Spectral distributions for long range perturbations

Jean-Marc Bouclet^∗ Centre for Mathematical Analysis and its Applications University of Sussex, Falmer, Brighton BN1 9QH United Kingdom e-mail : j.m.bouclet@sussex.ac.uk

22nd May 2002

Abstract We study distributions which generalize the concept of spectral shift function, for pseudodifferential operators on R^d . These distributions are called spectral distributions. Relations between relative scattering determinants and spectral distributions are established; they lead to the definition of regularized scattering phases. These relations are analogous to the one valid for the usual spectral shift function. We give several asymptotic properties in the high energy and semiclassical limits where both non trapping and trapping cases are considered. In particular, we prove Breit-Wigner formulae for the regularized scattering phases, for semiclassical Schrödinger operators with long range potentials.

Key words: Scattering theory. Spectral shift function. Relative determinants. Microlocal analysis.

0 Introduction

0.1 Statement of the problem

The spectral shift function (SSF in what follows) of the pair of self-adjoint operators (H_0, H_1) is defined, under some conditions on V = H_1 − H_0, which we discuss below, as the function s_1 (measurable and L^1_{loc} in general) such that

Tr (f(H_1) − f(H_0)) = − ∫ R f^′(λ)s_1(λ)dλ, f ∈ C^∞_0 (R). (0.1)

When the operators are lower semi bounded, which we will always assume, s_1 is uniquely defined by the condition s_1(λ) = 0 for λ ≪ 0. This function was first studied by Krein [27] from

∗The author thanks the University of Sussex for the financial support, and especially Alexander V. Sobolev for his help.

the mathematical point of view. It is a fundamental object in scattering theory with several physical meanings (time delay, scattering phase) and various mathematical applications (including geometry, see Guillopé-Zworski [21] and Froese-Hislop [15]); for a survey on these applications see Birman-Yafaev [3], Gesztesy-Makarov-Naboko [18] and Robert [35].

The SSF can be considered as a scattering phase for the following two reasons:

Det_1 S(λ) = e^{2iπs1 (λ)}, a.e. on σ_{ac}(H_0), (0.2)

s_1(λ) = − 1 π lim_{ε↘+0} arg Det_1 (1 + V R_0(λ + iε)) , a.e. on R. (0.3)

The first relation, which justify historically this terminology, is known as Krein’s formula and was proved by Birman-Krein [2]. Here S(λ) is the scattering matrix of (H_0, H_1) defined almost everywhere on σ_{ac}(H_0), the absolutely continuous spectrum of H_0; R_0(z) = (H_0 − z)^{−1} is the free resolvent, and Det_1 stands for the Fredholm determinant defined for trace class perturbations of identity (see section 1 for the determinants). All these formulae hold when V ∈ S_1, the Schatten ideal of order 1 of trace class operators. Actually (0.1) and (0.2) are still valid when (H_1 + E)^{−N} − (H_0 + E)^{−N} ∈ S_1 for some E and N large enough, since one can use the Birman-Kato invariance principle; this principle allows to replace H_j by H̃_j = (H_j + E)^{−N} in the sense that s_1(λ) = −s̃_1 ( (λ + E)^{−N} ) is the SSF of (H_0, H_1) if s̃_1 is the SSF of (H̃_0, H̃_1).

If H_0 = −Δ and H_1 = −Δ + V are Schrödinger Hamiltonians on R^d , the SSF can only be defined when V decays fast enough at infinity. A natural condition on the decay of V , which ensure the existence of the SSF, is to ask that for all α ∂^αV (x) = O(⟨x⟩^{−ρ}), ρ > d, with the usual notation ⟨x⟩ = (1 + |x|^2)^{1/2}. Weaker conditions on the smoothness of V can be considered (see for example [32]), but the integrability of V at infinity is always required.

The goal of this article is to relax this assumption on the decay of the perturbation, and thus to be able to consider long range potentials, i.e. potentials with ρ > 0. In that case, one can always find an integer p such that pρ > d and for such a p, it is easy to prove that, for some N and E

(H_1 + E)^{−N} − (H_0 + E)^{−N} ∈ S_p (0.4)

where S_p is the Schatten class of order p (see section 1). Thus it is natural to deal with S_pperturbations or relatively-S_p-perturbations (i.e such that (0.4) holds). In these cases, the SSF s_1 cannot be defined since S_1 ⊊ S_p when p > 1, and some regularization has to be done.

The regularization that we shall use is based on Taylor’s formula. When H_0 is a general selfadjoint operator, and V ∈ S_p (self-adjoint too), Koplienko [25] has proposed a way of regularizing the formula (0.1) by considering a functional u_p defined as follows:

< u_p, f >= Tr f(H_0 + V ) − p−1∑ j=0 1 j! d^j dϵ^j f(H_0 + ϵV )_{|ϵ=0}

. (0.5)

Here, the functions f are rational fractions vanishing at infinity and without poles on the spectra of the operators. It is clear that the operator considered on the right hand side of (0.5) is trace class, since the ideal S^p = S_1 and, if f_z(λ) = (λ − z)^{−1}, we get

< u_p, f_z >= (−1)^pTr ( (H_0 + V − z)^{−1} ( V (H_0 − z)^{−1} )_p) . (0.6)

However, as mentioned in [25], one cannot use the invariance principle any longer in (0.5), when p ≥ 2: this means that, if we only assume that (0.4) holds, we cannot defined a distribution u_p simply by replacing the operators by some power of their resolvents. In particular, Koplienko’s work cannot be applied to differential operators (except for the special case p = 2, see [25, 26], see also Rybkin [36]). This problem has been considered by the author in [4, 7], where the following result is proved:

Theorem 0.1. Let H_0 = p(x, D) and H_0 + V = H_0 + v(x, D) be self-adjoint differential operators on R^d with smooth bounded coefficients, together with their derivatives, and uniformly elliptic, (i.e. their principal symbols are lower bounded on R^d × S^{d−1} by some c > 0). Moreover, we suppose |∂^β v_α(x)| ≤ C⟨x⟩^{−ρ−κ|α|}, ρ > d/p, (0.7) with κ ∈ [0, 1], and v(x, D) = ∑ |α|≤2m vα(x)D α. Then for all f ∈ S(R), formula (0.5) makes sense and it defines a temperate distribution u_p, called spectral distribution of order p.

Remark that u_p ≡ 0 below the spectra of the operators, which is obvious by formula (0.5).

We emphasize that H_0 might have variable coefficients and that V might be of the same order as H_0. This theorem is actually proved for a wider class of pseudo-differential operators in [4, 7], but we only quote it in this less technical setting, for stating our main results in the next subsection.

Several natural questions arise when we consider the distributions u_p for pseudo-differential operators. When one looks at formula (0.3), it is natural to want to establish a relation between u_p and some scattering determinants. Moreover, for general ρ > 0, it is known that the scattering matrix S(λ) may not be a compact perturbation of identity, and its spectrum can be the whole unit circle (see Yafaev [41]). Thus, one cannot hope to compute any determinant of S(λ), and we may ask what should play the role of a scattering phase in this case.

To address these questions, it seems rather natural to consider the relative scattering determinants defined for S_p-perturbations of identity (see section 1):

D_p(z) = Det_p(1 + V R_0(z)). (0.8)

One important advantage of (0.8) is that there is no distinction between the short-range, ρ > 1, and long-range conditions, ρ > 0. But recall that the perturbations V , that we consider here, are in general H_0-bounded and not H_0-compact, thus the meaning of D_p(z) is not clear. To define it, we will have to use the meromorphic continuation of a so called regularized zeta function, as it is can be done for the SSF s_1. This is a rather usual process and we refer to the nice paper of Müller [29] on this subject (see also Bruneau [8] and Carron [12]).

Finally we mention that another kind of regularization, inspired by Taylor’s formula too, has been considered by Melin in [28] and recent results associated to a related regularized scattering phase, in connection with some heat invariants, have been announced by Hitrik-Polterovich [23].

0.2 Main results of this article

We are going to prove results partially announced in [6]. In all what follows, ρ > 0 is a fixed positive real number and p ≥ 1 an integer such that ρ > d/p. Unless something else is specified, the dimension d satisfies d ≥ 1.

In the following theorem, we define the determinant D_p(z) and the associated scattering phase s_p, when the perturbation V is only H_0-bounded. We consider the same differential operators H_0 and H_0 + V as in the theorem 0.1 with κ = 0. We shall use the so-called regularized Zeta function defined by ζ_s(z) :=< u_p, (. − z)^{−s} > where (. − z)^{−s} is the function λ → (λ − z)^{−s}.

Theorem 0.2. i) ζ_s(z) is well defined for Re s ≫ 1 and z ∈ C \ [inf supp u_p, ∞). It has a meromorphic continuation, with respect to s, to the complex plane and this continuation is regular at s = 0.

ii) The function D_p(z) := exp(−∂_sζ_s(z)|_{s=0}) is holomorphic on C \ [inf supp u_p, ∞) and the following limit holds,

lim_{δ↘0} d dλ arg D_p(λ + iδ) = −πu_p(λ), in D^′(R). (0.9)

Notice that H_0 can have variable coefficients.

Remark. Our definition of D_p(z) coincide with Det_p(1 + V (H_0 − z)^{−1}), the usual Fredholm determinant of order p when V (H_0 − z)^{−1} ∈ S_p (see section for more details 1).

We add that the convergence in (0.9) cannot be pointwise in general, since it was proved in [4, 7] that u_2 = η^{′′} (in the distributions sense) for some locally integrable function η, called Koplienko’s function (see also [25]). Formula (0.9) can be viewed as a generalization of (0.3), and it suggests the following definition:

Definition 0.3. The regularized scattering phase s_p ∈ S^′(R) is the unique primitive of u_p which vanishes near −∞.

Recall that u_p vanishes below the spectra of the operators, so this definition makes sense. Moreover, if p = 1, we get the usual scattering phase i.e. the Birman-Krein’s SSF.

Now we give results in Euclidean scattering, in the high energy and semiclassical limits. For all these results we now assume that d ≥ 2.

Theorem 0.4. Assume that H_0 = p_0(D), with p_0(ξ) = ∑ |α|=2m pαξ α constant coefficients elliptic positive polynomial, and consider V as in theorem 0.1 with κ = 1. Then i) s_p is C^∞ on (0, ∞) \ σ_{pp}(H_0 + V ).

ii) If the classical flow is non trapping, then the following complete high energy expansion holds: s^′_p(λ) ∼ λ^{d2m −1} ∑ k≥0 a_kλ^{−k/m}, λ ↗ +∞. Moreover this expansion can be differentiated at any order.

Recall that the classical flow is non trapping if |Π ( ϕ^t(x, ξ) ) | → ∞, as |t| → ∞, uniformly on each compact subset of T^⋆R^d \ 0, where ϕ^t is the Hamiltonian flow of the principal symbol of H_0 + V , and Π : T^⋆R^d → R^d is the projection. Here the principal symbol is the classical one, that is the leading homogeneous part of order 2m of the full symbol of H_0 + V .

This theorem is well known for p = 1 [11, 13, 20, 30, 33, 34] and it was proved by the author for p = 2 [4, 5, 7], but the result is completely new for p ≥ 3. A similar result has been announced by Hitrik-Polterovich in [23], where Melin’s regularization [28] is considered, but only for a perturbation by a potential, for which the non trapping assumption is always valid.

Now we quote our results for the semiclassical Schrödinger operator with a long-range potential. Assume that H_0 = −h^2Δ with h ∈ (0, 1], and that V = V (x) is a potential such that ∂^αV (x) = O(⟨x⟩^{−ρ−|α|}), α ∈ N^d , (0.10) and let I ⊂ (0, ∞) be an interval. This interval is said to be non trapping if |Π ( ϕ^t(x, ξ) ) | → ∞, as |t| → ∞, uniformly on each compact subset of p^{−1}(I) where p(x, ξ) = ξ^2 + V (x) is the semiclassical principal symbol of H_0 + V .

Theorem 0.5. Assume that I is non critical for V .

i) If I is non trapping, we have the following complete asymptotic expansion in C^∞(I): s^′_p(λ, h) ∼ h^{−d} ∑ k≥0 h^ka^V_{k,p}(λ), h ↘ 0, a^V_{k,p} ∈ C^∞(I), k ∈ N,

where, if we set c_d = (2π)^{−d}vol(S^{d−1})/2, the leading coefficient is a^V_{0,p}(λ) = c_d ∫ (λ − V (x))^{d−22}_+ − p−1∑ j=0 (−1)^j (d/2 − 1) · · · (d/2 − j)λ^{d2 −1−j} V (x)^j /j! dx, (0.11) with the convention that (d/2 − 1) · · · (d/2 − j) = 1 if j = 0. Moreover (t)_+ = max(t, 0) and, when d = 2, (t)^{d/2−1}_+ = 1 if t > 0, and 0 otherwise (Heaviside function). ii) If the following estimates holds for some n ≥ 1 and s > 0, locally uniformly on I,

⟨x⟩^{−s}(H_0 + V − λ ± i0)^{−1}⟨x⟩^{−s} = O(exp(h^{−n})) (0.12)

then, for all ν ≥ 0, the Riesz mean of order ν has the following expansion, locally uniform on I ∫_λ −∞ s^′_p(μ, h)(λ − μ)^ν dμ = h^{−d} [ν]_+∑

k=0 C^ν_{k,V} (λ)h^k + O(h^{1+ν−d}), (0.13)

where [ν]_+ is the smallest integer ≥ ν. In particular, if ν = 0, we get the Weyl formula

s_p(λ, h) = h^{−d}C^0_{0,V} (λ) + O(h^{1−d}).

We precise some details about the definition of the Riesz mean, defined by the left hand side of (0.13). It must be understood as < fu_p, (λ − .)^ν > + ∫_λ −∞ (1 − f)(μ)u_p(μ, h)(λ − μ)^ν dμ where f ∈ C^∞_0 (R) equals 1 near [inf σ(H_1), 0]. The above integral makes sense since one know that s^′_p(., h) = u_p(., h) is smooth on (0, ∞) \ σ_{pp}(H_1) by theorem 0.4. Moreover it is known that, in this case, σ_{pp}(H_1) ∩ (0, ∞) is empty (see [1, 34]).

We add two others remarks on this theorem. First, when d is even, all the terms corresponding to j ≥ d/2 vanish in (0.11) (if ever d/2 ≤ p − 1). In particular, if d = 2, the leading term is the same as for the usual SSF, and more generally, when d is even, a^V_{0,p} = a^V_{0,d/2} for all p ≥ d/2.

The second point is that sufficient conditions for the validity of the estimates (0.12) can be found in the work of Burq [10], combined with the one of Bruneau-Petkov [9].

In the next theorem, we prove that the phase shift ±1/2 which occurs for the SSF s_1 close to a resonance, holds for all s_p. This phenomenon is known as Breit-Wigner formula (see the book [39] for its physical interpretation) and has already been considered by several authors. Let us quote the papers of Combes-Duclos-Klein-Seiler [14], Petkov-Zworski [31], and especially the ones of Gérard-Martinez-Robert [17], for s_1 and the scattering cross section, and Robert [34], which we have followed.

We consider an energy level λ_0 ∈ I (which can be critical for V ) and the set of resonances Γ(h) close to λ_0 defined by Helffer-Sjöstrand in [22]. We suppose, as in [17], that: • there exists a connected open subset Ô ⊂ R^d and a compact connected set U ⋐ Ô such that V > λ_0 in Ô \ U, and V < λ_0 in U ∪ R^d \ Ô.

• V is holomorphic in {x̃ ∈ C^d | |Im x̃| ≤ ε_0|Re x̃|, Re x̃ in a neighborhood of R^d \ Ô}, • lim_{|t|↗∞} |Π ( ϕ^t(x, ξ) ) | = ∞, for all (x, ξ) ∈ R^d \ Ô × R^d such that p(x, ξ) = ξ^2 + V (x) = λ_0. ϕ^t is the Hamiltonian flow of p and Π : T^⋆R^d → R^d the projection.

• There exists a family of open sets Ω(h) ∈ C , such that ∩_{h>0}Ω(h) = {λ_0}, I(h) := Ω(h) ∩ R ≠ ∅, and such that Ω(h) ∩ Γ(h) contains only one resonance that we note r(h). Moreover we assume that there exist ε > 0 and c > 0 such that dist(Γ(h), ∂Ω(h)) ≥ ce^{−ε/h}.

Under these assumptions and (0.10), we have the following result:

Theorem 0.6 (Breit-Wigner type formula). Let δ(h) be a family of positive real numbers such that, lim_{h↘0} h^{−d}δ(h) = 0, lim_{h↘0} |Im r(h)|^{−1}δ(h) = +∞, and satisfying Re r(h) ± δ(h) ∈ I(h), for all h small enough. Then

lim_{h↘0} s_p(Re r(h) ± δ(h), h) − s_p(Re r(h), h) = ± 1 2 . 1 Fredholm determinants and spectral distributions

We are going to use the Schatten ideals S_p (on L^2(R^d )) thus we recall some basic definitions and properties (for more details see Gohberg-Krein [19], Simon [38] or Yafaev [40]). An operator A is said to be in S_p if |A| = (A^⋆A)^{1/2} is compact with a spectrum in l^p(N). If this is true, then A is compact as well and its spectrum (λ_j )_{j∈N} ∈ l^p(N), thus we can define

Det_p(1 + A) = ∞∏ j=0 (1 + λ_j ) exp (_{p−1} ∑ k=1 (−1)^k k λ^k_j ) , where the product converges, since the factors are 1 + O(λ^p_j ). If p = 1 we get trace-class operators, and when A_1, · · · , A_p ∈ S_p, then A_1A_2 · · · A_p ∈ S_1. Let us also quote an important example of operators in the Schatten classes: the pseudo-differential operator < x >^{−μ}< D >^{−μ} is in S_p if μ > d/p (it is sufficient to consider p ∈ N for our purpose). This justifies the relation between ρ and the Schatten class S_p in the introduction and in our results.

1.1 The Stieltjes transform

For all u ∈ E^′(R), the space of compactly supported distributions, one can define the so called Stieltjes transform of u as the following holomorphic function on C \ supp(u) U(z) =< u, (. − z)^{−1} >, and one can recover u from U thanks to the inversion formula: lim_{ε↘+0} U(λ + iε) − U(λ − iε) = 2iπu(λ), in D^′(R). This is essentially equivalent to the fact that 2iπδ_0(λ) = (λ−i0)^{−1} −(λ+i0)^{−1} and very elementary. When considering temperate distributions in S^′(R), one cannot define the Stieltjes transform in general. Nevertheless, under some conditions at infinity on u ∈ S^′(R), described below, we’ll show that it is possible.

Assuming that u is temperate, the following formula makes sense

U_s(z) =< u, (. − z)^{−s} > (1.1)

if Re s ≫ 1 and z /∈ R (or z ∈ C \ [inf supp(u), ∞) if the inf is finite). Since we have

(λ − z)^{−1} = ∂_z ( ∂_s(λ − z)^{−s} ) |_{s=0} , (1.2)

where z ∈ C \[λ, ∞), it is natural to consider the existence of a meromorphic continuation of U_s(z), with respect to s, at 0. Note that the complex powers are defined on C \ (−∞, 0] with the principal determination of the log.

We give now sufficient conditions to get a meromorphic continuation. Assume that u ∈ S^′(R), with inf(supp(u)) > −∞, and that its Laplace transform, defined as Lu(t) =< u, f_t > (with f_t(λ) = e^{−tλ}) has the following finite expansion

Lu(t) = n∑ j=0 k(j)∑

k=0 a_{jk} t^{αj} log^k t + O(t^{βn} ), t ↘ 0^+, (1.3)

where the a_{jk} are complex numbers, α_0 < α_1 < · · · < α_n are real numbers and β_n > 0. Moreover we assume, as in [29], that

−α_j ∈ N ⇒ a_{jk} = 0 ∀ k > 0. (1.4)

Notice that these conditions hold if u ∈ E^′(R) since, in that case, Lu is an entire function of t. Under the assumptions (1.3) and (1.4) we have

Proposition 1.1. i) The map s → U_s(z) has a meromorphic continuation to {Re s > −β_n}. This continuation is regular at 0 and is holomorphic with respect to z ∈ C \ [inf supp(u), ∞). ii) If we set U(z) := ∂_z ∂_sU_s(z)_{|s=0} , the following inversion formula holds: lim_{ε↘0} U(λ + iε) − U(λ − iε) = 2iπu(λ), in D^′(R). We shall call the function U, defined in this proposition, the Stieltjes transform of u; it extends obviously the definition valid on E^′(R), because of formula (1.2).

Proof. i) The result is local with respect to z so we fix r > 0 and assume that Re z < r. If χ ∈ C^∞_0 is identically 1 near (−r − 1, r + 1), the proposition is true for χu, therefore we may assume that u is supported in [r + 1, ∞), since replacing u by (1 − χ)u doesn’t change the assumptions. Then we use the fact that (λ − z)^{−s} = Γ(s)^{−1} ∫_∞ 0 e^{−t(λ−z)}t^{s−1}dt when Re s > 0 and λ > r to write

U_s(z) = 1 Γ(s) ∫_∞ 0 Lu(t)e^{tz}t^{s−1}dt, Re s > x_0 since Lu(t) = O(e^{−(r′ +1)t}) when t → ∞, for any r^′ < r. Using

∫_1 0 t^ν log^k t dt = (−1)^kk!/(ν + 1)^{k+1} combined with (1.3), we get

∫_1 0 Lu(t)e^{tz}t^{s−1}dt = n∑ j=0 k(j)∑

k=0 ∞∑ l=0 a_{jk} z^l l! (−1)^kk!

(s + α_j + l)^{k+1} + R_n(z, s) with R_n(z, s) holomorphic with respect to s when Re s > −β_n, and holomorphic with respect to z. This proves the existence of the meromorphic continuation. The other integral, ∫_∞ 1 doesn’t cause any problem since it is entire in s. Then, using condition (1.4) and the fact that Γ(s)^{−1} vanishes at 0 we get the regularity at s = 0.

ii) By the same reduction as for i), we may assume that Re z < r and that u is supported in [r + 1, +∞); in that case we know, thanks to the proof of i), that U_s(z) is holomorphic on V (0) × {Re z < r}, where s ∈ V (0) a neighborhood of 0. Hence ∂_z∂_sU(0, z) − ∂_z∂_sU(0, z̄) → 0 when Im (z) ↘ 0, locally uniformly with respect to Re z, and this completes the proof. □

Remark that, if we replace the assumption (1.3) by the following

Lu(t) ∼ ∞∑ j=0 k(j)∑

k=0 a_{jk}t^{αj} log^k t, t ↘ 0^+, (1.5)

with α_j < α_{j+1} and α_j → ∞, we get a meromorphic continuation on C and the poles are the points −α_j − l, such that α_j + l /∈ N

where j, l ∈ N. Moreover, if for all j and l, α_j + l /∈ N, then the meromorphic continuation of U_s(z) vanishes when −s ∈ N (see [4, 7] for applications).

Now we turn to an example of computation of Stieltjes transform. Consider a family of abstract self-adjoint operators H_ϵ = H_0 + ϵV , depending on ϵ ∈ [0, 1]. Assume moreover that H_0 is semi bounded from below and that V is H_0 compact; more precisely, we assume that, for one z /∈ σ(H_0) (and hence for all) we have

V (H_0 − z)^{−ν} ∈ S_p, for some ν ∈ [0, 1).

Then the domain of H_ϵ is independent of ϵ, H_ϵ ≥ min(inf σ(H_0), inf σ(H_0 + V )) and one can consider the functional < u, f >= Tr f(H_0 + V ) − p−1∑ j=0 1 j! d^j dϵ^j f(H_ϵ)_{|ϵ=0} . (1.6)

To prove that (1.6) makes sense for all test functions we proceed as follows. The right hand side of (1.6) vanishes when f is supported in (−∞, min(inf σ(H_0), inf σ(H_0 + V ))) and is well defined when f = f_z with f_z(λ) = (λ − z)^{−1}. In that case, we have

< u, f_z >= (−1)^pTr ( (H_0 + V − z)^{−1} ( V (H_0 − z)^{−1} )_p) , since ∂^j_ϵ R_ϵ(z) = j!(−1)^j R_ϵ(z)(V R_ϵ(z))^j . Using the Cauchy formula, we can define < u, f > for f(λ) = (λ − E)^{−s}, Re s > 1 and E real, below the spectra. Then, by the Mellin transform, we can extend u to the class of Schwartz functions supported in (E, ∞), and thus u defines a temperate distribution.

Using these considerations, we can define U_s(z) as in (1.1) and we get the following result.

Proposition 1.2. For all complex number z /∈ [min ( inf σ(H_0), inf σ(H_0 + V ) ) , ∞), s → U_s(z) is holomorphic in the region Re s > −p(1 − ν) and we have

∂_sU_s(z)_{|s=0} = − log Det_p ( 1 + V R_0(z) ) , where the branch of log Det_p ( 1 + V R_0(z) ) is determined by the condition that it goes to 0 when Re z − |Im z| → −∞.

Proof. Firstly we assume that z ∈ K, with K compact. Thus we can consider a contour C_K , surrounding [min ( inf σ(H_0), inf σ(H_0 + V ) ) , ∞), such that k − z /∈ (−∞, 0], for all k ∈ C_K and z ∈ K (roughly speaking, the spectrum lies inside the contour and K lies outside). By the Cauchy formula, if we note R_ϵ(k) = (H_ϵ − k)^{−1}, we have

(H_ϵ − z)^{−s} = i 2π ∫ C_K (k − z)^{−s}R_ϵ(k)dk (1.7) Notice that we can choose C_K such that, outside a compact set, it coincides with the union of the two half lines e^{±iπ/4}[1, ∞) so that R_ϵ(k) = O(|k|^{−1}) at infinity. Then we get easily the following formula

U_s(z) = (−1)^pTr ( i 2π ∫ C_K (k − z)^{−s}R_1(k) ( V R_0(k) )_p dk ) . (1.8)

Since the trace norm of R_1(k) ( V R_0(k) )_p is O(|k|^{−1−p(1−ν)}), the right hand side is holomorphic with respect to s when Re s > −p(1 − ν), thus it is regular at s = 0. Then if we differentiate with respect to z, we get, thanks to the formula (1.2)

∂_z ∂_sU_s(z)_{|s=0} = (−1)^pTr ( R_1(z) ( V R_0(z) )_p) whose right hand side is precisely the opposite of the logarithmic derivative of Det_p ( 1 + V R_0(z) ) (see for example Yafaev [40]).

We still have to show that ∂_sU_s(z)_{|s=0} → 0 when z → −∞. If z is real and z → −∞, we can choose a contour C as above and independant of z, such that Re (k − z) > 0 for all k ∈ C. We have

∂_sU_s(z)_{|s=0} = (−1)^pTr ( i 2π ∫ C − log(k − z)R_1(k) ( V R_0(k) )_p dk ) (1.9)

where we shall do an integration by part. To justify this integration by part, we consider the function φ(k) = T r ( R_1(k) ( V R_0(k) )_p) and its primitive vanshing when k → −∞ defined by

Φ(k) = ∫_c −∞ φ(u)du + ∫ [c,k] φ(u)du, where c ∈ R is such that c < min ( inf σ(H_0), inf σ(H_0 + V ) ) , and [c, k] is the line segment joining c to k. We can assume that C = c + ( e^{iπ/4}[0, ∞) ∪ e^{−iπ/4}[0, ∞)) and then it is easy to see that |Φ(k)| = O(|k|^{−p(1−ν)}), when k ∈ C, by writing ∫ γ_k φ(u)du = 0 combined with the fact that

|φ(k)| = O(|k|^{−1−p(1−ν)}). Here γ_k is the union of the segments [−|k|, c] and c + e^{iπ/4}[0, |k|], and of the portion of circle centered at c with radius |k| where the argument ranges between π/4 and π (or the same with −π/4 everywhere and −π). Thus we can integrate φ and differentiate the log in (1.9), and then we see easily that ∂_sU_s(z) → 0 when z → −∞ which completes the proof. □

Proposition 1.2 was proved by Koplienko in [25] under the condition V ∈ S_p, and is essentially well known. We have given the proof when V (H_0 − z)^{−ν} ∈ S_p for the sake of completeness, and to justify the remark after theorem 0.2 (see the next subsection).

1.2 Proof of theorem 0.2

Consider H_0 = p(x, D) and H_0 + V = p(x, D) + v(x, D) two uniformly elliptic differential operators, where p(x, ξ) = ∑ |α|≤2m pα(x)ξ α, and v(x, ξ) = ∑ |α|≤2m vα(x)ξ α, with p_α and v_α smooth functions such that for all |α| ≤ 2m and β ∈ N^d |∂^β p_α(x)| ≤ C_β , |∂^βv_α(x)| ≤ C_β ⟨x⟩^{−ρ}, x ∈ R^d .

Their order is the integer 2m which is even since we do the following ellipticity assumption ∑ |α|=2m p_α(x)ξ^α ≥ C|ξ|^{2m}, ∑ |α|=2m (p_α + v_α)(x)ξ^α ≥ C|ξ|^{2m}, x, ξ ∈ R^d

for some constant C > 0. We also assume that these operators are symmetric on L^2, which allows us to consider their self-adjoint realization with domain H^{2m}(R^d ), the usual Sobolev space; because of the ellipticity condition, these operators are lower semi-bounded.

Now, if ρ > d/p and u_p is the spectral distribution associated to (H_0, H_0 + V ), we know by [4, 7] that < u_p, e^{−t(.)} >∼ t^{−d/2m} ∑ k≥0 a_kt^{k/m}, t ↘ 0, therefore we can apply proposition 1.1, which proves the theorem.

Moreover, if V is of order m^′ < 2m, it is H_0-compact and if 2m − m^′ > d/p, V (H_0 + i)^{−1} ∈ S_p. Furthermore, for some ν ∈ [0, 1) we still have ν2m − m^′ > d/p and thus V (H_0 + i)^{−ν} ∈ S_p which allows us to use proposition 1.2; this proves that D_p(z) coincides, in this case, with the usual determinant Det_p(1 + V (H_0 − z)^{−1}).

2 The asymptotic representation formula

In this section we prove an asymptotic formula for u_p(λ, h) for positive and non critical energies of the free Hamiltonian H_0. For this technical result, u_p is associated to the same kind of pseudodifferential operators, H_0, H_0 + V , as the one considered in [7, 34]. We assume that H_0 = ω(hD), with ω(ξ) → +∞ when ξ → ∞, and ω ≥ 0, with ω is smooth and temperate, in the sense that, for some C and M positive numbers, ω(ξ) ≤ C(1 + ω(η))⟨ξ − η⟩^M , for all ξ, η. Then we consider a perturbation given by Weyl quantization of real symbols V = q^w_0 (x, hD) + · · · + h^dq^w_d (x, hD) + h^{d+1}q̃^w(x, hD, h), = q^w(x, hD, h) + h^{d+1}q̃^w(x, hD, h). (2.1) (We shall explain a little further why we split V into these two parts.) Recall that, when a is a symbol, a^w(x, hD) is the operator defined by the oscillatory integral a^w(x, hD)u(x) = (2πh)^{−d} ∫ ∫ e^{i⟨x−y,ξ⟩/h}a ( x + y 2 , ξ ) u(y)dydξ, u ∈ S(R^d ). We assume that h^{d+1}q̃_{d+1} ∼ ∑ k≥d+1 h kq_k, which means, as usual, that for all N > d the difference h^{d+1}q̃_{d+1} − ∑ d+1≤k≤N qk is in S1(ω, −N). We also assume that there exists ρ > 0 such that q_k ∈ S_1(ω, −k) ∩ S_1(ω, −ρ), ∀ k ∈ N. This is the long-range condition on the perturbation V . The symbol class S_1(ω, μ), with μ real, is defined by asking that, for all a in this class, the semi-norms

sup_{R2d} max |α+β|≤N |⟨x⟩^{−μ+k+|α|}(1 + ω(ξ))^{−1}∂^α_x ∂^β_ξ a(x, ξ)| (2.2) are finite for all N. Sometimes we shall refer to S_1(w^n, μ) which is the same class with ω^n instead of ω; we shall also need S_1(−∞, μ) which is ∩_{n>0}S_1(Ω^{−n}, μ) with Ω(ξ) = ⟨ξ⟩. Notice that for all these symbols, differentiation with respect to x increases the decay with respect to this variable.

Finally we assume that q and q̃ are real valued and that, for some constant C > 0

C + w(ξ) + q_0(x, ξ) > C^{−1}(1 + ω(ξ)), ∀ x, ξ ∈ R^d . (2.3)

These conditions entail the essential self-adjointness of H_0 + ϵV for all ϵ ∈ [0, 1] and h ∈ (0, h_0] (h_0 small enough); the domain of the self-adjoint realization is independent of ϵ (see [4, 7]).

Let I ⊂ (0, ∞) be a non critical interval for ω (see section 3). Our main result is the following:

Theorem 2.1. Let p ∈ N be such that ρ > d/p. There exists χ ∈ C^∞_0 (R^d ), and a family of function u_{reg,p}(., h) ∈ C^∞(I), such that for all J ⋐ I one can find sequences of operators R^±_N (λ, h), such that for all N > 0

u_p(λ, h) = Tr ( χ ∂E ∂λ (λ, h)χ ) + u_{reg,p}(λ, h) + h^{k(N)}R_N (λ, h), h ↘ 0 (2.4) R_N (λ, h) = Tr ( Θ^+_N (λ, h)R(λ + i0, h) ) + Tr ( Θ^−_N (λ, h)R(λ − i0, h) ) , (2.5)

where k(N) ↗ +∞ when N ↗ ∞. Here E(λ, h) is the spectral resolution of H_0 + V and R(z, h) its resolvent. The function u_{reg,p}(., h) has a full asymptotic expansion in C^∞(J) which means that there exists a sequence u^j_{reg,p} ∈ C^∞(J) such that, for all N

u_{reg,p}(., h) − h^{−d} N∑ j=0 h^j u^j_{reg,p} = O(h^{N−d}), in the C^∞(J) topology.

The operators Θ^±_N (λ, h) are such that

⟨x⟩^{k(N)}Θ^±_N (., h)⟨x⟩^{k(N)} is bounded in C^{k(N)}(J, S_1), when h ↘ 0.

By the same arguments as in [34, 4, 7], theorems 0.4, 0.5 and 0.6 are simple corollaries of theorem 2.1 and the rest of this section is devoted to its proof.

Remark that our assumptions on the operators are satisfied by the long range Schrödinger operator (ω(ξ) = ξ^2, q̃(x, ξ, h) = 0, q(x, ξ, h) = q_0(x, ξ) = V (x))

H_0 = −h^2Δ, V = V (x)

and, if κ = 1 (see (0.7)), by the (rescaled) elliptic operators used in subsection 1.2:

H_0 = h^{2m}p_0(D), V = h^{2m} ∑ |α|≤2m v_α(x)D^α.

This last case is useful to prove high energy asymptotics by considering these operators near the rescaled energy level λ^′ = 1, and by choosing h^{2m} = λ^{−1}, with λ ↗ ∞ since one sees easily that

h^{2m}u_p(λ^′, h) = u_p(λ^′/h^{2m})

if u_p(., h) is associated to the pair H_0, H_0 + V , and u_p(.) = u_p(., 1).

The main tool of the proof of the theorem is the Isozaki-Kitada parametrix (see [24, 16, 34]) for the operators H_ϵ = H_0 + ϵV , ϵ ∈ [0, 1] and especially its differentiability with respect to ϵ. For the sake of completeness, but also to be able to state precise results, we have chosen to add the section 3 on this parametrix, and its control with respect to ϵ. Moreover, as we shall see later, we are going to approximate our perturbation by a fast enough decaying one, and thus section 3 includes the control of the construction with respect to the principal symbol of V .

We have to precise one point on what we shall use as a semiclassical principal symbol. In our constructions, q = q(x, ξ, h) will play the role of the principal symbol (see (2.1) for the notation). It is more convenient, for technical reasons, to do so since q̃(h) is integrable with respect to x which is useful when one needs to write traces.

We are going to approximate the principal symbol of V by a fast decaying one so that we can define the usual SSF for the pair H_0, H_0 + ϵV . Thus we choose a subset B ⊂ S_1(ω, −μ), μ > d (2.6) in which all symbols are real and satisfie (2.3) (they also can depend on h). We can choose B to be bounded in S_1(ω, −ρ). We also assume, which is the most important, that this subset contains a sequence which converges to q in the topology of S_1(ω, −ρ_1), for all ρ_1 < ρ. The existence of such a subset is clear by standard properties of these classes of symbols. Moreover one can choose ρ_1 such that ρ > ρ_1 > d/p, thus there is no loss of generality if we choose ρ slightly smaller, since the only property that we use is ρ > d/p. Then we can assume that the sequence converges to q in S_1(ω, −ρ). Finally, we can also assume that ρ^{−1} /∈ N which will be useful for technical reasons which appear in the appendix.

2.1 Two technical lemmas

Let χ ∈ C^∞_0 (R^d ) be a cutoff function such that χ ≡ 1 on the ball of radius R > 0. (2.3).

Lemma 2.2. One can choose R > 0 large enough such that, for all functions f_1, f_0 ∈ C^∞_0 (R) satisfying f_1 ≡ 1 near supp f_0, we have the following estimates in S_1: ⟨x⟩^N (1 − χ) ( 1 − f_1(H_0) ) f_0(H_0 + ϵV )⟨x⟩^N = O(h^N ), ∀ N.

These estimates are uniform with respect to ϵ ∈ [0, 1] and to q in B. Moreover, for all j ≥ 0, the following operator is pseudo-differential d^j dϵ^j ((1 − χ)(1 − f_1(H_0))f_0(H_0 + ϵV ))_{|ϵ=0} . (2.7)

Its symbol is O(h^∞) in S_1(1, −∞) and depends continuously on q in B.

Proof. The first statement is a simple consequence of the fact that, for all N large enough f_0(H_0 + ϵV ) = a_{N,ϵ}(x, hD, h) + h^N R_{N,ϵ}(h) with |||⟨x⟩^{N/4}R_{N,ϵ}⟨x⟩^{N/4}|||_1 = O(h^{N/4}) uniformly with respect to ϵ ∈ [0, 1] and q ∈ B (see [4, 7]). The symbol a_{N,ϵ}(x, ξ, h) is a linear combination of a_n(x, ξ)f^{(n)}_0 (ω(ξ) + ϵq(x, ξ, h)) with a_n ∈ S_1(ω^{k(n)}, −n), for some k(n) ≥ 0. If x is large enough, and ω(ξ) + ϵq(x, ξ, h) ∈ supp f_0, then ω(ξ) ∈ f^{−1}_1 (1), and then the composition formula of pseudo-differential operators yields

(1 − χ) ( 1 − f_1(H_0) ) a_{N,ϵ}(x, hD, h) ∈ h^∞Op ( S), where S is the Schwartz class. The form of (2.7) is simply due to the fact that ∂^j_ϵ f(H_0 + ϵV )_{|ϵ=0} is purely pseudo-differential, and to the functional calculus of [7]. □

In all what follows, we use the notation U_ϵ(t) = exp(−itH_ϵ/h), and I is an open interval. Consider a family of bounded operators B_ϵ which is C^p with respect to ϵ ∈ [0, 1], and such that B_ϵ⟨x⟩^{d̄} is still C^p in the class of bounded operators, for some d̄ > d. In the applications B_ϵ will be an operator with a rather fast decaying kernel. Then we have

Lemma 2.3. The family of operators B_ϵf(H_ϵ)U_ϵ(t) is C^p in the trace class (with respect to ϵ ∈ [0, 1]) for all f ∈ C^∞_0 (I), and all t ∈ R. Moreover, for all j ≥ 1 d^j dϵ^j Tr (B_ϵf(H_ϵ)U_ϵ(t))_{|ϵ=0}

can be written as a linear combination of the traces of the following operators with 0 ≤ n ≤ j: ∂^{j−n}_ϵ B_ϵ h^n |_{ϵ=0} ∫_t 0 ∫_{t−t1} 0 · · · ∫_{t−t1 −···tn−1} 0 a_0(x, hD, h) n∏ k=0 U_0(t_k − t_{k+1})a_{k+1}(x, hD, h)dt_n · · · dt_2dt_1. Here the product must be understood as the composition from the left to the right (with the term k = 0 on the left). We have used the following conventions:

t_0 = t, t_{n+1} = 0

and if n = 0 there is no integral sign. The symbols a_l are in S_1(−∞, −ρ) if 1 ≤ l ≤ n, whereas a_0 and a_{n+1} are in S_1(−∞, 0). They all have an expansion with respect to h and are compactly supported with respect to ξ in a small neighborhood of ω^{−1}(supp f). As in the previous lemma, everything depends continuously on q ∈ B.

Proof. This lemma is a simple consequence of d dϵ U_ϵ(t) = − i h ∫_t 0 U_ϵ(t − t_1)V U_ϵ(t_1)dt_1, (2.8)

together with the fact that for all n, (d/dϵ)^nf(H_ϵ)|_{ϵ=0} is pseudo-differential operator with symbol in S_1(1, −nρ) (see [7]). Moreover, using the fact that (d/dϵ)(f(H_ϵ)U_ϵ(t)) can always be written as ( d dϵ f(H_ϵ) ) U_ϵ(t)f_1(H_ϵ) + f(H_ϵ) ( d dϵ U_ϵ(t) ) f_1(H_ϵ) + f(H_ϵ)U_ϵ(t) ( d dϵ f_1(H_ϵ) ) , with f_1f = f, we see easily that the symbols a_n are supported, with respect to ξ, in any arbitrary small neighbourhood of ω^{−1}(supp f). □

2.2 A non stationary phase lemma

To prove theorem 2.1, we shall need to consider inverse Fourier transforms of traces similar to the one of lemma 2.3. Since we want to prove that the traces are smooth, we need to prove fast decay in time, which will be obtained by a non stationary phase argument. If one looks at the critical points of the phases naturally involved in the traces of lemma 2.3, we find that t must be zero. However it is not clear how to do the integrations by parts, to get the fast decay away from 0, that’s why we need to establish the next lemma.

Let’s consider the set of all complex valued functions f such that, for all α_2, · · · , α_k ∈ N^d , β_1, · · · , β_{k−1} ∈ N^d , β_k ∈ N^d , |β_k| ≤ N one can find a constant C such that |∂^{α2 ···αk} x_2 ···x_k ∂ β_1···β_{k−1} ξ_1 ···ξ_{k−1} ∂ β_k ξ_k f(x0, x1, · · · , xk, ξ1, · · · , ξk, h)| ≤ C⟨x0, x1⟩ |β_k | × ⟨x_0⟩^{−N} ⟨x_{0,1}⟩^{−δ1} · · · ⟨x_{0,n}⟩^{−δ1} ⟨x_1⟩^{−N−δ}⟨x_2⟩^{−δ−|α2 |} · · · ⟨x_k ⟩^{−δ−|αk |} (2.9) with δ_1 > 1, δ = dδ_1, and where the variables are such that x_0 = (x_{0,1}, · · · , x_{0,n}) ∈ R^n , x_1, · · · , x_k, ξ_1, · · · , ξ_k ∈ R^d , h ∈ (0, 1]. We also assume that these functions f are supported in ( ω^{−1}(I) )_k with respect to ξ_1, · · · , ξ_k. The best constants C in (2.9) are semi-norms and define the topology on the set. Remark. This type of functions is what we get as amplitudes if we expand the kernel in lemma 2.3, except that δ must be replaced by ρ. This is not a strong restriction since, up to a fixed number of integrations by part, the problem can be reduced to the “δ-case” that we consider in this subsection (see the proof of proposition 2.5).

Our non stationary phase lemma is the following:

Lemma 2.4. There exists a constant C > 0 which depends on a finite number of semi-norms of f such that, for all t ≠ 0 and h ∈ (0, 1], we have | | ∫ (R^d)^k ×(R^d)^k e^{ih ϕk} fdx_1 · · · dx_kdξ_1 · · · dξ_k | | ≤ C⟨x_{0,1}⟩^{−δ}1 · · · ⟨x_{0,n}⟩^{−δ}1 ( h t )_N . (2.10)

Here the phase function is given by

ϕ_k = k∑ j=1 ⟨x_j − x_{j+1}, ξ_j ⟩ − t_j ω(ξ_j ), t_1 + · · · + t_k = t

where all the t_j ’s are non negative. Moreover, we have x_{k+1} = x_1.

Proof. We proceed by induction on k ≥ 2. We shall do integrations by parts using the following differential operators, when 1 ≤ l ≤ k, which all leave exp(iϕ_k /h) invariant

P_l = − h i ∑_l j=1 t_j ∇ω(ξ_j ) | ∑_l j=1 t_j ∇ω(ξ_j )|^2 . (^l∑ j=1 ∇_{ξj} ) − (x_{l+1} − x_1). ∑_l j=1 t_j ∇ω(ξ_j ) | ∑_l j=1 t_j ∇ω(ξ_j )|^2

where one should notice that, if l = k, x_1 − x_{l+1} = 0. We shall use as well

Q_l = h i ξ_l − ξ_{l−1} |ξ_l − ξ_{l−1}|^2 .∇_{xl} , l ≥ 2. Let’s start with k = 2. We choose χ ∈ C^∞_0 (R^d ), χ ≡ 1 near 0 , and we write f = f_1 + f_2, with f_1 = χ(ξ_1 − ξ_2)f. By choosing the support of χ small enough, and using the fact that |∇ω(ξ)| ≥ ε > 0 on ω^{−1}(I), we get

|t_1∇ω(ξ_1) + t_2∇ω(ξ_2)| ≥ ε 2 t on the support of f_1, and we do N integrations by parts with P_2 (which is independent of x_1, x_2 since l = k). This proves that the estimate (2.10) holds for f_1.

To estimate the same integral with f_2, we first do N integrations by parts with Q_2 which gives a gain of h^N ⟨x_2⟩^{−N} . Then:

• either t_1 ≥ t/2, and we do N integrations by parts with P_1, which gives a gain of O(t^{−N}_1 ) = O(t^{−N} ). We get also O(⟨x_1 − x_2⟩^N ) but this doesn’t cause any trouble thanks to (2.9) and to to the gain of ⟨x_2⟩^{−N} , • or t_2 ≥ t/2, and we do N integrations by part with P̃_1, which is the same operator as P_1 but where we swap x_1 and x_2, and ξ_1 and ξ_2. As above, we get a gain of O(t^{−N}_2 ) = O(t^{−N} ). Thus the result is proved when k = 2.

Now assume that k ≥ 3 and that the result holds to all orders ≤ k − 1. We define, for 1 ≤ l ≤ k − 1, the function χ_l = χ(ξ_l − ξ_{l+1}) and then write

f = χ_1 · · · χ_{k−1}f + (1 − χ_1)f + k−1∑ l=2 χ_1 · · · χ_{l−1}(1 − χ_l)f.

By choosing the support of χ small enough (and χ ≡ 1 near 0), we get | ∑_k j=1 t_j ∇ω(ξ_j )| ≥ ct on the support of χ_1 · · · χ_{k−1} for some c > 0; then doing N integrations by parts with P_k shows that | | ∫ e^{ih ϕk} χ_1 · · · χ_{k−1}fdx_1 · · · dx_kdξ_1 · · · dξ_k | | ≤ C⟨x_{0,1}⟩^{−δ}1 · · · ⟨x_{0,n}⟩^{−δ}1 ( h t )_N . Now we consider the integral with (1 − χ_1)f in which we can do N integrations by parts with Q_2, from which we get a gain of h^N ⟨x_2⟩^{−N} . There are again two cases: • either t_1 ≥ t/2, and we do exactly as for k = 2, • or t_2 + · · · + t_k ≥ t/2, and we use the induction assumption. Precisely, the function that we integrate has the following form e^{ih ϕ̃k−1}f̃(x̃_0, x̃_2, · · · , x̃_k, ξ̃_2, ξ̃_k, h) where the new variables are x̃_0 = (x_0, x_1, ξ_1), (x̃_{j−1}, ξ̃_{j−1}) = (x_j , ξ_j ), when 2 ≤ j ≤ k and the new phase function is

ϕ̃_{k−1} =^{k−1} ∑ j=1 ⟨x̃_j − x̃_{j+1}, ξ̃_j ⟩ − t_{j+1}ω(ξ̃_j ), x̃_k = x̃_1.

Note that ϕ_k − ϕ̃_{k−1} = ⟨x_1 − x_2, ξ_1 − ξ_k⟩ − t_1ω(ξ_1) so (2.9) holds for f̃. We must note as well that N differentiations of f̃ with respect to ξ̃_k causes a lost h^{−N} but this is absorbed by the h^N term that we got thanks to Q_2 before. Thus we get | | ∫ (R^d)^{k−1}×(R^d)^{k−1} e^{ih ϕ̃k−1}f̃dx_2 · · · dx_kdξ_2 · · · dξ_k | | ≤ C⟨x̃_{0,1}⟩^{−δ}1 · · · ⟨x̃_{0,n+2d}⟩^{−δ}1 ( h t )_N

from which we get the result after integration with respect to x_1, ξ_1.

Finally we have to consider the integrals involving χ_1 · · · χ_{l−1}(1 − χ_l)f with 2 ≤ l ≤ k − 1. Thanks to (1 − χ_l), we can integrate by parts N times with Q_{l+1} from which we have a gain of h^N ⟨x_l⟩^{−N} and there are again two possibilities:

• either t_1 + · · · + t_l ≥ t/2, and then, by choosing the support of χ small enough we can integrate by parts N times with P_{l−1}. Then we get | | ∫ e^{ih ϕk} χ_1 · · · χ_{l−1}(1 − χ_l)fdx_1 · · · dx_ldξ_1 · · · dξ_l | | ≤ C( h t )_N^n∏ j=1 ⟨x_{0,j} ⟩^{−δ1} k∏ j=l+1 ⟨x_j ⟩^{−δ} from which we deduce the result easily, • or t_{l+1} + · · · + t_k ≥ t/2. We use again the induction assumption, considering (x_0, x_1, ξ_1) as a new variable x̃_0 and x_2, ξ_2, · · · , x_{l−1}, ξ_{l−1} as parameters. We introduce the phase function

ϕ̃_{k−l+1} =^{k−1} ∑ j=l ⟨x_j − x_{j+1}, ξ_j ⟩ − t_j ω(ξ_j ) + ⟨x_k − x_l, ξ_k⟩ − t_kω(ξ_k),

and we remark that ϕ_k − ϕ̃_{k−l+1} − ⟨x_l − x_1, ξ_k ⟩ + ⟨x_l, ξ_l⟩ depends only on x̃_0 and the parameters, and we can get the result as before. The proof is now complete. □

2.3 The regular terms

In that subsection we will study the distributions defined, when χ̃ ∈ S_1(1, −∞) and j ≥ 0, by < u(h), f >= Tr ( χ̃(x, hD) d^j dϵ^j f(H_ϵ)_{|ϵ=0} ) , f ∈ C^∞_0 (I). It is already known that these distributions have a full asymptotic expansion in h in the weak sense (see [4, 7]); this means that there exists a sequence (u_k)_{k∈N} of elements of D^′(I), independent of h, such that for all N ≥ 0 u(h) = h^{−d} N∑ k=0 h^ku_k + h^{N+1−d}ũ_N (h), h ↘ 0, (2.11)

where ũ_N (h) is a bounded family of D^′(I) (i.e. < ũ_N (h), f > is bounded for all f ∈ C^∞_0 (I)). Our goal is to prove that the asymptotic (2.11) holds in the strong sense, that is in the C^∞ sense. This is the purpose of the following proposition. Recall that I ⊂ (0, ∞) is an open an non critical interval for ω.

Proposition 2.5. The distributions u_k are C^∞ on I and ũ_N (h) is a bounded family in C^∞(I). Proof. Because of the uniqueness of the asymptotic expansion, it is sufficient to show that u(h) has a full asymptotic expansion in C^∞(J) for all J ⋐ I. By choosing a cutoff function g ∈ C^∞_0 (I), g ≡ 1 near J, we only have to study gu(h), and we can consider its semiclassical Fourier transform which is w(h, t) = Tr ( χ̃(x, hD) d^j dϵ^j ( g(H_ϵ)U_ϵ(t) )) |_{ϵ=0} . By lemma 2.3, w(h, t) is a linear combination (with coefficients independent on h and t) of the following type of functions, with 0 ≤ k ≤ j: h^{−k} ∫_t 0 ∫_{t1} 0 · · · ∫_{tk−1} 0 Tr ( K_k(t − t_1, t_1 − t_2, · · · , t_{k−1} − t_k, t_k, h) ) dt_k · · · dt_2dt_1, (2.12)

where, by convention, there is no ∫ sign if k = 0, and just ∫_t 0 · · · dt_1 when k = 1. Moreover we have

K_k(t_1, t_2, · · · , t_{k+1}, h) = a_1(x, hD, h)U_0(t_1)a_2(x, hD, h)U_0(t_2) · · · a_{k+1}(x, hD, h)U_0(t_{k+1}), (2.13)

with symbols a_1, · · · , a_{k+1} all supported in a small neighbourhood of ω^{−1}(supp(g)) with respect to the ξ variable, having an asymptotic expansion with respect to h, and in the following classes a_1 ∈ S(R^{2d} ), a_j ∈ S_1(−∞, −ρ), 2 ≤ j ≤ k + 1.

The Schwartz kernel K_k(x_1, x_{k+2}) of K_k(t_1, · · · , t_{k+1}) is given by the oscillatory integral ∫ e^{ih ϕk+1} a_1(x_1, ξ_1)a_2(x_2, ξ_2) · · · a_{k+1}(x_{k+1}, ξ_{k+1})dx_2 · · · dx_{k+1}dξ_1 · · · dξ_{k+1}, (2.14)

where the phase function ϕ_{k+1} = ϕ_{k+1}(x_1, · · · , x_{k+2}, ξ_1, · · · , ξ_{k+1}) is given by

ϕ_{k+1} = k+1∑ j=1 ⟨x_j − x_{j+1}, ξ_j ⟩ − t_j ω(ξ_j ), x_{k+2} = x_1.

First we rewrite (2.14) as a sum of convergent integrals: using the decay of K_k(x_1, x_{k+1}) with respect to x_1, one can do kd integrations by parts in (2.14) with the operator h|x_1 − x_2|^{−2}(x_1 − x_2).∇_{ξ1} , when x_2 ≠ x_1 (when x_1 − x_2 is small, the decay in x_1 entails the decay in x_2). Thus, by loosing O(t^{kd}_1 ), we get a decay of ⟨x_2⟩^{−kd−ρ}. By repeating this operation with the other x_j variables, we can assume that the symbol is integrable with respect to each x_j since it decays like ⟨x_j ⟩^{−(k+2−j)d−ρ} with respect to each x_j , with k + 2 − j ≥ 1. Notice that this generates a factor O(t^{k(k+1)d/2}) but anyway, we are now in position to use the lemma 2.4: it proves that w(t, h) = O((h/t)^∞), when |t| ≥ c and h ∈ (0, h_0], thus, if φ ∈ C^∞_0 (−2c, 2c) is such that φ ≡ 1 on (−c, c), we have λ → (2πh)^{−1} ∫ e^{ih tλ}(1 − φ)(t)w(t, h)dt = O(h^∞) in C^∞. Now we consider the region |t| ≤ 2c. The operator K_k appears in (2.12) as the product of a_0(x, hD, h)U_0(t) and of the operators U_0(−t_j )a_j (x, hD, h)U_0(t_j ), 1 ≤ j ≤ k, with |t_j | ≤ |t|, which are, by the Egorov’s theorem, pseudo-differential operators. Their product can be written ã_k(x, hD, t, k), with ã_k depending smoothly on t. Hence ∫ exp(itλ/h)w(t, h)φ(t)dt can be written as a linear combination of the following functions h^{−k} ∫ e^{ih tλ}Tr(a_0(x, hD, h)U_0(t)ã_k(x, hD, t, h))φ(t)dt which all have a full expansion in C^∞(J) (in increasing integer powers of h) thanks to the stationary phase theorem, and this completes the proof. □

2.4 Proof of theorem 2.1

We have to investigate, for λ ∈ J ⋐ I, the following distribution u_p(λ, h) = u_{1,1}(λ, h) − p−1∑ j=0 1 j! ∂^j_ϵ u_{1,ϵ}(λ, h)|_{ϵ=0}

where, in the weak sense, we have

u_{1,ϵ}(λ, h) = Tr ( f_0(H_ϵ) ∂E_ϵ ∂λ − f_0(H_0) ∂E_0 ∂λ ) , with f_0 ∈ C^∞_0 (I) and f_0 ≡ 1 near J. Actually, u_{1,ϵ} is well defined, if the coefficients of the perturbation V decay as ⟨x⟩^{−μ} for some μ > d. That is why we approximate the principal symbol of V by a elements of B. So we first assume that q ∈ B.

Let χ ∈ C^∞_0 be a cutoff function such that χ ≡ 1 on the ball of radius R. Thanks to the result of the previous subsection, we only have to consider Tr ( f_0(H_ϵ) ∂E_ϵ ∂λ (1 − χ^2) − f_0(H_0) ∂E_0 ∂λ (1 − χ^2) ) , (2.15)

since the others terms are Tr ( χf(H_1)E^′_1(λ, h)χ ) plus p smooth terms with asymptotic expansion in h (proposition 2.5). We split (2.15) into two terms that we are going to study separately: Tr (( ∂E_ϵ ∂λ − ∂E_0 ∂λ ) (1 − χ^2)f(H_0) ) , (2.16) Tr ( ∂E_ϵ ∂λ (1 − χ^2) ( f_0(H_ϵ) − f_0(H_0) ) ) . (2.17)

Notice that these two formulas make sense when tested against a Schwartz function (which is actually the rigorous way to define it). The traces are well defined since q ∈ B.

2.4.1 Study of (2.16)

We use a microlocal partition of unit

(1 − χ^2)f(H_0) = χ^+(x, hD) + χ^−(x, hD) (2.18)

with supp χ^± ⊂ Γ^±(R, J, σ^±) (see the next section for the notations) and then by a usual trick (see Robert [33, 34]) we are left to the study, after a semiclassical Fourier transform in λ, of Tr (U_ϵ(t)χ_±(x, hD) − U_0(t)χ_±(x, hD)) , ±t ≥ 0. (2.19) From now on we only consider the case + (the case − is completely analogous). Using theorem 3.5 and the notation of (3.2), we can write (2.19) as the sum Tr ( A^+_N (h, ϵ)U_0(t)B^+_N (h, ϵ)^⋆ − A^+_N (h, 0)U_0(t)B^+_N (h, 0)^⋆ ) + h^N Tr ( R^+_N (h, ϵ, t) ) , t ≥ 0. (2.20)

Using the form of R^+_N (h, ϵ, t) given by theorem 3.5 and the lemma 2.4, we see easily that the inverse Fourier transform of ∂^j_ϵ Tr ( R^+_N (h, ϵ, t) ) |_{ϵ=0} is O(h n(N)) in Cn(N)(J), with n(N) → ∞, when j ≥ 1.

The term for j = 0 can be written as T r(Θ^+_{N,1}(λ, h)R(λ + i0, h)) with a notation similar to the one of theorem 2.1 and is the same as for the usual SSF (see Robert [34]).

We still have to consider the first term of (2.20) that we can write, using the cyclicity trick of Robert [34] (see [7] for its justification) Tr (( B^+_N (h, ϵ)^⋆A^+_N (h, ϵ) − B^+_N (h, 0)^⋆A^+_N (h, 0) ) U_0(t) ) which, by (3.14), can be easily studied. The symbol r_N (x, ξ, ϵ, h) is smooth with respect to ϵ and decays as ⟨x⟩^{−N} (see estimate (3.19)), thus after Taylor formula and inverse Fourier transform we get a term which is O(h^{n(N)}) in C^{n(N)}(J).

2.4.2 Study of (2.17)

First we remark that, up to terms that can be studied as above, we can insert a factor f_1(H_0) between (1 − χ^2) and f_0(H_ϵ) − f(H_0) in (2.17), where f_1 ∈ C^∞_0 (I) and f_1 ≡ 1 near suppf_0. This is an easy consequence of lemma 2.2. Thus we get (1 − χ^2)f_1(H_0) that we split into two terms χ̃^±(x, hD), using the same kind of partition as for (2.18). Then we obtain the following kind of terms (after Fourier transform) Tr ( U_0(t)B̃^±_N (h, ϵ)^⋆ ( f_0(H_ϵ) − f_0(H_0) )~ A^±_N (h, ϵ) ) , (2.21)

where Ã^±_N (h, ϵ) and B̃^±_N (h, ϵ) are associated to χ̃^±(x, hD). There are also remainder terms due to R̃^±_N (h, ϵ, t) (see formula (3.2)), but they can be treated as in (2.16). Then we use the expansion of f(H_ϵ) into pseudodifferential operators f(H_ϵ) ∼ ∑ j h^kc_k(x, hD, ϵ), where ∂^γ_{x,ξ}∂^j_ϵ c_k(x, ξ, ϵ) = O(⟨x⟩^{−jρ} ) (see [4, 7] for details). We get terms like T r ( U_0(t)A^±_N (ϵ, h) ) where A^±_N (ϵ, h) = B̃^±_N (h, ϵ)^⋆c_k(x, hD, ϵ)Ã^±_N (h, ϵ). We perform the Taylor expansion with respect to ϵ; the estimates on the symbols of A^+_N (ϵ, h) and B^+_N (ϵ, h) given by (3.12), (3.13) and proposition (3.4) show that A^±_N (1, h) − p−1∑ j=0 1 j! ∂^j_ϵ A^±_N (ϵ, h)_{|ϵ=0} = ã_N (x, hD, h)

with a symbol ã_N ∈ S_1(−∞, −pρ) (compactly supported in ω^{−1}(I) with respect to ξ) with a full asymptotic expansion in h, and after inverse Fourier transform, we get a smooth function with complete asymptotic expansion in h, by the same method as in [34].

2.4.3 conclusion

By the previous steps, the theorem is proved when q ∈ S_1(ω, −μ). All our constructions depend continuously on q ∈ B for the S_1(ω, −ρ) topology, therefore by an easy density argument we get the result in the general case, and the proof is complete. □

3 Isozaki-Kitada’s parametrix with parameters

3.1 A review of the construction

Let I be an open interval in (0, ∞), non critical for ω, i.e. ω(ξ) ∈ I ⇒ ∇ω(ξ) ≠ 0. For all R > 0, J open interval such that J ⋐ I and −1 < σ < 1 one defines the outgoing area Γ^+(R, J, σ) (resp. incoming Γ^−) by Γ^±(R, J, σ) = {(x, ξ) ∈ R^{2d} | |x| > R, ω(ξ) ∈ J, ± cos ( x, v(ξ) ) > σ} (3.1)

where v(ξ) = ∇ω(ξ) and cos(x, y) = ⟨x̂, ŷ⟩ with ẑ = z/|z|.

The Isozaki-Kitada parametrix (see [24]) is a microlocal approximation of U_ϵ(t) = exp(−itH_ϵ/h) of the following form U_ϵ(t)χ_±(x, hD) = A^±_N (h, ϵ)U_0(t)B^±_N (h, ϵ)^⋆ + h^N R^±_N (h, ϵ, t), ±t ≥ 0. (3.2) Here χ_+ (resp. χ_−) is supported in the outgoing (resp. incoming) area Γ^+(R, J, σ_+) (resp. Γ^−(R, J, σ^−)), R^±_N (h, ϵ, t) are remainders that we’ll describe later, and A^±_N (h, ϵ), B^±_N (h, ϵ) are FIO with phase functions independent of t, given by A^±_N (h, ϵ) = ∑ k≤N h^kJ_φ± (a^±_k ) where J_φ± (a^±)u(x) = (2πh)^{−d} ∫∫ e^{i(φ±(x,ξ,ϵ,h)−⟨y,ξ⟩)/h}a^±(x, ξ, ϵ, h)u(y)dydξ, u ∈ S(R^d ), and the same with b instead of a for B.

Usually, the phase functions φ^± and the symbols a^±_k , b^±_k are independent of h; here we allow a h-dependance, for some minor technical reasons, and the reader may forget it in the first reading. Moreover, when H_ϵ = −h^2Δ + ϵV , the phases doesn’t depend on h. This dependance is due to the fact that the principal symbol of V can depend on h.

The main point of this section is to study the behavior of Isozaki-Kitada’s parametrix with respect to ϵ, especially when one differentiates with respect to this parameter. The usual estimates on φ^± are |∂^α_x (φ^±(x, ξ) − ⟨x, ξ⟩)| = O(⟨x⟩^{1−ρ−|α|}) and, here, our goal is to show that φ^± depends smoothly on ϵ and that we get a power ⟨x⟩^{−ρ} at each differentiation with respect to ϵ. We also need to control the constructions with respect to the principal symbol of the perturbation, q ∈ B (see the previous section).

We only treat the outgoing case, since the incoming is similar and we drop the supscrit + on the phases and the symbols.

Let σ_0 ∈ (−1, 1), and J_0 an open interval such that J_0 ⋐ I. We shall use the following notation H^{cl}_ϵ (x, ξ, ϵ, h) = ω(ξ) + ϵq(x, ξ, h). This first proposition solves the Hamilton-Jacobi equation (3.3) and lists the properties of the phase.

Proposition 3.1. There exists R_0 > 0 such that for all q ∈ B, one can find a function φ ∈ C^∞(R^{2d} × [0, 1] × [0, h_0], R) satisfying H^{cl}_ϵ (x, ∂_xφ(x, ξ, ϵ, h), h) = ω(ξ), (3.3) for all (x, ξ) ∈ Γ^+(R_0, J_0, σ_0), ϵ ∈ [0, 1] and h ∈ [0, h_0]. φ satisfies the additional conditions: φ(x, ξ, 0, h) = ⟨x, ξ⟩, (3.4) |∇^t_x∇_ξφ(x, ξ, ϵ, h) − 1_d| ≤ 1/2, (3.5) |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h ( φ(x, ξ, ϵ, h) − ⟨x, ξ⟩ ) | ≤ C(α, β, n, l)⟨x⟩^{1−|α|−ρn+} , (3.6) for all (x, ξ, ϵ, h) ∈ R^{2d} × [0, 1] × [0, h_0] and α, β, n, l, with the notation n_+ = max(1, n). Moreover we can choose the function φ depending continuously on q, that is |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h ( φ_1(x, ξ, ϵ, h) − φ_2(x, ξ, ϵ, h) ) | ≤ C^′(α, β, n, l)N (q^1 − q^2)⟨x⟩^{1−|α|−ρn+} (3.7) for some semi-norm N on S_1(ω, −ρ), when φ_j is associated to q^j , j = 1, 2.

The proof of this proposition will be established in the next subsection. In the present subsection, we are only interested in the construction of the parametrix and we quote the results that we are going to use.

Once the phase function is defined, we have to consider X = X(t, x, ξ, ϵ, h), the solution of the following differential equation { Ẋ = Θ(X, ξ, ϵ, h), X_{|t=0} = x, where Ẋ = ∂_tX and Θ is the vector field defined by Θ(x, ξ, ϵ, h).∇_x = (∇_ξ H^{cl}_ϵ ) ( x, ∂_xφ(x, ξ, ϵ, h), h ) .∇_x. Let J_1 be an open interval such that J_1 ⋐ J_0, and let σ_1 be such that −1 < σ_1 < σ_0.

Proposition 3.2. There exists R_1 > 0 and e_1 > 0 such that, for all (x, ξ) ∈ Γ^+(R_1, J_1, σ_1), (ϵ, h) ∈ [0, 1] × [0, h_0], and q ∈ B, the solution X(t, x, ξ, ϵ, h) is defined for t ≥ 0, and satisfies |X(t, x, ξ, ϵ, h)| ≥ e_1(t + |x|), (3.8) ( X(t, x, ξ, ϵ, h), ξ ) ∈ Γ^+(R_0, J_0, σ_0). (3.9)

Moreover, for all α, β, n, l there exists C > 0 such that |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h ( X(t, x, ξ, ϵ, h) − x − tv(ξ) ) | ≤ C⟨t⟩⟨x⟩^{−|α|−ρn+} , (3.10) for all (x, ξ) ∈ Γ^+(R_1, J_1, σ_1), (ϵ, h) ∈ [0, 1] × [0, h_0], t ≥ 0 and q ∈ B.

More generally, if the supscripts j refer to functions associated to q^j , j = 1, 2, then, for all α, β, n, l, there exists a constant C and a semi-norm N in S_1(ω, −ρ) such that |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h ( X_1 − X_2 ) (t, x, ξ, ϵ, h)| ≤ CN (q^1 − q^2)⟨t⟩⟨x⟩^{−|α|−ρn+} (3.11) with respect to the same variables as in (3.10).

Proof. We use the proposition A.5 to prove (3.8) and (3.9), and proposition A.1, applied to y = X −x−tv(ξ) and η = 0 to prove (3.10). The details are essentially the same as for the previous proposition and we don’t go into details. □ Now we are in position to define the symbols a_0, a_1, · · · , a_N in Γ^+(R_1, J_1, σ). For j = 0 a_0(x, ξ, ϵ, h) = exp (∫_{+∞} 0 p_0 ( X(t, x, ξ, ϵ, h), ξ, ϵ, h ) dt ) , and for j ≥ 1 we have a_j (x, ξ, ϵ, h) = ∫_{+∞} 0 p_j ( X(t, x, ξ, ϵ, h), ξ, ϵ, h ) exp (∫_t 0 p_0 ( X(s, x, ξ, ϵ, h), ξ, ϵ, h ) ds ) dt. The symbols p_0, p_1, · · · are defined inductively by p_0(x, ξ, ϵ, h) = 1 2 tr (( ∂^2_{ξ,ξ} H^{cl}_ϵ ) (x, ∂_xφ(x, ξ, ϵ, h), h). ( ∂^2_{x,x}φ ) (x, ξ, ϵ, h) ) , p_j = ∑ j0 +j1+j2 =j+1, j1 <j (H̃^{cl}_{j0} #a_{j1} )_{j2} , j ≥ 1,

where H̃^{cl}_{j0} = q_{j0} if j_0 > d, H̃^{cl}_0 = H^{cl}_ϵ , H̃^{cl}_{j0} = 0 for 1 ≤ j_0 < d, and (H#a)_j is the j^{th} term in the expansion of the symbol of H(x, hD)J_φ(a). Then we have the following estimates, if (x, ξ) ∈ Γ^+(R_1, J_1, σ), ϵ ∈ [0, 1], h ∈ [0, h_0] and q ∈ B: |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h(a_0(x, ξ, ϵ, h) − 1)| ≤ C⟨x⟩^{−|α|−ρn}, (3.12) |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_ha_k(x, ξ, ϵ, h)| ≤ C⟨x⟩^{−k−|α|−ρn}, k ≥ 1. (3.13) Note that all these symbols depend continuously on q ∈ B, because of (3.7) and (3.11). The estimate (3.12) proves that, by choosing R_1 large enough, one can assume that a_0 ≥ 1/2 in the outgoing area that we consider (A_N (ϵ, h) is then said to be elliptic in this area). Then, after multiplication by a cutoff function in S_1(−∞, 0) supported in Γ^+(R_1, J_1, σ) and which is ≡ 1 near Γ^+(R_2, J_2, σ_2), for arbitrary R_2 > R_1, J_2 ⋐ J_1 and −1 < σ_2 < σ_1, the symbols a_0, · · · , a_N are globally defined.

Now we can construct the symbols b_0, b_1, · · · , b_N ; they are defined inductively by requiring that A_N (h, ϵ)B_N (h, ϵ)^⋆ = χ_+(x, hD) + h^{N+1}r_N (x, hD, ϵ, h), (3.14) where r_N decays faster and faster in the x variable (see the estimate (3.19)). This is, of course, a well known consequence of the Egorov’s theorem. However, since our result is based on a careful control of the constructions with respect to ϵ, we recall a few details. The kernel of A_N (h, ϵ)B_N (h, ϵ)^⋆ is the sum, when k_1, k_2 ≤ N of h^{k1+k2} (2πh)^d ∫ e^{i(φ(x,ξ,ϵ,h)−φ(y,ξ,ϵ,h))/h}a_{k1} (x, ξ, ϵ, h)b_{k2} (y, ξ, ϵ, h)dξ. (3.15) Then, by Taylor’s formula, we write φ(x, ξ, ϵ, h) − φ(y, ξ, ϵ, h) = ⟨x − y, η̃(x, y, ξ, ϵ, h)⟩ where η̃(x, y, ξ, ϵ, h) = ∫_1 0 ∇_xφ(y + u(x − y), ξ, ϵ, h)du satisfies the properties which we sum up in the following lemma.

Lemma 3.3. i) The map ξ → η̃(x, y, ξ, ϵ, h) is a global diffeomorphism of R^d . ii) If we call ξ̃(x, y, ., ϵ, h) its inverse, we have the following estimates C^{−1}_0 ⟨η⟩ ≤ ⟨ξ̃(x, y, η, ϵ, h)⟩ ≤ C_0⟨η⟩, for some C_0 > 0, (3.16) |∂^α_x ∂^{α′}_y ∂^β_η ∂^n_ϵ ∂^n_h (ξ̃(x, y, η, ϵ, h) − η)| ≤ C_{α,α}′_{,β,n,l}⟨x⟩^{−m}⟨y⟩^{−m′ −ρn+} ⟨x − y⟩^{m+m′+ρn+} (3.17) for all x, y, η ∈ R^d , ϵ ∈ [0, 1], h ∈ [0, h_0], and m, m^′ such that m ≤ |α|, m^′ ≤ |α^′|. Moreover all these estimates are uniform with respect to q ∈ B and we have continuity estimates for ξ̃ analogous to (3.7).

Proof. The fact that we get a global diffeomorphism is just due to (3.5) and to a global inversion theorem of [37]. Then the estimates are simple consequences of proposition 3.1. □ After the change of variable ξ = ξ̃(x, y, η, ϵ, h), (3.15) can be written as the sum, for k_1, k_2 ≤ N, of the kernels of (2πh)^{−d}h^{k1 +k2} c_{k1 ,k2} (x, hD, ϵ, h), where c_{k1 ,k2} (x, η, ϵ, h) ∼ ∑ α h^{|α|} 1 α! ∂^α_y D^α_η ( a_{k1} (x, ξ̃, ϵ, h)b_{k2} (y, ξ̃, ϵ, h) | ∂ξ̃ ∂η | ) |_{y=x} (3.18)

in which one must keep in mind that ξ̃ = ξ̃(x, y, η, ϵ, h). This allows to compute explicitly b_0, · · · , b_N by saying that the right hand side of (3.18) must be equal to χ_+(x, η). This yields b_0(x, ξ, ϵ, h) = χ_+(x, η̃(x, x, ξ, ϵ, h)) ( a_0(x, ξ, ϵ, h) | | ∂ ξ̃ ∂η (x, x, η̃(x, x, ξ, ϵ, h), ϵ, h) | | )_{−1}

which is well defined since the term in (· · · )^{−1} cannot vanish on the support of χ_+(., η̃(., ., ., ϵ, h)). We don’t go any further into details and summarize the results on the symbols b_0, · · · , b_N in the following proposition. Let J_3 ⋐ J_2 and −1 < σ_3 < σ_2.

Proposition 3.4. If χ_+ is supported in Γ^+(R_3, J_3, σ_3) with R_3 large enough, one can find symbols b_0, · · · , b_N supported in Γ^+(R_2, J_2, σ_2), depending smoothly on ϵ, h such that: |∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_hb_k(x, ξ, ϵ, h)| ≤ C⟨x⟩^{−k−|α|−ρn}, 0 ≤ k ≤ N, and b_k depends continuously, in S_1(−∞, −k), on q ∈ B. Moreover (3.14) holds with r_N (., ., ϵ, h) in a bounded subset of S_1(−∞, −N), depending continuously on q and such that |∂^α_x ∂^β_ξ ∂^n_ϵ r_N (x, ξ, ϵ, h)| ≤ C⟨x⟩^{−N−|α|−ρn}, (3.19) All what we have done leads to the following theorem.

Theorem 3.5. For all J ⋐ I, and −1 < σ_+ < 1, there exists R > 0, such that, if supp χ_+ ⊂ Γ^+(R, J, σ_+), then U_ϵ(t)χ_+(x, hD) − A_N (ϵ, h)U_0(t)B_N (ϵ, h)^⋆ is equal to h^N ∫_t 0 U_ϵ(t − s)K_N (h, ϵ, s)ds + h^{N+1}U_ϵ(t)r_N (x, hD, ϵ, h), (3.20) for all t ≥ 0, h ∈ [0, h_0], ϵ ∈ [0, 1] and q ∈ B. r_N (., ., ϵ, h) is a symbol in S_1(−∞, −N) which depends smoothly on ϵ, and is bounded with respect to h. The kernel K_N (x, y, h, ϵ, s) of K_N (h, ϵ, s) satisfies the following estimates: ∂^α_x ∂^β_y ∂^n_ϵ K_N (x, y, h, ϵ, s) = O(⟨x⟩^{−[N/4]−|α|}⟨y⟩^{−[N/4]−|β|}⟨s⟩^{−[N/4]}), for all s ≥ 0, x, y ∈ R^d , h ∈ (0, h_0], ϵ ∈ [0, 1] and uniformly with respect to q ∈ B.

3.2 Proof of proposition 3.1

Following [24, 16, 34], we first recall the formula which defines φ in some suitable outgoing area φ(x, ξ, ϵ, h) = ⟨x, ξ⟩ + ∫_{+∞} 0 ∂F ∂t (t, x, ξ, ϵ, h)dt (3.21) where we have, for some R > 0 big enough (whose existence will be proved below) ∂F ∂t (t, x, ξ, ϵ, h) = H^{cl}_ϵ (z̃(t, x, ξ, ϵ, h), ξ, h) − H^{cl}_ϵ (z̃(t, Rv(ξ), ξ, ϵ, h), ξ, h), (3.22) z̃(t, x, ξ, ϵ, h) = x(t, x, η(t, x, ξ, ϵ, h), ϵ, h) (3.23) with η(t, x, ., ϵ, h) the inverse of the diffeomorphism Γ^+_x (R^′, J^′, σ^′) ∋ η → ξ(t, x, η, ϵ, h) (3.24) which is well defined on Γ^+_x (R^′, J^′, σ^′) = {η ∈ R^d | (x, η) ∈ Γ^+(R^′, J^′, σ^′)} (3.25) for a suitable outgoing area Γ^+(R^′, J^′, σ^′) (see lemma 3.7 below). Everywhere, (x(t, .), ξ(t, .)) denotes the classical flow, that is the solution to { ∂_tx = ∂_ξ H^{cl}_ϵ (x, ξ, h), x(0, x, ξ, ϵ, h) = x, ∂_tξ = −∂_xH^{cl}_ϵ (x, ξ, h), ξ(0, x, ξ, ϵ, h) = ξ. The proof just consists in a technical review of proofs of [16, 34] to show that all the objects can be constructed and estimated uniformly with respect to the parameters ϵ, h and q.

Let J ⋐ I, and σ ∈ (−1, 1). The first step is to estimate the classical flow; this is the goal of the the next lemma where, if q_1, q_2 ∈ B, we denote by (x_1, ξ_1) and (x_2, ξ_2) the respective Hamiltonian flows of ω + ϵq_1 and ω + ϵq_2.

Lemma 3.6. There exists R > 0 such that, for all γ defined by ∂^γ = ∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h, one can find C > 0 and N semi-norm in S_1(ω, −ρ) such that |∂^γ ( x_1 − x_2 ) (t, x, ξ, ϵ, h)| ≤ CN (q_1 − q_2)⟨t⟩⟨x⟩^{−|α|−ρn+} , |∂^γ ( ξ_1 − ξ_2 ) (t, x, ξ, ϵ, h)| ≤ CN (q_1 − q_2)⟨x⟩^{−|α|−ρn+} , for all (x, ξ) ∈ Γ^+(R, J, σ), (ϵ, h) ∈ [0, 1] × [0, h_0], t ≥ 0 and q_1, q_2 ∈ B.

Proof. By reviewing the proof of lemma 2.2 of [16] (see also proposition A.5 of this paper), one get easily the existence of R > 0 and c > 0 such that |x(t, x, ξ, ϵ, h) − x − tv(ξ)| ≤ c⟨t⟩⟨x⟩^{−ρ}, (3.26) |ξ(t, x, ξ, ϵ, h) − ξ| ≤ c⟨x⟩^{−ρ}, (3.27) |x(t, x, ξ, ϵ, h)| ≥ c^{−1}(|x| + t) (3.28) for all t ≥ 0, q ∈ B, ϵ ∈ [0, 1], h ∈ [0, h_0] and (x, ξ) ∈ Γ^+(R, J, σ). From this we deduce that our lemma is true when q_2 ≡ 0; indeed, by considering y = ∂_ϵx and η = ∂_ϵξ, wee see that they are solutions of the system (A.1) with y_0 = ∂_ξq(x, ξ), η_0 = −∂_xq(x, ξ) (verifying (A.4) with μ = 0) and A = ϵ∂^2_{x,ξ}q(x, ξ), B = ∂^2_{ξ,ξ}ω(ξ) + ϵ∂^2_{ξ,ξ}q(x, ξ), C = −ϵ∂^2_{x,x}q(x, ξ), D = −ϵ∂^2_{x,ξ}q(x, ξ), which satisfies (A.2), (A.3), because q ∈ B and thanks to the estimates (3.26), (3.27) and (3.28) . More generally, by induction on |γ| ≥ 0, we get the estimates on ∂^γ ∂_ϵx, ∂^γ ∂_ϵξ by mean of the proposition A.1. This proves the result when q_2 ≡ 0. Then we get the general result by considering the system (A.1) with y = x_2 − x_1, η = ξ_2 − ξ_1 and A = ∫_1 0 ϵ∂^2_{x,ξ}q_2(x_1 + u(x_2 − x_1), ξ_1)du, B = ∫_1 0 ∂^2_{ξ,ξ}ω(ξ_1 + u(ξ_2 − ξ_1)) + ϵ∂^2_{ξ,ξ}q_2(x_2, ξ_1 + u(ξ_2 − ξ_1))du, C = − ∫_1 0 ϵ∂^2_{x,x}q_2(x_1 + u(x_2 − x_1), ξ_2)du, D = − ∫_1 0 ϵ∂^2_{x,ξ}q_2(x_1, ξ_1 + u(ξ_2 − ξ_1))du,

and with the second terms y_0 and η_0 given by

y_0 = ϵ ( ∂_ξ q_2(x_1, ξ_1) − ∂_ξ q_1(x_1, ξ_1) ) , η_0 = ϵ ( ∂_xq_1(x_1, ξ_1) − ∂_xq_2(x_1, ξ_1) ) . By increasing R if necessary (uniformly with respect to ϵ, h, q) so that, for some c^′ > 0

|x_1 + u(x_2 − x_1)| ≥ c^′(|x| + t), ∀ u ∈ [0, 1],

we see that A, B, C, D, y_0 and η_0 satisfy (A.2), (A.3) and (A.4). This allows us to use again proposition A.1 from which we get the result by applying ∂^γ to this new system, arguing by induction on |γ| ≥ 0 (remark that because of the forms of y_0 and η_0 we’ll get estimates with N (q_2 − q_1)). □

Lemma 3.7. There exists R̃ ≥ R such that, for all |x| > R̃, t ≥ 0, (ϵ, h) ∈ [0, 1] × [0, h_0] and q ∈ B Γ^+_x (R̃, J, σ) ∋ η → ξ(t, x, η, ϵ, h) is a diffeomorphism onto its range. We call η(t, x, ., ϵ, h) its inverse.

Proof: We use the same method as Gérard-Martinez in [16]: thanks to lemma 3.6, ∂_ηξ is invertible when |x| ≥ R̃ >> 1, so we have a local diffeomorphism, and then it is sufficient to show that ξ is injective. This is a consequence of the fact that, when η, η^′ ∈ Γ^+_x (R̃, J, σ) | ξ(t, x, η, ϵ, h) − ξ(t, x, η^′, ϵ, h) | ≥ 1 2 |η − η^′|, ∀ |x| ≥ R̃, t ≥ 0, ϵ ∈ [0, 1], h ∈ [0, h_0], q ∈ B if R̃ is big enough, by application of the Taylor formula to the second order, and using again the previous lemma. The proof is complete. □ The following proposition, which “controls” the range of (x, η) → (x, ξ(t, x, η, ϵ, h)) will be useful to define (3.23) (and hence (3.21)) in an outgoing area independent on ϵ, h and q.

Proposition 3.8. For all open interval J^′, with J^′ ⊂ J and all −1 < σ^′ < σ, there exists R^′ > 0 such that Γ^+(R^′, J^′, σ^′) ⊂ Φ_{t,ϵ,h,q} ( Γ^+(R, J, σ) ) (3.29)

for all t ≥ 0, (ϵ, h) ∈ [0, 1] × [0, h_0] and q ∈ B, where Φ_{t,ϵ,h,q} denotes the following map Γ^+(R, J, σ) ∋ (x, η) → ( x, ξ(t, x, η, ϵ, h) ) which is a diffeomorphism onto its (open) range.

Moreover, we can choose R^′ such that, for all γ there exists C ≥ 0 and N semi-norm in S_1(ω, −ρ) such that, for all (x, ξ) ∈ Γ^+(R^′, J^′, σ^′), ϵ ∈ [0, 1], h ∈ [0, h_0] and q_j ∈ B we have |∂^γ ( η_1 − η_2 ) (t, x, ξ, ϵ, h)| ≤ CN (q_1 − q_2)⟨x⟩^{−|α|−ρn+} , (3.30) where η_j is associated to q_j , j = 1, 2.

Proof. (3.29) is based on the following basic topological fact (see [33]): if A, B ⊂ R^n with A connected, and if f : B → R^n is an homeomorphism onto its range, then A ∩ f(B) ≠ ∅ and A ∩ f(∂B) = ∅ ⇒ A ⊂ f(B). To use this property, we write ω^{−1}(J^′) = ∐ j Ω_j , where the Ω_j ’s are the (open) connected components of ω^{−1}(J^′). For all R^′, Γ^+_j (R^′) = {(x, ξ) | |x| > R^′, ξ ∈ Ω_j , cos(x, v(ξ)) > −σ^′} is connected (simple exercise), thus it is sufficient to prove that: ∀ R^′ ≥ R, ∀j, ∀t, ϵ, h, q, Γ^+_j (R^′) ∩ Φ_{t,ϵ,h,q} ( Γ^+(R, J, σ) ) ≠ ∅, (3.31) ∃ R^′ ≥ R, ∀j, ∀t, ϵ, h, q, Γ^+_j (R^′) ∩ Φ_{t,ϵ,h,q} ( ∂Γ^+(R, J, σ) ) = ∅. (3.32)

(3.31) is a simple consequence of the fact that ξ(t, x, ξ, ϵ, h) → ξ as |x| → ∞, because it implies that Φ_{t,ϵ,h,q}(x, ξ) ∈ Γ^+_j (R^′) if (x, ξ) ∈ Γ^+_j (R^′) ( ⊂ Γ^+(R, J, σ) ) with |x| big enough. In order to prove (3.32), we remark that, if (x, ξ) ∈ Γ^+_j (R^′) ∩ Φ_{t,ϵ,h,q} ( ∂Γ^+(R, J, σ) ) , with R^′ > R then there exists ξ^′ such that ξ = ξ(t, x, ξ^′, ϵ, h) and ( ω(ξ^′) ∈ ∂J or cos(x, v(ξ^′)) = −σ ) . (3.33)

By lemma 3.6, it is clear that, given any δ > 0, we have |ξ − ξ^′| < δ if R^′ >> 1 (uniformly with respect to t, ϵ, h, q); as J is a neighborhood of J^′ and σ ≠ σ^′, (3.33) is impossible if R^′ is big enough. This completes the proof of the first point. To prove the estimate (3.30), we use the trivial relation 0 = ( ξ_1(t, x, η_1, ϵ, h) − ξ_1(t, x, η_2, ϵ, h) ) + ( ξ_1(t, x, η_2, ϵ, h) − ξ_2(t, x, η_2, ϵ, h) ) . (3.34)

Since, for any δ > 0, we can choose R^′ > 0 big enough, such that |η_j − ξ| ≤ δ, (j = 1, 2) and |∂_ξξ_1(t, x, uη_1 + (1 − u)η_2, ϵ, h) − 1_d| ≤ δ, for all u ∈ [0, 1], (x, ξ) ∈ Γ^+(R^′, J^′, σ^′)), ϵ ∈ [0, 1], h ∈ [0, h_0] and q_j ∈ B, we get by Taylor formula: ∫_1 0 ∂_ξ ξ_1(t, x, uη_1 + (1 − u)η_2, ϵ, h)du(η_2 − η_1) = O ( N (q_1 − q_2)⟨x⟩^{−ρ} )

which proves the result when |γ| = 0, by using the lemma 3.6. Then we get the general result by induction on |γ| by differentiating the relation (3.34). We don’t go further into details. □ Proof of the proposition 3.1. First we mention that the fact that φ, given by (3.21), satisfies the Hamilton-Jacobi equation (3.3), is standard (see again [16, 34]) and we only insist on the proof of the estimates.

Let J_0 and σ_0 be fixed and let’s choose open intervals J, J^′ and real numbers σ, σ^′ such that J_0 ⋐ J^′ ⋐ J ⋐ I and −1 < σ_0 < σ^′ < σ < 1.

According to the formula (3.21) and following [16], the estimate (3.6) will be a consequence of the fact that |∂^γ ( ∂_xz̃(t, x, ξ, ϵ, h) − 1_d ) | ≤ c_γ ⟨x⟩^{−|α|−ρn+} (3.35) where ∂^γ = ∂^α_x ∂^β_ξ ∂^n_ϵ ∂^l_h and c_γ is a constant independent of t ≥ 0, (x, ξ) ∈ Γ^+(R^′, J^′, R^′), and ϵ, h, q. To prove this estimate, we study, when 0 ≤ s ≤ t, x(s, η) = x(s, η(t)) = x(s, x, η(t, x, ξ, ϵ, h), ϵ, h), ξ(s, η) = ξ(s, η(t)) = ξ(s, x, η(t, x, ξ, ϵ, h), ϵ, h) which are solutions of the following equations x(s, η(t)) = x + ∫_s 0 ∂_ξ ω(ξ(u, η)) + ϵ∂_ξq(x(u, η), ξ(u, η), h)du, (3.36) ξ(s, η(t)) = ξ + ∫_t s ϵ∂_xq(x(u, η), ξ(u, η), h)du. (3.37) We remark that the following three estimates hold, when (x, ξ) ∈ Γ^+(R^′, J^′, σ^′), ϵ ∈ [0, 1], h ∈ [0, h_0], q ∈ B and t ≥ 0, if we choose R^′ > 0 large enough |x(s, η(t))| ≥ e_0(s + |x|), (3.38) |∂^γ ( x(s, η(t)) − x − sv(ξ) ) | ≤ c_γ ⟨s⟩⟨x⟩^{−ρn+ −|α|}, (3.39) |∂^γ ( ξ(s, η(t)) − ξ ) | ≤ c_γ ⟨x⟩^{−ρn+ −|α|}. (3.40) (3.38) is a consequence of (3.39) which, as (3.40), is a consequence of (3.30) and lemma 3.6. Now we can prove (3.35) when |γ| = 0 because, by applying ∂_x to (3.36) and (3.37), we find that (y, η) defined as y = ∂_x ( x(s, η(t)) − x ) , (3.41) η = ∂_x ( ξ(s, η(t)) ) , (3.42) is solution of a system as (A.10) (notice that the fact that y and η are matrices and not vectors is irrelevant), so proposition A.3 proves that, uniformly with respect to the parameters, we have |y| ≤ c|x|^{−ρ}, |η| ≤ c(s + |x|)^{−1−ρ′} |x|^{ρ′ −ρ} (see proposition A.3 for the definition of ρ^′). Then we get, by induction on |γ| ≥ 0, that |∂^γ y| ≤ c_γ |x|^{−|α|−ρn+} , (3.43) |∂^γ η| ≤ c_γ (s + |x|)^{−1−ρ′} |x|^{ρ′ −|α|−ρn+} , (3.44) again by application of proposition A.3 and using the fact that, when a ∈ S_1(ω, −μ) with μ ≥ 0, ∂^γ ( a(x(s, η(t)), ξ(s, η(t))) ) = O ( (s + |x|)^{−μ}|x|^{−|α|−ρn} ) , so the estimate (3.35) is proved. In the same way, (3.7) is essentially a consequence of the fact that |∂^γ ( ∂_xz̃_1(t, x, ξ, ϵ, h) − ∂_xz̃_2(t, x, ξ, ϵ, h) ) | ≤ c_γ N (q_1 − q_2)⟨x⟩^{−|α|−ρn+} with z̃_j associated to q_j . The proof of this new estimate is done as before applying proposition A.3 (with C_1 = O(N (q_1 − q_2))) to y = y_1 − y_2 and η = η_1 − η_2, if y_j and η_j are defined by (3.41) and (3.42) with x_j and η_j , instead of x and η. We can apply proposition A.3, once we have chosen R^′ large enough so that |x_1 + u(x_2 − x_1)| ≥ c^′(|x| + t), ∀ u ∈ [0, 1]

with c^′ > 0, which allows to get the right estimates for the matrices involved in the system from which (y, η) is solution.

Finally, choosing R_0 > R^′, and multiplying ∂F/∂t by a cutoff function in S_1(−∞, 0) supported in Γ^+(R^′, J^′, σ^′) and identically 1 in a neighborhood of Γ^+(R_0, J_0, σ_0), we get the result. □

A Estimates on solutions of some ODE

In this appendix, we are going to give estimates on y = y(t, x) and η = η(t, x) solutions of some ordinary differential equations, or integral equations.

The first proposition will prove estimates on the solutions of the following linear differential system (where ż = ∂_tz) { ẏ = Ay + Bη + y_0, η̇ = Cy + Dη + η_0,

(A.1)

where A, B, C, D are d × d matrices and y_0, η_0 are vectors of R^d all depending continuously on (t, x) ∈ [0, ∞) × E(R), with E(R) ⊂ B(0, R)^c, and satisfying the following estimates for some C_0 ≥ 0, C_1 ≥ 0 and μ ≥ 0 |A(t, x)| ≤ C_0(t + |x|)^{−ρ−1}, |B(t, x)| ≤ C_0, (A.2) |C(t, x)| ≤ C_0(t + |x|)^{−ρ−2}, |D(t, x)| ≤ C_0(t + |x|)^{−ρ−1}, (A.3) |y_0(t, x)| ≤ C_1|x|^{−μ−ρ}, |η_0(t, x)| ≤ C_1|x|^{−μ}(t + |x|)^{−1−ρ} (A.4) for all t ≥ 0 and x ∈ E(R) (the matrix norm, also denoted by |.| is such that |Ez| ≤ |E|.|z|).

Proposition A.1. There exists R ≥ 1 large enough, and C_2 which both depend only on C_0 and ρ, such that for all x ∈ E(R), the solution (y, η) which vanishes at t = 0 satisfies |y(t, x)| ≤ C_2C_1⟨t⟩|x|^{−μ−ρ}, (A.5) |η(t, x)| ≤ C_2C_1|x|^{−μ−ρ}. (A.6) The proof is a consequence of the following lemma.

Lemma A.2. Assume that C_1 = 1. Then for all 0 < ε ≤ 1 there exists R = R(C_0, ρ, ε) ≥ 1, such that for all |x| ≥ R and t ≥ 0 |y(t, x)| ≤ ε⟨t⟩|x|^{ρ2 −μ−ρ}, |η(t, x)| ≤ ε|x|^{ρ2 −μ−ρ}. Proof. Let’s choose R such that 2e^{2C0} R^{− ρ2} ≤ ε, (A.7) 2C_0 ∫_∞ 0 (|x| + s)^{−ρ−1}ds + |x|^{ρ− ρ2} ∫_∞ 0 (|x| + s)^{−1−ρ}ds ≤^ε_4 |x|^{− ρ4} , ∀ x ∈ E(R), (A.8) C_0 ∫_∞ 0 (R + s)^{−ρ−1}ds + C_0R^{− ρ4} + R^{− ρ2} ≤^ε_2 . (A.9) We shall prove that for all x ∈ E(R), we have I(x) = [0, ∞) where I(x) = {T ≥ 0 | |y(t, x)| ≤ ε⟨t⟩|x|^{ρ2 −μ−ρ} and |η(t, x)| ≤ ε|x|^{ρ2 −μ−ρ}, ∀ t ∈ [0, T ]}. For t ∈ [0, 1] we have easily |y(t, x)| + |η(t, x)| ≤ 2C_0 ∫_t 0 |y(s, x)| + |η(s, x)|ds + 2|x|^{−μ−ρ}, so by the Gronwall’s lemma we get |y(t, x)| + |η(t, x)| ≤ 2|x|^{−μ−ρ}e^{2C0} , ∀ t ∈ [0, 1] and the right-hand side is lower than ε|x|^{ρ2 −μ−ρ} if (A.7) is satisfied, hence I(x) is not empty. Moreover I(x) is clearly an interval so we just have to prove that T (x) := sup I(x) = +∞. We argue by contradiction so we assume that T (x) < ∞. Then for all t ∈ [0, T (x)] we get, by integrating the second equation of (A.1) between 0 and t |y(t, x)| ≤ 2C_0 ∫_t 0 (|x| + s)^{−ρ−1}ε|x|^{ρ2 −μ−ρ}ds + |x|^{−μ} ∫_t 0 (s + |x|)^{−1−ρ}ds ≤ ε 4 |x|^{− ρ4 + ρ2 −μ−ρ} if (A.8) is satisfied; then using this new estimate and by integrating the first equation of (A.1) between 0 and t we get |y(t, x)| ≤ ⟨t⟩|x|^{ρ2 −μ−ρ} ( εC_0 ∫_t 0 (s + |x|)^{−1−ρ}ds + εC_0|x|^{− ρ4} + |x|^{− ρ2} )

≤ ε 2 ⟨t⟩|x|^{ρ2 −μ−ρ} if (A.9) is satisfied. This shows that the estimates on y and η are valid on [0, T^′] with T^′ > T (x) which is a contradiction. □

Proof of the proposition. If C_1 = 0, y = η = 0 and the result is trivial. If C_1 > 0, then y/C_1, η/C_1 is solution of the same system with y_0, η_0 replaced by y_0/C_1, η_0/C_1 which satisfies |y_0/C_1| ≤ |x|^{−μ−ρ} and |η_0/C_1| ≤ |x|^{−μ}(t + |x|)^{−1−ρ}, so we may use the previous lemma. We choose ε = 1 so, for some R ≥ 1 depending only on C_0 and ρ, we have |y(t, x)/C_1| ≤ ⟨t⟩|x|^{ρ2 −μ−ρ}, and |η(t, x)/C_1| ≤ |x|^{ρ2 −μ−ρ}, ∀ t ≥ 0, |x| ≥ R. Then by integrating the second line of (A.1) we get |η(t, x)/C_1| ≤ C_0 ∫_∞ 0 (s + |x|)^{−2−ρ}(1 + s)|x|^{ρ2 −μ−ρ}ds + C_0 ∫_∞ 0 (s + |x|)^{−1−ρ}|x|^{ρ2 −μ−ρ}ds + |x|^{−μ} ∫_∞ 0 (s + |x|)^{−1−ρ}ds ≤ C_2|x|^{−μ−ρ} with C_2 which depends only on C_0 and ρ. In the same way we get the expected estimate on y/C_1 (by using the final estimate on η/C_1). The proof is complete. □

Our second proposition proves estimates on the solutions of the following system of integral equations

y(s) = y_0(s) + ∫_s 0 A(u)y(u)du + ∫_s 0 B(u)η(u)du, η(s) = η_0(s) + ∫_t s C(u)y(u)du + ∫_t s D(u)η(u)du, (A.10)

where 0 ≤ s ≤ t, and y = y(s) = y(s, x) (as η, y_0, η_0, A, B, C and D), with A, B, C, D d × d matrices satisfying (A.2), (A.3) and y_0, η_0 vectors satisfying (A.4). We assume moreover that the solution y, η of the system satisfies the following a priori estimates: |y| ≤ C_1⟨s⟩|x|^{−ρ−μ−1}, (A.11) |η| ≤ C_1|x|^{−ρ−μ−1}. (A.12) The fact that we integrate on [s, t] on the second line of (A.10) will provides estimates on y and η independent of s. Precisely we have

Proposition A.3. Assume that ρ^{−1} /∈ N. There exists C_2 which depends only on ρ and C_0, such that |y| ≤ C_2C_1|x|^{−ρ−μ}, (A.13) |η| ≤ C_2C_1(s + |x|)^{−1−ρ′} |x|^{ρ′ −ρ−μ}, (A.14) where ρ^′ > 0 is defined by 1 + ρ^′ = (k + 1)ρ, if k ≥ 0 is the lowest integer such that (k + 1)ρ > 1.

This proposition gives a L^∞ estimate for y with respect to s, and a L^1 one for η, which will be crucial for the proof of proposition 3.1.

Proof. By putting the a priori estimates (A.11) and (A.12) in the second equation of the system (A.10), we get easily that η(s) = O ( C_1(s + |x|)^{−ρ}|x|^{−μ−1} ) which means that |η(s)| ≤ cC_1(s + |x|)^{−ρ}|x|^{−μ−1} for some c depending only on ρ and C_0. Then using this new estimate together with (A.11) in the first equation of (A.10) we get y(s) = O ( C_1|x|^{−ρ−μ} ) + O ( C_1 ∫_s 0 (u + |x|)^{−ρ}|x|^{−μ−1}du ) and there are two cases; if ρ > 1: then we get the result and if ρ < 1, we have the estimate y(s) = O ( C_1|x|^{−ρ−μ} ) + O ( C_1(s + |x|)^{1−ρ}|x|^{−μ−1} ) so we are in position to apply the following lemma from which the proof of the proposition is a trivial consequence by a finite induction. □

Lemma A.4. Assume that for some n ≥ 1, we have η(s) = O ( C_1(s + |x|)^{−ρ−1}|x|^{−μ} ) + O ( C_1(s + |x|)^{−nρ}|x|^{−1−μ} ) , (A.15) y(s) = O ( C_1|x|^{−ρ−μ} ) + O ( C_1(s + |x|)^{1−nρ}|x|^{−1−μ} ) , (A.16)

then we have η(s) = O ( C_1(s + |x|)^{−ρ−1}|x|^{−μ} ) + O ( C_1(s + |x|)^{−(n+1)ρ}|x|^{−1−μ} ) , (A.17) and y(s) = { O ( C_1|x|^{−ρ−μ} ) + O ( C_1(s + |x|)^{1−(n+1)ρ}|x|^{−1−μ} ) , if 1 − (n + 1)ρ > 0 O ( C_1|x|^{−ρ−μ} ) , if 1 − (n + 1)ρ < 0.

Proof. Putting the estimates (A.16) and (A.15) in the second equation of the system (A.10) leads directly to the estimate (A.17). Then by putting (A.17) and (A.16) in the first equation of the system, one proves that y(s) = O ( C_1|x|^{−ρ−μ} ) + O ( C_1 ∫_s 0 (u + |x|)^{−(n+1)ρ}|x|^{−μ−1}du )

from which we deduce the estimates on y(s) in each case, and this completes the proof. □

Our final result gives estimates on y = y(t) = y(t, x, ξ), the solution of { ẏ = v(ξ) + w(y, ξ), y_{|t=0} = x, (A.18)

when (x, ξ) ∈ Γ^+(R_0, J_0, σ_0). We assume that w ∈ S_1(ω, −ρ) (with values in R^d ) which means that, for all α, β |∂^α_x ∂^β_ξ w(x, ξ)| ≤ C_{αβ} (1 + ω(ξ))⟨x⟩^{−ρ−|α|}. Then we have

Proposition A.5. There exists R̃_0 ≥ R_0 and c_0 (both depending only on J_0, σ_0 and a finite number of semi-norms of w in S_1(ω, −ρ)) such that, for all (x, ξ) ∈ Γ^+(R̃_0, J_0, σ_0), y(t, x, ξ) is defined for all t ≥ 0 and |y(t, x, ξ) − x − tv(ξ)| ≤ c_0⟨t⟩⟨x⟩^{−ρ}, ∀ t ≥ 0. Proof. By differentiating the expression ⟨ẏ, y⟩ with respect to t, we get easily

∂^2 ∂t^2 |y|^2 ≥ 2|ẏ|^2 − C⟨y⟩^{−ρ} (A.19) where C depends only on J_0 and some semi-norms of w. Independently, let’s remark that we can choose δ_0, e_0 > 0 small enough and R̃_0 large enough (all depending only on J_0, σ_0 and some semi-norms of w) such that

(1 − δ_0)t^2|v(ξ)|^2 + 2t⟨x, v(ξ) + w(x, ξ)⟩ + |x|^2 ≥ e_0(|x| + t)^2 (A.20)

for all t ≥ 0 and (x, ξ) ∈ Γ^+(R̃_0, J_0, σ_0). Now we introduce the set I(x, ξ) = {t ≥ 0 | 2|ẏ(s)|^2 − C⟨y(s)⟩^{−ρ} ≥ 2(1 − δ_0)|v(ξ)|^2, ∀ s ∈ [0, t]} and we shall prove that T (x, ξ) := sup I(x, ξ) is +∞, when (x, ξ) ∈ Γ^+(R̃_0, J_0, σ_0), possibly after increasing R̃_0. First, we remark that, when t = 0, 2|ẏ|^2 − C⟨y⟩^{−ρ} ≥ 2(1 − δ_0/2)|v(ξ)|^2 by choosing R̃_0 large enough, which proves that T (x, ξ) > 0. Thus, for all t ∈ [0, T (x, ξ)) we get, by integrating two times (A.19) on [0, t],

|y(t, x, ξ)|^2 ≥ e_0(|x| + t)^2 (A.21)

using (A.20) and the definition of I(x, ξ). This proves that |ẏ(t)|^2 = v(ξ) + O(⟨x⟩^{−ρ} ), and then by increasing R̃_0 (in a way depending only on J_0, C and a finite number of semi-norms of w) we get for all t ∈ [0, T (x, ξ)) |ẏ(t)|^2 − C⟨y(t)⟩^{−ρ} ≥ 2(1 − δ_0/2)|v(ξ)|^2 which proves that |ẏ|^2 − C⟨y⟩^{−ρ} ≥ (1 − δ_0)|v(ξ)|^2 on [0, T^′(x, ξ)) with T^′(x, ξ) > T (x, ξ). This proves that T (x, ξ) = +∞ and that (A.21) holds on R_+ . The result follows easily by integrating (A.18) on [0, t], taking (A.21) into account. □

References

[1] M. Arai, J. Uchiyama, Growth order of eigenfunctions of Schrödinger operators with potentials admitting some integral conditions I, II, Publ. Res. Math. Sci., 32 N. 4, 581-616, 617-631 (1996).

[2] M. Sh. Birman, M. G. Krein, On the theory of wave operators and scattering operators, Dokl. Akad. Nauk SSSR, 144, 475-478 (1962). English transl. in Soviet Math. Dokl. 3 (1962).

[3] M. Sh. Birman, D. R. Yafaev, The spectral shift function. The work of M. G. Krein and its further development, St. Petersburg Math. J. 4, 833-870 (1993).

[4] J.M. Bouclet, Distributions spectrales pour des opérateurs perturbés, PhD thesis, Nantes University (2000).

[5] , Fonction spectrale pour des perturbations relativement Hilbert-Schmidt, C.R. Acad.

Sci. Paris, t. 332, Série I, 887-892 (2001).

[6] , Generalized scattering phase for long range perturbations of elliptic operators, C.R.

Acad. Sci. Paris, t. 333, Série I, 845-850 (2001).

[7] , Traces formulae for relatively Hilbert-Schmidt perturbations, Asymptotic Analysis (to appear).

[8] V. Bruneau, Fonctions zeta et eta en presence de spectre continu. (Zeta and eta functions for continuous spectrum), C. R. Acad. Sci. Paris, Série I 323, No. 5, 475-480 (1996).

[9] V. Bruneau, V. Petkov, Semiclassical estimates for trapping perturbations, Commun.

Math. Phys. 213, No. 2, 413-432 (2000).

[10] N. Burq, Lower bounds for shape resonances widths of long range Schrödinger operators, Amer. J. Math, (to appear).

[11] V. S. Buslaev, L. D. Faddeev, Formulas for traces for a singular Sturm-Liouville differential operator, Sov. Math. Dokl. 1, 451-454 (1960).

[12] G. Carron, Déterminant relatif et la fonction Xi, Amer. J. Math, vol. 124, No. 2, 307-352 (2002).

[13] Y. Colin-de-Verdière, Une formule de trace pour l’opérateur de Schrödinger dans R^3 , Ann.

Sci. E.N.S., IV sér. 14, 27-39 (1981).

[14] J.M. Combes, P. Duclos, M. Klein, R. Seiler, The shape resonance, Commun. Math.

Phys. 110, 215-236 (1987).

[15] R. G. Froese, P. D. Hislop, On the distribution of resonances for some asymptotically hyperbolic manifolds, Journées EDP, exp. VII (2000).

[16] C. Gérard, A. Martinez, Prolongement méromorphe de la matrice de scattering pour des problèmes à deux corps à longue portée, Ann. I.H.P., Phys. Théor. 51, No.1, 81-110, (1989).

[17] C. Gérard, A. Martinez, D. Robert, Breit-Wigner formulas for the scattering phase and the total scattering cross section in the semiclassical limit, Commun. Math. Phys. 121, No.2, 323-336, (1989).

[18] F. Gesztesy, K. A. Makarov, S. N. Naboko, The spectral shift operator, Oper. Theory, Adv. Appl. 108, 59-90 (1999).

[19] I. C. Gohberg, M. G. Krein Introduction to the theory of linear nonselfadjoint operators, Translations of Mathematical Monographs, Vol. 18. AMS. Providence, R.I. (1969).

[20] L. Guillopé, Une formule de trace pour l’opérateur de Schrödinger dans R^n , thèse de doctorat, Université de Grenoble (1981).

[21] L. Guillopé, M. Zworski, Scattering asymptotics for Riemann surfaces, Ann. of Math., 145, 597-660 (1997).

[22] B. Helffer, J. Sjöstrand, Résonances en limite semi-classique, Bull. S.M.F., mémoire No 24/25 (1986).

[23] M. Hitrik, I. Polterovich, Regularized traces and Taylor expansions for the heat semigroup, preprint, (2001).

[24] H. Isozaki, H. Kitada , Modified wave operators with time independant modifiers, J. Fac.

Sci., Univ. Tokyo, Sect. I A 32, 77-104 (1985).

[25] L.S. Koplienko, Trace formula for non trace-class perturbations, Sib. Math. J. 25, 735-743 (1984).

[26] , Regularized spectral shift function for one dimensional Schrödinger operator with slowly decreasing potential, Sib. Math. J. 26, 365-369 (1985).

[27] M. G. Krein, Perturbation determinants and a formula for the trace of unitary and selfadjoint operators, Soviet Math. Dokl. 3, 707-710 (1962).

[28] A. Melin, Trace distributions associated to the Schrödinger operator, J. Anal. Math. 59, 133-160 (1992).

[29] W. Müller, Relative zeta functions, relative determinants and scattering theory, Commun.

Math. Phys. 192 (2), 309-347 (1998).

[30] V. Petkov, G. Popov, Asymptotic behaviour of the scattering phase for non-trapping obstacles, Ann. Inst, Fourier 32, No.3, 111-149 (1982).

[31] V. Petkov, M. Zworski, Breit-Wigner approximation and the distribution of resonances, Commun. Math. Phys. 204 (2), 329-351 (1999), and Erratum, Commun. Math. Phys. 214 (3), 733-735 (2000).

[32] A. Pushnitski, Spectral shift function for the Schrödinger operator in the large coupling constant limit, Comm. in P.D.E., 25 (3 & 4), 703-736 (2000).

[33] D. Robert, Asymptotique de la phase de diffusion à haute énergie pour des perturbations du second ordre du Laplacien, Ann. Sci. École Norm. Sup., 4ème série, No. 25, 107-134 (1992).

[34] , Relative time delay for perturbations of elliptic operators and semiclassical asymptotics, J. Funct. Anal. 126, No.1, 36-82 (1994).

[35] , Semiclassical asymptotics for the spectral shift function , Buslaev, V. (ed) et al., Differential operators and spectral theory. M. Sh. Birman’s 70th anniversary collection. Providence, RI. AMS Transl, Ser.2, 189 (41), 187-203 (1999).

[36] A. Rybkin, On a trace formula of the Buslaev-Faddeev type for a long range potential, J.

Math. Phys 40, No.3, 1334-1343 (1999).

[37] J. T. Schwartz, Non linear functional analysis, Gordon & Breach, (1969). [38] B. Simon Trace ideals and their applications, Cambridge University Press, Cambridge (1979). [39] J. R. Taylor, Scattering theory, John Wiley & Sons, Inc. (1972).

[40] D. Yafaev, Mathematical scattering theory. General theory, vol. 105, A.M.S. Rhode Island (1992).

[41] , The scattering amplitude for the Schrödinger equation with a long-range potential, Commun. Math. Phys. 191 (1), 183-218 (1998).