Wigner Measures and Molecular Propagation through Generic Energy Level Crossings

Clotilde FERMANIAN KAMMERER

Université de Cergy-Pontoise

Abstract. We study time-dependant Schrödinger equation with matrix-valued potential presenting some generic crossing of type B, I, J or K in Hagedorn’s classification. We use two-scale Wigner measures for calculating the Landau-Zener energy transfer which occurs at the crossing. Our method provides a unified framework in which codimension 2, 3 or 5 crossings can be discussed. We recover Hagedorn’s result for wave packets, from Wigner measure point of view, and extend them to any data uniformly bounded in L^2. The proof is based on a normal form theorem which reduces the problem to an operator-valued Landau-Zener formula.

Key words. Energy level crossings, Landau-Zener transitions, Born Oppenheimer approximation, Semi-classical measures (Wigner measures), multi-scale convergence. 2000 Mathematics Subject Classification: 35B27, 35L, 35Q40.

1 Introduction

The quantum description of the dynamics of a molecule consisting on k_n nuclei and k_e electrons, k_e + k_n = N, is given by the time dependant Schrödinger equation � ih∂_tΦ^h = H^h_{moll}Φ^h, Φ^h(0) = Φ^h_0 , (1) with initial data Φ^h_0 ∈ L^2(R^{3N} ) and where H^h_{moll} is an essentially self-adjoint molecular hamiltonian. The scale parameter h is the square-root of the ratio of the electronic mass m_e on the average mass of the molecule’s nuclei, h = � m_e M . We are concerned with big molecules, more precisely with the limit M → +∞, i.e. h → 0.

The molecular hamiltonian H^h_{moll} can be written as

H^h_{moll} = − h^2 2 Δ_x + H_e(x), where x describes the nuclear configuration, x ∈ R^{3kn} . The electronic hamiltonian H_e(x) contains the electrons’ kinetics and the interaction between electrons end nuclei. We suppose that H_e depends smoothly on x.

We consider σ_e (H_e(x)) the spectrum of H_e(x) and σ_∗(x) a closed subset of σ_e (H_e(x)) which is the union of two eigenvalues λ_1 and λ_2 of the same multiplicity k. We denote by P_∗(x) the spectral projector of H_e(x) associated with σ_∗(x), then there exists an isometry U : RanP_∗ → L^2(R^{3kn} , C^{2k}). We suppose that the initial data Φ^h_0 belongs to Ran(P_∗). If σ_∗(x) is isolated from the rest of the spectrum, that is if

d (σ_∗(x), σ (H_e(x)) /σ_∗(x)) ≥ d, ∀x ∈ R^{3kn} ,

then Ran(P^∗) is said adiabatically protected: it is possible to approximate Φ^h by a Born- Oppenheimer solution, Φ^h_{BO},

Φ^h_{BO} = U^∗exp � −i t h H^h_{BO} � UΦ^h_0 ,

where H^h_{BO} = −^{h2}_2 Δ_x +V (x) and V is a matrix potential whose values are 2k ×2k matrices. Thus, it is possible to reduce the study of (1) to this of some system of 2k equations, of the form � ih∂_tψ^h = −^{h2}_2 Δ_xψ^h + V (x)ψ^h, ψ^h(0) = UΦ^h_0 . (2) This type of observation dates back to the 1920’s and is originally assigned to Born, Fock and Oppenheimer. The reader can refer to [29] for some precise statements of this fact.

We focus more precisely on the case where λ_1(x) and λ_2(x) cannot be separated because there exists some x_0 such that λ_1(x_0) = λ_2(x_0).

In [18], G. Hagedorn derives normal forms for matrix potential V in such a context. Let us shortly recall his argument.

It is classic to associate with H^h_{moll} its symmetry group G and the subgroup H of unitary elements of G. Two cases occur, either G = H, either H is a subgroup of index 2 of G. As G = H, standard group representation theory applies and one associates with the eigenvalues λ_1 and λ_2 a unique representation of G. These representations are either unitarily equivalent or not. If H ≠ G, one uses the theory of corepresentation (see [30] or [25]) of which there exist three types (see [25]). With λ_1 and λ_2, one associates some corepresentation of one of these three types. If these corepresentations are of the same type, they are either unitarily equivalent or not, which gives six different situations. If not, they are of different types, and we have to deal with three new situations. Adding the two different cases which arises as G = H, we obtain eleven cases to study. For each of them, assuming that the eigenvalues are of minimal multiplicity, G. Hagedorn derives in [18] some normal forms which are diagonal as soon as the representations or corepresentations associated with the eigenvalues are not unitarily equivalent, i.e. in seven of the derived cases. The four remaining normal forms obtained are not diagonal, they are the following ones.

H_2 = tr(H_2) + � p_1 p_2 p_2 −p_1 � − (type I),

H_3 = tr(H_3) + � p_1 p_2 + ip_3 p_2 − ip_3 −p_1 � − (type B),

H_3′ = tr(H_3′ ) + � � � � p_1 p_2 + ip_3 p_2 − ip_3 −p_1 � 0 0 � p_1 p_2 − ip_3 p_2 + ip_3 −p_1 � � � � − (type K),

H_5 = tr(H_5) + � � � p_4 1 � p_0 + ip_1 p_2 + ip_3 −p_2 + ip_3 p_0 − ip_1 � � p_0 − ip_1 −p_2 − ip_3 p_2 − ip_3 p_0 + ip_1 � −p_4 1

� � � − (type J),

where for any j ∈ {2, 3, 3^′, 5}, x → p(x) ∈ R^j is a smooth vector-valued function. For these four hamiltonians, the eigenvalues are tr(H_j)± | p |. We shall say that these crossings are generic if dp is of maximal rank on p = 0, (A1) i.e. of rank 2 for j = 2, 3 for j = 3, 3^′ and 5 for j = 5. This explains why it is usual to refer to these crossings as to codimension 2, 3 and 5 crossings and enlightens the choice of the index j we made. It will be useful in the following to have some notation for the matrices above, thus we set k = tr(H_j), V_j = H_j − k.

For each of these hamiltonians, there occurs energy transfer at leading order between the two modes that G. Hagedorn has precisely calculated in [18] for wave packets passing through the crossing with non vanishing speed (see also [19], [22]). Actually, in [18], G. Hagedorn considers linear functions p. Indeed, wave packets are localized at microlocal scale on one point thus it is enough to deal with the Taylor expansion of p at the point concerned by the crossing. Our aim here is to consider more general initial data, thus we cannot suppose that p is linear without loss of generality.

We shall describe the energy transfer by means of Wigner measure for initial data (ψ^h_0 ) uniformly bounded in L^2, in the same spirit as in [8], [10] or [11]. Actually, the case of the hamiltonians H_2 and H_3 for which the eigenvalues are of multiplicity 1, are dealt with in [9] and [10] respectively. Our aim here is to generalize these results to codimension 5 crossings and to the case of eigenvalues of higher multiplicity than 1.

In the following we denote by d the dimension of the set of the nuclear configuration, d = 3k_n and we consider system (S_j), j ∈ {2, 3, 3^′, 5},

(S_j ) � ih∂_tψ^h = −^{h2}_2 Δ_xψ^h + H_j(x)ψ^h, (t, x) ∈ R × R^d, ψ^h(0) = ψ^h_0 ,

(ψ^h_0 ) ∈ L^2(R^d, C^{N(j)}) with N(2) = N(3) = 2 and N(3^′) = N(5) = 4, | ψ^h_0 |_L2 ≤ C. We suppose that dp is of rank j above {p = 0}. We aim at describing Wigner measures of (ψ^h).

1.1 Wigner Measures We begin by shortly recalling some basic facts about semi-classical measures. We consider observable a ∈ C^∞_0 (R^{d+1} × R^{d+1}, C^{N,N} ) and we associate with a the semi-classical pseudodifferential operator of symbol a which expresses with Weyl quantification, as

op_h (a)f(y) = (2π)^{−d} � a( y + y^′ 2 , η) e^{ih η·(y−y ′)}f(y^′)dy^′ dη,

with y = (t, x) ∈ R_t × R^d_x, f ∈ L^2(R^{d+1}, C^N ). If (v^h) is a uniformly bounded family in L^2(R^{d+1}, C^N ), there exists h_k, h_k −→_{k→+∞} 0, and a positive matrix-valued Radon measure μ on T^∗R^{d+1} such that

∀a ∈ C^∞_0 (R^{d+1} × R^{d+1}, C^{N,N} ), � op_{hk} (a)v^{hk} | v^{hk} � −→ k→+∞

tr (< a, μ >) .

The link with the energy density of (v^{hk} ) is given by

w − lim | v^{hk} (x) |^2 dx = � ξ∈R^{d+1}

tr μ(x, dξ),

provided some assumption of h-oscillation is fulfilled (see [14]), namely

limsup h→0 � |ξ|≥R/h

| ^v^h(ξ) |^2 dξ −→_{R→+∞} 0.

The reader can refer to [14] and [24] or to [15] for a survey on Wigner measures.

We endow T^∗R^{d+1} with the symplectic form σ = dτ ∧ dt + dξ ∧ dx, and we denote by {f, g} the Poisson bracket of functions f and g, {f , g} = ∇_{τ,ξ}f · ∇_{t,x}g − ∇_{t,x}f · ∇_{τ,ξ}g. The vector field H_f is the hamiltonian vector field associated with the function f, thus we have dg H_f = {f , g} = σ(H_f , H_g).

A family (ψ^h) solution to (S_j ) belongs to C(R_t, L^2(R^d, C^{N(j)})) and thus to L^2_{loc}(R^{d+1}_{t,x} ). We consider semi-classical measures μ of (ψ^h) viewed as a function of (t, x). Matrix-valued measure μ acts on R^{2d+2}_{t,x,τ,ξ} and is supported on Σ = � | p |^2= � τ + k + 1 2 |ξ|^2

�_2� . Moreover, according to [15] and [16], μ decomposes as

μ = μ^+ + μ^− with Π^{±,j} μ^± Π^{±,j} = μ^± , where Π^{±,j} are the spectral projectors associated with matrix H_j for the eigenvalue k ± | p |

Π^{±,j} = 1 2 � 1 ± 1 |p| V_j(p) � . Moreover, μ^± are positive matrix-valued measures which satisfy the localization property

Supp(μ^± ) ⊂ {τ + k + 1 2 | ξ |^2 ± | p |= 0}.

Outside S = {p = 0, τ + k + 1 2 | ξ |^2= 0},

these measures propagate along the hamiltonian curves of

λ^± = τ + k + 1 2 | ξ |^2 ± | p |,

and we have H_λ ± μ^± = [F^{±,j} , μ^± ], outside S, (3) with

F^{±,j} = � Π^{±,j} , {τ + k +

|ξ|^2 2 ± |p| , Π^{±,j} } � = 1 4|p| � V_j � p |p| � , V_j(E) � (4) where the latter formula comes from the application of the result of [16] p.281. Therefore, as long as the classical trajectories do not reach S, Wigner measures of (ψ^h) are determined by the transport equations. The problem is that there exist classical trajectories which reach S in finite time.

1.2 The Geometry of the Crossing The results of this section are corollaries of those proved in Section 2 of [10] in a larger framework. However, for the convenience of the reader, we give a direct proof of Propositions 1 and 2 in the Annex. In the following, we set E = dp(x)ξ and we consider the assumption E ≠ 0. (A2) Note that if d = j, the condition (A2) simply reduces to ξ ≠ 0. In [18], d = j and the wave packets considered are supposed to have non-vanishing speed at the crossing, which means that ξ ≠ 0 at the crossing points, i.e. that (A2) holds at all the crossing points.

Proposition 1 . Consider ρ_0 ∈ S such that (A1) and (A2) hold in ρ_0, then there exist two unique curves ρ^+_s and ρ^−_s such that

ρ̇^±_s = H_λ ± (ρ^±_s ), ρ^±_0 = ρ_0.

Moreover, (ρ^±_s )_{s≤0} can be smoothly continued by (ρ^∓_s )_{s≥0} .

Consider ρ_0 ∈ S and a neighborhood V of ρ_0 in S such that (A1) and (A2) hold in V. We define J^{±,in} as the union of the curves (ρ^±_s )_{s<0} which reach V, and J^{±,out} the union of the curves (ρ^±_s )_{s>0} issued from V. Because of Proposition 1,

J := J^{+,in} ∪ J^{−,out} , J^′ := J^{+,out} ∪ J^{−,in} ,

are smooth submanifolds of T^∗R^{d+1}. We recall that a submanifold I of T^∗R^{d+1} is said involutive if at any point ρ ∈ I, the vectorial subspace T I_ρ contains its orthogonal T I^⊥_ρ for the symplectic form σ.

Proposition 2 . If (A1) and (A2) hold in V, the submanifolds J and J^′ are involutive submanifolds of T^∗R^{d+1}. Moreover, there exist smooth functions u = u(t, x, τ, ξ) ∈ S^{j−1} , u^′ = u^′(t, x, τ, ξ) ∈ S^{j−1} such that J = � p = � τ + k + |ξ|^2/2 � u � , J^′ = � p = � τ + k + |ξ|^2/2 � u^′ � , u_{|S} = −u^′_{|S} = − E |E| . As in [8], the knowledge of the in-coming semi-classical measure is not enough to describe the out-going one. The repartition of the energy depends on the way (ψ^h) concentrates on J or J^′ at the scale √ h which can be described by two-scale Wigner measures for involutive submanifolds. These measures, on which we shall focus now, have been introduced by L. Miller in [26] and studied in [8].

1.3 Two-scale Wigner Measures for Involutive Submanifolds

Let us consider for a while a more general setting and recall results of [8]. Let I be a codimension m involutive submanifold of the cotangent space T^∗R^D. We suppose that I is given by some system of equations f = 0 where f = (f_1, · · · , f_m) ∈ C^∞(R^{2D}, R^m), Rank(df) = m on f = 0, {f_j, f_k} = 0.

Let us denote by R^m, the sphere obtained by adding a sphere at infinity to R^m. We consider the set A of symbols a = a(z, ζ, η) ∈ C^∞(R^D × R^D × R^m) which are uniformly compactly supported in the variables (z, ζ) with respect to η and which can be extended in a function of C^∞(R^D × R^D × R^m) by

a(z, ζ, ∞ω) = lim_{R→+∞} a(z, ζ, Rω), ∀ω ∈ S^{m−1} .

With any a ∈ A, we associate the two–scaled pseudo-differential operator,

op_h^I (a) :=op_h � a(z, ζ, f(z, ζ) √ h ) � . By the Calderon-Vaillancourt theorem, the family of operators op_h^I (a) is a bounded family of bounded operators in L^2(R^D). If (ϕ^h) is a bounded family in L^2(R^D, C^N ), N ∈ N, its concentration on I at the scale √ h is characterized two-microlocally by a positive Radon measure on the compactified bundle to I, N(I), which describes the evolution as h goes to 0 of K_h(a) := � op_h^I (a)ϕ^h | ϕ^h � . Let us explain which is the bundle N(I). We associate with I its tangent bundle T I. Quotienting the tangent space T (R^D) |_ρ above some point ρ of I by T I |_ρ, we obtain the fiber above ρ of the normal bundle to I, N(I). Then, N(I)_{|ρ} is the closed m-dimensional ball obtained by adding a sphere at infinity to N(I) |_ρ. The choice of the equation f yields local coordinates on N(I)_{|ρ} given by the continuation χ of the isomorphism χ,

χ : [δρ] → η = df(ρ)δρ.

If ν is a measure on N(I), we denote by ν_f the measure on R^m which is the image of ν by χ. Let us come back to the limit of K_h(a).

There exist a sequence h_k −→_{k→+∞} 0, a positive Radon measure ν on N(I) such that for all a ∈ A,

K_{hk} (a) −→_{k→+∞} tr � � R^m

a dν_f � + tr � � f≠0 a � x, ξ, f(x, ξ) | f(x, ξ) | ∞ � dμ � , where μ is a semi-classical measure of (ϕ^h).

We point out that ν determines μ above I by

μ1_I = � I ν(x, ξ, dη).

Our aim in the following is to calculate two-scale Wigner measures associated with family (ψ^h) solution to (S_j) and the involutive submanifolds J and J^′.

1.4 The Landau-Zener Formula We suppose that (A1) and (A2) hold in some ρ_0 ∈ S. We denote by ν (resp. ν^′) the measures associated with (ψ^h) and J (resp. J^′). We denote by Σ^+, Σ^− , J̇^{±,in} and J̇^{±,out} the sets Σ^± = {λ^± = 0}, J̇^{±,in} = J^{±,in} \S, J̇^{±,out} = J^{±,out} \S.

We consider the bundles above Σ^± , N_Σ ± (J̇^{±,in} ) and N_Σ ± (J̇^{±,out} ) obtained respectively by compactification of the fibers of T Σ^± /T (J̇^{±,in} ) and of T Σ^± /T (J̇^{±,out} ). Because of the properties of localization of semi-classical measures, there exist scalar positive Radon measures ν^{±,in} and ν^{±,out} supported on N_Σ ± (J̇^{±,in} ) and N_Σ ± (J̇^{±,out} ) respectively such that

ν = ν^{+,in} + ν^{−,out} , ν^′ = ν^{−,in} + ν^{+,out}, Π^± ν^{±,in} Π^± = ν^{±,in} , Π^± ν^{±,out} Π^± = ν^{±,out} .

Moreover, if L^{±,in} (H_λ ± ) (resp. L^{±,out} (H_λ ± )) is the linearized hamiltonian flow of λ^± transversally to J^{±,in} (resp. J^{±,out} ), in Σ^± , the measures ν^{±,in} (resp. ν^{±,out} ) satisfies

L^{±,in} (H_λ ± )ν^{±,in} = [ν^{±,in} , F^{±,j} ], L^{±,out} (H_λ ± )ν^{±,out} = [ν^{±,out} , F^{±,j} ].

These propagation properties result from [15] and [8]. Observe that (4) and Proposition 2 yield that

F^{±,j} = 1 4|p| sgn(τ + k +

|ξ|^2 2 ) [V_j(u), V_j(E)] on J,

F^{±,j} = 1 2|p| sgn(τ + k +

|ξ|^2 2 ) � V_j(u^′), V_j(E) � on J^′.

Since u and u^′ are colinear to E on S, F^{±,j} = O(1) near S. Therefore, the transversality of the hamiltonian flows to S implies that, in the set of distributions, these measures have traces on S that we denote by ν^{±,in}_S and ν^{±,out}_S . These four traces can be identified to measures on one set in which we can study the existing link between ν^{±,out}_S and ν^{±,in}_S .

Lemma 1 . For ρ_0 ∈ S, consider P(ρ_0) ∈ L(R^j ), the orthogonal projection on the normal hyperplane to E(ρ_0). The map

η : T (T^∗(R^{d+1}))_{|ρ0} → R^j δρ → P(ρ_0) (dp δρ)

induces some isomorphism between the limits of the fibres of N_Σ ± (J̇^{±,in} ) and N_Σ ± (J̇^{±,out} ) above some point ρ which goes to ρ_0 and this hyperplane.

This lemma is proved in the Annex.

Using this isomorphism η, the connection between ν^{±,in}_S and ν^{±,out}_S near the point ρ_0 is described by the following Theorem.

Theorem 1 . If ν^{+,in}_S and ν^{−,in}_S are mutually singular, then � ν^{+,out}

S = T ν^{−,in}_S + (1 − T ) R_j ν^{+,in}_S R_j , ν^{−,out}_S = T ν^{+,in}_S + (1 − T ) R_j ν^{−,in}_S R_j , (5) with for η = P(dp δρ). T = exp � − π | E |

|η|^2 � , and for η ≠ 0, R_j = V_j � η |η| � .

Remark 1 . We emphasize that the part of the energy two-microlocally localized above η = 0 propagates along the smooth curves (ρ^±_s )_{s<0} ∪ (ρ^∓_s )_{s>0}, while the part localized on |η| = +∞ is utterly reflected and is not at all transferred to the other mode.

Remark 2 . The results stated above can easily be generalized to time-dependant hamiltonians (i.e. k = k(t, x), p = p(t, x)) provided the assumptions (A1) and (A2) are satisfied with E = ∂_tp + ∇_xp ξ.

With such notation, Theorem 1 holds and the proof below applies easily.

Remark 3 . Observe that if at t = 0, the initial data is localized on the + mode and supported outside S, then we will have ν^{−,in} = 0 when some classical trajectory will reach S for the first time. Therefore, the measures ν^{+,in}_S and ν^{−,in}_S will be mutually singular and Theorem 1 will apply. If one supposes moreover that x → |p(x)|^2 is convex, then, one can prove that the minus trajectories issued from point of S where (A1) and (A2) hold never reach S again. Therefore, the assumptions of Theorem 1 will be fulfilled above any point of S as soon as (A1) and (A2) are satisfied and the local result of Theorem 1 yields global results. Such phenomenon has already been described by the author and C. Lasser in [11] for linear codimension 2 crossings.

The proof of this Theorem is mainly inspired by [10]. It crucially uses some reduction theorem which turns J and J^′ into vectorial subspaces. Since the reduction theorems for H_2 and H_3, H_3′ are direct consequences of the results of [9] (see also [4]) and [10] respectively, we focus on the proofs in the case of H_5.

This article is organized as follows. The Section 2 is devoted to the proof of the reduction Theorem. In Section 3, we prove the reflection of the measure for | η |= ∞ and, in Section 4, the Landau-Zener formula for | η |< ∞. Finally, the results concerning the geometry of the crossing are proved in the Annex.

Notations . For ỹ = (y_0, y^′) = (y_0, y_1, y_2, y_3) ∈ R^4, we denote by q(ỹ) the quaternion

q(ỹ) = � y_0 + iy_1 y_2 + iy_3 −y_2 + iy_3 y_0 − iy_1 � . We shall use the following relations

∀ỹ ∈ R^4, q(ỹ) + q(ỹ)^∗ = 2y_0, ∀ỹ ∈ R^4, q(ỹ)q(ỹ)^∗ =| ỹ |^2 ∀ỹ ∈ R^4, ∀ṽ ∈ R^4, q(ṽ)q(ỹ) = q(v_0y_0 − v^′ · y^′, v_0y^′ + y_0v^′ − v^′ ∧ y^′),

where v^′ ∧ y^′ = (v_2y_3 − v_3y_2, v_3y_1 − v_1y_3, v_1y_2 − v_2y_1). For y = (ỹ, y_4) ∈ R^5, we set

V (y) = � y_4 q(ỹ) q(ỹ)^∗ −y_4 � . Therefore, we have H_5 = k + V (p).

2 A Reduction Theorem in Codimension 5

We recall that if κ is a canonical transform of T^∗R^{d+1}, there exists some semi-classical Fourier integral operator K = K_h, called associated with κ, which satisfies: ∀f ∈ L^2(R^{d+1}), ∀a ∈ C^∞_0 (R^{2d+2}),

K^∗ op_h (a)Kf =op_h (a ∘ κ)f + O(h^2)||f||_L2 in L^2(R^{d+1}). (6)

The reader can refer to [28] for a complete study of semi-classical Fourier Integral Operator or to [8] where a self-contained approach is included, and where this claim is proved.

Theorem 2 . Let ρ_0 be such that (A1) and (A2) hold in ρ_0, there exist a local canonical transform κ mapping a neighborhood of ρ_0 into some neighborhood Ω of 0,

κ : (t, x, τ, ξ) → (s, z, σ, ζ), κ(ρ_0) = 0,

a semi-classical Fourier integral operator K associated with κ and a matrix A such that v^h = K op_h (A)ψ^h satisfies for any ϕ ∈ C^∞_0 (Ω),

op_h (ϕ) op_h � −σ + s q(Γ ζ̃) q^∗(Γ ζ̃) −σ − s � v^h = O(h) in L^2(R^d), (7)

where ζ = (ζ̃, ζ_4, · · · , ζ_{d−1} ) ∈ R^d with ζ̃ = (ζ_0, ζ_1, ζ_2, ζ_3) = (ζ_0, ζ^′) ∈ R^4 and where Γ is a smooth invertible matrix, Γ ∈ C^∞(R^{2d+2}_{s,z,σ,ζ} , C^{4,4}). Moreover if I = {ζ̃ = 0}, then we have

J ∪ J^′ = {σ^2 = s^2} ∩ I, J^{±,in} = {σ ∓ s = 0, s > 0} ∩ I, J^{±,out} = {σ ± s = 0, s < 0} ∩ I.

Remark 4 . The above normal form is to compare with the normal forms obtained for (H_2), (H_3) and thus (H_3′ ) in [9], [4] and [10] :

N_2 = � −σ + s αζ_1

αζ_1 −σ − s � , for H_2,

N_3 = � −σ + s γ_1ζ_1 + γ_2ζ_2 γ_1ζ_1 + γ_2ζ_2 −σ − s � , for H_3,

where the real-valued function α does not vanish and the complex-valued functions γ_1 and γ_2 satisfy Im(γ_1γ_2) ≠ 0.

The proof of this Theorem follows the proof of Theorem 2 in [10] which states the reduction result for codimension 3 crossings. The first step consists in taking advantage of algebraic properties of H_5 to turn this hamiltonian into some new one where equations of J and J^′ appear. Then, it remains to define the canonical transform and to reduce the study of (S_5) to this of (7) by means of semi-classical pseudo-differential calculus. We shall emphasize the first step which is specific to codimension 5 while the remainder of the proof is quite similar to the proof of Theorem 2 in [10]. Finally, at the end of this section, we use Theorem 2 to translate Theorem 1 in the coordinates (s, z, σ, ζ) in order to obtain an equivalent statement on the proof of which we shall focus in the following.

2.1 An Algebraic Lemma We use the equations of J and J^′,

J = {p = (τ + k + 1 2 |ξ|^2)u}, J^′ = {p = (τ + k + 1 2 |ξ|^2)u^′}.

Observe that if e =^{u′−u}_{|u′−u|} , and

L = {p − (τ + k + 1 2 |ξ|^2)u = λe; λ ∈ R},

then J ∪ J^′ = L ∩ Σ. Moreover we have

e_{|S} = − E |E| . (8)

Lemma 2 . There exist a smooth matrix A_1 = A_1(t, x, τ, ξ), a smooth function α = α(t, x, τ, ξ) = (α_0, α_1, α_2, α_3) and equations of L, g = (g_0, g_1, g_2, g_3), such that H_5 = A^∗_1H^′_5A_1 with

H^′_5 = τ + k + 1 2 |ξ|^2 + α · g + � (1 − |θ|^2)^{−1/2} p · e q(g) q(g)^∗ −(1 − |θ|^2)^{−1/2} p · e � . Moreover α_{|S} = 0 and A_1^∗_{|S} = A_1^{−1}_{|S} with

∀y ∈ R^5, (A_1)_{|S}V (y)(A_1)^∗_{|S} = V � l(y), −y · E |E| � (9) where the vector of R^4, l(y), consists in the coordinates of P(y), the orthogonal projection of y on the hyperplane normal to E in some orthonormal basis of this hyperplane.

Proof: The proof relies on two Lemmas. We consider the subset U of U_4(R) defined by U = � U(y) = � y_4 q(ỹ) −q(ỹ)^∗ y_4 � ; y = (ỹ, y_4) = (y_0, y^′, y_4) = (y_0, y_1, y_2, y_3, y_4) ∈ S^4 � . Lemma 3 . For all y ∈ S^4, there exists R_5 ∈ O(5) such that for all v ∈ R^5, we have U(y)V (v)U(y)^∗ = V (R_y(v)), with (R_y(v))_j = v_j − 2y_j(v · y), 0 ≤ j ≤ 3 (R_y(v))_4 = −v_4 + 2y_4(v · y).

The proof of this lemma consists in straightforward calculations.

Consider now the vector e = (e_0, e_1, e_2, e_3, e_4). If e_4(ρ_0) ≠ −1, then e_4 ≠ −1 near ρ_0 and the function y = y(t, x, τ, ξ) = (y_0, y_1, y_2, y_3, y_4) defined by

y_4 = � 1 + e_4 2 , y_j = 1 2y_4 e_j , 0 ≤ j ≤ 3,

is a smooth function valued in S^4. Moreover we have for this special y,

U(y)V (p)U(y)^∗ = V (l̃(p), p · e),

where l̃(p) ∈ R^4 are the coordinates in some orthonormal basis of the orthogonal projection of p on the hyperplane normal to e.

Let us suppose now that e_4(ρ_0) = −1. Since |e| = 1, e_0(ρ_0) = 0 and e_0 ≠ −1 near ρ_0. Then we use the fact that 1 2 � 1 1 1 −1 � V (p) � 1 1 1 −1 � = V (p_4, p_1, p_2, p_3, p_0).

Therefore, if we consider the function y defined by

y_4 = � 1 + e_0 2 , y_0 = 1 2y_0 e_4, y_j = 1 2y_0 e_j, j ∈ {1, 2, 3},

then |y|^2 = 1, U(y) is smooth near ρ_0 and 1 2 U(y) � 1 1 1 −1 � V (p) � 1 1 1 −1 � U(y)^∗ = V (l̃(p), p · e),

where l̃(p) again denotes the coordinates of the orthogonal projection of p on the hyperplane normal to e in some orthonormal basis.

We conclude on the existence of some smooth unitary matrix A_2 = A_2(t, x, τ, ξ) such that

A_2H_5A^∗_2 = τ + k + 1 2 |ξ|^2 + V (l̃(p), p · e),

with ∀y ∈ R^5, |y|^2 = (y · e)^2 + |l̃(y)|^2. (10) Let us denote by θ = θ(t, x, τ, ξ) = (θ_0, θ^′) = (θ_0, θ_1, θ_2, θ_3) the vector of R^4 such that

θ = l̃(u).

Observe that since u_{|S} = −u^′_{|S} = −e_{|S} and because of (10) we have

θ_{|S} = 0. (11)

We set S(θ) = � 1 q(θ) q(θ)^∗ 1 � .

We obtain

A_2H_5A^∗_2 = � τ + k + 1 2 |ξ|^2 � S(θ) + V � l̃ � p − (τ + k + 1 2 |ξ|^2)u � , p · e � . Notice that the equations of L appear in this hamiltonian. However, we need to get rid of the matrix S(θ). Because of (11), matrix S(θ) is invertible near ρ_0 and we have moreover

S(θ)^{−1} = (1 − |θ|^2)^{−1} S(−θ), (12) � S(θ) = aS(bθ) with a = 1 2 � � 1 + |θ| + � 1 − |θ| � , b = � 1 + � 1 − |θ|^2

�_{−1} (13) � S(θ)^{−1} = a^′S(−bθ), with a^′ = a(1 − |θ|^2)^{−1/2} . (14)

Lemma 4 . ∀y = (y_0, y^′, y_4) = (ỹ, y_4) ∈ R^5, ∀z = (z_0, z^′) ∈ R^4,

S(z)V (y)S(z) = 2z · ỹ + V � (1 − |z|^2)ỹ + 2(z · ỹ)z, (1 − |z|^2)y_4 � . This lemma comes again from straightforward computations.

We set ϕ(ỹ, z) = (1 − |z|^2)ỹ + 2(z · ỹ)z.

Observe that for z such that |z| ≠ 1, ϕ(y, z) = 0 if and only if y = 0. Lemma 4 and equation (14) yield that if A_1 = � S(θ)A_2, H_5 = A^∗_1H^′_5A_1 with

H^′_5 = τ + k + 1 2 |ξ|^2 − 2(a^′)^2bθ ·l̃ � p − (τ + k + 1 2 |ξ|^2)u � + (a^′)^2V � g, (1 − b^2|θ|^2)p · e � , and g = ϕ � l̃ � p − (τ + k + 1 2 |ξ|^2)u � , −bθ � . (15)

Therefore, we have g = 0 if and only if l � p − (τ + k +^1_2 |ξ|^2)u � = 0. By definition of l, we obtain that g = 0 if and only if p − (τ + k +^1_2 |ξ|^2)u is colinear to e, thus g = 0 is a system of equations of L. Therefore, there exists some vector-valued function α such that

α · g = −2(a^′)^2b^′θ · l � p − (τ + k + 1 2 |ξ|^2)u � . Moreover, equation (11) yields α_{|S} = 0 and (A_1)_{|S} = (A_2)_{|S}. By definition of A_2, l and because u_{|S} = −^E_{|E|} , we obtain

(A_1)_{|S}V (y)(A_1)_{|S} = V � l̃_{|S}(y), y · e_{|S} � . We set l̃_{|S} = l and we check that

(a^′)^2(1 − b^2|θ|^2) = (1 − |θ|^2)^{−1/2} ,

which completes the proof of Lemma 2.

2.2 The Canonical Transform Proposition 3 . There exist some function λ, λ > 0 near ρ_0, and some local canonical transform κ : (t, x, τ, ξ) → (s, z, σ, ζ), κ(ρ_0) = 0, such that

σ = −λ(τ + k +

| ξ |^2 2 + α · g), s = λ p · e � 1− | θ |^2 , λg = Γ_1ζ̃ + (σ^2 − s^2)β. (16) where ζ = (ζ_0, ζ^′, ζ_5, · · · , ζ_d) = (ζ̃, ζ_5, · · · , ζ_d), β = β(s, z, σ, ζ) is a smooth function valued in R^4 and Γ_1 = Γ_1(s, σ, z, ζ) is a smooth invertible matrix. Moreover λ^2_{|S} = 1/|E|. (17)

Proof: We set σ̌ = −(τ + k +

| ξ |^2 2 + α · g), š = p · e � 1− | θ |^2 . Using (8), we obtain

{σ̌ , š}_{|S} = −{τ + k +

|ξ|^2 2 , p} · e = |E| > 0.

Since moreover σ̌ and š vanish in ρ_0, we can use Lemma 21.3.4. in [21] and we obtain the existence of some function λ > 0 such that {λσ̌ , λš} = 1.

By Darboux Theorem, we find functions z, ζ such that (s, z, σ, ζ) are local symplectic coordinates near ρ_0. Let us denote by f the vector-valued function defined by f(s, z, σ, ζ) = λg(t, x, τ, ξ).

Since u · e < 0 and u^′ · e > 0 by definition of e, we have sgn(s) = −sgn(τ + k + |ξ|^2/2) on J, sgn(s) = sgn(τ + k + |ξ|^2/2) on J^′.

Moreover we have τ + k + |ξ|^2/2 = ∓|p| on J^{±,in} ∪ J^{±,out} . Therefore ±σ ≥ 0 on J^{±,in} ∪ J^{±,out} , s ≥ 0 on J^{+,in} ∪ J^{−,in} , s ≤ 0 on J^{+,out} ∪ J^{−,out} .

Moreover on L, we have g = 0, thus λ^2(τ + k + |ξ|^2/2)^2 = σ^2, λ^2|p|^2 = λ^2(p · e)^2 + λ^2|l(p)|^2 = s^2(1 − |θ|^2) + λ^2(τ + k + |ξ|^2/2)^2|l(u)|^2 = s^2(1 − |θ|^2) + σ^2|θ|^2.

Therefore L ∩ {σ^2 = s^2} = L ∩ Σ. Using L ∩ Σ = J ∪ J^′, we obtain J^{±,in} = {σ ∓ s = 0, f = 0, s > 0}, J^{±,out} = {σ ± s = 0, f = 0, s < 0}.

Since J and J^′ are involutive submanifolds, we have {σ ± s , f} = 0, on σ ± s = 0, f = 0.

Arguing as in the proof of Lemma 4 in [10], we obtain that there exists some invertible matrix Γ_2 = Γ_2(s, z, σ, ζ) and some function β such that f(s, z, σ, ζ) = Γ_2(s, z, σ, ζ)f(0, z, 0, ζ) + (σ^2 − s^2)β(s, z, σ, ζ).

Observe that the submanifold {f(0, z, 0, ζ) = 0} is involutive. Therefore, there exist symplectic coordinates z = z(z, ζ), ζ = ζ(z, ζ) and an invertible smooth matrix M = M(z, ζ) such that f(0, z, 0, ζ) = M(z, ζ)ζ̃, ζ̃ = (ζ_0, ζ_1, ζ_2, ζ_3), whence (16) with Γ_1(s, z, σ, ζ) = Γ_2(s, z, σ, ζ)M(z, ζ). ♦

2.3 Proof of Theorem 2 We set A = λ^{−1/2} A_1 (18) and for (s, z, σ, ζ) = κ(t, x, τ, ξ), we denote by f̃ the function defined by f̃(s, z, σ, ζ) = λg(t, x, τ, ξ) = Γ_1ζ̃ + (σ^2 − s^2).

We consider some semi-classical Fourier integral operator U associated with κ and we set v^h = U op_h (A)ψ^h.

Then, pseudo-differential symbolic calculus and (6) yield that, in L^2(R^{d+1}),

op_h � −σ + s q( f̃) q(f̃)^∗ −σ + s � v^h = U op_h (λH^′_5)v^h + O(h) = U op_h ((A^∗)^{−1} ) op_h (H_5) op_h (A^{−1} )v^h + O(h) = U op_h ((A^∗)^{−1} ) op_h (H_5)ψ^h + O(h) = O(h).

We argue now as in [9], p. 19-20. Consider the symplectic coordinates

y = σ + s, η = σ − s,

and some semi-classical Fourier integral operator K associated with it. We set f = Γ_2ζ̃ and D = √ 2 � η 0 0 y � , F = � 0 q(f) q(f)^∗ 0 � , B = � 0 q(β) q(β)^∗ 0 � . With these notations, we are left with system

op_h (D − DBD)Kv^h =op_h (F )Kv^h + O(h), in L^2(R^{d+1}).

Using pseudo-differential symbolic calculus and plugging the latter equation into itself, we get op_h (D)Kv^h = (op_h (D) op_h (B))^2 op_h (D)Kv^h + op_h (D) op_h (B) op_h (F )Kv^h+ op_h (F )Kv^h + O(h).

Since BF commutes with D, we obtain � 1 − (op_h (D) op_h (B))^2 − op_h (B) op_h (F ) � op_h (D)Kv^h =op_h (F )Kv^h + O(h).

Using a parametrix of the operator P = 1 − (op_h (D) op_h (B))^2 − op_h (B) op_h (F ) which exists near 0, one proves the existence of Γ with

Γ_{|S} = (Γ_1)_{|S} (19)

such that op_h (D)Kv^h =op_h � 0 q(Γ ζ̃) q(Γ ζ̃)^∗ 0 � Kv^h + O(h), which completes the proof of Theorem 2.♦

2.4 Consequences of the Reduction Theorem The reduction Theorem 2 has two important consequences. The first one is that this Theorem provides us with some involutive submanifold of T^∗R^{d+1}, I = {ζ̃ = 0}, such that

J ∪ J^′ = Σ ∩ I,

with transverse intersection. Thus, if ν is the two-scale Wigner measure of (ψ^h) for I, we can identify measures ν, (resp. ν^′) with ν above N(I)_{|J} (resp. N(I)_{|J} ′ ). Actually, if N_Σ (J) is the bundle above Σ obtained by compactification of the fibers of T Σ/T J, the canonical isomorphism from T Σ/T J onto T (T^∗R^{d+1}_{|J} )/T J_J extends in some isomorphism

θ_{Σ,I} : N_Σ (J) → N(I), that we use for identifying ν and ν 1_{N(I)|J} . The reader can refer to Lemma 4 in [8] for a proof of this fact. Because of this identification, we shall focus in calculating the two-scale Wigner measure of (ψ^h) for I.

The second consequence is that because of the invariance of two-scale Wigner measure through canonical transform (see Lemma 2 in [8]), it is equivalent to study the two-scale Wigner measure of (v^h) for I, or of (ψ^h) for the same set. Indeed, the two-scale Wigner measures ν̃ of (v^h) and ν of (ψ^h) are linked by

∀a ∈ A, < a , ν̃ >=< a ∘ N(κ) , AνA^∗ >, (20)

where for (ρ, η) ∈ N(I), N(κ)(ρ, η) = (κ(ρ), η).

We concentrate now on translating Theorem 1 into some result on ν̃. We set

Π̃^± = 1 2 � �1 ± 1 � s^2 + |Γ ζ̃|^2

V (Γ ζ̃, s) � � . (21)

We decompose ν̃ as ν̃ = ν̃^+ + ν̃^− with the commutation’s relations

Π̃^± ν̃^± Π̃^± = ν̃^± , (22)

and the localization property: ν̃^± is supported on J^{±,in} ∪ J^{±,out} . Let us denote by ν̃^{±,in} (resp. ν̃^{±,out} ) the traces of ν̃^± on s = 0^+ (resp. s = 0^− ). In view of (20), we have

ν̃^{±,out} ∘ N(κ)^{−1} = A_{|S} ν^{±,out} A^∗_{|S}, ν̃^{±,in} ∘ N(κ)^{−1} = A_{|S} ν^{±,in} A^∗_{|S}.

In the coordinates (s, z, σ, ζ) we choose the equations of I, ζ̃ = 0. Let ρ ∈ S, this equation generates coordinates η̃ ∈ R^4 on N(I)_{|ρ}. In the coordinates (t, x, τ, ξ), we characterize N(I)_{|ρ} as in Lemma 1. We aim to express the transformation N(κ) in these systems of coordinates.

Note that, in view of (19) and of Proposition 3, we have

Γ_{|S} dζ̃ = λ dg_{|S}.

Since g = l̃ � p − (τ + k + |ξ|^2/2)u � with u_{|S} = e_{|S} = −^E_{|E|} , we have for δρ ∈ T I_{|ρ}, ρ ∈ S,

Γ(ρ) d ζ̃ = λ dg(ρ)δρ = λ l (dp(ρ)δρ) ,

where l (dp(ρ)δρ) are the coordinates of P(dp(ρ)δρ), the orthogonal projection of dp(ρ)δρ on the hyperplane normal to E in the orthonormal basis of this hyperplan introduced in Lemma 2. We denote by η̃ the coordinate on N(I) induced by the choice of the equations ζ̃ of I and we obtain that equations (5) write � ν̃^{+,out} = T̃ ν̃^{−,in} + (1 − T̃ )R̃ ν̃^{+,in} R̃, ν̃^{−,out} = T̃ ν̃^{+,in} + (1 − T̃ )R̃ ν̃^{−,in} R̃,

(23) with, T̃ = T ∘ N(κ), R̃ = A_{|S}RA^{−1}_{|S} ∘ N(κ).

By (18), we get R̃ = A_{1|S}RA_1^{−1}_{|S} ∘ N(κ) = A_{1|S}RA_1^∗_{|S} ∘ N(κ).

Therefore, (17) and (9) yield

T̃ (z, ζ_5, · · · , ζ_{d−1} , η̃) = exp � −|Γ_{|S} η̃|^2 � , R̃(z, ζ_5, · · · , ζ_{d−1} , η̃) = 1 |Γ_{|S}η̃| � 0 q(Γ_{|S} η̃) q(Γ_{|S} η̃)^∗ 0 � . In the following sections, we drop the ~ on η̃ and we focus on proving these formula, for |η| = ∞ first, then for finite η.

Before closing this section, let us state a last result concerning system (7). The dependance on the variable σ of the function Γ does not prevent from dealing with system (7) as a system of evolution equations. Actually, arguing as in [10], Proposition 5, we can prove the following hyperbolic estimate.

Proposition 4 . Let ϕ ∈ C^∞_0 (R), ϕ(0) = 1, then there exist h_0 > 0 and δ_0 > 0 such that

for any δ < δ_0, the family op_h � ϕ �_{|ζ̃|2} δ � v^h � h<h_0

is bounded in L^∞(R_s, L^2(R^d_z)).

Moreover, arguing as in [10] and [8], the following corollary is straightforward and will be useful in the following.

Corollary 1 . If b_h ∈ C^∞_0 (R^{2d+2}), there exists some constant C such that � � � op_h (b_h)v^h | v^h � � ≤ C

�_{+∞} −∞ Sup γ+|β|≤N

Sup_{z,σ,ζ} � �∂^β_z ∂^γ_σ b_h(s, z, σ, ζ) � � ds.

3 Analysis at Infinity

In this section, we aim at proving equations (23) for | η |= +∞, i.e.

ν̃^{+,out} = R̃ ν̃^{+,in} R̃, ν̃^{−,out} = R̃ ν̃^{−,in} R̃.

We follow the method developed in [8] and [10] with modifications induced by the fact that the eigenvalues of matrix V are of multiplicity 2 while it was exactly 1 in the references above. Thus, the proofs therein does not directly apply. However, it is possible to adapt them and the method we use below is not specific to multiplicity 2 and applies for higher multiplicity .

We shall focus on the plus mode, the proof for the minus mode is similar. Let us introduce first some notations. We set λ = � s^2 + |Γ ζ̃|^2, A = V (Γ ζ̃, s),

and we denote by (f^h) the family such that, locally near 0, h i ∂_sv^h =op_h (A)v^h + hf^h,

with (op_h (ϕ)f^h) bounded in L^2_{s,z} for any ϕ compactly supported near enough 0. Then, for ω ∈ S^1, we denote by X_ω the norm 1 eigenvector of A for the eigenvalue λ defined for s ≠ 0 or ζ̃ ≠ 0 by

X_ω = 1 � 2λ(λ − s) � q(Γ ζ̃)ω, (λ − s)ω � = 1 � 2λ(λ − s)

(λ + A) � 0 ω � . We shall use the following properties of X_ω.

Lemma 5 1) X_ω = (0, ω) + O(|ζ̃|) if s < 0, X_ω = � q �_{Γ ζ̃}

|Γ ζ̃| � , 0 � + O(|ζ̃|) if s > 0.

2) There exists some matrix-valued function ϕ, homogeneous of degree 0 in s, λ and ζ̃, such that if (ω, ω^′) is some orthonormal basis of R^2,

∂_sX_ω = 1 2λ (∂_sA − ∂_sλ) X_ω + (ϕ ω · ω^′)X_ω′ .

Proof: Point 1) is straightforward by Taylor expansion. Let us focus on point 2). Consider ω, ω^′ ∈ S^1 such that ω · ω^′ = 0. The vectors X_ω and X_ω′ form a orthonormal basis of the subspace of all the eigenvectors of A for the eigenvalue λ. Moreover, using that X_ω ·X_ω′ = 0, we obtain that

∂_sX_ω · X_ω′ = 1 2λ(λ − s) � (λ + A)(∂_sλ + ∂_sA) � 0 ω � · � 0 ω^′ � = 0.

We get, through straightforward computation,

∂_sX_ω · X_ω′ = 1 2λ(λ − s) � q(Γ ζ̃)^∗q(∂_sΓ ζ̃)ω · ω^′ � . We set ϕ(s, z, σ, ζ) = 1 2λ(λ − s) q(Γ ζ̃)^∗q(∂_sΓ ζ̃). (24)

Since |X_ω| = 1, we also have ∂_sX_ω · X_ω = 0. Thus, the vector ∂_sX_ω is of the form

∂_sX_ω = (ϕ ω · ω^′)X_ω′ + Y, where Y is an eigenvector of A for the eigenvalue −λ. The derivation in the variable s of the relation AX_ω = λX_ω yields

(∂_sλ − ∂_sA)X_ω = (A − λ)∂_sX_ω = −2λY = −2λ(∂_sX_ω − (ϕω · ω^′)X_ω′ ),

whence 2) of Lemma 5.♦

We consider now ω, ω^′ ∈ S^1 and the matrix

Π_{ω,ω}′ = X_ω ⊗ X_ω′ .

Because of (22), measure ν̃^+ is utterly determined by the knowledge of tr � Π_{ω,ω}′ν̃^+ � for all ω, ω^′ ∈ S^1. We set

Π^{in}_{ω,ω}′ = � q �_{Γ ζ̃}

|Γ ζ̃| � ω 0 � ⊗ � q �_{Γ ζ̃}

|Γ ζ̃| � ω^′ 0 � , Π^{out}_{ω,ω}′ = � 0 ω � ⊗ � 0 ω^′ � , so that we have Π_{ω,ω}′ = Π^∞_{ω,ω}′ + O(|ζ̃|) (25)

with Π^∞_{ω,ω}′ = Π^{in}_{ω,ω}′ if s > 0, Π^∞_{ω,ω}′ = Π^{out}_{ω,ω}′ + O(|ζ̃|) if s < 0. Consider now ρ ∈ C^∞_0 (R), ρ = 1 near 0. Since, R̃ Π^{in}_{ω,ω′} R̃ = Π^{out}_{ω,ω′} ,

the relations (23) are equivalent to the fact that for all a_0 ∈ C^∞_0 (R^{2d+1}_{z,σ,ζ} × S^1) and for all ω, ω^′ ∈ S^1,

lim_{ε→0} tr � < ν̃^+ 1_{|η|=∞} , a_0(z, σ, ζ, η |η| ) Π^{out}_{ω,ω}′ ρ( s ε ) > �

= lim_{ε→0} tr � < ν̃^+ 1_{|η|=∞} , a_0(z, σ, ζ, η |η| ) Π^{in}_{ω,ω}′ ρ( s ε ) > � . (26)

For a_0 as before, δ < δ_0, (where δ_0 is defined in Proposition 4), R > 0, ε > 0, we define a as

a(s, z, σ, ζ, η) = ρ � s ε � a_0(z, σ, ζ, η |η| )ρ � |ζ̃|^2 δ � � 1 − ρ � |η| R � . The function a is a symbol of A. Actually, a is smooth despite the term^η_{|η|} because η ≠ 0 on Supp(a). For the same reason, the function

q_h(s, σ, z, ζ, η) = a(s, z, σ, ζ, ζ̃ √ h )Π_{ω,ω}′

is smooth. Thus the operator op_h (q_h) is well defined. We shall denote it by op_h^I (aΠ_{ω,ω}′ ) even though aΠ_{ω,ω}′ /∈ A. This fact compels us to work in a larger class of symbol than A.

Since Π_{ω,ω}′ is an homogeneous function of degree 0 of the variable (s, Γ ζ̃), we have the estimate � �∂^β_{σ,z,ζ5,···,ζd} ∂^α_{s,ζ̃} q_h � � ≤ C_{α,β} (ε, δ) � 1 R √ h �_{|α|} , where we implicitly assumed R √ h ≤ 1. This estimate allows us to use Weyl-Hörmandes symbolic calculus for which we refer to Sections 18.4, 18.5 and 18.6 in [21]. The symbol q_h belongs to the class S(1, g_h) where g_h is the metric

g_h = dz^2 + ds^2 R^2h

+ h^2(dσ^2 + dζ^2_5 + · · · + dζ^2_d ) + h dζ̃^2 R^2 . Since^{gh}_gσ_h ≤

� √_h R �_2

, the gain of this symbolic calculus is √ h R . Observe that, on the other hand, ∂_sa Π_{ω,ω}′ ∈ A and by definition of ρ, 1_{±s>0} ∂_sa Π_{ω,ω}′ ∈ A. Moreover, because of (25), we have

tr < ν̃^+ 1_{|η|=∞}1_{s>0} , 1 ε ρ^′ � s ε � a_0Π^∞_{ω,ω}′ >= lim_{R→∞} lim_{δ→0} lim_{h→0} � op_h^I � ∂_sa Π_{ω,ω}′ � v^h | v^h � . We obtain that (26) is equivalent to

lim_{ε→0} lim_{R→∞} lim_{δ→0} lim_{h→0} � op_h^I � ∂_saΠ_{ω,ω}′ � v^h | v^h � = 0.

The proof of this claim crucially uses Weyl-Hörmander metric g_h defined above and Corollary 1. It is inspired from Section 4.2 in [10] to which the reader can refer. We decompose

L_{ε,R,δ,h}(a_0) := − � op_h^I � ∂_saΠ_{ω,ω}′ � v^h | v^h �

as L_{ε,R,δ,h,0}(a_0) = L^1 + L^2 + L^3 with

L^1 = i h � op_h^I (aΠ_{ω,ω}′ ) , op_h � s q(Γ ζ̃) q(Γ ζ̃)^∗ −s � v^h | v^h � , L^2 = � op_h^I � a∂_sΠ_{ω,ω}′ � v^h | v^h � , L^3 = i � op_h^I (aΠ_{ω,ω}′ )f^h | v^h � − i � op_h^I (aΠ_{ω,ω}′ )v^h | f^h � . Then, we prove the convergence to 0 of L^1, L^2 and L^3. For b = b(s, z, σ, ζ, η) ∈ C^∞, we set

b^♭_h(s, z, σ, ζ) = b(s, z, σ, ζ, ζ̃ √ h ), b^♯_h(s, z, σ, ζ) = b(s, z, hσ, hζ, √ hζ̃),

so that we have for b ∈ A,

op_h^I (b) =op_h (b^♭_h) =op_1 (b^♯_h).

• We begin with L^3. By the Weyl–Hörmander symbolic calculus, if χ ∈ C^∞_0 (Ω) with χ = 1 near the support of a, we have

op_h^I (aΠ_{ω,ω}′ ) =op_h^I (aχΠ_{ω,ω}′ ) =op_h^I (aΠ_{ω,ω}′ ) op_h (χ)+ op_1 � �S � √ h R �_N , g_h � � ,

for all N ∈ N. On the other hand, we can apply Corollary 1 to the symbol b_h = a^♭_hΠ_{ω,ω}′ . Using the explicit expressions of a and of Π_{ω,ω}′ , we get

| L^3 |≤ C

�_{+∞} −∞ | ρ( s ε ) | ds + O � � � √ h R �_N � � .

• Let us consider now L^1. Note that A^♯_h ∈ S(λ^♯_h, g_h), therefore by symbolic calculus, we obtain L^1 = 1 2 � op_h � {a^♭_hΠ̃_{ω,ω}′ , A} − {A, a^♭_hΠ̃_{ω,ω}′ } � v^h | v^h � + O( 1 R^2 ). We set b_h = {a^♭_hΠ̃_{ω,ω}′ , A} − {A, a^♭_hΠ̃_{ω,ω}′ }. (27) Observe that Π_{ω,ω}′ = U(s, λ, Γ ζ̃) where U = U(r, t, X) is homogeneous of degree 0. Therefore, ∂_sΠ_{ω,ω}′ and ∇_{ζ̃}Π_{ω,ω}′ are homogeneous of degree −1 in the variables s, λ and ζ̃. However, ∂_σ Π_{ω,ω}′ and ∇_zΠ_{ω,ω}′ have a better degree of homogeneity, they are homogeneous function of degree 0 in λ, s and ζ̃. Indeed, we have

∂_σ Π_{ω,ω}′ = ∂_σ λ ∂_rU(s, λ, Γ ζ̃) + ∇_X U(s, λ, Γ ζ̃)∂_σ Γ ζ̃,

with ∂_σ λ = λ^{−1} ∂_σ Γ ζ̃ · Γζ̃. Similar relations hold for ∂_{zj} Π_{ω,ω}′ . Note that, in (27), the derivatives ∂_sΠ_{ω,ω}′ and ∇_{ζ̃} appear with some factor ζ̃, which compensates the −1 degree of homogeneity of these functions. Therefore, applying Corollary 1, we obtain the estimate � � � op_h (b_h)v^h , v^h � � ≤ C

�_{+∞} −∞ ρ( s ε )ds = O(ε).

Thus limsup

(ε,δ)→(0,0)

limsup

R→+∞

limsup h→0 | L^1 |= 0.

• Finally, let us deal with the remainder term L^2. We claim that if ω · ω^′ = 0,

∂_sΠ_{ω,ω} = � A, A 2λ^2

∂_sΠ_{ω,ω} � − (ϕ ω · ω)(Π_ω′_{,ω} + Π_{ω,ω}′ ),

∂_sΠ_{ω,ω}′ = � A, A 2λ^2

∂_sΠ_{ω,ω}′ � − (ϕ ω · ω^′)(Π_{ω,ω} + Π_ω′_{,ω}′ ). (28)

Indeed, because of 2) of Lemma 5, if M =^1_{2λ} ((∂_sA − ∂_sλ)), we have for ω · ω^′ = 0,

∂_sΠ_{ω,ω}′ = MΠ_{ω,ω}′ + Π_{ω,ω}′ M + (ϕ ω · ω^′)(Π_{ω,ω} + Π_ω′_{,ω}′ ) ∂_sΠ_{ω,ω} = MΠ_{ω,ω} + Π_{ω,ω}M + (ϕ ω · ω)(Π_ω′_{,ω} + Π_{ω,ω}′ ).

Observe that since ∂_s(A^2) = ∂_s(λ^2) = A∂_sA + A∂_sA = 2λ∂_sλ,

we have AM + MA = 0. Therefore, using

AΠ_{ω,ω}′ = Π_{ω,ω}′ A = λΠ_{ω,ω}′ , AΠ_{ω,ω} = Π_{ω,ω}A = λΠ_{ω,ω},

we obtain

A∂_sΠ_{ω,ω}′ A = −λ^2∂_sΠ_{ω,ω}′ + 2λ^2(ϕ ω · ω^′)(Π_{ω,ω} + Π_ω′_{,ω}′ ), A∂_sΠ_{ω,ω}A = −λ^2∂_sΠ_{ω,ω} + 2λ^2(ϕ ω · ω)(Π_{ω,ω}′ + Π_ω′_{,ω}).

Hence (28).

This latter equation allows to conclude for L^2. Indeed, the homogeneity of ϕ and Π_{ω,ω}′ in s, λ and ζ̃ yields that

limsup

(ε,δ)→(0,0)

limsup

R→+∞

limsup h→0 � � � op_h^I � a(ϕ ω · ω^′)Π_{ω,ω}′ � v^h | v^h � � = 0.

Moreover, we transform the bracket part of ∂_sΠ_{ω,ω}′ as in [10] so that we can reuse the equation. In the metric g_h, λ^♯_h ≥ C √ hR on Supp(a^♯_h) � aλ^{−2} A

�_♯ h ∂_sΠ_{ω,ω}′ ∈ S � 1 √ hRλ^♯_h

, g_h � . We obtain

op_h^I � A, A 2λ^2

∂_sΠ_{ω,ω} � ∈ 1 2 op_h (A) op_h^I � aλ^{−2} A∂_sΠ_{ω,ω}′ �

− 1 2 op_h^I � aλ^{−2} A∂_sΠ_{ω,ω}′ � op_h (A)+ op_1 � S � 1 R^2

, g_h � . Therefore, we can use again the equation and we get � op_h^I � A, A 2λ^2

∂_sΠ_{ω,ω} � v^h | v^h �

= O � 1 R^2 � + O(h) − h 2i � op_h^I � ∂_s � aλ^{−2} A∂_sΠ_{ω,ω}′ � v^h | v^h � .

Since | ∂^β_{σ,z} ∂_s � aλ^{−2} A∂_sΠ_{ω,ω}′

�_♭ h |≤^C

(s^2+hR^2)^{3/2} , as h goes to 0, � op_h^I � A, A 2λ^2

∂_sΠ_{ω,ω} � v^h | v^h �

= O � 1 R^2 � + o(1) + Ch

�_{+∞} −∞ ds (s^2 + hR^2)^{3/2}

= o(1) + O � 1 R^2 � . Hence, limsup

R→+∞

limsup h→0 L^2 = 0. This completes the proof of (23) for |η| = +∞ .♦

4 Analysis at Finite Distance

In this section, we aim at proving Landau-Zener formula (23) in {|η| < +∞}. We proceed in three steps. We begin by stating a normal form which holds in any ball B ⊂ R^4_η . Then we are reduced to deal with some abstract scattering problem that can be solved explicitly. This allows to obtain Landau-Zener formula for measure ν̃ and then for ν.

4.1 A Normal Form at Finite Distance

Proposition 5 . For any ball B ⊂ R^4_η , there exists a matrix C ∈ C^∞_0 (R^{2d+4}_{s,z,σ,ζ,η} ) such that if u^h = � 1 + √ h op_h^I (C) � v^h, then, in L^2(R^{d+1}),

∀a ∈ C^∞_0 (R^{2d+2} × B), op_h^I (a) op_h � −σ + s q(Γ_{|S}ζ̃) q(Γ_{|S}ζ̃)^∗ −σ − s � u^h = O(h).

Remark 5 . Note that (u^h) and (v^h) have the same two-scale Wigner measure on I.

Proof: We set J = � 1 0 0 −1 � ∈ R^{4,4}, Γ^0 = Γ(s, z, 0, ζ) and Γ^{00} = Γ(0, z, 0, ζ),

H̃_5 = � −σ + s q(Γ ζ̃) q(Γ ζ̃)^∗ −σ − s � , H̃^0_5 = � −σ + s q(Γ^0ζ̃) q(Γ^0ζ̃)^∗ −σ − s � , H̃^{00}_5 = � −σ + s q(Γ^{00}ζ̃) q(Γ^{00}ζ̃)^∗ −σ − s � . We prove the following lemma.

Lemma 6 . There exist two smooth matrices C_1 = C_1(s, z, σ, ζ, η) and C_2 = C_2(s, z, σ, ζ, η), C_1, C_2 ∈ C^∞_0 (R^{2d+4}) such that for all a ∈ C^∞_0 (R^{2d+2} × B),

|| op_h^I (a) � � 1 + √ h op_h^I (JC_1J) � op_h (H̃_5)

− op_h (H̃^0_5 ) � 1 + √ h op_h^I (C_1) � � ||_{L(L}2_) = O(h), (29)

|| op_h^I (a) � � 1 + √ h op_h^I (C_2) � op_h (H̃^0_5 )

− op_h (H̃^{00}_5 ) � 1 + √ h op_h^I (C_2) � � ||_{L(L}2_) = O(h). (30)

This lemma yields Proposition 5 thanks to the following remark. Actually, observe that if a is compactly supported in all the variables s, z, σ, ζ, η, then we have in L(L^2),

op_h^I (a) op_h (ζ_j b) = √ h op_h^I (aη_jb) + O( √ h). Hence || op_h^I (a) op_h (ζ_j b)||_{L(L}2_) = O( √ h), (31)

for j ∈ {0, 1, 2, 3} and b ∈ C^∞_0 (R^{2d+2}). Therefore, writing Γ ζ̃ = Γ_{|S}ζ̃ + O(|ζ|^2), we obtain that for any a compactly supported in all the variables,

|| op_h^I (a) op_h � q(Γ ζ̃) � − op_h^I (a) op_h � q(Γ_{|S}ζ̃) � ||_{L(L}2_) = O(h).

Therefore, equations(29) and (30) yield Proposition 5. ♦

Proof of Lemma 6: Equation (29) is equivalent to

|| op_h^I (a) � 1 + √ h op_h^I (C_1) � op_h (JH̃_5)− op_h (JH̃^0_5 ) � 1 + √ h op_h^I (C_1) � ||_{L(L}2_) = O(h).

Note that JH̃_5 = � −σ + s q(Γ ζ̃) −q(Γ ζ̃)^∗ σ + s � . We use symbolic calculus to expand in power of √ h the left hand side. Because of (31), we obtain that C_1 must satisfy,

σ[J, C_1] = � 0 q � (Γ^0 − Γ)η � −q � (Γ^0 − Γ)η

�_∗ 0 � . Therefore, we get

C_1 = 1 2σ � 0 q � (Γ^0 − Γ)η � q � (Γ^0 − Γ)η

�_∗ 0 � χ(η),

for some function χ ∈ C^∞_0 (R^4_η ) identically equal to 1 on B. A similar proof determines C_2, whence Lemma 6.♦

4.2 Landau-Zener Formula

Because of Proposition 5, once given some ball B ⊂ R^4_η , we are reduced to the study of the traces on s = 0^+ and s = 0^− of the two-scale Wigner measure of a family (u^h) satisfying

∀a ∈ C^∞_0 (R^{2d+2} × B), op_h^I (a) op_h � −σ + s q(Γ_{|S} ζ̃) q(Γ_{|S} ζ̃)^∗ −σ − s � u^h = O(h) in L^2(R^{d+1}).

Moreover, by applying a cut-off function, we may suppose that Γ is compactly supported and turn Γ_{|S} into ϕ(η)Γ_{|S} with ϕ compactly supported and identically equal to 1 on B.

In this way, our system is microlocalized in the ball B, which is enough to calculate the two-scale Wigner measures in B. We are left with a system of the form h i ∂_su^h =op_h^I � s ϕ(η)q(Γ_{|S} ζ̃) ϕ(η)q(Γ_{|S} ζ̃)^∗ −s � u^h + hf^h,

where (op_h^I (a)f^h) is uniformly bounded in L^2_{s,z} for symbols a compactly supported in R^{2d+2} × B. However, f^h does not contribute to the description of the traces on s = 0^+, s = 0^− of the two-scale Wigner measure of (u^h). Actually, if S_h(s, s^′) denotes the evolution operator associated with the free system h i ∂_su^h =op_h^I � s ϕ(η)q(Γ_{|S} ζ̃) ϕ(η)q(Γ_{|S} ζ̃)^∗ −s � u^h, u^h_{|s=0} = u^h_{|s=0},

then we have u^h = u^h + i

�_s 0 S_h(0, t)f^h(t)dt.

Hence, u^h = u^h+O( � |s|) in L^2(R^d_z). Therefore, the traces of the two-scale Wigner measures of (u^h) and (u^h) on s = 0^± are the same. Let us denote by G the compact operator

G =op_h^I � ϕ(η)q(Γ_{|S} η) � . As a consequence of Proposition 7 in [10], we have the following Lemma.

Lemma 7 There exist α^h_j = α_j(z), ω^h_j = ω^h_j (z), j ∈ {1, 2}, such that, as h goes to 0, for any χ ∈ C^∞_0 (R), χ(GG^∗)α^h_1 , χ(G^∗G)α^h_2 , χ(GG^∗)ω^h_1 and χ(G^∗G)ω^h_2 are bounded and for s < 0,

χ(GG^∗) � u^h_1 (s, z) u^h_2 (s, z) � = χ(GG^∗)e^{i s22h} � � s√ h � �^i GG∗ 2 α^h_1 + o(1),

χ(G^∗G) � u^h_3 (s, z) u^h_4 (s, z) � = χ(G^∗G)e^{−i s22h} � � � s √ h � � � −i^{G∗ G}_2

α^h_2 + o(1),

for s > 0,

χ(GG^∗) � u^h_1 (s, z) u^h_2 (s, z) � = χ(GG^∗)e^{i s22h} � � s√ h � �^i GG∗ 2 ω^h_1 + o(1),

χ(G^∗G) � u^h_3 (s, z) u^h_4 (s, z) � = χ(G^∗G)e^{−i s22h} � � s√ h � �^{−i}

G∗ G 2 ω^h_2 + o(1),

Moreover � ω^h_1 ω^h_2 � = S^h � α^h_1 α^h_2 � (32) with S^h = � a(GG^∗) −b(GG^∗)G b(G^∗G)G^∗ a(G^∗G) � , with a(λ) = e^{−π λ}2 , b(λ) =^{2iei π4}_λ^√_π 2^{−iλ/2} e^{−π λ}4 Γ(1 + i^λ_2 ) sh(^{πλ}_2 ), a(λ)^2 = 1 − λ|b(λ)|^2.

These formula allow to calculate two-scale Wigner measures thanks to Lemma 8 in [10] which states that for χ ∈ C^∞_0 (R) we have,

op_h^I � χ � | ϕ( η R )Γ_{|S}η |^2 � = χ(GG^∗) + o(1) = χ(G^∗G) + o(1). (33)

In view of

Π̃^+ = � 1 0 0 0 � on J^{+,in}, Π̃^− = � 0 0 0 1 � on J^{−,in} ,

Π̃^+ = � 0 0 0 1 � on J^{+,out}, Π̃^− = � 1 0 0 0 � on J^{−,out} ,

we obtain that ν̃^+ 1_{s>0} (resp. ν̃^− 1_{s>0}) is the two-scale Wigner measure of the family

e^{i s2}2h � �^{s√}_h � �^i GG∗ 2 (α^h_1 , 0) (resp. e^{−i s2}2h � �^{s√}_h � �^{−i}

G∗ G

2 (0, α^h_2 )). Similarly, ν̃^+ 1_{s<0} (resp. ν̃^− 1_{s<0}) is

the two-scale Wigner measure of the family e^{−i s2}2h � �^{s√}_h � �^{−i}

G∗ G

2 (0, ω^h_2 ) (resp. e^{i s2}2h � �^{s√}_h � �^i GG∗ 2 (ω^h_1 , 0)).

We use Lemma 9 in [10]: for every χ ∈ C^∞_0 (R^{2d+4})), we have in L(L^2), | s √ h |^{−i GG∗2} op_h^I (χ) | s √ h |^{i GG∗2} =| s √ h |^{−i G∗ G2} op_h^I (χ) | s √ h |^{i G∗ G2} +o(1) =op_h^I (χ) + o(1).

Therefore, ν̃^{+,in} (resp. ν̃^{−,in} ) is the two-scale Wigner measure of the family (α^h_1 , 0) (resp. (0, α^h_2 )). Similarly, ν̃^{+,out} (resp. ν̃^{−,out} ) is the two-scale Wigner measure of the family (0, ω^h_2 ) (resp. (ω^h_1 , 0)). Observe that equation (32) yields, � ω^h_1 (z) 0 � = a(GG^∗) � α^h_1 (z) 0 � − b(GG^∗) � 0 G G^∗ 0 � � 0 α^h_2 (z) � , � 0 ω^h_2 (z) � = a(G^∗G) � 0 α^h_2 (z) � + b(G^∗G) � 0 G G^∗ 0 � � α^h_1 (z) 0 � . These relations yield (23) via (33), which completes the proof of Theorem 1.♦

5 Appendix: The Geometry of the Crossing

Proof of Proposition 1: Consider ρ_0 = (t_0, x_0, τ_0, ξ_0) ∈ S such that E(x_0, ξ_0) ≠ 0 and let us prove the local existence of some integral curves ρ^±_s = (t_0 + s, x^±_s , ξ^±_s , τ_0) of H_λ ± . We must have ẋ^±_s = ξ^±_s , ξ̇^±_s = −∇k(x^±_s ) ∓^t∇p(x^±_s ) p(x^±_s ) |p(x^±s )| . In order to define (ρ^+_s )_{s<0} and (ρ^−_s )_{s>0}, we aim at proving the existence of functions x̃_s, ξ̃_s such that � x̃_s = x^+_s , ξ̃_s = ξ^+_s for s < 0, x̃_s = x^−_s , ξ̃_s = ξ^−_s for s > 0.

Therefore, we have to solve d ds x̃_s = ξ̃_s, d ds ξ̃_s = −∇k(x̃_s) + sgn(s)^t∇p(x̃_s) p(x^{±s} ) |p(x^±s )| , d ds (p(x̃_s)) = E(x̃_s, ξ̃_s).

Necessarily, p(x̃_s) =

�_s 0 E(x̃_σ , ξ̃_σ )dσ = s

�_1 0 E(x̃_{st}, ξ̃_{st})dt and thus

ξ̃_s = ξ_0 −

�_s 0 � ∇k(x̃_σ ) +^t∇p(x̃_σ )

�_1 0 E(x̃_{σt} , ξ̃_{σt} ) dt | �_1 0 E(x̃_{σt} , ξ̃_{σt} ) dt| � dσ, x̃_s = x_0 +

�_s 0 ξ̃_σ dσ.

Since E(ρ_0) ≠ 0, a fixed point argument can be ruled out on these latter equations. One defines x̃_s, ξ̃_s and thus ρ^+_s for s < 0 and ρ^−_s for s > 0. We argue similarly for ρ^−_s , s < 0 and ρ^+_s , s > 0.♦

Let us denote by H and H^′ the limits of the two hamiltonian flows along J and J^′ above S, we have

lim_{s→0−} H_λ + (ρ^+_s ) = lim_{s→0+} H_λ − (ρ^−_s ) = H_{τ+k+|ξ|}2_{/2} − E |E| · H_p := H,

lim_{s→0+} H_λ + (ρ^+_s ) = lim_{s→0−} H_λ − (ρ^−_s ) = H_{τ+k+|ξ|}2_{/2} + E |E| · H_p := H^′.

Proof of Proposition 2: Let us focus on J, the case of J^′ is similar. By definition, J is a codimension j submanifold of T^∗R^{d+1}. Moreover, since H_λ ± are hamiltonian vector fields, J is an involutive submanifold if and only if for any ρ ∈ S, T J_{|ρ} is an involutive subspace. Since T J_{|ρ} = T S_{|ρ} ⊕ R H, we have (T J_{|ρ})^⊥ = (T S_{|ρ})^⊥ ∩ H^⊥. Observe that

T S_{|ρ} = Vect � H_{τ+k+|ξ|}2_{/2}, H_{pi} , 0 ≤ i ≤ j � , H = H_{τ+k+|ξ|}2_{/2} − E |E| · H_p.

Simple calculation shows that if δρ ∈ (T J_{|ρ})^⊥, there exists X ∈ R^j such that

δρ = X · H_p − X · E |E| H_{τ+k+|ξ|}2_{/2} = − � X · E |E| � H + � X − X · E |E| E |E| � · H_p.

Since X^′ = X −X ·^E_{|E|}^E_{|E|} satisfies X^′ ·E = 0, X^′ ·H_p ∈ T S_{|ρ}. Thus, δρ ∈ T S_{|ρ} ⊕RH = T J_{|ρ} and (T J_{|ρ})^⊥ ⊂ T J_{|ρ}, which proves that J is an involutive submanifold.

Since p is of rank j, there exists a function y = y(t, x, τ, ξ) ∈ R^{2d−j+1} such that (t, x, τ, ξ) → (τ + k + |ξ|^2/2, p, y) is a local diffeomorphism near ρ_0 ∈ S. We claim that J → R^{2d−j+2} ρ → (τ + k + |ξ|^2/2, y) also is a local diffeomorphism. Indeed, let δρ ∈ T J be a null vector for the differential of this mapping at ρ ∈ S. We have δρ = δs + λH with δs ∈ T S_{|ρ} and λ ∈ R. Thus 0 = d(τ + k)δρ = λ d(τ + k + |ξ|^2/2)H = λσ(H, H_{τ+k+|ξ|}2_{/2}) = λ|E|.

Therefore λ = 0 and dy δs = 0, whence δs = 0 in view of the definition of y. As a consequence, there exist equations of J of the form p = ϕ(τ + k + |ξ|^2/2, y). Since |p| = |τ + k + |ξ|^2/2| on J, there exists some smooth vector u = u(t, x, τ, ξ) ∈ S^{j−1} such that ϕ(τ + k + |ξ|^2/2, y) = (τ + k + |ξ|^2/2)u.

Observe that E = lim_{s→0−} dp(x^+_s )H_λ + (ρ^+_s ) = lim_{s→0−} d(τ + k + |ξ|^2/2)(ρ^+_s )H_λ + (ρ^+_s ) u = − lim_{s→0−} {τ + k + |ξ|^2/2 , p} · p |p| (ρ^+_s )u = −|E| u.

Therefore we have u_{|S} = −^E_{|E|} , which completes the proof of Proposition 2.♦ Proof of Lemma 1: Let us study the limits of the fibers of N_Σ ± (J̇^{±,in} ) and N_Σ ± (J̇^{±,out} ) above some point ρ which goes to S. Consider H^⊥ and (H^′)^⊥ the orthogonal of H and H^′ respectively for the symplectic form on T (T^∗R^{d+1}). The measures ν^{+,in}_S and ν^{−,out}_S are measures on the compactified of H^⊥/T J and measures ν^{−,in}_S and ν^{+,out}_S on (H^′)^⊥/T J^′. Note that T J = T S ⊕ RH and T J^′ = T S ⊕ RH^′, therefore if we set F = T J + T J^′ = T S ⊕ RH ⊕ RH^′, the (j − 1) dimension spaces H^⊥/T J and (H^′)^⊥/T J^′ can be identified to T (T^∗R^{d+1})/F . Observe that F^⊥ = T J^⊥ ∩ H^⊥ ∩ H^{′⊥} = {W = X · H_p, X · E = 0, X ∈ R^j }.

Moreover, if W = X · H_p and δρ ∈ T (T^∗R^{d+1})_{|ρ}, ρ ∈ S,

σ(W, δρ) = −X · dp δρ.

Therefore, if P ∈ L(R^j ) is the orthogonal projection on the normal hyperplane to E, the class modulo F of δρ is utterly determined by the knowledge of P(dp δρ). We choose some orthonormal basis of the hyperplane normal to E, the map

η : T (T^∗(R^{d+1})) → R^{j−1} δρ → P (dp δρ)

defines a system of coordinates on T (T^∗R^{d+1})/F .

Acknowledgenments . Crucial points of this work were understood by the author while collaborating with C. Lasser and P. Gérard, may they find here her acknowledgement for their acute questions and their challenging discussions.

References

[1] A. P. Calderón, R. Vaillancourt: On the boundedness of pseudo-differential operators.

J. Math. Soc. Japan 23, N^o 2, (1971), p. 374-378.

[2] A. Cordoba, C. Fefferman: Wave packets and Fourier integral operators.

Comm.Part.Diff.Eq., 3, (1978), p. 979-1005.

[3] Y. Colin de Verdière: Sur les singularités de Van Hove génériques, Bull. Soc. Math. de France, 119, Mémoire 46, (1991), p. 99-109.

[4] Y. Colin de Verdière: The level crossing problem in semi-classical analysis I. the symmetric case. To appear in the Proceedings of Frédéric Pham’s congress.

[5] Y. Colin de Verdière, M. Lombardi, J. Pollet: The microlocal Landau-Zener formula.

Ann. Inst. Henri Poincaré, 71, N^o1, (1999), p.95-127.

[6] C. Fermanian Kammerer: Mesures semi–classiques deux–microlocales, C. R. Acad. Sci.

Paris, 331, Série 1, (2000), p.515-518.

[7] C. Fermanian Kammerer: A non commutative Landau-Zener formula. Prépublication de l’Université Cergy-Pontoise, (2002).

[8] C. Fermanian Kammerer, P. Gérard: Mesures semi-classiques et croisements de modes.

Bull. Soc. math. France, 130, N^o1, (2002), p.123–168.

[9] C. Fermanian Kammerer, P. Gérard: Une formule de Landau-Zener pour un croisement générique de codimension 2, Séminaire Equations aux Dérivées Partielles 2001–2002, Exposé N^o21, Ecole Polytechnique.

http://math.polytechnique.fr/seminaires/seminaires-edp/

[10] C. Fermanian Kammerer, P. Gérard: A Landau-Zener formula for non-degenerated involutive codimension 3 crossings. Prépublication de l’Université de Cergy-Pontoise, Sept. 2002.

[11] C. Fermanian Kammerer, C. Lasser: Wigner measures and codimension two crossings.

Preprint mp-arc, 02-186, (2002), to appear in J.M.P.

[12] P. Gérard: Microlocal defect measures, Comm.Part.Diff.Eq., 16, (1991), p.1761-1794. [13] P. Gérard: Mesures semi-classiques et ondes de Bloch, Exposé de l’Ecole Polytechnique, E.D.P., Exposé N^oXVI, (1991).

[14] P. Gérard, E. Leichtnam: Ergodic Properties of Eigenfunctions for the Dirichlet Problem. Duke Math. J., 71, (1993), p.559-607.

[15] P. Gérard, P. A. Markowich, N. J. Mauser, F. Poupaud: Homogenization Limits and Wigner Transforms. Comm. Pure Appl. Math., 50, (1997), 4, p.323-379.

[16] P. Gérard, P. A. Markowich, N. J. Mauser, F. Poupaud: Erratum : Homogenization limits and Wigner transform. Comm. Pure Appl. Math., 53, (2000), p.280-281.

[17] G. A. Hagedorn: Proof of the Landau-Zener formula in an adiabatic limit with small eigenvalue gaps. Commun. Math. Phys. 136, (1991), p. 433-449.

[18] G. A. Hagedorn: Molecular Propagation through Electron Energy Level Crossings.

Memoirs of the A. M. S., 111, N^o 536, (1994).

[19] G. A. Hagedorn, A. Joye: Landau-Zener transitions through small electronic eigenvalue gaps in the Born-Oppenheimer approximation. Ann. Inst. Henri Poincaré, 68, N^o1, (1998), p.85-134.

[20] G. A. Hagedorn, A. Joye: Molecular propagation through small avoided crossings of electron energy levels. Rev. Math. Phys., 11, N^o 1, (1999), p. 41-101.

[21] L. Hörmander: The analysis of linear Partial Differential Operators III. Springer- Verlag, (1985).

[22] A. Joye: Proof of the Landau-Zener formula. Asymptotic Analysis 9, (1994), p.209-258. [23] L. Landau: Collected papers of L. Landau, Pergamon Press, (1965). [24] P-L. Lions, T. Paul:

Sur les mesures de Wigner. Revista Matemática Iberoamericana, 9, (1993), p.553-618. [25] J. Lever, R. Shaw: Irreducible Multiplier Corepresentations and Generalized Inducing, Comm. Math. Phys. 38, 257-277 (1974).

[26] L. Miller: Propagation d’onde semi-classiques à travers une interface et mesures 2- microlocales. Thèse de l’Ecole Polytechnique, (1996).

[27] F. Poupaud, C. Ringhofer: Semi-classical limits in a crystal with exterior potentials and effective mass theorems, Comm. Part. Diff. Eq., 21, (1996), N^o11-12, p.1897-1918.

[28] D. Robert: Autour de l’approximation semi–classique, Birkhaüser, (1983).

[29] H. Spohn, S. Teufel: Adiabatic decoupling and time-dependent Born-Oppenheimer theory, Commun. Math. Phys. 224, (2001), pp.113-132.

[30] E. P. Wigner: Group Theorey and its Application to the Quantum Mechanics of Atomic Spectra. New York, Academic Press, 1959

[31] C. Zener: Non-adiabatic crossing of energy levels, Proc. Roy. Soc. Lond. 137, (1932), p.696-702.

Adress: C. Fermanian Kammerer: Université de Cergy-Pontoise, Mathématiques, 2 avenue Adolphe Chauvin, BP 222, Pontoise, 95 302 Cergy-Pontoise cedex, France.

e-mail: Clotilde.Fermanian@math.u-cergy.fr