THE SPECTRAL MEASURE OF A JACOBI MATRIX IN TERMS OF THE FOURIER TRANSFORM OF THE PERTURBATION

O. SAFRONOV

ABSTRACT. We study the spectral properties of Jabobi matrices. By combining Killip’s technique [13] with the technique of Killip and Simon [12] we obtain a result relating the properties of the elements of Jacobi matrices and the corresponding spectral measures. This theorem is a natural extension of a recent result of Laptev-Naboko-Safronov [17].

The author contemplated this paper as a part of an updated version of a different article. Therefore the present text will probably exist only as a preprint or will be published as a part of another paper.

0. INTRODUCTION

Let S be the shift operator in l^2(N) whose action on the canonical orthonormal basis {e_n}^∞_{n=0} is given by Se_n = e_{n+1}. Let A, B be selfadjoint diagonal operators: Ae_n = α_ne_n, Be_n = β_ne_n, α_n > −1, β ∈ R. We study the spectrum of the operator

J = S + S^∗ + Q, where Q = SA + AS^∗ + B.

Such an operator can be identified with the following Jacobi matrix:

(0.1) J = β_0 1 + α_0 0 0 · · · 1 + α_0 β_1 1 + α_1 0 · · · 0 1 + α_1 β_2 1 + α_2 · · · . . . . . . . . ... . If the entries of this matrix are bounded then J is a bounded operator in l^2(N). To J we associate the following measure μ given by

(0.2) m_μ(z) := (e_0, (J − z)^{−1}e_0) = ∫ dμ(t) t − z , z ∈ C . The spectral significance of this function is represented by the relation

(0.3) μ(δ) = (E_J (δ)e_0, e_0),

1991 Mathematics Subject Classification. Primary 35P15; Secondary 35L15, 47A75, 35J10.

The author thanks Sergej Naboko for useful discussions and Barry Simon for pointing out the conjecture. 1

where E_J denotes the spectral measure of J and δ ⊂ R is a Borel set.

Conversely, to each measure μ with a compact support containing infinitely many points there is a standard procedure of constructing a Jacobi matrix via the corresponding orthogonal polynomials (see [12] for historical references and bibliography). Therefore similar problems were intensively studied by specialists in this field [21], [1].

Since there is a one-to-one correspondence between Jacobi matrices and probability measures, it is natural to ask how the properties of entries of Jacobi matrices are related to the properties of probability measures. We are interested in a class of matrices J ”close” to the ”free” matrix J_0 for which α_n = 0 and β_n = 0, n = 0, 1, . . . .

Obviously, μ(R) = ‖e_0‖^2 = 1.

Denote by μ^′ the derivative of the absolutely continuous part of the measure μ. Most of our questions will be related to convergence of the integral of log(1/μ^′(2 cos θ)) with respect to the weight

ρ(e^{iθ}) sin^2(θ);

ρ(k) = (W (k))^2, W (k) =

n_0∑

n=−n_0 w_nk^n (0.4)

where W (e^{iθ}) is real valued and n_0 is finite. In order to state our main result we denote by S_p the standard Shatten classes of compact operators:

S_p = { T : ||T ||^p_{Sp} = tr (T^∗T )^{p/2} < ∞ }.

Theorem 0.1. Let J be a Jacobi matrix, μ the corresponding measure (0.3) and the weight ρ be given by (0.4) with W (1)W (−1) ≠ 0. Assume that the operator Q = J − J_0 satisfies

(0.5) Q ∈ S_3.

Let also Â(θ) and B̂(θ) be the sums of the Fourier series ∑ e^{inθ}α_n and ∑ e^{inθ}β_n. Then

(0.6) ∫_π −π |2e^{iθ}Â(2θ) + B̂(2θ)|^2ρ(e^{iθ}) dθ < ∞ if and only if μ satisfies the following three properties:

(1) The support of μ is [−2, 2] ∪ {E^+_j }^{N+}_{j=1} ∪ {E^−_j }^{N−}_{j=1}, where ±E^±_j > 2, 0 ≤ N_± ≤ ∞. (2) (Quasi-Szegö Condition) ∫_π −π log [ 1 μ^′(2 cos θ) ] ρ(e^{iθ}) sin^2(θ) dθ < ∞.

(3) (Lieb–Thirring Bound)

N_+∑

j=1 |E^+_j − 2|^{3/2} + N_−∑

j=1 |E^−_j + 2|^{3/2} < ∞.

Remark. One can generalize this result for the case W (1) = W (−1) = 0, where instead of the Lieb-Thirring bound with the power 3/2 we would have the one with the power 5/2. In this case Condition (3) can be simply omitted.

Although this theorem is a natural generalization of a recent result of Killip-Simon, it has some disadvantages. Namely, for a given measure μ we are not able to check in advance whether the condition (0.5) is fulfilled for the corresponding Jacobi matrix J. However, in the cases ρ(e^{iθ}) = 1 [12] and ρ(e^{iθ}) = cos^2(θ) [17] one is able to avoid this obstacle and obtain stronger results where one does not have the a priori condition (0.5).

The main idea of this paper is to modify the known trace formulae. For J’s with Q = J − J_0 of finite rank , the standard trace formulae are due to Case [2],[3]. Recently, Killip-Simon [12] found how to exploit these sum rules as a spectral tool. In particular, Killip-Simon have shown the importance of extension of sum rules to a larger class of Q’s. In its turn the impressive paper [12] was motivated by work on Schrödinger operators by Deift-Killip [6] and Denisov [7], [8]. Finally, the author would like to mention the paper [26] the results of which are used in this work.

1. PRELIMINARIES

For each T ∈ S_1, one can define a complex-valued function det(1 + T ), so that |det(1 + T )| ≤ exp(‖T ‖_{S1} ) For T ∈ S_3 one defines

(1.1) det_3(1 + T ) = det((1 + T )e^{−T +T 2/2}).

Then

(1.2) |det_3(1 + T )| ≤ exp(c‖T ‖^3_{S3} ), c > 0.

Lemma 1.1. Let A, B be of finite rank. There is a constant C such that one of the conditions (1.3) |Im z| > 1 or |Re z| > 3 + ||Q|| imply

(1.4) | log det_3(I + Q(J_0 − z)^{−1})| ≤ C||Q||^3_{S3}

Proof. Let z = λ + iϵ, where λ and ϵ are real. One can repeat the arguments of Proposition 5.2 [13] to show that | d dϵ log det_3(I + Q(J_0 − z)^{−1})| = |tr (i(J_0 − z)^{−1}Q(J_0 − z)^{−1}Q(J − z)^{−1}(J_0 − z)^{−1}Q)| ≤ ||(J_0 − z)^{−1}||^3||(J − z)^{−1}||||Q||^3_{S3} . (1.5)

On the other hand, lim_{ϵ→∞} det_3(I + Q(J_0 − z)^{−1}) = 1 Therefore the estimate (1.2) follows from (1.5) by the Fundamental Theorem of Calculus. □

2. TRACE FORMULAE Let A and B be of finite rank. By H_0 we denote the operator on l^2(Z) defined on the standard basis {e_n}^∞_{−∞} by H_0e_n = e_{n+1} + e_{n−1}, n ∈ Z.

It is convenient to replace m_μ by (2.1) M_μ(k) = −m_μ ( z(k) ) = −m_μ ( k + k^{−1} ) = ∫ k dμ(t) 1 − tk + k^2 , |k| < 1. It is known (see [22]) that the limit M(e^{iθ}) = lim_{r→1} M_μ(re^{iθ}), r < 1, exists almost everywhere on the unit circle and Im M(e^{iθ}) π = μ^′(2 cos θ), θ ∈ [0, π].

We borrow from [12] one important relation which expresses the spectral measure in terms of the perturbation determinant |L(e^{iθ})|^2Im M(e^{iθ}) = sin(θ) det(1 + A)^2, where L(z) = det(1 + Q(J_0 − zI)^{−1}).

Therefore for z = 2 cos θ 1 2 log [ sin(θ) Im M(e^{iθ}) ] = − log | det(I + A)| + Re tr Q(J_0 − z)^{−1}− − 1 2 Re tr (Q(J_0 − z)^{−1})^2 + log |det_3(I + Q(J_0 − z)^{−1})| =: g(θ) + log |det_3(I + Q(J_0 − z)^{−1})|

(2.2)

The function d_3(k) = det_3(I + Q(J_0 − z)^{−1}) vanishes when k + 1/k is an eigenvalue of J. Let {κ_n} be the zeros of d_3(k) lying in the domain |k| < 1. We introduce the Blaschke product G = ∏ n κ_n − k 1 − κ_nk κ_n |κ_n| , (κ_n = κ_n).

Clearly |G| = 1 when k = e^{iθ}. Choose a > 0 so small that every point z = k+1/k with |k| = a satisfies the condition (1.3). Obviously a < min_n |κ_n|. Thus, by using the Cauchy theorem we find 2 π ∫_π −π log |d_3(k)|ρ(e^{iθ}) sin^2 θ dθ = Re i 2π ∫ |k|=a log(d_3(k)/G)ρ(k)

(k^2 − 1)^2 k^3 dk = (2.3) Re i 2π ∫ |k|=a log(d_3(k))w(k) dk k − ∑ n f(κ_n) where w(k) = ρ(k) (k^2 − 1)^2

k^2 . and f(κ) = Re i 2π ∫ |k|=a log( κ − k 1 − κk κ |κ| )w(k) dk k . The latter integral can be computed by the residue calculus, in particular one can show that f(κ) is a finite linear combination of powers κ^{±n} and log(|κ|). However, instead of calculating it explicitly we prove that

(2.4) f(t) = 4ρ(∓1) 3 |t ± 1|^3 + o(|t ± 1|^3), as t → ∓1, |t| < 1. Indeed, since w(k) = w(1/k) we observe that

2f(κ) = Re i 2π ∫ |k|=a log( κ − k 1 − κk κ |κ| )w(k) dk k − Re i 2π ∫ |k|=1/a log( κ − k 1 − κk κ |κ| )w(k) dk k . (2.5)

Now assume that κ = 1 − s, where s → 0. Then one can expand the following logarithm into a power series

(2.6) log( κ − k 1 − κk κ |κ| ) = − ∑ n s^n n(1 − k)^n + ∑ n (−sk)^n n(1 − k)^n . Then one can integrate each term in the expansion (2.6) with the weight w(k) to calculate the difference of the integrals in (2.5). Since w(k) =

4ρ(1)(k − 1)^2 + O((k − 1)^3), as k → 1, we come to (2.4) for the case t → 1. The other case is similar.

By the inequality (1.4) the first term in (2.3) is bounded by a constant C = C(a, ρ, ||Q||) (depending on a, ρ and ||Q||) times ||Q||^3_{S3} : (2.7) | | ∫ |k|=a log(d_3(k)w(k) dk k | |≤ C||Q||_{3S3} , C = C(a, ρ, ||Q||). Now, since the kernel of the resolvent R(z) = (H_0 − zI)^{−1} is of the form (2.8) G_2(n, m; z) = k k^2 − 1 k^{|n−m|}, z = k + k^{−1}, 0 < |k| < 1, we obtain Lemma 2.1. For k = e^{iθ} Re tr R(z)QR(z)Q = −1 4 sin^2(θ)

|2e^{iθ}Â(2θ) + B̂(2θ)|^2 + tr A^2.

Proof. By using (2.8) we compute Re tr R(z)BR(z)B = −1 4 sin^2(θ)

|B̂(2θ)|^2, z = 2 cos θ,

Furthermore Re tr R(z)SAR(z)SA = Re tr R(z)AS^∗R(z)AS^∗ = = −1 4 sin^2(θ)

(|Â(2θ)|^2 − (2 sin^2(θ))tr A^2), and Re tr R(z)SAR(z)AS^∗ = Re tr R(z)AS^∗R(z)SA = −|Â(2θ)|^2 4 sin^2(θ) . Finally Re tr R(z)SAR(z)B = Re tr R(z)AS^∗R(z)B = −1 4 sin^2(θ) Re {e^{iθ}Â(2θ)B̂(2θ)} which completes the proof. □

We will need the following relation which is valid for k = e^{iθ} (2.9) Re tr R(z)Q = tr A.

The kernel for the resolvent (J_0 − zI)^{−1} of J_0 is of the following form: G(n, m; z) = k 1 − k^2 (k^{n+m+2} − k^{|n−m|}) = = G_1(n, m; z) + G_2(n, m; z).

The first term here does not play any role because its contribution involves only finite number of entries of J. Indeed we can prove the following result

Proposition 2.1. Let ϕ(θ) be a boundary value of an analytic function in the unit disc except for a pole of order j at the point zero. Then the function

Φ(Q) = tr ∫_π −π ( QR(z) − Q(J_0 − z)^{−1} ) ϕ(θ) dθ− − 1 2 tr ∫_π −π ( (QR(z))^2 − (Q(J_0 − z)^{−1})^2 ) ϕ(θ) dθ (2.10)

is a second order polynomial only of a finite number of elements α_n and β_n.

Proof. Let Γ_k be the operator in l^2(N) with the kernel G_1(n, m; z), z = k + k^{−1} and P be the orthogonal projection in l^2(Z) onto l^2(N). Then Γ_k = (J_0 −z)^{−1} −P R(z)P . Therefore the integrated function in (2.10) can be rewritten in terms of tr QΓ_k, tr (QΓ_k)^2 and tr QΓ_kQR(z). The functions (k^2 − 1)tr QΓ_k, (k^2 − 1)^2tr (QΓ_k)^2 and (k^2 − 1)^2tr QΓ_kQR(z) are analytic in the disc and the coefficients of the Taylor series about zero depend on finite number of entries α_n and β_n. For example

(k^2 − 1)^2tr BΓ_kBR(z) = k^2 ∞∑ n=0 k^{2n} ( β^2_n + 2β_n n−1∑ m=0 β_m ) . □ From (2.2), (2.3), (2.7) and (2.9) we obtain 1 π ∫_π −π log [ sin(θ) Im M(e^{iθ}) ] ρ(e^{iθ}) sin^2 θ dθ = 2 π ∫_π −π g(θ)ρ(e^{iθ}) sin^2 θ dθ − ∑ n f(κ_n) + Ψ(Q)

where Ψ(Q) is finite even if Q ∈ S_3 and can be estimates by a function of ||Q||_{S3} . From Lemma 2.1 we see that g(θ) = − log | det_3(1 + A)|+ 1 8 sin^2(θ)

|2e^{iθ}Â(2θ) + B̂(2θ)|^2 + Re Φ_0(θ),

(2.11)

where Φ_0 is the integrand in (2.10) with ϕ = 1. Thus we obtain the trace formulae: ∑ n f(κ_n) + 1 π ∫_π −π log [ sin(θ) Im M(e^{iθ}) ] ρ(e^{iθ}) sin^2 θ dθ = 1 4π ∫_π −π |2e^{iθ}Â(2θ) + B̂(2θ)|^2ρ(e^{iθ}) dθ + Λ(Q), (2.12)

where the absolute value of Λ(Q) is bounded by a certain function of ||Q||_{S3} .

3. PERTURBATIONS OF INFINITE RANK

Given a perturbation of class S_3 there is a beautiful technique which enables one to prove that if one of the sides in (2.12) is finite, then so is the other side. This technique is due to Killip and Simon [12] and uses the following facts: − ∫_π −π log [ sin(θ)

Im M(e^{iθ}) ] ρ(e^{iθ}) sin^2 θ dθ ≤ C, C = C(ρ), and (3.1) ∫_π −π |2e^{iθ}Â(2θ) + B̂(2θ)|^2ρ(e^{iθ}) dθ = 2π ∑ n | | ∑ j 2w_{n−2j−1}α_j + w_{n−2j}β_j | |^2

However, since we are forced to deal with the sums appearing in the r.h.s. of (3.1) the better reference is the one on the paper [17] where the technique is more adjusted to the special case of the trace formulae (2.12). Bellow we denote by D the unit disc in C .

Let J^{(N)}, Q^{(N)} be operators whose realizations in the standard basis {e_n}^∞_{n=0} are given by

(3.2) J^{(N)} = β_{N+1} 1 + α_{N+1} 0 . . .

1 + α_{N+1} β_{N+2} 1 + α_{N+2} . . .

0 1 + α_{N+2} β_{N+3} . . . . . . . . . . . . . . . ,

(3.3) Q^{(N)} = β_{N+1} α_{N+1} 0 . . . α_{N+1} β_{N+2} α_{N+2} . . .

0 α_{N+2} β_{N+3} . . . . . . . . . . . . . . . and let Λ_ρ(J) := 1 4π ∫_π −π |2e^{iθ}Â(2θ) + B̂(2θ)|^2ρ(e^{iθ}) dθ. We introduce P_{N,ρ}(Q) := Λ_ρ(J) − Λ_ρ(J^{(N)}) The “tails” in the sums Λ_ρ(J) and Λ_ρ(J^{(N)}) cancel each other, so that the elements of the matrices B and A do not enter in this difference P_{N,ρ}(Q) starting from a certain index. Thus P_{N,ρ}(Q) is a continuous function of a finite number of elements of the matrices B and A and can be extended to arbitrary matrices B, A. Below P_{N,ρ}(Q) is extended for any B and A. Denote

(3.4) Φ_ρ(μ) = 1 π ∫_π −π log | | sin θ Im M_μ | |ρ(e^{iθ}) sin^2 θ dθ + ∑ n f(κ_n).

It is important for us to find conditions when (3.5) Φ_ρ(μ) − Φ_ρ(J^{(N)}) = P_{N,ρ}(Q) + Λ(Q) − Λ(Q^{(N)}). The identity (3.5) is valid if Q is of a finite rank. The case when the function M_μ meromorphic in the neighborhood of the unit disc follows from Proposition 4.3 and Theorem 4.4 in [12] and the fact that

ρ(k) = (

n_0∑

n=−n_0 w_nk^n)^2

is a finite linear combination of powers k^{±m}.

Notice that y → − log(y) is convex. Assume that ∫_π −π ρ(e^{iθ}) sin^2 θ dθ = 1

Employing Jensen’s inequality we find ∫_π −π log [ sin(θ) Im M_μ(e^{iθ}) ] ρ(e^{iθ}) sin^2 θ dθ = −2 ∫_π 0 log [ Im M_μ sin θ ] sin^2(θ) ρ dθ

≥ − log [ 2 ∫_π 0 (Im M_μ) sin(θ) dθ ] −2 ∫_π 0 log [ ρ(e^{iθ}) ] sin^2 θ ρ dθ

= − log[πμ_{ac}(−2, 2)] − 2 ∫_π 0 log [ ρ(e^{iθ}) ] sin^2 θ ρ dθ ≥

− log(π) − 2 ∫_π 0 log [ ρ(e^{iθ}) ] sin^2 θ ρ dθ =: C(ρ),

(3.6)

where we use that μ_{ac}(−2, 2) ≤ 1. Formulae (3.5) and (3.6) imply P_{N,ρ}(Q) ≤ Φ_ρ(μ) − C(ρ) + F (||Q||_{S3} , ρ), where the quantity F (||Q||_{S3} , ρ) depends only on ||Q||_{S3} and ρ. The latter inequality was obtained for M_μ meromorphic in the neighborhood of the unit disc. However, this inequality can also be extended to arbitrary measures μ satisfying Conditions (1)-(3) of Theorem 0.1.

Indeed, assume that Condition (2) of Theorem 0.1 is fulfilled According to Remark 1 following after Theorem 2.1 in [26] (3.7) lim_{r↑1} ∫ log[Im M(re^{iθ})] ρ(e^{iθ}) sin^2 θ dθ = ∫ log[Im M(e^{iθ})] ρ(e^{iθ}) sin^2 θ dθ

Now, given any J and associated to it M-function M(z), there is a natural approximating family of M-functions meromorphic in a neighborhood of the closure of the unit disc D̄. The next result is proved in [12], Lemma 8.3.

Lemma 3.1. Let M_μ be the M-function of a probability measure μ obeying Condition (1) of Theorem 0.1. Define

(3.8) M^{(r)}(z) = r^{−1}M_μ(rz)

for 0 < r < 1. Then, there is a family of probability measures μ^{(r)} such that M^{(r)} = M_μ(r) .

The poles of M_μ(r) are given by

κ_j (μ^{(r)}) = κ_j r , where we consider only those j for which |κ_j | < r. Thus if Condition (3) of Theorem 0.1 is satisfied then ∑ f(κ_j(μ^{(r)})) is a continuous function of r whose limit is equal to ∑ f(κ_j ), as r ↑ 1. Moreover, the convergence M_μ(r) (z) → M_μ(z) is uniform on compact subsets of upper half of D, which means that the coefficients of Jacobi matrices must converge. Thus for any N P_{N,ρ}(Q) = lim_{r↑1} P_{N,ρ}(Q(r)) ≤ lim_{r↑1} Φ_ρ(μ^{(r)}) − C(ρ) + F (||Q||_{S3} , ρ) = Φ_ρ(μ) − C(ρ) + F (||Q||_{S3} , ρ).

Therefore sup_N P_{N,ρ}(Q) < ∞ which guarantees (0.6).

2. Conversely, suppose that the conditions (0.6) and (0.5) are fulfilled. We would like to establish that

(3.9) 1 π ∫_π −π log [ sin(θ) Im M_μ(e^{iθ}) ] sin^2(θ)ρ dθ < ∞.

Definition. Let ν, μ be finite Borel measures on a compact Hausdorff space X. The entropy S(ν | μ) of ν relative to μ is defined by

(3.10) S(ν | μ) = { −∞ if ν is not μ-ac, − ∫ log(^{dν}_{dμ} )dν if ν is μ-ac.

The following result is proved in the paper of Simon and Killip, [12], Corollary 5.3.

Lemma 3.2. S(ν | μ) is weakly upper semi-continuous in μ, that is, if μ_n^w−→ μ, then S(ν | μ) ≥ lim sup_{n→∞} S(ν | μ_n).

Let us use the fact that the formulae (2.12) are valid at least for finite rank operators A, B. Suppose now that A, B are arbitrary compact selfadjoint operators such that (0.5) and (0.6) hold. It is clear then that the right hand side of (2.12) is finite. Now let the sequences of operators A_n, B_n converge to A and B in S_3 so that ∫_π −π |2e^{iθ}Â_n(2θ)+B̂_n(2θ)|^2ρ(e^{iθ}) dθ → ∫_π −π |2e^{iθ}Â(2θ)+B̂(2θ)|^2ρ(e^{iθ}) dθ as n → ∞. Let Q_n = SA_n + A_nS^∗ + B_n, J_n = S + S^∗ + Q_n and μ_n(δ) = (E_{Jn} (δ)e_0, e_0), where δ is an arbitrary Borel set. Since (J_n − z)^{−1} converges to (J−z)^{−1} uniformly on compact subsets of the upper half-plane we obtain that μ_n is weakly convergent to μ, μ_n^w−→ μ, as n → ∞. Applying Lemma 3.2 we obtain that if dν = ρ(e^{iθ}) sin^2 θ dθ and μ is the spectral measure of J, then S(ν | μ) > −∞. This is exactly what is needed for (3.9).

In order to complete the proof we only have to show that (0.6) and (0.5) imply Condition (3) of Theorem 0.1. This can be done by a simple trick (see [17]) whose essence is that one has to consider first a finite sum ∑_p j=1 f(κ_j ), prove that this sum can be approximated by the corresponding sum for A_n, B_n and then let p → ∞.

REFERENCES

[1] N.I. Akhiezer, The classical moment problem and some related questions in analysis, Hafner Publishing Co., New York, 1965.

[2] K.M. Case, Orthogonal polynomials from the viewpoint of scattering theory, J. Mathematical Phys. 16 (1974), 2166-2174.

[3] K.M. Case, Orthogonal polynomials. II, J. Math. Phys 16 (1975), 1435-1440. [4] M. Christ, A. Kiselev and C. Remling, The absolutely continuous spectrum of onedimensional Schrödinger operators with decaying potentials. Math. Res. Lett. 4, no.5, (1997), 719-723.

[5] M.Christ and A.Kiselev, Absolutely continuous spectrum for one-dimensional Schrödinger operators with slowly decaying potentials: some optimal results. J. Am. Math. Soc. 11, no.4 (1998), 771-797.

[6] P. Deift and R. Killip, On the absolutely continuous spectrum of one -dimensional Schrödinger Operators with square summable potentials, Commun. Math. Phys. 203 (1998), 341-347.

[7] S.A. Denisov, On the coexistence of absolutely continuous and singular continuous components of the spectral measure for some Sturm-Liouville operators with square summable potentials, preprint.

[8] S.A. Denisov, On the existence of the absolutely continuous component for the spectral measure associated with some Krein systems and Sturm-Liouville operators, preprint.

[9] G. Eilenberger, Solitons. Mathematical methods for physicists. Springer Series in Solid-State Sciences, 19, Springer-Verlag, 1981.

[10] D. Gilbert and D.B. Pearson, On subordinacy and analysis of the spectrum of onedimensional Schrdinger operators, J.Math. Anal. Appl. 128 (1987), 30-56.

[11] J. Janas and S. Naboko, Jacobi matrices with absolutely continuous spectrum. Proc.

Amer. Math. Soc. 127, no. 3, (1999) 791-800.

[12] K.Killip and B.Simon, Sum rules for Jacobi matrices and thier application to Spectral Theory, Preprint.

[13] R. Killip, Perturbations of one-dimensional Schrödinger operators preserving the absolutely continuous spectrum, preprint.

[14] A. Kiselev, Absolute continuous spectrum of one-dimensional Schrdinger operators and Jacobi matrices with slowly decreasing potentials, Comm. Math. Phys. 179 (1996), 377-400.

[15] Kiselev A., Last Y. and Simon B.: Modified Prüfer and EFGP transforms and the spectral analysis of one-dimensional Scrödinger operators, Commun. Math. Phys. 194, 1-45 (1998).

[16] D. Krutikov and Ch. Remling, Schrödinger operators with sparse potentials: asymptotics of the Fourier transform of the spectral measure, preprint.

[17] A. Laptev, S. Naboko and O. Safronov On new relations between spectral properties of Jacobi matrices and their coefficients preprint [18] Y. Last and B. Simon, Eigenfunctions, transfer matrices, and absolutely continuous spectrum of one-dimensional Schrödinger operators, Invent. Math. 135 (1999), 329- 367.

[19] S. Molchanov, M. Novitskii and B. Vainberg, First KdV integrals and absolutely continuous spectrum for 1-D Schrödinger operator, Commun. Math. Phys. 216 (2001), 195-213.

[20] S.N. Naboko On the dense point spectrum of Schrödinger and Dirac operators, Teoret. Mat. Fyz. 68, no.1, 18-28 (1986).

[21] P. Nevai, Orthogonal polynomial, recurrences, Jacobi matrices, and measures, in “Progress in Approximation Theory” (Tampa, FL, 1990), pp. 79-104, Springer Ser. Comput. Math., 19, Springer, New York, 1992.

[22] Privalov I.I.: Boundary properties of analytic functions, 2d ed. Gosudarstv. Izdat.

Tehn.-Teor. Lit., Moscow-Leningrad, 1950. 336 pp. (1 plate).

[23] C. Remling, The absolutely continuous spectrum of one-dimensional Schrödinger operators with decaying potentials, Commun. Math. Phys. 193 (1998), no.1, 151- 170.

[24] B. Simon, Some Jacobi matrices with decaying potential and dense point spectrum, Comm. Math. Phys. 87 (1982), no. 2, 253-258.

[25] B. Simon, Some Schrödinger operators with dense point spectrum. Proc. Am. Math.

Soc. 125 (1997), 203-208.

[26] B. Simon and A. Zlatoš, Sum rules and the Szegö condition for orthogonal polynomials on the real line E-mail address: safronov@math.kth.se