HOLDER CONTINUITY OF THE INTEGRATED DENSITY OF STATES FOR SOME RANDOM OPERATORS AT ALL ENERGIES

Jean-Michel Combes^1 Département de Mathétiques Université de Toulon et du Var 83130 La Garde, France

Peter D. Hislop^2 Department of Mathematics University of Kentucky Lexington, KY 40506–0027 USA

Frédéric Klopp^3 L.A.G.A, Institut Galilée Université Paris-Nord F-93430 Villetaneuse, FRANCE

Abstract

We prove that the integrated density of states of random Schrödinger operators with Anderson-type potentials on L^2(R^d ), for d ≥ 1, is locally Hölder continuous at all energies. The single-site potential u must be nonnegative and compactly supported, and the distribution of the random variable must be absolutely continuous with a bounded, compactly supported density. We also prove this result for random Anderson-type perturbations of the Landau Hamiltonian in two-dimensions under a rational flux condition.

February 21, 2002

1CPT, CNRS Marseille 2Supported in part by NSF grant DMS-9707049.

3Supported in part by FNS 2000 “Programme Jeunes Chercheurs”.

1 Introduction and Main Results

There are now many results on the local continuity of the integrated density of states (IDS) for random Schrödinger operators H_ω(λ) = H_0 + λV_ω, on L^2(R^d ), for d ≥ 1, and related operators describing wave propagation in random media, on certain energy intervals. The regions of the real axis where continuity has been proved lie outside the spectrum of the unperturbed, deterministic operator H_0. The first main result of this paper is the proof of the Hölder continuity of the IDS at all energies for the random operators. This applies to rather general Schrödinger operators with random Andersontype potentials V_ω constructed with nonnegative single-site potentials, and random coupling constants having absolutely continuous probability densities of bounded support. This result requires that the background operator H_0 have an IDS that is locally Hölder continuous. Although this establishes Hölder continuity at all energies, the Hölder exponent of continuity, q, must be rather small, satisfying approximately 0 < q < 1/3. In our second main result, we improve this estimate on the Hölder exponent of continuity. Under the hypothesis that H_0 is a periodic operator, we prove that the IDS is Hölder continuous with any exponent q of Hölder continuity satisfying 0 < q < 1. Finally, our third result concerns the Hölder continuity of the IDS for Landau Hamiltonians in two-dimensions. We prove that if the flux through the unit square is rational, then the IDS for H_ω(λ), for λ ≠ 0, is Hölder continuous at all energies with any exponent 0 < q < 1. These results improve all known results about the continuity of the IDS for random Schrödinger and related, operators on R^d . We remark that under the strong condition that supp u is sufficiently large, the IDS is known to be Lipschitz continuous at all energies [5, 7].

The family of Schrödinger operators H_ω(λ) on L^2(R^d ), is constructed from a deterministic, background operator H_0 = (−i∇ − A_0)^2 + V_0. We assume that this operator is self-adjoint with operator core C^∞_0 (R^d ). We consider an Anderson-type potential V_ω constructed from the single-site potential u as

V_ω(x) = ∑ j∈Z^d λ_j(ω)u(x − j). (1.1)

The family of random Schrödinger operators is given by

H_ω(λ) = H_0 + λV_ω. (1.2)

As we will show below, we can normalize V_ω so that λ > 0 is a measure of the disorder. The main results are independent of the disorder (provided it is nonzero for Theorem 1.2 and in the Landau case). The results of this paper also apply to the random operators describing acoustic and electromagnetic waves in randomly perturbed media, and we refer the reader to [10, 14, 15].

We need to define local versions of the Hamiltonians and potentials associated with bounded regions in R^d . By Λ_l(x), we mean the open cube of side length l centered at x ∈ R^d . For Λ ⊂ R^d , we denote the lattice points in Λ by Λ̃ = Λ ∩ Z^d. Let Λ ⊂ R^d be a cube that is a union of translated unit cubes Λ_1(j) = Λ_1(0) + j, j ∈ Z^d, that is, Λ = ∪_j Λ_1(j). For a given Λ, we take H^Λ_0 and H^Λ_ω to be the restrictions of H_0 and H_ω, respectively, to the region Λ, with self-adjoint boundary conditions on the boundary of Λ, ∂Λ. We denote by E^Λ_0 (·) and E_Λ(·) the spectral families for H^Λ_0 and H^Λ_ω , respectively. Furthermore, for Λ ⊂ R^d , let χ_Λ be the characteristic function for Λ. The local potential V_Λ is defined by

V_Λ(x) = ∑ j∈Λ̃ λ_j(ω)u(x − j)χ_Λ(x). (1.3)

We also let Ṽ_Λ denote the sum of the single-site potentials in Λ, that is

Ṽ_Λ(x) = ∑ j∈Λ̃ u(x − j)χ_Λ(x). (1.4)

The spectral family E_Λ(·), and the local potential V_Λ depend on the random variables in Λ, but we suppress this in the notation. We note that although V_ω|Λ differs from V_Λ in a neighborhood of the boundary of Λ, the difference does not affect the results, cf. [8].

We will always make the following two assumptions:

(H1). The single-site potential u ≠ 0 is nonnegative with compact support, u ∈ L^∞(R^d ), and ‖u‖_∞ ≤ 1.

(H2). The random coupling constants {λ_j(ω) | j ∈ Z^d}, are independent and identically distributed. The distribution has a density h_0 with supp h_0 ⊂ [0, 1].

We make three important comments on these hypotheses:

1. For a given density h_0 of compact support [m, M_1], we can always add the periodic potential m ∑ j u_j, with u_j(x) = u(x − j), to the background potential V_0, so that the random coupling constants take their value in an interval [0, M], with M = M_1 − m.

2. Because of the explicit disorder parameter λ > 0, we can rescale the coupling constants so that, without loss of generality, the support of h_0 is included in the interval [0, 1].

3. Hypotheses (H1) and (H2) imply the following. There exists a finite constant C_1(u, M, d) > 0, depending only on the single-site potential u, and the dimension d ≥ 1, so that for all Λ ⊂ R^d ,

0 ≤ V^2_Λ ≤ C_1(u, d)Ṽ_Λ, (1.5)

where V_Λ and Ṽ_Λ are defined in (1.3) and (1.4), respectively. This simple inequality is used in the proof of Theorem 1.1.

We define the IDS N(E) for H_ω using the counting function for H^Λ_ω . Let N_Λ(E) be the number of eigenvalues of H^Λ_ω , with self-adjoint boundary conditions, less than or equal to E. This function depends on the realization ω. We define N(E) = lim_{|Λ|→∞} N_Λ(E) |Λ| . (1.6)

It is known that this limit exits and is independent of the realization ω almost surely. Furthermore, it is known that the IDS is independent of the boundary conditions taken on the finite volumes Λ, cf. [11, 18, 22].

Theorem 1.1. In addition to hypotheses (H1) and (H2), we assume that the operator H_0 admits a density of states N_0(E) that is locally Hölder continuous on R for some exponent 0 < q_1 ≤ 1, i. e. that satisfies

|N_0(E^′) − N_0(E)| ≤ C_0|E^′ − E|^{q1} (1.7)

where the finite constant C_0 > 0 is locally uniform in energy. Then, the IDS for H_ω(λ) is Hölder continuous on R for any exponent 0 < q < q_1/(q_1 + 2).

For the second result, we take H_0 = (−i∇ − A_0)^2 + V_0 to be a periodic Schrödinger operator with a real-valued, periodic, potential V_0, and a periodic vector potential A_0. We assume that V_0 and A_0 are sufficiently regular so that H_0 is essentially self-adjoint on C^∞_0 (R^d ). We assume that both V_0 and A_0 are periodic with respect to the group Γ = Z^d because of the form of the Anderson-type potential (1.1). We note that we could work with a nondegenerate lattice Γ, by defining a corresponding Anderson-type potential, but we will explicitly treat the case Γ = Z^d. Let Γ^∗ denote the dual lattice, that is, Γ^∗ = {γ^′ | γ · γ^′ ∈ 2πZ, for all γ ∈ Γ}. We let T^d = R^d /Z^d be the torus, and (T^d )^∗ = (R^d )^∗/(Z^d)^∗ be the dual torus. We denote by C_0 the unit cell for Γ = Z^d, and by C^∗_0 the unit cell for Γ^∗ = (Z^d)^∗. The Floquet decomposition of H_0 yields a family of operators H_0(θ), for θ ∈ (R^d )^∗. Each operator H_0(θ) is self-adjoint on L^2(T^d ), and has a compact resolvent. We denote the eigenvalues of H_0(θ) by E_n(θ). The spectrum of H_0 is given by

σ(H_0) = ⋃ θ∈(T^d)^∗ σ(H_0(θ)) = ⋃ n∈N ⋃ θ∈(T^d)^∗ E_n(θ). (1.8)

For a closed, bounded interval Δ ⊂ R, we let E_0(Δ, θ) denote the spectral projector of H_0(θ) onto the eigenspace of H_0(θ) spanned by its eigenfunctions with eigenvalues E_n(θ) ∈ Δ. Because of the discreteness of the spectrum of H_0(θ), the dimension of RanE_0(Δ, θ) is finite and locally constant.

We consider Hamiltonian H_ω(λ) restricted to the cube Λ with periodic boundary conditions (PBC). If the cube Λ has side length n, denoted by Λ_n, we can consider it as a fundamental unit cell for the lattice nZ^d and take a Floquet decomposition relative to it. We let H^n_0 (θ) and E^{(n)}_j (θ) denote the corresponding fibred operators and their eigenvalues. Note that the operator H^{Λn}_0 , with PBC on ∂Λ_n, coincides with the fibred operator H^n_0 (θ = 0). We define the IDS for H_ω(λ) as above using the counting function for H^Λ_ω with PBC.

Theorem 1.2. Assume hypotheses (H1) and (H2), and that H_0 is Z^dperiodic. Let Δ̃ ⊂ R be a bounded, closed interval. Suppose that for all θ ∈ (T^d )^∗ there exists a finite constant C(Δ̃, u) > 0, so that the single-site potential u satisfies

E_0(Δ̃, θ)uE_0(Δ̃, θ) ≥ C(Δ̃, u)E_0(Δ̃, θ). (1.9)

Then, the IDS for the random family H_ω(λ) = H_0 +λV_ω, for λ ≠ 0, is Hölder continuous on R, for any Hölder exponent 0 < q < 1.

Theorem 1.2 requires no condition on the IDS for the background operator H_0 as in (1.7). Note that, in general, for a periodic magnetic potential and no electric potential, the IDS N_0(E) is not Hölder continuous at the bottom of the spectrum (see [12, 13]). This is analogous to what happens in the constant magnetic field case (see the discussion in section 6). The abstract condition (1.9) involves the single-site potential and the eigenfunctions of the background, periodic operator H_0. Concerning the abstract condition (1.9), we have the following result.

Proposition 1.3. We assume hypotheses (H1) and (H2). In any dimension d ≥ 1, if H_0 has the unique continuation property and u > 0 on a nonempty open set, then condition (1.9) holds.

Here, we say that H_0 has the unique continuation property if for any E ∈ R and any function φ in the domain of H_0, if φ is a solution to (H_0 − E)φ = 0 and φ vanishes on some open set, then φ vanishes identically. It is well known that H_0 has the unique continuation property if A_0 and V_0 are suffciently regular; e.g. in dimension d ≥ 3, V_0 ∈ L^{d/2}_{loc} (R^d ), A_0 ∈ L^d_{loc}(R^d ) and ∇A_0 ∈ L^{d/2}_{loc} (R^d ) are sufficient to ensure that H_0 has the unique continuation property (see e.g. [30] and references therein).

Proposition 1.3 and Theorem 1.2 establish the continuity of the IDS under rather general conditions.

Corollary 1.4. We assume hypothesis (H2) and that H_0 is Z^d-periodic and has the unique continuation property. If d ≥ 1, then the IDS is Hölder continuous with any exponent 0 < q < 1 at all energies provided (H1) holds and u > 0 on a nonempty open set.

We make some comments on the distinction between Theorems 1.1 and 1.2. For any real function f ∈ C_0(R), the density of states measure dN satisfies ∫ f(s)dN(s) = lim_{|Λ|→∞} 1 |Λ| T r(χ_Λf(H)χ_Λ),

whenever it exists. It then follows that if H_1 and H_2 are two self-adjoint Schrödinger operators so that V = H_2 − H_1 satisfies the relative trace-class condition, V (H_1 + i)^{−m} ∈ I_1, for some integer m > 0 sufficiently large, then the IDS N_i(λ), for H_i, i = 1, 2 are equal: N_1(λ) = N_2(λ). One consequence of this observation is the following. Let H_0 be a periodic operator and let V_ω be an Anderson-type random potential, as in (1.1), so that (H1), (H2), and (1.9) are satisfied. Then, by Theorem 1.2, the IDS for H_ω(λ), as in (1.2), is Hölder continuous on R. Now let us consider a perturbation of H_ω(λ) by another deterministic potential V_1 satisfying the relative trace-class condition given above. We then have that the IDS for H_ω(λ) + V_1 equals the IDS for H_ω(λ). This construction provides a large family of random operators with Hölder continuous IDS.

This construction raises the question of the existence of operators H_0 that are not periodic operators, nor perturbations of periodic operators by relatively trace-class perturbations, so that Theorem 1.2 cannot be applied, and for which the assumption (1.7) of Theorem 1.1 is satisfied. We offer two classes of examples. The first concern Anderson-type perturbations of one-dimensional random operators for which the Hölder continuity or better of the IDS is known by other methods. Many of these models are described in detail in the book of Pastur and Figotin [23]. Of perhaps more interest are certain background operators H_0 with magnetic fields. As an explicit example, let H_0 = (−i∇ − A)^2, with vector potential A = (B/2)(−x_2, x_1, 0) be the Hamiltonian describing a particle in R^3 in the presence of a constant magnetic field in the x_3-direction with strength B > 0. This Hamiltonian can be as written H_0 = H_{(1,2)} ⊗ I_3 + I_{(1,2)} ⊗ H_3, where H_{(1,2)} is the twodimensional Landau Hamiltonian (see (1.10)), and H_3 = −∂^2/∂^2_3 is the free Laplacian in one-dimension. The IDS for H_0 is the convolution N_0(λ) = ∫ N_3(λ − μ)dN_{(1,2)}(μ). Each IDS is known explicitly: N_3(λ) = C_1(λ)^{1/2}_+ , and dN_{(1,2)}(λ) = ∑ j≥0 δ(λ − (2j + 1)B)dλ. As simple computation of N_0(λ) shows that it is Hölder continuous for any exponent 1/2 < q ≤ 1. Note that H_0 is not a relatively trace-class perturbation of the free Laplacian on R^3 . Consequently, Theorem 1.1 can be applied to show that H_0 +V_ω has a Hölder continuous IDS with no flux condition on B (see the discussion below and section 5). In particular, if B does not satisfy a rational flux condition, then Theorem 1.2 cannot be applied.

Our third main result concerns the IDS for random Anderson-type perturbations of Landau Hamiltonians. The unperturbed operator H_L on L^2(R^2 ) has the form

H_L = (−i∇ − A)^2, where A(x_1, x_2) = B 2 (−x_2, x_1), (1.10)

where B > 0 is the magnetic field strength. The spectrum is pure point and consists of an increasing sequence of degenerate, isolated eigenvalues {E_j(B) = (2j + 1)B | j = 0, 1, . . . , } of infinite multiplicity. The IDS for this model is a piecewise constant, monotone increasing function (cf. the example in [22]). Consequently, it does not satisfy condition (1.7). The perturbed family of operators is

H_ω = H_L + λV_ω, (1.11)

where V_ω is the Anderson-type random perturbation given in (1.1). It is known that N(E) is locally Lipschitz continuous in the following sense. Given an N > 0, there is a B_N > 0 so that for B > B_N , the IDS N(E) is Lipschitz continuous on (0, 2(N + 1)B)\{E_j(B) | j = 0, 1, . . . , N} [6, 27]. Under some additional conditions, Wang [28] also proved that N(E) is smooth outside of a given Landau level for sufficiently large magnetic field strength. There has been some discussion as to the behavior of the IDS at the Landau energies E_j (B). If the single-site potential u in (1.1) satisfies u|Λ_1(0) > ϵχ_{Λ1(0)} > 0, for some ϵ > 0, then the IDS is locally Lipschitz continuous at all energies. We prove the following general theorem that greatly extends these known results.

Theorem 1.5. Let H_L be the Landau Hamiltonian (1.11) with magnetic field B ≠ 0. In addition to hypotheses (H1) and (H2), suppose that the magnetic field strength satisfies the rational flux condition for the unit square Λ_1(0), B ∈ 2πQ. (1.12) Then, the IDS for the family H_ω = H_L +λV_ω, for λ ≠ 0, is Hölder continuous at all energies with any Hölder exponent 0 < q < 1.

We do not believe that condition (1.12) is actually necessary; it is an artifact of our method of proof.

An immediate consequence of the proof of this theorem is the following extension.

Corollary 1.6. Let V_0 ∈ L^2_{loc}(R^2 ) be a real-valued, Z^2-periodic function. Then, under the hypotheses of Theorem 1.5, the IDS for H_ω = H_L +V_0 +λV_ω is Hölder continuous at all energies with any Hölder exponent 0 < q < 1.

There are very few general results on the IDS for continuous random Schrödinger operators in higher-dimensions for all energies. One of the interesting result concerns the case when V_ω is a Gaussian random processes. Fischer, Hupfer, Leschke, Müller [16] proved that the IDS is Lipschitz continuous at all energies for potentials given by certain Gaussian processes. We remark that this is very similar in spirit to the case u|Λ_1(0) > ϵχ_{Λ1(0)} > 0.

Extensions of this work to magnetic Schrödinger operators with certain unbounded random potentials is given in [17]. Tip [26] proved the absolute continuity of the IDS for the quantum Lorentz gas for certain repulsive single-site potentials.

The global regularity properties of the IDS for lattice models are much better understood, and we refer the reader to the monographs by Carmona and Lacroix [4], and by Pastur and Figotin [23].

The contents of this paper are as follows. We prove Theorem 1.1 in section 2. In section 3, we prove Theorem 1.2 under the assumption (1.9). We study assumption (1.9) for periodic operators H_0 in section 4. In section 5, we give the proof of Theorem 1.5 for random Landau Hamiltonians. Finally, in section 6, we give a proof of a technical estimate on the trace of the spectral projectors.

Acknowledgement. We thank the organizers, Volker Enss and Christian Gérard, of the workshop on Schrödinger operators in May 2001 at Oberwolfach, where this work was begun.

2 Proof of Theorem 1.1.

We prove Theorem 1.1, the Hölder continuity of the IDS at all energies provided q > 0 is small enough, under the main assumption (1.7) on the existence and Hölder continuity of the IDS for the unperturbed operator H_0, and under the assumptions (H1)–(H2) on random potential.

Recall that Λ_1(0) denotes the unit cube centered at the origin, and that Λ_1(j) denotes its translate to the point j ∈ R^d . Let Λ = ∪_j Λ_1(j) be a cube in R^d . We denote by Λ̃ = Λ ∩ Z^d, the lattice points in Λ. By the operators H^Λ_0 and H^Λ_ω , we mean the operators H_0 and H_ω restricted to Λ with self-adjoint boundary conditions. For a region Λ ⊂ R^d , let Ṽ_Λ ≡ ∑ j∈Λ̃ ujχΛ. As this

quantity is independent of the random variables, it is bounded by a constant independent of the disorder.

Finally, we recall that hypotheses (H1)–(H2), and the normalization discussed in section 1, imply that the potential satisfies condition (1.5),

0 ≤ V^2_Λ ≤ C_1(u, d)Ṽ_Λ. (2.1)

To prove continuity of the IDS near E_0 ∈ R, we use (1.7). We fix Δ̃ = [E_−, E_+], a nonempty, closed interval. The estimate (1.7) and the definition of the density of states imply that for Λ sufficiently large (depending on Δ̃)

T rE^Λ_0 (Δ̃) ≤ C_2(E_+, d)|Δ̃|^{q1} |Λ|, (2.2)

where the finite constant C_2(E_+, d) > 0 depends on the constant C_0 > 0 in (1.7), the dimension d, and is O(E^{d/2}) as E → ∞. To see this, let N_{0,Λ}(E) be the number of eigenvalues of H^Λ_0 less than E. Then, by the definition of the density of states, one has

N_0(E_+)(1 − |E_+ − E_−|^{q1} ) ≤

N_{0,Λ}(E_+) |Λ| ≤ N_0(E_+)(1 + |E_+ − E_−|^{q1} ),

N_0(E_−)(1 − |E_+ − E_−|^{q1} ) ≤

N_{0,Λ}(E_−) |Λ| ≤ N_0(E_−)(1 + |E_+ − E_−|^{q1} ).

Using (1.7), for Λ sufficiently large, we get

T rE^Λ_0 (Δ̃) ≤ (N_{0,Λ}(E_+) − N_{0,Λ}(E_−)) ≤ |Λ|[N_0(E_+)(1 + |E_+ − E_−|^{q1} ) − N_0(E_−)(1 − |E_+ − E_−|^{q1} )] ≤ {C_0 + 2N_0(E_+)}|Λ||E_+ − E_−|^{q1} ≤ C_2(E_+, d)|Λ||Δ̃|^{q1} .

We used the monotonicity of the IDS and the bound N_0(E) ≤ C(E), where the finite constant C(E) > 0 satisfies lim_{E→∞} C(E)E^{−d/2} = C_d, and C_d > 0 is a finite constant depending only on the dimension d. Proof of Theorem 1.1.

1. Consider an interval Δ ≡ [Δ_−, Δ_+] ⊂ R, with |Δ| < 1. Let α ∈ R be an index satisfying 0 < α < 1. Let Δ̃ be the interval Δ̃ = [Δ_− −|Δ|^α, Δ_+ +|Δ|^α], so that Δ ⊂ Δ̃ and d_0 = dist (Δ, Δ̃^c) = |Δ|^α. We decompose the spectral projector E_Λ(Δ) relative to H^Λ_0 as

T rE_Λ(Δ) = T rE_Λ(Δ)E^Λ_0 (Δ̃) + T rE_Λ(Δ)E^Λ_0 (Δ̃^c). (2.3)

We estimate the first term on the right in (2.3) using the assumption (2.2) on H^Λ_0 and the positivity of the projectors. For Λ sufficiently large (depending on Δ̃, this gives

T rE_Λ(Δ)E^Λ_0 (Δ̃) ≤ C_2|Δ|^{αq1} |Λ|, (2.4) where we write C_2 for the constant C_2(E_+, d) appearing in (2.2). 2. To deal with the second term in (2.3), we pick an energy E ∈ Δ and write T rE_Λ(Δ)E^Λ_0 (Δ̃^c) = T rE_Λ(Δ)(H^Λ_ω − E)E^Λ_0 (Δ̃^c)(H^Λ_0 − E)^{−1} −λT rE_Λ(Δ)V_ΛE^Λ_0 (Δ̃^c)(H^Λ_0 − E)^{−1} = (i) + (ii). (2.5) For the first term (i), we use the estimate ‖E^Λ_0 (Δ̃^c)(H^Λ_0 − E)^{−1}‖ ≤ |Δ|^{−α} and easily obtain:

|(i)| ≤ |Δ|^{1−α} T rE_Λ(Δ). (2.6) As long as α < 1, this term can be absorbed into the left side of (2.3). For the term (ii) in (2.5), we insert another factor of (H^Λ_0 − E)(H^Λ_0 − E)^{−1}, and obtain,

(ii) = −λT r(H^Λ_ω − E)E_Λ(Δ)V_ΛE^Λ_0 (Δ̃^c)(H^Λ_0 − E)^{−2} +λ^2T rV_ΛE_Λ(Δ)V_ΛE^Λ_0 (Δ̃^c)(H^Λ_0 − E)^{−2} = (iii) + (iv). (2.7) The term (iii) is estimated just as term (i) in (2.6), and we obtain |(iii)| ≤ λ|Δ|^{1−2α} ‖Ṽ_Λ‖ T rE_Λ(Δ). (2.8) For the term (iv) in (2.7), we obtain |(iv)| ≤ λ^2|Δ|^{−2α} T rV_ΛE_Λ(Δ)V_Λ. (2.9) This last term is estimated using the condition (1.5) satisfied by V_Λ, T rV_ΛE_Λ(Δ)V_Λ ≤ C_1(u, d)T rṼ_ΛE_Λ(Δ). (2.10) We now take the expectation. From the appendix, we have IE{T r(λṼ_ΛE_Λ(Δ))} ≤ C_3(q_2, u)|Δ|^{q2} |Λ|, (2.11) for any 0 < q_2 < 1, so that IE{|(iv)|} ≤ λ|Δ|^{q2−2α}C_1(u, d)C_3(q_2, u)|Λ|. (2.12)

3. Gathering the estimates from (2.4), (2.6), (2.8), and (2.12), we get {1 − |Δ|^{1−α} − λ|Δ|^{1−2α}‖Ṽ_Λ‖} IE{T rE_Λ(Δ)} ≤ (λ|Δ|^{q2−2α}C_1(u, d)C_3(q_2, u) + C_2|Δ|^{αq1} )|Λ|. (2.13)

It is clear that if α < 1/2 and |Δ| is taken sufficiently small, relative to the disorder λ > 0 (recall that ‖Ṽ_Λ‖ = O(1)), then the prefactor on the left side of (2.13) is invertible. Finally, we require that α < q_2/(q_1 + 2) < 1/2 in order that the right side of (2.13) be bounded above by |Δ|^q, for 0 < q < q_1q_2/(q_1 + 2). As q_2 < 1 is arbitrary, the bound 1 |Λ| IE{T rE_Λ(Δ)} ≤ C|Δ|^q holds for any 0 < q < q_1/(q_1 + 2), where 0 < q_1 ≤ 1 is the Hölder exponent of continuity for N_0, and for Λ sufficiently large. Taking the limit |Λ| → +∞, we complete the proof of Theorem 1.1. □

3 Proof of Theorem 1.2.

We now turn to the proof of Theorem 1.2, improving the Hölder exponent given in Theorem 1.1. Let us recall that λ > 0 is a measure of the disorder, so that ‖V_Λ‖ ≤ ‖Ṽ_Λ‖, which is bounded by a constant depending only on u and independent of the volume |Λ|. The main assumption (1.9) implies that for PBC (θ = 0), there exists a constant C(Δ̃, u) > 0, independent of Λ, so that

E^Λ_0 (Δ̃)Ṽ_ΛE^Λ_0 (Δ̃) ≥ C(Δ̃, u)E^Λ_0 (Δ̃). (3.1)

Although the background operator H_0 is required to be periodic, no explicit information is needed on the IDS for the operator H_0, as was the case in the Theorem 1.1. For a fixed, but arbitrary, E_0 ∈ R, let E_0 ∈ Δ ⊂ Δ̃ be two closed, bounded intervals centered on E_0, and let d_0 ≡ dist (E_0, Δ̃^c).

Proof of Theorem 1.2.

1. As in the proof of Theorem 1.1, we need to estimate IE{T rE_Λ(Δ)}. (3.2)

We begin with a decomposition relative to the spectral projectors E^Λ_0 (·) for the operator H^Λ_0 . We write T rE_Λ(Δ) = T rE_Λ(Δ)E^Λ_0 (Δ̃) + T rE_Λ(Δ)E^Λ_0 (Δ̃^c). (3.3)

We will choose the intervals Δ and Δ̃ below.

2. The term involving Δ̃^c is easily estimated as follows. We write T rE_Λ(Δ)E^Λ_0 (Δ̃^c) = T rE_Λ(Δ)(H^Λ_ω − E_0)(H^Λ_0 − E_0)^{−1}E^Λ_0 (Δ̃^c) −λT rE_Λ(Δ)V_Λ(H^Λ_0 − E_0)^{−1}E^Λ_0 (Δ̃^c). (3.4) ¿From the positivity of the projector E_Λ(Δ), we obtain for the first term on the right of (3.4),

|T rE_Λ(Δ)(H^Λ_ω − E_0)(H^Λ_0 − E_0)^{−1}E^Λ_0 (Δ̃^c)| ≤ |Δ| 2d_0

T rE_Λ(Δ). (3.5)

As for the second term of (3.4), we expand the trace in terms of the finitelymany eigenfunctions ψ_j in the range of the projection E_Λ(Δ), T rE_Λ(Δ)(λV_Λ)(H^Λ_0 − E_0)^{−1}E^Λ_0 (Δ̃^c) = ∑ j ⟨ψ_j , (λV_Λ)(H^Λ_0 − E_0)^{−1}E^Λ_0 (Δ̃^c)ψ_j⟩ ≤ ∑ j 1 d_0

‖E^Λ_0 (Δ̃^c)ψ_j ‖ · ‖(λV_Λ)ψ_j‖ ≤ 1 2d_0

T rE_Λ(Δ)E^Λ_0 (Δ̃^c) + 1 2d_0

T rE_Λ(Δ)(λ^2V^2_Λ ). (3.6)

In order to move the first term on the right in (3.6) to the left side of (3.4), we must choose Δ̃ so that 1/2d_0 < 1/2, or d_0 > 1. (3.7) This being done, we find

T rE_Λ(Δ)E^Λ_0 (Δ̃^c) ≤ |Δ| d_0

T rE_Λ(Δ) + 1 d_0

T rE_Λ(Δ)(λ^2V^2_Λ ). (3.8)

3. As for the first term on the right in (3.3), we use the fundamental assumption (3.1). We have

T rE_Λ(Δ)E^Λ_0 (Δ̃) ≤ 1 C(Δ̃, u) { T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ_ΛE^Λ_0 (Δ̃)E_Λ(Δ) }

≤ 1 C(Δ̃, u) { T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ_Λ

−T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ_ΛE^Λ_0 (Δ̃^c) }

≤ 1 C(Δ̃, u) { T rE_Λ(Δ)Ṽ_Λ − T rE_Λ(Δ)E^Λ_0 (Δ̃^c)Ṽ_Λ

−T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ_ΛE^Λ_0 (Δ̃^c) }

≤ 1 C(Δ̃, u) { T rE_Λ(Δ)Ṽ_Λ − T rE_Λ(Δ)E^Λ_0 (Δ̃^c)Ṽ_ΛE^Λ_0 (Δ̃)

−T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ_ΛE^Λ_0 (Δ̃^c) } , (3.9)

where we dropped the positive term T rE_Λ(Δ)E^Λ_0 (Δ̃^c)Ṽ_ΛE^Λ_0 (Δ̃^c)E_Λ(Δ) since it occurs with a negative sign. We estimate the second and the third terms on the right in (3.9). As they are similar, we explicitly estimate the second term. Let ‖A‖_{HS} denote the Hilbert-Schmidt norm of an operator A. Using the Hölder inequality for trace norms, we have, for any μ_0 > 0, |T rE_Λ(Δ)E^Λ_0 (Δ̃^c)Ṽ_ΛE^Λ_0 (Δ̃)|

≤ ‖E_Λ(Δ)E^Λ_0 (Δ̃^c)‖_{HS} ‖Ṽ_ΛE^Λ_0 (Δ̃)E_Λ(Δ)‖_{HS} ≤ 1 2μ_0

T rE^Λ_0 (Δ̃^c)E_Λ(Δ) + μ_0 2 T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ^2_Λ E^Λ_0 (Δ̃)E_Λ(Δ). (3.10) We next estimate the second term on the right in (3.10). There exists a constant D_0, depending only on u ≥ 0, so that Ṽ^2_Λ ≤ D_0Ṽ_Λ. Using this, we find that for any μ_1 > 0,

T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ^2_Λ E^Λ_0 (Δ̃)E_Λ(Δ)

≤ D_0‖E_Λ(Δ)E^Λ_0 (Δ̃)Ṽ_Λ‖_{HS} ‖E^Λ_0 (Δ̃)E_Λ(Δ)‖_{HS} ≤ D_0μ_1 2 T rE_Λ(Δ)E^Λ_0 (Δ̃)Ṽ^2_Λ E^Λ_0 (Δ̃)E_Λ(Δ) +

D_0 2μ_1

T rE_Λ(Δ)E^Λ_0 (Δ̃). (3.11)

We choose μ_1 = 1/D_0 > 0 so that (1 − D_0μ_1/2) = 1/2. Consequently, we obtain

4. We now combine the two results (3.8) and (3.15) to obtain T rE_Λ(Δ) = T rE_Λ(Δ)E^Λ_0 (Δ̃) + T rE_Λ(Δ)E^Λ_0 (Δ̃^c) ≤ { |Δ| d_0 + 4D^2_0|Δ| d_0C(Δ̃, u)^2 } T rE_Λ(Δ) + { 2 C(Δ̃, u) + C_1(u, d)λ^2 d_0 ( 1 + 4D^2_0 C(Δ̃, u)^2 )} T rE_Λ(Δ)Ṽ_Λ.

(3.12) We move the first term on the right in (3.16) to the left by choosing d_0 and |Δ| as follows. For any E_0 ∈ R, we choose Δ to be an interval centered on E_0 with |Δ| < 1. We choose Δ̃ so that d_0 = dist(E_0, Δ̃^c) >> max(4, 16D^2_0), with D_0 defined in (3.11) (this implies, of course, condition (3.7)). Then, we have the upper bound on the coefficient ( |Δ| d_0 + 4D^2_0|Δ| d_0C(Δ̃, u)^2 ) ≤ ( 1 4 + |Δ| 4C(Δ̃, u)^2 ) . (3.13)

Keeping Δ̃ fixed, we shrink |Δ|, if necessary, so that |Δ|/C(Δ̃, u)^2 < 1. In this way, we arrive at the bound

T rE_Λ(Δ) ≤ 2 { 2 λC(Δ̃, u) + λC_1(u, d) d_0 ( 1 + 4D^2_0 C(Δ̃, u)^2 )} T rE_Λ(Δ)(λṼ_Λ).

(3.14) 5. It remains to estimate the term on the right in (3.18). For this, we use the result of the appendix (as in (2.11)), that for any 0 < q_2 < 1, there exists a finite constant C_3(E_0, u, q_2) > 0, so that IE{T rE_Λ(Δ)(λṼ_Λ)} ≤ C_3(E_0, u, q_2) |Λ| |Δ|^{q2} . (3.15) Inserting this into the right side of (3.18), we obtain the upper bound IE{T rE_Λ(Δ)} ≤ 2 { 2 λC(Δ̃, u) + λC_1(u, d) d_0 ( 1 + 4D^2_0 C(Δ̃, u)^2 )} C_3(E_0, u, q_2) |Λ| |Δ|^{q2} ,

(3.16) provided |Δ| is sufficiently small as specified above. This proves the Hölder continuity of the IDS with any exponent 0 < q < 1. □

4 A Lower Bound Estimate for Periodic Operators

The goal of this section is the proof of the following theorem concerning spectral projections of periodic Schrödinger operators related to condition (1.9). Let Γ be a non-degenerate lattice in R^d . Let V_0 : R^d → R be a real-valued, Γ-periodic potential. We consider the Γ-periodic Schrödinger operator H_0 = −Δ + V_0. We assume that V_0 ∈ L^p(R^d /Γ), with p = 2 for d ≤ 3, and p > d/2 for d ≥ 4. It is known that this implies that H_0 is essentially self-adjoint on C^∞_0 (R^d ), and self-adjoint on the domain H^2(R^d ).

We recall the Floquet decomposition of H_0 described in section 1. Let H_0(θ), for θ ∈ (R^d )^∗/Γ^∗ be the fibred operator acting on L^2(R^d /Γ), with θ-quasi-periodic boundary conditions. We also need to consider H_0 as an nΓ-periodic operator for any n ∈ N. Let H^n_0 (θ) be the operator H_0 restricted to the torus R^d /(nΓ), with θ-quasi-periodic boundary conditions. For I ⊂ R, an interval, let E^n_0 (I, θ) denote the spectral projection onto the interval I for H^n_0 (θ). We remark that in section 2 we took I = Δ̃. Finally, for any Γperiodic function g, we write g^{(n)} for the same function understood as an nΓ-periodic function.

We remark that we can also treat the case of a periodic background operator H_0 = (−i∇ − A_0)^2 + V_0, for V_0 as above, and a real-valued, Γperiodic vector potential A_0 : R^d → R^d . As presented in section 6, the Floquet analysis of H_0 used in the proof of the following theorem is also possible in the case of a constant magnetic field provided the flux associated with the magnetic field B = dA through a unit cell of Γ is 2π times a rational.

Theorem 4.1. Let V : R^d → R be a bounded, real-valued, Γ-periodic function. Consider a bounded interval I ⊂ R. Then, if there exists a finite constant C(I, V ) > 0 such that, for all θ ∈ R^d , one has

E_0(I, θ)V E_0(I, θ) ≥ C(I, V )E_0(I, θ), (4.1)

then, for all n ≥ 1 and all θ ∈ R^d , one has, with the same constant C(I, V ),

E^n_0 (I, θ)V^{(n)}E^n_0 (I, θ) ≥ C(I, V )E^n_0 (I, θ), (4.2) where V is considered as a Γ-periodic function in (4.1), and V^{(n)} represents the corresponding nΓ-periodic function in (4.2).

Proof.

1. The spectrum of H^n_0 (θ) is discrete for any n and θ. Moreover, the spectral decomposition of H^n_0 (θ) is obtained from the one of H^1_0 (θ) in the following way. Let E_1(θ) ≤ E_2(θ) ≤ · · · ≤ E_j (θ) ≤ . . . be the sequence of Floquet eigenvalues of H^1_0 (θ) ordered increasingly. Let {x ∈ R^d /Γ → φ_j (x, θ)}_{j≥1} be the associated normalized eigenfunctions. One has

H_0(θ)φ_j (·, θ) = E_j (θ)φ_j(·, θ), (4.3)

with the eigenfunctions φ_j satisfying the θ-quasi-periodic boundary conditions,

φ_j (x + γ, θ) = e^{iγθ}φ_j(x, θ), for all γ ∈ Γ. (4.4)

Then, the eigenvalues of H^n_0 (θ) are given by the sequence {E_{j,γ}∗ (θ)}_{j≥1, γ}∗_{∈Γ}∗_{/(nΓ}∗_) = {E_j (θ + γ^∗/n)}_{j≥1, γ}∗_{∈Γ}∗_{/(nΓ}∗_) (4.5) where Γ^∗ = {γ^∗ ∈ R^d ; ∀γ ∈ Γ, γ · γ^∗ ∈ 2πZ}. The corresponding eigenfunctions are given by {x ∈ R^d /Γ → φ_j(x, θ + γ^∗/n)}_{j≥1}. To normalize these functions, we divide them by n^{d/2} and call them {φ_{j,γ}∗ }_{j≥1, γ}∗_{∈Γ}∗_{/(nΓ}∗_). 2. By definition, one has

E^n_0 (I, θ) = ∑ j≥1,γ∗ ∈Γ∗/(nΓ∗) s. t. E_{j,γ}∗ ∈I |φ_{j,γ}∗ ⟩⟨φ_{j,γ}∗ |. (4.6)

This gives

E^n_0 (I, θ)V^{(n)}E^n_0 (I, θ) = ∑ j≥1, γ∗∈Γ∗/(nΓ∗) s. t. Ej,γ∗ ∈I j̃≥1, γ̃∗∈Γ∗/(nΓ∗) s. t. E_{j̃,γ̃}∗ ∈I

⟨φ_{j,γ}∗ , V^{(n)}φ_{j̃,γ̃}∗ ⟩_n |φ_{j,γ}∗ ⟩⟨φ_{j̃,γ̃}∗ |. (4.7)

Here the scalar product ⟨, ⟩_n is the usual scalar product in the x-variable over R^d /(nΓ).

3. Using the periodicity of V and the definition of the eigenfunctions, we compute ⟨φ_{j,γ}∗ , V^{(n)}φ_{j̃,γ̃}∗ ⟩_n = ∫ R^d/(nΓ) V^{(n)}(x)φ_{j,γ}∗ (x)φ_{j̃,γ̃}∗ (x)dx = ∑ Γ/(nΓ) ∫ R^d/Γ V (x + γ)φ_{j,γ}∗ (x + γ)φ_{j̃,γ̃}∗ (x + γ)dx

= ∑ γ∈Γ/(nΓ) e^{iγ(γ∗ −γ̃∗)} ∫ R^d/Γ V (x)φ_{j,γ}∗ (x)φ_{j̃,γ̃}∗ (x)dx

= { 0 ifγ^∗ ≠ γ̃^∗, ∫ R^d/Γ V (x)φj(x, θ + γ ∗/n)φ_{j̃}(x, θ + γ^∗/n)dx, otherwise = δ_γ∗_{,γ̃}∗ ⟨V φ_j(θ + γ^∗/n), φ_{j̃}(θ + γ^∗/n)⟩_1 (4.8)

Hence, (4.6) becomes

E^n_0 (I, θ)V^{(n)}E^n_0 (I, θ) = ∑ j≥1, j̃≥1, γ∗∈Γ∗/(nΓ∗) s.t.E_{j,γ}∗ ∈I and E_{j̃,γ}∗ ∈I ⟨V φ_j (θ + γ^∗/n), φ_{j̃}(θ + γ^∗/n)⟩_1|φ_{j,γ}∗ ⟩⟨φ_{j̃,γ}∗ |. (4.9)

So we see that if, for some C(I, V ) > 0, one has ∀γ^∗ ∈ Γ^∗, ( (⟨V φ_j (θ + γ^∗/n), φ_{j̃}(θ + γ^∗/n)⟩_1)_{j,j̃} ) ≥ C(I, V ) Id, (4.10) where the inequality is meant in matrix sense, then (4.8) implies (4.2). On the other hand, equation (4.9) is nothing but condition (4.1) taken at the point θ + γ^∗/n and rewritten in the basis (φ_j(θ + γ^∗/n))_j . This completes the proof of Theorem 4.1. □

We next show that, in fact, condition (4.1) holds for a wide family of periodic potentials V . We remind the reader that in the applications, we will take the potential V appearing in (4.1) to be the single-site potential u, restricted to the unit cell Λ_1(0), viewed as a Γ-periodic function. The nΓ-periodic function appearing in (4.2) is Ṽ (x) = ∑ j u(x − j), restricted to Λ^{(n)}, where Λ^{(n)} is the basic nΓ-periodic cell.

Theorem 4.2. Let V : R^d → R be a bounded, Γ-periodic, nonnegative function. Suppose that V > 0 on some open set and H_0 has the unique continuation property. Then, condition (4.1) holds for any compact interval I ⊂ R with a finite constant C(I, V ) > 0.

In order to prove Theorem 4.2, we need the following lemma. This lemma was proved in [20]. We note that the proof given there holds in all dimensions.

Lemma 4.3. [20] Fix θ_0 ∈ T^∗ = (R^d )^∗/Γ^∗, and let I be a compact interval in R. Then, there exists N_{θ0} , an open neighborhood of θ_0 in T^∗ , J, a bounded, open interval I ⊂ J such that

1. There exists a finite constant p(θ_0) ≥ 0 so that for any θ ∈ N_{θ0} , the number of Floquet eigenvalues E_n(θ) ∈ J is a constant equal to p(θ_0);

2. There exists p(θ_0) real analytic functions θ ∈ N_{θ0} → v_j (·, θ) ∈ H_θ, j = 1, . . . , p(θ_0), forming an orthonormal system, such that, for θ ∈ N_{θ0} , the spectral projector E_0(J, θ) is the orthogonal projector on the subspace spanned by {v_j (·, θ) | 1 ≤ j ≤ p(θ_0)}.

Proof of Theorem 4.2. We fix θ_0 ∈ T^∗ and let W_{θ0} be an open neighborhood of θ_0 such that W_{θ0} ⊂ N_{θ0} (here, N_{θ0} is given by Lemma 4.3.). Let J, I ⊂ J, be the open interval fixed by Lemma 4.3. Notice that, as E_0(J, θ)E_0(I, θ) = E_0(I, θ), the inequality E_0(J, θ)V E_0(J, θ) ≥ CE_0(J, θ) implies E_0(I, θ)V E_0(I, θ) ≥ CE_0(I, θ), Let us show that there exists C_0 > 0 such that E_0(J, θ)V E_0(J, θ) ≥ CE_0(J, θ) holds for all θ ∈ W_{θ0} . Estimate E_0(J, θ)V E_0(J, θ) ≥ CE_0(J, θ) is equivalent to saying that the matrix M(θ) = ((m_{ij} (θ)))_{1≤i,j≤p} where

m_{ij} (θ) = ∫ R^d/Γ V (x)v_i(x, θ)v_j(x, θ)dx (4.11) is positive. The mapping θ → M(θ) being continuous and W_{θ0} being compact, the point-wise positivity of M implies its uniform positivity in W_{θ0} . Assume there exists a = (a_j )_{1≤j≤p}, such that one has ∫ R^d/Γ | | | | p∑ j=1 a_j v_j(x, θ) | | | | 2 V (x)dx = 0. (4.12)

As V > 0 on some open set O ⊂ R^d /Γ, one has p∑ j=1 a_jv_j (x, θ) = 0 (4.13)

By point (2) of Lemma 4.3, there exists an invertible p × p matrix, say P , such that P (v_j)_j = (u_j)_j where (u_j)_j is the sequence of eigenvectors of H_0(θ) spanning E_0(J, θ). So that (4.12) implies that, on O, one has p∑ j=1 (P^{−1}a)_ju_j(x, θ) = 0 (4.14)

To fix ideas, assume H_0(θ)u_j(θ) = E_j (θ)u_j(θ). Applying N times the differential operator H_0(θ) to (4.13), one obtains that, on O, one has ∀N ∈ N, p∑ j=1 (P^{−1}a)_j E_j (θ)^N u_j(x, θ) = 0. (4.15)

This implies that, for every E ∈ {E_j (θ); 1 ≤ j ≤ p}, on O, one has ∑ j;E_j (θ)=E (P^{−1}a)_ju_j(x, θ) = 0 (4.16)

But, by construction, ∑ j;E_j (θ)=E (P −1a)_j u_j(x, θ) is an eigenvector of H_0(θ) associated to the eigenvalue E. Hence, as H_0 has the unique continuation property (see e.g. [30]), we get that ∑ j;E_j (θ)=E (P −1a)_j u_j(x, θ) vanishes identically on R^d /Γ. The (u_j)_j being linearly independent, we obtain that for all 1 ≤ j ≤ p, (P^{−1}a)_j = 0. As P is invertible, this implies a = 0. So the kernel of M(θ) is reduced to the vector 0; as M(θ) is obviously nonnegative, it is positive. This completes the proof of Lemma 4.2. □

5 The Integrated Density of States for Perturbed Landau Hamiltonians

The proof of Theorem 1.5 consists in reducing the problem via magnetic Floquet theory to the situation treated in section 4. The unperturbed Landau Hamiltonian H_L has the form H_L = (p − A)^2, where p = −i∇ and A = (B/2)(−x_2, x_1). The magnetic translations for the two-dimensional, constant, transverse magnetic field problem are defined as follows. For any field strength B ∈ R, any vector α ∈ R^2 , and f ∈ C^∞_0 (R^2 ), we define the magnetic translation by α by U^B_α f(x) ≡ e^{iB2 (x1α2−x2α1)}f(x + α). (5.1)

For (α, β) ∈ R^2 , we have the relations:

U^B_α U^B_β = e^{iB(α1 β2−α2β1)}U^B_β U^B_α . (5.2) In a standard way, the family {U^B_α | α ∈ R^2 }, defined in (5.1)–(5.2), extends to a projective unitary representation of R^2 on L^2(R^2 ). We note that U^B_α H_LU^B_{−α} = H_L. (5.3) We define two fundamental vectors in R^2 , α_1 = (L_1, 0), and α_2 = (0, L_2), (5.4) for any L_1, L_2 ∈ R, and write U^B_j , for j = 1, 2, for the corresponding unitaries as in (5.1). If follows from (5.2) that we have the commutation rules: U^B_1 U^B_2 = e^{iBL1 L2} U^B_2 U^B_1 . (5.5) It is clear that {U^B_1 , U^B_2 } generate a two-parameter Abelian group provided the following integer flux condition for the square [0, L_1] × [0, L_2] is satisfied: BL_1L_2 ∈ 2πZ. (5.6) More generally, suppose that only the rational flux condition for the square [0, L_1] × [0, L_2] is satisfied: BL_1L_2 = 2πp/q, for p, q ∈ Z, (5.7) with p, q having no common divisors. Then, the unitary operators {(U^B_1 )^q, U^B_2 } satisfy the commutation relations (U^B_1 )^qU^B_2 = e^{iqBL1L2} U^B_2 (U^B_1 )^q, (5.8) so it is clear that the pair generate an Abelian group.

Let us now suppose (H3). The rational flux condition for a unit square [0, 1] × [0, 1] holds for the magnetic field strength B.

That is, we suppose (5.6) with L_1 = L_2 = 1. We have [(U^B_1 )^q, U^B_2 ] = 0, and [(U^B_1 )^q, H_L] = 0 = [U^B_2 , H_L]. Let Γ^′ ⊂ Γ = Z^2 be the sublattice corresponding to these translations, that is Γ^′ = {(n_1q, n_2) | n_1, n_2 ∈ Z}. (5.9)

We define the dual lattice to be (Γ^′)^∗ given by (Γ^′)^∗ = {(2πm_1/q, 2πm_2) | m_1, m_2 ∈ Z}. (5.10) If γ^∗ ∈ (Γ^′)^∗, and γ ∈ Γ^′, then we have γ^∗ · γ ∈ 2πZ. For any γ = (n_1q, n_2) ∈ Γ^′, define a phase by Θ_q(γ) = e^{iBn1n2q/2} ∈ {−1, +1}. (5.11) This allows us to define a unitary representation of the sublattice Γ^′ by W^B_{q,γ} = Θ_q(γ)U^B_γ . (5.12) It is easy to check that W^B_{q,γ} W^B_{q,γ}′ = W^B_{q,γ+γ}′ , γ, γ^′ ∈ Γ^′. (5.13) We define the transformation T^B on smooth functions by (T^Bf)(x, θ) = ∑ γ∈Γ^′ e^{iθ·γ} (W^B_{q,γ} f)(x), θ ∈ (R^2 )^∗/(Γ^′)^∗. (5.14)

Again, a simple calculation shows that (W^B_{q,γ} T^Bf)(x, θ) = e^{−iθ·γ} (T^B f)(x, θ). (5.15) We define a function space H_{B,θ} by H_{B,θ} = {v ∈ L^2_{loc}(R^2 ) | W^B_{q,γ} v = e^{−iθ·γ} v}. (5.16) It then follows that T^B extends to a unitary map T^B : L^2(R^2 ) → L^2((R^2 )^∗/(Γ^′)^∗), H_{B,θ}). (5.17) Given this structure, it is clear that the Hamiltonian H_L admits a direct integral decomposition (see e.g. [24]) over (R^2 )^∗/(Γ^′)^∗, so that H_L = ∫_⊕ (R^2)^∗/(Γ^′ )^∗

H_L(θ) dθ. (5.18)

The operator H_L(θ) is self-adjoint on the Sobolev space H^2_{B,θ}, the local Sobolev space of order two of functions in H_{B,θ}. This operator has compact resolvent. Consequently, the spectrum is discrete and consists of finite multiplicity eigenvalues E_j (B, θ), j = 1, 2, . . . , labeled in increasing order not including multiplicity. Unlike the case of a Schrödinger operator with a periodic potential, since ⋃ θ∈(R^2)^∗/(Γ^′)^∗

E_j (B, θ) = E_j(B), (5.19)

the j^{th}-Landau level, the eigenvalues E_j (B, θ) are constants independent of θ. To prove Theorem 1.5, we follow the proof of Theorem 1.2 given in section 3. We work with increasing sequences of regions Λ^{(q)} that are integer multiples and Z^2-translates of the basic cell Λ^{(q)}_0 = [0, q] × [0, 1]. For the IDS, we consider H_L restricted to Λ^{(q)} with periodic boundary conditions (PBC). We note that functions satisfying PBC form the reduced Hilbert space H_{B,θ=0}. Let us consider the Hamiltonian H_L(θ) corresponding to the unit cell Λ^{(q)}_0 . For any I ⊂ R and θ ∈ (R^2 )^∗/(Γ^′)^∗, we define the spectral projector for H_L(θ) and I by E_0(I, θ). From the above discussion, it follows that

E_0(I, θ) = 0, if I ∩ {E_j (B) | for any j = 0, 1, . . . } = ∅, (5.20) and E_0(I, θ) = M∑ j=1 K∑ l=1 |ϕ_{j,l}(θ)⟩⟨ϕ_{j,l}(θ)|, (5.21) if E_j (B) ∈ I, for j = 1, . . . , M. In keeping with the notation of section 4, we let H^n_L(θ) be the family of Hamiltonians on the region Λ^{(q)}n = [0, nq] × [0, n]. We denote by E^n_0 (I, θ) the corresponding spectral projectors.

In the Landau context, assumption (3.1) means the following. Let Λ̃^{(q)}n = Λ^{(q)}n ∩ Z^2 be the lattice points in Λ^{(q)}n . We define the local potential Ṽ_Λ(q)_n = ∑ j∈Λ^{(q)}_n ujχΛ^{(q)}_n . For any θ ∈ Γ

′, let E^{Λ(q)n}_L (I) = E^n_0 (I, θ). Then, there exists a finite constant C(I, u) > 0 so that for all n ∈ N,

E^{Λ(q)n}_L (I)Ṽ_Λ(q)_n E^{Λ(q)n}_L (I) ≥ C(I, u)E^{Λ(q)n}_L (I). (5.22)

With this formulation of (3.1), we can now apply all the results of section 4 to these operators.

Next, we examine the proof of the lower bound in the Landau context, as described in section 4. Theorem 4.1 is identical in this case since it is based on the Floquet decomposition. The proof of Theorem 4.2 requires addition information on the eigenfunctions as given in Lemma 4.3. The multiplicity of any eigenvalue E_j (B, θ) is locally constant due to the continuity of the spectral projectors. We note that in the case that I contains only one Landau level E_j (B), which is the case when B is sufficiently large, the actual proof of the analog of Theorem 4.2 is simpler since the eigenvectors ϕ_{j,l}(θ), for a given j, all correspond to the same eigenvalue E_j (B). Hence, the unique continuation argument can be applied directly to the analog of (4.12).

6 Appendix: A Local Trace Estimate

We prove estimate (2.11) on the expectation of the trace of λṼ_ΛE_Λ(Δ). This is based on the estimate on the spectral shift function proved in [9]. The L^p-theory of the spectral shift function for p ∈ [1, ∞] can be viewed as an interpolation between the two well-known cases of p = 1 and p = ∞. The L^1 and L^∞-theory can be found in the review paper of Birman and Yafaev [3], and the book of Yafaev [31]. Suppose that H_0 and H are two selfadjoint operators on a separable Hilbert space H having the property that V ≡ H − H_0 is in the trace class. We denote by ‖V ‖_1 the trace norm of V . Under these conditions, we can define the Krein spectral shift function (SSF) ξ(λ; H, H_0) through the perturbation determinant. Let R_0(z) = (H_0 − z)^{−1}, for Im z ≠ 0. We then have ξ(λ; H, H_0) ≡ 1 π lim_{ϵ→0+} arg det (1 + V R_0(λ + iϵ)). (6.1)

We need to consider the case when H −H_0 ∈ I_{1/p}, for the cases 1 < p < ∞ (cf. [25]). Let A be a compact operator on H and let μ_j(A) denote the j^{th} singular value of A. We say that A ∈ I_{1/p}, for some p ≥ 1, if ∑ j μ_j(A)^{1/p} < ∞. (6.2)

We define a nonnegative functional on the ideal I_{1/p} by ‖A‖_{1/p} ≡ ( ∑ j μ_j(A)^{1/p} )_p . (6.3)

For p > 1, this functional is not a norm but satisfies ‖A + B‖^{1/p}_{1/p} ≤ ‖A‖^{1/p}_{1/p} + ‖B‖^{1/p}_{1/p}. (6.4) If we define a metric ρ_{1/p}(A, B) ≡ ‖A − B‖^{1/p}_{1/p} on I_{1/p}, then the linear space I_{1/p} is a complete, separable linear metric space. The finite rank operators are dense in I_{1/p} (cf. [2]).

Since I_{1/p} ⊂ I_1, for all p ≥ 1, we refer to A ∈ I_{1/p} as being super-trace class. Consequently, we can define the SSF for a pair of self-adjoint operators H_0 and H for which V = H − H_0 ∈ I_{1/p}. The main theorem on the SSF in [9] is the following.

Theorem 6.1. [9] Suppose that H_0 and H are self-adjoint operators so that V = H − H_0 ∈ I_{1/p}, for some p ≥ 1. Then, the SSF ξ(λ; H, H_0) ∈ L^p(R), and satisfies the bound ‖ξ(· ; H, H_0)‖_Lp ≤ ‖V ‖^{1/p}_{1/p}. (6.5)

We will use this in the proof of the estimate (2.11).

Proof of (2.11). We fix a closed, bounded interval Δ = [Δ_−, Δ_+] ⊂ R. Let f_Δ ≥ 0 be a monotone increasing C^1-function having so that f_Δ(t) = 1, for t > Δ_+ + |Δ|, f_Δ(t) = 0, for t < Δ_− − |Δ|, and such that f^′_Δ = O(1/|Δ|). It follows that, for some C > 0, as operators

E_Λ(Δ) ≤ C|Δ| f^′_Δ(H_Λ). (6.6)

Here, H_Λ is H restricted to Λ with self-adjoint boundary conditions. Consequently, as the potential Ṽ_Λ ≥ 0, we have

T r(λṼ_ΛE_Λ(Δ)) ≤ C|Δ| T rf^′_Δ(H_Λ)(λṼ_Λ). (6.7)

We now take the expectation of (6.8). We use the fact that ∑ k∈Λ̃ ∂ ∂λ_k {T rf_Δ(H_Λ)} = T rf^′_Δ(H_Λ)(λṼ_Λ), (6.8)

so that IE{T r(λṼ_Λ)E_Λ(Δ)} ≤ C ∑ k∈Λ̃ |Δ|IE { ∂ ∂λ_k T rf_Δ(H_Λ) } . (6.9)

We evaluate the expectation on the right side of (6.9) with respect to one random variable, say λ_k, using (H2): ∫_1 0 h_0(λ_k) dλ_k { ∂ ∂λ_k T rf_Δ(H_Λ) }

≤ ‖h_0‖_∞ T r{f_Δ(H_Λ)(λ_k = 1) − f_Δ(H_Λ)(λ_k = 0)}. (6.10)

The trace on the right in (6.10) can be expressed in terms of the spectral shift function for H_1 ≡ H_Λ(λ_k = 1) and H_0 ≡ H_Λ(λ_k = 0) by means of the Birman-Krein formula,

T r{f_Δ(H_1) − f_Δ(H_0)} = − ∫ f^′_Δ(t)ξ(t; H_1, H_0) dt. (6.11)

We recall that the SSF for the pair (H_0, H_1) is defined through bounded functions of these operators since the difference is not in a trace ideal. Both H_0 and H_1 are lower semibounded by, say −M_0 > −∞. We define g(s) = (s + M_0)^{−k}, for s > −M_0. It follows as in [9] that the difference g(H_1) − g(H_0) ∈ I_{1/p}, for any p > 1, provided k > pd/2 + 2. We have the identity for the SSF:

ξ(t; H_1, H_0) = sgn(g^′)ξ(g(s); g(H_1), g(H_0)). (6.12)

We substitute this into the Birman-Krein trace formula and estimate the integral using Hölder’s inequality as in [9]. We use the result in Theorem 6.1 to obtain an upper bound on the L^p-norm of the SSF in terms of ‖g(H_1) − g(H_0)‖^{1/p}_{1/p}. This latter norm is bounded by a constant independent of |Λ| and |Δ|. We find that

T r{f_Δ(H_1) − f_Δ(H_0)} ≤ C_p|Δ|^{p−1}, (6.13)

for any 0 < p < 1. Combining this with (6.10), giving an additional factor of |Δ|, and with (6.11), giving a factor of |Λ|, we obtain the result (2.11). □

Bibliography

[1] J.-M. Barbaroux, J. M. Combes, and P. D. Hislop: Localization near band edges for random Schrödinger operators, Helv. Phys. Acta 70, 16– 43 (1997).

[2] M. S. Birman, M. Z. Solomjak: Spectral theory of self-adjoint operators in Hilbert space, Dordrecht: D. Reidel Publishing Co. 1987.

[3] M. S. Birman, D. R. Yafaev: The spectral shift function: The work of M. G. Krein and its further development, St. Petersburg Mathematics Journal 4, 833–870 (1992).

[4] R. Carmona, J. Lacroix, Spectral theory of random Schrödinger operators, Boston: Birkhaüser, 1990.

[5] J. M. Combes, P. D. Hislop: Localization for some continuous, random Hamiltonians in d-dimensions, J. Funct. Anal. 124, 149 - 180 (1994).

[6] J. M. Combes, P. D. Hislop: Landau Hamiltonians with Random Potentials: Localization and the Density of States, Commun. Math. Phys. 177, 603–629 (1996).

[7] J. M. Combes, P. D. Hislop, F. Klopp, S. Nakamura: The Wegner estimate and the integrated density of states for some random operators, to appear in Proc. Indian Aca. Sci. Math. Sci., 2002.

[8] J. M. Combes, P. D. Hislop, E. Mourre: Spectral Averaging, Perturbation of Singular Spectrum, and Localization, Trans. Amer. Math. Soc. 348, 4883–4894 (1996).

[9] J. M. Combes, P. D. Hislop, S. Nakamura: The L^p-theory of the spectral shift function, the Wegner estimate, and the integrated density of states for some random operators, Commun. Math. Phys. 218, 113–130 (2001).

[10] J. M. Combes, P. D. Hislop, A. Tip: Band edge localization for acoustic and electromagnetic waves in random media, Ann. Inst. H. Poincaré 70, 381–428 (1999).

[11] S. Doi, A. Iwatsuka, T. Mine: The uniqueness of the integrated density of states for the Schrödinger operator with magnetic field, to appear in Math. Z. 2001.

[12] B. Dubrovin, S. Novikov: Ground states of a two-dimensional electron in a periodic magnetic field, Zh. Èksper. Teoret. Fiz. 79, 1006–1016 (1980).

[13] B. Dubrovin, S. Novikov: Fundamental states in a periodic field. Magnetic Bloch functions and vector bundles, Dokl. Akad. Nauk SSSR 253, 1293–1297 (1980).

[14] A. Figotin, A. Klein: Localization of classical waves I: Acoustic waves, Commun. Math. Phys. 180, 439–482 (1996).

[15] A. Figotin, A. Klein: Localization of classical waves II.: Electromagnetic Waves, Commun. Math. Phys. 184, 411–441 (1997).

[16] W. Fischer, T. Hupfer, H. Leschke, P. Müller: Existence of the density of states for multi-dimensional continuum Schrödinger operators with Gaussian random potentials, Commun. Math. Phys. 190, 133–141 (1997).

[17] T. Hupfer, H. Leschke, P. Müller, S. Warzel: The absolute continuity of the integrated density of states for magnetic Schrödinger operators with certain unbounded random potentials, Commun. Math. Phys. 221, 229–254 (2001).

[18] W. Kirsch: Random Schrödinger operators: A course, in Schrödinger operators, Sonderborg DK 1988, ed. H. Holden and A. Jensen, Lecture Notes in Physics 345, Berlin: Springer 1989.

[19] F. Klopp: Localization for some continuous random Schrödinger operators, Commun. Math. Phys. 167, 553–569 (1995).

[20] F. Klopp, T. Wolff: Lifshitz tails for 2-dimensional random Schrödinger operators, submitted. Available on

http://zeus.math.univ-paris13.fr/~klopp/publi.html, 2000.

[21] S. Kotani, B. Simon: Localization in general one dimensional systems.

II, Commun. Math. Phys. 112, 103-120 (1987).

[22] S. Nakamura: A remark on the Dirichlet-Neumann decoupling and the integrated density of states, J. Func. Anal. 173, 136–152 (2001).

[23] L. Pastur, A. Figotin: Spectra of random and almost-periodic operators, Berlin: Springer-Verlag, 1992.

[24] M. Reed, B. Simon: Methods of Modern Mathematical Physics, vol. IV:

Analysis of Operators. Academic Press, 1978.

[25] B. Simon: Trace ideals and their applications. London Mathematical society Lecture Series 35, Cambridge: Cambridge University Press, 1979.

[26] A. Tip: Absolute continuity of the integrated density of states for the quantum Lorentz gas for a class of repulsive potentials, J. Phys. A 27, 1057–1069 (1994).

[27] W-M. Wang: Microlocalization, percolation, and Anderson localization for the magnetic Schrödinger operator with a random potential, J. Funct. Anal. 146, 1–26 (1997).

[28] W-M. Wang: Supersymmetry and density of states of the magnetic Schrödinger operator with a random potential revisited, Commun. Part. Diff. Eqns. 25, 601–679 (2000).

[29] F. Wegner: The density of states for disordered systems, Zeit. Phy. B 44, 9–15 (1981).

[30] T. Wolff: Recent work on sharp estimates in second-order elliptic unique continuation problems, in Fourier analysis and partial differential equations (Miraflores de la Sierra, 1992), pages 99–128. CRC, Boca Raton, FL, 1995.

[31] D. R. Yafaev: Mathematical Scattering Theory: General Theory, Translations of Mathematical Monographs 105, Providence, RI: American Mathematical Society, 1992.