Higher-Dimensional Solitons Stabilized by Opposite Charge

Bernd Binder 88682 Salem, Germany, binder@quanics.com © 2002 (Dated: 30.11.2002)

In this paper it is shown how higher-dimensional solitons can be stabilized by a topological phase gradient, a field-induced shift in effective dimensionality. As a prototype, two instable 2-dimensional radial symmetric Sine–Gordon extensions (pulsons) are coupled by a sink/source term such, that one becomes a stable 1d and the other a 3d wave equation. The corresponding physical process is identified as a polarization that fits perfectly to preliminary considerations regarding the nature of electric charge and background of 1/137. The coupling is iterative with convergence limit and bifurcation at high charge. It is driven by the topological phase gradient or non-local Gauge potential that can be mapped to a local oscillator potential under P SL(2, R).

Introduction. Solitary waves were discovered in the first half of the nineteenth century by Rusell, the word soliton was invented by Kruskal, the sine–Gordon (SG) model by Skyrme [1]. Solitons retain their identity after collisions, can annihilate with anti–solitons, many– soliton solutions obey Pauli’s exclusion principle. In 1+1–dim. space–time there are two non–trivial minimal quantum field theories which describe non–perturbative phenomena: the SG model and the massive Thirring model [2] (a self-coupled Dirac field, see the Lagrangians [3]), both are intimately related [4]. For nonlinear field theory models in 1+1–dim. space–time the equations of motion admit finite energy and finite width solutions called solitons [5]. In the previous paper fundamental three–dim. (3d) baryon particles have been assigned to soliton properties [6, 7]. But how can 3d soliton properties emerge, and how could a baryon-type 3d SG soliton subject to distortions be balanced and stabilized?

a. Time independent field equations. The low-dim. (bosonic) hermitian scalar field θ with Lagrangian density L =^μ_2 ∂_ν θ∂^ν θ − V (θ) is a function of one space dimension and time (1+1–dim.). The time independent field equations reads μ∂^2_r θ = ∂_θV which can also be written as

∂_tV = 0, V (θ) = μ 2 (∂_rθ)^2 , (1)

where the sine–Gordon equation (SG)

∂_{rr}θ − V_0 sin θ = 0 , (2)

has a potential given by

V (θ) = V_0(1 − cos θ) . (3)

In [7] it has been shown, that Rayleigh-type self–excited auto-parametric systems [8] can stimulate in a 3dsituation ”whispering gallery modes” (that have been measured in [9, 10]) and model Coulomb interaction between sine-Gordon solitons. In [6] the same model has been be applied to determine the most likely Compton mass of the soliton. In this paper these results will be connected to the Skyrme baryon model and to the dissipative models including sink/source term representing the soliton charge.

b. Polarization and radiative coupling of pulsons. The isolated 1+1–dim. topology of a SG soliton is stable, integrable, and interaction-free. A single 2-dim. radial symmetric Sine–Gordon extension (pulsons [11]) is not stable. The dissipative property can be found by regarding the 1+2–dim. pulson solution with dissipative term ∂_rΘ/r and external coupling term πM_g/M

∂_{rr}Θ − V_0 sin Θ +

∂_rΘ r = πM_g M . (4)

Without coupling, the neutral or source free pulson (M_g = 0) is a breather-like slowly dying solution [11]. But if we choose the strength of the energy source/sink such, that M_g ≠ 0 can compensate the dissipative term, the 2d - pulson can be either reduced to a pseudo–1d case ∂_{rr}Θ − V_0 sin Θ = 0 by compensating the first– order term, or be promoted to a 3d radial wave equation ∂_{rr}Θ − V_0 sin Θ + 2∂_rΘ/r = 0 depending on the sign in

∂_rΘ r = ∓ πM_g M . (5)

This means simply, that a dimensional shift (an additional phase gradient proportional to the radial distance) is induced by the Gauge potential of a sink or source. If there is a permanent external source of stochastic nature (thermal background radiation or fluctuations), it increases dimensionality and provides for a basic r– independent part in the potential W (Θ = 0) = V_0. If two neutral pulsons become permanently polarized by adding a source term to one and a sink term with opposite sign to the other, there will be a radial coupling that can be assigned to a opposite signed ”charge” ±M_g defined in eq.(5). The positive source M_g > 0 with positive charge will be assigned to the state that has increased dimensionality driven by a permanent external stochastic radiation source providing for V_0 > 0. In this case eq.(5) directly provides for

W (Θ) = μ 2 (∂_rΘ)^2 + V_0 = μ(1 + r^2) 2 ( πM_g M )_2 . (6)

As already shown in [12, 13, 14] eq.(5) is the projective condition necessary to adjust the topological phase fields on pseudospheres (constant negative curvature) that provides for the optimum feedback resonance, coupling strength, and corresponding fine structure of spin precession. Integrating eq.(5)

Θ(r) − Θ(0) =

∫_r 0 ∂_rΘdr^′ = ∓ r^2 2 πM_g M , (7)

relates the potential linearly to the scalar function Θ

W (Θ) = ∓Θμ πM_g M + V_0, Θ(0) = 0 , (8)

that gives also the basic potential

W (0) = V_0 = μ 2 ( πM_g M )_2 . (9)

The external source or thermal pool provides for the same scalar angle–dependent energy in both, the oscillator energy responsible for the dimensional change and polarization in eq.(8), and for the soliton coupling energy in eq.(3)

W (θ_M ) = V (θ_M ) . (10)

Combining eq.(3) with eq.(8) via eq.(10) allows to determine the optimum phase shift of resonant coupling θ_M iteratively from

Mθ_M = ±πM_g cos θ_M , θ_M = πα_M , (11)

see results in table I.

c. Topological and geometric phase interpretation. Two neutral pulsons can be mutually stabilized by assigning a positive ”charge” (M_g > 0) to one and a ”negative” charge (M_g < 0) to the other. This excites M_g > 0 to a pseudo 1+3–dim. soliton and reduces M_g < 0 to the pseudo 1+1–dim. topology of a SG–soliton. It is known that stereographic mapping can map a Coulomb potential to an oscillator potential and vice versa. With eq.(7), eq.(11), cos θ = 1 − 2 sin^2(θ/2), the projective relation is given by

r = 2 sin(θ/2). (12)

Interpretation: In the resonant case a topological phase scattering pattern is coupling back to the scatterer. The resulting non-linear scalar coupling field is a deficit angle field that obviously can be described by the sine-Gordon equation on pseudospheres with a local potential given by the square of the phase gradient. Eq.(12) is a projective scattering condition, where the isotropic radial coupling connects the pulsons by projective resonance. It is a projection under P SL(2, R) that maps a local oscillator potential to a global Coulomb sink/source on the sphere and pseudosphere [15]. The mapping is directly controlled by the iterative solution eq.(11) providing for the generalized fine structure constants. The coupling or scattering condition eq.(12) maps the deficit angle to the proper spatial distance by relating the phase gradient potential to an oscillator potential while changing the dimension.

TABLE I:

Convergent fine structure (re)generation constants αM for Mg = 1 and variable M > 2 [16], check also the simulation at [17].

M 1/αM 3 4.13669 4 4.96178 5 5.82662 6 6.72097 7 7.6371 8 8.56944 9 9.51399 10 10.46789 11 11.42906 12 12.39597 13 13.36747 137 137.03600941164

d. Coupling strength and energy. Compton scattering can model the quantum interaction of a linear wave and a particle. To define a coupling strength q between SG kink or antikink induced by the phase fluctuations generated by background radiation, it will be necessary to define some potential and energy relations in 1d and 3d. The 1d coupling energy can be defined by by a temporal average or mean unit energy E_{1d}

E_{1d} = q^2(∂_rθ)^2 = 1μc^2 = 2q^2V , (13)

where μ is a unit mass, c the light velocity, and V = V_0 the mean background radiation energy. To compare our theoretical soliton coupling model to real existing couplings, mass/energy has to be quantified and geometrized. The mutual 1-d coupling to photons with amplitude/wavelenght fluctuation λ_μ can be regarded as a permanent Compton scattering process with mass– energy value related to λ_μ via Compton relation

E_{1d} = 2q^2V = hc λ_μ

. (14)

Let’s connect pulsons at distance 2R by defining the 3dpotential in accordance with eq.(5)

ϕ_{3d} = q 4πR = ∂_rΘ 4πR^2 = ∓ M_g 2MR . (15)

Generally, the Gauss relation can connect the 1-d coupling strength to a 3-d coupling strength with a spherical symmetric potential ϕ_{3d}(r) such, that the radial coupling energy is defined by

E_{3d}(r) = q ϵ_0 ϕ_{3d}(r) . (16)

The coupling strength q is the charge defining the interaction

E_{3d}(r) = − 1 ϵ_0

∫_r ∞ ϕ^2_{3d}4πdr^′ = q^2 4πϵ_0r

, ϕ_{3d} = q 4πr . (17) The fine structure constant is defined by α = q^2 4πϵ_0ℏc = E_{3d}(λ_μ) E_{1d}

, (18)

where the relations at the special reference distance λ_μ given by dimensionless Planck units h = c = λ_μ = 1 must obey the unit condition

E_{3d}(αλ_μ) = E_{1d} = ϕ_{3d}(αλ_μ) = ϕ_{1d} ≡ 1 , (19)

that provides for α = q 4π , M = [ 1 α ] . (20)

where [ ] means next higher integral value. Why integral? Because of single–valuedness the round-trip path fits integer numbers, similar to ”whispering gallery modes” [7].

e. Concluding Remarks. It is an interesting question how stationary solitons (like breather) get their absolute mass/energy. To approach a 3d scattering we can compare to an ansatz for Skyrme fields in 3d [18] which uses rational maps between Riemann spheres under P SL(2, R) and an SU(2) valued Skyrme field. The lowest energy E_{1d} of Skyrmions which applies to the rational map ansatz, is more than a factor 12π^2 lower than the energy given by the Lagrangian and called Fadeev- Bogomolny bound, see also [19, 20, 21]. In our case this coupling ratio is given by q^{−2} = 12π^2 in eq.(14). This could be found by treating the wave–soliton coupling as a Rayleigh–type auto–parametric system, see [6, 7]. Eq.(20) provides for M = 137 and for a plausible baryon energy limit: λ_μ ≈ 1, 31777... · 10^{−15}m or E_{1d} = μc^2 = 940.86369... MeV extrapolated to Planck units λ_μ = c = ℏ = 1 emerges as a system-invariant soliton mass scale that is 1.001382 times the neutron and 1.002762 times the proton scale [6]. The two oppositely charged 2-dim. radial symmetric pulsons stabilized and balanced by a topological phase gradient could be assigned to a proton–electron combination: one pulson is promoted to a positive charge with M_g > 0 as a pseudo 1+3–dim. soliton (the proton) while reducing the second pulson to a negative charge M_g < 0 and pseudo 1+1– dim. topology of a SG–soliton (the electron). The broken symmetry could be supported by the coupling field that could act as a flexible shield against external distortion or fluctuations in dimensionality. Generalizations to higher dimensions and source terms could be assigned to multiple charged nuclei, where the charge quantity M_gq with M_g ≠ 0 corresponds to a field–induced shift in effective dimensionality with d − 2 = M_g, stability and convergence criteria regarding eq.(11) for 1 ≤ |M_g| ≤ M can be found in [16]. To account for the (half) spin property of pulsons with cylindrical symmetry, it should be possible to characterize the polarized d=1/d=3 soliton system by two coupled two-spinors under SU(2) including electromagnetic interactions defined by vector and scalar potentials responsible for the dimensional shift.

[1] T. H. R. Skyrme, Proc. Roy. Soc. A 247, 260 (1958);

ibid. A 262, 237 (1961).

[2] W. Thirring, Ann. Phys. (N.Y.) 3, 91 (1958). [3] M. Remoissenet, in Waves Called Solitons, Concepts and Experiments, Springer–Verlag, Heidelberg, 1994.

[4] S. Coleman, Phys. Rev. D 11, 2088 (1975). [5] M. J. Ablowitz and H. Segur,Solitons and the Inverse Scattering Transform, SIAM, Philadelphia, (1981).

[6] B. Binder,Soliton Compton Mass from Auto–parametric Wave–Soliton Coupling; UniTexas mp-arc 02-475.

[7] B. Binder,Soliton Coupling Driven by Phase Fluctuations in Auto-Parametric Resonance; UniTexas mp-arc 02-473.

[8] A. Tondl, T. Ruijgrok, F. Verhulst, R. Nabergoj, Autoparametric Resonance in Mechanical Systems Cambridge University Press, New York, (2000).

[9] A.V. Ustinov, Physica D 123, 315 (1998).

[10] A. Wallraff, A.V. Ustinov, V.V. Kurin, I.A. Shereshevsky, N.K. Vdovicheva, Phys. Rev. Lett. 84, 151 (2000) cond-mat/9911260.

[11] P.L. Christiansen, P. Lomdahl, Physica D2, 482 (1981). [12] B. Binder,Josephson Effect, Bäcklund Transformations, and Fine Structure Coupling; PITT-PHIL-SCI00000861.

[13] B. Binder,Topological Phase Fields, Baecklund Transformations, and Fine Structure; PITT-PHIL-SCI00000841.

[14] B. Binder,Charge as the Stereographic Projection of Geometric Precession on Pseudospheres; PITT-PHIL-SCI00000818.

[15] A. Nersessian, G. Pogosyan, Phys.Rev. D63, 020103, (2001); quant-ph/0006118; math-ph/0010049.

[16] B. Binder, ‘Berry’s Phase and Fine Structure’ (2002);

PITT-PHIL-SCI00000682. [17] B. Binder, alpha simulation;

http://www.quanics.com/spinorbit.html [18] N.S. Mantony, B.M.A.G. Piette, Understanding Skyrmions using Rational Maps hep-th/0008110.

[19] D.K. Campbell, M. Peyrard, P. Sodano, Physica D19, 165 (1986).

[20] C.J. Houghton, N.S. Manton, P.M. Sutcliffe, Nucl.Phys.

B510, 507 (1998).

[21] A.E. Kudryavtsev, B. Piette, W.J. Zakrzewski, Eur.

Phys. J. C1, 333, (1998).