Absence of transport in Anderson localization

Fumihiko Nakano

Abstract We consider the charge transport in the tight-binding Anderson model. Under a mild condition on the Fermi projection, we show that it is zero almost surely. This result has wider applicability than our previous work[12], while the definition of charge transport is slightly different. It also applies to the computation of non-diagonal component of the conductivity tensor which recovers the famous result of quantization of Hall conductivity in quantum Hall systems.

1 Introduction

Since the pioneering work of Anderson[5], where he discussed that a certain disorder may cause materials to have insulating property, there have been much development in the theory of Anderson localization. From mathematical point of view, this phenomenon is represented as the exponential decay of Green’s functions which implies the exponential decay of eigenfunctions, and, together with Kubo formula, vanishing of the electrical conductivity (e.g., [1, 3, 9, 16]). On the other hand, Bellissard et.al. [8, 13, 14] developed a theory to compute the electrical conductivity by using C^∗-algebraic approach. They used the random kick-rotor term to introduce dissipation mechanism. In this paper, we study essentially the same quantity, which we call charge transport to compare it with that treated in [12]. We do not use dissipation term, which turns out not to be necessary to consider in the study of Anderson localization, and develop the theory by the use of spectral theory and functional analysis. This approach has the advantage of being mathematically simple, while it would not be straightforward to extend to more general systems, without suitable improvements in the analysis. We will show that, when the Fermi energy lies in the “localized states”, then the charge transport is equal to zero almost surely. This fact has a clear physical interpretation: the current vanishes in the localized regime. However, to prove this fact seems not to be trivial as discussed in [12].

Our model is the standard, tight-binding random Hamiltonian on l^2(ZZ^d):

(H_ωφ)(x) := ∑ |y−x|=1 φ(y) + λV_ω(x)φ(x), φ ∈ l^2(ZZ^d).

(1.1)

λ > 0 is the coupling constant, and {V_ω(x)}_{x∈ZZ}d are independent, identically distributed random variables on a probability space (Ω, B, P). We assume (1) the probability distribution of V_ω(0) has the density r(v)dv. supp r is bounded from below, and r ∈ L^p(IR) for some 1 < p ≤ ∞.

(2) E|V_ω(0)|^2 < ∞, where E stands for taking expectations. The assumption that supp r is bounded from below is purely technical to use almost analytic continuation (section 2, Proposition 2.8). However, this assumption is satisfied in most situations, and is natural to study the conducting properties. The condition E|V_ω(0)|^2 < ∞ is assumed in order that the Liouville operator of H_{E,ω} is densely defined.

It is known that, the spectrum of H_ω is deterministic almost surely, and σ(H_ω) = [−2d, 2d] + supp r, for a.e. ω[10]. Moreover, there appears some region in the spectrum depending on λ where we have pure point spectrum with exponentially decaying eigenfunctions which, as we already mentioned, is a mathematical presentation of Anderson localization (e.g.,[1, 3, 9, 16]). In [12], we considered the charge transport caused by the slowly varying potential. We used adiabatic approximation, and proved that this quantity is equal to zero almost surely when λ is sufficiently large (i.e., at high disorder). In this paper, we consider the charge transport caused by the discrete analogue of the constant electric field E(∈ IR)

H_{ω,E} := H_ω + E · x_1,

(1.2)

where x_1 is the first component of x = (x_1, x_2, · · · , x_d) ∈ ZZ^d. We define the charge transport by carrying out the following three operations successively: (1) take the thermal average of current operator at zero temperature, (2) divide it by E and let E ↓ 0, (3) take the time average. That is,

σ_1(ω, ϵ_F ) := lim_{T ↑∞} ∫_T 0 dt T lim_{E↓0} 1 E T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P_{ϵF} ), (1.3)

where T is the trace per volume for an operator A:

T (A) := lim_{L↑∞} 1 |Λ_L| trace(χ_{ΛL} A χ_{ΛL} ).

(1.4) χ_C is the characteristic funtion of a set C, and Λ_L is a finite box in ZZ^d: Λ_L := {x ∈ ZZ^d : |x_j | ≤ L, j = 1, · · · , d}. e^{−itHω,E} is the unitary propagator of H_{ω,E} , and P_{ϵF} is the Fermi projection operator: χ_{(−∞,ϵF ]}(H_ω), corresponding to the Fermi energy ϵ_F ∈ IR which we fix arbitrary. In the definition of σ_1(ω, ϵ_F ), it might be more natural if we took lim_{E↓0}^1_E after taking the time average lim_{T ↑∞} ∫_T 0 dt T . However, we can only deal with the Abel limit of that, which can be regarded as a sort of approximation.

σ_2(ω, ϵ_F ) := lim_{δ↓0} lim_{E↓0} 1 E ∫_∞ 0 dt δe^{−tδ} T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P_{ϵF} ), (1.5)

Remark 1.1 (1) σ_1(ω, ϵ_F ) was originally defined in [8]. Instead of studying σ_1(ω, ϵ_F ), they computed σ_2(ω, ϵ_F ) by using the relaxation time approximation.

(2) We are not able to discuss the deep question that whether the discrete analogue of the constant electric field E · x_1 would be appropriate to compute the electrical conductivity [7, 15]. In fact, the spectrum of H_{ω,E} is known to be purely discrete. However, we believe that taking E ↓ 0 limit lim_{E↓0}^1_E is not trivial in any case.

(3) In non-zero temperature, P_{ϵF} is replaced by f_{β,ϵF} (H_ω), where f_{β,μ}(λ) is the Fermi-Dirac distribution function f_{β,μ}(λ) := ( 1 + exp[β(λ − μ)] )_{−1} , λ ∈ IR, and β > 0 is the inverse temperature.

Throughout this paper, we assume the following decaying property of the matrix element of the Fermi projection.

Assumption E ∑ x∈ZZ |x_1|^2|P_{ϵF} (ω ; x, 0)|^2 < ∞.

(1.6)

P_{ϵF} (ω ; x, y) :=< δ_x, P_{ϵF} δ_y >_l2_{(ZZ}d_), where < · , · >_l2_{(ZZ}d_) is the inner product on l^2(ZZ^d), and δ_x(z) = 1, if z = x, and δ_x(z) = 0, if z ≠ x. It is shown that [2], (1.6) follows from the fractional moment bound of the Green’s function E|G_{ϵF +iϵ}(ω ; x, y)|^s ≤ Ce^{−μ|x−y|}, x, y ∈ ZZ^d, (1.7)

for some constants 0 < s < 1, C > 0, μ > 0, uniformly w.r.t. ϵ ∈ IR. G_E(ω ; x, y) :=< δ_x, (H_ω − E)^{−1}δ_y >_l2_{(ZZ}d_) is the matrix element of Green’s function. (1.7) is one of the key observation of Anderson localization [1, 3], and known to hold if (1) λ > 0 is sufficiently large (high disorder case), or (2) |ϵ_F | is sufficiently large (extreme energy case), or (3) ϵ_F is away from the spectrum of free Laplacian for |λ| small (weak disorder case). Under the above assumption(1.6), we have following results.

Theorem 1 σ_2(ω, ϵ_F ) = 0, a.e. ω.

Theorem 2 σ_1(ω, ϵ_F ) = 0, a.e. ω.

Remark 1.2 (1) We can extend Theorem 2 to some long-range hopping Hamiltonians. However, it seems not to be a trivial task to extend the resolvent equation (Proposition 3.1) to those Hamiltonians, which is important to prove Theorem 1.

(2) It would require further studies to see under which conditions the various limits involved in the definitions of σ_1(ω, ϵ_F ), σ_2(ω, ϵ_F ) may be interchanged. However, in Theorem 1, the exchange of two operations, lim_{E↓0}^1_E and ∫_∞ 0 dt δe^{−δt} is allowed (Remark 4.1) if, in addition, we assume the following dynamical localization estimate E|e^{−itHω} (ω ; x, y)| ≤ Ce^{−μ|x−y|}, x, y ∈ ZZ^d, (1.8)

for some constants C > 0, μ > 0, independent of t ∈ IR. (1.8) is known to be true when λ > 0 is sufficiently large (high disorder case[2, 4]).

(3) In [12], essentially the same result is proved under more restricted situations (i.e., bounded random potential, bounded electrical potential, and high disorder). However, there are some differences between the definition of σ_1(ω, ϵ_F ) and the charge transport defined in [12]. For instance, in the definition of σ_1(ω, ϵ_F ), we take E ↓ 0 limit first and then take the time average, while, in [12], we take these two operations at the same time in a sense. It would not be easy to take these two limits at the same time in the approach of this paper.

(4) In [8], they argue that the conductivity is always zero or infinity without taking dissipation mechanism into account. Moreover, they show that the conductivity is always zero if the Hamiltonian is bounded. Our results imply that this is also true in case Anderson localization happens, even when the Hamiltonian is unbounded. On the other hand, in [2], they discuss the derivation of Kubo formula, and obtained the same quantity as what we will have in the proof of above two theorems.

Theorem 1, 2 are still true when we impose constant magnetic field to H_ω. Moreover, the above results have some implications to the theory of integral Hall effect. Let d = 2, and we consider the following Hamiltonian which has constant magnetic flux −B(∈ IR) penetrating each plaquettes on ZZ^2.

(H^B_ω φ)(x) := ∑ |y−x|=1 h_B (x, y)φ(y) + λV_ω(x)φ(x), φ ∈ l^2(ZZ^2),

where,

h_B (x, y) := { e^{iB}2^{<y, x−y>IR2} , if |x − y| = 1, 0, otherwise, x, y ∈ ZZ^2. < ·, · >_{IR}d is the inner product on IR^d. We define the Hall conductivity σ^H_1 (ω, ϵ_F ), σ^H_2 (ω, ϵ_F ), by replacing x_1 by x_2 in the definition of σ_1(ω, ϵ_F ), σ_2(ω, ϵ_F ), respectively. We note that dissipation mechanism is not necessary to consider in the definition of the Hall conductivity. Under Assumption (1.6), we have the following result which can be proved by mimicking the proof of Theorem 1, 2.

Theorem 3 (1) σ_1(ω, ϵ_F ) = σ_2(ω, ϵ_F ) = 0, a.e. ω.

(2) σ^H_1 (ω, ϵ_F ) = σ^H_2 (ω, ϵ_F ) = iT (P_{ϵF} [∂_1P_{ϵF} , ∂_2P_{ϵF} ]P_{ϵF} ), a.e. ω, where, ∂_jP_{ϵF} := [x_j, P_{ϵF} ], j = 1, 2.

The quantity iT (P_{ϵF} [∂_1P_{ϵF} , ∂_2P_{ϵF} ]P_{ϵF} ) is known to have an interpretation as a “topological invariant” ([6, 8] and references therein). Therefore, Theorem 3 implies the vanishment of the direct conductivity and the quantization of the Hall conductivity if the Fermi energy lies in the localized regime, which is well-known in the theory of integral quantum Hall effect.

The key ingredient of the proof of Theorem 1, 2 is the theory developed in [2, 8], namely to consider the Hilbert space (called L^2) which consists of matrix elements of operators, and consider the Liouville operator of H_ω. In section 2, we define L^2, and study some basic properties. We provide proofs even for what is elementary, because it would be better to be careful in the treatment of Liouville operators for unbounded Hamiltonians. In section 3, 4, we prove Theorem 1, 2, respectively. The main part of proofs is to study E ↓ 0 limit: lim_{E↓0}^1_E . In order for that, we prove resolvent equation (for Theorem 1), and Duhamel formula (for Theorem 2), respectively.

2 Preliminaries

In this section, we define a Hilbert space L^2, study its basic properties, and consider some operators on it. First of all, we notice that, the operator H_ω is covariant w.r.t. the translation in the following sense U(a)H_ωU(a)^∗ = H_T a_ω, a ∈ ZZ^d, ω ∈ Ω, (2.1)

where U(a) is the translation operator on l^2(ZZ^d): (U(a)φ)(x) := φ(x − a), U(a)^∗ is the adjoint operator of U(a), and T^a : Ω → Ω is a measure preserving map defined by ω = {V_ω(x)}_{x∈ZZ}d → T^aω = {V_ω(x − a)}_{x∈ZZ}d . It is well-known that T^a is ergodic. Because of (2.1), the matrix element of H_ω satisfies the following relation H(ω ; x, y) = H(T^{−a}ω ; x − a, y − a), a, x, y ∈ ZZ^d, ω ∈ Ω. (2.2)

We say that a function H(ω ; x, y) on Ω × ZZ^d × ZZ^d satisfies (CR) if (2.2) holds. We define L^2 as the space of functions on Ω × ZZ^d × ZZ^d which satisfies (CR) and has a certain decaying property.

L^2 := {A(ω ; x, y) : function on Ω × ZZ^d × ZZ^d which is finite a.e., (1) A(ω ; x, y) satisfies (CR),

(2) ‖A‖^2_L2 := ∫ Ω dP ∑ x∈ZZ^d |A(ω ; x, 0)|^2 < ∞}.

Remark 2.1 In the above definition, “a.e.” is in the sense of P̃-a.e., where P̃ is the product measure of P and the counting measure on ZZ^d × ZZ^d. Since ZZ^d × ZZ^d is countable, “A(ω ; x, y) is finite for P̃-a.e.” is equivalent to the statement that “there exists a subset Ω_0 ⊂ Ω with P(Ω_0) = 1, such that A(ω ; x, y) is finite for ω ∈ Ω_0, x, y ∈ ZZ^d”.

We shall see there are many functions which belong to L^2. For this purpose, we consider a subspace of L^2.

A := {{A_ω}_{ω∈Ω} : family of bounded operators on l^2(ZZ^d), (1) U(a)A_ω U(a)^∗ = A_T a_ω, ω ∈ Ω, a ∈ ZZ^d, (2) sup_{ω∈Ω} ‖A_ω‖_{op} < ∞}. ‖A‖_{op} is the operator norm on l^2(ZZ^d).

Remark 2.2 If A_ω ∈ A, then its matrix element A(ω; x, y) belongs to L^2. In fact, since A_ω is bounded on l^2(ZZ^d), A(ω ; x, y) is finite for any (ω, x, y) ∈ Ω×ZZ^d ×ZZ^d. The condition (1) in the definition of A implies that A(ω ; x, y) satisfies (CR). To check the condition (2) in the definition of L^2, we write A(ω ; x, 0) = (A_ωδ_0)(x), and since A_ω is bounded on l^2(ZZ^d), and ‖δ_0‖_l2_{(ZZ}d_) = 1 (‖ · ‖_l2_{(ZZ}d_) is l^2(ZZ^d)-norm), ∑ x∈ZZ^d |A(ω ; x, 0)|^2 = ‖(A_ω δ_0)(x)‖^2_{l2 (ZZd)} ≤ ‖A_ω‖^2_{op}. The condition (2) in the definition of A now implies ‖A‖_L2 < ∞, and thus, A(ω ; x, y) ∈ L^2. Therefore, we will sometimes abuse the notation, and regard A as a subspace of L^2, though the former is a space of operators while the latter is that of functions.

To introduce a Hilbert space structure on L^2, we consider L̃^2 := L^2(Ω×ZZ^d). Proposition 2.1 We define a map π : L^2 → L̃^2 by (πA)(ω, x) := A(ω ; x, 0), A ∈ L^2. Then, π is a bijection, and (π^{−1}a)(ω ; x, y) = a(T^{−y}ω, x − y), a ∈ L̃^2.

Proof. It is clear that πA ∈ L̃^2 for A ∈ L^2. Conversely, let (π^{−1}a)(ω ; x, y) := a(T^{−y}ω, x − y), a ∈ L̃^2. By Remark 2.1, (π^{−1}a)(ω ; x, y) is finite a.e. (π^{−1}a)(T^{−b}ω ; x − b, y − b) = a(T^{−b}T^{−(y−b)}ω, (x − b) − (y − b)) = a(T^{−y}ω, x − y) = (π^{−1}a)(ω ; x, y), x, y, b ∈ ZZ^d. Hence (π^{−1}a)(ω ; x, y) satisfies (CR). ‖π^{−1}a‖_L2 = ‖a‖_{L̃2} < ∞. Therefore, π^{−1}a ∈ L^2 for a ∈ L̃^2. Then, it suffices to show π^{−1} ∘ π and π ∘ π^{−1} are equal to identities on L^2 and L̃^2 respectively, which follows from direct computations.

We introduce an inner product on L^2: < A, B >_L2 :=< π(A), π(B) >_{L̃2} L^2 becomes a Hilbert space under the above inner product. Remark 2.3 To see L^2 is complete, we let {A_n}^∞_{n=1} ⊂ L^2 be a Cauchy sequence. Then π(A_n)(ω, x) = A_n(ω ; x, 0) is a Cauchy sequence in L̃^2, and thus, there exists an element a(ω, x) ∈ L̃^2, such that π(A_n) → a in L̃^2 as n → ∞. We define A := π^{−1}(a) ∈ L^2, then we have A_n → A in L^2 as n → ∞. We regard L^2 as a complete metric space in this sense.

For A, B ∈ L^2, we define a product AB which is a function on Ω × ZZ^d × ZZ^d: (AB)(ω ; x, y) := ∑ z∈ZZ^d A(ω ; x, z)B(ω ; z, y). (2.3)

If a = π(A), b = π(B), it is written as π(AB)(ω, x) = (AB)(ω ; x, 0) (2.4) = ∑ z∈ZZ^d a(T^{−z}ω, x − z)b(ω, z).

Lemma 2.1 The sum in (2.3) absolutely converges for a.e. ω. Moreover, for any fixed (x, y) ∈ ZZ^d × ZZ^d, |A(ω ; x, z)||B(ω ; z, y)| ∈ L^1(Ω × ZZ^d) as a function of (ω, z) ∈ Ω × ZZ^d, and (AB)(ω ; x, y) ∈ L^1(Ω).

Proof. |A(ω ; x, z)||B(ω ; z, y)| ≤ 1 2 ( |A(ω ; x, z)|^2 + |B(ω ; z, y)|^2 ) . (2.5)

On the other hand, ∫ Ω dP ∑ z∈ZZ^d |A(ω ; x, z)|^2 = ∫ Ω dP ∑ z∈ZZ^d |A(T^{−z}ω ; x − z, 0)|^2 (2.6) = ∫ Ω dP ∑ z∈ZZ^d |A(ω ; x − z, 0)|^2 = ∫ Ω dP ∑ z∈ZZ^d |A(ω ; z, 0)|^2 = ‖A‖^2_L2 .

We used (CR) property of A and Fubini’s theorem. Similarly, we have ∫ Ω dP ∑ z∈ZZ^d |B(ω ; z, y)| 2 = ‖B‖^2_{L2} < ∞, which together imply the second statement of Lemma 2.1. Moreover, (2.6) implies ∑ z∈ZZ^d |A(ω ; x, z)| 2 < ∞, and similarly, ∑ z∈ZZ^d |B(ω ; z, y)| 2 < ∞, for a.e. ω. For such ω ∈ Ω, the sum of the RHS of (2.5) w.r.t. z ∈ ZZ^d converges, and ∑ z∈ZZ^d |A(ω ; x, z)||B(ω ; z, y)| ≤ 1 2 ∑ z∈ZZ^d ( |A(ω ; x, z)|^2 + |B(ω ; z, y)|^2 ) . (2.7)

The RHS of (2.7) ∈ L^1(Ω), and thus, (AB)(ω ; x, y) ∈ L^1(Ω).

By using Lemma 2.1, we can show that the trace per volume T (AB) exists almost surely if A, B ∈ L^2.

Proposition 2.2 (1) If A, B ∈ L^2, T (AB) = ∫ Ω dP(AB)(ω ; 0, 0), for a.e. ω.

In particular, T (AB) exists and finite for a.e. ω.

(2) T (AB) = T (BA), for a.e. ω.

Proof.

(1) By Lemma 2.1, (AB)(ω ; x, y) is finite for a.e. ω. For such ω ∈ Ω, it is clear that trace(χ_{ΛL} ABχ_{ΛL} ) makes sense which is simply the usual trace of (2L + 1)^d × (2L + 1)^d matrix {(AB)(ω ; x, y)}_{x,y∈ΛL} . T (AB) = lim_{L↑∞} 1 |Λ_L| trace(χ_{ΛL} ABχ_{ΛL} )

(2.8) = lim_{L↑∞} 1 |Λ_L| ∑ x∈Λ_L (AB)(ω ; x, x). On the other hand, by using (CR) property of L^2, (AB)(ω ; x, x) = ∑ y∈ZZ^d A(ω ; x, y)B(ω ; y, x) (2.9) = ∑ y∈ZZ^d A(T^{−x}ω ; 0, y − x)B(T^{−x}ω ; y − x, 0) = (AB)(T^{−x}ω ; 0, 0).

By Lemma 2.1, the RHS of (2.9)∈ L^1(Ω). Therefore, by Birkhoff’s ergodic theorem, T (AB) = ∫ Ω dP(AB)(ω ; 0, 0), for a.e. ω.

(2) For a.e. ω, T (AB) = ∫ Ω dP(AB)(ω ; 0, 0)

(2.10) = ∫ Ω dP ∑ y∈ZZ^d A(ω ; 0, y)B(ω ; y, 0) = ∫ Ω dP ∑ y∈ZZ^d B(T^yω ; 0, y)A(T^y ω ; y, 0). By Lemma 2.1, |B(ω ; 0, y)||A(ω ; y, 0)| ∈ L^1(Ω × ZZ^d), so that we can use Fubini’s theorem. RHS of (2.10) = ∑ y∈ZZ^d ∫ Ω dPB(ω ; 0, y)A(ω ; y, 0) = ∫ Ω dP ∑ y∈ZZ^d B(ω ; 0, y)A(ω ; y, 0) = T (BA).

We have the following fact, which will make it easier to study unbounded operators on L^2.

Proposition 2.3 A is dense in L^2.

Proof. Let A ∈ L^2, a := π(A) ∈ L̃^2. Define a_n(ω, x) := { a(ω, x), (if |x| ≤ n and |a(ω, x)| ≤ n), 0, (otherwise), A_n := π^{−1}(a_n).

Then a_n → a, and A_n → A in L̃^2 and L^2 respectively as n → ∞. We will show A_n ∈ A which completes the proof. For φ, ψ ∈ l^2(ZZ^d), we compute, by Schwarz inequality and the definition of π^{−1},

| < φ, A_nψ >_l2_{(ZZ}d_) | ≤ ∑ x,y∈ZZ^d |φ(x)||A_n(ω ; x, y)||ψ(y)| (2.11)

≤ ( ∑ x,y∈ZZ^d |φ(x)|^2|A(ω ; x, y)| )_{1/2}( ∑ x,y∈ZZ^d |A(ω ; x, y)||ψ(y)|^2 )_{1/2}

= ( ∑ x∈ZZ^d ∑ y∈ZZ^d |φ(x)|^2|a_n(T^{−y}ω, x − y)| )_{1/2} ×

× ( ∑ y∈ZZ^d ∑ x∈ZZ^d |a_n(T^{−y}ω, x − y)||ψ(y)|^2 )_{1/2} . We notice that, |a_n(T^{−y}ω, x − y)| ≤ n, and a_n(T^{−y}ω, x − y) ≠ 0 only if |x − y| ≤ n. Therefore,

RHS of (2.11) ≤ ( n(2n + 1)^d ∑ x∈ZZ^d |φ(x)|^2 )_{1/2}( n(2n + 1)^d ∑ y∈ZZ^d |ψ(y)|^2 )_{1/2}

= C_n‖φ‖_l2_{(ZZ}d_)‖ψ‖_l2_{(ZZ}d_), where the constant C_n > 0 is independent of ω ∈ Ω. Therefore, A_n is bounded on l^2(ZZ^d), and sup_{ω∈Ω} ‖A_n‖_{op} < ∞. Because A_n = π^{−1}(a_n), A_n satisfies (CR). Hence A_n ∈ A.

It will be convenient to introduce another subspace of L^2.

A_0 := {A(ω ; x, y) : function on Ω × ZZ^d × ZZ^d, (1) A satisfies (CR), (2) |A(ω ; x, y)| is bounded, (3) there exists a constant K > 0 such that A(ω ; x, y) = 0, if |x − y| > K}.

Then the proof of Proposition 2.3 also shows A_0 ⊂ A, and A_0 is dense in L^2.

From now on, we consider some operations on L^2. For a function A(ω ; x, y) on Ω × ZZ^d × ZZ^d, we define A^∗(ω ; x, y) by A^∗(ω ; x, y) := A(ω ; y, x), which corresponds to the matrix element of the adjoint operator if A ∈ A. The corresponding element in L̃^2 is a^∗ := π(A^∗) = a(T^{−x}ω, −x), where a = π(A).

Lemma 2.2 If A ∈ L^2, then A^∗ ∈ L^2, and ‖A^∗‖_L2 = ‖A‖_L2 . Proof. It is clear that A^∗(ω ; x, y) is finite a.e. That A^∗(ω ; x, y) satisfies (CR) follows from direct computation. The equality ‖A^∗‖_L2 = ‖A‖_L2 < ∞ follows from (CR) and Fubini’s theorem, which is the same argument in (2.6) in the proof of Lemma 2.1.

Due to Birkhoff’s ergodic theorem, trace per volume is related to the inner product on L^2.

Proposition 2.4 Let A, B ∈ L^2.

(1) As functions on Ω × ZZ^d × ZZ^d,

(BA)^∗(ω ; x, y) = (A^∗B^∗)(ω ; x, y), for a.e. ω. (2) T (A^∗B) =< A, B >_L2 . Proof. (1) By definition, (BA)^∗(ω ; x, y) = (BA)(ω ; y, x) = ∑ z∈ZZ^d B(ω ; y, z) A(ω ; z, x). On the other hand, A^∗B^∗(ω ; x, y) = ∑ z∈ZZ^d A^∗(ω ; x, z)B^∗(ω ; z, y)

= ∑ z∈ZZ^d A(ω ; z, x) B(ω ; y, z) = (BA)^∗(ω ; x, y). By Lemma 2.1, the above sums absolutely converge for a.e. ω.

(2) By Proposition 2.2,

T (A^∗B) = ∫ Ω dP ∑ x∈ZZ^d A^∗(ω ; 0, x)B(ω ; x, 0) = ∫ Ω dP ∑ x∈ZZ^d A(ω ; x, 0) B(ω ; x, 0), for a.e. ω. Therefore, since A(ω ; x, 0) = π(A), T (A^∗B) =< π(A), π(B) >_{L̃2} .

The following ideal property of L^2 will be used frequently in this paper. Proposition 2.5 (1) Let A ∈ L^2, B ∈ A. Since B ∈ A ⊂ L^2 (Remark 2.2), we can define products BA, AB as functions on Ω × ZZ^d × ZZ^d. Then BA, AB ∈ L^2, and ‖BA‖_L2 = ‖AB‖_L2 ≤ sup_{ω∈Ω} ‖B‖_{op}‖A‖_L2 . Hence the multiplication operators on L^2 defined by A → BA, A → AB are linear and bounded.

(2) The adjoint operators of A → BA, A → AB are A → B^∗A, and A → AB^∗ respectively.

Proof. (1) By Lemma 2.1, (BA)(ω ; x, y) and (AB)(ω ; x, y) are finite a.e. It is easy to see (BA)(ω ; x, y) and (AB)(ω ; x, y) satisfy (CR). Since ∫ Ω dP ∑ x∈ZZ^d |A(ω ; x, 0)| 2 = ‖A‖^2_{L2} < ∞, ∑ x∈ZZ^d |A(ω ; x, 0)| 2 < ∞, for a.e.

ω, which implies (Aδ_0)(x) = A(ω ; x, 0) ∈ l^2(ZZ^d) w.r.t. x for a.e. ω. For such ω ∈ Ω, (BA)(ω ; x, 0) = (BAδ_0)(x) ∈ l^2(ZZ^d), and ∑ x∈ZZ^d |BA(ω ; x, 0)|^2 = ‖(BAδ_0)(x)‖^2_{l2 (ZZ}d_)

(2.12)

≤ ‖B‖^2_{op}‖(Aδ_0)(x)‖^2_{l2 (ZZ}d_) ≤ sup_{ω∈Ω} ‖B‖^2_{op} ∑ x∈ZZ^d |A(ω ; x, 0)|^2.

In (2.12), we recall that B = {B_ω}_{ω∈Ω}, where B_ω is a bounded operator on l^2(ZZ^d) for any fixed ω ∈ Ω. Since the RHS of (2.12)∈ L^1(Ω), we have BA ∈ L^2, and ‖BA‖_L2 ≤ sup_{ω∈Ω} ‖B‖_{op}‖A‖_L2 . By Lemma 2.2, A^∗ ∈ L^2, and ‖A^∗‖_L2 = ‖A‖_L2 . Since B ∈ A, B^∗ is the matrix element of the adjoint operator of B, if we regard B as a bounded operator on l^2(ZZ^d). Moreover, B^∗ ∈ A. By Proposition 2.4, (AB)^∗(ω ; x, y) = B^∗A^∗(ω ; x, y), as functions on Ω × ZZ^d × ZZ^d. By what we have just shown, B^∗A^∗ ∈ L^2. Therefore, (AB)^∗, and hence, AB ∈ L^2. Since ‖B‖_{op} = ‖B^∗‖_{op}, and ‖A‖_L2 = ‖A^∗‖_L2 , we have ‖AB‖_L2 = ‖(AB)^∗‖_L2 = ‖B^∗A^∗‖_L2 ≤ sup_{ω∈Ω} ‖B^∗‖_{op}‖A^∗‖_L2 = sup_{ω∈Ω} ‖B‖_{op}‖A‖_L2 .

To prove (2) of Proposition 2.5, we prepare the following Lemma, which is not a priori trivial.

Lemma 2.3 Let A, C ∈ L^2, and B ∈ A. Then, as functions on Ω×ZZ^d×ZZ^d, ( (AB)C ) (ω ; x, y) = ( A(BC) ) (ω ; x, y), a.e. ω.

Proof. By Proposition 2.3, we can take sequence of bounded operators {A_n}^∞_{n=1}, {C_n}^∞_{n=1} ⊂ A which satisfy A_n → A, C_n → C in L^2 as n → ∞. Then, by Proposition 2.5 (1), A_nB → AB, BC_n → BC, in L^2 as n → ∞. Moreover, by Schwarz inequality and (2.6), ∫ Ω dP | | | ( (AB)C ) (ω ; x, y) | | | ≤ ∫ Ω dP ∑ z∈ZZ^d |(AB)(ω ; x, z)||C(ω ; z, y)| ≤ (∫ Ω dP ∑ z∈ZZ^d |(AB)(ω ; x, z)|^2 )_{1/2} × × (∫ Ω dP ∑ z∈ZZ^d |C(ω ; z, y)|^2 )_{1/2}

= ‖AB‖_L2 ‖C‖_L2 ≤ sup_{ω∈Ω} ‖B‖_{op}‖A‖_L2 ‖C‖_L2 .

Therefore, for any fixed (x, y) ∈ ZZ^d × ZZ^d, ( (A_nB)C_n ) (ω ; x, y) → ( (AB)C ) (ω ; x, y), as n → ∞ in L^1(Ω). Since ZZ^d × ZZ^d is countable, by diagonal trick, we can take a subsequence n^′ = n^′(k) such that ( (A_nB)C_n ) (ω ; x, y) → ( (AB)C ) (ω ; x, y), pointwise for a.e. ω, as k → ∞, for any x, y ∈ ZZ^d. Similarly, by taking a subsequence further: n^{′′} = n^{′′}(n^′(k)), ( A_n(BC_n) ) (ω ; x, y) → ( A(BC) ) (ω ; x, y), pointwise for a.e. ω, as k → ∞. Therefore, it is sufficient to show ( (A_nB)C_n ) (ω ; x, y) = ( A_n(BC_n) ) (ω ; x, y), pointwise, which is clear. In fact, since A_n, B, C_n are bounded on l^2(ZZ^d), ( (A_nB)C_n ) (ω ; x, y) = < δ_x, A_nBC_nδ_y >_l2_{(ZZ}d_) = ( A_n(BC_n) ) (ω ; x, y).

Proof of Proposition 2.5 (2)

Let A, C ∈ L^2, and B ∈ A. By Proposition 2.4, < BA, C >_L2 = T ((BA)^∗C) = T ((A^∗B^∗)C).

By Proposition 2.2, and Lemma 2.3,

T ((A^∗B^∗)C) = ∫ Ω dP ( (A^∗B^∗)C ) (ω ; 0, 0) = ∫ Ω dP ( A^∗(B^∗C) ) (ω ; 0, 0)

= T (A^∗(B^∗C)) = < A, B^∗C >_L2 .

Therefore, the adjoint of the linear bounded operator A → BA on L^2 is the map A → B^∗A. The adjoint operator of A → AB can be derived similarly.

We are going to study unbounded operators on L^2. The following operator corresponds to taking commutator with x_1. Proposition 2.6 For A ∈ L^2, we define (∂_1A)(ω ; x, y) := (x_1 − y_1)A(ω ; x, y).

Then, the operator A → ∂_1A is self-adjoint with domain D(∂_1) := {A ∈ L^2 : ∂_1A ∈ L^2}.

Therefore, Assumption (1.6) is equivalent to the statement that P_{ϵF} ∈ D(∂_1). Proof. Let a := π(A). Then, (π(∂_1A))(ω, x) = x_1a(ω, x). Thus, the operator A → ∂_1A corresponds to the multiplication operator of x_1 on L̃^2, which is self-adjoint with domain {a ∈ L̃^2 : x_1a ∈ L̃^2}.

Next, we consider an operator on L^2 which corresponds to taking commutator with H_{ω,E} . The matrix element of H_{ω,E} is given by

H_{ω,E} (ω ; x, y) = 1, (if |x − y| = 1), λV_ω(x) + Ex_1, (if x = y), 0, (otherwise).

For A ∈ L^2, we define (H_{ω,E} A)(ω ; x, y) and (AH_{ω,E} )(ω ; x, y) as (2.3) (H_{ω,E} A)(ω ; x, y) := ∑ |z−x|=1 A(ω ; z, y) + (λV_ω(x) + Ex_1)A(ω ; x, y), (AH_{ω,E} )(ω ; x, y) := ∑ |z−y|=1 A(ω ; x, z) + (λV_ω(y) + Ey_1)A(ω ; x, y).

We define (L_{Hω,E} A)(ω ; x, y) := (H_{ω,E} A)(ω ; x, y) − (AH_{ω,E} )(ω ; x, y), (2.13) which makes sense as a function on Ω × ZZ^d × ZZ^d. We note (L_{Hω,E} A)(ω ; x, y) satisfies (CR), though (H_{ω,E} A)(ω ; x, y) and (AH_{ω,E} )(ω ; x, y) do not. The corresponding element in L̃^2 is π ( L_{Hω,E} A ) (ω, x) = ∑ |z−x|=1 a(ω, z) + (λV_ω(x) + Ex_1)a(ω, x) (2.14) − { ∑ |z|=1 a(T^{−z}ω, x − z) + λV_ω(0)a(ω, x) } .

Since E|V_ω(0)|^2 < ∞, L_{Hω,E} A ∈ L^2 if A ∈ A_0. Hence L_{Hω,E} is densely defined on L^2.

Proposition 2.7 (1) L_{Hω,E} is self-adjoint with domain D(L_{Hω,E} ) := { A ∈ L^2 : ( λ(V_ω(x) − V_ω(y)) + E(x_1 − y_1) ) A(ω ; x, y) ∈ L^2 } . (2) e^{itLHω,E} A = e^{itHω,E} Ae^{−itHω,E} , A ∈ L^2. Remark 2.4 H_{ω,E} has the following property U(a)H_{ω,E} U(a)^∗ = H_T a_{ω,E} − Ea_1, ω ∈ Ω, a ∈ ZZ^d, (2.15)

which implies U(a)e^{itHω,E} U(a)^∗ = e^{itHT aω,E} e^{−itEa1} . (2.16)

However, by using (2.16), we can show (e^{itHω,E} Ae^{−itHω,E} )(ω ; x, y) satisfies (CR) ( it is straightforward if A ∈ A. For A ∈ L^2, we use Proposition 2.3). By using the argument in the proof of Proposition 2.5, e^{itHω,E} Ae^{−itHω,E} ∈ L^2, for A ∈ L^2.

Proof of Proposition 2.7(1) It is easy to see the operators a(ω, x) → ∑ |z−x|=1 a(ω, z), and a(ω, x) → ∑ |z|=1 a(T −zω, x − z), which appear in (2.14), are bounded on L̃^2. The multiplication operator a(ω, x) → ( λ(V_ω(x) − V_ω(0)) + Ex_1 ) a(ω, x) is clearly self-adjoint with domain

D := { a ∈ L̃^2 : ( λ(V_ω(x) − V_ω(0)) + Ex_1 ) a(ω, x) ∈ L̃^2 } .

Therefore, L_{Hω,E} is self-adjoint with domain π^{−1}D = D(L_{Hω,E} ).

To prove Proposition 2.7(2), we prepare the following Lemma. Let D(H_{ω,E} ) be the domain of the self-adjoint operator H_{ω,E} on l^2(ZZ^d) given by D(H_{ω,E} ) := {φ ∈ l^2(ZZ^d) : (λV_ω(x) + Ex_1)φ ∈ l^2(ZZ^d)}.

Lemma 2.4 Suppose φ ∈ D(H_{ω,E} ) for any ω ∈ Ω, and A ∈ A_0. Then, Aφ ∈ D(H_{ω,E} ) for any ω ∈ Ω. Proof. We have only to show

(λV_ω(x) + Ex_1)(Aφ)(x) = (λV_ω(x) + Ex_1) ∑ y∈ZZ^d A(ω ; x, y)φ(y) ∈ l^2(ZZ^d), for any ω ∈ Ω. Since A ∈ A_0, there exist constants C > 0, K > 0, such that |A(ω ; x, y)| ≤ C, and A(ω ; x, y) = 0 if |x − y| > K. Then, |(λV_ω(x) + Ex_1) ∑ y∈ZZ^d A(ω ; x, y)φ(y)| ≤ C|(λV_ω(x) + Ex_1)| ∑ |z|≤K |φ(x + z)|.

We will show |(λV_ω(x) + Ex_1)φ(x + z)| ∈ l^2(ZZ^d), w.r.t. x for any fixed z (|z| ≤ K) which completes the proof. In fact, letting y = x + z, |(λV_ω (x) + Ex_1 ) φ(x + z)| = |λV_T −x+y_ω(y) + Ey_1 + E(x_1 − y_1)||φ(x + z)| ≤ |λV_T z_ω(y) + Ey_1||φ(y)| + |Ez_1||φ(y)|. By assumption, the first term of the RHS in the above expression belongs to l^2(ZZ^d), for any ω ∈ Ω.

Proof of Proposition 2.7 (2) Let U(t)A := e^{itHω,E} Ae^{−itHω,E} , A ∈ L^2. By Proposition 2.5 and Remark 2.4, U(t) is uniformly bounded on L^2 w.r.t. t ∈ IR. Thus, it suffices to show e^{itLHω,E} A = U(t)A, for A ∈ A_0. Let φ ∈ D(H_{ω,E} ) for any ω ∈ Ω, and A ∈ A_0. Then, by Lemma 2.4, U(t)Aφ − Aφ (2.17) = ∫_t 0 ds e^{isHω,E} i[H_{ω,E} , A]e^{−isHω,E} φ as elements of l^2(ZZ^d). We let φ = δ_y ∈ D(H_{ω,E} ), and take the l^2(ZZ^d)-inner product of (2.17) with δ_x (x, y ∈ ZZ^d). Then, we have U(t)A − A = ∫_t 0 ds e^{isHω,E} i[H_{ω,E} , A]e^{−isHω,E} (2.18) as elements of L^2, for LHS of (2.18) belongs to L^2. We will show U(t) is strongly continuous on L^2. Let A ∈ A_0. By (2.18), < (U(t)−I)A, (U(t) − I)A >_L2 (2.19) = < ∫_t 0 ds e^{isHω,E} i[H_{ω,E} , A]e^{−isHω,E} , ∫_t 0 du e^{iuHω,E} i[H_{ω,E} , A]e^{−iuHω,E} >_L2 = ∫ Ω dP ∑ x∈ZZ^d ∫_t 0 ds ∫_t 0 du (V (s))(ω ; x, 0)(V (u))(ω ; x, 0),

where

(V (s))(ω ; x, y) := ( e^{isHω,E} i[H_{ω,E} , A]e^{−isHω,E} ) (ω ; x, y). By Proposition 2.5, V (s) is bounded in L^2 uniformly w.r.t. s ∈ IR. Thus, we use Fubini’s theorem

the RHS of (2.19) = ∫_t 0 ds ∫_t 0 du ∫ Ω dP ∑ x∈ZZ^d (V (s))(ω ; x, 0)(V (u))(ω ; x, 0)

= ∫_t 0 ds ∫_t 0 du < V (s), V (u) >_L2 . Since A_0 is dense in L^2, we conclude that U(t) is strongly continuous on L^2. By (2.18), U(t)A − A = ∫_t 0 ds U(s) ( i[H_{ω,E} , A] ) .

If A ∈ A_0, then i[H_{ω,E} , A] ∈ L^2 so that the integrand in RHS in the above expression is continuous in L^2 w.r.t. s ∈ IR. Hence, for A ∈ A_0, U(t)A is differentiable, and we have d dt U(t)A = U(t) ( i[H_{ω,E} , A] ) . By Lemma 2.4, it is easy to see iL_{Hω,E} ( U(t)A ) (ω ; x, y) = U(t) ( i[H_{ω,E} , A] ) (ω ; x, y) ∈ L^2, for A ∈ A_0, and hence, we have U(t)A ∈ D(L_{Hω,E} ), and d dt U(t)A = iL_{Hω,E} ( U(t)A ) , A ∈ A_0. Therefore, by uniqueness of solution of time-independent Schrödinger equation, U(t)A = e^{itLHω,E} A, A ∈ A_0, as desired.

Proposition 2.8 For f(λ) = f_{β,μ}(λ), or χ_{(−∞,μ]}(λ),

T (f(H_ω)∂_1H_ω) = 0, a.e. ω.

(2.20)

Proof. We divide the proof into some steps.

Step 1. We will show T (e^{−itHω,E} ∂_1H_ω) = 0, a.e. ω. (2.21)

proof of (2.21)

Let ∇_n be a bounded operator on L̃^2 defined by (∇_na)(ω, x) := { x_1a(ω, x), (if |x_1| ≤ n), (sgnx_1)n a(ω, x), (otherwise).

In L^2, ∇_n corresponds to the following operator which we also denote by ∇_n. (∇_nA)(ω ; x, y) = { (x_1 − y_1)A(ω ; x, y), (if |x_1 − y_1| ≤ n), (sgn(x_1 − y_1))n A(ω ; x, y), (otherwise).

e^{isHω} ∇_n(e^{−isHω} ) ∈ L^2, and ( e^{isHω} ∇_n(e^{−isHω} ) ) (ω ; x, y) =< δ_x, e^{isHω} ∇_n(e^{−isHω} )δ_y >_l2_{(ZZ}d_) . Since ∇_n corresponds to a multiplication operator by a bounded function, and δ_y ∈ D(H_ω), for any ω ∈ Ω, it is easy to show (∇_n(e^{−isHω,E} )δ_y)(x) ∈ D(H_ω), for any ω ∈ Ω. Therefore, ( e^{itHω} ∇_n(e^{−itHω} ) ) (ω ; x, y) = i ∫_t 0 ds < δ_x, e^{isHω} { H_ω(∇_n(e^{−isHω} )) − ∇_n(H_ωe^{−isHω} ) } δ_y >_l2_{(ZZ}d_) .

Because both sides in the above equality belong to l^2(ZZ^d) w.r.t. x, we have ∇_n(e^{−itHω} ) (2.22) = e^{−itHω} ∫_t 0 ds e^{isHω} { H_ω∇_n(e^{−isHω} ) − ∇_n(H_ωe^{−isHω} ) } . We take the trace per volume on both sides. By Proposition 2.2, T (∇_n(e^{−itHω} )) = 0, a.e. ω. (2.23)

On the other hand, in the proof of Lemma 3.1 in section 3, we will show that,

(1) L^2 norm of { H_ω∇_n(e^{−isHω} ) − ∇_n(H_ωe^{−isHω} ) } is bounded uniformly in s (3.5). (2) { H_ω∇_n(e^{−isHω} ) − ∇_n(H_ωe^{−isHω} ) } → −(∂_1H_ω)e^{−isHω} in L^2 as n → ∞ (Remark 3.1).

By (1), we can use Fubini’s theorem and conclude that T ( e^{−itHω} ∫_t 0 ds e^{isHω} { H_ω∇_n(e^{−isHω} ) − ∇_n(H_ωe^{−isHω} ) }) (2.24) = ∫_t 0 ds T ( e^{−i(t−s)Hω} { H_ω∇_n(e^{−isHω} ) − ∇_n(H_ωe^{−isHω} ) })

→ − ∫_t 0 ds T (e^{−itHω} (∂_1H_ω)), as n → ∞. In the last step, we used (2) above, and Proposition 2.2. By (2.22), (2.23), and (2.24), we have (2.21).

Step 2. For z ∈ C, Im z ≠ 0, we will show

T ((H_ω − z)^{−1}∂_1H_ω) = 0, a.e. ω.

(2.25)

Proof of (2.25).

If z = a + iλ, for λ > 0,

T ((H_ω − a − iλ)^{−1}∂_1H_ω)

(2.26) = i ∫ Ω dP ∑ x∈ZZ^d ∫_∞ 0 dt e^{−λt}e^{ita}(e^{−itHω} )(ω ; 0, x)(∂_1H_ω)(ω ; x, 0).

Since e^{−itHω} ∈ A and ∂_1H_ω ∈ A_0, we can use Fubini’s theorem to exchange ∫ Ω dP ∑ x∈ZZ^d with ∫_∞ 0 dt. RHS of (2.26) = i ∫_∞ 0 dt e^{−λt}e^{ita}T (e^{−itHω} ∂_1H_ω) = 0.

The proof of (2.25) for λ < 0 is similar.

Step 3. (completion) We use the following formula which is norm convergent. f_{β,μ}(H_ω) = 1 2πi ∫ C (∂_{z̄}f̃_{β,μ}(z))(H_ω − z)^{−1}dzdz̄, (2.27) where f̃_{β,μ}(z) is the almost analytic continuation of f_{β,μ}, (∂_{z̄} f)(x + iy) = 1 2 (∂_xf + i∂_yf)(x + iy), for z = x + iy ([11]). Then, by (2.25), T (f_{β,μ}(H_ω)∂_1H_ω) = 0, a.e. ω, and thus, we have (2.20) for f(λ) = f_{β,μ}(λ). Since f_{β,μ}(λ) → χ_{(−∞,μ]}(λ), pointwise if λ ≠ μ, as β → ∞, and the integrated density of states is continuous, T ( (f_{β,μ}(H_ω) − P_μ)^2 ) = ∫ IR (f_{β,μ}(λ) − χ_{(−∞,μ]}(λ))^2dN (λ) → 0, as β ↑ ∞, where dN (λ) is the density of states measure. By Schwarz inequality, 0 = T (f_{β,μ}(H_ω)∂_1H_ω) → T (P_μ∂_1H_ω), as β → ∞, and we obtain (2.20) for χ_{(−∞,μ]}(λ).

Remark 2.5 When we impose constant magnetic field, the analysis in this paper goes through with suitable modifications in the definitions of some notations described below. Let B := {B_{ij}}_{1≤i,j≤d} be d × d antisymmetric matrix whose components are given by B_{ij} = −B_{ij} ∈ IR, if i < j, and 0 if i = j. B_{ij} corresponds to the magnetic flux penetrating plaquettes in (i, j)-planes.

(1) The translation operator U(a) defined after (2.1) should be replaced by the magnetic translation given by (U_B(a)ψ)(x) := e^{i2 <a,Bx>IRd} ψ(x − a), x, a ∈ ZZ^d. (2) The definition of (CR) in (2.2) should be replaced by H(ω ; x, y) = e^{i2 <a,B(x−y)>IRd} H(T^{−a}ω ; x − a, y − a), x, y, a ∈ ZZ^d. (3) π^{−1} : L^2 → L̃^2 in Proposition 2.1, and the product of A, B ∈ L^2 represented in L̃^2 in (2.4) should be given by the following quantities respectively: (π^{−1}a)(ω ; x, y) = e^{i2 <y,Bx>IRd} a(T^{−y}ω ; x − y), π(AB)(ω, x) = ∑ z∈ZZ^d e^{i2 <z,Bx>IRd} a(T^{−z}ω, x − z)b(ω, z).

3 Proof of Theorem 1

In this section, we prove Theorem 1. The following proposition is important to study E ↓ 0 limit.

Proposition 3.1 Let A ∈ D(∂_1),

D(∂_1) := {A ∈ L^2 : ∫ Ω dP ∑ x∈ZZ^d |x_1|^2|A(ω ; x, 0)|^2 < ∞}. Then, we have the following resolvent equation. (z − L_{Hω,E} )^{−1}A − (z − L_{Hω} )^{−1}A (3.1) = (z − L_{Hω,E} )^{−1}E∂_1(z − L_{Hω} )^{−1}A, Im z ≠ 0.

Before we prove Proposition 3.1, we prepare the following lemma.

Lemma 3.1 (1) Let C ∈ L^2. Then, L^2-norm of [L_{Hω} , ∇_n]C which is defined by [L_{Hω} , ∇_n]C := [H_ω, ∇_nC] − ∇_n([H_ω, C])

is bounded uniformly w.r.t. n (∇_n is defined in the proof of Proposition 2.8).

(2) ∂_1(z − L_{Hω} )^{−1}A ∈ L^2, if A ∈ D(∂_1), Im z ≠ 0.

Proof of Lemma 3.1 (1) Let c := π(C), h := π(H_ω). Then, h(ω, x) is given by

h(ω, x) = 1, (if |x| = 1), V_ω(0), (if x = 0), 0, (otherwise).

By (2.4), the product is given by hc = π(H_ωC) = ∑ z∈ZZ^d h(T^{−z} ω, x − z)c(ω, z).

First of all, we compute (h∇_nc)(ω, x) − (∇_n(hc))(ω, x). By definition of ∇_n, we have (h∇_nc)(ω, x) = ∑ z∈ZZ^d,|z_1|≤n h(T^{−z}ω, x − z) z_1 c(ω, z) (3.2) + ∑ z∈ZZ^d,|z_1|>n h(T^{−z}ω, x − z)(sgnz_1) n c(ω, z),

(∇_n(hc))(ω, x) = x_1 ∑ z∈ZZ^d h(T^{−z}ω, x − z)c(ω, z), (if |x_1| ≤ n), (sgn x_1)n ∑ z∈ZZ^d h(T^{−z} ω, x − z)c(ω, z), (if |x_1| > n). (3.3)

h(T^{−z}ω, x − z) ≠ 0 only if |x − z| ≤ 1, and thus the sums in (3.2), (3.3) are finite sums and they make sense for each (ω, x) ∈ Ω × ZZ^d. We divide into several cases.

Case A (|x_1| ≤ n)

In this case, we have (h∇_nc)(ω, x) − (∇_n(hc))(ω, x) (3.4) = ∑ |z_1|≤n (z_1 − x_1)h(T^{−z} ω, x − z)c(ω, z) + ∑ |z_1|>n ((sgn z_1)n − x_1)h(T^{−z}ω, x − z)c(ω, z) The second term of RHS is nonzero only if x_1 = n, z_1 = n + 1, or x_1 = −n, z_1 = −(n + 1). In either case, (sgn z_1)n − x_1 = 0. Therefore, if |x_1| ≤ n, we have |(h∇_nc)(ω, x) − (∇_n(hc))(ω, x)| (3.5) ≤ |c(ω, x + e_1)| + |c(ω, x − e_1)|, where e_1 := (1, 0, · · · , 0) ∈ ZZ^d.

Case B (|x_1| > n) In this case, we have (h∇_nc)(ω, x) − (∇_n(hc))(ω, x) = ∑ z∈ZZ^d,|z_1|≤n (z_1 − (sgn x_1)n)h(T^{−z} ω, x − z)c(ω, z) + ∑ z∈ZZ^d,|z_1|>n ((sgn z_1) − (sgn x_1)) n h(T^{−z} ω, x − z)c(ω, z).

The first term of RHS in the above expression vanishes by the same reason as in Case A. The second term is nonzero only if |x_1| > n, |z_1| > n, and |x − z| ≤ 1, in which case sgn x_1 = sgn z_1. Thus, the second term also vanishes.

Next, we compute ((∇_nc)h)(ω, x) − (∇_n(ch))(ω, x). Each term is given by ((∇_nc)h)(ω, x) = ∑ z∈ZZ^d,|x_1−z_1|≤n (x_1 − z_1) c(T^{−z} ω, x − z)h(ω, z) + ∑ z∈ZZ^d,|x_1−z_1|>n n sgn (x_1 − z_1)c(T^{−z} ω, x − z)h(ω, z),

(∇_n(ch))(ω, x) = ∑ z∈ZZ^d x_1c(T^{−z}ω, x − z)h(ω, z), (if |x_1| ≤ n), ∑ z∈ZZ^d n(sgn x_1)c(T^{−z} ω, x − z)h(ω, z), (if |x_1| > n).

Case C (|x_1| ≤ n) In this case, we have ((∇_nc)h)(ω, x) − (∇_n(ch))(ω, x) = ∑ z∈ZZ^d,|x_1−z_1|≤n (−z_1)c(T^{−z}ω, x − z)h(ω, z) + ∑ z∈ZZ^d,|x_1−z_1|>n (n sgn (x_1 − z_1) − x_1)c(T^{−z} ω, x − z)h(ω, z).

The second term is nonzero only if x_1 = −n, z_1 = 1, or x_1 = n, z_1 = −1. In either case, the second term vanishes. Hence, if |x_1| ≤ n, we have | |((∇_nc)h)(ω, x) − (∇_n(ch))(ω, x) | | ≤ ∑ |z|=1 |c(T^{−z} ω, x − z)|. (3.6)

Case D (|x_1| > n) In this case, we have ((∇_nc)h)(ω, x) − (∇_n(ch))(ω, x) = ∑ z∈ZZ^d,|x_1−z_1|≤n ((x_1 − z_1) − (sgn x_1) n) c(T^{−z} ω, x − z)h(ω, z) + ∑ z∈ZZ^d,|x_1−z_1|>n n (sgn (x_1 − z_1) − sgn x_1) c(T^{−z} ω, x − z)h(ω, z).

By the similar argument as in Case B, C, we see that the RHS in the above expression vanishes. By (3.5), (3.6), we conclude that [L_{Hω} , ∇_n]C is uniformly bounded in L^2 w.r.t. n.

(2) Let C := (z−L_{Hω} )^{−1}A, for A ∈ D(∂_1), Im z ≠ 0. Then, C ∈ D(L_{Hω} ), and as discussed in the proof of Proposition 2.8, ∇_nC ∈ D(L_{Hω} ). Then, ∇_n(z − L_{Hω} )^{−1}A = ∇_nC = (z − L_{Hω} )^{−1}(z − L_{Hω} )∇_nC = (z − L_{Hω} )^{−1}∇_n((z − L_{Hω} )C)

+(z − L_{Hω} )^{−1}[(z − L_{Hω} ), ∇_n]C = (z − L_{Hω} )^{−1}∇_nA − (z − L_{Hω} )^{−1}[L_{Hω} , ∇_n]C. By (1) of Lemma 3.1, the RHS in the above expression is uniformly bounded in L^2 w.r.t. n. On the other hand, by monotone convergence theorem, ‖∂_1C‖^2_L2 = lim_{n→∞} ‖∇_nC‖^2_L2 < ∞.

Therefore, we have ‖∂_1(z − L_{Hω} )^{−1}A‖_L2 < ∞, and ∂_1(z − L_{Hω} )^{−1}A ∈ L^2. Lemma 3.1 is proved. Remark 3.1 (3.4) shows h(∇_nc) − ∇_n(hc) → −(∂_1h) c, in L̃^2 as n → ∞, which we needed in the proof of Proposition 2.8. Proof of Proposition 3.1

Let A ∈ D(∂_1), Im z ≠ 0. Then, (z − L_{Hω,E} )^{−1}A − (z − L_{Hω} )^{−1}A = (z − L_{Hω,E} )^{−1}(z − L_{Hω} )(z − L_{Hω} )^{−1}A −(z − L_{Hω,E} )^{−1}(z − L_{Hω} − E∂_1)(z − L_{Hω} )^{−1}A = (z − L_{Hω,E} )^{−1}E∂_1(z − L_{Hω} )^{−1}A. In the second step, we used Lemma 3.1.

From now on, we will carry out each operations in the definition of σ_2(ω, ϵ_F ).

Lemma 3.2 If P_{ϵF} satisfies Assumption (1.6),

lim_{E↓0} 1 E ∫_∞ 0 dt δe^{−tδ} T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P_{ϵF} ) = i < (−iδ − L_{Hω} )^{−1}∂_1H_ω, ∂_1P_{ϵF} >_L2 .

Proof. By Proposition 2.7, e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} = −e^{itLHω,E} (i∂_1H_ω), and by Proposition 2.5 and the fact that identity operator on l^2(ZZ^d) belongs to L^2, P_{ϵF} ∈ L^2. Then, ∫_∞ 0 dt δe^{−tδ}T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P_{ϵF} ) = − ∫_∞ 0 dt δe^{−tδ} < e^{itLHω,E} (i∂_1H_ω), P_{ϵF} >_L2 = (−δ) < (−iδ − L_{Hω,E} )^{−1}∂_1H_ω, P_{ϵF} >_L2 = (−δ) < ∂_1H_ω, (iδ − L_{Hω,E} )^{−1}P_{ϵF} >_L2 .

By Assumption (1.6), P_{ϵF} ∈ D(∂_1). Then, by Proposition 3.1,

= (−δ) < ∂_1H_ω, (iδ − L_{Hω} )^{−1}P_{ϵF} >_L2 +(−δ)E < ∂_1H_ω, (iδ − L_{Hω,E} )^{−1}∂_1(iδ − L_{Hω} )^{−1}P_{ϵF} >_L2 =: I + II. For bounded Borel measurable function f(λ) on IR, by definition, it is easy to see that H_ωf(H_ω)(ω ; x, y) = f(H_ω)H_ω(ω ; x, y), and thus L_{Hω} f(H_ω) = 0. Hence, P_{ϵF} = (iδ)^{−1}(iδ − L_{Hω} )P_{ϵF} . (3.7) By Proposition 2.8 and (3.7),

I = i < ∂_1H_ω, P_{ϵF} >_L2

= 0, II = iE < ∂_1H_ω, (iδ − L_{Hω,E} )^{−1}∂_1P_{ϵF} >_L2 = iE < (−iδ − L_{Hω,E} )^{−1}∂_1H_ω, ∂_1P_{ϵF} >_L2 . Therefore, 1 E ∫_∞ 0 δe^{−tδ} T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P_{ϵF} ) (3.8) = i < (−iδ − L_{Hω,E} )^{−1}∂_1H_ω, ∂_1P_{ϵF} >_L2 . Since ∂_1H_ω ∈ A_0 ⊂ D(∂_1), we use Proposition 3.1 again.

RHS of (3.8) = i < (−iδ − L_{Hω} )^{−1}∂_1H_ω, ∂_1P_{ϵF} >_L2 +iE < (−iδ − L_{Hω,E} )^{−1}∂_1(−iδ − L_{Hω} )^{−1}∂_1H_ω, ∂_1P_{ϵF} >_L2 . For fixed δ > 0, the second term goes to zero as E ↓ 0. Hence, we have Lemma 3.2.

Remark 3.2 The equality I = 0 corresponds to the fact that σ_2(ω, ϵ_F ) = 0 if E = 0.

The following lemma would be useful to study finite temperature properties of charge transport, though we will not use it in the proof of Theorem 1, 2.

Lemma 3.3 If f_{β,ϵF} (H_ω) satisfies the following decay estimate E|f_{β,ϵF} (H_ω)(ω ; x, y)| ≤ C < x − y >^{−γ} , (3.9) for some constant C > 0 independent of x, y ∈ ZZ^d, γ > d + 2, and β > 0 (< x >:= 1 + |x|), then we have f_{β,ϵF} (H_ω) → P_{ϵF} , ∂_1f_{β,ϵF} (H_ω) → ∂_1P_{ϵF} , in L^2, as β → ∞.

Proof. Since P{ϵ_F is the eigenvalue of H_ω} = 0, f_{β,ϵF} (H_ω)(ω ; x, y) → P_{ϵF} (ω ; x, y), as β → ∞, for a.e. ω. Then, by dominated convergence theorem, ∫ Ω dP | |f_{β,ϵF} (H_ω)(ω ; x, 0) − P_{ϵF} (ω ; x, 0) | |^2 → 0,

as β → ∞, for any x ∈ ZZ^d. Then, by (3.9) and dominated convergence theorem again, we can easily arrive at the conclusion.

To study δ ↓ 0 limit, we prepare a series of lemmas, by borrowing the arguments in [2]. For the sake of simplicity, we write P instead of P_{ϵF} . Lemma 3.4 If P ∈ D(∂_1), we have ∂_1P = P (∂_1P )Q + Q(∂_1P )P, where Q := 1 − P .

Proof. Since P^2 = P , we have

(∂_1P )(ω ; x, y) = ∑ z∈ZZ^d (x_1 − z_1)P (ω ; x, z)P (ω ; z, y) + ∑ z∈ZZ^d (z_1 − y_1)P (ω ; x, z)P (ω ; z, y).

Since ∂_1P ∈ L^2, the sums in the above expression are absolutely convergent (Lemma 2.1). Hence, as elements of L^2, ∂_1P = (∂_1P )P + P (∂_1P ). Multiplying P and Q from both sides, we have P (∂_1P )P = 0, Q(∂_1P )Q = 0. Therefore,

∂_1P = (P + Q)(∂_1P )(P + Q) = P (∂_1P )Q + Q(∂_1P )P.

Lemma 3.5 If A ∈ D(L_{Hω} ), then P AQ ∈ D(L_{Hω} ), and we have L_{Hω} (P AQ) = P L_{Hω} (A)Q.

Remark 3.3 By Proposition 2.5, P AQ ∈ L^2. L_{Hω} (P AQ) is defined as

L_{Hω} (P AQ) :=< δ_x, [H_ω, P AQ]δ_y >_l2_{(ZZ}d_) .

h := π(H_ω) satisfies h(ω, x) = 0, if |x| ≥ 2, and h(ω, x) < ∞. Therefore, < δ_x, [H_ω, P AQ]δ_y >_l2_{(ZZ}d_) makes sense. We note that A ∈ D(L_{Hω} ) is equivalent to the statement that L_{Vω} (A)(ω ; x, y) :=< δ_x, [V_ω, A]δ_y >_l2_{(ZZ}d_)∈ L^2.

Proof. Let a := π(A), and define a_n(ω, x) := { a(ω, x), (if |x| ≤ n, and |a(ω, x)| ≤ n), 0, (otherwise).

Then, A_n := π^{−1}(a_n) → A in L^2. Since L_{Vω} (A) ∈ L^2, L_{Vω} (A_n) → L_{Vω} (A) in L^2 as n → ∞. We write H_ω = H_0 + V_ω. Since H_0, P , Q, A_n are all bounded on l^2(ZZ^d), L_{H0} (P A_nQ)(ω ; x, y) (3.10) = (L_{H0} (P )A_nQ)(ω ; x, y) + (P L_{H0} (A_n)Q)(ω ; x, y) +(P A_nL_{H0} (Q))(ω ; x, y).

On the other hand, L_{Vω} (P A_nQ)(ω ; x, y) (3.11) = ∑ z_1,z_2∈ZZ^d

P (ω ; x, z_1)A_n(ω ; z_1, z_2)Q(ω ; z_2, y) × ×(V_ω(x) − V_ω(z_1) + V_ω(z_1) − V_ω(z_2) + V_ω(z_2) − V_ω(y)) = (L_{Vω} (P )A_nQ)(ω ; x, y) + (P L_{Vω} (A_n)Q)(ω ; x, y) +(P A_nL_{Vω} (Q))(ω ; x, y). Since A, P ∈ D(L_{Hω} ), the sums appearing in the above expression absolutely converge. By (3.10), (3.11), and the equality L_{Hω} (P ) = L_{H0} (P )+L_{Vω} (P ) = 0, we have L_{Hω} (P A_nQ) = P L_{Hω} (A_n)Q. (3.12) P L_{Hω} (A_n)Q → P L_{Hω} (A)Q in L^2 (n → ∞), and by taking subsequence, (P L_{Hω} (A_n)Q)(ω ; x, y) → (P L_{Hω} (A)Q)(ω ; x, y), (3.13) as n → ∞ for a.e. ω, and for any x, y ∈ ZZ^d. On the other hand, we have (P A_nQ)(ω ; x, y) → (P AQ)(ω ; x, y), as n → ∞ for a.e. ω, by the same reason. Since h(ω, x) = 0 if |x| ≥ 2, and |h(ω, x)| < ∞ for a.e. ω, L_{Hω} (P A_nQ)(ω ; x, y) → L_{Hω} (P AQ)(ω ; x, y) (3.14) for a.e. ω, as n → ∞. By (3.12), (3.13), and (3.14), we arrive at the conclusion.

Lemma 3.6 Q{(−iδ − L_{Hω} )^{−1}∂_1H_ω}P = (−iδ − L_{Hω} )^{−1}(Q∂_1H_ωP ), (3.15) P {(−iδ − L_{Hω} )^{−1}∂_1H_ω}Q = (−iδ − L_{Hω} )^{−1}(P ∂_1H_ωQ). (3.16)

Proof. Let A := Q{(−iδ − L_{Hω} )^{−1}∂_1H_ω}P − (−iδ − L_{Hω} )^{−1}(Q∂_1H_ωP ). The first term of RHS belongs to D(L_{Hω} ) by Lemma 3.5. Moreover, (−iδ − L_{Hω} )A = Q(∂_1H_ω)P − Q(∂_1H_ω)P = 0.

Therefore, A = 0. The proof of (3.16) is similar.

Lemma 3.7 If P ∈ D(∂_1), then (Qx_1P )(ω ; x, y) is finite for a.e. ω. Proof. By Schwarz inequality, we have ∫ Ω dP|(Qx_1P )(ω ; x, y)| (3.17) = ∑ z∈ZZ^d ∫ Ω dP|Q(ω ; x, z)||z_1||P (ω ; z, y)| ≤ ∑ z∈ZZ^d (∫ Ω dP|Q(ω ; x, z)|^2|z_1| )_{1/2}(∫ Ω dP|P (ω ; z, y)|^2|z_1| )_{1/2} . Since P , Q ∈ D(∂_1), RHS of (3.17) ≤ 1 2 ∑ z∈ZZ^d ∫ Ω dP|Q(ω ; x, z)|^2(|x_1 − z_1| + |x_1|) + 1 2 ∑ z∈ZZ^d ∫ Ω dP|P (ω ; z, y)|^2(|z_1 − y_1| + |y_1|) ≤ C ( ‖∂_1Q‖^2_L2 + |x_1|‖Q‖^2_L2 +‖∂_1P ‖^2_L2 + |y_1|‖P ‖^2_L2 ) ≤ C_{x,y} < ∞, for some constants C, C_{x,y} depending on x, y ∈ ZZ^d. Lemma 3.8 If P ∈ D(∂_1), we have L_{Hω} (Qx_1P ) = QL_{Hω} (x_1)P.

In particular, L_{Hω} (Qx_1P ) ∈ L^2.

Proof. By Lemma 3.7, (Qx_1P )(ω ; x, y) is finite for a.e. ω. Thus, by Remark 3.3, L_{Hω} (Qx_1P ) makes sense as a function on Ω × ZZ^d × ZZ^d for a.e. ω. We will show

L_{Vω} (Qx_1P ) = L_{Vω} (Q)x_1P + Qx_1L_{Vω} (P ),

(3.18)

L_{H0} (Qx_1P ) = L_{H0} (Q)x_1P + QL_{H0} (x_1)P + Qx_1L_{H0} (P ),

(3.19) as functions on Ω × ZZ^d × ZZ^d. Then, Lemma 3.8 follows by using L_{Hω} (P ) = L_{Hω} (Q) = 0. To prove (3.18), we compute (L_{Vω} (Qx_1P ))(ω ; x, y) = III + IV, where III := ∑ z∈ZZ^d Q(ω ; x, z) z_1 P (ω ; z, y)(V_ω (x) − V_ω(z)), IV := ∑ z∈ZZ^d Q(ω ; x, z) z_1 P (ω ; z, y)(V_ω (z) − V_ω(y)). We will show that, III, IV make sense for a.e. ω. In fact, by Schwarz inequality, ∫ Ω dP|III|≤ (∫ Ω dP ∑ z∈ZZ^d |Q(ω ; x, z)|^2|V_ω(x) − V_ω(z)|^2 )_{1/2} × × (∫ Ω dP ∑ z∈ZZ^d |z_1|^2|P (ω ; z, y)|^2 )_{1/2} . Since P satisfies Assumption (1.6), ∫ Ω dP ∑ z∈ZZ^d |z_1|^2|P (ω ; z, y)|^2 ≤ 2 ∫ Ω dP ∑ z∈ZZ^d |z_1 − y_1|^2|P (ω ; z, y)|^2

+2|y_1|^2 ∫ Ω dP ∑ z∈ZZ^d |P (ω ; z, y)|^2 ≤ C_y < ∞, for some constant C_y depending only on y ∈ ZZ^d. Since Q ∈ D(L_{Hω} ), ∫ Ω dP ∑ z∈ZZ^d |Q(ω ; x, z)|^2|V_ω(x) − V_ω(z)|^2 = ‖L_{Vω} (Q)‖^2_L2 < ∞. Therefore, III makes sense for a.e. ω, and so does IV by the same argument. Since III + IV = (L_{Vω} (Q)x_1P )(ω ; x, y) + (Qx_1L_{Vω} (P ))(ω ; x, y), we proved (3.18).

To prove (3.19), we notice that, by Remark 3.3, (H_0Qx_1P )(ω ; x, y), (QH_0x_1P )(ω ; x, y), (Qx_1H_0P )(ω ; x, y), and (Qx_1P H_0)(ω ; x, y) are all finite for a.e. ω. Then,

(L_{H0} (Qx_1P ))(ω ; x, y)

= (H_0Qx_1P )(ω ; x, y) − (Qx_1P H_0)(ω ; x, y) = (H_0Qx_1P )(ω ; x, y) − (QH_0x_1P )(ω ; x, y) +(QH_0x_1P )(ω ; x, y) − (Qx_1H_0P )(ω ; x, y) +(Qx_1H_0P )(ω ; x, y) − (Qx_1P H_0)(ω ; x, y) = (L_{H0} (Q)x_1P )(ω ; x, y) + (QL_{H0} (x_1)P )(ω ; x, y) +(Qx_1L_{H0} (P ))(ω ; x, y).

Thus (3.19) is proved.

The following lemma follows by simple argument of functional calculus. Lemma 3.9

lim_{δ↓0} (−iδ − L_{Hω} )^{−1}L_{Hω} A = −A, for A ∈ (Ker L_{Hω} )^⊥.

Lemma 3.10 [ [x_1, P ], P ] ∈ (Ker L_{Hω} )^⊥.

Proof. By Proposition 2.5, < A, [ [x_1, P ], P ] >_L2 =< [A, P ], [x_1, P ] >_L2 .

Thus, it suffices to show [A, P ] = 0, if A ∈ Ker L_{Hω} .

(3.20) Let A_n ∈ A_0 so that A_n → A in L^2 as n → ∞ (Proposition 2.3). Since A_n ∈ A_0, (z − H_ω)^{−1}(z − H_ω)A_n = A_n (Im z ≠ 0) makes sense as elements of L^2. Then, [A_n, (z − H_ω)^{−1}] = (z − H_ω)^{−1}[A_n, H_ω](z − H_ω)^{−1}.

Since A_n → A in L^2, and (z − H_ω)^{−1} is bounded on l^2(ZZ^d), the LHS of the above expression converges to [A, (z − H_ω)^{−1}] in L^2 as n → ∞. On the other hand, trivially, [A_n, H_0] → [A, H_0], and by the construction of A_n, [A_n, V_ω] = −L_{Vω} (A_n) → −L_{Vω} (A) = [A, V_ω ]. Therefore, [A, (z − H_ω)^{−1}] = (z − H_ω)^{−1}[A, H_ω](z − H_ω)^{−1} = 0.

By using the almost analytic continuation of f_{β,ϵF} (λ) (2.27) which is a norm convergent integral, we have [A, f_{β,ϵF} (H_ω)] = 0. Let B ∈ A_0. By Proposition 2.5, < [A, P ], B >_L2 =< A, [B, P ] >_L2 . In step 3 in the proof of Proposition 2.8, we saw f_{β,ϵF} (H_ω) → P in L^2 as β ↑ ∞. Thus < A, [B, P ] >_L2 = lim_{β↑∞} < A, [B, f_{β,ϵF} (H_ω)] >_L2 = lim_{β↑∞} < [A, f_{β,ϵF} (H_ω)], B >_L2 = 0.

Therefore, [A, P ] = 0.

We are ready to prove Theorem 1.

Proof of Theorem 1 By Lemma 3.2, we have σ_2(ω, ϵ_F ) = lim_{δ↓0} i < (−iδ − L_{Hω} )^{−1}∂_1H_ω, ∂_1P >_L2 .

By Lemma 3.4, Proposition 2.5, and Lemma 3.6,

i < (−iδ − L_{Hω} )^{−1}∂_1H_ω, ∂_1P >_L2 = i < (−iδ − L_{Hω} )^{−1}∂_1H_ω, P (∂_1P )Q + Q(∂_1P )P >_L2 = i < P {(−iδ − L_{Hω} )^{−1}∂_1H_ω}Q + Q{(−iδ − L_{Hω} )^{−1}∂_1H_ω}P, ∂_1P >_L2 = i < (−iδ − L_{Hω} )^{−1} ( P (∂_1H_ω)Q + Q(∂_1H_ω)P ) , ∂_1P >_L2 .

As functions on Ω×ZZ^d×ZZ^d, we have (∂_1H_ω)(ω ; x, y) = −(L_{Hω} (x_1))(ω ; x, y). Together with Lemma 3.8, i < (−iδ − L_{Hω} )^{−1} ( P (∂_1H_ω)Q + Q(∂_1H_ω)P ) , ∂_1P >_L2 = (−i) < (−iδ − L_{Hω} )^{−1}L_{Hω} (Qx_1P + P x_1Q), ∂_1P >_L2 .

By direct computation, [ [x_1, P ], P ] ∈ D(L_{Hω} ), and Qx_1P + P x_1Q = [ [x_1, P ], P ] . By Lemma 3.9 and (3.10), we compute

i < (−iδ − L_{Hω} )^{−1}∂_1H_ω, ∂_1P >_L2 = (−i) < (−iδ − L_{Hω} )^{−1}L_{Hω} ( [ [x_1, P ], P ] ), ∂_1P >_L2 −→ i < [ [x_1, P ], P ] , ∂_1P >_L2 (δ ↓ 0) = i < [∂_1P, P ], ∂_1P >_L2 = i < (∂_1P )P, ∂_1P >_L2 −i < P (∂_1P ), ∂_1P >_L2 .

By Propositions 2.2, 2.4, < (∂_1P )P, ∂_1P >_L2 = −T (P (∂_1P )(∂_1P )) = −T ((∂_1P )P (∂_1P )) = < P (∂_1P ), (∂_1P ) >_L2 .

Therefore, we proved σ_2(ω, ϵ_F ) = 0, for a.e. ω.

4 Proof of Theorem 2

The following proposition is important to study E ↓ 0 limit in the proof of Theorem 2.

Proposition 4.1 If A ∈ L^2 satisfies A ∈ D(L_{Hω} ), (4.1) e^{itLHω} A ∈ D(∂_1), t ∈ IR, (4.2) Then, we have the following “Duhamel” formula for e^{itLHω,E} and e^{itLHω} e^{itLHω,E} A − e^{itLHω} A = iE ∫_t 0 ds e^{i(t−s)LHω,E} [x_1, e^{isLHω} A].

Proof. By (4.1), (4.2), e^{isLHω} A ∈ D(L_{Hω} ), e^{isLHω} A ∈ D(∂_1). Thus e^{isLHω} A ∈ D(L_{Hω,E} ), and e^{−isLHω,E} e^{isLHω} A is differentiable w.r.t. s. e^{−itLHω,E} e^{itLHω} A − A = ∫_t 0 ds d ds ( e^{−isLHω,E} e^{isLHω} A )

= −iE ∫_t 0 ds e^{−isLHω,E} ∂_1 ( e^{isLHω} A ) . By multiplying e^{itLHω,E} from the right on both sides, we arrive at the conclusion.

Lemma 4.1 (1) ∂_1H_ω satisfies (4.1), (4.2),

(2) [x_1, e^{isLHω} (∂_1H_ω)] satisfies (4.1), (4.2).

To prove Lemma 4.1, we use the following estimate.

Theorem 4.1 (Theorem 3 in [2]) Let F be a function analytic and bounded on a strip S_η := {z ∈ C : |Im z| < η}. Then, |F (H_ω)(ω ; x, y)| ≤ 18 √ 2‖F ‖_∞e^{−μ|x−y|}, (4.3)

for any μ > 0 such that the inequality ∑ |x|=1(e μ|x| − 1) ≤ η/2 holds, and ‖F ‖_∞ := sup_{z∈Sη} |F (z)|. We will make use of the fact that the bound in (4.3) holds uniformly w.r.t. ω ∈ Ω. Proof of Lemma 4.1 (1) Since ∂_1H_ω ∈ A_0, and H_ω ∈ L^2, we have L_{Hω} (∂_1H_ω) ∈ L^2. Hence ∂_1H_ω ∈ D(L_{Hω} ). By (4.3), for any fixed η > 0, we have |e^{itHω} (ω ; x, y)| ≤ 18 √ 2e^{η|t|}e^{−μ|x−y|}, (4.4)

where μ > 0 is taken such that ∑ |x|=1(e μ|x| − 1) ≤ η 2 . By (4.4) and the fact that ∂_1H_ω ∈ A_0, we have |e^{itLHω,E} (∂_1H_ω)(ω ; x, y)| (4.5) = | | | ( e^{itHω} (∂_1H_ω)e^{−itHω} ) (ω ; x, y) | | | ≤ C_te^{−μ′|x−y|}, for some constants C_t > 0, μ^′ > 0, uniformly in (ω ; x, y) ∈ Ω × ZZ^d × ZZ^d. C_t is uniformly bounded w.r.t. t, if |t| ≤ T for some T > 0. Thus, [x_1, e^{itLHω} (∂_1H_ω)] ∈ A ⊂ L^2, because [x_1, (e^{itLHω} (∂_1H_ω))](ω ; x, y) = (x_1 − y_1)(e^{itLHω} (∂_1H_ω))(ω ; x, y) decays exponentially by (4.5). Hence ∂_1H_ω satisfies (4.1), (4.2).

(2) Because [x_1, e^{isLHω} (∂_1H_ω)] ∈ A, and H_ω ∈ L^2 which follows from the assumption that E|V_ω(0)|^2 < ∞, we have L_{Hω} [x_1, e^{isLHω} (∂_1H_ω)] ∈ L^2, and therefore, [x_1, e^{isLHω} (∂_1H_ω)] ∈ D(L_{Hω} ). By (4.4), (e^{itHω} )(ω ; x, y) decays exponentially as well as [x_1, e^{isLHω} (∂_1H_ω)](ω ; x, y), and so does ( e^{itLHω} [x_1, e^{isLHω} (∂_1H_ω)] ) (ω ; x, y). Hence e^{itLHω} ( [x_1, e^{isLHω} (∂_1H_ω)] ) ∈ D(∂_1).

Proof of Theorem 2 By the same argument as in the proof of Lemma 3.2, we have T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P ) = −i < e^{itLHω,E} (∂_1H_ω), P >_L2 . By Lemma 4.1, ∂_1H_ω satisfies the condition to use Proposition 4.1. −i <e^{itLHω,E} (∂_1H_ω), P >_L2 = −i < e^{itLHω} (∂_1H_ω), P >_L2 +E ∫_t 0 ds < e^{i(t−s)LHω,E} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 =: V + V I. By Proposition 2.2, 2.4, and 2.8, V = −i < e^{itHω} (∂_1H_ω)e^{−itHω} , P >_L2 = −iT (e^{itHω} (∂_1H_ω)e^{−itHω} P ) = −iT ((∂_1H_ω)P ) = 0.

Therefore, 1 E T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P ) = ∫_t 0 ds < e^{i(t−s)LHω,E} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 . By Lemma 4.1, we can use Proposition 4.1 for [x_1, e^{isLHω} (∂_1H_ω)]. ∫_t 0 ds < e^{i(t−s)LHω,E} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2

= ∫_t 0 ds < e^{i(t−s)LHω} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 +iE ∫_t 0 ds ∫_{t−s} 0 du < e^{i(t−s−u)LHω,E} [ x_1, e^{iuLHω} [x_1, e^{isLHω} (∂_1H_ω)] ] , P >_L2 . By (4.4), [ x_1, e^{iuHω,E} [x_1, e^{isHω,E} (∂_1H_ω)] ] is uniformly bounded in L^2 for s ∈ [0, t], u ∈ [0, t]. Therefore, for fixed t, the second term of RHS in the above expression goes to zero as E ↓ 0. Then, we compute, by using the fact that e^{itLHω} P = P , and P ∈ D(∂_1),

lim_{E↓0} ∫_t 0 ds < e^{i(t−s)LHω,E} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 = ∫_t 0 ds < e^{i(t−s)LHω} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 = ∫_t 0 ds < [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 = ∫_t 0 ds < e^{isLHω} (∂_1H_ω), ∂_1P >_L2 . We proceed as in the proof of Theorem 1, using Lemma 3.4, 3.8, ∫_t 0 ds < e^{isLHω} (∂_1H_ω), ∂_1P >_L2 = ∫_t 0 ds < e^{isLHω} L_{Hω} ([ [x_1, P ], P ]) , ∂_1P >_L2 = −i ∫_t 0 ds d ds < e^{isLHω} ([ [x_1, P ], P ]) , ∂_1P >_L2 = −i < e^{itLHω} ([ [x_1, P ], P ]) , ∂_1P >_L2 +i < [ [x_1, P ], P ] , ∂_1P >_L2 .

The second term in the above expression vanishes as we saw in the proof of Theorem 1. On the other hand, by spectral theorem, 1 T ∫_T 0 dt e^{itLHω} → P_{{0}}, strongly in L^2 as T ↑ ∞, where P_{{0}} is the orthogonal projection onto Ker (L_{Hω} ). Thus, by Lemma 3.10, lim_{T ↑∞} 1 T ∫_T 0 dt < e^{itLHω} ([ [x_1, P ], P ]) , ∂_1P >_L2 = 0,

and we prove σ_1(ω, ϵ_F ) = 0, for a.e. ω.

Remark 4.1 If λ is sufficiently large, we have the following dynamical localization estimate E|e^{itHω} (ω ; x, y)| ≤ Ce^{−μ|x−y|}, (4.6)

for some constants C > 0, μ > 0, independent of t ∈ IR, x, y ∈ ZZ^d ([1, 2, 4]). In this case, operations lim_{E↓0} and ∫_∞ 0 dt e^{−δt} in the definition of σ_2(ω, ϵ_F ) can be exchanged. In fact, we can show 1 E T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P ) = O(t), (4.7)

as t ↑ ∞, uniformly in E. To show (4.7), we use Proposition 4.1, 1 E T (e^{itHω,E} i[H_ω, x_1]e^{−itHω,E} P ) = ∫_t 0 ds < e^{i(t−s)LHω,E} [x_1, e^{isLHω} (∂_1H_ω)], P >_L2 . (4.6) implies that [x_1, e^{isLHω} (∂_1H_ω)] is uniformly bounded in L^2. In fact, |e^{isLHω} (∂_1H_ω)(ω ; x, y)|^2 (4.8) ≤ 2d|e^{isLHω} (∂_1H_ω)(ω ; x, y)| ≤ 2d ∑ z_1,z_2∈ZZ^d |e^{isHω} (ω ; x, z_1)||∂_1H_ω(ω ; z_1, z_2)||e^{−isHω} (ω ; z_2, y)|.

We used |(∂_1H_ω)(ω ; x, y)| ≤ ‖∂_1H_ω‖_{op} ≤ 2d. We take expectation, and use Schwarz inequality w.r.t. E.

E(RHS of (4.8)) ≤ 2d ∑ z_1,z_2∈ZZ^d ( E|e^{isHω} (ω ; x, z_1)|^3 )_{1/3} ×

× ( E|∂_1H_ω(ω ; z_1, z_2)|^3 )_{1/3}( E|e^{−isHω} (ω ; z_2, y)|^3 )_{1/3} . By (4.6) and the fact that |e^{isHω} (ω ; x, y)| ≤ ‖e^{isHω} ‖_{op} = 1, we have E|e^{isLHω} (∂_1H_ω)(ω ; x, y)|^2 ≤ Ce^{−μ|x−y|}, x, y ∈ ZZ^d, for some constants C > 0, μ > 0. Therefore, [x_1, e^{isLHω} (∂_1H_ω)] is uniformly bounded in L^2 w.r.t. s ∈ IR, and we conclude (4.7).

References

[1] Aizenman, M., Localization at Weak Disorder: Some Elementary Bounds, Rev. Math. Phys. 6(1994), 1163-1182.

[2] Aizenman, M., Graf, G. M., Localization Bounds for an Electron Gas, J. Phys.

A: Math. Gen. 31(1998), 6783-6806.

[3] Aizenman, M., Molchanov, S., Localization at Large Disorder and at Extreme Energies: An Elementary Derivation, Commun. Math. Phys. 157(1993), 245- 278.

[4] Aizenman, M., Schenker, J., Friedrich, R., and Hundertmark, D., Finitevolume fractional moment criteria for Anderson localization, to appear in Commun. Math. Phys.

[5] Anderson, P. W., Absence of diffusion in certain random lattices, Phys. Rev.

109(1958), 1492-1505.

[6] Avron, J. E., Seiler, R., and Simon, B. Charge deficiency, charge transport and comparison of dimensions, Commun. Math. Phys. 159(1994), 399-422.

[7] Bentosela, F., Carmona, R., Duclos, P., Simon, B., Souillard, B., and Weder, R., Schrödinger operators with an electric field and random or deterministic potentials, Commun. Math. Phys. 88(1983), 387-397.

[8] Bellissard, J., van Elst, A., Schultz-Baldes, H., The Non-Commutative Geometry of The Quantum Hall Effect, J. Math. Phys. 35(10)(1994), 5373-5451.

[9] Fröhlich, J., Spencer, T., Absence of diffusion in the Anderson tight binding model for large disorder or low energy, Commun. Math. Phys. 88(1983), 151- 184.

[10] Kunz, H., Souillard, B., Sur le spectre les opérateurs aux différences finies aléatoires, Commun. Math. Phys. 78(1980), 201-246.

[11] Nakamura, S., Lectures on Schrödinger Operators, Lectures in Mathematical Sciences, University of Tokyo, 1994.

[12] Nakano, F., and Kaminaga, M., Absence of transport under a slowly varying potential in disordered systems, J. Stat. Phys. 97(1999), 917-940.

[13] Schultz-Baldes, H., Bellissard, J., Anomalous transport: a mathematical framework, Rev. Math. Phys. 10(1998), 1-46.

[14] Schultz-Baldes, H., Bellissard, J., A Kinetic Theory for Quantum Transport in Aperiodic Media, J. Stat. Phys. 91(1998), 991-1026.

[15] Simon, B., and Spencer, T., Trace class perturbations and the absence of absolutely continuous spectra, Commun. Math. Phys. 125(1989), 113-125.

[16] von Dreifus, H., Krein, A., A new proof of localization in the Anderson tight binding model, Commun. Math. Phys. 124(1989), 285-299.

Author’s address:

Fumihiko Nakano Mathematical Institute, Tohoku University, Sendai, 980-8578, JAPAN e-mail: nakano@math.tohoku.ac.jp