ON POVZNER–WIENHOLTZ-TYPE SELF-ADJOINTNESS RESULTS FOR MATRIX-VALUED STURM–LIOUVILLE OPERATORS

STEVE CLARK AND FRITZ GESZTESY

Abstract. We derive Povzner–Wienholtz-type self-adjointness results for m× m matrix-valued Sturm–Liouville operators T = R^{−1} [ −^d_{dx} P^d_{dx} + Q ] in L^2((a, b); Rdx)^m, m ∈ N, for (a, b) a half-line or R.

1. Introduction

In two recent papers concerned with certain aspects of inverse spectral theory for matrix-valued one dimensional Schrödinger operators (cf. [1], [7]), it became necessary to infer the limit point case at ±∞ from nonoscillatory properties of the Schrödinger differential expression at ±∞. Put differently, it was necessary to conclude that boundedness from below implies (essential) self-adjointness for matrix-valued Schrödinger operators under minimal regularity assumptions on the potential coefficient. While the problem of self-adjointness of matrix-valued (and more generally, operator-valued) differential operators has been studied in the literature (see, e.g., [15] and [28]), apparently, no result assuming lower semiboundedness of the associated minimal differential operator alone, appears to be known. (Reference [28], e.g., assumes additional local boundedness of the operator-valued potential in the Schrödinger operator in question.) In this note we close this gap by proving Povzner–Wienholtz-type self-adjointness results for one-dimensional scalar and matrix-valued Sturm–Liouville operators under optimal conditions on the potential coefficient.

Hartman [9] and Rellich [21] were first to show that boundedness below of the scalar Sturm–Liouville expression ℓ = r^{−1}(−^d_{dx} p^d_{dx} + q) and integral conditions on the functions r and p, which are necessarily satisfied when p, r = 1, are together sufficient to imply essential self-adjointness of the minimal operator for ℓ (cf. Section 2). Independently, Povzner [18] and subsequently Wienholtz [29] were first to show that semi-boundedness for the operator L_0 = (−Δ + q) ↾ C^∞_0 (R^n ) implies its essential self-adjointness when q is real-valued and continuous. This result has since been shown for more general q as may be seen by the work and references found in [11], [25], [26], and [27]. Closely related self-adjointness results based on the concept of a finite rate of propagation were discussed by Berezanskii [2, Sect. VI.1.7] and further devloped, for instance, in [3], [4, Sect. 13.8], [17], [22]. These works typically address the scalar case for ordinary or partial differential expressions, and

Date: March 6, 2002.

1991 Mathematics Subject Classification. Primary: 47B25, Secondary: 81Q10. Key words and phrases. Povzner–Wienholtz-type results, self-adjointness, semi-boundedness, matrix-valued Sturm–Liouville and Schrödinger operators.

Proc. Roy. Soc. Edinburgh A, to appear. 1

not the one-dimensional matrix setting that is our interest. After completing our work we became aware of a recent very detailed study of essential self-adjointness of general Schrödinger operators of the type D^∗D + V , where D is a first-order elliptic differential operator acting on the space of sections of a hermitian vector bundle over a manifold, by Braverman, Milatovic, and Shubin [5]. This paper appears to contain the state of the art in the multi-dimensional context.

In Section 2, we define Sturm–Liouville operators for the scalar case on the whole or half-line and recall in Theorem 2.3 the equivalence between the boundedness below of our operators and the nonoscillation of solutions of the associated homogeneous equation near endpoints of the given interval. The fundamental results of Hartman [9] and of Rellich [21] are recalled in Theorem 2.4 for the scalar Sturm–Liouville case. In Section 3, we obtain in Theorem 3.1 a result for the scalar Sturm–Liouville operator, and in Theorem 3.7 a result for the matrix-valued Sturm–Liouville operator, like that of Hartman and Rellich but independent of both as seen in Examples 3.3 and 3.4.

Hartman proved his result using the concept of principal and nonprincipal solutions while Rellich obtained a proof of this result by focusing upon the boundedness below of the associated minimal operator. Each of these approaches appears not to extend to the matrix setting. Instead, our results are obtained using the approach introduced by Wienholtz [29] to prove the result first due to Povzner [18].

2. Self-adjointness for the scalar Sturm–Liouville case

Beginning with the scalar case, we introduce the following basic assumptions.

Hypothesis 2.1.

(i) Let c < b ≤ ∞ and suppose that p, q, r are (Lebesgue) measurable on [c, b), and that

p > 0, r > 0 a.e. on [c, b), q real-valued, (2.1a) 1/p, q, r ∈ L^1([c, d]; dx) for all d ∈ [c, b). (2.1b) (ii) Let −∞ ≤ a < b ≤ ∞ and suppose that p, q, r are (Lebesgue) measurable on (a, b), and that

p > 0, r > 0 a.e. on (a, b), q real-valued, (2.2a)

1/p, q, r ∈ L^1_{loc}((a, b); dx). (2.2b)

The case −∞ ≤ a < c and p, q, r (Lebesgue) measurable on (a, c], p > 0, r > 0 a.e. on (a, c], q real-valued, and 1/p, q, r ∈ L^1([d, c]; dx), for all d ∈ (a, c], follows upon reflection from case (i) in Hypothesis 2.1 and hence will not be separately discussed in the following.

Given Hypothesis 2.1, we consider the differential expression ℓ = 1 r ( − d dx p d dx + q ) (2.3) on [c, b) and (a, b), respectively. Next, we introduce for c ∈ (a, b),

D_{max,c,b} = { u ∈ L^2([c, b); rdx) | | | u, pu^′ ∈ AC([c, d]) for all d ∈ [c, b); u(c) = 0; ℓu ∈ L^2([c, b); rdx) } , (2.4) D_{min,c,b} = {u ∈ D_{max,c,b} | supp(u) ⊂ [c, b) compact}, (2.5) D_{max} = {u ∈ L^2((a, b); rdx) | u, pu^′ ∈ AC_{loc}((a, b)); (2.6) ℓu ∈ L^2((a, b); rdx)}, (2.7) D_{min} = {u ∈ D_{max} | supp(u) ⊂ (a, b) compact}, (2.8) where AC_{loc}((a, b)) denotes the set of locally absolutely continuous functions on (a, b) and AC([c, d]) represents the set of absolutely continuous functions on [c, d].

Minimal operators T_{min,c,b} and T_{min} and maximal operators T_{max,c,b} and T_{max} in L^2((c, b); rdx) and L^2((a, b); rdx), respectively, associated with ℓ, are then defined by T_{min,c,b}u = ℓu, u ∈ dom(T_{min,c,b}) = D_{min,c,b}, (2.9) T_{max,c,b}u = ℓu, u ∈ dom(T_{max,c,b}) = D_{max,c,b}, (2.10) T_{min}u = ℓu, u ∈ dom(T_{min}) = D_{min}, (2.11) T_{max}u = ℓu, u ∈ dom(T_{max}) = D_{max}, (2.12) respectively. Then T_{min} and T_{min,c,b} are densely defined and (cf. [16, p. 64, 88]) T_{min,c,b}^∗ = T_{max,c,b}, (2.13) T_{min}^∗ = T_{max}. (2.14) In the following we will frequently refer to solutions u(·, z) of ℓu = zu for some z ∈ C . Such solutions are always assumed to be distributional solutions, that is, we tacitly assume

u(·, z), pu^′(·, z) ∈ AC([c, d]), d ∈ [c, b) (resp., AC_{loc}((a, b)), etc.) (2.15) in such a case.

Next we recall the standard notion of (non)oscillatory differential expressions. Definition 2.2. Assume Hypothesis 2.1 (ii) and fix c ∈ (a, b). Then ℓ is said to be nonoscillatory near a (or b) for some λ ∈ R if and only if every real-valued solution u of ℓu = λu has finitely many zeros in (a, c) (resp., (c, b)). Otherwise, ℓ is called oscillatory near a (resp., b).

The following is a key result in this connection. Theorem 2.3 ([10], [12], [21], [23], [24]).

Assume Hypothesis 2.1 (i). Then the following assertions are equivalent: (i) T_{min,c,b} (and hence any symmetric extension of T_{min,c,b}) is bounded from below. (ii) There exists a λ_0 ∈ R such that ℓ is nonoscillatory near b for all λ < λ_0. Assume Hypothesis 2.1 (ii). Then the following assertions are equivalent: (iii) T_{min} (and hence any symmetric extension of T_{min}) is bounded from below. (iv) There exists a λ_0 ∈ R such that ℓ is nonoscillatory near a and b for all λ < λ_0.

Next, we mention a fundamental result which links the nonoscillatory behavior at one end point with the limit point property at that endpoint.

Theorem 2.4 (Hartman [9] (cf. also [6], [21])). Suppose Hypothesis 2.1 (i) and assume that for some λ_0 ∈ R, ℓ − λ_0 is nonoscillatory near b, or equivalently, that T_{min,c,b} is bounded from below. Then, if | | | | ∫_b dx ( r(x) p(x) )_{1/2}| | | = ∞, (2.16)

ℓ is in the limit point case at b.

Originally, Hartman proved the special case r = 1 by an elegant application of the concept of (non)principal solutions (the proof easily extends to the general situation r ≠ 1 described in Theorem 2.4). Theorem 2.4 was subsequently derived by Rellich [21] by focusing on operators T_{min,c,b} bounded from below. (Actually, Hartman and Rellich assume p, p^′ ∈ C((a, b)) and q, r piecewise continuous in (a, b) in addition to Hypothesis 2.1 (i) but this is easily seen to be unnecessary.)

For an extension of Theorem 2.4 to polynomials of ℓ we refer to Read [19]. For essential self-adjointness results using conditions of the type (2.16) but with semiboundedness from below of the corresponding minimal differential operators replaced by alternative conditions, we refer to the recent work by Lesch and Malamud [14]. The latter treats the case of matrix-valued Schrödinger operators as well as the case of general canonical systems.

Finally, for extensions of Theorem 2.4 to the multi-dimensional case we refer to our account in the introduction.

3. Povzner–Wienholtz-type self-adjointness results

Next we formulate a result that resembles one by Povzner [18] in the context of partial differential operators. We will adapt a method of proof due to Wienholtz [29], who independently proved Povzner’s result. (Wienholtz’s proof is also reproduced in Glazman [8, Chapter1, Theorem 35].)

Theorem 3.1. Assume Hypothesis 2.1 (i) with b = ∞ and p ∈ AC([c, c+ρ]) for all ρ > 0 and r^{−1}(p^′)^2, r^{−1} ∈ L^1_{loc}((c, ∞)). Moreover, suppose that T_{min,c,∞} is bounded from below. Then, if ‖p/r‖_L∞_{((ρ/2,ρ))} =_{ρ↑∞} O(ρ^2), (3.1) ℓ is in the limit point case at ∞.

Proof. By von Neumann’s theory of self-adjoint extensions (cf. [20, p. 137]), to prove that ℓ is in the limit point case at ∞, or equivalently, that T_{min,c,∞} is essentially selfadjoint and hence its closure T_{max,c,∞} is self-adjoint (since T_{min,c,∞} = T^∗_{min,c,∞} = T_{max,c,∞}), we need to show that

ker(T^∗_{min,c,∞} − C) = {0} (3.2)

for C > 0 sufficiently large. Next, we assume, without loss of generality, that for u ∈ dom(T_{min,c,∞}) ∫_∞ c r(x)dx u(x)(ℓu)(x) > ∫_∞ c r(x)dx |u(x)|^2 , (3.3) so we may take C = 0 in (3.2). In addition, we choose c = 0 for simplicity.

To start the proof we assume that ℓ is not in the limit point case at ∞. Then, by Weyl’s alternative, all solutions u of

ℓu = 0 (3.4)

are necessarily in L^2([0, ∞); rdx), and hence there exists a nontrivial real-valued solution û ∈ L^2([0, ∞); rdx) of (3.4) that satisfies the Dirichlet boundary condition û(0) = 0. To complete the proof, it is sufficient to show that (3.3) rules out the existence of such a solution û ∈ L^2([0, ∞); rdx) of (3.4). Let u_ρ(x) = θ_ρ(x)û(x) , 0 ≤ x < ∞, (3.5)

where θ_ρ(x) = θ(x/ρ), θ ∈ C^∞ ([0, ∞)), θ(x) = { 1 0 ≤ x ≤ 1/2, 0 x > 1. (3.6)

As defined, u_ρ ∈ dom(T_{min,0,∞}). Indeed, since p ∈ AC([0, ρ]) for all ρ > 0 by hypothesis, one verifies that

ℓu_ρ = ℓ(θ_ρû) = θ_ρ(ℓû) − r^{−1}(pθ^′_ρ)^′û − 2r^{−1}θ^′_ρ(pû^′) = −r^{−1}p^′θ^′_ρû − r^{−1}pθ^{′′}_ρ û − 2r^{−1}θ^′_ρ(pû^′). (3.7)

Since ∫_ρ ρ/2 dx r^{−1}(p^′)^2(θ^′_ρ)^2û^2 ≤ ‖(θ^′_ρ)^2û^2‖_L∞_{((ρ/2,ρ))} ∫_ρ ρ/2 dx r^{−1}(p^′)^2 < ∞, (3.8) ∫_ρ ρ/2 dx (r^{−1}p) [ p(θ^{′′}_ρ )^2û^2 ] ≤ (ρ/2)‖p/r‖_L∞_{((ρ/2,ρ))}‖p‖_L∞_{((ρ/2,ρ))} × ‖(θ^{′′}_ρ )^2û^2‖_L∞_{((ρ/2,ρ))} < ∞, (3.9) and ∫_ρ ρ/2 dx r^{−1}(θ^′_ρ)^2(pû^′)^2 ≤ ‖(θ^′_ρ)^2‖_L∞_{((ρ/2,ρ))}‖(pû^′)^2‖_L∞_{((ρ/2,ρ))} × ∫_ρ ρ/2 dx r^{−1} < ∞, (3.10)

one obtains u_ρ ∈ dom(T_{min,0,∞}). Hence u_ρ satisfies (3.3), that is, ∫_∞ 0 r(x)dx θ_ρ (x)^2û(x)^2 < ∫_∞ 0 r(x)dx u_ρ (x)(ℓu_ρ)(x). (3.11)

Since

ru_ρ(ℓu_ρ) = −θ_ρ(pθ^′_ρ)^′û^2 − 2θ_ρθ^′_ρû(pû^′) = (θ^′_ρ)^2pû^2 − [ θ_ρθ^′_ρpû^2 ]_′ (3.12) and θ_ρ(ρ) = θ^′_ρ(0) = 0, one obtains ∫_{ρ/2} 0 r(x)dx û(x)^2 < ∫_∞ 0 r(x)dx θ_ρ (x)^2û(x)^2 < ∫_∞ 0 r(x)dx u_ρ (x)(ℓu_ρ)(x) = ∫_∞ 0 dx θ^′_ρ(x)^2p(x)û(x)^2 = ∫_∞ 0 r(x)dx θ^′_ρ (x)^2[p(x)/r(x)]û(x)^2 ≤ C^2 ρ^2 ‖p/r‖_L∞_{((ρ/2,ρ))} ∫_ρ ρ/2 r(x)dx û(x)^2 =_{ρ↑∞} O(1) ∫_ρ ρ/2 r(x)dx û(x)^2 =_{ρ↑∞} o(1) (3.13)

for some constant C > 0, implying û = 0 a.e. on [0, ∞).

Remark 3.2. Even though Theorems 2.4 (for b = ∞) and 3.1 show some resemblance, their proofs follow quite different strategies. In particular, the proof of Theorem 3.1 seems to work only for half-lines (i.e., b = ∞). Moreover, as the following examples show, neither theorem implies the other.

Example 3.3. Consider c = 0, b = ∞, q = 0, p, r ∈ C^∞([0, ∞)), and r(x) p(x) = 1 x^2ln(x) for x ≥ e. (3.14)

Then one easily verifies that condition (2.16) is satisfied while (3.1) is not.

Example 3.4. Consider c = 0, b = ∞ q = 0, p, r ∈ C([0, ∞)), and r(x) p(x) = {_1 x^2 , x ∈ [n, n + (1/n)], n ∈ N, 0, otherwise.

(3.15)

Then one easily verifies that condition (3.1) is satisfied while (2.16) is not.

We note that q = 0 implies the nonoscillatory behavior of ℓ since solving ℓu = 0 readily yields u(x) = C ∫_x dx^′ p(x^′)^{−1} + D, C, D ∈ C , (3.16)

and clearly u in (3.16) has at most one zero. Moreover, if r is not integrable at ∞, there exists a particular solution u_0 = D /∈ L^2([0, ∞); rdx) (choosing D ≠ 0 in (3.16)) of ℓu = 0 and hence ℓ is also in the limit point case in this situation.

Remark 3.5. Examining the proof of Theorem 3.1, it is possible to relax the assumption p ∈ AC_{loc}(R) by an appropriate modification of condition (3.1). In fact, modifying the cutoff function θ_ρ in (3.6) as follows,

θ_ρ ∈ C^∞([0, ∞)), θ_ρ(x) = 1, 0 ≤ x ≤ ρ/2, f_ρ ( ρ^{−1} ∫_x 0 dx^′ p(x^′)^{−1} ) , ρ/2 ≤ x ≤ ρ, 0, x ≥ ρ, (3.17)

f_ρ ( ρ^{−1 ρ/2}∫_0 dx p(x)^{−1} ) = 1, f_ρ ( ρ^{−1 ρ}∫_0 dx p(x)^{−1} ) = 0 (3.18) for an appropriate smooth function f_ρ, and assuming ‖ ‖ ‖(pr)^{−1} [ f^′_ρ ( ρ^{−1 ·}∫_0 dx^′ p(x^′)^{−1} )]_2‖ ‖ ‖_{L∞((ρ/2,ρ))} =_{ρ↑∞} O(ρ^2), (3.19)

instead of condition (3.1), one verifies that

ℓu_ρ = ℓ(θ_ρû) = θ_ρ(ℓû) − r^{−1}(pθ^′_ρ)^′û − 2r^{−1}θ^′_ρ(pû^′)

= −r^{−1}(pθ^′_ρ)^′û − 2r^{−1}θ^′_ρ(pû^′) = −ρ^{−2}(pr)^{−1}f^{′′}_ρ ( ρ^{−1 x}∫_0 dx^′ p(x^′)^{−1} ) û − 2ρ^{−1}(pr)^{−1}f^′_ρ ( ρ^{−1 x}∫_0 dx^′ p(x^′)^{−1} ) (pû^′) (3.20)

is well-defined. Following the proof of Theorem 3.1 step by step then results in ∫_∞ 0 dx θ^′_ρ(x)^2p(x)û(x)^2 = ∫_∞ 0 r(x)dx θ^′_ρ (x)^2p(x)r(x)^{−1}û(x)^2 ≤ C^2 ρ^2 ‖ ‖ ‖(pr)^{−1} [ f^′_ρ ( ρ^{−1 ·}∫_0 dx^′ p(x^′)^{−1} )]_2‖ ‖ L^∞((ρ/2,ρ)) ∫_ρ ρ/2 r(x)dx û(x)^2 (3.21)

for some constant C > 0 and hence again in û = 0 a.e. on [0, ∞) as in (3.13).

When trying to extend Theorem 2.4 to the matrix-valued context, one observes that the use of (matrix-valued) principal solutions can indeed exclude the limit circle case at b under the assumption of T_{min,c,b} being bounded from below. However, it is not clear how to exclude all intermediate cases between those of limit circle and limit point that we may then infer the limit point case at b. The strategy of proof of Theorem 3.1, on the other hand, will now be shown to extend to the matrix-valued case in due course.

Throughout the rest of this note all matrices will be considered over the field of complex numbers C , and the corresponding linear space of k × ℓ matrices will be denoted by C^{k×ℓ} , k, ℓ ∈ N. Moreover, I_k denotes the identity matrix in C^{k×k} and M^∗ the adjoint (i.e., complex conjugate transpose) of a matrix M. A positive definite matrix P is denoted by P > 0, a nonnegative matrix Q by Q ≥ 0.

We start by introducing the following hypothesis.

Hypothesis 3.6.

Let c < b ≤ ∞ and suppose that P, Q, R ∈ C^{m×m} are (Lebesgue) measurable on [c, b), and that

P > 0, R > 0 a.e. on [c, b), Q = Q^∗ self-adjoint, (3.22a)

P^{−1}, Q, R ∈ L^1([c, d]; dx)^{m×m} for all d ∈ [c, b). (3.22b)

As in the scalar context, the analogous case of the half-line (a, c] follows upon reflection from the case [c, b) in Hypothesis 3.6 and hence is not separately discussed in the following.

Given Hypothesis 3.6, we consider the m×m matrix-valued differential expression L = R^{−1} ( − d dx P d dx + Q ) (3.23) on [c, b). Next, we introduce

D_{max,c,b} = { u ∈ L^2([c, b); Rdx)^m | | u, P u^′ ∈ AC([c, d])^m for all d ∈ [c, b); u(c) = 0; ℓu ∈ L^2([c, b); Rdx)^m } , (3.24)

D_{min,c,b} = {u ∈ D_{max,c,b} | supp(u) ⊂ [c, b) compact}, (3.25)

where AC([c, d])^m denotes the set of absolutely continuous vectors in C^m on [c, d]. Moreover, L^2(Ω; Rdx)^m denotes the Hilbert space of C^m -valued (Lebesgue) measurable vectors u, v on Ω ⊆ R corresponding to the m × m matrix-valued measure Rdx with scalar product (u, v)_L2_{(Ω;Rdx)}m , given by

(u, v)_L2_{(Ω;Rdx)}m = ∫ Ω dx (u(x), R(x)v(x))_C m , (3.26) where (f, g)_Cm = ∑_m k=1 f_kg_k, f, g ∈ C^m . For notational simplicity we will abbreviate the scalar product in L^2(Ω; Rdx)^m by (u, v) only.

Minimal operators T_{min,c,b} and maximal operators T_{max,c,b} in L^2((c, b); Rdx)^m associated with L are then defined as in the scalar context by

T_{min,c,b}u = Lu, u ∈ dom(T_{min,c,b}) = D_{min,c,b}, (3.27) T_{max,c,b}u = Lu, u ∈ dom(T_{max,c,b}) = D_{max,c,b}, (3.28)

respectively. Then T_{min} and T_{min,c,b} are densely defined and (2.13)–(2.14) continue to hold in the matrix-valued context.

After these preparations we are ready for the matrix-valued extension of Theorem 3.1, the principal objective of this note. (We denote by ‖M‖ the operator norm of an m × m matrix M.)

Theorem 3.7. Assume Hypothesis 3.6 with b = ∞ and P ∈ AC([c, c + ρ])^{m×m} for all ρ > 0 and ‖ ‖P^′R^{−1}P^′ ‖ ‖, ‖ ‖R^{−1} ‖ ‖ ∈ L^1_{loc}((c, ∞)). Moreover, suppose that T_{min,c,∞} is bounded from below. Then, if ess sup_{x∈[ρ/2,ρ]} ‖ ‖R(x)^{−1/2}P (x)R(x)^{−1/2} ‖ ‖ =_{ρ↑∞} O(ρ^2), (3.29)

L is in the limit point case at ∞.

Proof. The strategy of proof is completely analogous to the scalar context, Theorem 3.1. As before we need to show that

ker(T^∗_{min,c,∞} − C) = {0} (3.30)

for C > 0 sufficiently large. Again we assume, without loss of generality, that for u ∈ dom(T_{min,c,∞}) ∫_∞ c dx (u(x), R(x)(Lu)(x))_C m > ∫_∞ c dx (u(x), R(x)u(x))_C m , (3.31) so we may take C = 0 in (3.30). Moreover, we choose c = 0 as before.

To start the proof we assume that L is not in the limit point case at ∞. Then, by the matrix analog of Weyl’s alternative (cf., e.g., [13], [14]), m + 1 solutions u of

Lu = 0 (3.32)

are necessarily in L^2([0, ∞); Rdx)^m, and hence there exists a nontrivial real-valued solution û ∈ L^2([0, ∞); Rdx) of (3.4) that satisfies the Dirichlet boundary condition û(0) = 0. To complete the proof, it is sufficient to show that (3.31) rules out the

existence of such a solution û. Let u_ρ(x) = θ_ρ(x)û(x) , 0 ≤ x < ∞, (3.33)

where θ_ρ(x) = θ(x/ρ), θ ∈ C^∞ ([0, ∞)), θ(x) = { 1 0 ≤ x ≤ 1/2, 0 x > 1. (3.34)

As defined, u_ρ ∈ dom(T_{min,0,∞}). Indeed, since P ∈ AC([0, ρ]) for all ρ > 0 by

hypothesis, one verifies that

Lu_ρ = L(θ_ρû) = θ_ρ(Lû) − R^{−1}(P θ^′_ρ)^′û − 2R^{−1}θ^′_ρ(P û^′)

= −R^{−1}P^′θ^′_ρû − R^{−1}P θ^{′′}_ρ û − 2R^{−1}θ^′_ρ(P û^′). (3.35)

Since ∫_ρ ρ/2 dx ( θ^′_ρû, P^′R^{−1}P^′θ^′_ρû ) C^m ≤ ess supx∈[ρ/2,ρ]‖θ ′ ρ(x)û(x)‖^2_Cm × ∫_ρ ρ/2 dx ‖ ‖P^′R^{−1}P^′ ‖ ‖ < ∞, (3.36) ∫_ρ ρ/2 dx ( P θ^{′′}_ρ û, R^{−1}P θ^{′′}_ρ û ) C^m = ∫_ρ ρ/2 dx ( P^{1/2}θ^{′′}_ρ û, P^{1/2}R^{−1}P^{1/2}P^{1/2}θ^{′′}_ρ û ) C^m ≤ (ρ/2)ess sup_{x∈[ρ/2,ρ]} ‖ ‖P (x)^{1/2} ‖ ‖^2 ess sup_{x∈[ρ/2,ρ]}‖θ^{′′}_ρ (x)û(x)‖^2_{Cm} × ess sup_{x∈[ρ/2,ρ]} ‖ ‖P (x)^{1/2}R(x)^{−1}P (x)^{1/2} ‖ ‖ = (ρ/2)ess sup_{x∈[ρ/2,ρ]} ‖ ‖P (x)^{1/2} ‖ ‖^2 ess sup_{x∈[ρ/2,ρ]}‖θ^{′′}_ρ (x)û(x)‖^2_{Cm}

× ess sup_{x∈[(ρ/2,ρ)]} ‖ ‖R(x)^{−1/2}P (x)R(x)^{−1/2} ‖ ‖ < ∞, (3.37) and ∫_ρ ρ/2 ( R^{−1}θ^′_ρ(P û^′), RR^{−1}θ^′_ρ(P û^′) ) C^m ≤ ‖ ‖(θ^′_ρ)^2 ‖ ‖_{L∞([ρ/2,ρ])} ess sup_{x∈[ρ/2,ρ]} ‖ ‖P (x)û^′(x) ‖ ‖^2_{Cm} ∫_ρ ρ/2 dx ‖ ‖R^{−1} ‖ ‖ < ∞, (3.38)

and thus u_ρ ∈ dom(T_{min,0,∞}). Hence u_ρ satisfies (3.31), that is, ∫_∞ 0 dx θ_ρ(x)^2(û(x), R(x)û(x))_C m < ∫_∞ 0 dx (u_ρ(x), R(x)(Lu_ρ)(x))_C m . (3.39)

Since [ (uρ, R(Lu_ρ))_C m + (R(Lu_ρ), u_ρ)_Cm ] /2 = ( θ^′_ρ )_2 (û, P û)_C m − [ θ_ρθ^′_ρ(û, P û)_C m ]_′ (3.40) and θ_ρ(ρ) = θ^′_ρ(0) = 0, one obtains ∫_{ρ/2} 0 dx (û(x), R(x)û(x))_C m < ∫_∞ 0 dx θ_ρ(x)^2(û(x), R(x)û(x))_C m < ∫_∞ 0 (u_ρ(x), R(x)(Lu_ρ)(x))_C m = (1/2) ∫_∞ 0 (u_ρ(x), R(x)(Lu_ρ)(x))_C m + (1/2) ∫_∞ 0 (R(x)(Lu_ρ)(x), u_ρ(x))_C m = ∫_∞ 0 θ^′_ρ(x)^2(û(x), P (x)û(x))_C m = ∫_∞ 0 dx θ^′_ρ(x)^2 ( R(x)^{1/2}û(x), R(x)^{−1/2}P (x)R(x)^{−1/2}R(x)^{1/2}û(x) ) C^m ≤ C^2 ρ^2 ess sup_{x∈[ρ/2,ρ]} ‖ R(x)^{−1/2}P (x)R(x)^{−1/2} ‖ ∫^ρ ρ/2 dx (û(x), R(x)û(x))_C m =_{ρ↑∞} O(1) ∫_ρ ρ/2 dx (û(x), R(x)û(x))_C m =_{ρ↑∞} o(1) (3.41)

for some constant C > 0, implying û = 0 a.e. on [0, ∞).

Acknowledgements. We are indebted to Mark Malamud and Fedor Rofe-Beketov for useful comments and hints to the literature. We also thank the referee for a very careful reading of our manuscript and for pointing out a number of improvements concerning the presentation of our results.

References

[1] E. D. Belokolos, F. Gesztesy, K. A. Makarov, and L. A. Sakhnovich, Matrix-valued generalizations of the theorems of Borg and Hochstadt, in Recent Advances in Evolution Equations, G. Ruiz Goldstein, R. Nagel, and S. Romanelli (eds.), Lecture Notes in Pure and Applied Mathematics, Marcel Dekker, New York, to appear.

[2] Ju. Berezanskii, Expansions in Eigenfunctions of Selfadjoint Operators, Transl. Math. Mongraphs, Vol. 17, Amer. Math. Soc., Providence, R.I., 1968.

[3] Yu. M. Berezanskii and V. G. Samoilenko, On the self-adjointness of differential operators with finitely or infinitely many variables, and evolution equations, Russ. Math. Surv. 36:5, 1–62 (1981).

[4] Y. M. Berezansky, Z. G. Sheftel, and G. F. Us, Functional Analysis, Vol. II, Operator Theory, Advances and Applications, Vol. 86, Birkhäuser, Basel, 1996.

[5] M. Braverman, O. Milatovic, and M. Shubin, Essential self-adjointness of Schrödinger type operators on manifolds, Russ. Math. Surv. 57, No. 4 (2002), to appear.

[6] F. Gesztesy, A complete spectral characterizaton of the double commutation method, J. Funct.

Anal. 117, 401–446 (1993).

[7] F. Gesztesy and L. A. Sakhnovich, A class of matrix-valued Schrödinger operators with prescribed finite-band spectra, in Reproducing Kernel Hilbert Spaces, Positivity, System Theory and Related Topics, D. Alpay (ed.), Operator Theory: Advances and Applications, Basel, Birkhäuser, to appear.

[8] I. M. Glazman, Direct Methods of Qualitative Spectral Analysis of Singular Differential Operators, Israel Program for Scientific Translations, Jerusalem, 1965.

[9] P. Hartman Differential equations with non-oscillatory eigenfunctions, Duke Math. J. 15, 697–709 (1948).

[10] , Ordinary Differential Equations, Birkhäuser, 1982.

[11] A. M. Hinz, Regularity of solutions for singular Schrödinger equations, Rev. Math. Phys., (1) 4, 95–161 (1992).

[12] H. Kalf, A characterization of the Friedrichs extension of Sturm–Liouville operators, J. London Math. Soc. (2) 17, 511–521, (1978).

[13] V. I. Kogan and F. S. Rofe-Beketov, On square-integrable solutions of symmetric systems of differential equations of arbitrary order, Proc. Roy. Soc. Edinburgh 74A, 1–40 (1974).

[14] M. Lesch and M. Malamud, On the deficiecy indices and self-adjointness of symmetric Hamiltonian systems, J. Diff. Eq., to appear.

[15] V. B. Lidskiĭ, On the number of solutions with integrable square of differential equations −y^{′′} + P (t)y = λy, Dokl. Akad. Nauk SSSR 95, 217–220 (1954) (Russian.)

[16] M. A. Naimark, Linear Differential Operators, Part II, Ungar, New York, 1968. [17] Yu. B. Orochko, The hyperbolic equation method in the theory of operators of Schrödinger type with a locally integrable potential, Russ. Math. Surv. 43:2, 51–102 (1988).

[18] A. Ya. Povzner, The expansion of arbitrary functions in eigenfunctions of the operator −Δu+ cu, Mat. Sbornik 32, 109–156 (1953) (Russian.) English translation in Amer. Math. Soc. Transl. (2) 60, 1–49 (1967).

[19] T. T. Read, Limit-point criteria for polynomials in a non-oscillatory expression, Proc. Roy.

Soc. Edinburgh 76A, 13–29 (1976).

[20] M. Reed and B. Simon, Methods of Modern Mathematical Physivs II. Fourier Analysis, Self-Adjointness, Academic Press, New York, 1975.

[21] F. Rellich, Halbbeschränkte gewöhnliche Differentialoperatoren zweiter Ordnung, Math. Ann.

122, 343–368 (1951).

[22] F. S. Rofe-Beketov, Necessary and sufficient conditions for a finite propagation rate for elliptic operators, Ukrain. Math. J. 37, 547–549 (1985).

[23] R. Rosenberger, A new characterization of the Friedrichs extension of semibounded Sturm– Liouville operators, J. London Math. Soc. (2) 31, 501–510 (1985).

[24] K. M. Schmidt, An application of Gesztesy-Simon-Teschl oscillation theory to a problem in differential geometry, J. Math. Anal. Appl. 261, 61–71 (2001).

[25] U.-W. Schmincke, Proofs of Povzner–Wienholtz type theorems on selfadjointness of Schrödinger operators by means of positive eigensolutions, Bull. London Math. Soc. 23, 263–266 (1991).

[26] C. G. Simader, Essential self-adjointness of Schrödinger operators bounded from below, Math.

Z. 159, 47–50 (1978).

[27] C. G. Simader, Remarks on essential self-adjointness of Schrödinger operators with singular electrostatic potential, J. reine angew. Math. 431, 1–6 (1992).

[28] L. I. Vainerman and M. L. Gorbachuk, On self-adjoint semibounded abstract differential operators, Ukrain. Math. J. 22, 694–696 (1970).

[29] E. Wienholtz, Halbbeschränkte partielle Differentialoperatoren zweiter Ordnung vom elliptischen Typus, Math. Ann., 135, 50–80 (1958).

Department of Mathematics and Statistics, University of Missouri-Rolla, Rolla, MO 65409, USA

E-mail address: sclark@umr.edu URL: http://www.umr.edu/~clark

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: fritz@math.missouri.edu URL: http://www.math.missouri.edu/people/fgesztesy.html