QUANTUM WIRES WITH MAGNETIC FLUXES

VADIM KOSTRYKIN AND ROBERT SCHRADER^∗

Dedicated to Rudolf Haag in honor of his 80th birthday

ABSTRACT. In the present article magnetic Laplacians on a graph are analyzed. We provide a complete description of the set of all operators which can be obtained from a given self-adjoint Laplacian by perturbing it by magnetic fields. In particular, it is shown that generically this set is isomorphic to a torus. We also describe the conditions under which the operator is unambiguously (up to unitary equivalence) defined by prescribing the magnetic fluxes through all loops of the graph.

1. INTRODUCTION AND MAIN RESULTS

Magnetic Laplacians on finite graphs appear in a number of physical applications. The major interest in operators of this type originates from the study of quantum transport in mesoscopic networks (see, e.g., [1], [3], [4], [5], [6], [7], [10], [13]). Magnetic Laplacians have also been the subject of several studies in the context of quantum chaos [22], [23], [24].

The most intriguing feature of Laplacians on graphs is the relation between their spectral properties and the geometry of the graph. For discrete Laplacians the study of this relation is one of the central issues of spectral graph theory (see, e.g., [14]). As an example, the multiplicity of the zeroth eigenvalue of the discrete Laplacian equals the number of connected components of the graph. In the presence of an external magnetic field the effect of the topology of the graph becomes more pronounced. Thus, the quantum conductance in networks is known to be related to Chern numbers [3], [4], [5], [6].

In the present article we study general differential self-adjoint magnetic Laplacians on finite graphs. This work is a continuation of our previous studies [18], [19], [20].

We consider an arbitrary nontrivial connected (metrical) graph G with a finite number n ≥ 0 of external lines and a finite number m ≥ 0 of internal lines (henceforth also called edges), m + n ≠ 0. More precisely, this means that outside of a finite domain the graph is isomorphic to the union of n positive half-lines. Any internal line ends at two, not necessary different vertices and has a finite length. We assume that any vertex v of G has non-zero degree deg(v), i.e., for any vertex there is at least one edge (internal or external) with which it is incident.

Let the set E (|E| = n) label the external and the set I (|I| = m) the internal lines of the graph. We assume that the sets E and I are ordered in an arbitrary but fixed way. To each e ∈ E we associate the semi-infinite interval [0,∞) and to each i ∈ I the finite directed interval [0,a_i], where a_i > 0 is the length of this line. With this association the graph becomes directed, such that the initial vertex of an edge of length a_i corresponds to x = 0 and the terminal vertex corresponds to x = a_i. The external lines are assumed to be directed in the positive direction of half-lines. We denote by a the collection of the lengths {a_i}_{i∈I}.

Though not necessary but rather as a motivation for our approach we temporarily assume that the graph is isometrically imbedded in three dimensional Euclidean space R^3. Given a vector potential A ∈ � C(R^3)

�_3 , whose curl gives a magnetic field, the question arises what is the reasonable self-adjoint operator describing the evolution of quantum states on the graph in the presence of this external magnetic field. A common intuitive construction goes as follows. We

Date: November 25, 2002.

2000 Mathematics Subject Classification. Primary 34B45; Secondary 34L40, 35J10. Key words and phrases. Laplacians on the graph, operators with magnetic field, gauge transformations. ∗ Supported in part by DFG SFB 288 “Differentialgeometrie und Quantenphysik”. 1

assume that all external lines and all edges of the imbedded graph G are oriented smooth curves. Let τ_j(x) ( j ∈ E ∪ I) denote the unit tangential field on the j-th edge of the graph chosen in accordance with the orientation of the edge. We set A_j(x) = ⟨τ_j(x),A(x)⟩ where ⟨·,·⟩ denotes the

inner product in R^3. The vector potential leads to the differential expressions � −i^d_{dx} − A_j(x)

�_2

on the external lines or edges of the graph with appropriate boundary conditions at the vertices. More precisely, consider the family ψ = {ψ_j}_{j∈E∪I} of complex valued functions defined on [0,∞) if j ∈ E and on [0,a_i) if j ∈ I. Formally the Laplace opertor is defined as

(Δ(A,B;A)ψ)_j (x) = � d dx − iA_j(x)

�_2

ψ_j(x), j ∈ I ∪ E

(1.1)

with the boundary conditions Aψ + B(ψ^′ − iAψ) = 0.

(1.2) Here ψ = � � {ψ_e(0)}_{e∈E} {ψ_i(0)}_{i∈I} {ψ_i(a_i)}_{i∈I} � �, ψ^′ = � � {ψ^′_e(0)}_{e∈E} {ψ^′_i (0)}_{i∈I} {−ψ^′_i (a_i)}_{i∈I} � �, and A is the diagonal matrix A = diag({A_e(0)}_{e∈E},{A_i(0)}_{i∈I},{−A_i(a_i)}_{i∈I})

(1.3)

with the same ordering as used for ψ and ψ^′. If A = 0 we will simply write Δ(A,B) instead of Δ(A,B;0).

Actually we do not need to imbed the graph in R^3 and we may simply prescribe the vector potentials A(x) = {A_j(x)}_{j∈I∪E} on all external lines and edges of the graph. So having given this motivation, our further discussion will be completely intrinsic.

Below we will prove (Theorem 2.1) that the operator Δ(A,B;A) is self-adjoint if and only if AB^† is symmetric (with † denoting the Hermitian conjugation) and the (n + 2m) × (n + 2m) matrix (A,B) has a maximal rank. This is an extension of a result in [18] to the case of magnetic Laplacians.

The local gauge transformation

G : ψ_j(x) → ψ_j(x)exp � iχ_j(x) � , j ∈ I ∪ E

(1.4)

with χ^′_j(x) = A_j(x)

(1.5)

eliminates the vector potential in the differential expression (1.1) and in the boundary conditions (1.2). However, the gauge transformation changes the boundary condition: It transforms the magnetic Laplacian Δ(A,B;A) to the Laplacian Δ(AU,BU) without magnetic field,

G^{−1}Δ(A,B;A)G = Δ(AU,BU), where the transformation U ≡ U_G is given by the diagonal, unitary matrix acting on the boundary values ψ and ψ^′

U = diag � e^{iχe(0)} � e∈E , � e^{iχi(0)} � i∈I , � e^{iχi(ai)} � i∈I � (1.6)

with

χ_i(a_i) := χ_i(0) +

�_{ai} 0 A_i(t)dt, i ∈ I.

In the other words, the perturbation of the Laplacian Δ(A,B) by the vector potential A is equivalent to the transformation of the boundary conditions (A,B) → (AU,BU) by some diagonal unitary matrix U. Conversely, given a diagonal unitary (n + 2m) × (n + 2m) matrix U there is a vector potential A (possibly zero) such that Δ(AU,BU) can be obtained from Δ(A,B;A) by means of a local gauge transformation. We will call Δ(AU,BU) a magnetic perturbation of Δ(A,B).

This correspondence can be described more precisely in a group-theoretical setting. Let U = U(G) denote the group of all diagonal unitary (n + 2m) × (n + 2m) matrices enumerated by the elements of the sets E and I in the same ordering as in (1.6). Let U_0 be its subgroup consisting of those matrices with the structure (1.6) with exp{iχ_i(0)} = exp{iχ_i(a_i)} for any i ∈ I. Equivalently, the elements in U_0 correspond to gauge transformations (1.4) with vanishing vector potential A. With this notation the cosets U/U_0 of U_0 in U are, obviously, in a one-to-one correspondence with the points {t_i}_{i∈I} of the m-dimensional torus T^m given as

t_i = exp � i �_{ai} 0 A_i(x)dx � ∈ S, i ∈ I.

The first main result of the present work provides an answer to the following question • What is the orbit O(A,B) := {Δ(AU,BU)| U ∈ U} of the operator Δ(A,B) in the set of all self-adjoint Laplacians under the action of the group U? Roughly speaking, the question is how many different magnetic perturbations of a given Laplacian Δ(A,B) there are.

The orbit of Δ(A,B) under the action of U is isomorphic to the factor group U/W(A,B), where W(A,B) is the isotropy group (or stabilizer) of the point Δ(A,B), i.e. the subgroup which leaves Δ(A,B) invariant. Recall that by a result of [18] Δ(AU,BU) = Δ(A,B) if and only if there is an invertible (n + 2m) × (n + 2m) matrix C such that CA = AU and CB = BU.

The following theorem provides an explicit description of W(A,B). Let A^⋆ denote the Moore- Penrose pseudoinverse of A (see, e.g., [18] for a short presentation of the main facts related to this notion).

Theorem 1. The element U ∈ U belongs to W(A,B) if and only if

(i) U leaves both KerA and KerB invariant; and (ii) one of the following equivalent commutator relations

[U,A^⋆B]z = 0 for any z ∈ B^{−1}(Ran A ∩ RanB)

(1.7) or [U,B^⋆A]z = 0 for any z ∈ A^{−1}(Ran A ∩ RanB)

(1.8)

is fulfilled.

In particular, if Ran A ∩ RanB = {0} then Δ(AU,BU) = Δ(A,B) for all U ∈ U such that U leaves both KerA and KerB invariant.

Note that since U is unitary, the condition (i) implies that both orthogonal decompositions KerA ⊕ [KerA]^⊥ and KerB ⊕ [KerB]^⊥ of C^{n+2m} reduce U. Also we remark that KerA ∩ KerB = {0} since (A,B) has maximal rank.

There are examples of boundary conditions (A,B) (see, e.g., Example 2.7 below) where W(A,B) = U and, thus, the orbit O(A,B) consists of the only point Δ(A,B).

An important class of boundary conditions are local boundary conditions. They are such that they couple only those boundary values of ψ and of its derivative ψ^′ which belong to the same vertex. The precise definition is as follows.

Let S(v) ⊆ E ∪ I denote the star graph of the vertex v ∈ V , i.e., the set of the edges adjacent to v. Also, by S_−(v) (respectively S_+(v)) we denote the set of the edges for which v is the initial vertex (respectively terminal vertex). Obviously, S_+(v) ∩ S_−(v) = ∅ if G does not contain a cycle of length 1, i.e. a tadpole.

Assume the elements z of the linear space C^{n+2m} are written as

z = ({z_e}_{e∈E},{z^{(−)}_i }_{i∈I},{z^{(+)}_i }_{i∈I})^T .

(1.9)

Consider the orthogonal decomposition

C^{n+2m} = � v∈V Lv with Lv being the linear subspace of dimension deg(v) spanned by those elements (1.9) of C^{n+2m} which satisfy z_e = 0 for all e ∈ E \ S(v),

z^{(−)}_i = 0 for all i ∈ I \ S_−(v),

z^{(+)}_i = 0 for all i ∈ I \ S_+(v).

(1.10)

Definition 2. Given the graph G, the boundary conditions (A,B) are called local if there is an invertible (n + 2m) × (n + 2m) matrix C and linear transformations Av and Bv in Lv such that the simultaneous direct sum decompositions

CA = � v∈V Av and CB = � v∈V Bv (1.11)

are valid.

Otherwise the boundary conditions are non-local.

As outlined in [18] (see also [25]) for an arbitrary self-adjoint boundary condition (A,B) there is always a graph with external lines labeled by E, internal lines labeled by I with a set of lengths a, for which these boundary conditions are local. This graph is unique under the requirement that the number of vertices be maximal. We will elaborate on this in [21].

Consider the group W_0 consisting of those elements U of U which admit a decomposition U = � v∈V Uv, Uv : Lv → Lv

with Uv being a multiple of the deg(v) × deg(v) unit matrix (see Definition 2.8 below). It is an immediate consequence of Theorem 1 that W_0 is a subgroup of the isotropy group W(A,B) for any local (self-adjoint) boundary conditions. For non-local boundary conditions it may well happen that W(A,B) ⊊ W_0 (see Example 3.4 below).

The next question we turn to is • What is the correspondence between the points in the orbit of the operator Δ(A,B) under the action of the group U and the magnetic fluxes through the loops (i.e., closed paths) of the graph G? Given a Laplacian Δ(A,B) can its magnetic perturbation Δ(AU,BU) be unambiguously defined by prescribing the magnetic fluxes through all loops of the graph?

We will give an affirmative answer in Theorem 3 below. To formulate this result we need some additional notation.

A vector potential A = {A_j}_{j∈E∪I} defines a flux map, by which we associate to any loop γ in the graph G the complex exponential of the magnetic flux through γ,

Φ_A(γ) = exp � i � ∑_i^{sign(i)}

�_{ai} 0 A_i(x)dx � . (1.12)

Here the sum is taken over all edges i ∈ I constituting the loop γ with sign(i) = +1 if the orientation of γ coincides with that of the edge i and sign(i) = −1 otherwise. If the graph G is imbedded in R^3, by Stokes theorem the expression in the brackets (... ) has indeed the meaning of a flux through any oriented bordered manifold M with boundary ∂ M = γ.

By established equivalence between vector potentials and transformation matrices U ∈ U the magnetic flux (1.12) can be alternatively expressed in terms of the matrix elements of U (1.6) as

Φ_U(γ) = exp � i � ∑_i^{sign(i)(χ}i^{(a}i^{) − χ}i^{(0))�} � (1.13)

and where the sum is as in (1.12).

Loops of the graph G can be realized as elements of the additive Abelian group H_1(G,Z), the first homology group of the graph G. Recall that this group is the Abelianization of the fundamental group π_1(G). Its elements are formal linear combinations with integer coefficients of the “basis” loops in the graph,

c = ∑_p^np^cp^{, n}p^{∈ Z.}

For any U ∈ U the flux map Φ_U defined by (1.13) can uniquely be extended to a group homomorphism from H_1(G,Z) to S. The set of all such homomorphisms forms an Abelian group denoted by Hom(H_1(G,Z),S). The map ρ : U → Φ_U is obviously a group homomorphism. Actually, it is an epimorphism (Lemma 3.2). It is clear that U_0 ⊆ Ker ρ. In Lemma 3.3 below we will prove that Ker ρ = U_0W_0.

The second main result of the present work is given by the following theorem.

Theorem 3. Assume that the self-adjoint boundary conditions (A,B) are local. Then the groups U/(U_0W(A,B)) and Hom(H_1(G,Z),S)/ρ(W(A,B)) are isomorphic. In particular, if W(A,B) = W_0, then the groups U/(U_0W_0) and Hom(H_1(G,Z),S) are isomorphic.

Whenever the local boundary conditions (A,B) are such that W(A,B) = W_0, Theorem 3 states that for any given magnetic flux there is unique set (up to transformations defined by elements of U_0 and W_0) of phase factors U ∈ U giving this flux. The situation changes drastically for boundary conditions such that W(A,B) is strictly larger than W_0. The transformations (A,B) → (AU,BU) with elements U of W which are not elements of W_0 do not change the operator Δ(A,B). However, they change the magnetic flux! In the latter case, however, there is still a subgroup of Hom(H_1(G,Z),S) corresponding to those fluxes which remain unaffected by all transformations (A,B) → (AU,BU) induced by the group W. This subgroup may be realized as a factor group Hom(H_1(G,Z),S)/ρ(W). Example 2.7 below shows that W may be as large as U such that Hom(H_1(G,Z),S)/ρ(W) is trivial in this case.

The following corollary of Theorem 3 states that if G is a tree then an arbitrary magnetic field A(x) does not change the Laplacian Δ(A,B) for any local boundary conditions (A,B) in the sense that there is a local gauge transformation G such that Δ(AU_G,BU_G) = Δ(A,B) with U_G being given by (1.6). The precise statement is as follows.

Corollary 4. If π_1(G) is trivial (and hence H_1(G;Z) is also trivial), i.e. if the graph G contains no loops, then U = U_0W(A,B) for arbitrary local boundary conditions (A,B).

The requirement of locality is crucial since non-local boundary conditions may have the same effect as a loop. An example of such situation is presented in Example 3.4 below.

Acknowledgments. One of the authors (R.S.) would like to thank M. Schmidt and E. Vogt for advise and help. Discussions with H. Schulz-Baldes have been very helpful.

2. LAPLACIANS WITH MAGNETIC FIELD

To the triple (E,I,a) with E, I, and a as being given in the Introduction we associate the Hilbert space H = H(E,I,a) given as the orthogonal sum

H = H_E ⊕ H_I, H_E = � e∈E H_e, H_I = � i∈I H_i,

where H_e = L^2(0,∞) and H_i = L^2(0,a_i). The inner product in H is given by

⟨ϕ,ψ⟩_H = ∑ e∈E �_∞ 0 ϕ_e(x)ψ_e(x) dx + ∑ i∈I �_{ai} 0 ϕ_i(x)ψ_i(x) dx.

Elements of H are written as column vectors ψ = � {ψ_e}_{e∈E} {ψ_i}_{i∈I} � , ψ_e ∈ H_e, ψ_i ∈ H_i.

(2.1)

Similarly we define the Sobolev space W^{2,2} = W^{2,2}(E,I,a) as

W^{2,2} = � e∈E W^{2,2}(0,∞) ⊕ � i∈I W^{2,2}(0,a_i),

where W^{2,2}(0,∞) and W^{2,2}(0,a_i) are the usual Sobolev spaces of square integrable functions whose distributional second derivatives are also square integrable (see, e.g., [29]). We observe that the Hilbert space is independent of the particular graph constructed out of the set of data (E,I,a).

Theorem 2.1. Let A(x) = {A_j(x)}_{j∈I∪E} be continuous and bounded. Any two (n + 2m) × (n + 2m) complex matrices A and B satisfying

AB^† − BA^† = 0

(2.2)

and such that the (n + 2m) × 2(n + 2m) matrix (A,B) has maximal rank equal to n + 2m, define a self-adjoint magnetic Laplacian

(Δ(A,B;A)ψ)_j (x) = � d dx − iA_j(x)

�_2 ψ_j(x), j ∈ I ∪ E.

in H corresponding to the boundary condition

Aψ + B(ψ^′ − iAψ) = 0

(2.3)

and with the diagonal (n + 2m) × (n + 2m) matrix A given by (1.3).

Conversely, any self-adjoint magnetic Laplacian corresponds to the boundary condition (2.3) with some matrices A and B satisfying (2.2).

Proof. Consider the symmetric operator Δ^0_A defined by � Δ^0_Aψ � j (x) = � d dx − iA_j(x)

�_2

ψ_j(x)

with domain D(Δ^0_A) ⊂ W^{2,2} consisting of functions which vanish at the vertices together with their first derivative. It is clear that Δ^0_A has defect indices (k,k) with k = |E| + 2|I|.

On W^{2,2} we consider the Hermitian symplectic form

Ω_A(ϕ,ψ) = ⟨Δ_Aϕ,ψ⟩ − ⟨ϕ,Δ_Aψ⟩ = −Ω_A(ψ,ϕ)

with Δ_A being considered as a formal differential expression.

Let [ ]_A : W^{2,2} → C^{2(n+2m)} be the surjective linear map which associates to each ψ the element [ψ]_A given as

[ψ]_A =

� � � � � �

{ψ_e(0)}_{e∈E} {ψ_i(0)}_{i∈I} {ψ_i(a_i)}_{i∈I} {ψ^′_e(0) − iA_e(0)ψ_e(0)}_{e∈E} {ψ^′_i (0) − iA_i(0)ψ_i(0)}_{i∈I} {−ψ^′_i (a_i) + iA_i(a_i)ψ_i(a_i)}_{i∈I}

� � � � � � = � ψ ψ^′ − iAψ � .

If A(x) is continuously differentiable then by means of partial integration one verifies

Ω_A(ϕ,ψ) = ∑ e∈E � ϕ_e(0)ψ^′_e(0) − ϕ^′_e(0)ψ_e(0) − 2iA_e(0)ϕ_e(0)ψ_e(0) � + ∑_{i∈I}^{�ϕ}i^{(0)ψ ′}i^{(0) − ϕ ′}i^{(0)ψ}i^{(0) − 2iA}i^{(0)ϕ}i^{(0)ψ}i^{(0)�}

− ∑_{i∈I}^{�ϕ}i^{(a}i^{)ψ ′}i^{(a}i^{) − ϕ ′}i^{(a}i^{)ψ}i^{(a}i^{) − 2iA}i^{(a}i^{)ϕ}i^{(a}i^{)ψ}i^{(a}i^{)�}

=⟨[ϕ]_A,J[ψ]_A⟩_{C 2(n+2m)} ,

(2.4) where J = � 0 I −I 0 �

is the canonical symplectic matrix on C^{2(n+2m)}. Here I is the (n + 2m) × (n + 2m) unit matrix. In the general case we again obtain (2.4) if we approximate A(x) by continuously differentiable functions.

Let the linear subspace M(A,B) of C^{2(n+2m)} be given as the set of all

[ψ]_A = � ψ ψ^′ − iAψ � ∈ C^{2(n+2m)}

satisfying

Aψ + B(ψ^′ − iAψ) = 0.

All self-adjoint extensions of Δ^0_A are described by maximal isotropic subspaces M(A,B) [18]. By Lemma 2.2 of [18] we obtain the claim of the theorem.

Remark 2.2. The technique of using Hermitian symplectic forms in extension theory seems to have been well known for a long time. The earliest reference we are aware of is [17, Section 10]. In the context of differential and difference operators on graphs and in similar contexts this technique has also been used in [28], [27], [16], [9], [26].

We also mention the articles [11] and [12] where the self-adjointness conditions (2.2) were proven (without using the formalism of Hermitian symplectic forms) for the cases m = 0, n arbitrary and m = 1, n = 0, respectively.

The assumption that the vector potential is bounded formally excludes the case of homogeneous magnetic field. We are allowed, however, to consider magnetic fields which are constant on an arbitrarily large finite domain. The behavior of the vector potential on the external lines of the graph away from the vertices does not influence the operator Δ(AU,BU) obtained from Δ(A,B,A) by a gauge transformation. Therefore, constant magnetic fields can be considered as well.

Remark 2.3. We may replace the pair (A,B) by the pair (CA,CB) where C is any invertible (n + 2m) × (n + 2m) matrix. In fact such a replacement does not change the linear conditions (2.2) and (2.3) is still satisfied. In other words, the maximal isotropic subspace is left unchanged and so we have Δ(CA,CB;A) = Δ(A,B;A).

Let χ(x) denote an arbitrary family {χ_j(x)}_{j∈I∪E} of continuously differentiable real valued functions on [0,a_j ] if j ∈ I and on [0,∞) if j ∈ E. To such χ we associate a unitary map G(χ) in H by

(G(χ)ψ)_j(x) = e^{iχ j (x)}ψ_j(x), j ∈ I ∪ E.

We claim that

G(χ)^†Δ(A,B;A)G(χ) = Δ(AU,BU;A − χ^′)

with

χ^′_j(x) = dχ_j(x) dx and U defined by (1.6). Indeed, setting ψ = Uϕ we obtain

Aψ + B(ψ^′ + iAψ) = AUϕ + BU(ϕ^′ − i(A − χ^′)ϕ) = 0,

where χ^′ is the diagonal matrix given by

χ^′ = diag � {χ^′_e(0)}_{e∈E},{χ^′_i (0)}_{i∈I},{−χ^′_i (a_i)}_{i∈I} � and A is defined by (1.3). Choosing χ^′ = A we obtain G(χ)^†Δ(A,B;A)G(χ) = Δ(AU,BU).

We turn to the proof of Theorem 1. For the proof we need the following auxiliary result. Recall that A^⋆ denotes the Moore-Penrose pseudoinverse of A. Let P_K be the orthogonal projection onto the linear subspace K ⊂ C^{n+2m}. Since the matrix (A,B) has a maximal rank, P_{RanA} + P_{RanB} is invertible.

Lemma 2.4. Assume that U leaves both Ker A and KerB invariant. Then there is a matrix C satisfying AUA^⋆ = CP_{RanA} and BUB^⋆ = CP_{Ran B},

(2.5) if and only if AUA^⋆y = BUB^⋆y

(2.6) holds for all y ∈ Ran A ∩ RanB. If C exists, it is invertible and given by C = (AUA^⋆ + BUB^⋆)(P_{Ran A} + P_{RanB})^{−1}

(2.7) Proof. Assume there is a matrix C satisfying (2.5). Then (2.6) and (2.7) are obvious. We claim that C is invertible. To see this observe that from (2.5) and the fact that U leaves KerA and KerB invariant, it follows that C maps Ran A and Ran B onto themselves. Thus, the range of C is all of C^{n+2m}.

Now assume that (2.6) holds for all y ∈ Ran A ∩ RanB. We prove that the matrix C given by (2.7) satisfies (2.5). Since KerA^⋆ = KerA^† we have A^⋆ = A^⋆P_{RanA}. Similarly, B^⋆ = B^⋆P_{Ran B}. Therefore,

CP_{Ran A} = AUA^⋆P_{RanA}(P_{Ran A} + P_{RanB})^{−1}P_{Ran A} + BUB^⋆P_{RanB}(P_{Ran A} + P_{RanB})^{−1}P_{RanA}.

(2.8)

By a result of [2],

P_{RanA}(P_{Ran A} + P_{RanB})^{−1}P_{RanB} = P_{Ran B}(P_{Ran A} + P_{RanB})^{−1}P_{Ran A} = 1 2 P_{Ran A∩Ran B}.

From this we immediately obtain P_{RanA}(P_{Ran A} + P_{RanB})^{−1}P_{RanA} = P_{Ran A} − 1 2 P_{RanA∩Ran B}.

Thus, from (2.8) it follows that

CP_{RanA} = AUA^⋆ − 1 2 AUA^⋆P_{Ran A∩Ran B} + 1 2 BUB^⋆P_{Ran A∩Ran B}

= AUA^⋆ − 1 2 AUA^⋆P_{Ran A∩Ran B} + 1 2 AUA^⋆P_{Ran A∩Ran B} = AUA^⋆, where we have used (2.6). The second relation in (2.5) is proved in the same way. Proof of Theorem 1. By Remark 2.3 Δ(AU,BU) = Δ(A,B) if and only if there is an invertible (n + 2m) × (n + 2m) matrix such that AU = CA and BU = CB.

(2.9)

Assume that these relations hold with some C. Then the first relation in (2.9) implies that AUy = 0 for any y ∈ KerA. Thus U leaves KerA invariant. Similarly, by the second relation in (2.9) KerB is left invariant by U.

Since RanA^⋆ = RanA^† any y ∈ [KerA]^⊥ can be represented as y = A^⋆z with some z ∈ C^{n+2m}. Therefore, from (2.9) it follows that AUA^⋆ = CP_{Ran A} and BUB^⋆ = CP_{RanB}.

(2.10)

Using Lemma 2.4 we conclude AUA^⋆y = BUB^⋆y

(2.11) for all y ∈ RanA ∩ RanB. Multiplying (2.11) by A^⋆ from the left and using A^⋆A = P_{RanA†} we obtain

P_{Ran A†} UA^⋆y = A^⋆BUB^⋆y for any y ∈ RanA ∩ RanB.

(2.12)

Since Ran A^⋆ = RanA^† and since U leaves Ran A^† invariant, we can omit the projection on the l.h.s. of this equation.

Let z = B^⋆y. Since KerB^⋆ = KerB^† we have z ≠ 0. It easy to see that y = Bz. Inserting this into (2.12) we obtain

UA^⋆Bz = A^⋆BUP_{RanB†} z = A^⋆BUz

for all z ∈ B^⋆(Ran A ∩ RanB) = B^{−1}(RanA ∩ RanB). This proves (1.7). The proof of (1.8) is similar.

Conversely, let (i) and (ii) be valid. By Lemma 2.4 the matrix C defined by (2.7) satisfies (2.9).

For given boundary conditions (A,B) let W(A,B) be the set of all U ∈ U such that Δ(AU,BU) = Δ(A,B). This set, by construction the stabilizer of the point Δ(A,B), is obviously a group by well known arguments from Group Theory. However, we prefer to give a direct proof.

Proposition 2.5. W(A,B) is a group.

Proof. Assume that U_1,U_2 ∈ W = W(A,B). By Theorem 1 U = U_2U_1 leaves both KerA and KerB invariant. In addition this theorem implies that

U_1A^⋆Bz = A^⋆BU_1z, U_2A^⋆Bz = A^⋆BU_2z

(2.13)

is valid for all z ∈ B^{−1}(Ran A ∩ KerB). Multiplying the first equation by U_2 from the left we obtain

U_2U_1A^⋆Bz = U_2A^⋆BU_1z.

We claim that U_1z ∈ B^{−1}(Ran A ∩ RanB). Then we will obtain from the second equation in (2.13) the equality U_2U_1A^⋆Bz = A^⋆BU_2U_1z which implies that U_2U_1 ∈ W.

To prove that U_1z ∈ B^{−1}(Ran A ∩ RanB) it is sufficient to show that BU_1z ∈ Ran A. Assume there is z ∈ B^{−1}(Ran A ∩ RanB) such that BU_1z ⊥ RanA. Then from the first equation in (2.13) it follows that A^⋆Bz = 0, i.e., Bz ⊥ RanA, a contradiction.

The proof that U^{−1}_1 ∈ W is similar and will therefore be omitted.

For local boundary conditions the group W can be factorized as a direct product of its subgroups Wv,

W(A,B) = × v∈V Wv(Av,Bv).

(2.14)

Example 2.6. An important example of local boundary conditions is given by the matrices

Av =

� � � � � �

1 −1 0 ... 0 0 0 1 −1 ... 0 0 0 0 1 ... 0 0 . . . . . . . . . . 0 0 0 ... 1 −1 0 0 0 ... 0 kv

� � � � � � , Bv =

� � � � � �

0 0 0 ... 0 0 0 0 0 ... 0 0 0 0 0 ... 0 0 . . . . . . . . . . 0 0 0 ... 0 0 1 1 1 ... 1 1

� � � � � � , (2.15)

where kv is an arbitrary real number. If kv = 0 the matrices (2.15) define the so-called standard boundary conditions. The case kv ≠ 0 corresponds to the “delta potential” of strength kv (see, e.g., [15]). It is easy to see that the relations

KerAv = linear span{

� � � � � � � kv kv kv . . kv kv

� � � � � � � }, KerBv = linear span{

� � � � � � �

1 −1 0 . . 0 0

� � � � � � � ,

� � � � � � �

0 1 −1 . . 0 0

� � � � � � � ,... ,

� � � � � � �

0 0 0 . . 1 −1

� � � � � � � }

are valid. Moreover,

RanAv ∩ RanBv = RanBv = linear span{

� � � � � �

0 0 0 . . 0 kv

� � � � � � }.

Thus, independently of the value of kv, any diagonal unitary Uv leaving both KerAv and KerBv invariant is necessarily of the form Uv = e^{iϕv} Iv with Iv being the deg(v) × deg(v) identity matrix. In either case the matrices of this form satisfy (ii) of Theorem 1. Therefore, Wv ∼= S for all v ∈ V such that W ∼= T^{|V |}.

Example 2.7. The case A = I and B = 0 provides an example where W(A,B) = U. Indeed, since RanA ∩ RanB = {0}, KerA = {0}, and KerB = C^{n+2m} Theorem 1 implies that any U ∈ U belongs to W(A,B).

We denote the group W from Example 2.6 by W_0.

Definition 2.8. W_0 is the set of all elements U of U having the property

U|_{Lv} = e^{iϕv} I_{Lv} , e^{iϕv} ∈ S

for all v ∈ V . Here the Lv’s are the linear subspaces of C^{n+2m} defined by (1.10).

We emphasize that the group W_0 is independent of the boundary conditions and completely determined by the graph G. From Theorem 1 we immediately obtain

Lemma 2.9. For arbitrary local self-adjoint boundary conditions (A,B) the group W_0 is a subgroup of W(A,B).

The groups W_0 and U_0 have a common subgroup consisting of elements U = e^{iφ} I with I being the unit (n + 2m) × (n + 2m) matrix. Obviously, it is the largest common subgroup, i.e., W_0 ∩ U_0 ∼= S. Thus, the dimension of W_0U_0 is equal to

dim W_0U_0 = dim W_0 + dimU_0 − 1 = |V | + |I| + |E| − 1.

(2.16)

3. MAGNETIC FLUXES

In this section we will prove Theorem 3 as well as its Corollary 4. The proof uses well-known methods of homological algebra. The relevant concepts used below are explained in standard textbooks on Algebraic Topology as for example in [30].

Let G_{int} denote the graph obtained from G by removing its external lines. The graph G_{int} can be viewed as a one-dimensional simplicial complex.

We consider the (additive) Abelian groups C_1 and C_0 generated by the 1-simplices σ_i, i ∈ I and the 0-simplices σv, v ∈ V , respectively, i.e.,

C_1 = � ∑_{i∈I}^ni^σi^��^ni^{∈ Z} � ∼= Z^{|I|}, C_0 = � ∑_{v∈V}^nv^σv^��^nv^{∈ Z} � ∼= Z^{|V|}.

For a given internal line labeled by i ∈ I, let v_+(i) be the terminal vertex which corresponds to the endpoint a_i of the interval [0,a_i] and v_−(i) the initial one which corresponds to the other endpoint 0_i.

We define the boundary operator ∂_1 : C_1 → C_0

∂_1 : c = ∑ i∈I n_iσ_i −→ ∂_1c = ∑ i∈I n_i(σv_{+(i)} − σv_{−(i)}).

Obviously, ∂_1 is a group homomorphism. We, obviously, have

∂_1c = 0 ⇐⇒ ∑ i: v_+(i)=v n_i = ∑ i: v_−(i)=v n_i

(3.1)

for all v ∈ V (G). Thus, each element c ∈ Ker ∂_1 is a union of closed loops: c = ∑_{i∈I} n_iσ_i is an oriented closed path, not necessarily connected, where the internal line i is traversed |n_i| times in the positive direction if n_i > 0 and in the negative direction if n_i < 0.

Also we extend the map C_1^{∂1}−→ C_0 to a chain complex

0 ←− Z^{∂0}←−C_0^{∂1}←−C_1

with

∂_0c = ∑ v∈V nv for c = ∑ v∈V nvσv ∈ C_0.

Obviously we have ∂_0∂_1 = 0. We call Ker∂_1 the first homology group H_1(G,Z) of the graph G and we set H_0(G,Z) = Ker ∂_0/Ran ∂_1 to be the zeroth homology group of G.

With these preparations we give the definition of the flux map.

Definition 3.1. A map Φ : H_1(G,Z) → S is called a flux map if it is a group homomorphism, i.e., Φ ∈ Hom(H_1(G,Z),S).

Here Hom(H_1(G,Z),S) denotes the group of all homomorphisms from H_1(G,Z) to S with unit element

u : c → 1 ∈ S for all c ∈ H_1(G,Z).

Observe that H_1(G,Z) is a free Abelian group of finite rank. Its rank equals the dimension dim H_1(G,Z) of H_1(G,Z), considered as a linear space over Z. Since the flux group Hom(H_1(G,Z),S) is the dual of H_1(G,Z), it is isomorphic to the torus T^d with d = dimH_1(G,Z). To calculate the dimension d we note that the Euler characteristics E(G) of the simplicial complex G_{int} equals |V | − |I|. On the other hand, we have the standard relation E(G) = b_0 − b_1, where b_0 = dim H_0(G,Z) and b_1 = dimH_1(G,Z) are the Betti numbers. The complex G_{int} is connected since G is, so b_0 = 1. Therefore,

dimHom(H_1(G,Z),S) = |I| − |V | + 1.

(3.2)

Let U be an arbitrary diagonal unitary matrix, i.e., U ∈ U. It can be uniquely represented in the form

U = diag � {e^{iφe} }_{e∈E},{e^{iφ −i} }_{i∈I},{e^{iφ +i} }_{i∈I} � , (3.3)

where the sign “−” corresponds to the initial vertex of the internal edge i ∈ I and the sign “+” to the terminal vertex.

Define the map ρ : U → Hom(H_1(G,Z),S) via

ρ : U → Φ_U(·)

with

Φ_U(c) = ∏ i∈I exp{in_i(φ^+_i − φ^−_i )},

(3.4) for an arbitrary

c = ∑_{i∈I}^ni^σi^{∈ H}1^{(G,Z).}

The definition (3.4) is obviously consistent with (1.13) and reflects the additivity of fluxes under the union of loops.

It follows immediately from (3.4) that the map ρ is a group homomorphism. Recall that U and Hom(H_1(G,Z),S) are isomorphic to the tori T^{n+2m} and T^d with d = dim H_1(G,Z), respectively. Any homomorphism from T^{n+2m} to T^d can be represented in the form U → exp{iMU} (component-wise exponentiation) for some (n+2m)×d matrix M with integer entries (see, e.g., [8]). Thus, the kernel of the homomorphism ρ is a subgroup isomorphic to a torus. Lemma 3.2. ρ is an epimorphism.

Proof. We have to prove that the map ρ is surjective. Let c_p, 1 ≤ p ≤ d with d = dimH_1(G,Z) = dimHom(H_1(G,Z),S) be an arbitrary basis of generators. It suffices to show that for arbitrarily prescribed (e^{iμ1} ,... ,e^{iμd} ) ∈ T^d there is a U ∈ U such that ρ(U) = Φ_U with Φ_U given by (3.4) which satisfies Φ_U(c_p) = e^{iμp} , 1 ≤ p ≤ d.

(3.5) All generators c_p are of the form c_p = ∑_{i∈I} n_i(p)σ_i with n_i(p) ∈ Z.

Let H_1(G,R) be the linear space over R generated by the basis {c_p}^d_{p=1}. We set φ = (φ^−_1 ,... ,φ^−_m ,φ^+_1 ,... ,φ^+_m )^T ∈ R^{2m}.

Consider the linear map S : R^{2m} → H_1(G,R) given as

Sφ = d ∑_{p=1} ∑_{i∈I}^{(φ +}i^{− φ −}i^{)n}i^{(p)c}p^.

Obviously, if the equation

Sφ = d ∑_{p=1}^μp^cp

has a solution, then any matrix U defined by φ through equation (3.3) satisfies (3.5). To prove that this equation indeed has a solution for arbitrary choice of numbers μ_p by the Fredholm Alternative it suffices to show that Ker S^† = {0}. Assume that c = d ∑_{p=1}^αp^cp^{∈ Ker S†, α}p^{∈ R.}

Then d ∑_{p=1}^αp^ni^{(p) = 0 for all i ∈ I.}

Hence, we obtain

∑_{i∈I}^{� d}∑_{p=1}^αp^ni^{(p)�σ}i^{= d}∑_{p=1}^αp^cp^{= 0,}

which implies that c = 0.

Using the First Homomorphism Theorem from Lemma 3.2 it follows that Hom(H_1(G,Z),S) ∼= U/Ker ρ.

(3.6)

Obviously, U_0 ⊆ Ker ρ. Also one can easily prove that W_0 ⊆ Ker ρ. Actually, we have the stronger result:

Lemma 3.3. Ker ρ = U_0W_0.

Proof. First we prove that W_0 ⊆ Ker ρ. Let c_1,... ,c_d be any basis in H_1(G,Z). It suffices to show that ρ(U)(c_p) = 1 for any U ∈ W_0 and any basis element c_p. As discussed above, c_p can be viewed as a closed loop of length L, i.e. a sequence of triples (v(ℓ),i(ℓ), v^′(ℓ)), ℓ = 1,... ,L with v(1) = v^′(L). Let U = diag(e^{iφ1} ,... ,e^{iφn+2m} ) ∈ W_0 with n = |E| and m = |I|. Since U ∈ W_0 all phases φ_j can be labelled by the set of vertices V of the graph G. Obviously,

ρ(U)(c_k) = exp � i L ∑_{ℓ=1}^{(φ}v′(ℓ)^{− φ}v(ℓ)^) � = exp � i(φv_{′(L)} − φv_{(1)}) � = 1.

Thus, we have proved that W_0 is a subgroup of Ker ρ. The inclusion U_0 ⊆ Ker ρ is obvious. Therefore, U_0W_0 ⊆ Ker ρ.

Now we calculate the dimension of Ker ρ. From (3.6) using (3.2) it follows that

dimKer ρ = dimU − dimHom(H_1(G,Z),S) = |E| + 2|I| − |I| + |V| − 1 = |E| + |I| + |V| − 1.

Recall that by (2.16) dim W_0U_0 = |E| + |I| + |V | − 1. Therefore, the groups U_0W_0 and Ker ρ have the same dimensions. Since both groups are isomorphic to tori and U_0W_0 ⊆ Ker ρ, we have U_0W_0 = Ker ρ.

Actually, at this stage the proof of the second claim of Theorem 3 is already completed. Indeed, this follows from the relation (3.6) and Lemma 3.3.

We turn to the case when W = W(A,B) is strictly larger than W_0. Whereas W_0 ⊆ W(A,B) for all local boundary conditions, for non-local boundary conditions it may well happen that W(A,B) ⊊ W_0 (see Example 3.4 below).

Let θ be the canonical quotient map Hom(H_1(G;Z),S) → Hom(H_1(G;Z),S)/ρ(W) with Ker θ = ρ(W ). Consider the composition

^ρ = θ ∘ ρ.

Proof of Theorem 3. By construction ^ρ is a homomorphism. Recall that W_0 ⊆ W(A,B) for local boundary conditions (A,B). Lemma 3.3 implies that Ker ^ρ = U_0W(A,B). From Lemma 3.2 it follows that Ran ^ρ = Hom(H_1(G;Z),S)/ρ(W). Applying the First Homomorphism Theorem we obtain the claim.

Proof of Corollary 4. Since G_{int} is a tree, the group H_1(G,Z) is trivial. Thus, the flux group Hom(H_1(G,Z),S) is also trivial. Now Theorem 3 implies that U = U_0W(A,B).

The requirement of locality of boundary conditions in the statement of Corollary 4 is crucial since non-local boundary conditions may act like a loop. This can be illustrated by the following example.

1 2 3

FIG. 1. The graph from Example 3.4.

Example 3.4. Consider the graph depicted in Fig. 1. Consider the magnetic Laplacian Δ_A with the boundary conditions

Aψ + B(ψ^′ − iAψ) = 0,

where

A = � � � � 1 −1 0 0 0 1 −1 0 0 0 1 0 1 0 0 0

� � � �, B = � � � � 0 0 0 0 0 0 0 0 1 1 0 0 0 0 1 1

� � � �. (3.7)

Here we use the following ordering: ψ = (ψ_1(0),ψ_2(0),ψ_2(a),ψ_3(0))^T . The boundary conditions (3.7) are obviously non-local in the sense of Definition 2.

It is easy to check that

KerA = {0}, KerB = linear span{ � � � � 0 0 1 −1

� � � �, � � � � 1 −1 0 0

� � � �},

RanA = C^4, Ran B = linear span{ � � � 0 0 1 0

� � �, � � � 0 0 0 1

� � �}. Assume there is a gauge transformation G such that the pairs (AU,BU) and (A,B) with U = U_G ∈ U define the same Laplacian. By Theorem 1 since U leaves KerA and Ker B invariant, it has the form

U = diag(e^{iϕ1} ,e^{iϕ1} ,e^{iϕ2} ,e^{iϕ2} ).

We have

A^⋆B = � � � 0 0 1 1 0 0 1 1 1 1 0 0 1 1 0 0

� � �. Simple calculations yield [U,A^⋆B]z = 0 for all

z ∈ B^{−1} RanB = linear span{ � � � � 1 1 0 0

� � � �, � � � � 0 0 1 1

� � � �} if and only if ϕ_1 = ϕ_2 modulo 2π. Therefore the boundary conditions (AU,BU) and (A,B) are equivalent if and only if �_a 0 A(x)dx = 0 modulo 2π.

Note that the isotropy group W(A,B) consists of all 4 × 4 unitary diagonal matrices which are a multiple of the unit matrix. Obviously, W(A,B) is a proper subgroup of W_0.

REFERENCES

[1] E. Akkermans, A. Comtet, J. Debois, G. Montambaux, and C. Texier, Spectral determinant on quantum graphs, Ann. Phys. (N.Y.) 284 (2000), 10 – 51.

[2] W. N. Anderson and M. Schreiber, The infimum of two projections, Acta Scient. Math. (Szeged) 33 (1972), 165 – 168.

[3] J. E. Avron, A. Raveh, and B. Zur, Quantum conductance in networks, Phys. Rev. Lett. 58 (1987), 2110 – 2113. [4] J. E. Avron, A. Raveh, and B. Zur, Adiabatic quantum transport in multiply connected systems, Rev. Mod.

Phys. 60 (1988), 873 – 915.

[5] J. E. Avron and L. Sadun, Chern numbers and adiabatic transport in networks with leads, Phys. Rev. Lett. 62 (1989) 3082 – 3084.

[6] J. E. Avron and L. Sadun, Adiabatic quantum transport in networks with macroscopic component, Ann. Phys.

(N.Y.) 206 (1991), 440 – 493.

[7] J. E. Avron, A. Elgart, G. M. Graf, and L. Sadun, Geometry, statistics and asymptotics of quantum bumps, Phys.

Rev. B 62 (2000), R10618 – R 10621.

[8] Th. Bröcker and T. tom Dieck, Representations of Compact Lie Groups, Graduate Texts in Mathematics., Vol.

98. Springer, New York, 1995.

[9] J. Brüning and V. A. Geyler, Scattering on compact manifolds with infinitely thin horns, LANL preprint mathph/0205030; available from http://arxiv.org/abs/math-ph/0205030.

[10] M. Büttiker, Four-terminal phase-coherent conduction, Phys. Rev. Lett. 57 (1986), 1761 – 1764. [11] C. J. Callias, Scaling anomalies in singular spectral invariants, preprint, 1994 (unpublished). [12] C. J. Callias, Spectrally determined singularities in a potential, Comm. Partial Differential Equations 20 (1995), 1553 – 1587.

[13] J. T. Chalker and P. D. Coddington, Percolation, quantum tunneling and the integer Hall effect, J. Phys. C:

Solid State Phys. 21 (1988), 2665 – 2679.

[14] Fan R. K. Chung, Spectral Graph Theory, CBMS Regional Conference Series in Mathematics, Vol. 92. American Mathematical Society, Providence, R.I., 1997.

[15] P. Exner and P. Šeba, Free quantum motion on a branching graph, Rep. Math. Phys. 28 (1989), 7 – 26. [16] M. Harmer, Hermitian symplectic geometry and extension theory, J. Phys. A: Math. Gen. 33 (2000), 9193 – 9203.

[17] V. C. L. Hutson and J. S. Pym, Application of Functional Analysis and Operator Theory, Academic Press, New York, 1980.

[18] V. Kostrykin and R. Schrader, Kirchhoff’s rule for quantum wires, J. Phys. A: Math. Gen. 32 (1999), 595 – 630. [19] V. Kostrykin and R. Schrader, Kirchhoff’s rule for quantum wires II: The inverse problem with possible applications to quantum computers, Fortschr. Phys. 48 (2000), 703 – 716.

[20] V. Kostrykin and R. Schrader, The generalized star product and the factorization of scattering matrices on graphs, J. Math. Phys. 42 (2001), 1563 – 1598.

[21] V. Kostrykin and R. Schrader, in preparation.

[22] T. Kottos and U. Smilansky, Quantum chaos on graphs, Phys. Rev. Lett. 79 (1997), 4794 – 4797. [23] T. Kottos and U. Smilansky, Periodic orbit theory and spectral statistics for quantum graphs, Ann. Phys. (N.Y.)

274 (1999), 76 – 124.

[24] T. Kottos and U. Smilansky, Chaotic scattering on graphs, Phys. Rev. Lett., 85 (2000), 968 – 971. [25] P. Kurasov and F. Stenberg, On the inverse scattering problem on branching graphs, J. Phys. A: Math. Gen. 35 (2002), 101 – 121.

[26] A. Mikhailova, B. Pavlov, I. Popov, T. Rudakova, and A. Yafyasov, Scattering on a compact domain with few semi-infinite wires attached: resonance case, Math. Nachr. 235 (2002), 101 – 128.

[27] S. P. Novikov, Schrödinger operators on graphs and symplectic geometry, in E. Bierstone, B. Khesin, A. Khovanskii, and J. Marsden (Eds.), The Arnoldfest: Proceedings of a Conference in Honour of V. I. Arnold for his Sixtieth Birthday, Fields Institute Communications Series, Vol. 24. pp. 397 – 413, American Mathematical Society, Providence, R.I., 1999.

[28] B. S. Pavlov, The theory of extensions and explicitly solvable models, Russian. Math. Surveys 42:6 (1987), 127 – 168.

[29] M. Reed and B. Simon, Methods of Modern Mathematical Physics, II: Fourier Analysis, Self-Adjointness, Academic Press, New York, 1975.

[30] E. H. Spanier, Algebraic Topology, McGraw-Hill, New York, 1966.

VADIM KOSTRYKIN, FRAUNHOFER-INSTITUT FÜR LASERTECHNIK, STEINBACHSTRASSE 15, D-52074, AACHEN, GERMANY

E-mail address: kostrykin@ilt.fraunhofer.de, kostrykin@t-online.de

ROBERT SCHRADER, INSTITUT FÜR THEORETISCHE PHYSIK, FREIE UNIVERSITÄT BERLIN, ARNIMALLEE 14, D-14195 BERLIN, GERMANY

E-mail address: schrader@physik.fu-berlin.de