorem (e.g., see ref. [19] for discussion and references) which implies that the projection onto the continuous spectrum satisfies

‖P_c(H)ψ‖^2 = lim_{R→∞} lim_{T →∞}

�_T 0 dt T � χ_{{|x−x o|≥R}} e^{−itH} ψ

�_2 (3.32)

As a consequence,

Theorem 3.3 (RAGE theorem for random operators). For the random operators considered here, if for some open interval J E � χ_{{|x−x o|≥R}} e^{−itH} P_J (H) χ_{xo} � ≤ g(R) (3.33)

with g(R) → 0 as R → ∞ uniformly in t and x_o, then P_c(H)P_J (H) = 0 almost surely.

Proof. If ϕ ∈ L^2(R^d) is compactly supported with supp ϕ ⊂ B^r_{x0} for some x_0 ∈ R^d, then the RAGE theorem implies

‖P_c(H)P_J (H)ϕ‖^2 ≤ lim inf_{R→∞} lim inf_{T →∞}

�_T 0 dt T ‖χ_{|x−x 0|≥R} e^{−itH} P_J (H)χ_{x0} ‖^2‖ϕ‖^2 .

(3.34) Upon taking expectations, Fubini’s theorem and Fatou’s lemma yield E � ‖P_c(H)P_J (H)ϕ‖^2 � ≤ lim inf R→∞ lim inf

T →∞

�_T 0 dt T g(R)‖ϕ‖^2 = 0 . (3.35)

Thus P_c(H)P_J (H)ϕ = 0 almost surely. This implies the theorem since there exists a countable total set of ϕ with each ϕ supported in ⊂ B^r_{x0} for suitable x_0. □

To complete the proof of Theorem 1.1 we note that eq. (1.11), proven above, yields the assumption of Theorem 3.3: Covering {|x−x_0| ≥ R} with balls B^r_α , α ∈ I, we get for every ν ∈ (0, μ/(2−s)) that E � ‖χ_{{|x−x 0|≥R}} e^{−itH} P_J (H)χ_{x0} ‖ � ≤ Ce^{−νR} .

Thus the spectrum of H is almost surely pure point in J .

Another consequence of eq. (1.11) is that E � � x,y e^{ν|x−y|} 1 + |y|^{d+1} sup g:|g|≤1

‖χ_xg(H)P_J (H)χ_y‖ � < ∞ , (3.36)

which implies sup g:|g|≤1

‖χ_xg(H)P_J (H)χ_y‖ ≤ const. (1 + |y|^{d+1}) e^{−ν|x−y|} a.s.. (3.37)

Since the Kronecker delta functions δ_E (x) (= 1 if x = E and 0 otherwise) are Borel measurable, this implies with probability one all eigen-projections of H satisfy

ln ‖χ_xδ_E (H)χ_y‖ ≤ −ν|x − y| + o(|x − y|) . (3.38)

If it were known that H almost surely has non-degenerate spectrum, one could readily conclude exponential decay of eigenfunctions from eq. (3.38). Although nondegeneracy has been shown for lattice random operators [61], it is not clear whether that result can be extended to the continuum Schrödinger operators considered here. However, it can be shown that almost surely all eigenvalues of H in J are finitely degenerate. An argument for this (based on compactness considerations and spectral averaging) which applies to our model was provided in the proof of Theorem 3.2 of ref. [16].

Given this, we can proceed as follows. Setting y = 0 in eq. (3.37) we have, for almost every configuration ω, (1) The range of δ_E (H), denoted R(δ_E (H)), is finite dimensional for every E ∈ J and (2) ‖χ_xδ_E (H)χ_0f‖ ≤ Ce^{−ν|x|} ‖f‖ for every x ∈ R^d, every f ∈ L^2(R^d) and every E ∈ J . Now (2) implies

‖χ_xϕ‖ ≤ C_ϕ e^{−ν|x|} (3.39)

for every ϕ ∈ R(δ_E (H)χ_0), the range of δ_E (H)χ_0. If we can show that

R(δ_E (H)χ_0) = R(δ_E (H)) , (3.40)

then eq. (3.39), which is an integral version of eq. (1.12), holds for all eigenfunctions with eigenvalue E.

Clearly R(δ_E (H)χ_0) ⊂ R(δ_E (H)). Suppose these two sets are not equal. Then there is a non-zero eigenfunction ϕ̃ ∈ R(δ_E (H)) which is orthogonal to R(δ_E (H)χ_0), since the latter space is finite dimensional and therefore closed by (1). Thus

0 = ⟨ϕ̃, δ_E (H)χ_0ψ⟩ = ⟨ ϕ̃, χ_0ψ⟩ = ⟨χ_0ϕ̃, ψ⟩ (3.41)

for every ψ ∈ L^2(R^d). We conclude χ_0ϕ̃ = 0, which contradicts unique continuation. Therefore eq. (3.40) holds and eq. (3.39) follows for all ϕ ∈ R(δ_E (H)χ_0).

We have shown that almost surely eq. (3.39) holds for every eigenfunction with eigenvalue E ∈ J . The L^∞ version of exponential decay stated in Theorem 1.1 follows from well know facts regarding the smoothness of eigenfunctions of Schrödinger operators (“elliptic regularity”, e.g. see ref. [60]).

This completes the proof of Theorem 1.1. □

4. Finiteness of the fractional-moments

In this section we prove two technical results, Lemmas 4.3 and 4.4, which underly our analysis. In particular, Lemma 4.3 yields the boundedness of fractional moments of the resolvent norms stated in Lemma 1.1, in the Introduction. An improved bound under the stronger assumption A3^′ is presented in Proposition 5.3 below.

The question of why the fractional moments are finite requires some discussion and offers an instructive introduction to some of the techniques which underly this work. We begin with an overview of the argument and then present the two lemmas. Finally we give a proof of the two main technical results. The details of the proof are not used in the derivation of Theorem 1.1 or 1.2 or the other arguments in this work.

4.1. Why are the moments finite? The analysis presented below has its genesis in the discrete setup, where the finiteness of the fractional moments of the Green function is quickly implied by a rank-one perturbation argument. However, for the continuum operators considered here, that short argument requires thorough remaking since the local potential term (U_α ) is now an operator of infinite rank. Nonetheless before discussing the more general analysis, which starts from the Birman-Schwinger relation, it will be instructive to stop and consider the analysis in the discrete case.

The Birman-Schwinger relation for an operator of the form H = ^H + ληU, with λ > 0 a disorder parameter, η ∈ R a variable coefficient, and U a positive local potential term, states that

U^{1/2} 1 ^H + ληU − z

U^{1/2} = � ^K_z

�_{−1} + λη

�_{−1} (4.1)

where

^K_z = U^{1/2} 1 ^H − z

U^{1/2} . (4.2)

The relation holds in the space L^2(supp U), in which the inverses denoted by [ ]^{−1} are defined (see eq. (2.4) and eq. (2.9)).

In the discrete case, with U = |o⟩ ⟨o| a rank-one operator, ^K^{−1}_z acts in a onedimensional space, i.e., it reduces to a complex number. The relation eq. (4.1) then directly implies the finiteness of fractional moments: � � � � ⟨o| 1 ^H + λη |o⟩ ⟨o| − z |o⟩ � � � s ρ(η) dη ≤ sup_{γ∈C} � 1 |λη − γ|^s ρ(η) dη ≤ C_{s,ρ} λ^{−s} < ∞

(4.3) whenever s < 1 and ρ is bounded and integrable. Another manifestation of this boundedness is the weak L^1 bound: � � � � η : � � � ⟨o| 1 ^H + λη |o⟩ ⟨o| − z |o⟩ � � � > t � � � ≤ 2 λt (4.4)

for any z and ^H (with | · | denoting the Lebesgue measure).

For general U, we may use the Birman-Schwinger relation eq. (2.9) to show that, for z = E ∈ R, � � � � η ∈ [0, 1] : � � �U^{1/2} 1 ^H + ληU − E

U^{1/2} � � � > t � � � � ≤ 2(1 + ξ_{E,λ} ) λt (4.5)

where ξ_{E,λ} denotes the number of eigenvalues of ^K^{−1}_E in the interval (−λ, 0). For perturbations U which are finite rank, or even trace class, the simple bound ξ_{E,λ} ≤ Tr U allows the analysis to proceed from eq. (4.5) much as in the rank-one case.

However, for the continuum Schrödinger operators considered here, with U one of the “bumps” U_α , the perturbation ληU is of infinite rank. Nonetheless, it is relatively compact with respect to ^H due to the kinetic term D^A · D^A. It follows that for E ∉ σ( ^H) the operator ^K_E is compact and therefore ξ_{E,λ} is finite. However, there is no reason to expect a bound on ξ_{E,λ} which is uniform in E and in the various parameters implicit in ^H.

To examine the factor ξ_{E,λ} more closely, let us recall that E is an eigenvalue of H = ^H + ληU precisely when λη is an eigenvalue of (− ^K^{−1}_E ). Hence, we may equate ξ_{E,λ} with the number of times that E becomes an eigenvalue of H as η is moved from 0 to 1. By the monotonicity of H in η (implied by the positivity of U), we get ξ_{E,λ} ≤ Tr [P ( ^H < E) − P ( ^H + λU < E)] , (4.6) with equality unless E is a degenerate eigenvalue for some η ∈ (0, 1).

The quantity on the right side of eq. (4.6) is the ‘Krein spectral shift’ at energy E between ^H and ^H + λU. For a comparison with the discrete case, note that this quantity is trivially bounded by rank U, and in particular by 1 for a rank one operator.

The spectral shift has recently been the subject of several of studies [17, 33]. A key fact is that for Schrödinger operators the Krein spectral shift is locally integrable as a function of E – indeed, it has been shown to be locally L^p for every p ∈ [1, ∞) with explicit bounds [17], a fact which we use below in the proof of Theorem 1.1. However, in general the spectral shift is not locally bounded; examples exist of Schrödinger operators for which it is arbitrarily large at certain energies [37].

Thus, the moments of continuum “Green functions” differ from their discrete counterparts in an essential way – after averaging over a single coupling one still does not get a uniform bound. Nevertheless, it is natural to guess that for random operators the spectral shift has a finite expectation value, since averaging over disorder may play a role somewhat similar to averaging over energy.

In the derivation of our fractional moment bounds (see Lemma 4.3 below), we do not consider directly the average of the spectral shift. Instead, we find it more convenient to derive an analogue of eq. (4.4) for continuum operators (from which fractional moment bounds follow quite easily). Nonetheless, the notion that a disorder averaged spectral shift is bounded is one of the driving ideas behind this work, and we find that the techniques developed in this section imply a result of this type (Theorem C.1, stated and proved in Section C below). In the end however, the fractional moment bounds obtained here are somewhat stronger than those which follow from Theorem C.1.

4.2. The 1/t-tails. A useful result for moment bounds is a general weak-L_1 type bound for the boundary values of resolvents of maximally dissipative operators.

We state this as the second part of the following Lemma, which is essentially a special case of results proven in [49]. For completeness, we give a proof based on properties of the Hilbert transform in Appendix B. The first part of the Lemma is a well known result in scattering theory, e.g. [22].

Lemma 4.1 (Weak L_1 bound). Let H and H_1 be separable Hilbert spaces, A a maximally dissipative operator in H, as well as M_1 : H → H_1 and M_2 : H_1 → H Hilbert-Schmidt operators. Then

(1) The “boundary values”

M_1 1 A − v + i0

M_2 = lim_{ϵ↓0} M_1 1 A − v + iϵ

M_2 (4.7)

exist as Hilbert-Schmidt operators for almost every v ∈ R, with convergence in the Hilbert-Schmidt norm.

(2) There exists C_W < ∞ (independent of A, M_1, M_2) such that � � � � v : � � �M^1 1 A − v + i0

M_2 � � �_{HS} > t � � � � ≤ C^W ‖M^1‖HS ‖M^2‖HS 1 t . (4.8)

Remark: If a dissipative operator A has strictly positive imaginary part, such as a Birman-Schwinger operator A_{BS} of the type consider in Lemma 2.1, then the i0 in (4.8) is not needed since (ξ − A_{BS} )^{−1} is norm-continuous for ξ in the closed lower half plane.

In our applications of Lemma 4.1 we will use the following “off-diagonal” version which follows from the lemma via the Birman-Schwinger identity and a simple change of variables. For ease of presentation, we state this version with the additional assumption that the operator A has strictly positive imaginary part, thus avoiding the issue of whether certain limits exist.

Proposition 4.2. Let A be a maximally dissipative operator with strictly positive imaginary part on a Hilbert space H, let M_1, M_2 be Hilbert-Schmidt operators, and let U_1, U_2 be non-negative operators. Then � � � ⟨v_1, v_2⟩ ∈ [0, 1]^2 : � �M_1U^{1/2}_1 1 A − v_1U_1 − v_2U_2

U^{1/2}_2 M_2 � � > t � � � ≤ 2 C_W ‖M_1‖_{HS} ‖M_2‖_{HS} 1 t . (4.9)

Proof. The key to the proof is the change of variables v_± =^1_2 (v_1 ± v_2), so that v_1U_1 + v_2U_2 = v_+(U_1 + U_2) + v_− (U_1 − U_2). From the Birman-Schwinger identity, eq. (2.4), � (U_1 + U_2)^{1/2} 1 A − v_1U_1 − v_2U_2

(U_1 + U_2)^{1/2} � = � [K(v_− )]^{−1} − v_+

�_{−1}

, (4.10)

where [·] denotes the restriction of an operator to ker(U_1 + U_2)^⊥ and

K(v_− ) = (U_1 + U_2)^{1/2} 1 A − v_− (U_1 − U_2)

(U_1 + U_2)^{1/2} . (4.11)

Thus,

M_1U^{1/2}_1 1 A − v_1U_1 − v_2U_2

U^{1/2}_2 M_2 = ~M_1 � [K(v_− )]^{−1} − v_+

�_{−1} ~M_2 (4.12) with ~M_1 = M_1U^{1/2}_1 P [U_1 + U_2]^{−1/2} P and ~M_2 = P [U_1 + U_2]^{−1/2} P U^{1/2}_2 M_2 where P denotes orthogonal projection onto ker(U_1 + U_2)^⊥.

Since U_1 and U_2 are positive, � �U^{1/2}_j P [U1 + U2]^{−1/2} P � � ≤ 1 and therefore � � ~Mj � �_{HS} ≤ ‖M j ‖_{HS} . (4.13)

Furthermore [K(v_− )]^{−1} is maximally dissipative as shown in Lemma 2.1. Thus for each fixed v_− we are in the situation governed by Lemma 4.1, and Prop. 4.2 follows via the Fubini Theorem. The factor of 2 on the right hand side results from the Jacobian of the transformation ⟨v_1, v_2⟩ → ⟨v_+, v_− ⟩. □

We will use Prop. 4.2 to conclude that for the random operator H, � � � ⟨η_α , η_β ⟩ ∈ [0, 1]^2 : � �M_1U^{1/2}_α 1

H − z

U^{1/2}_β M_2 � � HS > t � � � ≤ 2 C_W ‖M_1‖_{HS} ‖M_2‖_{HS} 1 λt . (4.14)

Several comments are in order:

(1) When the energy z lies in the lower half plane (4.14) follows directly from Prop. 4.2 with v_1 = η_α , v_2 = η_β and U_1 = λU_α , U_2 = λU_β .

(2) Eq. (4.14) also holds for z in the upper half plane, as can be seen by taking conjugates.

(3) For real energies (z = E ∈ R), eq. (4.14) holds also in the limits z → E ±i0, as follows from the bound at complex energies and Fatou’s lemma (compare the argument for proving Lemma 4.1 in Appendix B).

The above results display that once the resolvent of the continuum operator is bracketed with a pair of Hilbert-Schmidt operators M_1, M_2 its fractional moments can be handled similarly to the discrete case. In the proofs of Lemmas 4.3 and 4.4 we use an argument which shows that χ_x(H − z)^{−1} χ_y can be presented as a sum of a bounded operator and one of the form

M_xχ_{Bx} (H − z)^{−1} χ_{By} M_y , (4.15)

with M_♯ Hilbert-Schmidt operators and B_x, B_y sets somewhat larger than the balls of radius r around x and y. This will allow us to conclude finiteness of fractional moments after “averaging over the local environment,” i.e., averaging over all η_α with U_α non-zero in B_x or B_y.

4.3. A pair of fractional-moment lemmas. We now present the two basic technical results which give finiteness of the fractional moments, as well as a “decoupling argument” to be used in the proof of Theorem 1.2.

Definition 4.1. For α ∈ I, we denote

I_α := {ζ ∈ I : dist(α, ζ) < 3r} (4.16)

and set I_{α,β} = I_α ∪ I_β . Likewise, for any subset L ⊂ I, I_L := ∪_{α∈L} I_α . By F^c_L we denote the σ-algebra generated by all η_α with α not in I_L. Thus, E (·|F^c_L) represents averaging over the “local environment” of L.

Our first bound yields the finiteness of the s-moments after averaging over the local-environment.

Lemma 4.3. Let H_ω be a random Schrödinger operator which satisfies A with disorder strength λ > 0. Then there exists C_λ < ∞ such that any restriction of H_ω to a region Ω obeys

Prob � � �U_α 1 H^{(Ω)}ω − E − iε

U_β � � > t � �F^c_{α,β} �

≤ C_λ (1 + 1/λ)(1 + |E − E_o|)^{d+2}

D^2 t , (4.17)

for any α, β ∈ I, any E ∈ R and ε > 0, where the coefficient C_λ obeys

C_λ ≤ const. (1 + λ)^{d+2} . (4.18)

Remarks:

(1) Recall that RecallthatE_o = inf σ(H_o) and that D is a bound on the conditional densities for η_α – see eq. (1.20).

(2) In Prop. 5.3 below we show that if H satisfies A3^′ then Lemma 4.3 can be improved so that eq. (4.17) holds with sup_λ C_λ < ∞.

(3) For fractional moments we use the “layer-cake” representation – E (X^s) = �_∞ 0 Prob(X > t^{1/s})dt – to conclude that E � � � �U^α 1 H^{(Ω)} − E − iε

U_β � � � s� � �F^cα,β �

≤ C^s_λ 1 − s

(1 + 1/λ)^s (1 + |E − E_0|)^{s(d+2)} D^{2s} . (4.19)

Of course, this bound implies a similar estimate for the average over all variables.

(4) Using condition A2, we obtain the following bound from eq. (4.19): For all measurable Λ, Λ^′ ⊂ R^d, E � � � �1^Λ 1 H^{(Ω)} − E − iε

1_Λ ′ � � � s� � �F^cL(Λ∪Λ^′) �

≤ C^s_λ 1 − s

(1 + 1/λ)^s b^{−2s}_− (1 + |E − E_0|)^{s(d+2)} D^{2s} N_Λ N_Λ ′ (4.20)

where L(Λ) := {γ ∈ I : 1_Λ U_γ ≠ 0} and N_Λ indicates the number of points in L(Λ). In particular, this proves eq. (1.7) of Lemma 1.1 under assumption A. The improvement under A3^′ follows from Prop. 5.3 below.

The second lemma (Lemma 4.4) focuses on the average of � U_α (H − z)^{−1} U_β � with respect to the local environment of one of the sites α, β. The idea underlying this result is “re-sampling:” we compare the distribution of (H − z)^{−1} with that of a reference operator ( ^H − z)^{−1} , where ^H is obtained from H by redrawing the coupling variables η_ζ for ζ “near” β. The basic result is an estimate of the form E � � �U_α 1 H_ω − z

U_β � �^s � �F^c_β � ≤ const. � �χ_α 1 ^H_ω − z

1_S � �^s , (4.21)

with S an appropriate neighborhood of β. However, the result permits a number of variations, and the estimate (4.22) stated below is slightly complicated because it is tailored to the required application in the proof of Theorem 1.2.

For that application it is convenient to use a smooth function in place of U_β . Thus we fix a choice of a partition of unity, {Θ_α : α ∈ I}, with the following properties:

(1) Each function Θ_α is non-negative and smooth with compact support in the ball of radius 4r/3 centered at α.

(2) The collection {Θ_α } is a partition of unity: � α Θ_α (q) = 1.

(3) sup_α (‖∇Θ_α ‖_∞ , ‖ΔΘ_α ‖_∞) < ∞.

Any choice with these properties will do, although the constant ~C in eq. (4.22) below will depend on the supremum in (3).

Lemma 4.4. Let H_ω be a random Schrödinger operator which satisfies A with disorder strength λ > 0. Then there exists ~C_λ < ∞ such that any restriction of H to a region Ω obeys

Prob � � �χ_x 1 H^{(Ω)}ω − z

Θ_β (1 + H_o − E_o)^{1/2} � � > t � �F^c_{β,γ} �

≤ ~C_λ (1 + |z − E_0|)^{(d+3)} � �χ_x 1 ^H^{(Ω)}_ω − z

1_{Sβ,γ} � � D^2 t , (4.22)

for any z ∈ C \ R, x ∈ R^d, and β, γ ∈ I with dist(x, β), dist(x, γ) > 6r. The coefficient ~C_λ obeys ~C_λ ≤ const. (1 + λ)^{d+4} . (4.23)

Here S_{β,γ} = {q : dist(q, {β, γ}) ≤ 5r} and ^H is obtained from H by replacing {η_ζ : ζ ∈ I_{β,γ} } with arbitrary values η̂_ζ ∈ [0, 1]:

^H = H + λ � ζ∈I_{β,γ}

(η̂_ζ − η_ζ )U_ζ (q) . (4.24)

Remark: i. Note that we have resampled H at a second site γ ∈ I as well as β, with the result that Θ_β is replaced by the characteristic function of a neighborhood of γ and β. This additional resampling is required in the application of this lemma in the proof of Theorem 1.2, but does not play a key role in the present section. ii. The factor (1 + H_o − E_o)^{1/2} is included here to control various commutators [H, Θ] which appear in applications of the lemma. It is to bound this factor that we choose to work with the smooth function Θ_β .

In the applications of Lemma 4.4 we will choose ^η_ζ to have the same probability distribution as η_ζ . This will provide us with a “decoupling argument,” as follows: If X is a quantity for which E � X^s|F^c_{β,γ} � ≤ A_s < ∞, then eq. (4.22) and the Cauchy-Schwarz inequality imply that E � X^{s/2} � � �χ^x 1 H^{(Ω)} − z

Θ_β (1 + H_o − E_o)^{1/2} � � � s/2� � �F^c_{β,γ} �

≤ A^{1/2}_s E � � �χ_x 1

H^{(Ω)} − z

Θ_β (1 + H_o − E_o)^{1/2} � �^s � �F^c_{β,γ}

�_{1/2}

≤ const. A^{1/2}_s � �χ_x 1 ^H(Ω) − z

1_S � �^{s/2} .

(4.25)

If ^η_ζ is distributed identically to η_ζ then, upon taking expectations, we obtain E � X^{s/2} � �χ_x 1 H^{(Ω)} − z

Θ_β (1 + H_o − E_o)^{1/2} � �^{s/2} �

≤ const. A^{1/2}_s E � � � �χ^x 1 H^{(Ω)} − z

1_S � � � s/2�

. (4.26)

In the final expression, we have replaced ^H by H since the two are identically distributed.

4.4. Averaging over local environments. We now derive the two technical lemmas stated above. This subsection is essential for our analysis, but the reader may wish to skip it at first reading, as the arguments here are not required elsewhere in the article.

Proof of Lemma 4.3. We will write z = E + iε and assume without loss that ε < 1. Thus 1 + |E − E_0| ∼ 1 + |z − E_0|. Before applying Prop. 4.2 and the associated eq. (4.14), we must introduce Hilbert-Schmidt operators to the left and the right of U_α (H − z)^{−1} U_β . The procedure we use to insert these operators is somewhat involved, so let us first outline the argument:

(1) We replace U_α , U_β by the upper bounds b_+Θ^2, b_+Ψ^2, � �U_α 1 H − z

U_β � � ≤ b^2_+ � �Θ^2 1 H − z

Ψ^2 � � , (4.27)

where Θ, Ψ denote smoothed characteristic functions for the balls B^r_α , B^r_β respectively.

(2) The smoothness of Θ allows us to prove an identity

Θ^2 1 H − z

= B + T ~Θ^2 1 H − z

, (4.28)

where ~Θ is a “fattened” version of Θ and T is Hilbert-Schmidt with HSnorm which is uniformly bounded with respect to the disorder. The operator B is norm bounded (uniformly with respect to the disorder).

(3) We repeat this procedure to the right of the resolvent to obtain

Θ^2 1 H − z

Ψ^2 = T_α ~Θ^2 1 H − z

~Ψ^2T_β + B^′ , (4.29)

where B^′ is norm bounded.

(4) We introduce the partition of unity � U_α /F between ~Θ^2, ~Ψ^2 and the resolvent, and then apply Prop. 4.2 to each term in the resulting sum (the actual argument is complicated somewhat by the fact that T_α , T_β carry some dependence on the randomness).

We now turn to specifics. A good deal rests on the proof of eq. (4.28). This identity is a special case of the following: let Θ_j be any sequence of smooth functions such that Θ_j takes value 1 on the support of Θ_{j−1} , then for each n ≥ 1

Θ^2_1 1 H − z

= T_n Θ^2_{n+1} 1 H − z

+ B_n (4.30)

where T_n = A_1 · · · A_n (4.31) with A_j = Θ_j 1 H_o + a

(Θ_j (a + z − λV_ω) − [Θ_j , H_o]) , (4.32) and B_n = Θ_1 1 H_o + a

Θ_1 + T_1Θ_2 1 H_o + a

Θ_2 + · · · + T_{n−1} Θ_n 1 H_o + a

Θ_n . (4.33)

Here a := 1 − E_0, so H_o + a ≥ 1.

To verify (4.30), use induction on n with the induction step provided by the following “commutator argument”:

Θ^2_j 1 H − z

= Θ_j 1 H_o + a

(H_o + a)Θ_j 1 H − z

= Θ_j 1 H_o + a

Θ_j (H_o + a) 1 H − z

− Θ_j 1 H_o + a

[Θ_j , H_o] 1 H − z

=Θ_j 1 H_o + a

Θ_j

+ Θ_j 1 H_o + a

(Θ_j (a + z − λV_ω) − [Θ_j , H_o]) 1 H − z .

(4.34)

The crucial point here is that

Θ_j (a + z − λV_ω) − [Θ_j , H_o] = (Θ_j (a + z − λV_ω) − [Θ_j , H_o]) Θ^2_{j+1} , (4.35)

since Θ_{j+1} is identically one throughout the support of Θ_j and Θ_j (a + z − λV_ω) − [Θ_j , H_o] is a differential – hence local – operator.

The representation provided by eq. (4.30) has two key features: (1) The norm of B_n is bounded uniformly in ω and locally uniformly in energy. (2) T_n is in I_p for arbitrary p > d/n with ‖ · ‖_p-norm bounded uniformly in ω and locally uniformly in energy.

To see this we first observe that A_j ∈ I_p for p > d with uniform ‖ · ‖_p-bounds. This follows since θ_j (H_0 + a)^{−1} ∈ I_p for p > d/2, θ_j (H_0 + a)^{−1/2} ∈ I_p for p > d and (H_0 + a)^{−1/2} [θ_j , H_0] = (H_0 + a)^{−1/2} (−2iD_A · (∇θ_j ) − (Δθ_j )) is bounded. Thus (2) follows from the Hölder property of Schatten classes and (1) from

B_n = B_{n−1} + T_{n−1} θ_n 1 H_0 + a θ_n. (4.36)

Once n > d/2, property (2) above implies that the operator T_n is Hilbert- Schmidt. Henceforth, we fix n to be the least integer greater than d/2 – in any case n ≤ (d + 2)/2. This provides the representation eq. (4.28) with ~Θ = Θ_n.

There is much flexibility in the definition of Θ_j which, in turn, affects the norm estimates for T_n and B_n. For our purposes, it is sufficient to let Θ_j be supported in {q : dist(q, α) ≤ r + [j/n]r} so that ~Θ = Θ_n is supported in {q : dist(q, α) ≤ 2r}. The specific choice of Θ_j is not so important. We note, however, that the choice may be made so that ‖∇Θ_j ‖_∞ ≤ O(d) , ‖ΔΘ_j ‖_∞ ≤ O(d^2) , (4.37) since the gradient of Θ_j is supported on a set of width r/n ≈ 2r/d.

Having fixed the sequence Θ_j we obtain a Hilbert-Schmidt operator T_n. More precisely, T_n is a random Hilbert-Schmidt operator since A_j depend on the random potential through the terms Θ_j V_ω. However, T_n is a product of n terms each of which is linear in Θ_j V_ω. Since

Θ_j V_ω = � ζ∈I_α

η_ζ Θ_j U_ζ , (4.38)

we conclude that T_n is a polynomial of degree n in the variables {η_ζ : ζ ∈ I_α } with Hilbert-Schmidt valued coefficients. Recall that I_α is the set of lattice sites within distance 3r of α.

We now repeat this procedure to the right of the resolvent to obtain the two sided representation: Θ 1 H − z

Ψ = B + T_α ~Θ^2 1 H − z

~Ψ^2T_β . (4.39)

The above discussion shows that we may obtain the following properties for the terms in this identity:

(1) There is C_d < ∞, which depends on the parameters of the model and the choice of Θ_j (but not on the coupling variables η_ζ ), such that

‖B‖ ≤ C_d (1 + λ + |z − E_0|)^{2n}

≤ C_d (1 + λ)^{2n}(1 + |z − E_0|)^{2n} .

(4.40)

(2) Each T_♯ is a polynomial of degree n ≤ (d+2)/2 in the variables η_ζ for ζ ∈ I_♯ with coefficients which are (non-random) Hilbert-Schmidt operators:

T_♯ = � (k) T^{(k)}_♯ � ζ∈I_♯

λ^{|k|}η^{kζ}_ζ , (4.41)

where the summation is over multi-indices (k) ∈ N^{I♯} with |k| := � ζ k_ζ ≤ n.

(3) There is ~C_d < ∞ such that � �T^{(k)}_♯ � �_{HS} ≤ ~Cd(1 + |z − E 0|)^n , (4.42)

for ♯ = α, β and each (k) ∈ N^{I♯} with |k| ≤ n.

(4) ~Θ and ~Ψ are bounded by one and supported in {q : dist(q, α) < 2r} and {q : dist(q, β) < 2r} respectively.

With this representation in hand we insert the partition of unity � U_ζ /F between each factor ~Θ, ~Ψ and the resolvent (H − z)^{−1} . Upon taking norms and applying the triangle inequality this yields � �U_α 1

H − z

U_β � � ≤ ‖B‖ + � ζ∈I_α ζ^′∈I_β � (k)∈N^{Iα} (l)∈N^{Iβ}

λ^{|k|+|l|} � �T^{(k)}_α ~Θ U^ζ F 1 H − z

U_ζ′ F ~ΨT^{(l)}_β � � ,

(4.43) where we have used that |η_ζ | ≤ 1.

Consider now the probability, conditioned on F^c_{α,β} , that � �Uα^1_{H−z} Uβ � � > t. This may be bounded from above by the probability that one of the terms on the right hand side of eq. (4.43) is greater than t/M, where M is the number of terms. In turn this may be bounded by the sum of the individual probabilities:

Prob � � � �U^α 1 H − z

U_β � � � > t � � �F^cα,β � ≤ Prob � ‖B‖ > t/M| F^c_{α,β} �

+ � ζ∈I_α ζ^′∈I_β � (k)∈N^{Iα} (l)∈N^{Iβ}

Prob � λ^{|k|+|l|} � �T^{(k)}_α ~Θ U^ζ F 1 H − z

U_ζ′ F ~ΨT^{(l)}_β � � > t/M � �F^c_{α,β} � .

(4.44)

Applying Prop. 4.2 – via eq. (4.14) – and the bound on � �T (·)_♯ � � HS provided by eq. (4.42), we see that each term of the summation is bounded:

Prob � λ^{|k|+|l|} � � �T^{(k)}α

~Θ U^ζ F 1 H − z

U_ζ′ F ~ΨT^{(l)}_β � � � > t/M � � �F^cα,β �

≤ 2 C_W b_+ ~C^2_d (1 + |z − E_0|)^{2n}D^2

(1 + λ)^{2n}M λt , (4.45)

while by eq. (4.40)

Prob � ‖B‖ > t/M| F^c_{α,β} � ≤ C_d (1 + λ)^{2n}(1 + |z − E_0|)^{2n} M t . (4.46)

The factor D^2 in eq. (4.45) is an upper bound for the joint density of η_ζ and η_ζ′ .

Putting this all together we find that

Prob � � �U_α 1

H − z

U_β � � > t � �F^c_{α,β} �

≤ M � C_d + (M − 1) × � 2 C_W ~C^2_d b_+ � × D^2 λ �

× (1 + λ)^{2n} (1 + |z − E_0|)^{2n} 1 t ≤ M � C_d + (M − 1) × � 2 C_W ~C^2_d b_+ �

× (1 + λ)^{2n} (1 + |z − E_0|)^{2n} (1 + 1/λ)

D^2 t ,

(4.47)

since D ≥ 1. By A2 the number of terms M is bounded independent of α, β. This completes the proof of Lemma 4.3. □

Proof of Lemma 4.4. This proof follows rather closely that of Lemma 4.3. The main new ingredients are (1) controlling the (un-bounded) factor (a + H_o)^{1/2} and (2) the “re-sampling.”

The unbounded factor is controlled by a one-step “commutator argument,” similar to that used to generate the Hilbert-Schmidt operators in the proof of Lemma 4.3. The key is the following identity

χ_x 1 H − z

Θ_β (a + H_o)^{1/2}

= χ_x 1 H − z

~Θ^2_β ((z + a − λV_ω)Θ_β + [Θ_β , H_o]) 1 (a + H_o)^{1/2}

, (4.48) where we have used that χ_xΘ_β = 0. Here ~Θ_β may be any function which is one throughout the support of Θ_β . As a result, � �χ_x 1

H − z

Θ_β (a + H_o)^{1/2} � � ≤ c (1 + λ)(1 + |z − E_0|) � �χ_x 1 H − z

~Θ^2_β � � , (4.49)

with c < ∞ (depending on the size of ∇Θ_β ). We choose ~Θ_β to have support in the ball of radius 5r/3 centered at β.

Thus it suffices to prove eq. (4.22) with Θ_β (a + H_o)^{1/2} replaced by ~Θ^2_β provided the power of (1 + |z − E_0|) on the right hand side and the permitted power growth of ~C_λ are each reduced by one. I.e., we must show

Prob � � �χ_x 1 H^{(Ω)}ω − z

~Θ^2_β � � > t � �F^c_{β,γ} �

≤ C(1 + λ)^{d+3} (1 + |z − E_0|)^{(d+2)} � �χ_x 1 ^H^{(Ω)}_ω − z

1_{Sβ,γ} � � D^2 t . (4.50)

We want to average over ζ ∈ I_{β,γ} , using the Birman Schwinger identity together with the weak 1-1 inequality, and compare the result to the “re-sampled” operator:

χ_x 1 H − z

~Θ^2_β = χ_x 1 ^H − z

~Θ^2_β + χ_x 1

^H − z

( ^H − H) 1 H − z

~Θ^2_β , (4.51)

where ^H = H + λ � ζ∈I_{β,γ}

(^η_ζ − η_ζ )U_ζ (q) . (4.52)

We use the construction presented in the proof of Lemma 4.3 – see eq. (4.30) – to introduce the necessary Hilbert-Schmidt operators.

We begin by noting that

χ_x 1 ^H − z

( ^H − H) = χ_x 1 ^H − z

Ψ^2( ^H − H) (4.53)

where Ψ is any smooth function identically one throughout {q : dist(q, {β, γ}) < 4r}. Thus the “commutator argument” in the proof of Lemma 4.3 yields the identity

χ_x 1 ^H − z

( ^H − H) = χ_x 1 ^H − z

~Ψ^2 ^T ( ^H − H) (4.54)

where ~Ψ is one on the support of Ψ and supported in the set {q : dist(q, {β, γ}) < 5r}, and ^T is Hilbert-Schmidt with uniformly bounded norm: ‖ ^T ‖_2 ≤ ~C_d(1 + λ)^n(1 + |z −E_0|)^n (n the smallest integer greater than d/2). The bounded term, “B”, drops out of this representation because χ_x ~Ψ^2 = 0 and multipliers of support no larger than that of ~Ψ appear on the left of the terms of B. Note that ^T is independent of {η_ζ : ζ ∈ I_{β,γ} } since it is constructed from ^H.

Next, we apply the “commutator argument” to the left of (H − z)^{−1} to obtain 1 H − z

~Θ^2_β = ^Θ_β B + 1 H − z

^Θ^2_β T (4.55)

with B bounded, ‖B‖ ≤ C_d(1+λ+|z − E_0|)^{2n}, and T a polynomial in {η_ζ : ζ ∈ I_β }, T = � (k)∈N^{Iβ} |k|≤n

λ^{|k|}T^{(k)} � ζ∈I_β

η^{kζ}_ζ , (4.56) with Hilbert-Schmidt coefficients, � �T^{(k)} � �_{HS} ≤ ~Cd(1 + |z − E 0|)^n . (4.57)

Here the function ^Θ_β is bounded by one and supported in {q : dist(q, β) < 2r}. Note that U_ζ ^Θ_β = 0 for ζ ∉ I_β .

Putting this all together, we obtain � �χ_x 1

H − z

~Θ^2_β � � ≤ � �χ_x 1 ^H − z ~Ψ � � × � �1 + � �( ^H − H) ^Θ β B � �

+ � (k)∈N^{Iβ}

λ^{|k|} � � � ~Ψ ^T ( ^H − H) 1 H − z

^Θ^2_β T^{(k)} � � � � � . (4.58)

Thus, � �χ_x 1

H − z

~Θ^2_β � � ≤ � �χ_x 1 ^H − z ~Ψ � � × � � �1 + 2 b^+λ ‖B‖ +

+ � ζ∈I_{β,γ} ,ζ^′∈I_β (k)∈N^{Iβ}

2λ^{1+|k|} � � � ~Ψ ^T U_ζ 1

H − z

U_ζ′ F ^Θ^2_β T^{(k)} � � �

� � � � . (4.59)

¿From (4.59), using Prop. 4.2 and the arguments from the proof of Lemma 4.3, it follows that

Prob � � �χ_x 1 H − z

~Θ^2_β � � > t � �F^c_{β,γ} �

≤ � � �χ^x 1 ^H − z ~Ψ � � � × � 1 + 2b_+C_dλ(1 + λ)^{2n}(1 + |z − E_0|)^{2n}

+ (M − 2) 4C_W ~C^2_d (1 + λ)^{2n}(1 + |z − E_0|)^{2n} b_+ D^2 � M t ≤ � � �χ^x 1 ^H − z ~Ψ � � � × M � 1 + 2b_+C_d(M − 2) 4C_W ~C^2_d �

× (1 + λ)^{2n+1}(1 + |z − E_0|)^{2n}

D^2 t , (4.60)

where M is the number of terms between the brackets in (4.59). By A2, M is bounded uniformly in x, β, γ. This completes the proof of Lemma 4.4. □

5. Finite-volume criteria

5.1. The finite-volume inequality. With the bounds provided by Lemmas 4.3 and 4.4, the proof of Theorem 1.2 proceeds according to a set of arguments familiar from the fractional moment method for discrete operators [6], and related to the multi-scale analysis of random Schrödinger operators, e.g. [67, 16], as well as the analysis of a number of lattice models in statistical mechanics, e.g. [31, 59, 45, 7, 5, 23]. We begin by proving a “correlation inequality” – eq. (5.2) below – and then iterate this inequality to obtain exponential decay of the bulk Green-function.

Lemma 5.1. Let H_ω be a random Schrödinger operator with disorder parameter λ > 0 which obeys A and IAD. Then, for each s < 1/3 there exists ~C_{λ,s} < ∞ such that if we define, for L > 23r,

a(x; L) := L^{d−1} � ζ∈S_{x,L} E � � �χ_x 1 H^{(BL}x^) − z χ_ζ � �^s � (5.1)

where S_{x,L} = {ζ ∈ I : L − 23r < |ζ − x| < L − 3r}, then for any region Ω ⊃ B^L_x , E � � �χ_x 1 H^{(Ω)} − z χ_y � �^s � ≤ ~C_{λ,s} (1 + 1/λ)^{2s}D^{10s} (1 + |z − E_0|)^{5s(d+2)}

× a(x; L) � ζ∈S^′_{x,L} E � � �χ_ζ 1

H^{(Ω)} − z χ_y � �^s � (5.2)

for any y with dist(x, y) > L + r_o + 23r, where S^′_{x,L} = {ζ ∈ I : L + r_o − 13r < |x − ζ| < L + r_o + 23r} (recall that r_o is the length scale appearing in IAD), with

~C_{λ,s} ≤ Const. (1 + λ) 1 − 3s

5s(d+4)

. (5.3)

If H satisfies the stronger condition A3^′ then

~C_{λ,s} ≤ Const. 1 1 − 3s

. (5.4)

The main tools in the proof are the moment bounds presented above and a well known analog of the resolvent expansion commonly used for discrete Schrödinger operators, sometimes called the geometric resolvent identity.

Lemma 5.2. Let H be a Schrödinger operator. Consider a sequence of three open sets Λ_o ⊂ Λ ⊂ Ω with dist(Λ_o, Λ^c) > 0 and let Θ be a smooth function which is identically 1 in a neighborhood of Λ_o and identically zero in a neighborhood of Λ^c. Given any restrictions H^{(Ω)} and H^{(Λ)} of H to Ω and Λ respectively,

1_{Λ o} 1 H^{(Ω)} − z

= 1_{Λ o} 1 H^{(Λ)} − z

Θ + 1_{Λ o} 1 H^{(Λ)} − z

[H, Θ] 1 H^{(Ω)} − z

(5.5)

for any z at which both resolvents exist.

If furthermore, Λ^′_o ⊂ Λ^′ ⊂ Ω with dist(Λ^′_o, Λ^{′c}) > 0 and dist(Λ^′, Λ) > 0, and Θ^′ is a function which is identically 1 in a neighborhood of Λ^′_o and identically 0 in a neighborhood of Λ^{′c} then

1_{Λ o} 1 H^{(Ω)} − z

1_Λ ′_o = −1_{Λ o} 1 H^{(Λ)} − z

[H, Θ] 1 H^{(Ω)} − z

[H, Θ^′] 1 H^{(Λ ′)} − z

1_Λ ′_o , (5.6)

with H^{(Λ ′)} any restriction of H to Λ^′ and z such that all three inverses exist.

Proof. The second identity, eq. (5.6), is a consequence of the first, eq. (5.5), and its transpose (eq. (5.8) below). A number of terms drop out because Λ ∩ Λ^′ = ∅. To verify eq. (5.5) use the identity

[H, Θ] = (H^{(Λ)} − z)Θ − Θ(H^{(Ω)} − z) (5.7)

on D(H^{(Ω)} ), which follows from the fact that H^{(Λ)} f = H^{(Ω)} f if the support of f is strictly contained in Λ. Multiplying on the left by 1_{Λ o} (H^{(Λ)} − z)^{−1} and on the right by (H^{(Ω)} − z)^{−1} yields eq. (5.5). □

Remarks:

(1) The identity, 1 H^{(Ω)} − z

1_{Λ o} = Θ 1 H^{(Λ)} − z

1_{Λ o} − 1 H^{(Ω)} − z

[H, Θ] 1 H^{(Λ)} − z

1_{Λ o} , (5.8)

follows from the transpose of eq. (5.5) (at conjugate z).

(2) Eq. (5.6) holds in a number of other contexts. In particular, it is true for discrete Schrödinger operators and in that case gives the usual geometric resolvent expansion (see [6, eq. (2.16)]).

Proof of Lemma 5.1. We shall assume A3. For the extension of the argument to couplings which satisfy A3^′ see Prop. 5.4 below.

We start by using the geometric resolvent identity eq. (5.6) of Lemma 5.2 with the sets Λ_o = B^{L−11r}_x , Λ = B^L_x , Λ^′_o = Ω \ B^{L+ro+12r} x , Λ^′ = Ω \ B^{L+ro}_x , (5.9)

and ∇Θ, ∇Θ^′ supported in {q : L − 11r < |q − x| < L − 10r}, {q : L + r_o + 11r < |q − x| < L + r_o + 12r} respectively.

The operators � H, Θ^♯ � are local and supported in the set where ∇Θ is non-zero.

A particular consequence of this observation is that

[H, Θ] = � ζ_1∈S_o � ζ_2 U_{ζ 2} Θ_{ζ 1} ≢0

Θ_{ζ1} [H, Θ]

U_{ζ2} F

[H, Θ^′] = � ζ^′_1∈S^′_o � ζ^′_2 U_ζ ′_2 Θ_ζ ′_1 ≢0

U_ζ′_2 F [H, Θ^′] Θ_ζ′_1 ,

(5.10)

with S_o = {q ∈ I : L − 13r < |q − x| < L − 8r} and S^′_o = {q ∈ I : L + r_o + 9r < |q −x| < L+r_o +14r}. Here Θ_ζ is the smooth partition of unity used in Lemma 4.4.

Recall that � � 1 (a + H_o)^{1/2} � H, Θ^♯ � � � ≤ ( �ΔΘ^♯�_∞ + √ 2 � ∇Θ^♯ � ∞) , (5.11)

which is bounded for smooth Θ. We may choose Θ so that the right hand side is bounded uniformly in L, being no larger than (const.) d^2/r^2.

With these observations, we obtain from eq. (5.6) the inequality: � �χ_x 1

H^{(Ω)} − z χ_y � � ≤ (const.) � ζ_1∈S_o ζ_2:|ζ_2−ζ_1|<3r � ζ^′_1∈S^′_o ζ^′_2:|ζ^′_2−ζ^′_1|<3r

� �χ_x 1

H^{(BL}x^) − z

Θ_{ζ1} (a + H_o)^{1/2} � �

× � � �U^ζ2 1 H^{(Ω)} − z

U_ζ′_2 � � � × � �(a + H_o)^{1/2}Θ_{ζ′1} 1 H^{(Ω\B L+rox )} − z χ_y � � . (5.12)

We now raise eq. (5.12) to the power s < 1/3 and take expectation values, using the inequality ( � a_n)^s ≤ � a^s_n. Consider each term on the right-hand side separately:

first estimate the expectation conditioned on F^c_{ζ1,ζ2,ζ}′_{1,ζ}′_2 , using the Hölder inequality to separate factors. The central factor may be estimated with Lemma 4.3 (see eq. (4.19)), to yield E � � �χ_x 1 H^{(Ω)} − z χ_y � � � s� ≤ (const.)

C^s_λ (1 − 3s)^{1/3}

(1+1/λ)^s(1+|z −E_0|)^{s(d+2)} D^{2s}

× � ⟨ζ_1,ζ_2⟩

⟨ζ^′_1,ζ^′_2⟩ E � �E � � � �χ^x 1 H^{(BL}x^) − z

Θ_{ζ1} (a + H_o)^{1/2} � � � 3s� � �F^c_{ζ1,ζ2}

�_{1/3}

× E � � � �(a + H_o)^{1/2}Θ_{ζ′1} 1 H^{(Ω\B L+rox )} − z χ_y � �^{3s} � � � F^c_ζ′_{1,ζ}′_2

�_{1/3}� � . (5.13)

Here we have noted that H^{(BLx )} (H^{(Ω\B L+rox )}) does not depend on the variables η_α with α ∈ I_ζ′_{1,ζ}′_2 (α ∈ I_{ζ1,ζ2} ).

The remaining two factors in each term are i) independent by IAD and ii) of the correct form to be estimated using Lemma 4.4. Thus, E � � �χ_x 1 H^{(Ω)} − z χ_y � �^s �

≤ (const.) � C^s_λ (1 − 3s)^{1/3}

(1 + 1/λ)^s(1 + |z − E_0|)^{s(d+2)} D^{2s} �

× � ~Cs_λ

(1 − 3s)^{1/3}

(1 + |z − E_0|)^{s(d+3)}D^{2s}

�_2

× � ⟨ζ_1,ζ_2⟩

⟨ζ^′_1,ζ^′_2⟩ E � � � � χ_x 1 ^H^{(BL}x^)_{ζ1,ζ2} − z

1_{Sζ 1,ζ 2} � � � s�

× E � � � � � � 1_{Sζ ′1,ζ ′2} 1 ^H^{(Ω\B L+rox )}

ζ^′_1,ζ^′_2 − z

χ_y � � � � s� � . (5.14)

Here ^H_{ζ1,ζ2} ( ^H_ζ′_{1,ζ}′_2 ) denotes a version of H which is re-sampled over ζ ∈ I_{ζ1,ζ2} (ζ ∈ I_ζ′_{1,ζ}′_2 ) in the sense of eq. (4.24). The assumptions L > 23r and dist(x, y) > L+r_o+23r in Lemma 5.1 are used to satisfy the distance requirements of Lemma 4.4.

We now pick the re-sampled variables with the same distribution as the {η_ζ }, and include averaging over these variables in the expectations. Since S_{ζ1,ζ2} ⊂ B^{8r}_{ζ1} , S_ζ′_{1,ζ}′_2 ⊂ B^{8r}_ζ′_1 and for each ζ_1, ζ^′_1 there is only a fixed finite number of values for ζ_2, ζ^′_2 (by A2), we infer from eq. (5.14), after adjusting the constant, E � � � �χ^x 1 H^{(Ω)} − z χ_y � � � s� ≤ (const.)

C^s_λ ~C^{2s}_λ 1 − 3s

(1 + 1/λ)^s(1 + |z − E_o|)^{3s(d+3)} D^{6s} × � ζ_1∈S_o ζ^′_1∈S^′_o E � � �χ_x 1 H^{(BL}x^) − z

1_B8r_{ζ 1} � � � s�

× E � � � �1^{B8r}_ζ ′_1 1 H^{(Ω\B L+rox )} − z χ_y � � � s� . (5.15)

To complete the proof of eq. (5.2) we need a bound for the resolvent of H^{(Ω\B L+rox )} in terms of the resolvent of H^{(Ω)} . For this we will apply eq. (5.5) of Lemma 5.2 with Λ = Ω \ B^{L+ro}_x , Λ_o = Ω \ B^{L+ro+r}_x (5.16)

and a smooth function Θ^{′′} such that ∇Θ^{′′} is supported in {q : L + r_o < |q − x| < L + r_o + r}. Note that Θ^{′′}χ_y = χ_y and B^{8r}_ζ′_1 ⊂ Λ_o for every ζ^′_1 ∈ S^′_o. In place of (5.12) we obtain � �1_{B8rζ ′} 1 1 H^{(Ω\B L+rox )} − z χ_y � � ≤ � �1_{B8rζ ′} 1 1 H^{(Ω)} − z χ_y � � + (const.) � ζ^{′′}_1 ∈S^{′′}_o ζ^{′′}_2 :|ζ^{′′}_2 −ζ^{′′}_1 |<3r

� � �1^{B8r}_ζ ′_1 1 H^{(Ω\B L+rox )} − z

U_ζ′′_2 � � �

× � �(a + H_o)^{1/2}Θ_{ζ′′1} 1 H^{(Ω)} − z χ_y � � , (5.17)

where S^{′′}_o := {q ∈ I : L + r_o − 2r < |q − x| < L + r_o + 3r}.

This yields the expectation bound E � � � �1^{B8r}_ζ ′_1 1 H^{(Ω\B L+rox )} − z χ_y � � � s� ≤ E � � � �1^{B8r}_ζ ′_1 1 H^{(Ω)} − z χ_y � � � s�

+ (const.) � ⟨ζ^{′′}_1 ,ζ^{′′}_2 ⟩ � ζ∈I |ζ−ζ^′_1|<9r E � � �U_ζ 1

H^{(Ω\B L+rox )} − z

U_ζ′′_2 � � � s

× � � �(a + H^o)^{1/2}Θ^{ζ′′}1 1 H^{(Ω)} − z χ_y � � � s� . (5.18)

For the terms in the sum of eq. (5.18) we first take the expectation conditioned on F^c_ζ′′_{1 ,ζ}′′_{2 ,ζ} and use the Cauchy-Schwarz inequality on the product. The resulting term E � � � �U^ζ 1 H^{(Ω\B L+rox )} − z

U_ζ′′_2 � �^{2s} � � � F^c_ζ′′_{1 ,ζ}′′_{2 ,ζ} � , (5.19)

is treated by eq. (4.19), while E � � � �(a + H_o)^{1/2}Θ_{ζ′′1} 1 H^{(Ω)} − z χ_y � �^{2s} � � �F^c_ζ′′_{1 ,ζ}′′_{2 ,ζ} � (5.20)

can be estimated through a straightforward variant of Lemma 4.4, with re-sampling done over all variables in I_ζ′′_{1 ,ζ}′′_{2 ,ζ} .

Averaging over the re-sampled variables yields E � � �1_{B8rζ ′} 1 1 H^{(Ω\B L+rox )} − z χ_y � �^s � ≤ E � � �1_{B8rζ ′} 1 1 H^{(Ω)} − z χ_y � �^s �

+ (const.)

C^s_λ ~C^s_λ 1 − 2s

(1 + 1/λ)^s(1 + |z − E_0|)^{2s(d+3)}D^{4s} × � ⟨ζ^{′′}_1 ,ζ^{′′}_2 ,ζ⟩ E � � �1_{Sζ ′′1 ,ζ ′′2 ,ζ} 1 H^{(Ω)} − z χ_y � �^s � . (5.21)

After inserting this into eq. (5.15) we arrive at eq. (5.2) by covering all the sets B^{8r}_{ζ1} , B^{8r}_ζ′_1 and S_ζ′′_{1 ,ζ}′′_{2 ,ζ} with balls B^r_α , α ∈ I. The factor L^{d−1} appears in this calculation since by A2 the sets S^′_o and S^{′′}_o contain CL^{d−1} points in I. This completes the proof of eq. (5.2).

The resulting expression for the coefficient ~C_{s,λ} ,

~C_{s,λ} = (const.) C^{2sλ}

~C3s_λ (1 − 2s)(1 − 3s)

, (5.22)

and the growth bounds for C_λ and ~C_λ provided by Lemmas 4.3 and 4.4 easily yield eq. (5.3). For the proof of eq. (5.4), we refer to Prop. 5.4 in the following section. □

5.2. Large disorder and blow-up regularity. In this section we consider the large disorder regime (λ >> 1) and discuss the use of assumption A3^′ to improve the bounds provided by Lems. 4.3 and 5.1 – i.e., eq. (4.19) and eq. (5.2). The basic idea is to apply Lemmas 4.3 and 4.4 to fluctuations of λη_ζ which are of order one.

It is instructive first to consider independent identically distributed random couplings η_ζ . Given λ > 1, we decompose the interval [0, 1] as a union of a finite number of intervals of length less than 1/λ with disjoint interiors, I_j = [a_j , a_{j+1}], and consider η_ζ as a super-position of its “integer” and “fractional” parts with respect to this decomposition:

λη_ζ = λa_ζ + f_ζ . (5.23)

Here the random variable a_ζ takes value a_j when η_ζ falls in the interval I_j , and f_ζ = λ(η_ζ − a_ζ ) is a random variable which takes values in the interval [0, 1]. The conditional distribution of f = f_α , at a specified value of a_α , is given by the following expression: ρ(f/λ + a_α ) λ � I_j ρ(η)dη

df , (5.24) where ρ is the common density for η_ζ . The denominator is just the probability that η_α falls in the interval I_j .

To apply Lemmas 4.3 and 4.4 to conditional averages with respect to f_ζ , we would need to use the following value for D:

D = D(λ) = sup_j ess-sup_{f∈Ij} ρ(f/λ + a_j ) λ � I_j ρ(η)dη

. (5.25)

For fixed λ > 1, this is certainly finite. However, D(λ) depends on λ as well as the choice of I_j . Blow-up regularity of the distribution ρ, which is guaranteed by assumption A3^′, is precisely the requirement that I_j = I_j (λ) may be chosen so that D(λ) remains bounded for large λ.

The situation for general couplings {η_ζ } obeying A3^′ is somewhat more complicated since we must admit random decompositions of the interval [0, 1]. Specifically, A3^′ guarantees that the conditional distributions ρ_α (η_ζ |ω) of η_α at specified values of the remaining couplings are almost-surely blow-up regular with uniformly bounded blow-up norm: D_{ρ α (·|ω)} ≤ D. Thus for each α we may choose I^α_j = I^α_j (ω) = [a^α_j (ω), a^α_{j+1}(ω)] which are measurable with respect to F^c_α , satisfy |I^α_j | ≤ 1/λ, and such that

sup_α ess-sup_ω max_j ess-sup_{f∈Iα}

j (ω)

ρ_α (f/λ + a^α_j (ω)|ω) λ � I^α_j (ω) ρα (η|ω)dη

≤ D . (5.26)

We now define a_ζ and f_ζ as above: a_ζ = a^α_j (ω) if η_ζ falls in I^α_j (ω) and f_ζ = λη_ζ −λa_ζ . The density of the distribution of f = f_α conditioned on a_α and F^c_α is

ρ_α (f/λ + a_α |ω) λ � I^α_j (ω) ρα (η|ω)dη

, (5.27)

which is a density supported in [0, 1] and bounded by D.

With these notions, it is an easy exercise in conditional expectations to prove the following extension of Lemma 4.3:

Proposition 5.3. Let H_ω be a random Schrödinger operator which satisfies A1, A2, and A3^′. Then eq. (4.17) of Lemma 4.3 holds with a coefficient C_λ which satisfies sup_λ C_λ < ∞, provided we use for D the constant appearing in A3^′ – i.e, the blow-up norm of the distribution.

Turning now to Lemma 4.4, we note that the disorder strength plays a role in the re-sampling procedure in addition to the averaging. Hence, it is most natural to use the lemma as stated and re-sample only the variables f_ζ with the a_ζ fixed. An argument along these lines will be used to complete the proof of eq. (5.4) from Lemma 5.1:

Proposition 5.4. Let H_ω be a random Schrödinger operator which satisfies IAD, A1, A2, and A3^′. Then eq. (5.2) of Lemma 5.1 holds with a coefficient ~C_{s,λ} which obeys eq. (5.4).

Proof. The proof follows closely the derivation of eq. (5.2) given above with a few modifications which we now indicate.

Let A denote the sigma-algebra generated by a_ζ , ζ ∈ I. Conditioning on A, we obtain a random Schrödinger operator with λ = 1 and couplings f_ζ , ζ ∈ I which obey IAD and A3. Thus, following the proof of Lemma 5.1 we obtain the following analog of eq. (5.14): E � � �χ_x 1 H^{(Ω)} − z χ_y � �^s � �A � ≤ (const.) 1 1 − 3s

(1 + |z − E_o|)^{3s(d+3)} D^{6s} × � ζ_1∈S_o ζ^′_1∈S^′_o E � � �χ_x 1 H^{(BL}x^) − z

1_B8r_{ζ 1} � � � s� � �A �

× E � � �1_{B8rζ ′} 1 1 H^{(Ω\B L+rox )} − z χ_y � �^s � �A � . (5.28)

We now average with respect to A, noting that H^{(BLx )} and H^{(Ω\B L+rox )} are independent by IAD, and this independence is inherited by conditional averages over A. The resulting bound is identical to eq. (5.14) with λ = 1. To complete the proof, use a similar argument to prove the analog of eq. (5.21), first conditioning on A to obtain coefficients with λ = 1. □

5.3. The criteria – proof of Theorem 1.2. Let

M_{s,λ} := ~C_{λ,s} D^{10s} × sup_{α∈I}

L>23r

#S^′_{α,L} L^{d−1}

, (5.29)

with the sets S^′_{α,L} as in Lemma 5.1, and suppose eq. (1.14) holds for some s ∈ (0, 1/3) and E ∈ R.

For each open set Ω ⊂ R^d and δ > 0, we define

G^δ_Ω (α, β) := sup_{|ε|<δ} E � � �χ_α 1

H^{(Ω)} − E − iε χ_β � �^s � (5.30)

with α, β ∈ I ∩ Ω. Whenever α, β ∈ I ∩ Ω with B^L_α ⊂ Ω and |α − β| > L + r_0 + 23r, Lemma 5.1 implies that

G^δ_Ω (α, β) ≤ e^{−γ(δ)} 1 #S^′_{α,L} � ζ∈S^′_{α,L}

G^δ_Ω (ζ, β) , (5.31)

with

e^{−γ(δ)} := M_{s,λ} (1 + 1/λ)^{2s}(1 + |E − E_0|)^{5s(d+2)}(1 + L)^{2(d−1)}

× sup_{ε<δ} sup_{α∈I} E � �χ α (H^{(BLα )} − E − iε)^{−1} 1_{δB}L_α � �^s � . (5.32)

Note that γ(δ) is a decreasing function of δ and the assumed finite volume bound eq. (1.14) shows that lim_{δ→0} γ(δ) > 0. In particular, there is δ_0 > 0 such that γ(δ) > 0 for δ < δ_o.

Let us define,

F^δ_Ω (ν) := sup_{α,β∈I∩Ω} e^{ν distΩ (α,β)/2L} G^δ_Ω (α, β) . (5.33)

The proof will proceed as follows. First, for ν < γ(δ) and bounded Ω, we derive an Ω independent bound on F^δ_Ω (ν). Second, unbounded Ω are handled via finite volume approximations. Finally, we pass to the limits δ → 0 and ν → γ.

Now, consider a bounded region Ω and α, β ∈ I ∩ Ω with dist_Ω (α, β) > 2L. Observe that either eq. (5.31) or its conjugate holds for this pair, since |α − β| >

2L > L + r_0 + 23r and one of B^L_α or B^L_β is contained entirely in Ω. If, say B^L_α ⊂ Ω, then eq. (5.31) implies

e^{ν distΩ (α,β)/2L} G^δ_Ω (α, β) ≤ e^{−γ(δ)} 1 #S^′_{α,L} � ζ∈S^′_{α,L}

e^{ν distΩ (α,β)/2L} G^δ_Ω (ζ, β)

≤e^ν e^{−γ(δ)} 1 #S^′_{α,L} � ζ∈S^′_{α,L}

e^{ν distΩ (ζ,β)/2L} G^δ_Ω (ζ, β) ,

(5.34)

where we have used the triangle inequality for dist_Ω and observed that dist_Ω (α, ζ) ≤ 2L for ζ ∈ S^′_{α,L} . If instead B^L_β ⊂ Ω, the conjugate version of eq. (5.31) implies the conjugate version of this bound. Either way, the end result is that

e^{ν distΩ (α,β)/2L} G^δ_Ω (α, β) ≤ e^ν e^{−γ(δ)} F^δ_Ω (ν) . (5.35) If ν < γ(δ), eq. (5.35) implies that F^δ_Ω (ν) may be found by restricting the supremum in eq. (5.33) to “nearby” pairs (here we use that F^δ_Ω (ν) is finite due to boundedness of Ω):

F^δ_Ω (ν) = sup

α,β:dist_Ω (α,β)<2L

e^{ν distΩ (α,β)/2L} G^δ_Ω (α, β) ≤ e^ν A(s, λ, E) , (5.36)

where A(s, λ, E) is the fractional moment estimate provided by Lemma 1.1.

To complete the proof, we must extend eq. (5.36) to unbounded regions. For this purpose, fix an open set Ω ⊂ R_d and let Ω_j = [−j, j]^d ∩ Ω. One may verify, for example using the geometric resolvent identity eq. (5.5) and the Combes-Thomas estimate [18], that for any α, β ∈ I ∩ Ω and z ∈ C \ R

lim_{j→∞} � �χ_α 1 H^{(Ω j )} − z χ_β − χ_α 1 H^{(Ω)} − z χ_β � � = 0 . (5.37)

Thus

sup_{|ε|≤δ} � �χ_α 1 H^{(Ω)} − E − iε χ_β � � ≤ lim inf_{j→∞} sup

|ε|≤δ � �χ_α 1 H^{(Ω j )} − E − iε χ_β � � , (5.38)

and by Fatou’s Lemma, G^δ_Ω (α, β) ≤ lim inf_{j→∞} G^δ_{Ω j} (α, β) , (5.39)

Since dist_{Ω j} (α, β) → dist_Ω (α, β), this implies eq. (5.36) holds for Ω when ν < γ(δ).

In the limit δ → 0, eq. (5.36) implies that

lim sup ε→0 E � � � �χ^α 1 H^{(Ω)} − E − iε χ_β � � � s� ≤ e^ν A(s, λ, E)e^{−ν dist Ω (α,β)/2L} (5.40)

for any ν < γ. Finally, taking ν → γ, we obtain eq. (1.15). □

6. Applications: results for distinct energy ranges To apply the above results on localization we need to verify the sufficiency criteria of Theorem 1.2 in specific disorder regimes and energy ranges. In this section we present several such results for regimes of interest, including the familiar large disorder and band edge (Lifshitz tail) regimes. The mechanisms which allow us to check eq. (1.14) are essentially those used to verify the initial length scale estimates for a multiscale analysis. As such, we do not attempt to give an exhaustive list of applications here, but rather try to illustrate how known methods may be combined with the arguments developed in this paper.

A useful feature of our results is that it suffices to check eq. (1.14) at a single energy E ∈ R, since the following continuity result allows us to extend the obtained bounds onto an interval containing E (as well as off the real axis).

Lemma 6.1. Let H satisfy A. Fix 0 < s < 1/2, a bounded domain Λ, and subsets Λ_1 and Λ_2 of Λ. Let G(z) := 1_{Λ 1} (H^{(Λ)} − z)^{−1} 1_{Λ 2} . Then z → E (‖G(z)‖^s) is locally Hölder-continuous with exponent s for all z ∈ C. More precisely, there exists a constant A_{s,λ} < ∞ such that

|E (‖G(z)‖^s) − E (‖G(w)‖^s)| ≤ A_{s,λ} N_Λ N^{1/2}_{Λ 1} N^{1/2}_{Λ 2} × (1 + |z − E_0|)^{s(d+2)}(1 + |w − E_0|)^{s(d+2)}|z − w|^s (6.1)

for all z, w ∈ C. Here N_Λ = #(I ∩ Λ) is the “volume” defined in the discussion following Lemma 4.3 and

A_{s,λ} ≤ const.

(1 + 1/λ)^{2s}

1 − 2s × � (1 + λ)^{2s(d+2)} if A3 holds, 1 if A3^′ holds.

(6.2)

Proof. By the resolvent identity, noting that 1_Λ = 1 on L^2(Λ),

G(z) − G(w) = (z − w)1_{Λ 1} (H^{(Λ)} − z)^{−1} 1_Λ (H^{(Λ)} − w)^{−1} 1_{Λ 2} . (6.3) Thus

|E (‖G(z)‖^s) − E (‖G(w)‖^s)| ≤ E (‖G(z) − G(w)‖^s)

≤ |z − w|^sE � ‖1_{Λ 1} 1 H^Λ − z

1_Λ 1 H^{(Λ)} − w

1_{Λ 2} ‖^s �

≤ |z − w|^sE � ‖1_{Λ 1} 1 H^{(Λ)} − z

1_Λ ‖^{2s}

�_{1/2} E � ‖1_Λ 1 H^{(Λ)} − w

1_{Λ 2} ‖^{2s}

�_{1/2} . (6.4)

The result now follows from Lemma 4.3 – see eq. (4.20) – combined with Prop. 5.3. □ A preliminary application of the continuity provided by Lemma 6.1 is the proof of Theorem 1.3.

Proof. Due to Lemma 6.1, we need only verify eq. (1.14) for the energy E appearing in eq. (1.17). For this we argue along the lines of the proof of Lemma 5.1, using the geometric resolvent identity eq. (5.5) to obtain for L > 23r,

χ_α 1 H^{(BL}α^) − z

1_{δB}L_α = χ_α 1 H − z

1_{δB}L_α − χ_α 1 H − z

[H, Θ_L] 1 H^{(BL}α^) − z

1_{δB}L_α (6.5) where Θ_L is any smooth function equal to one on B^{L−r}_α and zero on R^d \ B^L_α – recall that δB^L_α = {q : r < dist(q, ∂Λ) < 23r} ⊂ B^{L−r}_α . From this we conclude, as in the proof of eq. (5.21), that E � � �χ_α 1 H^{(BL}α^) − z

1_{δB}L_α � �^s � ≤ const. L^{2(d−1)} � ζ |ζ−α| < 23r E � � �χ_α 1 H − z χ_ζ � �^s � . (6.6) By assumption the right hand side is O(L^{3(d−1)} e^{−μL} ) uniformly in α. Thus eq. (1.14) is satisfied for sufficiently large L and the theorem follows. □

6.1. The multi-scale analysis regime. The region in which a multiscale analysis may be carried out provides another characterization of the localization regime. An important observation is that the “output” of the multiscale analysis implies the “input” eq. (1.14) for Theorem 1.2. Thus for the operators considered here the stronger results proved by our methods hold throughout the multiscale regime. A precise formulation of this statement is the following.

Theorem 6.1. Let H be a random Schrödinger operator which satisfies A and IAD. Suppose that for some A < ∞, μ > 0, ξ > 2(d − 1), C < ∞ and E ∈ R it holds for L sufficiently large that

sup_{α∈I} Prob � �χ_α 1 H^{(BL}α^) − E

1_{δB}L_0 � � > Ae^{−μL} � ≤ CL^{−ξ} . (6.7)

Then, given 0 < s < 1/3, there exist A^′ < ∞, μ^′ > 0 and an open interval J containing E such that

lim sup ε↓0 E � � �χ_x 1 H^{(Ω)} − E^′ − iε χ_y � �^s � ≤ A^′e^{−μ ′ distΩ (x,y)} (6.8)

for all open sets Ω ⊂ R^d, x, y ∈ Ω and E^′ ∈ J .

Bounds on the probability of exceptional behavior of the type of eq. (6.7) are a characterization of the localized regime mapped by the multi-scale analysis, where ξ can be made arbitrarily large, e.g. [16]. Using a “bootstrap” approach in which the output of one multi-scale analysis serves as the input for another, Germinet and Klein have shown that this probability is O(e^{−L α} ) with any α < 1 throughout the multi-scale regime [28]. A posteriori, we conclude from Theorem 1.2 that this bound may be replaced by O(e^{−νL} ) with ν > 0 for the operators considered here.

For ergodic random Schrödinger operators (see A4 in Section 6), there is a notion of “strong localization region,” introduced by [29], analogous to Dobrushin and Shlosman’s regime of complete analyticity in statistical mechanics [23]. The strong localization region may be characterized by any of a number of criteria, one of which is the applicability of the multi-scale analysis, and throughout this region all of those criteria hold (see [29, Theorem 4.4]). In the words of the authors of [29], it is a region “possessing every possible virtue we can imagine!” For the random operators considered here, one may add to that list of virtues exponential localization of Green function moments and dynamical localization in the (stronger) sense of Corollary 1.1.

Proof. Following the argument for the lattice case from Section 4.4 of ref. [6], we define complementary “good” and “bad” subsets of the probability space Ω by

Ω_G := � ω | ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖ ≤ Ae^{−μL} � (6.9)

and Ω_B := Ω^c_G. Then E � ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^s �

= E � ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^sI[ω ∈ Ω_G] �

+ E � ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^sI[ω ∈ Ω_B ] � . (6.10)

The first term is bounded by A^se^{−sμL} , while we may apply the Hölder inequality to bound the second term for any s < t < 1 by E � ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^t

�_{s/t} E (I[ω ∈ Ω_B ])^{1−s/t} . (6.11)

We may further estimate this by C(s, E, d)L^{(s(d−1)−ξ(t−s))/t} using (1) the fractional moment bound eq. (4.20) and (2) the assumed bound eq. (6.7) on Prob(Ω_B ). Here we have used that δB^L_0 contains O(L^{d−1} ) points in I.

In summary, we get the bound E � ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^s � ≤ A^se^{−sμL} + C(t, E, λ)^{s/t} L^{(s(d−1)−ξ(t−s))/t} , (6.12) uniformly in α. Since ξ > 2(d − 1) we can choose s sufficiently close to 0 and t close to 1 to guarantee (ξ(t − s) − s(d − 1))/t > 2(d − 1). Thus

lim sup L→∞ L^{2(d−1)} sup_{α∈I} E � ‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^s � = 0 , (6.13)

and we may choose L large enough that eq. (1.14) holds at E.

Working in the finite volumes B^L_α , we can use the continuity given by Lemma 6.1 and the continuity of b_s(λ, E) in E to conclude the existence of a complex neighborhood U of E such that eq. (1.14) holds for every E^′ + iε ∈ U. Then Theorem 1.2 applies at all real E^′ ∈ U, which concludes the proof by Theorem 6.1. □

6.2. Large disorder. Perhaps the easiest localization regime to understand is that induced at the bottom of the spectrum by large disorder. If we fix an energy E > E_0 and a length scale L we may adjust λ so that for any x ∈ R^d it is overwhelmingly likely that E is far below the bottom of the spectrum of the “local Hamiltonian,” i.e., H^{(BLx )}. Heuristically, this suggests that E lies in the localization regime, since the resolvent (H^{(BLx )} − E)^{−1} is typically bounded with small norm.

In the discrete setting, the quantitative bound E(|G(x, x)|^s) ≲ 1/λ^s provides the basis for the ‘single-site’ criterion of [4]. For the operators considered here, by taking λ large enough one may directly verify the localization condition eq. (1.14) at any fixed finite scale L allowed in Theorem 1.2. In fact, eq. (1.14) may be satisfied uniformly for all energies in an arbitrary finite interval. For this result, we assume blow-up regularity A3^′ to insure that the constants which appear in eq. (1.14) remain bounded as λ increases.

Theorem 6.2. Let H satisfy IAD, A1, A2 and A3^′. Then to every E_1 ∈ R and 0 < s < 1/3 there exists λ_0 = λ_0(E_1, s) such that for every λ > λ_0 there are constants A < ∞ and μ > 0 such that for any open set Ω ⊂ R^d

lim sup ε↓0 E � � �χ_x 1

H^{(Ω)} − E − iε χ_y � �^s � ≤ Ae^{−μ dist Ω (x,y)} (6.14)

for all E ∈ [E_0, E_1] and x, y ∈ Ω.

Remark: The proof will show that we can take λ_0 ∝ (1 + |E_1 − E_0|)^{2+3d/2}.

Proof. As mentioned in the introduction, we cannot use Lemma 1.1 to verify eq. (1.14), since the r.h.s. of eq. (1.7) does not approach 0 as λ → ∞. Instead we fix any L > 23r and use the method discussed in Section 3.1 to show that E(‖χ_α (H^{(BLα )} − E)^{−1} 1_{δB}L_α ‖^s) approaches 0 as λ → ∞. This method gives volume dependent bounds on fractional moments, but as L is fixed in the present argument that is of no importance.

By the covering condition in A2 it suffices to show that E � � �U_β 1 H^{(BL}α^) − E

U_ζ � �^s � → 0 as λ → ∞ (6.15)

for all β, ζ ∈ I. Convergence needs to be shown uniformly with respect to α, β, ζ ∈ I and E ∈ [E_0, E_1]. One may then switch to complex energy using Lemma 6.1 and complete the proof with Theorem 1.2.

To derive eq. (6.15), we write H = H^{(BLα )}, understanding henceforth that all operators are restricted to L^2(B^L_α ). Let ^H = H − λη_β U_β − λη_ζ U_ζ and define η_± =^1_2 (η_β ± η_ζ ), so that η_β U_β + η_ζ U_ζ = η_+(U_β + U_ζ ) + η_− (U_β − U_ζ ). Assumption A2 and the Birman-Schwinger argument yield

‖U_β 1 H − E

U_ζ ‖ ≤ b_+‖(U_β + U_ζ )^{1/2} 1 H − E

(U_β + U_ζ )^{1/2}‖

= b_+ � �[ ^K^{−1}_{E,η −} + λη+]^{−1} � � , (6.16)

where ^K_{E,η −} = (U_β +U_ζ )^{1/2}(Ĥ +λη_− (U_β −U_ζ )−E)^{−1} (U_β +U_ζ )^{1/2} in L^2((supp U_β ∪ supp U_ζ ) ∩ B^L_α ).

Now η_+ ∈ [0, ∞) and with η_− fixed one can use the argument described in Section 3.1 to show that � � � η_+ ∈ [0, ∞) : ‖[ ^K^{−1}_{E,η −} + λη_+]^{−1} ‖ > t � �≤ (1 + ξ_{E,η −} ) λt , (6.17)

where ξ_{E,η −} may be expressed as a spectral shift function:

ξ_{E,η −} ≤ Tr � P ( ^H + λη_− (U_x − U_y) < E) �

− Tr � P ( ^H + λη_− (U_x − U_y) + λ(U_x + U_y) < E) � . (6.18)

Since both Schrödinger operators appearing in eq. (6.18) are positive perturbations of H_0, we may bound each trace by a Weyl-type bound (see eq. (3.8)) to yield

ξ_{E,η −} ≤ Tr P (H_0 < E) ≤ const. (1 + |E − E_0|)^{d/2}L^d . (6.19)

Averaging over η_+, η_− as in the proof of Prop. 4.2 we obtain the following bound:

Prob � � �U_β 1

H^{(BL}α^) − E

U_ζ � � � > t|F^cβ,ζ � ≤ const. D^2 L^d

(1 + |E_1 − E_0|)^{d/2} λt , (6.20)

for any α, β, ζ ∈ I and E ∈ [E_0, E_1], from which eq. (6.15) follows. □

6.3. Localization via density of states bounds. To state the bounds in this section, which are based on the notion of the density of states, it is necessary to assume that the random operator H_ω is ergodic, i.e. its distribution is invariant under a sufficiently large group of translations. In particular this implies that the spectrum of H_ω is a non-random set, c.f. [51, 64]. Hence, throughout we make the additional assumption

A4: I is a lattice containing the origin, U_α = U(· − α), and H_ω is ergodic with respect to shifts in I.

We will drop the supremum over α in eq. (1.14) and work with α = 0, since if A4 holds eq. (1.14) is equivalent to

b_s(λ, E)(1 + L)^{2(d−1)} lim sup_{ε↓0} E � � �χ_0 1 H^{(BL}0^) − E − iε

1_{δB}L_0 � � � s� < 1 , (6.21)

where b_s(λ, E) := M_{s,λ} (1 + 1/λ)^{2s}(1 + |E − E_0|)^{5s(d+2)} . (6.22) For simplicity, we shall assume that the lattice I = Z^d and work throughout with the ‘ℓ^∞-norm’ on R^d: |x| = max_j |x_j |. Thus balls are cubes with sides parallel to the co-ordinate axes and unit balls are fundamental cells for the lattice I. The reader should have no problem extending the results below to more general lattices, in which case it is natural to work with the ‘ℓ^∞-norm’ induced on R^d by the decomposition of a vector into components parallel to lattice generators.

The density of states measure for an ergodic random Schrödinger operator is a Borel measure κ on the real line defined through a limiting procedure via its action on compactly supported continuous functions: � f(t)κ(dt) := lim_{L→∞} 1 (2L)^d

Tr f(H^{(Λ L)}) (6.23)

where Λ_L = B^L_0 = [−L, L]^d. For the operators considered here, A4 implies that this limit exists, is non-random [51], and is equal to � f(t)κ(dt) = lim_{L→∞} 1 (2L)^d

Tr E � f(H^{(Λ L)}) � = 1 |C| E (Tr 1_C f(H)) , (6.24)

where C is any unit cell of the lattice I, e.g., [0, 1]^d. In addition, the random operators studied here satisfy a Wegner estimate which shows that the density of states measure is absolutely continuous with a density which is in L^p_{loc} for all finite p [17].

We also introduce the finite volume measures � A κ_L(dt) = E � Tr P_A(H^{(Λ L)}) � . (6.25)

Again κ_L is absolutely continuous with a density in L^p_{loc} [17]. Note that lim_L κ_L = κ in the sense of weak convergence in the dual space of the compactly supported continuous functions.

If E is a band edge of the almost sure spectrum of H, e.g. if E = inf σ(H), then it is generally expected that κ[E, E + ΔE] vanishes to high very order in ΔE. This phenomenon was first observed by I. M. Lifshitz [46] and the regions where such estimates hold are called ‘Lifshitz tails’.

In the Lifshitz tail regime one expects it is very rare to find an eigenvalue of a finite volume operator near the band edge E. With favorable estimates this suggests localization should hold near E since the Combes-Thomas estimate [18, 11] may typically be used to obtain resolvent decay across finite volumes.

One result in this vein shows that smallness bounds for the finite volume measures κ_L may be used to verify the localization criterion in Theorem 1.2 in a similar way as done for initial length scale estimates in proofs of band edge localization via multiscale analysis.

Theorem 6.3. Let H satisfy IAD, A1-4. Suppose that for some β ∈ (0, 2), ξ > 2(d − 1), C_1 > 0, C_2 > 0, and E ∈ R it holds for sufficiently large L that

κ_L � [E − C_1L^{−β} , E + C_1L^{−β} ] � < C_2L^{−ξ−d} . (6.26)

Then the conclusion of Theorem 6.1 holds.

Proof. The proof is very similar to the proof of Theorem 6.1. This time, define Ω_G := {ω : dist(σ(H^{(Λ L)}), E) > C_1L^{−β} } and Ω_B = Ω^c_G. Then, using eq. (6.26)

Prob(Ω_B ) ≤ E � Tr P_{[E−C 1L}−β_{,E+C1L}−β_](H^{(Λ L)}) � = (2L)^dκ_L � [E − C_1L^{−β} , E + C_1L^{−β} ] � ≤ 2^dC_2L^{−ξ}

(6.27)

The improved Combes-Thomas estimate due to ref. [11] implies that there are η > 0 and C < ∞ such that for ω ∈ Ω_G, � �χ_0 1

H^{(Λ L)} − E

1_{δΛ L} � � ≤ CL^β e^{−ηL 1−β/2} . (6.28)

This gives a bound for the analogue of the first term on the right hand side of eq. (6.10). From here on the proof is identical to the proof of Theorem 6.1. □

There are two well-known situations in which bounds of the form (6.26) can be derived. One is the aforementioned Lifshitz-tail regime, which generally holds if the background operator H_0 is I-periodic and E is the infimum of the almost sure spectrum. In this case one gets eq. (6.26) for arbitrary ξ > 0, see e.g. [16, 39]. Conditions on the periodic background operator for the appearance of this regime at more general band edges were given by F. Klopp [40].

It is not known if the conditions used in ref. [40] hold for general periodic H_0. But one always has the second option of “forcing” a bound like eq. (6.26) to hold by assuming the distribution density ρ of the random coupling constants η_α has small tails near the boundary of their support. For example, one gets eq. (6.26) with ξ ∈ (0, 2τ −d) at a lower band edge E_0 of the almost sure spectrum if

�_h 0 ρ(q) dq = O(h^τ ) for h → 0, see [39, Prop. 4.1]. Thus Theorem 6.3 is applicable if τ > (3d − 2)/2.

To complement the above discussion, it is interesting to note that one may prove localization directly from an estimate on the infinite volume density of states.

Theorem 6.4. Let H satisfy IAD, A1-4. For each ξ > 3d − 1 and E ∈ R, there exists C = C(E, ξ, λ) > 0 and δ_0 = δ(E, ξ, λ) such that if for some δ < δ_0

κ([E − δ, E + δ]) ≤ C δ^ξ , (6.29) then there exist s ∈ (0, 1), A < ∞, and μ > 0 such that for any open set Ω ⊂ R^d

lim sup ε↓0 E � � �χ_x 1 H^{(Ω)} − E^′ − iε χ_y � �^s � ≤ A e^{−μ dist Ω (x,y)} , (6.30)

for every E^′ ∈ [E − δ/4, E + δ/4].

Proof. Klopp has shown that the densities of states for periodic approximations to a random Schrödinger operator approach the infinite volume density of states extremely rapidly, c.f. refs. [40, 41]. We shall adapt his argument to use eq. (6.29) to bound the probability that a certain finite volume operator with random quasiperiodic boundary conditions has spectrum in the interval [E − δ/2, E + δ/2]. Together with arguments in the proof of Thms. 6.1 and 6.3 this will imply the theorem via an analogue of Theorem 1.2 in which the smallness criterion is satisfied for a quasi-periodic finite volume Hamiltonian. That result may be proved in exactly the same way as Theorem 1.2 since, as remarked in the introduction, quasi-periodic boundary conditions preserve all the properties implied by A1 which were needed in the proof.

We begin by introducing a sequence of periodic approximations to H. For each ℓ ∈ N greater than r_o, define a random potential V^P_ℓ which is periodic under translations in ℓI:

V^P_ℓ (q) := � α∈I∩Λ_{ℓ/2}

η_α � ζ∈ℓI

U(q − α − ζ) , (6.31)

and note that for any set Λ ⊂ R^d with diameter less than ℓ−r_o the random functions V^P_ℓ (q)1_Λ (q) and V (q)1_Λ (q) are identically distributed. We define

H^P_ℓ := H_0 + V^P_ℓ . (6.32)

Then H^P_ℓ is periodic under shifts in ℓI and its distribution is invariant under shifts in I.

The averaged density of states measure for H^P_ℓ , denoted κ^P_ℓ , is defined to be

κ^P_ℓ (A) := 1 ℓ^d E � Tr 1_{Λ ℓ/2} P_A(H^P_ℓ ) � . (6.33)

By translation invariance of the distribution of H^P_ℓ , this is also given by

κ^P_ℓ (A) = E � Tr 1_C P_A(H^P_ℓ ) � , (6.34)

with C = [0, 1]^d.

In the present situation, the arguments of ref. [41] may be adapted to show: For each n > 0 there exists C_n = C_n(E) such that

κ^P_ℓ ([E − δ/2, E + δ/2]) ≤ κ([E − δ, E + δ]) + C_n ℓ^{d+1−n} δ^{−n} . (6.35)

Since our assumptions differ somewhat from those ref. [41], let us describe the proof of eq. (6.35). In the following we use C(E) to denote a generic energy and dimension dependent parameter whose value does not depend on the length scale ℓ but may change from line to line. Choose a C^∞ function f with 1_{Jδ/2} ≤ f ≤ 1_{Jδ} where J_t := [E − t, E + t]. Then

κ^P_ℓ (J_{δ/2}) ≤ E � Tr 1_C f(H^P_ℓ ) � ≤ κ(J_δ ) + E � Tr 1_C (f(H^P_ℓ ) − f(H))1_C � . (6.36)

Using the Helffer-Sjöstrand formula [32, 20], write

1_C (f(H^P_ℓ ) − f(H))1_C = � J_δ ×[−1,1] � ∂_{z̄} ~f_n(z) � 1_C � 1 z − H^P_ℓ − 1 z − H � 1_C dxdy , (6.37)

where z = x + iy and ~f_n is an “almost-analytic” extension of f which vanishes to order n at y = 0:

~f_n(x + iy) = � � n� j=0 1 j! f^{(j)}(x)(iy)^j � � σ(y) . (6.38)

Here σ is a fixed cut-off function supported in [−1, 1] and identically one in a neighborhood of zero. The key property here is that ∂_{z̄} ~f(x + iy) = O � |y|^n/δ^{n+1} � as may be verified directly.

The difference of resolvents appearing in eq. (6.37) can be expressed in terms of the geometric resolvent identity eq. (5.5):

1_C � 1 z − H^P_ℓ − 1 z − H � 1_C = 1_C 1 z − H^P_ℓ

[H, Θ] 1 z − H

1_C (6.39)

with Θ any function which is identically one in a neighborhood of C and supported inside Λ_{ℓ/2−r o} . We choose Θ with ∇Θ supported in a strip of width one near the boundary of Λ_{ℓ/2−r o} .

Using a “commutator argument” similar to that in the proof of Lemmas 4.3 and 4.4, we may show that for z ∈ J_δ × {[−1, 0) ∪ (0, 1]},

[H, Θ] 1 z − H

1_C = T Ψ 1 z − H

1_C , (6.40)

where T is a trace class operator with Tr |T | ≤ C(E) ℓ^{d−1} (6.41) and Ψ is a function which is identically one on the support of ∇Θ and also supported in a strip of width order one near the boundary of Λ_{ℓ/2−r o} . Therefore � � �Tr 1^C 1 z − H^P_ℓ

[H, Θ] 1 z − H

1_C � � �≤ C(E)ℓ^{d−1} � � �1^C 1 z − H^P_ℓ Ψ � � � � � �Ψ 1 z − H

1_C � � � ≤ C(E) ℓ^{d−1} 1 y^2 e^{−μ(E)yℓ} , (6.42) where we have used the Combes-Thomas bound [18, 11] to estimate the resolvent norms.

Putting this into eq. (6.37) we find that � Tr 1_C (f(H^P_ℓ ) − f(H))1_C � ≤ C(E) � J_δ ×[−1,1]

y^n δ^{n+1} ℓ^{d−1} 1 y^2 e^{−μ(E)yℓ} dxdy

≤ C(E, n) ℓ^{d−n} δ^{−n} ,

(6.43)

which completes the proof of eq. (6.35).

We now recall some standard facts from the Bloch/Floquet theory of periodic operators, c.f. [53]. For each k ∈ BZ with BZ = [0, 2π]^d define the restriction of H^P_ℓ to Λ_{ℓ/2} with quasi-periodic boundary conditions at quasi-momentum k/ℓ to be the self-adjoint operator H_{ℓ;k} on L^2(Λ_{ℓ/2}) that agrees with H when applied to functions compactly supported in the interior of Λ_{ℓ/2} and whose domain includes all functions on Λ_{ℓ/2} of the form e^{ik·x/ℓ}ϕ(x) with ϕ(x) smooth and periodic.

It is well known that the periodic density of states κ^P_ℓ may be obtained as an average of the densities for H_{ℓ;k}:

κ^P_ℓ (J_{δ/2}) = 1 (2π)^d � BZ κ_{ℓ;k}(J_{δ/2}) dk , (6.44)

where the quasi-periodic densities κ_{ℓ;k} are defined by

κ_{ℓ;k}(A) := 1 ℓ^d

E (Tr P_A(H_{l;k})) . (6.45)

Now consider the probability space Ω^′ = Ω × BZ with associated measure Prob^′ = Prob × dk/(2π)^d, and let H_ℓ = H_{ℓ;ω}′ be a random Schrödinger operator with ω^′ = (ω, k) ∈ Ω^′ distributed according to Prob^′. As in the proof of Thms. 6.1 and 6.3, we define complementary good and bad sets, Ω_G := {ω^′ : dist(σ(H_{ℓ;ω}′ ), E) > δ/2} and Ω_B = Ω^′ \ Ω_G.

Using eq. (6.44) and eq. (6.35) we see that

Prob^′(Ω_B ) ≤ E^′ � Tr P_{Jδ/2} (H_{ℓ;ω}′ ) � = ℓ^dκ^P_ℓ (J_{δ/2})

≤ ℓ^dκ(J_δ ) + C_nℓ^{2d−n} δ^{−n} .

(6.46)

On the other hand, the improved Combes-Thomas bound [11] shows that there are A < ∞ and μ > 0 such that for ω^′ ∈ Ω_G and E^′ ∈ J_{δ/4} � �χ_0 1 H_{ℓ;ω}′ − E^′ δΛ_ℓ � � ≤ A δ^{−1} e^{−μδ 1/2ℓ} . (6.47)

Arguing as in the proof of Theorem 6.1 this implies

E^′ � � � �χ^0 1 H_{ℓ;ω}′ − E^′ δΛ_ℓ � � � s� ≤ A^s δ^{−s} e^{−sμδ 1/2ℓ}

+ C(t, λ, E)^{s/t}ℓ^{(2+s)(d−1)} � ℓ^dκ(J_δ ) + C_nℓ^{2d−n} δ^{−n}

�_{1−s/t} , (6.48)

for any s < t < 1. Thus

ℓ^{2(d−1)} E^′ � � �χ_0 1

H_{ℓ;ω}′ − E^′ δΛ_ℓ � �^s � ≤ C max(A_1, A_2, A_3) (6.49)

with A_1 = δ^{−s} ℓ^{2(d−1)} e^{−sμδ 1/2ℓ} ,

A_2 = ℓ^{(2+s)(d−1)+(1−s/t)d} κ(J_δ )^{1−s/t} ,

A_3 = ℓ^{(2+s)(d−1)+(1−s/t)(2d−n)} δ^{−n(1−s/t)} .

(6.50)

By the analogue of Theorem 1.2 discussed above, in which the Dirichlet operator H^{(Λ ℓ)} is replaced by the random quasi-periodic operator H_ℓ, we see that there is fixed quantity B = B(s, λ, E) such that if max_j (A_j ) < B then the conclusion of the present theorem holds, i.e., the interval J_{δ/4} is contained in the localization regime. Note that the infinite volume operator does not depend on the quasi-momentum k. Nonetheless, the finite volume quasi-periodic operators may be used because locally, i.e., for functions supported in the interior of the cube Λ_ℓ, they agree with the infinite volume operator.

To obtain a concrete result, we let ℓ ≈ δ^{−r} for some r > 1. Then A_1 < B and A_3 < B for all sufficiently small δ provided we choose n sufficiently large. Thus, there is δ_0 > 0 such that for δ < δ_0 the condition max_j (A_j ) < B is equivalent to requiring that A_2 = δ^{−ξ(1−s/t)} κ(J_δ )^{1−s/t} < B , (6.51) where ξ = rd + r(d − 1)(2 + s)/(1 − s/t). With the appropriate choice of 0 < s < t < 1 and r > 1 we can obtain any ξ > 3d − 1. This completes the proof of Theorem 6.4. □

Appendix A. Technical comments

Following are some comments of technical nature, which are intended to supplement the discussion of the assumptions and results stated in the introduction. (1) (The operator nature of H_ω) Under the stated assumptions, H_ω is essentially self adjoint on C^∞_o [44]. The random potential V_ω(q) is non-negative and uniformly bounded by λb_+. The operator H_ω is bounded below, with σ(H_ω) ⊂ [E_0, ∞). (2) For 1 ≤ p < ∞ let I_p denote the Schatten class of order p, i.e., the ideal of bounded operators A on L^2(R^d) with ‖A‖_p := (Tr |A|^p)^{1/p} < ∞. Then for all z in the resolvent set of H, ρ(H), and all f ∈ L^p(R^d) with p > d/2,

f(q)(H_ω − z)^{−1} ∈ I_p (A.1)

Also, for any a > −E_0, f(q)(H_ω + a)^{−r} ∈ I_p (A.2) if f ∈ L^p(R^d) and r > d/2p. Proofs can be found, for example, in refs. [58, 60]. Under the assumptions A2 and A3, which imply bounds on the random potential V_ω(q), the Schatten class bounds hold uniformly in ω.

(3) Weak solutions of Hφ = zφ, z ∈ C, have the unique continuation property, i.e. if φ vanishes on a non-empty open set, then φ vanishes identically. This follows from ref. [35] which requires only local form-boundedness of V^2_o , A^2, and (∇ ∧ A)^2 with respect to the Laplacian. There is quite a bit of literature on unique continuation allowing more general A and V ; c.f., [13, 60, 34, 42, 68, 69].

(4) The above three properties hold also for the restrictions of H to any open set Ω with Dirichlet boundary conditions and for the restriction to any cube Λ_{x,L} := x + [−L/2, L/2]^d with Neumann or quasi-periodic boundary conditions (see Section 6.3).

(5) (The regularization by i0) For unbounded regions Ω one knows that the operator norm limit

χ_x(H^{(Ω)}_ω − E − i0)^{−1} χ_y := lim_{ε↓0} χ_x(H^{(Ω)}_ω − E − iε)^{−1} χ_y (A.3)

exists almost surely for almost every E ∈ R. This follows from Fubini’s theorem and the fact that, for fixed ω, χ_x(H^{(Ω)}ω − E − i0)^{−1} χ_y exists for almost every E. To prove the latter one writes

χ_x(H^{(Ω)}_ω − E − iε)^{−1} χ_y = χ_x(H^{(Ω)}_ω − E − iε)^{−1} P_I (H^{(Ω)}_ω )χ_y

+ χ_x(H^{(Ω)}_ω − E − iε)^{−1} P_{R\I} (H^{(Ω)}_ω )χ_y, (A.4)

where I is a bounded interval and we denote the spectral projection onto a measurable set M for a self-adjoint operator H by P_M (H). If E is in the interior of I, then the second term in the sum trivially has a limit. For the first term, a polarization argument shows that it suffices to consider G_A(E + iε) := 1_A(H^{(Ω)}ω − E − iε)^{−1} P_I (H^{(Ω)}ω )1_A for bounded regions A. The operator function z → G_A(z) defined for z in the upper half plane C_+ is trace class valued (see eq. (3.8)) and analytic with non-negative imaginary part. It follows from a result of de Branges [22], also used in Appendix B, that the limit exists for almost every E. To conclude one exhausts R with bounded intervals I.

By eq. (A.3) we can extend the bound (1.7) to E(‖χ_x(H^{(Ω)} − E − i0)^{−1} χ_y‖^s) for almost every E. However, it is convenient for us to have eq. (1.7) for all E, which is why we prefer to state it with the supremum over ε > 0 outside the expectation.

(6) (The removal of i0 for bounded domains) If we fix a bounded region Ω, then any fixed E ∈ R is almost surely not in σ(H^{(Ω)} ), as follows from the assumptions on the distribution of the random couplings stated in Section 1.2 (via analytic perturbation theory and unique continuation of eigenfunctions). Thus, � �χ_x(H(Ω) − E) −1 χ_y � � is an almost surely finite random variable, and Fatou’s lemma shows that the fractional moment bound (1.7) on E(‖χ_x(H^{(Ω)} − E − iε)^{−1} χ_y‖^s) implies also such a bound for ε = 0 .

(7) (Results for large disorder regime) Readers familiar with fractional-moment methods for discrete random operators will likely note the bound we obtain in Lemma 1.1 is a bit weaker than the a-priori bound derived in that context, which falls off like λ^{−s} for large λ. We show below – in the proof of Theorem 6.2 – that the s-moments of the resolvent of H^{(Ω)}ω for a bounded region Ω are O(|Ω|^s/λ^s). Coupled with Theorem 1.2 this will allow us to conclude localization at “large disorder.” However, we do not show here that the fractional-moments of the infinite volume resolvent tend to zero for large λ (although this may still be true). (8) (Possible coexistence of bulk localization with extended boundary states) An operator may exhibits localization in the bulk (in terms of transition amplitides) along with extended boundary states occurring in certain geometries. Such situations have been studied and are of particular interest for the Quantum Hall Effect, with H_o the Landau operator ([21, 24]). Our use of the domain-adapted metric, dist_Ω - in which exponential decay is compatible with the above picture, allows the analysis of localization to proceed even in such cases. However, it is also possible to formulate other finite volume criteria which rule out extended surface states. The input conditions need to be more restrictive and involve propagators between boundary regions in arbitrary geometries. For this purpose one may present a modified version of Theorem 1.1, changed in a manner similar to what was done for discrete models in ref. [6, Theorem 1.1]. A key point is that the domain-adapted metrics can be replaced in (1.10) by the usual distance, in which case the conclusions (eq. (1.11) and pure point spectrum) hold in any sufficiently regular region and in particular, under the stronger assumptions, rule out also extended boundary states.

(9) (Energy dependence of the bounds) We note that Theorem 1.1 only requires exponential decay of the energy-averaged Green function. However, typically this will be established, for example by Theorem 1.2, through a bound which is uniform in energy.

(10) (The use of trace norm) While operator norm bounds might be considered sufficient for applications, we note that eq. (1.11) holds as a trace norm bound for the quantity on the left. This extension naturally follows from our proof (see Section 3), which uses term by term bounds on sums of rank one operators, and the latter have equal operator and trace norms.

(11) (The assumption A3’) The condition of blow-up regularity of a random variable X requires its probability density to be absolutely continuous, with a bounded density ρ(·), since eq. (1.22) implies (for arbitrary n)

ρ(x) = n � ρ_n(nx − y|y)μ_n(dy) , (A.5)

where μ_n is the probability distribution of Y^{(n)}. The converse is not true: there exist bounded densities such that the associated probability measure has infinite blow up norm. However, if ln ρ is Lipschitz-continuous then D_ρ < ∞. In this case, a particularly simple decomposition of the random variable X with distribution ρ(x)dx is obtained with X^{(n)} the fractional part of nX, so that Y^{(n)} is integer valued and ρ_n(x|j) := ρ(j/n + x/n) n �_{(j+1)/n} j/n ρ(x)dx

. (A.6)

The Lipschitz condition guarantees the uniform boundedness of ρ_n defined in this way. A particularly simple example, for which the results are already of interest, is provided by the uniform distribution in [0, 1].

Appendix B. A “weak L^1” bound for resolvents of dissipative operators

The goal of this appendix is to provide a proof of Lemma 4.1. All the main arguments are taken from [49].

We will use here that a maximally dissipative operator A in H has a selfadjoint dilation L in a Hilbert space H̃ which contains H as a subspace, i.e.

(A − ξ)^{−1} = P (L − ξ)^{−1} P^∗ (B.1)

for every ξ ∈ C with Im ξ < 0. Here P is the orthogonal projection onto H in H̃. For this and much more on the general theory of dissipative operators see the survey [52] or the book [65] (where the equivalent theory of contractions and their unitary dilations is presented).

We start the proof of Lemma 4.1 with two reduction steps. First, we show that it is sufficient to deal with the case M_1 = M = M^∗_2 .

Thus, let us assume that it is proven that

|{v ∈ R : ‖M^∗ (A − v + i0)^{−1} M‖_{HS} > t}| ≤ C t ‖M‖^2_{HS} (B.2)

for all self-adjoint A in H and Hilbert-Schmidt operators M : H_1 → H.

The estimate (4.8) follows from (B.2) by a polarization and a scaling argument. For this let us temporarily write T = (A − v + i0)^{−1} . One checks that

M_2T M_1 = 1 2 (M_2 + M^∗_1 )T (M^∗_2 + M_1) − i 2 (M_2 − iM^∗_1 )T (M^∗_2 + iM_1) − 1 − i 2 M_2T M^∗_2 −

1 − i 2 M^∗_1 T M_1. (B.3)

All four terms on the r.h.s. of (B.3) are of the type which is covered by (B.2). The set {v : ‖M_2T M_1‖_{HS} > t} is contained in the union of {v : ‖^1_2 (M_2 + M^∗_1 )T (M^∗_2 + M_1)‖_{HS} > t/4} and three similar sets. Applying (B.2) to all of them gives

|{v : ‖M_2T M_1‖_{HS} > t}| ≤

C_1 t (‖M_2‖^2_{HS} + ‖M_1‖^2_{HS} ) (B.4)

with a suitable constant C_1. Scaling of (B.4) yields

|{v : ‖M_2T M_1‖_{HS} > t}| = � � � � v : � � � M_2 ‖M_2‖_{HS} T M_1 ‖M_1‖_{HS} � � �_{HS} > t ‖M_1‖_{HS} ‖M_2‖_{HS} � � � ≤ 2C_1 t ‖M_1‖_{HS} ‖M_2‖_{HS} , (B.5)

and thus (4.8).

It remains to show (B.2), which follows if we can show that

|{v ∈ R : ‖M^∗ (A − v + iδ)^{−1} M‖_{HS} > t}| ≤ C t ‖M‖^2_{HS} (B.6)

for all δ > 0, with C < ∞ independent of δ.

To show that (B.6) implies (B.2), consider the function Φ defined on C^− = {Im ξ < 0} by Φ(ξ) = M^∗ (A − ξ)^{−1} M. The function Φ is analytic and takes values in the trace class operators on H with non-negative imaginary part. By a result of de Branges [22], later proven independently in [9] and [15], Φ(v−i0) := lim_{δ↓0} Φ(v−iδ) exists in Hilbert-Schmidt norm for almost every v ∈ R. Together with (B.3) this implies the existence statement in part (1) of Lemma 4.1. For δ ≥ 0 let g_δ denote the characteristic function of the set {v ∈ R : ‖M^∗ (A − v + iδ)^{−1} M‖_{HS} > t}.

One checks that g_0(v) ≤ lim inf_{δ↓0} g_δ (v) for almost every v. Therefore (B.2) is a consequence of (B.6) and Fatou’s lemma.

Before we proceed with the remaining proof of (B.6), we state two classical facts on Hilbert transforms which will be used.

The Hilbert transform of a function f : R → C is defined by the principle-value integral

Hf(x) = 1 π lim_{ε↓0} � R\[x−ε,x+ε]

f(y) x − y dy, (B.7)

whenever this limit exists. The same definition applies when f takes values in a Hilbert space, in which case the r.h.s. of (B.7) is interpreted as a Bochner integral.

Proposition B.1. Suppose that Φ ∈ H^2(C^− ), i.e. Φ : C^− → C is analytic and

sup_{y>0} � R |Φ(x − iy)|^2 dx < ∞. (B.8)

Then the boundary value Φ(x) = lim_{y↓0} Φ(x − iy) exists for almost every x ∈ R, Φ ∈ L^2(R), and its real and imaginary parts are conjugate, i.e.

Re Φ(x) = H(Im Φ)(x) for a.e. x ∈ R. (B.9)

Proposition B.2. Let H be a separable Hilbert space and f ∈ L^1(R, H) in the sense of Bochner integration. Then the Hilbert transform Hf(y) ∈ H exists for a.e. y ∈ R, and there exists a constant C < ∞, independent of f, such that for all t > 0

|{y ∈ R : ‖Hf(y)‖_H > t}| ≤ C t � R ‖f(x)‖_H dx. (B.10)

A modern proof of Proposition B.1 can be found in [27]. Proposition B.2, i.e. the weak-L^1-property of the Hilbert transform, is well known for the case H = C. A proof in the context of more general Calderon-Zygmund inequalities can be found in [63, Chapter 2], where it is remarked that the result extends to the H-valued case. Detailed proofs of such results for vector-valued functions, which contain Proposition B.2 as a special case, can be found in [55].

We now apply these facts to T_δ (v) := M^∗ (A − v + iδ)^{−1} M. The trace class norm will be denoted ‖ · ‖_1. The real and imaginary parts of bounded operators are defined as usual by Re C =^1_2 (C + C^∗ ) and Im C =^1_{2i} (C − C^∗ ).

Lemma B.3. For every δ > 0 it holds that � R ‖Im T_δ (v)‖_{HS} dv ≤ � R ‖ImT_δ (v)‖_1 dv = π‖M‖^2_{HS} . (B.11)

Proof. The first part of (B.11) follows from ‖·‖_{HS} ≤ ‖·‖_1. Let E(t) be the spectral resolution of the selfadjoint dilation L of A and ϕ ∈ H_1. Then by (B.1), the spectral theorem, and Fubini � ⟨Im T_δ (v)ϕ, ϕ⟩_{H1} dv = � � δ (x − v)^2 + δ^2 d‖E(x)P^∗ Mϕ‖^2_{H̃} dv

= π‖Mϕ‖^2_{H1} . (B.12)

Let (ϕ_n) be an orthonormal basis in H_1. We have Im T_δ (v) ≥ 0 and thus by (B.12) � ‖Im T_δ (v)‖_1 dv = � Tr(Im T_δ (v)) dv = � � n ⟨Im T_δ (v)ϕ_n, ϕ_n⟩_{H1} dv

= π‖M‖^2_{HS} . (B.13) □ Lemma B.4. Let H_{HS} denote the separable Hilbert space of all Hilbert-Schmidt operators on H_1.

(a) If ϕ ∈ H_1, then ⟨T_δ (·)ϕ, ϕ⟩ ∈ H^2(C^− ) for each fixed δ > 0. (b) For almost every v ∈ R one has Re T_δ (v) = H(Im T_δ )(v) (B.14) in the sense of Hilbert transforms of H_{HS} -valued functions.

Proof. Consider arbitrary ϕ and ψ in H_1 and use (B.1) and the spectral theorem to estimate � |⟨T_δ (v − iy)ϕ, ψ⟩|^2 dv ≤ � ‖(L − v − i(y + δ))^{−1} P^∗ Mϕ‖^2 dv ‖Mψ‖^2 = � � 1 (x − v)^2 + (y + δ)^2 dv d‖E(x)P^∗ Mϕ‖^2‖Mψ‖^2 = π y + δ

‖Mϕ‖^2‖Mψ‖^2 ≤ π δ ‖Mϕ‖^2‖Mψ‖^2. (B.15)

Summing this over an orthonormal basis of vectors ψ and then over an orthonormal basis of vectors ϕ leads to � ‖T_δ (v − iy)‖^2_{HS} dy ≤ π δ ‖M‖^4_{HS} . (B.16)

This implies (a). In fact, we have proven the stronger result that T_δ (·) is a Hilbert-Schmidt-valued H^2-function in the lower half plane.

By Lemma B.3 and Proposition B.2, H(Im T_δ ) exists almost everywhere as a Hilbert-Schmidt operator. Since the strong topology is weaker than the Hilbert- Schmidt topology, this implies the existence of H⟨Im T_δ (·)ϕ, ϕ⟩ = ⟨H(Im T_δ )(·)ϕ, ϕ⟩ for every ϕ ∈ H_1. By (a) and Proposition B.1 the latter is equal to ⟨Re T_δ (·)ϕ, ϕ⟩. We conclude (B.14) since bounded operators are determined by their quadratic form. □ We are now prepared to prove (B.6) and thereby complete the proof of Lemma 4.1.

We have, using Lemma B.4(b),

|{v : ‖T_δ (v)‖_{HS} > t}| ≤ |{v : ‖Re T_δ (v)‖_{HS} > t 2 }| + |{v : ‖Im T_δ (v)‖_{HS} > t 2 }| = |{v : ‖H(Im T_δ )(v)‖_{HS} > t 2 }| + |{v : ‖Im T_δ (v)‖_{HS} > t 2 }| ≤ 2(C + 1) t � ‖Im T_δ (v)‖_{HS} dv, (B.17)

where in the end Proposition B.2 and Chebychev’s inequality were used. Thus (B.6) is a consequence of Lemma B.3.

Appendix C. A disorder-averaged spectral shift bound

Here we present a new result, which amounts to the boundedness -under the average over local disorder (but at fixed energy !)- of the fractional moment of the spectral shift associated with the addition, to a Schrödinger operator, of a local “potential bump”.

As was explained in the introduction, some of the difficulties which have in the past impeded the extention of fractional moment methods to the continuum can be traced to the lack of uniform bounds on such spectral shifts. The following results is enabled by the methods of Section 4. While the analysis presented above does not proceede through this bound, the issues involved are closely related, and the result may provide a useful tool.

Theorem C.1. Let H_t = ^H + tV where ^H satisfies A1 and V is a non-negative bounded function with compact support. Let U be a non-negative bounded function such that V is strictly positive throughout the set Q = {q : dist(q, supp(U)) < δ} with some δ > 0 and set v_− = inf_{x∈Q} V (x). Then, for any 0 < s < min(2/d, 1/2) there is C_{s,δ} < ∞ such that the spectral shift function, defined as

ξ(t, E) = Tr [P (H_t < E) − P (H_t + U < E)] , (C.1)

satisfies, for any E ≥ inf σ( ^H):

�_1 0 |ξ(t, E)|^s dt ≤ C_{s,δ} ‖U‖_∞ (1 + |E − E_o| + ‖V ‖_∞)^{s(2d+2)} , (C.2)

with E_o = inf σ( ^H).

Proof. We claim that it suffices to prove eq. (C.2) for operators H_t restricted to bounded regions with a constant C_{s,δ} which is independent of the region. To verify this, note that strong resolvent convergence and lower semi-continuity of the trace norm imply that ξ(t, E) ≤ lim inf_{L→∞} ξ_L(t, E) (C.3)

where ξ_L(t, E) is computed with H^{(Λ L)o}_t in place of H_t with Λ_L = [−L, L]^d. It is usefl to note that, because U is non-negative, the difference of projections appearing in eq. (C.1) is a positive semi-definite operator so its trace is equal to its trace norm. An application of Fatou’s lemma yields eq. (C.2) for H_t provided it holds for H^{(Λ L)o}_t .

Throughout the rest of the proof we fix L > 0 and write H_t and ^H for the restrictions of these operators to [−L, L]^d with Dirichlet boundary conditions. We begin with the observation that

ξ(t, E) = Tr P_t , (C.4)

where P_t is the spectral projection to the interval (−∞, −1] of the Birman Schwinger operator

K_t = U^{1/2} 1 H_t − E

U^{1/2} . (C.5)

This fact follows from the Birman-Schwinger representation since E becomes an eigenvalue of H_t + ηU precisely when η is equal to an eigenvalue of −K^{−1}_t .

Note that for any n ≥ 1, � K^{−n}_t P_t(1 + K^{−1}_t )^n � ≤ 1 . (C.6)

Thus by the Hölder inequality for trace norms

ξ(t, E) ≤ ‖K^n_t ‖_{HS} � (1 + K^{−1}_t )^{−n} � HS . (C.7)

Noting that (1 + K^{−1}_t )^{−1} = U^{1/2} 1 H_t + U − E

U^{1/2} , (C.8)

we find

�_1 0 dt |ξ(t, E)|^s ≤

� �_1 0 � �U^{1/2} 1

H_t − E

U^{1/2} � �^{2ns} 2n dt �_{1/2}

× � �_1 0 � �U^{1/2} 1 H_t + U − E

U^{1/2} � �^{2ns} 2n dt �_{1/2}

, (C.9)

where ‖A‖_m = (Tr |A|^m)^{1/m}.

Lemma 4.1 and the representation eq. (4.39) used in the proof of Lemma 4.3 may be used to show that the integrals on the right hand side of eq. (C.9) are bounded if (1) 2ns < 1 and (2) 4n > d (d is the dimension). We now outline the proof of this assertion.

The arguments used in Lemma 4.3 can be used to produce a representation

U^{1/2} 1 H_t − E

U^{1/2} = U^{1/2}T Θ 1 H_t − E

ΘT^†U^{1/2} + B (C.10)

with T, T^† Hilbert-Schmidt. In the proof of Lemma 4.3 it was noted that B is bounded. In addition, using A1, B can be seen to be in I_p for any p > d/2, with uniform bounds on its I_p norm. Since ‖·‖_{2n} ≤ ‖·‖_{HS} we find that

�_1 0 � �U^{1/2} 1

H_t − E

U^{1/2} � �^{2ns} 2n dt ≤

�_1 0 � �U^{1/2}T Θ 1 H_t − E

ΘT^†U^{1/2} � �^{2ns} HS + O(1) ,

(C.11) with a similar expression for the other factor in eq. (C.9). The weak L^1 bound can be used to bound this final integral since Θ 1 H_t − E

Θ = ΘV^{−1/2} 1 t + ^K^{−1}

V^{−1/2} Θ , (C.12)

with appropriate ^K. Note that ΘV^{−1/2} is bounded since Θ is supported in Q. As in Sec. 4 there is slight complication due to the fact that T (and T^†) depend on t. However, as before, the dependence is polynomial and may be handled in the same way. □

Acknowledgements

In the course of this project, the authors’ work was supported in part by NSF grants PHY-9971149 (MA, and AE), DMS 0070343 and 0245210 (GS), INT-0204308 (JS), NSF postdoctoral research fellowship (JS), and a NATO Collaborative Linkage Grant PST.CLG.976441 (GS and SN). The authors also thank Caltech, Université Paris 7 and the Institute Mittag-Leffler for hospitality which has facilitated this collaboration.

References

[1] E. Abraham, P. W. Anderson, D. C. Licciardello, and T. V. Ramakrishnan. Scaling theory of localization: Absence of quantum diffusion in two dimensions. Phys. Rev. Lett., 42:673, 1979.

[2] M. Aizenman. Localization at weak disorder: some elementary bounds. Rev. Math. Phys., 6(5A):1163–1182, 1994.

[3] M. Aizenman and G. M. Graf. Localization bounds for an electron gas. J. Phys. A, 31(32):6783–6806, 1998.

[4] M. Aizenman and S. Molchanov. Localization at large disorder and at extreme energies: an elementary derivation. Commun. Math. Phys., 157:245, 1993.

[5] M. Aizenman and C. M. Newman. Tree graph inequalities and critical behavior in percolation models. J. Statist. Phys., 36(1-2):107–143, 1984.

[6] M. Aizenman, J. H. Schenker, R. M. Friedrich, and D. Hundertmark. Finite volume fractional moment criteria for Anderson localization. Commun. Math. Phys., 224:219, 2001.

[7] M. Aizenman and B. Simon. Local Ward identities and the decay of correlations in ferromagnets. Comm. Math. Phys., 77(2):137–143, 1980.

[8] P. W. Anderson. Absence of diffusion in certain random lattices. Physical Review, 109(5):1492–1505, 1958.

[9] K. Asano. Notes on Hilbert transforms of vector valued functions in the complex plane and their boundary values. Proc. Japan Acad., 43:572–577, 1967.

[10] J. E. Avron, R. Seiler, and B. Simon. Charge deficiency, charge transport and comparison of dimensions. Comm. Math. Phys., 159(2):399–422, 1994.

[11] J.-M. Barbaroux, J.-M. Combes, and P. D. Hislop. Localization near band edges for random Schrödinger operators. Helv. Phys. Acta, 70(1-2):16–43, 1997.

[12] J. Bellissard, A. van Elst, and H. Schulz-Baldes. The noncommutative geometry of the quantum Hall effect. J. Math. Phys., 35(10):5373–5451, 1994.

[13] A. M. Berthier. Sur le spectre ponctuel de l’opérateur de Schrödinger. C.R.Acad.Sci.Paris, A-B 290(8):A393–395, 1980.

[14] M. Š. Birman. On the number of eigenvalues in a quantum scattering problem. Vestnik Leningrad. Univ., 16(13):163–166, 1961.

[15] M. Š. Birman and S. B. Entina. A stationary approach to abstract scattering theory.

Math. USSR Izv., 1, 1967.

[16] J.-M. Combes and P. D. Hislop. Localization for some continuous, random Hamiltonians in d-dimensions. J. Funct. Anal., 124:149–180, 1994.

[17] J.-M. Combes, P. D. Hislop, and Shu Nakamura. The L^p-theory of the spectral shift function, the Wegner estimate, and the integrated density of states for some random operators. Comm. Math. Phys., 218(1):113–130, 2001.

[18] J.-M. Combes and L. Thomas. Asymptotic behaviour of eigenfunctions for multiparticle Schrödinger operators. Comm. Math. Phys., 34:251–270, 1973.

[19] H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon. Schrödinger operators with application to quantum mechanics and global geometry. Texts and Monographs in Physics. Springer- Verlag, Berlin, study edition, 1987.

[20] E. B. Davies. Spectral theory and differential operators, volume 42 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1995.

[21] S. De Bièvre and J. V. Pulé. Propagating edge states for a magnetic hamiltonian. Math.

Phys. Elec. Jour., 5, 1999.

[22] L. de Branges. Perturbations of self-adjoint transformations. Amer. J. Math., 84:543–560, 1962.

[23] R. L. Dobrushin and S. B. Shlosman. Completely analytical interactions: constructive description. J. Statist. Phys., 46(5-6):983–1014, 1987.

[24] J. Fröhlich, G. M. Graf, and J. Walcher. On the extended nature of edge states of quantum hall hamiltonians. Ann. H. Poincaré, 1:405–444, 2000.

[25] J. Fröhlich, F. Martinelli, E. Scoppola, and T. Spencer. Constructive proof of localization in the Anderson tight binding model. Comm. Math. Phys., 101(1):21–46, 1985.

[26] J. Fröhlich and T. Spencer. Absence of diffusion in the Anderson tight binding model for large disorder or low energy. Comm. Math. Phys., 88(2):151–184, 1983.

[27] J. B. Garnett. Bounded analytic functions. Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1981.

[28] F. Germinet and A. Klein. Bootstrap multiscale analysis and localization in random media.

Comm. Math. Phys., 222(2):415–448, 2001.

[29] F. Germinet and A. Klein. A characterization of the Anderson metal-insulator transition.

Preprint, 2002. available on mparc.

[30] B.I. Halperin. Quantized hall conductance, current-carrying edge states, and the existence of extended states in a two-dimensional disordered potential. Physical Review B (Condensed Matter), 25:2185–90, 1982.

[31] J. M. Hammersley. Percolation processes. II. The connective constant. Proc. Cambridge Philos. Soc., 53:642–645, 1957.

[32] B. Helffer and J. Sjöstrand. Équation de Schrödinger avec champ magnétique et équation de Harper. In Schrödinger operators (Sønderborg, 1988), volume 345 of Lecture Notes in Phys., pages 118–197. Springer, Berlin, 1989.

[33] D. Hundertmark and B. Simon. An optimal L^p-bound on the Krein spectral shift function.

J. d’Analyse Math., 87:199–208, 2002.

[34] D. Jerison and C. E. Kenig. Unique continuation and absence of positive eigenvalues for Schrödinger operators. Ann. of Math. (2), 121(3):463–494, 1985. With an appendix by E. M. Stein.

[35] H. Kalf. Une remarque au sujet de prolongement unique des solutions de l’équation de Schrödinger. C. R. Acad. Sci. Paris Sér. I Math., 295(10):579–581, 1982.

[36] T. Kato. Perturbation theory for linear operators. Classics in Mathematics. Springer-Verlag, Berlin, 1995. Reprint of the 1980 edition.

[37] W. Kirsch. Small perturbations and the eigenvalues of the Laplacian on large bounded domains. Proc. Amer. Math. Soc., 101(3):509–512, 1987.

[38] W. Kirsch. Wegner estimates and Anderson localization for alloy-type potentials. Math. Z., 221(3):507–512, 1996.

[39] W. Kirsch, P. Stollmann, and G. Stolz. Localization for random perturbations of periodic Schrödinger operators. Random Oper. Stochastic Equations, 6(3):241–268, 1998.

[40] F. Klopp. Internal Lifshits tails for random perturbations of periodic Schrödinger operators.

Duke Math. J., 98(2):335–396, 1999.

[41] F. Klopp. Internal Lifshitz tails for Schrödinger operators with random potentials. J. Math.

Phys., 43(6):2948–2958, 2002.

[42] H. Koch and D. Tataru. Recent results on unique continuation for second order elliptic equations. In Carleman estimates and applications to uniqueness and control theory (Cortona, 1999), volume 46 of Progr. Nonlinear Differential Equations Appl., pages 73–84. Birkhäuser Boston, Boston, MA, 2001.

[43] S. Kotani and B. Simon. Localization in general one-dimensional random systems, II. Continuum Schrödinger operators. Comm. Math. Phys., 112:103–119, 1987.

[44] H. Leinfelder and C. G. Simader. Schrödinger operators with singular magnetic vector potentials. Math. Z., 176(1):1–19, 1981.

[45] E. H. Lieb. A refinement of Simon’s correlation inequality. Comm. Math. Phys., 77(2):127– 135, 1980.

[46] I. M. Lifshitz. Energy spectrum structure and quantum states of disordered condensed systems. Soviet Physics Uspekhi, 7:549–573, 1965.

[47] F. Martinelli and E. Scoppola. Introduction to the mathematical theory of Anderson localization. Riv. Nuovo Cimento (3), 10(10):1–90, 1987.

[48] N. Mott and W. Twose. The theory of impurity conduction. Advances in Physics, page 107, 1961.

[49] S. N. Naboko. The structure of singularities of operator functions with a positive imaginary part. Funktsional. Anal. i Prilozhen., 25(4):1–13, 96, 1991.

[50] Q. Niu, D. J. Thouless, and Y. S. Wu. Quantized Hall conductance as a topological invariant.

Phys. Rev. B (3), 31(6):3372–3377, 1985.

[51] L. Pastur and A. Figotin. Spectra of random and almost-periodic operators. Springer-Verlag, Berlin, 1992.

[52] B. S. Pavlov. Spectral analysis of a dissipative singular Schrödinger operator in terms of a functional model [MR 93c:47057]. In Partial differential equations, VIII, pages 87–153. Springer, Berlin, 1996.

[53] M. Reed and B. Simon. Methods of modern mathematical physics. IV. Analysis of operators.

Academic Press [Harcourt Brace Jovanovich Publishers], New York, 1978. [54] W. Rudin. Real and complex analysis. McGraw-Hill Book Co., New York, third edition, 1987. [55] J. Schwartz. A remark on inequalities of Calderon-Zygmund type for vector-valued functions.

Comm. Pure Appl. Math., 14:785–799, 1961.

[56] J. Schwinger. On the bound states of a given potential. Proc. Nat. Acad. Sci. U.S.A., 47:122– 129, 1961.

[57] B. Simon. Functional Integration and Quantum Physics. Academic Press, New York, 1979. [58] B. Simon. Trace ideals and their applications, volume 35 of London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1979.

[59] B. Simon. Correlation inequalities and the decay of correlations in ferromagnets. Comm.

Math. Phys., 77(2):111–126, 1980.

[60] B. Simon. Schrödinger semigroups. Bull. Amer. Math. Soc. (N.S.), 7(3):447–526, 1982. [61] B. Simon. Cyclic vectors in the Anderson model. Rev. Math. Phys., 6(5A):1183–1185, 1994. [62] B. Simon and T. Wolff. Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians. Comm. Pure Appl. Math., 39(1):75–90, 1986.

[63] E. M. Stein. Singular integrals and differentiability properties of functions. Princeton University Press, Princeton, N.J., 1970.

[64] P. Stollmann. Caught by disorder: bound states in random media, volume 20 of Progress in Mathematical Physics. Birkhäuser Boston Inc., Boston, MA, 2001.

[65] B. Sz.-Nagy and C. Foias. Harmonic analysis of operators on Hilbert space. North-Holland Publishing Co., Amsterdam, 1970.

[66] D.J. Thouless. Electrons in disordered systems and the theory of localization. Phys. Rep., 13C:93, 1974.

[67] H. von Dreifus and A. Klein. A new proof of localization in the Anderson tight binding model.

Comm. Math. Phys., 124(2):285–299, 1989.

[68] T. H. Wolff. Unique continuation for |Δu| ≤ V |∇u| and related problems. Rev. Mat.

Iberoamericana, 6(3-4):155–200, 1990.

[69] T. H. Wolff. A property of measures in R^N and an application to unique continuation. Geom.

Funct. Anal., 2(2):225–284, 1992.

M. Aizenman, Princeton University E-mail address: aizenman@princeton.edu

A. Elgart, Stanford University E-mail address: elgart@CIMS.nyu.edu

S. Naboko, St. Petersburg State University E-mail address: naboko@math.su.se

J. H. Schenker, ETH Zürich E-mail address: schenker@alumni.princeton.edu

G. Stolz, University of Alabama Birmingham E-mail address: stolz@math.uab.edu