V. 2, No. 1 Mismatched ladder filters calculation 1

The features of oscillation pattern in mis matched finite electric ladder fi l ters

S.B. Karavashkin and O.N. Karavashkina

Special Laboratory for Fundamental Elaboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine phone: +38 0572 276624; e-mail: sbkarav@altavista.com

Website of Laboratory SELF: http://angelfire.lycos.com/la3/SELFlab

Website of the electronic journal SELF Transactions: http://angelfire.lycos.com/la3/selftrans

Februar y14, 2002

This paper was published fir st in the electronic journal oflaboratorySELF ’’SELF Transact ions’’, vo l.2, issue 1, pp.35-47. Visit ing this journalfor free at http://angelfire.lycos.com/la3/selftrans you willfind many other subjects ofmathemat ical physics and related themes. Alr eadynow we have so lved many practicallyimportant problems which cannot be even approached properlyby convent ionalmet h - ods, and this paper corroborates it. This is the future ofcircuit theoryout ofwhich any development in this area is impossible.

You are welcomed to possess this wealth and contact us for discussions and joint further d e - velo p ment.

Abstract

Basing on the original relationship of the Dynamical ElectroMechanical Analogy DEMA and original exact analytical solutions for a lumped mechanical elastic line as an analogue, it is studied, howthe load resistance effects on the amplitude-frequency and phase-frequency characteristics of mismatched finite ladder filters. It is shown that in filters of such type the indicated characteristics have a brightly e x - pressed resonance form and essentially transform in the lower and medial domains of the pass band, changing insufficiently in the vicinity of cutoff frequency. It disables the conventional method to dete r - mine the total phase delay and the ladder filter transmission coefficient and requires finding the exact analytical solutions by way of the presented method. The obtained calculated regularities well agree with the experimental results for similar-parameters ladder filters. The obtained results can be extended to e s - sentially more complicated ladder-filter circuits.

Keywords: Mathematicalphysics; Wave physics; Circuit theory; ODE; E lectr ic ladder filters; Mi s - matched ladder filters; Dynamicalelectromechanicalanalogy; Transmissio n lines; Networks; E last ic lumped lines

Classification by MSC 2000: 30E25; 93A30; 93C05; 94C05

Classification by PASC 2001: 02.60.Li; 84.30.Vn; 84.40.Az

1. Intr oduction

The basic calculat ion method for electric ladder filters is the two-port method and those developed on its basis. It is accepted that ^one ofthe two-port method advantages is that the complicated circuit can be reduced to a few two-ports connect ion. The coefficients ofeach are easy expressed through the element parameters ofthe related sect ions ofthe circuit. And a few two-ports connect ion in its turn can be pr e - sented as some result ing two-port. The finding ofthe coefficient matr ix is reduced most lyto summing and mult iplying the matr ixes ofthe separate two-ports into which the considered circuit is factored~ [1, p.

53]. With the obviouslysimple and effective approach, this method has essent ialrestrict ions when a p - plied. Specifically, when calculat ing ladder filters, it is supposed that the input and output oftheir sectio ns are matched, as ^usuallyone seeks to insert separate sections ofthe laddered cir cuit matched~ [2, p. 269].

The more, ^the inserted sections must be matched always, as only at this condit io n one can sum the cha r - acterist ic constants ofthe transmissio n~ [3, p. 120]. Just because o fit ^if the circuit was set up ofTsect ions, it must begin and finish wit h the impedance 1 2 Z , and ifo fpi-sect ions ˘ with the paralleli m - pedance

2

2 Z̃ [4, p. 603]. Consider ing the filter circuits, one supposes that the filter input and output are matched wit h the source ofe.m. f. and with the load, i.e., that each sect ion ofthe filter and the circuit on the who le are loaded onthe impedance equalto that characteristic. In the realit y this condit ion is not sati s - fied, as the characterist ic impedance ofthe filter depends on the frequency; it has a realvalue at the tran s - parency band and is react ive at the stop band~ [4, p. 623]. Further more, ^unfortunately, the character ist ic impedances ofsect ions are expressed by the funct ions physically unrealisable, and by this reason one can proceed the matched connection in real cir cuits only approximately~ [3, p. 120].

This misfit ofthe two-port method approach to the realprocesses in ladder filters is caused bythe fact that at the mis matched load the influence ofthe wave properties ofthe filter as a who le is revealed. For example, in [5] in the case o fmany-sectioned wave-guides, it is exper imentallyestablished that ^the lengths o fthe arbitrar ily chosen sect ions scatter coherent lythe chopped reflect ions and make the r ipples

� The reflected signalamplitude growing in excess ofits end-to-end response can be raised bysingle r e - flected signals fro mthe points far fro mthe source~ [5].

In this paper we will modifythe approach to the ladder filter s calculation, using the original Dynam i - calE lectroMechanical Analogy(DEMA) whose foundat ions have been stated in [6]. The convent ional electromechanicalanalogy has the fo llowing known basis: ^to each dependent var iable and all der ivatives ofone system( i.e., x, / dx dt, 2 2 / d x dt ), the var iable having similar derivat ives ( q, /dq dt, 2 2/d q dt ) corresponds, and the related funct ions are interconnected so that if so me funct ion ofone systemis known, the corresponding funct ion ofthe second systemcan be found~ [7, pp. 88 ˘ 89]. On distinct fromthis, we willuse the known propertyofthe modelling system ofequat ions for ladder filters, which admit s to sep a - rate the time and spatialvar iables. And we willcompare the mechanicaland electr ical models as the who le, grounding on the correspondence ofthe modelling systems of algebraic equat ions obtained from those different ial after the time dependence eliminat ing. It will enable us to be not fixed so rigidlyto the correspondence ofthe circuit particular elements and to be not limited in the range o fanalogues bydiffe r - ent iat ing or integrating the modelling differentialequat ions. So, with the new relat ionship ofmodels, the circuits vibrat ion pattern can basically differ, retaining the correspondence between the models, since the base pr inciples willbe more generalised when choosing the analogues. These pr inciples willbe connected with the boundar ycondit io ns, with the features ofmechanicalsystemofan elast ic line as a who le, but the main, wit h the correspondence ofthe modelling systems of algebraic equations. Namelythe systems of algebraic equat ions, not one differential equat ion ofthe electrical circuit on whose base the relationship of the analogywas established up to now (see, e.g., [7, p. 89], [8, pp. 32 ˘ 34]), referr ing to the two-port technique. The possibilit yto introduce such an analogy was indicated byAtkinson in [9, p. 32 ˘ 33].

However the matr ix technique to obtain the so lut ions for mechanicalsystems enabled Atkinson neit her to develop this direct ion nor to exceed the frames ofsimp lest LC and CL ladder filters nor to write in ge n - eralfor mthe relationship between compared systems nor to obtain the so lutions in the analyt icalfor m.

To avoid the complicat ion appear ing when using the matrix techniques, we willuse, in addit ion to

DEMA, the exact analyt ical so lut ions for mechanicallines presented in [10] and [11]. Their main dist in c - tion is that when finding the solut ions using the non-matr ix technique, we have no need to studythe e i - genvalues and naturalfrequencies ofa mechanicalline as the base to find these so lutions. The exact sol u - tion is found direct lyfor a specific modelling systemo fdifferent ialequations which accounts all the fe a - tures defined by the init ialand boundar ycondit io ns, and the solut ions are presented not in the matrix for mor as the recurrent relat ionship but in the analyt icalfor m.

V. 2, No. 1 Mismatched ladder filters calculation 3

Combining these two methods, we have no need to consider a ladder filter as a simple assemblage of specific two-ports. As we will show in this paper, it enables us to extend essent iallythe calculat ion scope and to studythe exact patterns ofprocesses for the much broader range ofmodels than the conventional two-port method e n ables.

2. The ge neralised system DEM A

Before we get down the main purpose ofour invest igat ion, let us generalise the relat ionships o fthe electromechanicalanalogy presented in [6]. Realising the approach stated in the introduction to set up the electromechanicalanalogy between the systems, obtain the relat ionship ofour interest bydirect compar i - son ofthe modelling systems ofthe algebraic equations ofrelated models. It will be sufficient to use any two models ofthe studied kind, for example, a semi- finite mechanical line and the electricalfilter corr e - sponding to it. Their generalfor mis shown in Fig. 1.

The modelling systemofdifferent ial equat ions for a semi-finit e mechanicalelast ic line, Fig. 1a, has the fo llowing for m:

( ) ( )

( )

( )

2

1 2 1 2

2

2 3 1 2 2

2

1 1 2

2

........................................ ..........

2

........................................ .......... ,

n n n n

d m F t s dt d m s dt d m s dt + -

D = + D - D

D = D + D - D

D = D + D - D

( 1 ) where ( ) ( ) 0 0

j t F t F e

w j + = is the externalact ing force; n

D is the momentarydisplacement ofthe nth mass

fro mthe state ofrest; s is the line st iffness coefficient ; m is the line elements mass; 0 j is the init ial

phase ofthe external excitat ion; 1, 2, 3, ....... n = is the line element number.

To establish the electromechanicalanalogy, we have to transfor m(1) to the formconvenient for it.

Present n

D in the form

( ) 0 , j t

n n e w j d + D = ( 2 )

where n d is the displacement amplitude ofthe nth element. We yield

. Fig. 1. The schematic diagram of a se mi-finite me chanical ela st ic line

(a) and ofc orre sponding ladder filte r (b) m

F ( t )

s 1 s s s s m m m

2 (n-1) n

a)

Z 1

I 21

1 Z 1 Z 1

Z 2 Z 2 Z 2 Z 2 I 21

I 12 I 11 I ( t )

I 2(n-1)

I 1(n-2) I 1(n-1)

I 2n

I 1n

2 ( n -1)

b) n

S E L F S.B. Karavashkin, O.N. Karavashkina 4

( )

( )

( )

2

1 0 2 1

2

2 3 1 2

2

1 1

2

........................................ ..........

2

........................................ .......... .

n n n n m F s

m s

m s w d d d

w d d d d

w d d d d

+ -

- = + -

- = + -

- = + -

( 3 )

We willdeter mine the modelling systemofdifferent ialequat ions for the ladder filter convent ionally,

using the first Kirchho fflaw for the node indicated in Fig. 1b. Direct the currents in the filter longitudinal

elements with the external current, and in the paralle lelements ˘ to the selected nodes ofthe filter. With it

the modelling systemtakes the fo l lowing for m:

( )

( ) ( ) ( )

( )

21 11

11 22 12

1 2 2 1 1 1

2 1 1 1

..................................

.................................. .

n n n

n n n

I t I I

I I I

I I I

I I I

- - -

-

= - +

= - +

= - +

= - +

� � �

� �

� � �

� � �

( 4 )

Using the convent ionalregular it ies

1

1 2

1 2

; , n n n n n

U U U I I

Z Z

+ - = =

� � � � �

� � ( 5 ) where n U � is the voltage at the nth node with respect to common wire, and presen t ing

( ) ( ) ( )

( ) ( )

0 0

0 0

0 1 1

2 2

; ;

; ,

j t j t n n j t j t n n n n

I t i e I i e

I i e U u e

w j w j w j w j

+ +

+ +

= =

= =

�

� �

( 6 ) we yield the sought modelling systemo fequat ions for a semi-finit e ho mogeneous ladder fi l t er:

( )

( )

( )

( )

1 0 2 1

2 1

2 3 1 2

2 1

1 2 1

2 1

1 1

2 1

1 1

1 1 2

........................................ ............

1 1

2

1 1 2

........................................ ............ .

n n n n n n n n

u i u u

Z Z u u u u

Z Z u u u u

Z Z u u u u

Z Z

- - -

+ -

= - + -

= + -

= + -

= + -

� �

� �

� �

� �

( 7 )

Compar ing (3) and (7), we yield the sought relat ionship between the electr ical ladder filt er and m e - chanical lo ng line:

0 0

2

1 2

; ;

1 1

; .

n n u i F s m

Z Z

d w

« - «

« « -

� �

( 8 )

The relat ionship (8) essent iallydiffer s fromthe conventionalsystemo felectromechanical analogy shown in Table 1 [8, p. 32, 34], [12, p. 15], [13, p. 471]. Particular ly, in (8) the elements mass and the mechanicalline st iffness correspond not to the specific inductance or capacitance but to the longitudinal and transversal conductance ofthe electr icalfilter sect ion relat ively. Due to it, as an active electricalco n - ductance as so me complicated-formco mplex conductance as the input resistance ofso me ladder filt er being the subsystemo fa studied branched filter can correspond to them. While according to Table 1, only the active resistance ofa mechanicalelastic line can correspond to the active resistance ofan electrical circuit. And relat ively to the impedances it is also accepted that the change ofthe capacit ive pattern ofthe analogue to that induct ive (and vice versa) must be acco mpanied bychange ofthe systemofanalogy(see, e.g., [8, pp. 33 ˘ 34]). Inthe relationship (8) we need not such operation.

Table 1. Unified system of electromec hanical analogies

Mechanical value

Electrical value

1 st system 2 nd system voltage (e.m.f.) U force F velocity v current i velocity v force F inductance L mass m pliability c m capacitance C pliability c m mass m active resistance r active mechanical r e sistance r m

active mechanical condu c - tion 1/ r m

Further more, in the relat ionship (8) the externalexcit ation frequencyis important, because the init ial system(1) modelling a mechanicalline is the systemo fthe second-order ODE with constant coefficients, while an electricalline is modelled bythe integro-different ial equat ions (5). This is why, before esta b - lishing the relat ionship between the models, one had to reduce both systems to a common algebraic for m.

The dependence on frequency w appear ing in the relat ionship (8) became the direct consequence ofthis reduction. And one cannot yield the relat ionship (8) bythe different iat ion or integration wit hin the frames ofconventional approach. Only transit ing fro mthe systemofdifferent ialequations to the algebraic sy s - tem, the above feature in the relationship ofthe electrom e chanicalanalogy appears.

The basic difference between the convent ional analogy systems in the Table 1 and the system(8) fu r - nishes to saythat the ladder filters are inherent in their own systemofcorrespondence which due to its features has been deter mined as the Dynamical Systemo fE lectroM e chanicalAnalogy(DEMA).

One ofits main advantages is that it is based on the complete complex o fsolut ions for a mechanical elast ic line, including the solut ions for forced and free vibr ations. Connecting the different fields of knowledge wit h the help ofDEMA, one can, using the new results in mechanics, fir st, to provide the d e - velopment in the field ofladder filters (and with themthe cascades, networks, transmissio n lines etc,);

second, to combine the diver sifor m models, providing the wider scope for the mathemat ical and phys ical modelling ofthe most diversifor mby their nature processes and systems. In this waywe approach to the most generalconcept ofthe analogous models having been for mulated byKarplus: ^Two systems are analogous iftheir reactions to the similar excit a t ions revealin a similar for m~ [8, p. 36].

3. The unloade d and s hor ted finite ladder filters

Using the DEMA relat ionship and results [11], determine the character ist ics ofan unloaded and shorted ladder filt er. In Fig. 2 the diagrams o fmechanicalelast ic line wit h unfixed end containing n masses are shown as wellas an equivalent ladder filter with an open output. On the basis o fso lutions pr e - sented in [11] and relat ionship (8), the solut ions for an unloaded electr icalfilter willhave the fo llowing for m:

at the pass band, 1 el

b<

( )

( ) 0 0 1 2

cos 2 1

, sin 2

el j t i el

i Z Z n i

U e n

w j

t t

+

- - + é ù ë û =

� �

� ( 9 ) at the stop band, 1 el

b>

( )

( ) ( )

( ) 0

2 1 2 1

0 1 2 1

2 2

1

n i n i el el i j t i n n el el

i Z Z

U e w j

g g g g

- + - +

+ - + +

+ -

é ù - - ë û = - é ù - ë û

� �

� ( 10 ) and at the cutoff frequency, 1 el

b=

( )

( )

( ) 0 10 1 2 2 1

1 ,

4

i j t i

i Z Z n i

U e n

w j + + - - + é ù ë û = -

� �

� ( 11 ) where w is the externalcurrent ( ) I t frequency, j is the externalcurrent ( ) I t initia lphase,

1 2 / 4 el Z Z b= -� , arcsin el el

t b = , 2 1 el el el

g b b

+

= + - , 2 1 el el el

g b b

-

= - - , 1, 2, ..., i n = is the nu m - ber ofthe studied node ofthe filter, and n in this case and further is the number ofthe calculated nodes of the filter.

As convent ionally, at the pass band the solut ions descr ibe the standing vibrat ions with n resonances ar ising at the condit ion sin 2 0 . el n t= ( 12 )

The input resistance ofthe filter for which, in case ofthe load absence at its end, we will wr ite oc Z � is equal:

at the pass band, 1 el

b<

( )

[ ]

0

1 2 1

0

cos 2 1

, sin 2

el oc j t el

Z Z n U Z n i e w j

t t +

- -

= =

� � � � ( 13 ) at the stop band, 1 el

b>

( )

( )

0

2 1 2 1

1 1 2 1

2 2

0

1

n n i el el oc j t n n el el

Z Z U Z i e w j

g g g g

- -

+ + -

+

+ -

é ù - - ë û = = - é ù - ë û

� � � � ( 14 ) and at the cutoff frequency, 1 el

b=

( )

( )

[ ]

0

1 1 2 1

0

2 1

1 .

2

i oc j t

Z Z n U Z n i e w j

+

+

- -

= - =

� � � � ( 15 )

Fig. 2. The sche ma tic dia gra m ofa finite mec ha nica l elastic line with u n fixed e nd (a) a nd ofcorresponding ladder filte r (b)

m F ( t ) m

2

m m s s s s n (n-1) 1 a) b)

2 (n-1) 1 n

Z 2

Z 1 Z 1

Z 2 Z

2

Z 2

I 1(n-1) I 12

I 22 I 2(n-1)

I 1(n-2)

I 21

I ( t ) I 11

I 2n

V. 2, No. 1 Mismatched ladder filters calculation 7

At the pass band, dependent ly on

1 Z � and

2 Z � , the resistance oc R can be act ive, induct ive or capac i - tive. But the main, in anycase its amplitude- fr equencycharacterist ic will have also n resonances. At the stop band with the frequency growth the input resistance monotonously tends to zero proportionallyto

1 / el

g

+

� . And only at the cutoff frequencyand at large n the input resistance is approximatelyequal in its

amplitude to the impedance 1 2 Z Z � � . It essentially differs fromthe results obtained bythe two-port

method (see, e.g., [4, p. 606]. One more important feature ofthe presented solutions is that the vibrat ion

amplitude ofthe last filt er section ( i n=) is not maximal, as we used to think by the analogywit h electr i -

caldistr ibuted transmissio n lines. According to (9), it differ s by the mult iplier cos el t and diminishes to

zero with the vibrat ion frequency approaching to that crit ical(or / 2 el t p ® , which is tant a mount ly).

For a ladder filt er with the shorted output the situation willbe similar. In Fig. 3a we show the model

ofa finite mechanicalline whose nth element is fixed, and in Fig. 3b ˘ the corresponding diagramo fan

electr ic ladder filter wit h the shortened output. Noting [11] and relat ions (8), we can descr ibe the process

in the studied filter bythe fo llowing systemofexpre s s io ns:

at the pass band ofthe filter, 1 el b<

( )

( )

( ) 0 0 1 2 sin 2

cos 2 1 j t el

i

el i Z Z n i

U e

n w j t

t

+ - -

= -

-

� �

� ( 16 )

at the stop band, 1 el b>

( )

( ) ( )

( ) 0

2 2

0 1 2 1

2 1 2 1

1 ;

n i n i

el el i j t

i n n

el el i Z Z

U e w j g g

g g

- -

+ - + +

- -

+ - é ù - - ë û = -

é ù - ë û

� �

� ( 17 )

and at the cutoff frequency, 1 el b=

( )

( )

( )

( ) 0 1 0 1 2

2

1 .

2 1 i j t

i i Z Z n i

U e

n w j + + - -

= -

-

� �

� ( 18 )

The same as in case ofunloaded filter, at the transparency band we see n resonance peaks (taking

into account the nth shorted node). The condit ions oftheir appearance are determined now bythe va n -

ishing deno minator of(16). The filter input resistance wr itten as sc Z � for the filter with the shorted output

Fig. 3. The sche ma tic dia gra m ofa finite mec ha nica l elastic line with fixed e nd

(a) and ofcorresponding ladder filte r with shorted output (b) 1

I 12

Z 2

Z 1 Z 1 Z 1 (n-2)

I ( t )

Z 2 Z 2 Z 2

(n-1) 2 1

I 2(n-2) I 21 I 22

I 11 I 1(n-3) I 1(n-2) I 1(n-1)

I 2(n-1)

b)

F ( t ) m m m m

s s s s (n-1) 2 1 n

a)

S E L F S.B. Karavashkin, O.N. Karavashkina 8

also essent ially differs fro mthe results obtained by the two-port method. Its value will be determined now

bythe fo llowing systemo fexpressio ns:

at the pass band ofthe filter, 1 el b<

( )

( )

( ) 0

1 2 1

0 sin 2 1

,

cos 2 1 el

sc j t

el

Z Z n U Z

n i e w j t

t +

- -

= = -

-

� � �

� ( 19 )

at the stop band, 1 el b>

( )

( ) ( )

0

2 1 2 1

1 2 1

2 1 2 1

0

;

n n

el el

sc j t n n

el el

Z Z U

Z

i e w j g g

g g

- -

+ -

+ - -

+ - é ù - - ë û = =

é ù - ë û

� � � � ( 20 )

and at the cutoff frequency, 1 el b=

( )

( )

( ) 0

1 2 1

0

2 1

.

2 1 sc j t

Z Z n U Z

n i e w j +

- -

= =

-

� � �

� ( 21 )

We see from(19) ˘ (21) that at the pass band the input resistance will have ( ) 1 n - resonance peaks.

At the stop band the resistance falls wit h frequency proportionally to 1 / el g

+ , and with the boundar yfr e -

quency it is equal in amplitude to the impedance only at large n.

As the results have been refined, the relat ion between the ladder filter naturalimpedance and the filter

input resistance (being important for calculat ions) will essent iallychange. We can deter mine it byan

analogy wit h electrical transmissio n lines as fo llows (see, e.g., [4, p. 572]):

0 oc sc

Z Z Z = � . ( 22 )

Subst ituting sequent ially(13) ˘ (15) and (19) ˘ (21) into (22), we can see that in generalcase the

convent ional equalit y(22) is not true. It speaks that for ladder filters this method to find the natural i m -

pedance is unacceptable. Alt hough for the single filters the conventionalco mputations retain true, the

same as the two-port method i t self.

The reason ofdiscrepancy ofthe results obtained wit h the help ofDEMA and bythe two-port method

is the same. The same as (16) ˘ (18), solutions (9) ˘ (11) descr ibe the standing wave ˘ just the process

which has to take place when the load mismatched and in this connect ion the waves reflected fro mthe

Fig. 4. The sche ma tic dia gra m ofa finite mec ha nica l elastic line with the

mass M m at its end (a ) and ofcorresponding ladder filte r with the a r -

bitrary load l o a d

Z

� � (b)

M m m m F ( t )

s s s s n 2 1 (n+1) a)

I ( t ) n Z 1 Z 1 Z 1

Z 2 Z 2 Z 2 Z 2 Z lo ad

I 1n I 1(n-1) I 12 I 11

I 2n I 2(n-1) I 22 I 21

(n-1) 2 1

I 1(n-2)

b)

V. 2, No. 1 Mismatched ladder filters calculation 9

ends ofthe filter are produced. The two-port method does not take it into account. And in the finite filters

we also cannot obtain the solut ion on the basis ofa simple superposit ion ofdirect and rever se waves,

since in these filters the mult iple reflect ions fromboth ends take place. So, in generalcase, we cannot use

for sure the idle run and shorting regimes to find the filter naturalimpedance. We have to determine it on

the basis o fcomplete analyt ical so lut ions ˘ just so as we did it with the help ofDEMA.

4. An arbitrarily loade d finite ladder filter

In ladder filters practicalcalculat ions the most important is the case when the filter is loaded arbitra r -

ily. As we saw in the introduction, generally the two-port method cannot solve this problem, because its

applicat ion requires, the filter output impedance to be matched with the load. The assemblage ofthe

method DEMA with the method to obtain exact analyt icalsolut ions for mechanicalanalogues enables us

to find the solut ions so nece s sar yfor the practice.

Take as the mechanicalanalogue a finite elastic lumped line shown in Fig. 4a, whose last ( ) 1 n + th

element has the mass Mdifferent fro mthe rest ofelements. The exact analyt icalso lutions for this model

have the fo llowing for m:

in the per iodicalvibrat ion regime at 1 b <

( ) ( ) ( ) { }

[ ] { }

0 0 sin 2 2 cos 2 1

cos 2 1 sin 2 j t

i

F e M n i sm n i

sm M n sm n w j w t t

w w t t

+ - + - - + é ù é ù ë û ë û D =

+ +

( 23 )

in the aper iodical vibrat ion regime at 1 b >

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

0 2 1 2 1 2 1 2 1

0

2 1 2 1 2 2

1 j t n i n i n i n i

i

i n n n n

F e M sm

sm M sm w j w g g g g

w w g g g g

+ - + - + - + - +

+ - + +

+ +

+ - + + é ù - - - ë û D = -

é ù - - - ë û

( 24 )

at the boundar yvibrat ion frequency at 1 b =

( )

( ) ( ) ( ) { }

( )

0 0 4 1 2 1

1

4 2 1 j t

i

i

F e M n i m n i

s M n mn w j + - + - - + é ù ë û D = -

+ - é ù ë û

( 25 )

where 2 / 4 m s b w = ; arcsin t b = ; 2 1 g b b + = + - ; 2 1 g b b - = - - ; 1, 2, 3, ... , 1 i n = + .

The electrical filter circuit corresponding to the Fig. 4a is shown in Fig. 4b. In accord with the rel a -

tionships DEMA (8) and (23 ˘ (25), the oscillat ions in this circuit will obeythe fo llo w ing regular it ies:

at the filter pass band, 1 el b<

( ) ( ) ( ) { }

[ ] { }

0 0 1 2 1 2

1 2 sin 2 2 cos 2 1

cos 2 1 sin 2 j t

load

i

load i e Z Z Z Z n i Z n i

U

Z Z n Z n w j t t

t t

+ - - - + + - + é ù é ù ë û ë û

= -

- + -

� � � � �

�

� � �

( 26 )

at the stop band, 1 el b>

( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

0 2 1 2 1 2 1 2 1

0 1 2 1 2 1

2 1 2 1 2 2

1 2

1 j t n i n i n i n i

el el load el el i

i n n n n

el el load el el i e Z Z Z Z Z

U

Z Z Z w j g g g g

g g g g

+ - + - + - + - +

+ - + + +

+ +

+ - + + é ù - - - + - ë û = -

é ù - - + - ë û

� � � � �

�

� � �

( 27 )

and at the cutoff frequency, 1 el b=

( )

( ) ( ) ( ) { }

( )

0 0 1 2 2 1

2

4 1 2 1

1

2 2 1 j t

load i

i

load i e Z Z n i Z n i Z

U

s n Z nZ w j +

+

- - + + - + é ù ë û = -

é ù + - ë û

� � � �

�

� �

( 28 )

In the case

load

Z = ¥ � corresponding to 0 M =, (26) ˘ (28) transforminto (9) ˘ (11). At 0

load Z = �

( M= ¥) the solutions (26) ˘ (28) transfor minto those similar (16) ˘(18) at the condit ion that the output

S E L F S.B. Karavashkin, O.N. Karavashkina 10

ofthe filter ( ) 1 n + th node is shorted. At

2 load Z Z = � � the solut ions (26) ˘ (28) also transfor mto those like

(9) ˘ (11) at the condit ions ofan unloaded ( ) 1 n + th node ofthe ladder filter. And only at the co n dit ion

1 2 j

load

Z j Z Z e t - = - -

� � � or 1 2 j

load

Z j Z Z e t = - � � � , ( 29 )

unrealisable in frames o fthe exist ing circuitr y, the condit ions for a pure progressive wave alo ng-the-

circuit propagation take place at allthe pass band, and (26) ˘ (28) take the for mgeneralis ing the solut ions

for semi- finite ladder filters that was presented in [6]. In particular, for the negat ive delayphase these s o -

lut ions take the fo l lowing for m:

( )

( ) ( ) ( )

( ) ( ) ( )

0

0

0

2 1

0 1 2

1 2 1

0 1 2

1

0 1 2

; 1

1 ; 1

1 ; 1 1, 2, ..., 1 el j t i

i el

i i j t

i el el

i j t

i el

U ji Z Z e

U ji Z Z e

U ji Z Z e i n w j t

w j

w j b

g b

b

+ - - é ù ë û

+ - +

-

+ + ì = - - <

ï

ï = - - > í

ï

= - - = = + ï î

� � �

� � �

� � �

( 30 )

In all other cases, a complex superposit ion ofthe progressive and standing waves willtake place in

the filter. Or rather, the convent ional for mulat ion ofsuch type ofsuperposit ion does not reflect enough

completely the essence ofprocesses, since the expressio n (26) more corresponds to the complex superp o -

sit ion oftwo standing waves. However, further we will show on a specific example that the signal phase

at the filter calculated nodes ( 1, 2, ... , ( 1) i n = + ) generallyvanishes onlyin a countable number ofpoints

ofthe amplitude- frequency character ist ic, evidencing the standing wave ar ising in the filter. Out ofthese

points, dependent lyon the frequencyand number ofthe studied node ofthe filter, the phase may be as

delaying as advancing wit h the retaining resonance peaks ofthe signalamplitude.

Another feature ofthe presented solutions reveals at the complex value o f el b, i.e., in case when the

ladder filter cannot be presented as an idealfilt er ofthe low or high frequencies. Wit h it the relat ion b e -

tween el b and the unit ylosses its sense, and in the filter onlythe regime descr ibed by (26) can be rea l -

ised, while (26) beco mes true for all the range from zero to infinit y. None the less, as the exper ience of

mechanicalelast ic lines calculat ion shows and as we willshow further for electr icalfilters, the regularit y

(26) at complex el b completelydescr ibes the processes both at the pass and stop bands ofthe filter. Only

at Im 0 el b= the expression (26) losses its sense out ofthe pass band, and the so lution takes the for m(26)

˘ (28).

To demonstrate more visually the descr ibed features ofthe solut ions, determine the input resistance

ofa ladder L r L C filter shown in Fig. 5. We choose this circuit because ofa few reasons. It is quite si m -

ple, lest to cramthe invest igat ion with the addit ionalfactors. On the other hand, such circuits are often

used for signal d e lay artificiallines. And by the convent ionalconcept, the matched load ofthe low-

frequencyfilters must be active, which makes the analysis more associat ive. At the same time, the

changes introduced to the circuit compar ing with ideal LC filters are sufficient to revealthe descr ibed e f -

fects, and the circuit itselfcannot be calculated directly bythe two-port method, because it has the mi s -

matched input and output.

Actually, for this circuit the impedances

1

Z � and

2

Z � take the for m

1 2 ; 1 / L Z r j L Z j C w w = + = � � ( 31 )

Fig. 5. The sche ma tic dia gra m ofthe R LC ladder filter loaded by a n

active res ista nce

I ( t )

L L L r L r L r L

R load C C n 1

V. 2, No. 1 Mismatched ladder filters calculation 11

In accord with (9) ˘ (11) and (31), the parameter el b becomes a complex value

/ 2 2 1 1 ,

2 2 j

el L

LC j r C e b j

b b w w r - = - = ( 32 )

where arcsin( / ) L r C b b j w r

= , 2 2 2 L C L r b r w w

= + . With it the parameter el t beco mes the complex

funct ion ofthe frequencyand circuit parameters, and the relat ionship between el b and the unit ylosses its

sense. As we said before, in this case (26) is true for all the range, while (27) and (28) loss their sense too.

As we see, to revealthe complex pattern of el b, we need not consider complex ladder filters. It is suff i -

cient for it even in LC filters simplyto note the realparameters ofthe elements, such as induct ive par a -

sit ic resistance, capacit ive parasit ic resistance, and so met imes the connect ing wire resistance. In allthese

cases we can apply(26) to all the range. And ifthe parasit ic parameters influence is small, this expressio n

willsimply descr ibe the regular it y, pract icallyident icalto (26) ˘ (28) for an idealfilter. At the same t ime,

a clear different iat ion ofthe pass and stop bands and the calculat ion simplicit yare the mer its ofthe sy s -

tem(26) ˘ (28). For the case ofcomplex el b the calculat io n essent iallyco mplicates when realand imag i -

nar yparts of(26) separating, and it is difficult to determine the boundar yfrequency fro mthe solut ion i t -

self. In the studied specific problem, the input resistance in R can be easydeter mined fro m(26):

( )

( ) ( )

( ) ( ) 1 sin 2 cos 2 1

cos 2 1 sin 2 el load el

in

el load el n R n U R

I t n R n h h t t

h t t

+ -

= = -

+ -

�

( 33 )

where

2 2 4 2 4 1 2 2 2 2 j L L r L r L Z Z j e

C C C C h j p

h

w w æ ö + ç ÷ è ø = - = - = + � �

The typical for mofthe amplitude (a) and phase (b) ofthe input resistance wit h respect to frequency

w and load load

R is shown in Fig. 6. First ofall we see that for the finite ladder filter the amplitude and

phase ofthe input resistance has the resonance form. And the number ofpeaks is different at 0 load R R <

and 0 load R R > . It is caused by the fact that at small load

R the filter behaves as the shorted and consisting o f

1 n + calculat ion nodes, and at large load

R the input resistance corresponds to an unloaded filter consist ing a) b)

Fig. 6. The ca lc ulated a mplitude-freque nc y (a ) and phase-freque nc y (b) c hara c -

teristics ofthe input res ista nce i n R at diffe re nt active load va lues l o a d

R and co n -

stant input curre nt va lue I t with respect to freque nc y. The investiga ted filte r

para meters : L = 12,6 mH; C = 0,5 mF; R 0 = 159,15 ohm; r L = 10 Ohm; R 1 = 20

kOhm; R 2 = 33 kOhm; R load

= 0, 51, 102, 158, 358, 558, 758, 958 Ohm.

in ,

rad

R
load

 ,

Ohm

R
       in

             ,

kOhm

R
load

 ,

Ohm

S E L F S.B. Karavashkin, O.N. Karavashkina 12

of n

                 nodes, which is in full correspondence with the above analys is of the so lutions (26) ˘ (28) transfo r -

mat ion. Wit h the growing load resistance the phase character istic also transforms, up to changing the sign

at definite bands. This transfor mat ion of the amplitude and phase character ist ics takes place at a quite na r -

row range, where the values
                                                                                                       load

                                                                                                  R  are lower or higher than the impedance
0

R that is equal in this calcul a -

tion to 158,15 Ohm (the plots at this value of the load resistance are shown in red). One can see that with

growing
                                    load

                               R  fro m zero to
                                                                                                  0

                                                                                             R, the peak amplitudes fall, and at
0
load

R R

=  reach so me minimum. Wit h the

fo llo wing increase of the impedance, the resonance peaks at the low and medium bands displace, the fir st

resonance peak vanishes, and already at 600 Ohm
load

R »  (for the present circuit parameters) the res o -

nance frequencies locat ion stabilises at the new number of the resonance frequencies. Further only the

resonance peaks themselves grow. And this last concerns to a large extent to the amplitude-fr equency

character ist ic. The resonance peaks on the phase- frequency characteristic reach fast the saturation ampl i -

tude not exceeding / 2

                                                                  p  for the fir st peak.

              Especially note that at the band near the cutoff frequency the transfor mat ions are practically absent. It

evidences that it is basically impossible to choose the load resistance so that it provided the plate of the

amplitude- frequency character ist ic at the filt er pass band.

              Further more, we see from the plots that at the pass band the input resistance phase not only is not

zero, which would correspond to the real value
in

R, but it mult iply alternates the sign, taking by turns the

induct ive or capacit ive pattern. With it the clear correlat ion between the amplitude and phase resonance

peaks is absent too. To demonstrate it, we show in Fig. 7 a combined plot of the input resistance ampl i -

tude and phase for the case
0

                                                                                                   load

                                                                                               R R

                                                                                                               = . This evidences that in ladder filters one can obtain plate neither an

amplitude- frequency nor a phase- frequency character ist ic of the filter input resistance, at no active load

value. Even if at some load resistance a definite smoothing of the characterist ics were possible in the pass

band low- frequency do main, near the cutoff frequency the regular it ies have resonance pattern and pract i -

cally do not transfor m with the load r e sistance var iat ion.

              The same we see in case of co mplex loading. As an example, in Fig. 8 we show the amplitude and

phase- frequency character ist ics over the
L
r L C  filter invest igated before, when it is loaded by the seque n -

tially connected active
                                                                                                              0

                                                                                       load

                                                                                  R R

                                                                                                   =  resistance and capacit ive
load

C impedance. In the plots we see alike

transformations of the regular it ies with the
load

C var iat ion, only the resonance peaks amplitude monot o -

nously grows with the capacitance falling. Now some value of capacitance approximately equal to 1 mcF

at the chosen circuit parameters serves the transit ion border. In the region of this capacit ive load, in the

                                                      -1

                                                      -2

                                                          0

                                                          1

                              Fig. 7. The combined plot of the amplitude-frequency and  phase-frequency

                              charact erist ics of the low-frequency RL C  filter consis tin g of 5 sect ions and

                              loaded onto the impedance R
0

 = 159, 15 Ohm.

                                                                              15. 0

                                                                              27. 5

                                                                              40. 0

                                                                              52. 5

                                                                              65. 0

in

R
in

                                                                                                 0 1 2 3 4 5

f, kHz

                                                                                                                  R
in

 ,

                                                                                                             kOhm

                                                      -3

                                                          2
                                in

                                      ,

                          rad

V. 2, No. 1 Mismatched ladder filters calculation 13

low- frequency do main o f the pass band, the curves displace, and the new resonance peak merges with the

fir st peak of the previous characterist ic. Thus, with the falling load capacitance, the quant it y of resonance

peaks does not change, and even their location along the frequency axis retains out of the transit io n d o -

main. And again, all descr ibed transfor mat ions occur in the low- and middle-frequency do mains of the

pass band, with practically flat pattern at the cutoff fr e quency.

              To check up the obtained calculat ion regular it ies, we have carr ied out the exper iment whose circuit is

shown in Fig. 9. Its principal aim was to invest igate the amplitude-fr equency and phase-frequency cha r -

acterist ics of the input resistance at the ladder filter pass band with the constant input current amplitude

      ( )
  I t

                 . The introduced condition of the input current (not voltage) constancy was caused, on one hand, by

the dependence o f solut ions (26) on the input current amplitude. And on the other hand, when exper i -

ment ing, it is convenient to compare vo ltages, not currents. Moreover, the phase character ist ics measur e -

ment between the vo ltages excludes a nu m ber of essent ial systemat ic errors.

              Basing on the above arguments, we worked out the exper imental scheme. One can see from Fig. 9

that the phase of the filt er input resistance was measured as the difference between the vo ltage phases at

the source output and at the ladder filt er input. For it between the source output and filter input we i n -

serted quite large resistor

                                                                                            1

                                                                                        R

                                                                                                stabilising the phase of the source output voltage. The second task of this r e -

sistor was to br ing the exper imental condit ions at the filter input nearer to the calculated condit ions, a c -

cording to which the filter input was loaded (see Fig. 5).

              The pattern of input resistance var iat ion wit h frequency was invest igated by the vo ltage var iat ion at

the filter input being equivalent to the constant input current amplitude. The exper imental data were

picked off the screen of oscillograph having a large input resistance ( 1 MOhm> ), small input capacitance

( 40 F

                   mm
    � ) and the resolving abilit y in frequency more than 10 MHz. To reduce the measurement error,

we used the one-ray oscillograph with the measurement channels switching at its input (the switch SA1).

To reduce the standard error of the oscillograph (about 5%) when the phase character ist ics measur ing, we

used the maximal sweep with the external synchronisat ion, and when investigating the amplitude chara c -

terist ics ˘ the maximal amplificat ion of the signal and measur ing the o s cillat ion swing.

              The results ˘ the amplitude- frequency (a) and phase-frequency (b) character ist ics ˘ are presented in

Fig. 10. This fir st has the for m of regular it y of the acting vo ltage amplitude at the filt er input with respect

to frequency and input resistance. And the second has the form of displacement phase in radians, also

with respect to frequency and input resistance. Compar ing them wit h the calculat ion diagrams in Fig. 6,

we see a full accord of the patterns accurate to the exper imental error. The only difference is in the a m -

plitude values of the resonance peaks when co mpar ing the exper imental and calculat ion data. The

S E L F S.B. Karavashkin, O.N. Karavashkina 14

calcu lated amplitude is so me higher. This is caused by the finiteness o f resistance
1

R

. Its value is well

more than the filter impedance
                                                                                                                0

                                                                                                           R and is quite large to ensure a good accord of the phase characteristics,

but is not quite sufficient, the amplitude character ist ics to be in full accord with the calculat ion circuit.

Because, as one can determine by the data in Fig. 6, it is co mparable with the maximal value of the input

resistance amplitude in the resonance peaks do main. Basically, the presented method allows getting over

this dispar it y too. In this order we should co mplicate a little the init ial mechanical prototype model and

consider an elast ic line having heterogeneit ies not only at its output but also at the input. But since our

                        Fig. 9. The sche ma tic dia gra m of the e xpe rime nta l setup to meas ure the a m -

                        plitude-freque nc y a nd phase-freque nc y c haracte ristics of the LC -type ladde r

                        filter. The setup para mete rs: L  = 12,6 mH; C  = 0,5 mF; R
0

 = 159,15 Ohm; r
L

 =

                        10 Ohm; R
                                                                  1

                                                                       = 20 kOhm;  R
2

 = 33 kOhm; R
load

 = 0, 51, 102, 158, 358, 558, 758,

                        958 Ohm.

R
load

L

L

L

                                                                         R
                                                                               1

                                           R
                                                 2

                                                                                                       C C

SA1

SA2

Y
external

starting

                                                                         mA

1
6

                                                                   a)

R
load

 ,

Ohm

            U
                   in

                          ,

                    V

b)

R
load  ,

Ohm
in  ,

rad

            Fig. 10. The e xperime nta l a mplitude-frequenc y (a) and phase-freque nc y (b) c hara c -

            teristics of the input res ista nce
i n

R  at diffe re nt active load va lues
l o a d

R  and consta nt

            input c urre nt va lue I t with respect to fre que nc y. The investigated filter para mete rs :

            L  = 12,6 mH; C  = 0,5 mF; R
0

 = 159,15 ohm; r
L

 = 10 Ohm; R
1

 = 20 kOhm;  R
2

 = 33

            kOhm; R
                                               load

                                                           = 0, 51, 102, 158, 358, 558, 758, 958 Ohm.

V. 2, No. 1 Mismatched ladder filters calculation 15

main aim here is to invest igate just the resistance load influence on the vibrat ion pattern, such refinement

is out of frames o f this paper. While within these frames we can surely state that the presented coinc i -

dence of the calculated and exper imental result s demo nstrates quite conclusively that ladder filters cannot

be modelled by a simple assemblage of elementary two-ports in general case. Their amplitude and phase

character ist ics have the complex resonance for m well descr ibed by the combined method based on the

exact analyt ical so lut ions for mechanical elast ic lines as the analogue and the dynamical electromechan i -

cal analogy DEMA. Wit h it the ladder filter structure can be much co mplicated, if necessar y, even in

frames of the problem so lved here, since one can think under the impedances

1

Z

�
 and

2

Z

�
 any co mplex

impedance, in that number the input impedance of the filter branches. In all these cases the DEMA rel a -

tionship retain true, because they take into account the similar it y of just the dynamical processes in m e -

chanical lines and la d der filt ers.

5. Conclusions

              We have analysed the solut ions for finite ladder filters obtained on the basis o f the exact analyt ical

solut ions for corresponding mechanical elast ic lumped lines and original methods of the dynamical ele c -

tromechanical analogy DEMA. We have ascertained that finite ladder filters cannot be considered as a

simple assemblage of the elementar y two-ports, summing their delay phases and mult iplying the tran s -

missio n coefficients. As a r e sult of mult iple reflections from the ends in finit e filt ers, in the amplitude-

frequency and phase- frequency character ist ics of the filter there ar ise the resonance pheno mena effecting

on the transmissio n coefficient and total delay phase. It reflects also on the filter input resistance chara c -

terist ic inequal to the impedance and not active at the pass band in general case. The progressive wave

can ar ise in the filter only in case of reciprocal trigonometric dependence of the load phase on frequency,

which is unrealisable with the current ly e x ist ing circuitr y.

              By way of

                                                        L

                                                     r L C  filter as an example we have proved theoretically and corroborated exper imentally

that with the filter active load var iat ion the main transfor mat ions o f the amplitude-frequency and phase-

frequency characterist ics take place in the low and middle do mains of the pass band. Wit h the growing

resistance of the load up to the value close to that characteristical, the resonance peaks amplitude falls.

Wit h the further increase of resistance, the first peak frequency vanishes and the number of peaks dimi n -

ishes by an unit y. With it the peak amplitude gradually grows again. In case o f the active-capacit ive load,

with the diminishing capacit y the resonance peaks amplitudes gradually grow, but the number of peaks

does not change, only a newly ar isen peak merges with the first resonance peak of the filter.

              The results presented here can be extended to more complicated ladder filters.

References

1.  Bonch-Bruevich, A. M. Radio electronics in experimental physics . Nauka, Moscow, 1966, 768 pp.

                (Ru s sian)

2.  Zernov, N. Z., and Karpov, V. G. Theory of radio engineering circuits . Energy, Moscow ˘ Leningrad,

                1965, 886 pp. (Russian)

3.  Gurevich, I. V. Computational foundations of radio engineering networks (Linear networks under

                harmonic action) . Svyaz´, Moscow, 1975, 366 pp. (Ru s sian)

4.  Kugushev, A. M., and Golubeva, N. S. Foundations of radio rlectronics . Energia, Moscow, 1969,

                880 pp. (Russian)

5.  A.S. Hu, F.W. Lam and C. Lin. Recursive for mulas o f a mult iple-sect ioned transmissio n line. IEEE

                Tran s actions on circuits and systems , CAS-21, 5 (September 1974), pp.640-642

6.  S.B.Karavashkin. Refined method of electric lo ng lumped-parameters line calculat ion on  the basis of

                exact analyt ical so lut ions for mechanical elast ic lines. Control of Oscillations and Chaos 2000.  Pr o -

                ceedings of the conference, vo l.1, p.154. St.Petersburg, Russia, 2000.

7.  Gardner, M. F. and Barns, J. L. Transients in linear systems with lumped parameters . Inostrannaya

                literatura, Moscow, 1961, 570 pp. (Russian; original edit ion: M. F. Gardner and J. L. Barns. Tra n -

S E L F S.B. Karavashkin, O.N. Karavashkina 16

                sients in Linear Systems , vo l.1: Lumped-constant systems. John Wiley & Sons Inc., NY, and Cha p -

                man & Hall ltd, London, 1942)

8.  Karplus, W. J. Analog simulation solution of the field problems . Inostrannaya literatura, Moscow,

                1962, 488 pp. (Russian; original edit io n: W.J. Karplus. Analog Simulation Solution of Field Pro b -

                lems . McGraw-Hill Book company Inc., New York ˘ T o ronto ˘ London, 1958).

9.  Atkinson, F. V. Discrete and continuous boundary problems . Mir, Moscow, 1968, 750 pp. (Russian;

                original edit io n: Atkinson, F. V. Discrete and Continuous Boundary Problems . Academic Press,

                New York ˘ London, 1964)

10.  S.B.Karavashkin. Exact analyt ical so lut ion on infinite one-dimensio nal elast ic lumped-parameters

                line vibrat ion. Materials, Technologies, Tools . The Journal o f National Academy of Sciences of B e -

                larus, 4 (1999), 3, pp.15 ˘ 23 (Ru s sian)

11.  S.B.Karavashkin.  Exact analyt ical so lut ion on finite one-dimensio nal elast ic lumped-parameters line

                vibration. Materials, Technologies, Tools . The Journal of Nat ional Academy o f Sciences of Belarus,

                4 (1999), 4, pp.5 ˘ 14 (Russian)

12.  Gutenmaer, L. I. Introduction to the Russian edit ion o f the book by W. J. Karplus [8].

13.  Physical encyclopaedia , vo l. 5. Sovetskaya Encyclopedia, Moscow, 1966.