Quasi-periodic solutions for two-level systems

Guido Gentile

Dipartimento di Matematica, Università di Roma Tre, Roma, I-00146, Italy

Abstract. We consider the Schr̈odinger equation for a class of twolevel atoms in a quasi-periodic external field in the case in which the spacing 2ε between the two unperturbed energy levels is small. We prove the existence of quasi-periodic solutions for a Cantor set E of values of ε around the origin which is of positive Lebesgue measure: such solutions can be obtained from the formal power series by a suitable resummation procedure. The set E can be characterized by requesting infinitely many Diophantine conditions of Mel’nikov type.

1. Introduction

Consider the Hamiltonian describing a two-level system in a quasi-periodic external field

H(t) = εσ_3 − f(t)σ_1, (1.1)

where σ_1, σ_2, σ_3 are the Pauli matrices and f(t) is a quasi-periodic function; the real parameter ε measures half the spacing between the unperturbed energy levels.

The model has been widely studied in physics (for an introduction to the subject we refer to classical textbooks as [5] and [10]), and it was recently considered in [12], in connection with the problem of studying the existence of pure point spectrum for the quasi-energy operator.

In [1] the problem was investigated of studying quasi-periodic solutions of the corresponding Schrödinger equation i ∂ ∂t ψ(t) = H(t)ψ(t). (1.2) In particular it was found that quasi-periodic solutions exist in the form of formal power series, but such series were argued to be in general divergent. Here we prove that quasi-periodic solutions exist indeed, and that they are not analytic in ε, according to the conjecture proposed in [1]; in fact they are defined on a set of values of the perturbative parameter ε centered around the origin and with a dense set of holes.

We use a version of the techniques introduced in classical mechanics by Eliasson, [4], in order to study KAM-type problems. Such techniques were further developed (see [6], [8], [9], [7] and papers quoted therein), by emphasizing the analogy with the methods of quantum field theory. In particular in [9] a resummation procedure was introduced which was reminiscent of the mass graphs resummation in field theory. Here we follow the same approach but slightly changing the resummation procedure in a form which is more suitable to deal with the small divisors in the present case. With respect to [9] we have the extra difficulty that the resummation produces new small divisors which can be vanishing for certain values of ε: so we have to perform the resummation in an iterative way by being careful to exclude more and more values of ε at each step. Such an approach shows also analogies with that followed in [3] for the study of low-dimensional elliptic tori in certain systems of PDE’s.

A quasi-periodic solution of the Schrödinger equation for the system (1.1) was shown in [1] to be expressible in terms of a particular solution of a generalized Riccati equation (see next section), so we start directly from the latter equation.

For simplicity we assume a nondegeneracy condition of the external field (which corresponds to the condition of case (1) of Theorem 2.2. in [1]), but we think that our methods can be successfully applied in order to deal also with the condition of case (2); we refer to Section 2 for a more technical discussion.

We first show that it is possible, by a suitable choice of the initial conditions, to eliminate the secular terms and to obtain a formal solution which is given by a formal power series in ε quasiperiodic in time, so recovering the case (1) of Theorem 2.2. in [1]. The main difference with respect to [1] is that we use a graphic representation of the solution in terms of trees which allows us to obtain a very simple proof of existence of the formal solution.

Then we introduce a suitable resummation which leads to the proof of existence of a solution which is quasi-periodic in time and non-analytic in the perturbative parameter. This represents the main interest of the present paper, and the main novelty with respect to the existing literature.

2. Existence of formal solutions

Consider the generalized Riccati equation

Ġ − iG^2 − 2ifG + iε^2 = 0, (2.1)

where Ġ = dG/dt, f = f(t) = ∑ ν∈Z^{d′} e^{iν·ωt}f_ν (2.2)

is a real analytic quasi-periodic function, and d^′ ≥ 1 is an integer.

Let us look for a solution of the form G = −iεQu, Q(t) = e^{2iF (t)}, F (t) = ∫_t 0 dt^′ f(t^′). (2.3)

Then, for ε ≠ 0, (2.1) implies for u the following equation: u̇ = ε ( Qu^2 + Q^{−1} ) . (2.4)

Define d = { d^′, if f_0 = 0, d^′ + 1, if f_0 ≠ 0, ω = { ω, if f_0 = 0, (f_0, ω), if f_0 ≠ 0, (2.5) and assume that ω is a Diophantine vector, i.e. a vector satisfying the Diophantine condition |ω · ν| > C_0|ν|^{−τ} ∀ν ∈ Z^d \ {0}, (2.6) with C_0, τ two positive constants and |ν| = |ν_1| + . . . + |ν_d| for ν = (ν_1, . . . , ν_d).

Given any function g of the form g(t) = ∑ ν∈Z^d e^{iν·ωt}g_ν , (2.7)

let us denote by ⟨g⟩ = g_0 the constant term in its Fourier expansion.

Let us suppose that one has ⟨Q⟩ ≠ 0; (2.8) this corresponds to the assumption (1) of the theorem 2.2 in [1].

By the analyticity assumptions on f one has |Q_ν | ≤ Qe^{−κ|ν|}, |(Q^{−1})_ν | ≤ Qe^{−κ|ν|}, (2.9) for two suitable positive constants Q and κ. Moreover one has ⟨Q^{−1}⟩ ≠ 0 if and only if (2.8) holds.

Then we have the following result, [1].

Theorem 1. The generalized Riccati equation (2.1), with f a real analytic quasi-periodic function of the form (2.2), under the hypotheses (2.6) and (2.8), admits a formal power series g(t; ε) = ∞∑ k=0 ε^k ∑ ν∈Z^d e^{iν·ωt}g^{(k)}_ν , (2.10)

which represents a formal particular solution.

The proof consists in determining the initial conditions in a suitable way in order to eliminate the secular terms, and it is performed in Sections 4 and 5.

3. Existence of solutions

The result of the previous section can be improved into the following one. Theorem 2. Consider the generalized Riccati equation (2.1), with f a real analytic quasi-periodic function of the form (2.2), and assume that the hypotheses (2.6) and (2.8) are fulfilled. There exist three positive constants ε_0, b and ξ and a set E ⊂ (−ε_0, ε_0) of Lebesgue measure meas(E) ≥ 2ε_0(1 − bε^ξ_0) such that (2.1) admits a particular solution of the form g(t; ε) = ∑ ν∈Z^d e^{iν·ωt}g_ν (ε) (3.1)

for all ε ∈ E.

The proof of the above statements will be performed in Sections 6 to 8.

Therefore the solution (3.1) will turn out to be not analytic in ε; in fact it can be obtained by the formal power expansion (2.10) through a suitable resummation procedure.

The set of values of ε which have to be excluded from (−ε_0, ε_0) is dense, and it depends on the external field f(t). From a technical point of view such values arise by imposing infinitely many Diophantine conditions of Mel’nikov type of the form | | |iω · ν − M^{[n]}(ω · ν; ε) | | | ≥ C0|ν|^{−τ1} ∀ν ∈ Z^d \ {0} and ∀n ≥ −1, (3.2) where τ_1 > τ + d and M^{[n]}(ω · ν; ε) are suitable functions which will be constructed recursively along the iterative resummation of the formal solution. For instance one has M^{[−1]}(x; ε) = 0, M^{[0]}(x; ε) = 2ε ⟨Q⟩ c^{[0]} + O(ε^2), with c^{[0]} = i √ ⟨Q^{−1}⟩/⟨Q⟩, and so on.

Of course the relevance of the conditions (3.2) depends on the value of the imaginary parts of the functions M^{[n]}(ω · ν; ε).

We do not study this problem in general, but we can immediately realize that we can have easily nontrivial situations. Consider for instance the case of an external field f which is an even function with vanishing average and of order μ, with μ ≪ 1: then F (t) in (2.4) is odd, and one has that ⟨Q⟩ = 1 + O(μ) and ⟨Q^{−1}⟩ = 1 + O(μ) are both real, so that c^{[0]} = i(1 + O(μ)), hence M^{[0]}(x; ε) = 2iε(1 + O(μ)) + O(ε^2). Therefore the conditions (3.2) give nontrivial results at least for such a case for n = 0; furthermore we shall see that one has M^{[n]}(x; ε) = M^{[0]}(x; ε) + O(ε^2) for all n ≥ 1 and that the difference between two functions M^{[n+1]}(x; ε) and M^{[n]}(x; ε) tends exponentially to zero as n → ∞.

4. Graphical representation and tree formalism

We look for a formal solution of (2.4) of the form u(t) = ∞∑ k=1 ε^ku^{(k)}(t) = ∞∑ k=1 ε^k ∑ ν∈Z^d e^{iν·ωt}u^{(k)}_ν ; (4.1) by setting, for all k ≥ 0, u^{(k)}_0 = c^{(k)}, (4.2) we can write u^{(k)}(t) = c^{(k)} + U^{(k)}, ⟨U^{(k)}⟩ = 0 ∀k ≥ 0. (4.3) By inserting (4.1) into (2.4) we obtain

u̇^{(0)} = 0, u̇^{(1)} = Q^{−1} + Q(u^{(0)})^2,

u̇^{(k)} = Q ∑ k_1+k_2 =k−1

u^{(k1)}u^{(k2)} ∀k ≥ 2,

(4.4)

which, expressed in Fourier space, becomes, for all ν ≠ 0,

u^{(0)}_ν = 0,

(iω · ν) u^{(1)}_ν = ( Q^{−1} ) ν + Q_ν (c^{(0)})^2,

(iω · ν) u^{(k)}_ν = ∑ k_1 +k_2=k−1 ∑ ν_0+ν_1 +ν_2 =ν

Q_{ν0} u^{(k1)}_{ν1} u^{(k2)}_{ν2} ∀k ≥ 2,

(4.5) provided that the right hand side of (4.4) has vanishing average. This requires

0 = (Q^{−1})_0 + Q_0(c^{(0)})^2, 0 = ∑ k_1 +k_2=k−1 ∑ ν_0 +ν_1+ν_2 =0

Q_{ν0} u^{(k1)}_{ν1} u^{(k2)}_{ν2} ∀k ≥ 2. (4.6)

The first equation in (4.6) fixes c^{(0)} to a value such that

(c^{(0)})^2 = − ⟨ Q^{−1} ⟩ ⟨Q⟩ , (4.7)

which is well defined and different from zero by the hypothesis (2.8).

The second equation in (4.6) can be written as

0 = 2Q_0c^{(0)}c^{(k−1)} + other terms depending on c^{(0)}, . . . , c^{(k−2)}, (4.8)

which allows us, in principle, to fix iteratively the coefficients {c^{(k)}}^∞_{k=1}.

We can represent graphically the functions u^{(0)}_ν and u^{(1)}_ν as in Figure 4.1.

u^{(0)}_0 =

u^{(1)}_ν = +

0

ν ν

(0) (0)

(0) ν_0 ν_1

ν_2

u^{(1)}_0 = 0 (1)

Figura 4.1. Graphical representation of u^{(0)}ν and u^{(1)}ν . The function u^{(0)}ν is represented by a graph formed by a line and an endpoint (white bullet): we associate to the line a momentum ν = 0 and a propagator 1, and to the white bullet an order label k = 0, a mode label ν = 0 and a node factor c^{(0)}, so that one has u^{(0)}ν = 0 for ν ≠ 0, while u^{(0)}_0 = c^{(0)}. The function u^{(1)}ν , for ν ≠ 0, is represented by the sum of two graphs. We associate to the line with momentum ν a propagator 1/(iω · ν). In the first graph we associate to the endpoint (black bullet) a mode label ν and a node factor (Q^{−1})ν , while in the second graph we associate to the point (vertex) carrying the mode ν_0 a node factor Qν_0 and to the two white bullets order labels k_1 = k_2 = 0, modes ν_1 = ν_2 = 0 and node factors c^{(0)}. In the second graph one has the constraint ν = ν_0 + ν_1 + ν_2. The function u^{(1)}_0 is represented as u^{(0)}_0 , with the only difference that now the white bullet carries an order label k = 1.

More generally we can represent u^{(k)}_ν for all k ≥ 0 as in Figure 4.2, where the graphical representation has to be interpreted as in Figure 4.1 when either k = 0 or k = 1, while it can be developed u^{(k)}_ν = ν (k)

u^{(k)}_0 = 0 (k)

Figura 4.2. Graphical representation of u^{(k)}ν . The line carries a momentum ν: we associate to it a propagator 1/(iω · ν) if ν ≠ 0, and a propagator 1 if ν = 0.

ν (k) = ν ν_0 ν_1

ν_2 (k^2)

(k_1)

+ ν ν_0 ν_1

0 (k^2)

(k_1)

+ ν ν_0 0

ν_2 (k^2)

(k_1)

+ ν ν_0 0

0 (k^2)

(k_1)

Figura 4.3. Graphical representation of u^{(k)}ν in terms of u^{(k′)}ν_′ , with k^′ < k, for ν ≠ 0. One has the constraints ν = ν_0 + ν_1 + ν_2 and k = 1 + k_1 + k_2. To the vertex with mode ν_0 we associate a node factor Qν_0 .

iteratively as shown in Figure 4.3 when k ≥ 2 when ν ≠ 0. If ν = 0 one has u^{(k)}_0 = c^{(k)}, with c^{(k)} to be recursively defined, as it will be explained below.

For instance when k = 2 and ν ≠ 0 we obtain the graphical representation of Figure 4.4. Therefore we can see that, iterating the graphical procedure described above, we can give a graphical representation of u^{(k)}_ν , for all k ∈ Z_+ and for all ν ∈ Z^d, in terms of trees.

A tree θ is a connected set of points and lines such that the lines are oriented toward a point which is called the root of the tree. We call nodes all the points of the tree other than the root. The orientation induces a partial ordering relation between the nodes (and the lines), which will shall denote by ⪯: given two nodes v and w we shall write w ⪯ v if v is along the path (of lines) connecting v to the root, and w = v means that the two nodes coincide. We shall be interested only in trees such that for all nodes there are only either two or zero entering lines (keep in mind Figure 4.4 as an example). Note that for the root there is by construction one and only one line entering it: we shall call root line such a line.

Given a tree θ let us distinguish between the set E(θ) of nodes such that no line enter them and the set V (θ) of nodes such that there is at least a line (hence two lines) entering them: we ν (2) = ν ν_0

ν_1 ν_2 (0) + ν ν_0

ν_1 ν_2 ν^′_0 ν^′_1

ν^′_2 (0) (0)

(0)

+ ν ν_0

ν_1 ν_2

(0)

+ ν ν_0

ν_1 ν_2 ν^′_0 ν^′_1

ν^′_2

(0) (0)

(0)

+ ν ν_0 ν_1

ν_2

(1)

(0) + ν ν_0 ν_1

ν_2

(0)

(1) Figura 4.4. Graphical representation of u^{(2)}ν for ν ≠ 0. The symbols and the labels have the same meaning as in the previous Figures. One has the constraints ν = ν_0 + ν_1 + ν_2 in all graphs, ν_1 = ν^′_0 + ν^′_1 + ν^′_2 in the second graph, and ν_2 = ν^′_0 + ν^′_1 + ν^′_2 in the fourth graph. The lines coming out from the white endpoints must have momentum ν = 0; to each white endpoint we associate a node factor c^{(k)} if k = 0, 1 is the order label of the endpoint, to each black endpoint we associate a node factor (Q^{−1})ν if ν is the momentum of the line coming out from it (which is equal to the mode of the endpoint itself), and to each node v which is not an endpoint (vertex) we associate a mode ν_v and a node factor Qν_v .

call endpoints the first ones and vertices the latter. Graphically the endpoints will be depicted as bullets which can be black or white (see for instance Figure 4): we denote by E_B (θ) and E_W (θ) the two sets, respectively.

Define W (θ) as the set of the endpoints represented by white bullets, and B(θ) as the set of vertices and of endpoints represented by black bullets; of course one has W (θ) = E_W (θ) and B(θ) = E_B (θ) ∪ V (θ).

To each vertex v ∈ V (θ) we associate a mode label ν_v ∈ Z^d and a node factor F_v = Q_{νv} , to each endpoint v ∈ E_B (θ) we associate a mode label ν_v ∈ Z^d and a node factor F_v = (Q^{−1})_{νv} , and to each endpoint v ∈ E_W (θ) we associate a mode label ν_v = 0, an order label k_v ∈ Z_+ and a node factor F_v = c^{(kv )}.

Define L(θ) as the set of lines in θ. Each line ℓ comes out from a point and enters another point; if we denote by v the first one we shall denote by v^′ the latter, and we shall call it the “point immediately following v”; as the line is uniquely identified by the node v we shall write also ℓ = ℓ_v.

To each line we associate a momentum label ν_ℓ ∈ Z^d and a propagator which is g_ℓ = 1/(iω · ν_ℓ) if ν_ℓ ≠ 0 and g_ℓ = 1 if ν_ℓ = 0. If the line ℓ comes out from a node v ∈ W (θ) one has necessarily ν_ℓ = 0, while if the line ℓ comes out from a node v ∈ B(θ) all values of ν_ℓ are possible. We say that ν_ℓ “flows” through the line ℓ.

The modes and the momenta are related by the following relation: if ℓ = ℓ_v and ℓ^′ and ℓ^{′′} are the lines entering v one has ν_ℓ = ν_v + ν_ℓ′ + ν_ℓ′′ = ∑ w∈B(θ) w⪯v ν_w, (4.9)

which represents a sort of conservation law.

We call equivalent two trees which can be transformed into each other by permuting any two lines entering the same point.

Finally we define T_{k,ν} as the set of inequivalent trees θ such that (1) for each vertex v ∈ V (θ) there are exactly two entering lines; (2) the endpoints v ∈ E(θ) can be either white or black;

(3) the number of black endpoints, the number of vertices and the order labels of the white endpoints are such that, by setting |B(θ)| = |E_B (θ)| + |V (θ)| = k_1 and ∑ v∈E_W (θ) kv = k2, one has

k_1 + k_2 = k;

(4) the momentum flowing through the line entering the root (root line) is ν.

We shall call T_{k,ν} the set of trees of order k and with total momentum ν. With the above notations we can write, for ν ≠ 0,

u^{(k)}_ν = ∑ θ∈T_{k,ν} Val(θ),

Val(θ) = ∏ ℓ∈L(θ) g_ℓ ∏ v∈E(θ)∪V (θ) F_v , (4.10)

where Val(θ) is called the value of the tree θ, and

g_ℓ = 1 iω · ν_ℓ , if ν_ℓ ≠ 0,

1, if ν_ℓ = 0,

F_v = Q_{νv} , if v ∈ V (θ), (Q^{−1})_{νv} , if v ∈ E_B (θ),

c^{(kv )}, if v ∈ E_W (θ),

(4.11)

while, for ν = 0, one can easily write the contribution c^{(k)} = u^{(k)}_0 of order k to the initial condition by imposing (4.8). This yields

c^{(k)} = − 1 2c^{(0)} ⟨Q⟩ ∑ θ∈T^∗_{k,0} Val(θ), (4.12)

where T^∗_{k,0} is defined as T_{k,0}, with the constraint that one has to discard the two trees of the form represented in Figure 4.5 such that the three represented lines carry vanishing momenta and the mode label associated to the represented vertex is zero.

ν

(0)

(k) ν_0 ν_1 ν_2 ν

(k)

(0) ν_0 ν_1 ν_2

Figura 4.5. Trees that does not appear in T^∗_{k,0}: besides of having ν_1 = ν_2 = 0, by definition of white endpoint, one requires also ν = ν_0 = 0, so that the value of both such trees is Q_0c^{(0)}c^{(k)} = ⟨Q⟩c^{(0)}c^{(k)}.

Val(θ) =

(0) (3) (0)

(0)

(2) (0)

(4)

Figura 4.6. An example of tree with 11 vertices, 5 black endpoints and 7 white endpoints. Unlike the order labels, the modes of the nodes and the momenta of the lines are not explicitly showed. The order of the tree is k = 11 + 5 + (3 + 2 + 4) = 25, while the total momentum ν is the momentum flowing through the root line, which is the leftmost one.

Note that in (4.12), as well as in (4.10), the values Val(θ) will depend on the node factors c^{(k′ )}, with k^′ < k, so that (4.12) provides a recursive definition of the coefficients c^{(k)}.

An example of tree of order k = 25 is given in Figure 4.6.

5. Multiscale decomposition

In this section we introduce a multiscale decomposition of the propagators: with respect to [1] this will allow us to obtain better estimates on some contributions to the coefficients u^{(k)}_ν . Moreover this will be the first step in order to prove theorem 2 in section 3.

Let ψ(x) a C^∞ non-decreasing compact support function defined on R^+ such that ψ(x) = { 1, for x ≥ C_0, 0, for x ≤ C_0/2, (5.1)

where C_0 is the Diophantine constant appearing in (2.6), and set χ(x) = 1 − ψ(x); see Figure 5.1. Define also ψ_n(x) = ψ(2^nx) and χ_n(x) = χ(2^nx) for all n ≥ 0; of course ψ_0 = ψ and χ_0 = χ.

x χ(x) ψ(x)

C_0/2 C0

Figura 5.1. Possible graphs of the C^∞ compact support functions ψ(x) and χ(x).

Then, for any line ℓ ∈ L(θ) with ν_ℓ ≠ 0, set g_ℓ ≡ 1 iω · ν_ℓ = ψ_0(|ω · ν_ℓ|) iω · ν_ℓ + ∞∑ n=1 ψ_n(|ω · ν_ℓ|)χ_{n−1}(|ω · ν_ℓ|) iω · ν_ℓ , (5.2)

which can be rewritten as

g_ℓ = ∞∑ n=0 g^{(n)}_ℓ ,

g^{(0)}_ℓ = ψ_0(|ω · ν_ℓ|) iω · ν_ℓ , g^{(n)}_ℓ = ψ_{n+1}(|ω · ν_ℓ|)χ_n(|ω · ν_ℓ|) iω · ν_ℓ ∀n ≥ 1. (5.3)

We shall call g^{(n)}_ℓ ≡ g^{(n)}(ω · ν_ℓ) a propagator on scale n.

We shall assign to each line ℓ ∈ L(θ) with ν_ℓ ≠ 0 also a new label n_ℓ = 0, 1, 2, . . ., which will be called the scale label the line ℓ; we can associate a scale label also to a line ℓ with ν_ℓ = 0, by setting n_ℓ = −1. Then we shall define Θ_{k,ν} as the set of trees which differ from those in T_{k,ν} just because of the newly introduced scale labels, so that (4.10) can be replaced with

u^{(k)}_ν = ∑ θ∈Θ_{k,ν} Val(θ),

Val(θ) = ∏ ℓ∈L(θ) g^{(nℓ)}_ℓ ∏ v∈E(θ)∪V (θ) F_v , (5.4) and an expression analogous to (4.11) holds for c^{(k)}, provided that T^∗_{k,0} is replaced with Θ^∗_{k,0}, with obvious meaning of the symbols.

Note that, for fixed x = ω · ν, one can have g^{(n)}(x) ≠ 0 only for two values of n, so that the series (5.3) is in fact a finite sum.

Note also that g^{(n)}(x) ≠ 0 only if 2^{−n−1}C_0 < |x| < 2^{−n+1}C_0 for n ≥ 1 and only if |x| > 2^{−1}C_0 for n = 0. This means that for any line ℓ on scale n such that g^{(n)}_ℓ ≠ 0 we can bound |g^{(n)}_ℓ | ≤ C^{−1}_0 2^{n+1}. Hence, if N_n(θ) denotes the number of lines on scale n in θ and |ν(θ)| = ∑ v∈B(θ) |νv |, we can bound, for each tree θ ∈ Θ_{k,ν} and for any integer n_0,

|Val(θ)| ≤ C^{−k1}_0 2^{2k1} 2^{n0k1} Q^{k1} e^{−κ|ν(θ)|} ( ∏ v∈E_W (θ) |c^{(kv )}| )(^∞∏ n=n_0 2^{nNn(θ)} ) , (5.5)

where k_1 = |B(θ)| and ∑ v∈E_W (θ) kv = k2 = k − k1. A cluster T on scale n is a maximal set of points and lines connecting them such that all the lines have scales n^′ ≤ n and there is at least one line with scale n. The m_T ≥ 0 lines entering the cluster T and the possible line coming out from it (unique if existing at all) are called the external lines of the cluster T . Given a cluster T on scale n, we shall denote by n_T = n the scale of the cluster.

Given a cluster T in a tree θ call V (T ), E(T ), E_W (T ), E_B (θ), B(T ), and L(T ) the set of vertices, of endpoints, of white endpoints, of black endpoints, of vertices plus black endpoints, and of lines of T , respectively. Let us define also ν_T = ∑ v∈B(T ) νv. We call self-energy graph of a tree θ any cluster T such that (1) T has only one entering line ℓ^2_T and one exiting line ℓ^1_T , (2) one has ν_T ≡ ∑ v∈B(T ) ν_v = 0. (5.6)

We say that the line ℓ^1_T exiting a self-energy graph T is a self-energy line; we call normal line any line of the tree which is not a self-energy line.

Note that the two external lines of a self-energy graph have not necessarily the same scale: if n_1 and n_2 are the scale of the lines ℓ^1_T and ℓ^2_T , and n = n_T is the scale of the self-energy graph as a cluster, one must have n + 1 ≤ min{n_1, n_2}.

An example of tree with self-energy graphs is depicted in Figure 5.2; one can immediately realize that because of the presence of self-energy graphs one can have accumulation of small divisors.

It is not difficult to prove (see for instance [9]) that, if we denote by N^{norm}_n (θ) the number of normal lines in θ, then there exists a positive constant c such that

N^{norm}_n (θ) ≤ c 2^{−n/τ} ∑ v∈B(θ) |ν_v|, (5.7) so that, if we could neglect the self-energy lines, i.e if we could replace N_n(θ) with N^{norm}_n (θ) in (5.5), we would obtain, for some constant C,

|Val(θ)| ≤ C^{−k1}_0 2^{2k1} 2^{n0k1} Q^{k1} e^{−κ|ν(θ)|} ( ∏ v∈E_W (θ) |c^{(kv )}| )(^∞∏ n=n_0 exp [ |ν(θ)|c log 2 ∞∑ n=n_0 n2^{−n/τ} ])

≤ C^{k1} e^{−κ′|ν(θ)|} ( ∏ v∈E_W (θ) |c^{(kv )}| ) , (5.8) ν ν ν ν^′ ν^′ ν^′ ν^′ ν^{′′} ν^{′′}

Figura 5.2. Example of trees containing self-energy graphs. All the lines contained inside a self-energy graph have scales strictly less than the scales of the external lines of the selfenergy graph. One can have self-energy graphs containing other self-energy graphs on lower scales; in the Figure one has a self-energy graph with external lines carrying a momentum ν^{′′} contained inside a self-energy graph with external lines carrying a momentum ν: the first one will be on a scale n^{′′} ≤ n − 1 if n is the scale of the latter.

for some κ^′ < κ and n_0 suitably chosen (see [8] or [9]).

Unfortunately the bound (5.8) is in general false, as it can apply only to trees without self-energy graphs. Therefore the above analysis is sufficient to prove theorem 1, but not to prove theorem 2.

Indeed, as we can not use the bound (5.7) for all trees, all we can do in general for a tree θ ∈ Θ_{k,ν} is to estimate the product of propagators in (5.4) by | | | ∏ ℓ∈L(θ) g^{(nℓ)}_ℓ | | | ≤ C^{−k1}_0 ∏ ℓ∈L(θ) |ν_ℓ|^τ , (5.9) so that, by writing ∏ v∈B(θ) e^{−κ|νv |} ≤ ( ∏ v∈B(θ) e^{−κ|νv |/2} )( ∏ ℓ∈L(θ) e^{−κ|νℓ|/2k1} ) , (5.10)

one obtain for each line ℓ ∈ L(θ) the bound |ν_ℓ|^τ e^{−κ|νℓ|/2k1} ≤ τ!(2k_1/κ)^τ . Therefore we can bound | | ∏ ℓ∈L(θ) g^{(nℓ)}_ℓ | | ( ∏ ℓ∈L(θ) e^{−κ|νℓ|/2k1} ) ≤ C^{−k1}_0 τ!^{k1} ( 2k_1 κ )_{k1} , (5.11)

and for all trees in Θ_{k,ν} we have

|Val(θ)| ≤ C^{k1}_1 (k_1!)^α ( ∏ v∈B(θ) e^{−κ|νv |/2} )( ∏ v∈E_W (θ) |c^{(kv )}| ) , (5.12) for two positive constants C_1 and α. Therefore, by using that the number of trees of fixed order and fixed mode labels is bounded by C^k_2 for some positive constant C_2 (taking into account the number of shapes of trees and the number of ways of assigning the scale labels in such a way that the corresponding tree value is not vanishing) and expanding each c^{(kv )} in terms of trees according to (4.12), as in [9], we obtain at the end, for suitable positive constants κ^′ < κ and C_3, a bound |u^{(k)}_ν | ≤ e^{−κ′|ν|}C^k_3 k!^α, which reproduces the result in [1].

The only case in which we obtain bounds containing no factorial and hence we can deduce the convergence of the perturbative series is the case d = 1, where there are no small divisors (one can bound |ω · ν| = |ων| ≥ |ω|), as it was already pointed out in [2].

6. Renormalized expansion

To prove theorem 2 we need a different tree expansion, that we envisage by starting from the present section.

We shall define new propagators g^{[nℓ]}_ℓ iteratively. First some notations are needed. Suppose that the node factors c^{[kv ]} and the propagators g^{[nℓ]}_ℓ are assigned. Given a self-energy graph T which does not contain any other self-energy graphs, define the self-energy value as V_T (ω · ν; ε) = ε^{kT} ( ∏ ℓ∈L(T ) g^{[nℓ]}_ℓ )( ∏ v∈E(T )∪V (T ) F_v ) , (6.1)

where F_v is defined as in (4.11) except for the white endpoints for which one has F_v = c^{[kv ]}, and k_T = |B(T )| + ∑ v∈E_W (θ) kv ≥ 1 is called the self-energy order and represents the number of

vertices and black endpoints in T plus the sum of the orders of the white endpoints in T ; of course V_T (ω · ν; ε) depends on ω · ν through the propagators of the lines in L(T ).

Define Θ^R_{k,ν} as the set of trees which do not contain any self-energy graphs (renormalized trees), and S^R_{k,n} as the set of self-energy graphs of order k which do not contain any other self-energy graph and such that the maximum of the scales of the lines in T is exactly n (renormalized self-energy graphs on scale n).

Then we can define the renormalized propagators g^{[n]}_ℓ ≡ g^{[n]}(ω · ν_ℓ; ε) and the quantities M^{[n]}(ω · ν_ℓ; ε) recursively as follows.

We set g^{[−1]}(x; ε) = 1, M^{[−1]}(x; ε) = 0,

g^{[0]}(x; ε) = ψ_0(|x|) ix , M^{[0]}(x; ε) = 2εQ_0c^{[0]} + ∞∑ k=1 ∑ T ∈S^R_{k,0} V_T (x; ε), (6.2)

with c^{[0]} = c^{(0)}, as given by (4.7), while, for n ≥ 1, we define

g^{[n]}(x; ε) = χ_0(|x|)χ_1(|ix − M^{[0]}(x; ε)|) . . . χ_{n−1}(|ix − M^{[n−2]}(x; ε)|)ψ_n(|ix − M^{[n−1]}(x; ε)|) ix − M^{[n−1]}(x; ε) , M^{[n]}(x; ε) = M^{[n−1]}(x; ε) + M^{[n]}(x; ε)χ_0(|x|)χ_1(|ix − M^{[0]}(x; ε)|) . . . χ_n(|ix − M^{[n−1]}(x; ε)|), = n∑ j=0 M^{[j]}(x; ε)χ_0(|x|)χ_1(|ix − M^{[0]}(x; ε)|) . . . χ_j (|ix − M^{[j−1]}(x; ε)|), (6.3)

M^{[n]}(x; ε) = ∞∑ k=1 ∑ T ∈S^R_{k,n} V_T (x; ε),

where V_T (x; ε) is defined as in (6.1). Note that for all n ≥ 0 and for all T ∈ S^R_{k,n} one has k_T ≥ 2, so that M^{[0]}(x; ε) = 2εQ_0c^{(0)} + O(ε^2) and M^{[n]}(x; ε) = O(ε^2) for n ≥ 1.

For instance one has

g^{[1]}(x; ε) = χ_0(|x|)ψ_1(|ix − M^{[0]}(x; ε)|) ix − M_0(x; ε) , g^{[2]}(x; ε) = χ_0(|x|)χ_1(|ix − M^{[0]}(x; ε)|)ψ_2(x − M^{[1]}(x; ε)) ix − M^{[1]}(x; ε) , (6.4)

with M^{[0]}(x; ε) = M^{[0]}(x; ε)χ_0(|x|), M^{[1]}(x; ε) = M^{[0]}(x; ε) + M^{[1]}(x; ε)χ_0(|x|)χ_1(|ix − M^{[0]}(x; ε)|),

(6.5)

and so on.

Note that if a line ℓ is on scale n and, by setting x = ω · ν_ℓ, one has g^{[n]}(x; ε) ≠ 0, this requires χ_0(|x|) ≠ 0, χ_1(|ix − M^{[0]}(x; ε)|) ≠ 0, . . ., χ_{n−1}(|ix − M^{[n−2]}(x; ε)|) ≠ 0 and ψ_n(|ix − M^{[n−1]}(x; ε)|) ≠ 0, which means |x| ≤ C_0, |ix − M^{[0]}(x; ε)| ≤ 2^{−1}C_0, |ix − M^{[1]}(x; ε)| ≤ 2^{−2}C_0, . . . . . . . . . |ix − M^{[n−2]}(x; ε)| ≤ 2^{−(n−1)}C_0, |ix − M^{[n−1]}(x; ε)| ≥ 2^{−(n+1)}C_0,

(6.6)

so that, in particular, if a line ℓ is on scale n, then one has |g^{[n]}_ℓ | ≤ C^{−1}_0 2^{n+1}.

Then we define, formally, for ν ≠ 0,

u^{[k]}_ν = ∑ θ∈Θ^R_{k,ν} Val(θ),

Val(θ) = ∏ ℓ∈L(θ) g^{[nℓ]}_ℓ ∏ v∈E(θ)∪V (θ) F_v , (6.7)

while, for ν = 0, one has c^{[k]} = − 1 2c^{[0]} ⟨Q⟩ ∑ θ∈Θ^{R∗}_{k,0} Val(θ), (6.8)

where Θ^{R∗}_{k,0} is defined as Θ^∗_{k,0}, after (4.12) and (5.4), with the only difference that one has to consider renormalized trees instead of trees; of course this provides a recursive definition of the coefficients c^{[k]}, as both (6.7) and (6.8) depend on the values c^{[k′ ]} with k^′ < k.

Then we shall write u(t) = ∞∑ k=1 ε^ku^{[k]}(t) = ∞∑ k=1 ε^k ∑ ν∈Z^d e^{iν·ωt}u^{[k]}_ν , (6.9)

where the coefficients u^{[k]}_ν are defined through (6.7) and depend on ε (as the propagators do); note that the order k of a renormalized tree θ is still defined as k = |B(θ)|, but it does not correspond anymore to the perturbative order.

Fix ε such that one has | |iω · ν − M_{[n]}(ω · ν; ε) | | ≥ C_0|ν|_{−τ1} ∀ν ∈ Zd \ {0} and ∀n ≥ −1, (6.10) with Diophantine constants C_0 and τ_1, where C_0 is the same as in (2.6), while τ_1 > τ is to be fixed later. We call E the set of ε for which the Diophantine conditions (6.10) are satisfied.

We shall see in next section that for ε ∈ E we shall be able to give a meaning to the (so far formal) renormalized expansion (6.9), hence we shall prove that the set E has positive Lebesgue measure.

7. Convergence of the renormalized expansion

Now we study the renormalized expansion introduced in Section 6.

First we show that if the propagators satisfy the Diophantine conditions (6.10), with the functions M^{[n]}(ω · ν; ε) well defined, smooth enough and small enough together their derivatives, then a bound like |u^{[k]}_ν | ≤ C^ke^{−κ′|ν|} follows for suitable constants C and κ^′. By recalling the discussion in Section 5, we realize that it is sufficient to obtain a bound on the number of lines on fixed scale like (5.7): this will be the content of lemma 1 below. Then we prove inductively that the conditions on the functions M^{[n]}(ω ·ν : ε) are satisfied, provided that we exclude some values of the perturbative parameter ε: this will be done in lemma 2. The admissible values of ε are exactly the ones for which the Diophantine conditions (6.10) are satisfied. So we are left with the problem of studying how many values of ε are left, i.e. how large is the set E of admissible values of ε: through lemma 3 and lemma 4 we shall verify that E is a set with positive measure.

Lemma 1. Assume that the set E has non-zero measure and that for all ε ∈ E the functions M^{[n]}(x; ε) are C^1 in x and satisfy the bounds | | |M^{[n]}(x; ε) | | | ≤ D|ε|, | | |∂xM^{[n]}(x; ε) | | | ≤ D|ε|, (7.1) for some constant D. Then for any renormalized tree θ such that Val(θ) ≠ 0 the number N_n(θ) of lines on scale n satisfies the bound N_n(θ) ≤ c 2^{−n/τ1} ∑ v∈B(θ) |ν_v |, (7.2)

for a suitable positive constant c.

Proof. We prove inductively on the order k of the renormalized trees the bound N^∗_n(θ) ≤ max{0, 2|ν(θ)|2^{(3−n)/τ1} − 1}, (7.3) where |ν(θ)| ≡ ∑ v∈B(θ) |νv | and N ∗ n(θ) is the number of lines in L(θ) on scale n^′ ≥ n.

If θ has k = 1 one has B(θ) = {v} and |ν(θ)| = |ν_v|. In order that the line coming out from v be on scale ≥ n one must have |iω · ν_v − M^{[n−2]}(ω · ν_v; ε)| ≤ 2^{−n+1}C_0 (see (6.6)), hence, by the Diophantine conditions (6.10), |ν_v| ≥ 2^{(n−1)/τ1} , which implies 2|ν(θ)|2^{(3−n)/τ1} ≥ 22^{2/τ1} ≥ 2. Therefore in such a case the bound (7.3) is trivially satisfied.

If θ is a renormalized tree of order k > 1, we assume that the bound holds for all renormalized trees of order k^′ < k. Define E_n = (2 2^{(3−n)/τ1} )^{−1}: so we have to prove that N^∗_n(θ) ≤ max{0, |ν(θ)|E^{−1}_n − 1}. Call ℓ the root line of θ and ℓ_1, . . . , ℓ_m the m ≥ 0 lines on scale ≥ n which are the closest to ℓ (i.e. such that no other line along the paths connecting the lines ℓ_1, . . . , ℓ_m to the root line is on scale ≥ n).

If the root line ℓ of θ is on scale n^′ < n, then

N^∗_n(θ) = m∑ i=1 N^∗_n(θ_i), (7.4)

where θ_i is the renormalized subtree with ℓ_i as root line, hence the bound follows by the inductive hypothesis.

If the root line ℓ has scale ≥ n, then ℓ_1, . . . , ℓ_m are the entering lines of a cluster T . By denoting again with θ_i the renormalized subtree having ℓ_i as root line, one has

N^∗_n(θ) = 1 + m∑ i=1 N^∗_n(θ_i), (7.5)

so that the bound becomes trivial if either m = 0 or m ≥ 2.

If m = 1 then one has a cluster T with two external lines ℓ and ℓ_1, which are both with scales ≥ n; then

|iω · ν_ℓ − M^{[n−2]}(ω · ν_ℓ; ε)| ≤ 2^{−n+1}C_0, |iω · ν_{ℓ1} − M^{[n−2]}(ω · ν_{ℓ1} ; ε)| ≤ 2^{−n+1}C_0, (7.6)

and ν_ℓ ≠ ν_{ℓ1} , otherwise T would be a self-energy graph. Then, by (7.6), one has

2^{−n+2}C_0 ≥ | iω · (ν_ℓ − ν_{ℓ1} ) − M^{[n−2]}(ω · ν_ℓ; ε) + M^{[n−2]}(ω · ν_{ℓ1} ; ε) | = |iω · (ν_ℓ − ν_{ℓ1} ) + ∂_xM^{[n−2]}(x_∗; ε)(ω · ν_{ℓ1} − ω · ν_ℓ)| ≥ |ω · (ν_ℓ − ν_{ℓ1} )| − D |ε| | ω · (ν_ℓ − ν_{ℓ1} ) | ≥ 1 2 |ω · (ν_ℓ − ν_{ℓ1} )| , (7.7)

where x_∗ is a point between ω · ν_ℓ and ω · ν_{ℓ1} , and (7.1) has been used. By the Diophantine conditions (6.10), one has |ν_ℓ − ν_{ℓ1} | > 2^{(n−3)/τ1} , so that ∑ v∈B(T ) |ν_v| ≥ |ν_T | = |ν_ℓ − ν_{ℓ1} | > 2^{(n−3)/τ1} > E_n, (7.8)

hence |ν(θ)| − |ν(θ_1)| > E_n, which, inserted into (7.5) with m = 1, gives, by using the inductive hypothesis, N^∗_n(θ) = 1 + N^∗_n(θ_1) ≤ 1 + |ν(θ_1)|E^{−1}_n − 1

≤ 1 + ( |ν(θ)| − E_n ) E^{−1}_n − 1 ≤ |ν(θ)|E^{−1}_n − 1, (7.9) hence the bound is proved also if the root line is on scale ≥ n.

Lemma 2. For ε ∈ E and for x such that g^{[n]}(x; ε) ≠ 0, there exist two constants D and D^′ such that the functions M^{[j]}(x; ε) are smooth functions of x and satisfy the bounds | |M^{[j]}(x; ε) | | ≤ D|ε|, | |∂xM^{[j]}(x; ε) | | ≤ D|ε|, | | |M^{[j]}(x; ε) − M^{[j−1]}(x; ε) | | | ≤ D|ε|e^{−D′2j/τ1} , (7.10)

for all 0 ≤ j ≤ n − 1.

Proof. The proof is by induction on j. For j = 0 the bounds (7.10) are trivially satisfied; then, assuming that the bounds holds for all j^′ < j, for some j ≤ n − 1, we want to show that they follow also for j.

The quantity M^{[j]}(x; ε) is given by

M^{[j]}(x; ε) = ∞∑ k=1 ∑ T ∈S^R_{k,j} V_T (x; ε), (7.11)

with x satisfying the bounds (6.6) by hypothesis; in particular one has |ix − M^{[j−2]}(x; ε)| < 2^{−j+1}C_0.

We want to show, by reductio ad absurdum, that for all T ∈ S^R_{k,j} contributing to M^{[j]}(x; ε) through the self-energy value V_T (x; ε), one must have ∑ v∈B(T ) |ν_v | > 2^{(j−4)/τ1} . (7.12)

By construction all renormalized self-energy graphs in S^R_{k,j} must contain at least one line ℓ on scale n_ℓ = j. Therefore for such a line one has (see (6.6))

|iω · ν_ℓ − M^{[j−2]}(ω · ν_ℓ; ε)| ≤ 2^{−j+1}C_0. (7.13)

Furthermore, by the inductive hypothesis, the quantity M^{[j−2]}(x; ε) is smooth in x, so that one can write M^{[j−2]}(ω · ν_ℓ; ε) = M^{[j−2]}(ω · ν; ε) + ∂_xM^{[j−2]}(x_∗; ε) ω · (ν_ℓ − ν), (7.14) where x_∗ is a point between ω · ν and ω · ν_ℓ.

We can write ν_ℓ = ν^0_ℓ + σ_ℓν, where, if we write as usual ℓ = ℓ_v ,

ν^0_ℓ = ∑ w∈B(T ) w⪯v ν_w, (7.15)

and σ_ℓ = 1 if the line entering T is comparable with ℓ and σ_ℓ = 0 otherwise.

Note that if (7.12) does not hold then one has |iω · ν^0_ℓ − M^{[n]}(ω · ν^0_ℓ ; ε)| ≥ 2^{4−j} C_0 for all n ≥ −1, by the Diophantine conditions (6.10). Then if σ_ℓ = 0 one has ν_ℓ = ν^0_ℓ , hence |iω · ν_ℓ − M^{[j−2]}(ω · ν_ℓ; ε)| ≥ 2^{4−j} C_0, while if σ_ℓ = 1 one has, by using the inductive hypothesis, |iω · ν_ℓ − M^{[j−2]}(ω · ν_ℓ; ε)| = |iω · ν^0_ℓ + iω · ν − M^{[j−2]}(ω · ν; ε) − ∂_xM^{[j−2]}(x_∗; ε) ω · ν^0_ℓ | ≥ |ω · ν^0_ℓ | − |iω · ν − M^{[j−2]}(ω · ν; ε)| − D |ε| |ω · ν^0_ℓ | (7.16) ≥ 1 2 |ω · ν^0_ℓ | − |iω · ν − M^{[j−2]}(ω · ν; ε)| ≥ 2^{−1}2^{4−j} C_0 − 2^{1−j} C_0 > 2^{1−j} C_0, which are both in contradiction with (7.13). Therefore (7.12) follows.

By reasoning as in the proof of lemma 1 one obtains that, if we denote with N_j′ (T ) the number of lines on scale j^′ contained in T ∈ S^R_{k,j} , one has N_j′ (T ) ≤ c 2^{−j′/τ1} ∑ v∈B(T ) |ν_v |. (7.17)

More precisely (and more generally), if T is a connected subset of lines and nodes in a tree such that (1) T has only one exiting line and only one entering line both on scales ≥ j^′, (2) all the lines in L(T ) are on scale ≤ j, then, by denoting with N^∗_j′ (T ) the number of lines on scale ≥ j^′ contained in T and defining |ν(T )| = ∑ v∈B(T ) |νv |, one can prove inductively on the order of T the bound N ∗ j^′ (T ) ≤

max{0, 2|ν(T )|2^{(3−j′)/τ1} − 1} for all j^′ ≤ j, by reasoning as follows. Consider the path P formed by the lines connecting the entering line with the exiting line of T , and call V (P) the vertices connected by such lines. If all the lines ℓ ∈ P are on scales n_ℓ < j^′ then one has N^∗_j′ (T ) = ∑_m i=1 N^∗_j′ (θ_i), where θ_1, . . . , θ_m are the trees inside T with root in a vertex v ∈ V (P), so that the bound follows from (the proof of) lemma 1, i.e. from the bound (7.3).^1 If there is at least one line ℓ ∈ P on scale ≥ j^′, call T_1 and T_2 the connected subsets of T such that L(T ) = {ℓ} ∪ L(T_1) ∪ L(T_2). If both T_1 and T_2 contain at least a line on scale ≥ j^′, then they have the same structure of T , i.e. they are subsets of lines (on scales ≤ j) and nodes with only one exiting line and only one entering line both on scales ≥ j^′, so that by the inductive hypothesis one has N_j′ (T ) ≤ 1 + N_j′ (T_1) + N_j′ (T_2) ≤ 1+(2|ν(T_1)|2^{(3−j′ )/τ1} −1)+(2|ν(T_2)|2^{(3−j′ )/τ1} −1) ≤ 2|ν(T )|2^{(3−j′)/τ1} −1. If only the subset T_2 contains at least a line on scale ≥ j^′, then we can reason as in deriving (7.12) through (7.16) to conclude that one must have |ν(T_1)| > 2^{(j′ −4)/τ1} , hence N_j′ (T ) = 1 + N_j′ (T_2) ≤ 1 + (2|ν(T_2)|2^{(3−j′ )/τ1} − 1) ≤ 2|ν(T )|2^{(3−j′)/τ1} − 2|ν(T_1)|2^{(3−j′ )/τ1} ≤ 2|ν(T )|2^{(3−j′)/τ1} − 1; analogously one discusses the case in which only the set T_1 contains at least a line on scale ≥ j^′, and the case in which both sets do not contain any line on scale ≥ j^′. Hence the bound on N^∗_j′ (T ) is proved also in the case in which there is at least one line ℓ ∈ P on scale ≥ j^′. In a renormalized self-energy graph T ∈ S^R_{k,j} with external lines on scale n all the lines ℓ ∈ L(T ) are on scale j^′ ≤ j, so that for all j^′ ≤ j the renormalized self-energy graph T ∈ S^R_{k,j} is a subset verifying the properties (1) and (2), and we can apply the above result, so that the bound (7.17) follows.

Therefore we see that (7.12) and (7.17) imply, for all T ∈ S^R_{k,j} , |V_T (x; ε)| ≤ |ε|^kA_1A^k_2 e^{−A32j/τ1} ∏ v∈B(T ) e^{−κ|νv |/2}, (7.18)

for suitable constants A_1, A_2 and A_3; this can be easily obtained from the definitions (6.1) and (6.3), by reasoning as in deducing (5.8) and using the bound (2.9) for the node factors.

1 Note that, even if in the statement of lemma 1, one requires that the bounds (7.1) hold for all n, what is really

needed is that they hold for all n such that N_{n+1}(θ) ≠ 0. Therefore we can apply lemma 1 to the trees θ_1, . . . , θ_m because for each line ℓ ∈ L(T ) one has n_ℓ ≤ j and the bounds (7.1) hold for all j^′ < j by the inductive hypothesis.

By inserting the bound (7.18) into (7.11) and using the definitions (6.3), we obtain | |M_{[j]}(x; ε) − M_{[j−1]}(x; ε) | | ≤ | |M_{[j]}(x; ε) | | ≤^∞∑ k=1 D_1D^k_2 |ε|^ke^{−D32j/τ1} , | |M^{[j]}(x; ε) | | ≤ j∑ i=0 | |M^{[i]}(x; ε) | | ≤ ∞∑ k=1 D_1D^k_2 |ε|^k j∑ i=0 e^{−D32i/τ1} ≤ ∞∑ k=1 D̃_1D^k_2 |ε|^k,

(7.19)

for suitable constants D_1, D̃_1, D_2 and D_3; this proves the first and third bounds in (7.10). Note that in the first of (7.19) we can let the sum to start from k = 2 for all j ≥ 1 as any renormalized self-energy graph of order ≥ 1 has to contain at least two nodes (see comments after (6.3)).

To prove the second bound in (7.10) we use the second line in the definition of M^{[n]}(x; ε) in (6.3), the regularity of the functions χ_n and ψ_n, and the inductive hypothesis. One has

∂_xM^{[j]}(x; ε) = j∑ j^′ =0 ( χ_0(|x|) . . . χ_j′ (|ix − M^{[j′−1]}(x; ε)|)∂_xM^{[j′ ]}(x; ε) (7.20)

+ M^{[j′ ]}(x; ε) j^′∑

i=0 χ_0(|x|) . . . ∂χ_i(|ix − M^{[i−1]}(x; ε)|) . . . χ_j′ (|ix − M^{[j′ −1]}(x; ε)|) ) , where ∂χ_i denotes the derivative of χ_i with respect to its argument, and

∂_xM^{[j′]}(x; ε) = ∞∑ k=1 ∑ T ∈S^R_{k,j′} ∂_xV_T (x; ε),

∂_xV_T (x; ε) = ε^{kT} ( ∑ ℓ∈L(T ) ( ∂_xg^{[nℓ]} ) ∏ ℓ^′∈L(T )\ℓ g^{[nℓ′ ]}_ℓ′ )( ∏ v∈E(T )∪V (T ) F_v ) , (7.21)

so that one has to evaluate the derivatives of the propagators.

By using the definition of g^{[n]}(x; ε) in in (6.3) one has^2

∂_xg^{[n]}(x; ε) = − χ_0(|x|) . . . ψ_n(|ix − M^{[n−1]}(x; ε)|) (ix − M^{[n−1]}(x; ε))^2

∂_x(ix − M^{[n−1]}(x; ε)) (7.22) + n∑ j=0 χ_0(|x|) . . . ∂χ_j (|ix − M^{[j−1]}(x; ε)|) . . . ψ_n(|ix − M^{[n−1]}(x; ε)|) ix − M^{[n−1]}(x; ε) ∂_x|ix − M^{[j−1]}(x; ε)|,

which, by using the fact that |∂χ_j | ≤ 2^j C^{−1}_0 Ξ and |∂ψ_j | ≤ 2^j C^{−1}_0 , for some positive constant Ξ, and the inductive hypothesis, can be bounded as |∂_xg^{[n]}(x; ε)| ≤ Ã ( 1 C^2_0 2^{−2(n+1)} + n∑ j=0 C^{−1}_0 2^j C_02^{−(n+1)} )

≤ ÃC^{−2}_0 2^{2(n+1)} ( 1 + n∑ j=0 2^{j−(n+1)} ) ≤ AC^{−2}_0 2^{2(n+1)},

(7.23)

2 With obvious interpretation of the term with j = n in the last sum.

for some constants Ã and A.

Therefore we can bound ∂_xV_T (x; ε) in (7.21) by |∂_xV_T (x; ε)| ≤ ε^{kT} ( ∑ ℓ∈L(T ) AC^{−2}_0 2^{2(nℓ+1)} ∏ ℓ^′∈L(T )\ℓ C^{−1}_0 2^{nℓ′ +1} )

Q^{kT} ( ∏ v∈B(T ) e^{−κ|νv |} )( ∏ v∈E_W (θ) c^{[kv ]} ) ≤ ε^{kT} Ã_1Ã^{kT}_2 e^{−A3κ2j′ /τ1} , (7.24)

where we have used also (7.12), for suitable constants Ã_1 and Ã_2,^3 and a bound |c^{(kv )}| < C^{kv} can be inductively assumed.

Then (7.24) implies immediately the bound, for suitable constants D̃_1, D̃_2, D̃_3 and D̃,

|∂_xM^{[j′]}(x; ε)| ≤ ∞∑ k=2 |ε|^kD̃_1D̃^k_2 e^{−D̃32j′ /τ1} ≤ |ε|^2D̃e^{−D̃32j′ /τ1} , (7.25)

which, together with (7.20), yields

|∂_xM^{[j]}(x; ε) ≤ j∑ j^′ =0 ( |ε|^2D̃e^{−D̃32j′ /τ1} + |ε|D̃e^{−D32j′ /τ1} j^′∑

i=0 2^i ) ≤ |ε|D, (7.26)

provided that D is large enough, so that the second bound in (7.10) follows.

To apply the above results and conclude the proof of theorem 2, we have still to construct the set E for which the Diophantine conditions (6.10) hold, and to show that such a set has positive measure.

Define recursively the sets E^{[n]} as follows. Fix ε_0 such that the series_∞ ∑ k=1 ε^k ∑ ν∈Z^d e^{iω·νt}u^{(k)}_ν , u^{(k)}_ν = ∑ θ∈Θ^R_{k,ν} Val(θ),

(7.27)

obtained from (6.9), with the definitions (6.7), by replacing the propagators g^{[nℓ]} with g^{(nℓ)} (which is equal to the series obtained from (4.1), with the definitions (4.10), by discarding all trees containing self-energy graphs), converges for |ε| ≤ ε_0. Therefore Val(θ) is a numerical value satisfying the bound |Val(θ)| ≤ C^ke^{−κ′|ν|}, for some constant C, as we can prove by reasoning as in Section 5 and bounding the product of the propagators through the bound (7.2) of lemma 1 (equivalently through the bound (5.7)).

3 With respect to the bound (7.18) we have the extra difficulty that, in order to prove the bound (7.17), when using

the inequality like (7.16) with ℓ ∈ P on scale ≥ j^′, the quantity ω · ν has to be replaced with a continuously varying x. Nevertheless, as in the previous case, one has |ix − M^{[j′ −2]}(x; ε)| < 2^{−j′ +1}C_0, by the support properties of the functions χ_n, so that (7.16) still applies when needed, and the same conclusions still hold.

Set E^{[0]} = (−ε_0, ε_0), (7.28)

and, for n ≥ 1, E^{[n]} = { ε ∈ E^{[n−1]} : |iω · ν − M^{[n]}(ω · ν; ε)| > C_0|ν|^{−τ1} } , (7.29)

for a suitable Diophantine constant τ_1 (to be fixed later); finally define

E = ∞⋂ n=0 E^{[n]} = lim_{n→∞} E^{[n]}. (7.30)

Lemma 3. The function M^{[n]}(x; ε) is C^1-extendible in the sense of Whitney outside E^{[n−1]}, and for all ε, ε^′ ∈ E^{[n−1]} one has

M^{[n]}(x; ε^′) − M^{[n]}(x; ε) = (ε^′ − ε) ∂_εM^{[n]}(x; ε) + O((ε^′ − ε)^2), (7.31)

where ∂_εM^{[n]}(x; ε) is the formal derivative with respect to ε of M^{[n]}(x; ε).

Proof. The proof is by induction on n. Both M^{[n]}(x; ε) and M^{[n]}(x; ε^′) can be expressed by the last equation in (6.3): the only difference is that one has to replace ε with ε^′ for M^{[n]}(x; ε^′). This means that there is a correspondence one-to-one between the graphs contributing to M^{[n]}(x; ε) and those contributing to M^{[n]}(x; ε^′), so that we can write

M^{[n]}(x; ε^′) − M^{[n]}(x; ε) = ∞∑ k=1 ∑ T ∈S^R_{k,n} ε^{kT} ( ∏ v∈E(T )∪V (T ) F_v )

[( ∏ ℓ∈L(T ) g^{[nℓ]}(ω · ν_ℓ; ε^′) ) − ( ∏ ℓ∈L(T ) g^{[nℓ]}(ω · ν_ℓ; ε) )] , (7.32)

where of course k_T = k.

Let us call Λ(T ) the set of lines in L(T ) coming out from nodes in B(T ). We can order the |B(T )| − 1 lines in Λ(T ) and construct a set of |B(T )| subsets Λ_1(T ), . . . , Λ_{|B(T )|}(T ) of Λ(T ), with |Λ_j (T )| = j, in the following way. Set Λ_1(T ) = ∅, Λ_2(T ) = ℓ_1, if ℓ_1 is the root line of θ and, inductively for 2 ≤ j ≤ |B(T )| − 1, Λ_{j+1}(T ) = Λ_j (T ) ∪ ℓ_j , where the line ℓ_j ∈ Λ(T ) \ Λ_j (T ) is connected to Λ_j (T ). Then in (7.32) we have ( ∏ ℓ∈Λ(T ) g^{[nℓ]}(ω · ν_ℓ; ε^′) ) − ( ∏ ℓ∈Λ(T ) g^{[nℓ]}(ω · ν_ℓ; ε) )

= |B(T )|∑

j=1 [( ∏ ℓ∈Λ_j (T )

g^{[nℓ]}(ω · ν_ℓ; ε^′) ) (7.33) ( g^{[nℓj ]}(ω · ν_{ℓj} ; ε^′) − g^{[nℓj ]}(ω · ν_{ℓj} ; ε) ) ( ∏ ℓ∈Λ(T )\(Λ_j (T )∪ℓ_j ) g^{[nℓ]}(ω · ν_ℓ; ε) )] , where, by setting n_j = n_{ℓj} , x_j = ω · ν_{ℓj} , X_s(ε) = χ_s(|ix_j − M^{[s−1]}(x_j ; ε)|) for s = 1, . . . , n_j − 1, and Ψ_{nj} (ε) = ψ_{nj} (|ix_j − M^{[nj −1]}(x_j ; ε)|), we can write (see the first equation in (6.3))

g^{[nj ]}(x_j ; ε^′) − g^{[nj ]}(x_j ; ε) = ( M^{[nj −1]}(x_j ; ε^′) − M^{[nj −1]}(x_j ; ε) ) χ_0(|x_j |)X_1(ε) . . . X_{nj −1}(ε)Ψ_{nj} (ε) (ix − M^{[nj −1]}(x_j ; ε^′))(ix − M^{[nj −1]}(x_j ; ε)) + n_j −1∑

s=1 χ_0(|x_j |) . . . X_{s−1}(ε^′) (X_s(ε^′) − X_s(ε)) X_{s+1}(ε) . . . Ψ_{nj} (ε) ix − M^{[nj −1]}(x_j ; ε^′)

(7.34)

+ χ_0(|x_j |)X_1(ε^′) . . . X_{nj −1}(ε^′) ( Ψ_{nj} (ε^′) − Ψ_{nj} (ε) ) ix − M^{[nj −1]}(x_j ; ε^′) . By writing “symbolically”

X_s(ε^′) − X_s(ε) = ∂χ_s(|ix_j − M^{[s−1]}(x_j ; ε_∗)|) ( M^{[s−1]}(x_j ; ε^′) − M^{[s−1]}(x_j ; ε) ) , Ψ_{nj} (ε^′) − Ψ_{nj} (ε) = ∂ψ_{nj} (|ix_j − M^{[nj −1]}(x_j ; ε^′_∗)|) ( M^{[nj −1]}(x_j ; ε^′) − M^{[nj −1]}(x_j ; ε) ) , (7.35)

where ε_∗ and ε^′_∗ are two suitable values (depending on j and s) between ε and ε^′, we can use the inductive hypothesis for all differences M^{[j′]}(x_j ; ε^′) − M^{[j′ ]}(x_j ; ε), with j^′ ≤ n − 1, appearing in (7.34) and (7.35), so that (7.31) follows, by defining

∂_εM^{[n]}(ω · ν; ε) = ∑ T ∈S^R_{k,n} ∂_εV^{[k]}_T (ω · ν; ε),

∂_εV^{[k]}_T (ω · ν; ε) = k_T ε^{kT −1} ( ∏ v∈E(T )∪V (T ) F_v )( ∏ ℓ∈L(T ) g^{[nℓ]}_ℓ )

+ ε^{kT} ( ∏ v∈E(T )∪V (T ) F_v ) ∑ ℓ∈Λ(T ) [ ( ∂_εg^{[nℓ]}_ℓ ) ( ∏ ℓ^′∈Λ(T )\ℓ g^{[nℓ′ ]}_ℓ′ )] , (7.36)

where

∂_εg^{[n]}_ℓ = g^{[n]}_ℓ ix − M^{[n−1]}(x; ε) ( ∂_εM^{[n−1]}(x; ε) )

− g^{[n]}_ℓ (^{n−1}∑ j=1 ∂χ_j (|ix − M^{[j−2]}(x; ε)|) χ_j (|ix − M^{[j−2]}(x; ε)|) ∂_ε | | |ix − M^{[j−2]}(x; ε) | | |

+ ∂ψ_n(|ix − M^{[n−1]}(x; ε)|) ψ_n(|ix − M^{[n−1]}(x; ε)|) ∂_ε | |ix − M_{[n−1]}(x; ε) | | (7.37)

denotes the formal derivative of the propagator. Moreover M^{[n]}(ω ·ν; ε) is defined for all ε ∈ E^{[n−1]} and it can be extended by continuity to its closure E^{[n−1]} and hence to the full E^{[0]}; its extension is then C^1 in the sense of Whitney, [11], and satisfies the same bounds (7.10).

Therefore for all ε ∈ E^{[n−1]} the quantities M^{[n]}(x; ε) are well defined and formally differentiable (in the sense of Whitney), so that one has B 2 ≤ | |∂εM^{[n]}(x; ε) | | ≤ 2B, (7.38) for a suitable positive constant B, while the propagators admit the bounds

|g^{[n]}_ℓ | ≤ 2^{n+1}C^{−1}_0 , |∂_εg^{[n]}_ℓ | ≤ G2^{2(n+1)}C^{−2}_0 , (7.39)

for a suitable constant G, as it can be easily obtained by reasoning as in the proof of lemma 2; the bounds (7.38) and (7.39) follow inductively from the formulae and the analysis performed along the proof of the above lemma, and from the definitions (6.1) and (6.3).

Lemma 4. There are two positive constants b and ξ such that, for ε_0 small enough, one has

meas(E) ≥ ε_0 ( 1 − bε^ξ_0 ) , (7.40)

where meas denotes the Lebesgue measure.

Proof. Define { I^{[0]} = ∅, I^{[n]} = E^{[n−1]} \ E^{[n]}, for n ≥ 1;

(7.41)

note that I ≡ ∪^∞_{n=0}I^{[n]} = (−ε_0, ε_0) \ E. We shall prove that one has

meas(I^{[n]}) ≤ b^′ε^{1+ξ′}_0 ∀n ≥ 0, (7.42)

for suitable positive constants b^′ and ξ^′.

For all n ≥ 1 and for all ν ∈ Z^d \ {0} define

I^{[n]}(ν) = { ε ∈ E^{[n−1]} : | |iω · ν − M^{[n]}(ω · ν; ε) | | ≤ C0|ν|^{−τ1} } . (7.43)

Each set I^{[n]}(ν) has center in a point ε^{[n]}(ν). We can easily prove that there exist two positive constants B_1 and B_2 such that one has | | |ε^{[n]}(ν) − ε^{[n−1]}(ν) | | | ≤ ε0B1e^{−B22n/τ1} (7.44) for all n ≥ 2 and for all ν ∈ Z^d \ {0}. By definition one has

iω · ν − M^{[n]}(ω · ν; ε^{[n]}(ν)) = 0, (7.45)

where we are using the Whitney extension of M^{[n]}(ω · ν; ε) outside E^{[n−1]}, so that, by setting δε = ε^{[n]}(ν) − ε^{[n−1]}(ν), one obtains 0 = iω · ν − M^{[n]}(ω · ν; ε^{[n]}(ν)) = iω · ν − M^{[n−1]}(ω · ν; ε^{[n−1]}(ν) + δε) − M^{[n]}(ω · ν; ε^{[n]}(ν)) + M^{[n−1]}(ω · ν; ε^{[n]}(ν)) = −∂_εM^{[n−1]}(ω · ν; ε^{[n−1]}(ν)) δε + O((δε)^2) − ( M^{[n]}(ω · ν; ε^{[n]}(ν)) − M^{[n−1]}(ω · ν; ε^{[n]}(ν)) ) , (7.46)

by lemma 3; therefore one can use that one has | |M^{[n]}(ω · ν; ε^{[n]}(ν)) − M^{[n−1]}(ω · ν; ε^{[n]}(ν)) | | ≤ ε0D1e^{−D22n/τ1} , (7.47) by lemma 2, and | | |∂εM^{[n−1]}(ω · ν; ε^{[n−1]}(ν)) | | | > B 2 , (7.48)

by (7.38), so that (7.44) follows.

Therefore one has to exclude from the set E^{[n−1]} all the values ε around ε^{[n]}(ν) in I^{[n]}(ν), which gives a set of measure ∫

I^{[n]}(ν)

dε =

∫_1 −1 dt dε(t) dt , (7.49)

where ε(t) is defined by iω · ν − M^{[n]}(ω · ν; ε(t)) = tC_0|ν|^{−τ1} , (7.50) which means ∫ I^{[n]}(ν) dε ≤ ∫_1 −1 dt C_0|ν|^{−τ1} 1 |∂_εM^{[n]}(ω · ν; ε(t))| ≤ 4 B C_0|ν|^{−τ1} , (7.51)

by (7.38).

This has to be done for all ν ∈ Z^d satisfying |ω · ν| < 2ε_0D, where D is the positive constant such that ε_0D is a bound on |M^{[n]}(ω · ν; ε)|, i.e. for all ν ∈ Z^r such that |ν| ≥ ( C_0 2ε_0D )_{1/τ} ≡ N_0. (7.52)

This yields that we have to exclude from E^{[n−1]} a set

I^{[n]} = ⋃ |ν|≥N_0 I^{[n]}(ν) (7.53)

of measure bounded by

meas(I^{[n]}) ≤ ∑ |ν|≥N_0 meas(I^{[n]}(ν)) ≤ const. ∑ |ν|≥N_0 C_0|ν|^{−τ1}

≤ const.C_0 ( ε_0 C_0 )_{(τ1−d)/τ} = const.ε^{1+ξ′}_0 ,

(7.54)

where ξ^′ = (τ_1 − τ − d)/τ, so that ξ^′ > 0 if

τ_1 > τ + d, (7.55)

which fixes the value of τ_1.

For all |ν| ≥ N_0 fix n_0 = n_0(ν) such that | | |ε^{[n0+1]}(ν) − ε^{[n0]}(ν) | | | ≤ C0|ν|^{−τ1} ; (7.56) by (7.44) one can choose n_0 ≡ n_0(ν) ≤ const. τ_1 log log |ν|. (7.57)

Then for all n ≤ n_0 define J^{[n]}(ν) as

J^{[n]}(ν) = { ε ∈ E^{[n−1]} : | | |iω · ν − M^{[n]}(ω · ν; ε) | | | < 2C0|ν|^{−τ1} } ; (7.58)

by construction all the sets I^{[n]}(ν) fall inside J^{[n0]}(ν) as soon as n > n_0.

Then we can bound meas(I) by the sum of the measures of the sets J^{[1]}(ν), . . . , J^{[n0]}(ν) for all

ν ∈ Z^d such that |ν| verifies (7.52). The condition (7.57) on n_0 implies that such a measure can

be bounded by const. ∑ |ν|≥N_0 n_0(ν)C_0|ν|^{−τ1} ≤ const.ε^{1+ξ}_0 , (7.59)

with a value ξ smaller than ξ^′ in order to take into account the logarithmic corrections due to the factor n_0(ν).

The above lemmata imply the convergence of the series (6.9) for all values ε ∈ E, with E a Cantor set with positive Lebesgue measure such that

lim_{ε0→0} meas(E)

2ε_0

= 1, (7.60)

as it follows immediately from the construction of E and from the property (7.40).

8. Properties of the renormalized expansion

To complete the proof of theorem 2 we have still to show that the function (6.9), defined through the renormalized expansion (6.7), solves the equation (2.4) for all ε ∈ E, i.e. that one has u = g ( Q^{−1} + Qu^2 ) , (8.1)

where g is the differential operator with kernel g(ω · ν) = 1/iω · ν.

We can write u(t) = c + ∑ ν∈Z^d e^{iω·νt}u_ν ,

u_ν = ∞∑ n=0 u_{n,ν} ,

u_{n,ν} = ∞∑ k=1 ε^k ∑ θ∈Θ^R_{k,ν} (n) Val(θ),

(8.2)

where Θ^R_{k,ν} (n) is the set of trees in Θ^R_{k,ν} such that the root line has scale n.

Note that for all x ≠ 0 one has 1 = ∞∑ n=0 X_n(x; ε), X_n(x; ε) = χ_0(|x|) . . . χ_{n−1}(|ix − M^{[n−2]}(x; ε)|)ψ_n(|ix − M^{[n−1]}(x; ε)|), (8.3) where the term with n = 0 has to be interpreted as ψ_0(|x|); more generally for all x ≠ 0 and for all j ≥ 0 one has

1 = ∞∑ n=j χ_j (|ix − M^{[j−1]}(x; ε)|) . . . χ_{n−1}(|ix − M^{[n−2]}(x; ε)|)ψ_n(|ix − M^{[n−1]}(x; ε)|), (8.4)

where again the term with n = j has to be interpreted as ψ_j (|ix−M^{[j−1]}(x; ε)|). Note that both in (8.3) and in (8.4) only a finite number of addends is different from zero, as the analysis of Section 7 implies, so that the two series are well defined.

By using (8.3) one can write, in Fourier space,

g(ω · ν)(Q^{−1} + Qu^2)_ν = g(ω · ν) ∞∑ n=0 X_n(ω · ν)(Q^{−1} + Qu^2)_ν

= g(ω · ν) ∞∑ n=0 X_n(ω · ν)(g^{[n]}(ω · ν; ε))^{−1}g^{[n]}(ω · ν; ε)(Q^{−1} + Qu^2)_ν

= g(ω · ν) ∞∑ n=0 ( iω · ν − M^{[n−1]}(ω · ν; ε) ) g^{[n]}(ω · ν; ε)(Q^{−1} + Qu^2)_ν

= g(ω · ν) ∞∑ n=0 ( iω · ν − M^{[n−1]}(ω · ν; ε) )^∞∑ k=1 ε^k ∑ θ∈Θ^R_{k,ν} (n) Val(θ),

(8.5)

where Θ^R_{k,ν} (n) differs from Θ^R_{k,ν} (n) as it contains also trees which can have one renormalized selfenergy graph T with exiting line ℓ_0, if ℓ_0 denotes the root line of θ; for such trees the line entering T will be on a scale p ≥ 0, while the renormalized self-energy graph T will have a scale n_T = j, with j + 1 ≤ min{n, p} (by definition of renormalized self-energy graph).

Then we obtain, by explicitly separating in (8.5) the trees containing such self-energy graphs from the others,

g(ω · ν)(Q^{−1} + Qu^2)_ν = g(ω · ν) ∞∑ n=0 ( iω · ν − M^{[n−1]}(ω · ν; ε) )^∞∑ k=1 ε^k ∑ θ∈Θ^R_{k,ν} (n) Val(θ)

+ g(ω · ν) ∞∑ n=1 ( iω · ν − M^{[n−1]}(ω · ν; ε) ) g^{[n]}(ω · ν; ε) ∞∑ p=n n−1∑ j=0 M^{[j]}(ω · ν; ε) ∞∑ k=1 ε^k ∑ θ∈Θ^R_{k,ν} (p) Val(θ)

+ g(ω · ν) ∞∑ n=2 ( iω · ν − M^{[n−1]}(ω · ν; ε) ) g^{[n]}(ω · ν; ε) n−1∑ p=0 p−1∑ j=0 M^{[j]}(ω · ν; ε) ∞∑ k=1 ε^k ∑ θ∈Θ^R_{k,ν} (p) Val(θ)

(8.6) which, by the definitions (8.1), can be written as

g(ω · ν)(Q^{−1} + Qu^2)_ν = g(ω · ν) [^∞∑ n=0 ( iω · ν − M^{[n−1]}(ω · ν; ε) ) u_{n,ν} (8.7)

+ ∞∑ n=1 X_n(ω · ν; ε) ∞∑ p=n n−1∑ j=0 M^{[j]}(ω · ν; ε)u_{p,ν} + ∞∑ n=2 X_n(ω · ν; ε) n−1∑ p=0 p−1∑ j=0 M^{[j]}(ω · ν; ε)u_{p,ν} ] .

We can write ∞∑ n=1 X_n(ω · ν) ∞∑ p=n n−1∑ j=0 M^{[j]}(ω · ν; ε)u_{p,ν} + ∞∑ n=2 X_n(ω · ν) n−1∑ p=1 p−1∑ j=0 M^{[j]}(ω · ν; ε)u_{p,ν} )

= ∞∑ p=1 u_{p,ν} (^{p−1}∑ j=0 p∑ n=j+1 M^{[j]}(ω · ν; ε)X_n(ω · ν) + p−1∑ j=0 ∞∑ n=p+1 M^{[j]}(ω · ν; ε)X_n(ω · ν) )

= ∞∑ p=1 u_{p,ν} p−1∑ j=0 M^{[j]}(ω · ν; ε) ∞∑ n=j+1 X_n(ω · ν)

= ∞∑ n=1 u_{n,ν} n−1∑ j=0 M^{[j]}(ω · ν; ε)χ_0(|ω · ν|) . . . χ_j (|iω · ν| − M^{[j−1]}(ω · ν; ε)|) ∞∑ s=j+1 χ_{j+1}(|iω · ν − M^{[j]}(ω · ν; ε)|) . . . ψ_s(|iω · ν − M^{[s−1]}(ω · ν; ε)|)

= ∞∑ n=1 u_{n,ν} n−1∑ j=0 M^{[j]}(ω · ν; ε)χ_0(|ω · ν) . . . χ_j (|ω · ν|),

(8.8)

where the identity (8.4) has been used in the last line (with the correct interpretation of the term with s = j + 1 explained after (8.4)).

By the second definition in (6.3) one has n−1∑ j=0 M^{[j]}(ω · ν; ε)χ_0(|ω · ν) . . . χ_j (|ω · ν|) = M^{[n−1]}(ω · ν), (8.9)

so that, by inserting (8.8) in (8.6), after having used (8.9) we obtain

g(ω · ν)(Q^{−1} + Qu^2)_ν = g(ω · ν) ∞∑ n=0 [ ( iω · ν − M^{[n−1]}(ω · ν; ε) ) + M^{[n−1]}(ω · ν; ε) ] u_{n,ν}

= g(ω · ν) ∞∑ n=0 (iω · ν)u_{n,ν} = ∞∑ n=0 u_{n,ν} = u_ν , (8.10)

so that (8.1) follows.

Note that at each step only absolutely converging series have been dealt with, so that the above analysis is rigorous and not only formal.

Acknowledgments. I’m indebted with João C.A. Barata for interesting and clarifying discussions about his work [1].

References

[1] J. C. A. Barata, On formal quasi-periodic solutions of the Schrödinger equation for a two-level system with a Hamiltonian depending quasi-periodically on time, Rev. Math. Phys. 12 (2000), no. 1, 25–64.

[2] J. C. A. Barata, Convergent perturbative solutions of the Schrödinger equation for two-level systems with Hamiltonians depending periodically on time, Ann. Henri Poincaré 2 (2001), no. 5, 963–1005.

[3] J. Bricmont, A. Kupiainen, A. Schenkel, Renormalization group and the Melnikov problem for PDE’s, Comm. Math. Phys. 221 (2001), no. 1, 101–140.

[4] L.H. Eliasson, Absolutely convergent series expansions for quasi-periodic motions, Math. Phys.

Electron. J. 2 (1996), paper 4, 1–33 (Preprint 1988).

[5] R.P. Feynman, R.B. Leighton, M. Sands, The Feynman lectures on physics. Vol. 3: Quantum mechanics, Addison-Wesley, Reading, 1965.

[6] G. Gallavotti, Twistless KAM tori, Comm. Math. Phys. 164 (1994), 145–156.

[7] G. Gentile: Diagrammatic techniques in perturbation theory, and applications, in Proceedings of “Symmetry and Perturbation Theory II” (Rome, 16–22 December 1998), 59–78, Ed. A. Degasperis and G. Gaeta, World Scientific, 1999.

[8] G. Gentile, V. Mastropietro, Methods for the analysis of the Lindstedt series for KAM tori and renormalizability in classical mechanics. A review with some applications, Rev. Math. Phys. 8 (1996), 393–444.

[9] G. Gallavotti, G. Gentile, Hyperbolic low-dimensional invariant tori and summations of divergent series, Comm. Math. Phys. 227 (2002), no. 3, 421–460.

[10] H. M. Nussenzveig, Introduction to Quantum Optics, Gordon and Breach, New York, 1973.

[11] H. Whitney, Analytic extensions of differential functions defined in closed sets, Trans. Amer.

Math. Soc. 36 (1934), no. 1, 63–89.

[12] W.F. Wreszinski, S. Casmeridis, Models of two-level atoms in quasiperiodic external fields, J.

Statist. Phys. 90 (1998), no. 3-4, 1061–1068.