V.2 No 1 Solutions for a heterogeneous line 1

Exact analytical solutions for an ideal elastic infinite line having one he t erogeneity transition

SergeyB. Karavashkin and Olga N. Karavashkina

Special Laboratoryfor FundamentalE laboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine

Phone: +38 0572 276624; e- mail:

sbkarav@altavista.com

Website ofLaboratorySELF:

http://angelfire.lycos.com/la3/SELFlab

Website ofthe electronic journal SELF Transact ions:

http://angelfire.lycos.com/la3/selftrans

Februar y17, 2002

This paper is one ofa large cycle ofpapers on obtaining the exact analyt ical so lut ions for vibrant elast ic systems. This was published fir st in the electronic journal oflaboratorySELF

’’SELF Transact ions’’, vo l.2, issue 1, pp.60-70. Visit ing this journalfor free at http://angelfire.lycos.com/la3/selftrans you willfind many other important results both on this su b - ject and on manyapplicat ions ofthis new method, as well as on many other subjects of mathemat ical physics and related themes. You will also find there that we check our results exper imentallyand yield the full co incidence ofthe calculat ion and exper imentalcur ves. And the main, this method gives exact solut ions, and this is non-matr ix. Alreadynow we have solved many practicallyimportant problems which cannot be even approached properlyby convent ional methods. This is the future ofdynamics out ofwhich any development in any area ofbasic or applied wave physics is impossible.

You are welco med to possess this wealt h and contact us for discussio ns and jo int further deve l opment.

Abstract

In this paper we will present some results of investigation of an infinite 1D elastic lumped line having one section of heterogeneity. We have obtained these results, using the original non-matrix method to find exact analytical solutions of the infinite system of differential equations. We will present fewfeatures important for the practical use, conditioned by the transition of an elastic line section to the anti-phase damping regime. We also will consider the conditions of solutions transformation, when transiting to the models related to basic, as well as to the related elastic distributed line. The results of this investigation can be extended to the rotary vibrations of lumped and distributed elastic lines, as well as with the help of original dynamical electromechanical analogy (DEMA) they can be applied to the electrical filters ca l culation.

Keywords: Heterogeneous elast ic lines; Finite defor mat ion; Oscillat ion theor y; Dynam i - calsystems.

Classification by MSC 2000: 34A34; 34C15; 37N05; 37N15; 70E55; 70K30; 70K40;

70K75; 70J40; 74H45.

Classification by PASC 2001: 02.60.Lj; 46.25.Cc; 46.15.-x; 46.40.Fr

1. Intr oduc tion

In [1] ˘ [4], on the basis o fidealelast ic finite and infinite, lumped and distributed lines, we showed that the vibrat ion process is not limited byan undercr it icalfr equencyband ( lower

2 S. B. Karavashkin and O. N. Karavashkina SELF than cr it ical frequency

0

w). At the overcrit icalband we can see the aper iodical regime o f

damping anti-phase vibrat ions; wit h themthe mechanicalline behaves as a naturaldamper.

In a heterogeneous line, the influence ofaper iodical process on the vibrat ion pattern su b -

stantially co mplicates, when the frequencyo fexternalexcitat ion exceeded the localcr it ical

frequency 0 i w for some sect ions ofa line, while for the others the undercr it icalvibrat ion r e -

gime retains. It leads to the complex amplitude and phase transit io ns whose pattern depends

both on the localparameters ofsect ion and on the features ofparticular line as the who le. In

this case, to analyse co mpletelya heterogeneous line, it is deficient to know the naturalfr e -

quencies and eigenfunct ions. It appears important to know an integralpattern ofvibrat ion

process running with the amplitude and phase vibrat ion character ist ics at the undercr it icaland

overcr it i calbands determined in the analyt icalform.

These features cannot be completely descr ibed bythe convent ionalmethods. ’’In the v i -

brat ion theory, the solut ion ofboundar yvibrat ions reduces basicallyto the determinat ion of

eigenvalues connected with naturalfrequencies or other parameters ofthe studied systemand

to finding the eigenfunct ions (ofvibrat ion for ms). Ifthe eigenvalues and eigenfunct ions have

been found, we can think the boundar yproblemsolved... At present a great amount ofa p -

proximate methods has been developed for finding the eigenvalues, but theyall are quite l a -

bor ious, give only the first eigenvalues, and the main, do not unite the studying ofsystems

with discrete and continuous mass distribut ion’’ [5, pp.3 ˘ 4]. Only in some particular cases

we have inco mplete, limitedly applicable so lut ions or ment ionings that the overcrit ical vibr a -

tions are possible (see, e.g., [6, pp.272 ˘ 275], [7, p.294], [8, p.109]). However theyalso are

deficient to analyse the sy s temcompletely, especially in heterogeneous lines.

In this paper we willpartly fillthis gap in. We will present some results ofthe analysis

carr ied out for the particular case ofan idealelast ic line wit h one heterogeneit ytransit ion.

Wit h it we will suppose that the main regular it ies ofthese pheno mena maybe extended to the

more complex heterogeneous elast ic lines, when using the method on whose basis we have

obtained the so lutions analysed in this paper.

2. General s olution f or a he ter oge ne ous ideal elastic line having one he t -

eroge ne ity transition

As the base model, consider an infinite lumped line having one transit ion ofmass heter o -

geneit y under longitudinalexternal har monic force action. Suppose that the externalforce acts

onthe k th line element, and k n£, where n is the number ofthe boundar yelement ofthe he t -

erogeneous section. The modelling systemofdifferent ialequ a t ions for this line is

( )

( ) ( )

( )

( )

( )

2

1 1 2 1 2

2

1 1 1 2

2

1 1 2 1 2

2

1 1 1 2

2

1 2 2 1 2

2 ;

2 ;

2 ;

........................................ ..

2 ;

2 ;

........................

k k k k

k k k k

k k k k

n n n n

n n n n d m s

dt

d m F t s

dt

d m s

dt

d

m s

dt

d m s

dt

- - -

+ -

+ + +

+ -

+ + +

D = D + D - D

D = + D + D - D

D = D + D - D

D = D + D - D

D = D + D - D

.................. ,

( 1 )

V.2 No 1 Solutions for a heterogeneous line 3

where

i is the longitudinaldisplacement ofthe i th mass ofa line ( i- ¥ £ £ ¥ ); s is the stiffness coefficient ofa line; m 1 and m 2 are the element masses ofrelated se c tions.

We can see fro m(1) that the external force applicat ion point and heterogeneit ytransit io n divide the line into three sections. According to it, the solut ion also divides into three inte r - vals, and each has its dist inct ions. This solut ion has the fo llowing form:

for the first section i k £

( ) { }

( )

( ) ( ) ( ) ( ) { }

1

1 1

2 1

0

1 1 2 1

2 1 2 1

1 2 1 2

4 sin cos sin sin ;

j t n i i j n k j n k

F e j s e e

w t t t

b t t t t t t t

- - + é ù ë û

- + - - + é ù é ù ë û ë û

D = - ´

+

´ + + -

( 2 ) for the second section k i n £ £

( ) { }

( )

( ) ( ) ( ) ( ) { }

1

1 1

2 1

0

1 1 2 1

2 1 2 1

1 2 1 2

4 sin cos sin sin ;

j t n k i j n i j n i

F e j s e e

w t t t

b t t t t t t t

- - + é ù ë û

- + - - + é ù é ù ë û ë û

D = - ´

+

´ + + -

( 3 ) and for the third one 1 i n ³ +

( )

( ) ( ) { }

1 2 2 1 2 11 0

1 2

,

2 sin

j t n k i n i

F j e s

w t t t t

- - + - - é ù é ù ë û ë û

D = -

+

( 4 ) where

2 2

1 2 1 2 ; ;

4 4

m m s s

w w b b = = ( 5 )

1 1 2 2

arcsin ; arcsin . t b t b

= = ( 6 )

As this so lut ion shows, in the first and third sect ions the progressive wave propagates. It has its specific phase delays depending on the parameters ofboth sections. Besides, the ent ire vibration process shift s by (- ); it is determined bythe unit imaginar ynumber in the r ighthand parts ofboth solut ions. In the second sect ion there forms the standing wave with co m - mo n phase delay[2( n - k )+1] 1 and addit ionalelement-to-element phase delaydetermined by the expression in braces in (3). Inthis connection the vibrat ion pattern in the second sect ion of a line complicates. As we willshow further, this is the cause, why (3) descr ibes not only standing but also progressive waves.

Further more, we see from(5) that in the line two boundar yfrequencies

01 02

1 2

4 4

b

� s s

m m w w = = ( 7 )

have appeared. These frequencies determine two condit ions transit ive to the overcr iticalband.

Due to it, the frequency range divides into three bands; in each the solut ions (2) ˘ (4) tran s -

for mdependent lyon the condit ions

1 2

1 and/or 1 . b b ³ ³ ( 8 )

Wit h it the section whose masses are heavier transits to the aper iodicalregime first, while in

the second sect ion the periodicalregime ofnon-damp ing vibr a t ions retains until (8) is true.

To analyse the solut ion transfor mat ion pattern when (8) was satisfied for some sect ion, it

is suffic ient to transfor mthe parameters in (2) ˘ (4) relevant to this section, using an evident

rel a t ion fo llowing from(6):

2 1 ; 1, 2 . p j

p p e j p t b b - = - - = ( 9 )

Below we willconsider the possible transfor mat ions of(2) ˘ (4) dependent lyon param e -

ters m 1 , m 2 and and analyse the most typicaldist inct io ns ofvibrat ion process accompan y -

ing them.

3. Analysis of typical patter n of vibration pr ocess in the infinite heter o -

gene ous ela s tic lumped line

Begin wit h the most simple and evident case, when (8) is not true for allsect ions.

3.1

1 2 1 2 m < m ;

�

� the periodical regime ofnon-damping vibrat ions;

� the aperiodical regime ofvibrations, fast-damping along the line;

� the transient, critical regime.

In the semi- finite sections ofline there ar ise the progressive waves having specific phase

delays and vibr ation amplitudes. These phase delays depend nonlinear ly on the frequency and

parameters ofcorresponding sect ions o fan elastic line. In the region between the applicat ion

point ofexternalforce and the heterogeneit ytransit ion, there formthe complex-for mstanding

waves being the result ofsuperposit ion ofthe waves having different amplitudes and delay

phases. When the hard sect ion ofa line vibrated aper iodically, in the light section o fline, at

14 S. B. Karavashkin and O. N. Karavashkina SELF

certain frequencies, the amplitude o fprogressive wave can vanish. But when the hard section

vibrates in the periodicalregime, the vanishing is possible at no conditions.

We showed that the presented solutions are base for a number ofmodels analogous by

structure oftheir lines with lumped parameters and easytransfor minto solutions for the lines

with distributed parameters. The obtained vibr ation pattern essent ially differs fro mthe co n -

vent ional concept. Particular ly, in a distributed line, when reflect ing fro mthe heterogeneit y

transit ion, the wave amplitude and phase gain the dependence on the externalforce frequency.

In the section between the externalforce applicat ion po int and the heterogeneit ytransit io n,

the standing co mplex-structure waves settle.

The results ofthis investigation can be extended to the torsion vibrat ions ofelast ic rods,

and wit h the help ofdynamicalelectromechanicalanalogyDEMA theycan be applied to find

the solut ions for the electr ic filters.

References:

1. Karavashkin, S.B. Exact analyt icalso lutions on infinite one-dimensio nal elast ic

lumped-parameters line vibr ation. Materials, Technologies, Tools . JournalofNational Aca d -

emy ofSciences ofBelarus, 4 ( 1999), 3, pp.15-23 (Russian)

2. Karavashkin, S.B. Exact analyt icalso lutions on finite one-dimensio nal elast ic lumped-

parameters line vibrat ion. Materials, Technologies, Tools . JournalofNat ionalAcademyo f

Sciences ofBelarus, 4 (1999), 4, pp.5-14 (Russian)

3. Karavashkin, S.B. Peculiar it ies o fmodelling of forced vibrat ions in ho mogeneous

elast ic lumped-parameters lines . Materials, Technologies, Tools. JournalofNat ional Aca d -

emy ofSciences ofBelarus, v.5, #3, 2000, pp.14-19 (Russian)

4. Karavashkin, S.B. Peculiar it ies o finclined force action upon one-dimensio nal hom o -

geneous elast ic lumped line. arXiv , LosAlamos, \#math-ph/0006028.

5. Kukhta, K.Ya. and Kravtchenko, V.P. Normal fundamental systems in the vibration

theory problems . Naukova Dumka, Kiev, 1973, 208 pp. (Ru s sian).

6. Magnus, K. Vibrat ions. Introduction to the vibration systems studying . Mir, Moscow,

1982, 390 pp. (Russian).

7. Olkhovski, I.I. Theoretical mechanics for the physicists . Nauka, Moscow, 1970, 448

pp. (Russian).

8. Blakemore, J.S. Solid state physics . Metallurgia, Moscow, 1972 (Russian; fro mthe

edit ion by W.B. Sounders Company, Philadelphia - London - T o ronto, 1970).

9. Born, M. and Goeppert, M. The dynamicaltheory ofcr ystalline lattice; in: M. Born.

The theory of solid body . The PrincipalEditorial ofTechnicaland T heoreticalLiterature,

Moscow - Leningrad, 1938, 364 pp. (Russian; translated fro mGer man, ed. 1915).

10. Karavashkin, S.B. Refined method ofelectric long lumped-parameters lines calcul a -

tion on the basis ofexact analyt ical so lut ions for mechanical elast ic lines; in: Transact ions of

inter nat ionalconference Control of Oscillations and Chaos (COC 2000, July 2000, Russia), 1 ,

p.154 (English).

11. Pain, H.J. The Physics of Vibrations and Waves. Mir, Moscow, 1979; 389 pp. (Ru s -

sian; fro medit ion: John Wileyand Sons, Ltd. London ˘ New York ˘ Sydney˘ Toronto,

1976).

12. Karavashkin, S.B. and Karavashkina, O.N. The features ofoscillat ion pattern in mi s -

matched finite electr ic ladder fi l ters. SELF Transactions , 2 (2002)

, 1, pp.35 - 47