The Periodic Multidimensional Schrödinger Operator, Part 3, On the Constructively Determination the Spectral Invariants

O.A. Veliev

Dept. of Math, Fen-Ed. Fak, Dokuz Eylül Univ., Tinaztepe Kampüsü, Buca, 35160, Izmir, Turkey, e-mail: oktay.veliev@deu.edu.tr

Abstract

In this paper, we constructively determine the spectral invariants of the Multidimensional Schrödinger Operator with periodic potential by the Floquet spectrum.

1 Introduction

We investigate the Schrödinger Operator L(q) = −Δ + q(x), x ∈ R^d, d ≥ 2 (1) with a real periodic (relative to the Lattice Ω) potential q(x) ∈ W^l_2(F ), where l ≥ 6(3^d(d + 1)^2) + d, and F is the fundamental domain R^d/Ω of Ω. The spectrum of L(q) is the union of the spectra of the operators L_t(q), for t ∈ F^∗ ≡ R^d/Γ generated by (1) and the conditions ( see [1]) u(x + ω) = e^{i⟨t,ω⟩}u(x), ∀ω ∈ Ω, where Γ ≡ {δ ∈ R^d : ⟨δ, ω⟩ ∈ 2πZ, ∀ω ∈ Ω} is the lattice dual to Ω and ⟨., .⟩ is the inner product in R^d. The eigenvalues Λ_1(t) ≤ Λ_2(t) ≤ ...of L_t define functions Λ_n(t) (n = 1, 2, ..) of t that are called the band functions or Floquet spectrum of L.

In this paper by the Floquet spectrum of L we constructively determine the following spectral invariants μ^δ_n(v), J = ∫ F | q_{δ,b}(x)φ^δ_{n,v}(δ, x) |^2 dx, (2) for rich value of υ, where δ is the maximal element of Γ, that is, δ is the element of Γ of minimal norm belonging to the line δR. The μ^δ_n(v) = μ_n(v) is the eigenvalue satisfying | μ_n(v)− | (n + v)δ |^2|≤ M ≡ sup | q(x) |, ∀n ∈ Z, (3) and φ^δ_{n,v}(s) = φ_{n,v}(s) is the corresponding normalized eigenfunction of the operator T_v(Q(s)) generated by the boundary value problem

− | δ |^2 y^{′′}(s) + Q(s)y(s) = μy(s), y(s + 2π) = e^{i2πv}y(s), where s = ⟨δ, x⟩, q^δ(x) = ∑ n∈Z q_{nδ}e^{in⟨δ,x⟩} = Q(s) is directional (one dimensional) potential, | δ | norm of the vector δ and q_γ ≡ (q(x), e^{i⟨γ,x⟩}) is the Fourier coefficient of q(x). We assume that q_0 = 0. The function q_{δ,b}(x) is defined as q_{δ,b}(x) = ∑ γ∈S(δ,b)\δR γ ⟨b, γ⟩ q_γ e^{i⟨γ,x⟩}, (4)

where S(δ, b) = P (δ, b) ∩ Γ, and P (δ, b) is the plane containing δ, b and 0. Here b ∈ Γ_δ, where Γ_δ is the lattice dual to Ω_δ and Ω_δ is the sublattice {d ∈ Ω : ⟨d, δ⟩ = 0} of Ω in the hyperplane H_δ = {x ∈ R^d : ⟨x, δ⟩ = 0}.

In the pioneerian papers [2], [3] about isospectral periodic potential it was proved that if q(x) ∈ C^6(F ), ω ∈ Ω\0 and δ is the maximal element of Γ satisfying ⟨δ, ω⟩ = 0 then given Floquet spectrum one may recover λ_0, λ^−_1 , λ^+_1 , λ^−_2 , λ^+_2 , ... and ∫ F | Q_ω(x)φ^±_n (s) |^2 dx, if λ^−_n < λ^+_n , or∫ F | Q_ω(x) |^2 ((φ^+_n (s))^2 + (φ^−_n (s))^2)dx, if λ^−_n = λ^+_n where

Q_ω(x) = ∑ γ:γ∈Γ,⟨γ,ω⟩≠0 γ ⟨ω, γ⟩ q_γ e^{i⟨γ,x⟩}, λ_0 ≤ λ^−_2 ≤ λ^+_2 ... and λ^−_1 ≤ λ^+_1 ≤ λ^−_3 ≤ λ^+_3 ... are the eigenvalues of T_0(Q(s)) and T 1_2 (Q(s)) respectively, and φ^±_n (s) is the corresponding eigenfunction.

In section 2 of this paper using the asymptotic formulas for Λ_n(t) and Bloch function obtained in Part 1 ( that is, in [4]) and in Part 2 ( that is, in [5]) we obtain a suitable ( for this paper) asymptotic formulas .

In section 3 by using this formulas we constructively determine the spectral invariants (2). Then using the asymptotic decomposition | |φ^δ_{n,v}(s) | |^2 = A_0 + A^1(s) n + A_2(s) n^2 + ..., (5) where A_k(x) is expressed via the potential Q(s), we find the invariants

J_k = ∫ |q_{δ,b}(x)|^2A_k(x)dx, k = 0, 1, 2, ... (6) Using the asymptotic formulas for solutions of the Sturm-Liouville equation (see Eastham [1], page 63) by direct calculations one can find A_0(x), A_1(x), A_2(x) and the invariant ∫ |q_{δ,b}(x)|^2 q^δ(x)dx, (7) The invariant ∫ | |q^δ(x) | |^2 dx, (8)

can be obtained from the asymptotic formula (see Eastham [1], page 58) for eigenvalues μ^δ_n(v). If q^δ(x) = q_δe^{i⟨δ,x⟩} + q_{−δ}e^{−i⟨δ,x⟩} (9) then by direct calculations, we show that (see Appendix 4)

A_0(x) = 1, A_1(x) = 0, A_2 = q^δ(x) 2 + c_1 |q_δ|^2 , A_3 = c_2q^δ(x) + c_3 |q_δ|^2 ,(10)

A_4(x) = c_4q^δ(x) + c_5(q^2_δ e^{i2⟨δ,x⟩} + q^2_{−δ}e^{−i2⟨δ,x⟩}) + c_6, where |q_δ| is known by (8) and c_1, c_2, ..., c_6 are the known constants. Using (10), (8), and (6) for k = 2, 4 we find the invariant (7) in case (9) and ∫ |q_{δ,b}(x)|^2(q^2_δ e^{i2⟨δ,x⟩} + q^2_{−δ}e^{−i2⟨δ,x⟩})dx. (11) In next paper ( Part 4) we give an algorithm for finding the potential q(x) by the invariants (8), (7) and (11).

2 On the Asymptotic formulas

We use the following statements of [4] and [5].

Stat.1. If γ ∈ Γ, t ∈ F^∗, and δ is the maximal element of Γ then γ = β + (p − (2π)^{−1}⟨β, δ^∗⟩)δ, t = a + τ+ | δ |^{−2} ⟨t, δ⟩δ, (12) γ + t = β + τ + (j + v)δ, (13) where a ∈ Γ_δ, β ∈ Γ_δ, τ ∈ F_δ ≡ H_δ/Γ_δ, j, p ∈ Z, v ≡ v(β) ≡ v(β, t) is the fractional part of | δ |^{−2} ⟨t, δ⟩ − (2π)^{−1}⟨β − a, δ^∗⟩, and δ^∗ is the element of Ω satisfying ⟨δ^∗, δ⟩ = 2π, ( see (40), (44) and Lemma 3(a) of [4]).

Stat.2. The eigenvalues and eigenfunctions of the Schrodinger operator L_t(q^δ(x)) with directional potential q^δ(x) are ( see Lemma 3(b) of [4]) λ_{j,β}(v, τ) = μ_j(v)+ | β + τ |^2, Φ_{j,β}(x) = e^{i⟨β+τ,x⟩}φ_{j,v(β,t)}(s), for j ∈ Z, β ∈ Γ_δ, v = v(β, t), where s, μ_j(v) and φ_{j,v}(s) are defined in introduction. It is proved that for every eigenvalue λ_{j,β}(v, τ) ∼ ρ^2 of the operator L_t(q^δ(x)) such that | j |< c_7ρ^{α1} , v(β) ∈ A(j, ρ) there exists an eigenvalue Λ_N of L_t(q(x)) satisfying the formulas

Λ_N = λ_{j,β} + E_{k−1}(λ_{j,β}) + O(ρ^{−kα2} (ln ρ)^{2k}), (14)

where k = 1, 2, ..., [^1_9 (p −^1_2 q(d − 1))], p = l − d, E_0 = 0, α_k = 3^kα, α =^1_q , q = 4(3^d(d + 1)) + 1 and A(j, ρ) is the set of v satisfying

| μ_j(v) − μ_j′ (v) |> 2(ln ρ)^{−1}, ∀j^′ ≠ j, (15)

( see Theorem 10 and Lemma 4(b) of [4] ). Farther we denote by c_k the positive constants whose exact values are inessential.

Stat 3. In [5] we constructed the set B_δ ( called simple set in resonance domain V_δ) and proved that if γ + t = β + τ + (j + v(β))δ ∈ B_δ, | γ |∼ ρ then there exists a unique eigenvalue Λ_N ( this eigenvalue is denoted by Λ_N (λ_{j,β}(v, τ)) and the corresponding index N is denoted by N(j, β)) satisfying (14). This is a simple eigenvalue and the corresponding eigenfunction Ψ_N (x) ≡ Ψ_{N(j,β)}(x) satisfies the asymptotic formula

Ψ_N = Φ_{j,β}(x) + Φ_{k−1}(x) + O(ρ^{−kα2} (ln ρ)^{2k}) (16)

for k = 1, 2, ..., n_1 ≡ [^1_9 (c −^1_2 q(d − 1))], where c = p − dq − 3^dd, Φ_0(x) = 0, Φ_{k−1}(x) is linear conbination of Φ_{j,β}(x) and Φ_j′_{,β}′ (x) for (j^′ , β^′ ) ∈ S(k − 1) with explicitly expressed by q(x), λ_j′_{,β}′ , Φ_j′_{,β}′ (x) coefficients. Here

S(n) = {(j^′ , β^′ ) : (j^′ , β^′ ) ≠ (j, β), | β − β^′ |≤ nρ^α , | j^′ δ |< 10^nh}, h = 10^{−p}ρ^12^{α2} ( see Theorem 4 of [5]). Then we proved that B_δ ∩ (R(2ρ)\R(ρ)) ⊃ ∪_{j∈S1,β∈S2} P^′ (β, j), (17) where S_1(ρ) = {j ∈ Z :| j |<^{ρα1}_{2|δ|2} −^3_2 }, S_2 = {β ∈ Γ_δ : β ∈ (R_δ(2ρ − d_δ − 1)\R_δ(ρ + d_δ + 1))\( ⋃ b∈Γ_δ (ρ^αd ) V δ b (ρ^12 ))}, R_δ(ρ) = {x ∈ H_δ :| x |< ρ}, Γ_δ(ρ^{αd} ) = {b ∈ Γ_δ : 0 <| b |< ρ^{αd} }, V^δ_b (ρ^12 ) = {x ∈ H_δ :|| x + b |^2 − | x |^2|< ρ^12 }, R(ρ) = {x ∈ R^d :| x |< ρ}, d_δ ≡ sup_{τ,τ} ′_{∈Fδ} | τ − τ^′ |, and P^′ (β, j) = {β + τ + (j + v)δ : v ∈ S_3(β, j, ρ), τ ∈ S_4(β, j, v, ρ)}, where S_3(β, j, ρ) = A(j, ρ)\A^′ (β, ρ) μ(A^′ (β, ρ)) < c_8ρ^{−α}, (18) μ(S_4(β, j, v, ρ)) = (1 + O(ρ^{−α}))μ(F_δ). (19)

( see (106), (108), (109) of [5]). Hence if j ∈ S_1, β ∈ S_2, v ∈ S_3(β, j, ρ), τ ∈ S_4(β, j, v, ρ), (20) then β + τ + (j + v)δ ∈ B_δ and there exists unique simple eigenvalue Λ_N (λ_{j,β}(v, τ)) satisfying (14). The corresponding eigenfunction satisfies (16).

Note that, the set A(j, ρ) depends on the potential q(x). If the conditions | j |> 10M | δ |^2 + 2, v ∈ ( 1 10 , 4 10 ) ∪ ( 6 10 , 9 10 ), (21)

where M = sup | q(x) |, hold then it is not hard to check that

|| (j + v)δ |^2 − | (j^′ + v) |^2|> 4M (22)

for all j^′ ≠ j and by (3) | | (j + v)δ |^2 −μ_j′ (v) |> 3M, ∀j^′ ≠ j (23) | μ_j(v) − μ_j′ (v) |> 2M, ∀j^′ ≠ j. (24) Therefore (^1_{10} ,^4_{10} ) ∪ (^6_{10} ,^9_{10} ) ⊂ A(j, ρ) and (( 1 10 , 4 10 ) ∪ ( 6 10 , 9 10 ))\A^′ (β, ρ) ⊂ S_3(β, j, ρ) (25) for ρ > e^M , | j |>^{10M}_{|δ|2} + 2. Moreover we use the following relations

(Λ_N − λ_j′_{,β}′ )b(N, j^′ , β^′ ) = (Ψ_N (x), (q(x) − Q(s))Φ_j′_{,β}′ (x)), (26) where b(N, j^′ , β^′ ) = (Ψ_N , Φ_j′_{,β}′ ). If | j^′ δ |< r, where r ≥ r_1, r_1 =^{ρα1}_{|2δ|} + | 2δ |, and | β^′ |∼ ρ then

(q(x) − Q(s))Φ_j′_{,β}′ (x) (27) = ∑ (j_1 ,β_1)∈Q(ρ^α,9r)

A(j^′ , β^′ , j^′ + j_{1,}β^′ + β_1)Φ_j′_{+j1,β}′_{+β1} (x) + O(ρ^{−pα}),

(Λ_N − λ_j′_{,β}′ )b(N, j^′ , β^′ ) = (28) ∑ (j_1,β_1)∈Q(ρ^α,9r)

A(j^′ , β^′ , j^′ + j_{1,}β^′ + β_1)b(N, j^′ + j_1, β^′ + β_1) + O(ρ^{−pα}), where Q(ρ^α, 9r) = {(j, β) :| jδ |< 9r, 0 <| β |< ρ^α}, ∑ (j_1,β_1)∈Q(ρ^α,9r)

| A(j^′ , β^′ , j^′ + j_{1,}β^′ + β_1) |< c_9. (29)

Here c_9 does not depend on (j^′ , β^′ ) ( see (68) and Lemma 6 of [4]).

In this section using these statements we obtain the asymptotic formulas for eigenvalues Λ_N (λ_{j,β}(v, τ)), for Bloch function Ψ_N corresponding to Λ_N (λ_{j,β}(v, τ)) and for the derivatives of Λ_N (λ_{j,β}(v, τ)), when (20), (21), and the following condition holds β ∈ S_2(ρ)\( ⋃ b∈Γ_δ (pρ^α) V^δ_b (ρ^a))), (30)

where a = 1 − α_d + α.

Lemma 1. a) If the condition (30) holds and

0 <| β^′ − β |< pρ^α, | j^′ δ |< ρ^12^{(a−α)}, τ ∈ F_δ then

|| β^′ + τ |^2 − | β + τ |^2|> 1 2 ρ^a, (31) and for every eigenvalue Λ_N satisfying

| Λ_N − | β + τ |^2 + | (j + v)δ |^2|< 2M, (32)

where j ∈ S_1 and j, v satisfy (21), the followings hold | Λ_N − λ_j′_{,β}′ |> 1 3 ρ^a, (33) | Λ_N − λ_j′_{,β} |> M, ∀j^′ ≠ j. (34) If besides (21), (30) the condition (20) holds then the eigenvalue Λ_N (λ_{j,β}(v, τ)) ( see (14)) satisfies (32) and hence (33), (34). Moreover Λ_N (λ_{j,β}(v, τ)) and the corresponding eigenfunction Ψ_N (see (16)) satisfy the formulas

b(N, j^′ , β^′ ) = O(ρ^{−a}), (35) Λ_N (λ_{j,β}(v, τ)) = λ_{j,β}(v, τ) + O(ρ^{−a}), (36) b(N, j^′ , β) = O(ρ^{−2a}r^2), ∀j^′ ≠ j, | j^′ δ |< r, r_1 ≤ r = O(ρ^{12 α2} ). (37)

Proof. a) The inequality (31) follows from conditions β /∈ ⋃ b∈Γ_δ (pρ^α) V δ b (ρ^a) ( see (30)) and | β^′ −β |< pρ^α. Replasing Λ_N by | β+τ |^2 + | (j+v)δ |^2 +O(1) ( see (32)) and λ_j′_{,β}′ by | β^′ + τ |^2 +μ_j′ (v), using (31) and the relations | (j+v)δ |^2= O(ρ^{2α1} ) = O(ρ^{a−α}), μ_j′ (v) = O(ρ^{a−α}) for j ∈ S_1, | j^′ δ |< ρ^12^{(a−α)} (see (3) ) we get the proof of (33). If (21) holds then (23) with (32) give (34).

It follows from (14) and (3) that Λ_N = Λ_N (λ_{j,β}(v, τ)) satisfies (32) and hence (33), (34). The equality (35) follows from (33) and (26).

To prove (36) we use the formula (Λ_N − λ_{j,β})b(N, j, β) = O(ρ^{−pα}) (38)

+ ∑ (j_1,β_1)∈Q(ρ^α,9r_1)

A(j, β, j + j_{1,}β + β_1)b(N, j + j_1, β + β_1),

obtained from (28) by replacing (j^′ , β^′ ) by (j, β), and r by r_1 ( since | jδ |< r_1 for j ∈ S_1), where Λ_N = Λ_N (λ_{j,β}(v, τ)). Since

0 <| β_1 |< ρ^α, | (j + j_1)δ |< 10r_1 < ρ^12^{(a−α)} ( see definition of Q(ρ^α, 9r_1)) by (35) we have b(N, j + j_1, β + β_1) = O(ρ^{−a}). This together with (29), (38) and b(N, j, β) = 1 + O(ρ^{−α}) ( see (16) for k = 1 ) give (36). To prove (37) replacing β^′ by β in (28) and then iterating it by using (33) and isolating the terms with multiplicand b(N, j, β) we get (Λ_N − λ_j′_{,β})b(N, j^′ , β) = O(ρ^{−pα}) + (39) ∑ (j_1,β_1),(j_2,β_2)

A(j^′ , β, j^′ + j_{1,}β + β_1)A(j^′ + j_1, β + β_1, j^2, β^2)b(N, j^2, β^2) Λ_N − λ_j′_{+j1,β+β1} = S_1(j^′ , Λ_N )b(N, j, β) + S_2 + O(ρ^{−pα}) where j^2 = j^′ + j_1 + j_2, β^2 = β + β_1 + β_2, j^′ ≠ j, | j^′ δ |< r = O(ρ^12^{α2} ) (j_1, β_1) ∈ Q(ρ^α, 9r), (j_2, β_2) ∈ Q(ρ^α, 90r),

S_1(j^′ , Λ_N ) = ∑ (j_1,β_1)

A(j^′ , β, j^′ + j_1, β + β_1)A(j^′ + j_1, β + β_1, j, β) Λ_N − λ_j′_{+j1,β+β1} .

and | Λ_N − λ_j′_{,β} |> M (see 34), | Λ_N − λ_j′_{+j1,β+β1} |>^1_3 ρ^a ( see (33)) . Using these inequalities and (29) from (39) we include that b(N, j^′ , β) = O(ρ^{−a}), ∀j^′ ≠ j, | j^′ δ |= O(ρ^{12 α2} ). (40) By (29), (33), and (36) we have S_1(j^′ , Λ_N ) = S_1(j^′ , λ_{j,β}) + O(ρ^{−3a}). (41) In Appendix 1 we prove that

S_1(j^′ , λ_{j,β}) ≡ ∑ (j_1,β_1)

A(j^′ , β, j^′ + j_{1,}β + β_1)A(j^′ + j_1, β + β_1, j, β) λ_{j,β} − λ_j′_{+j1,β+β1} = O(ρ^{−2a}r^2), ∀ | j^′ δ |< r, (j_1, β_1) ∈ Q(ρ^α, 9r), j ∈ S_1. (42) Hence the first sum S_1(j^′ , Λ_N )b(N, j, β) in the right side of (39) is O(ρ^{−2a}r^2). Since S_2 consist of the terms with multiplicand b(N, j^2, β^2) for (j^2, β^2) ≠ (j, β) which is O(ρ^{−a}) ( see (35), (40)) it follows from (33), (29) that S_2 = O(ρ^{−2a}). Thus the right side of (39) is O(ρ^{−2a}r^2). Therefore (34) implies (37) ♦

Lemma 2. Let Λ_N (β + τ + (j + v)δ), be a simple eigenvalue of L_t satisfying (32), where j, β, satisfy (20) and β + τ + (j + v)δ − t ∈ Γ. Then | β + τ | ∂Λ_N (t) ∂h = ∑ j^′ ∈Z,β^′ ∈Γ_δ ⟨β + τ, β^′ + τ⟩ | b(N, j^′ , β^′ ) |^2,

where^{∂ΛN (t)}_{∂h} is the derivative of Λ_N (t) by the direction h =^{β+τ}_{|β+τ |} .

Proof. We calculate the derivative of Λ_N (t) by using the formula ∂Λ_N (t) ∂t_j = 2t_j − 2i( ∂ ∂x_j Φ_{N,t}(x), Φ_{N,t}(x)), where Φ_{N,t}(x) = e^{−i⟨t,x⟩}Ψ_{N,t}(x), t = (t_1, t_2, ..., t_d). Then ∂Λ_N (t) ∂h = d∑ j=1 h_j ∂Λ_N (t) ∂t_j = 2⟨h, t⟩ − 2i d∑ j=1 h_j ( ∂ ∂x_j Φ_{N,t}(x), Φ_{N,t}(x)), (43)

Using the decomposition of Ψ_{N,t}(x) over {Ψ_{j,β}(x) : j ∈ Z, β ∈ Γ_δ}, we get

Φ_{N,t}(x) = ∑ j^′ ∈Z,β^′ ∈Γ_δ b(N, j^′ , β^′ )e^{i⟨β′ +τ −t,x⟩}φ_j′ (⟨δ, x⟩). (44) If | β^′ + τ |≥ 4ρ then | β^′ + τ − β_1 − β_2 − ... − β_k |^2>^3_4 | β^′ |^2, for | β_i |< ρ^α, and i, k = 0, 1, ..., p. This, (32), and j ∈ S_1, β ∈ S_2 ( see (20)) give

| Λ_N |< 5ρ^2, λ_j′_{,β}′ − Λ_N > 1 5 (| β^′ |^2 + | j^′ δ |^2), (45)

λ_jk_{,β}k −Λ_N >^1_5 | β^′ |^2, where j^k = j^′ +j_1+j_2+...+j_k, β^k = β^′ +β_1+β_2+...+β_k, | j^′ δ |< r, (j_k, β_k) ∈ Q(ρ^α, 10^{k−1}9r). Using this and iterating (28) d + 4 times and then using (29) we get | b(N, j^′ , β^′ ) |≤ c_{10} 1 (| β^′ |^2 + | j^′ δ |^2) | β^′ |^{d+3}

, ∀β^′ :| β^′ + τ |≥ 4ρ (46)

If | j^′ δ |≥ 9ρ and | β^′ + τ |< 4ρ then λ_j′_{,β}′ (v) > 80ρ^2 ( see (3)) and by the first inequality in (45) we have | λ_j′_{,β}′ − Λ_N |>^1_5 | j^′ δ |^2. Therefore (26) implies that | b(N, j^′ , β^′ ) |≤ c_{11} 1 | j^′ δ |^2 , ∀ | j^′ δ |≥ 9ρ, | β^′ + τ |< 4ρ (47)

It follows from (46) and (47) that the series in (44) and the series ∑ j^′ ∈Z,β^′ ∈Γ_δ i⟨β^′ + τ − t, h⟩b(N, j^′ , β^′ )e^{i⟨β′ +τ −t,x⟩}φ_j′ (⟨δ, x⟩)

( formally differentiating the series in (44) by direction h and using ⟨δ, h⟩ = 0 we obtained this series ) are mojorized by the convergent series ∑ |j^′ δ|<9ρ,|β^′ +τ |<4ρ c_{12} | b(N, j^′ , β^′ ) | + ∑ |j^′ δ|≥9ρ,|β^′ +τ |<4ρ c_{13} 1 | j^′ δ |^2 + ∑ j^′ ∈Z,|β^′ +τ |≥4ρ c_{14} 1 (| β^′ |^2 + | j^′ δ |^2) | β^′ |^{d+3} and ∑ |j^′ δ|<9ρ,|β^′ +τ |<4ρ ρc_{12} | b(N, j^′ , β^′ ) | + ∑ |j^′ δ|≥9ρ,|β^′ +τ |<4ρ c_{13} ρ | j^′ δ |^2 + ∑ j^′ ∈Z,|β^′ +τ |≥2ρ c_{14} | β^′ | (| β^′ |^2 + | j^′ δ |^2) | β^′ |^{d+3}

respectively, which shows that the series in (44) can be differentiated term by term. Therefore d∑ j=1 h_j ( ∂ ∂x_j Φ_{N,t}(x)) = ∑ j^′ ∈Z,β^′ ∈Γ_δ i⟨β^′ + τ − t, h⟩b(N, j^′ , β^′ )e^{i⟨β′ +τ −t,x⟩}φ_j′ (⟨δ, x⟩)

Substuting this into (43) and using the Parseval equality by direct calculation we obtain the proof of the lemma ♦

Theorem 3. If the conditions (20), (21), (30) hold then Λ_N (λ_{j,β}(v, τ)) and the corresponding eigenfunction Ψ_{N(j,β)}(x) (see (14), (16)) satisfy Λ_N (λ_{j,β}(v, τ)) = λ_{j,β}(v, τ) + 1 4 ∫ F |f_{δ,β+τ,ρ}(x)|^2 | |φ^δ_{j,v} | |^2 dx + O(ρ^{−2−ε}), (48)

Ψ_{N(j,β)}(x) = Φ_{j,β}(x) + O(ρ^{−a}), (49) | β + τ | ∂Λ_N (t) ∂h =| β + τ |^2 +O(ρ^{2−2a}), (50) where ε = 3a − 2α_1 − 2 > 0, h =^{β+τ}_{|β+τ |} , f_{δ,β+τ,ρ}(x) = ∑ γ∈Γ\δR, |γ|<ρ^α γ ⟨β + τ, γ⟩ q_γ e^{i⟨γ,x⟩}. Proof. Iterating (38) and grouping the terms with multiplicand b(N, j, β) we get (Λ_N − λ_{j,β})b(N, j, β) = O(ρ^{−pα}) + S_1(j, Λ_N )b(N, j, β) + (51) ∑ (j_1,β_1),(j_2,β_2)

A(j, β, j^1, β^1)A(j^1, β^1, j^2, β^2)b(N, j^2, β^2) Λ_N − λ_{j+j1,β+β1} ,

where S_1(j, Λ_N ) is defined in (39), | jδ |≤ r_1 ( see (20)) j^k = j+j_1+j_2 +...+j_k, β^k = β + β_1 + β_2 + ... + β_k and the sum in (51) is taken under conditions (j_1, β_1) ∈ Q(ρ^α, 9r_1), (j_2, β_2) ∈ Q(ρ^α, 90r_1), (j^2, β^2) ≠ (j, β). In (51) instead of b(N, j^2, β^2) for (j^2, β^2) = (j^′ , β), j^′ ≠ j writing O(ρ^{−2a+2α1} ) ( see (37) and use the relations | j^′ δ |≤ 100r_1 = O(ρ^{α1} )) and instead of b(N, j^2, β^2) for β^2 ≠ β writing ∑ (j_3,β_3)

A(j^2, β^2, j^3, β^3)b(N, j^3, β^3), (Λ_N − λ_j2_{,β}2 ) (see (28)), using (29) and the obvious relations | Λ_N − λ_jk_{,β}k |>^1_3 ρ^a for β^k ≠ β (k = 1, 2) ( see (33)), and b(N, j^3, β^3) = O(ρ^{−a}) for (j^3, β^3) ≠ (j, β) ( see (35), (37)), and dividing both part of (51) by b(N, j, β), where b(N, j, β) = 1 + O(ρ^{−α}) (see (16) for k = 1) we get

Λ_N = λ_{j,β} + S_1(j, Λ_N ) + S_3(Λ_N ) + O(ρ^{−3a+2α1} ), (52)

where S_3(Λ_N ) = ∑ (j_1,β_1),(j_2,β_2)

A(j, β, j^1, β^1)A(j^1, β^1, j^2, β^2)A(j^2, β^2, j, β), (Λ_N − λ_{j+j1,β+β1} )(Λ_N − λ_j2_{,β}2 ) , β_1 ≠ 0, β^2 ≠ β. By (33), (36), (29) we have S_3(Λ_N ) = S_3(λ_{j,β}) + O(ρ^{−3a}). The calculations in apendix 3 and in apendix 2 show that S_1(j, λ_{j,β}) = 1 4 ∫ F |f_{δ,β+τ,ρ}(x)|^2 | |φ^δ_{j,v} | |^2 dx + O(ρ^{−2−ε}) (53)

S_3(λ_{j,β}) = ∑ (j_1,β_1),(j_2,β_2)

A(j, β, j^1, β^1)A(j^1, β^1, j^2, β^2)A(j^2, β^2, j, β) (λ_{j,β} − λ_{j+j1,β+β1} )(λ_{j,β} − λ_j2_{,β}2 ) (54)

= O(ρ^{−2−ε}), where (j_1, β_1) ∈ Q(ρ^α, 9r), (j_2, β_2) ∈ Q(ρ^α, 90r_1), β_1 + β_2 ≠ 0, j ∈ S_1.

Therefore (48) follows from (52) and (41) for j^′ = j.

To prove (49) we need to show that ∑ (j^′ ,β^′ )≠(j,β) | b(N(j, β), j^′ , β^′ ) |^2= O(ρ^{−2a}). (55)

Accoding (16) for kα_2 > 2a, it is enough to prove that ∑ (j^′ ,β^′ )∈S(k−1)\(j,β) | b(N, j^′ , β^′ ) |^2= O(ρ^{−2a}). (56)

Using (26), (33), definition of S(k − 1) and a − α > α_2 we have ∑ (j^′ ,β^′ )∈S(k−1),β^′ ≠β | b(N, j^′ , β^′ ) |^2

= ∑ | (Ψ_N (x)(q(x) − Q(s)), Φ_j′_{,β}′ (x)) |^2 | Λ_N − λ_j′_{,β}′ |^2 = O(ρ^{−2a}). In the case β^′ = β, j^′ ≠ j using (37) ( we can use it since | j^′ δ |= O(ρ^12^{α2} ) for (j^′ , β^′ ) ∈ S(k − 1)) we obtain ∑ (j^′ ,β)∈S(k−1),j^′ ≠j | b(N, j^′ , β) |^2= O(ρ^{−4a+α2} )K

where K is the number of j^′ satisfying (j^′ , β) ∈ S(k−1), hence, K = O(ρ^12^{α2} ). Since α_2 < a we obtain the proof of (56). Therefore (49) is proved.

Now it folows from (46), (55), and Parseval equality that ∑ j^′ ∈Z,|β^′ +τ |≥4ρ ⟨β + τ, β^′ + τ⟩ | b(N, j^′ , β^′ ) |^2= O(ρ^{2−2a}) (57) ∑ j^′ ∈Z,|β^′ +τ |<4ρ,(j^′ ,β^′ )≠(j,β) ⟨β + τ, β^′ + τ⟩ | b(N, j^′ , β^′ ) |^2= O(ρ^{2−2a}), ⟨β + τ, β + τ⟩ | b(N, j, β) |^2=| β + τ |^2 +O(ρ^{2−2a}). Therefore (50) follows from Lemma 2♦

3 Finding the Invariants

In this section we constructively determine the invariants (2), (7), (11) from the Floquet spectrum by using Theorem 3 and the following lemma.

Lemma 4. Suppose the conditions (20), (21), (30) hold. If Λ_N (β + τ + (j + v)δ) is a simple eigenvalue of L_t(q), where β + τ + (j + v)δ − t ∈ Γ, satisfying (32) and N ≠ N(j, β) ( for definition of N(j, β) see Stat.2 ) then | β + τ | ∂Λ_N (t) ∂h <| β + τ |^2 − 1 4 ρ^{2αd} , (h = β + τ | β + τ | ). (58)

Proof. By Lemma 2 we have | β + τ | ∂Λ_N (t) ∂h = ∑ j^′ ∈Z,β^′ ∈Γ_δ ⟨β + τ, β^′ + τ⟩ | b(N, j^′ , β^′ ) |^2= 7∑ i=1 C_i, (59)

where

C_i = ∑ β^′ ∈A_i ∑ j^′ ∈Z ⟨β + τ, β^′ + τ⟩ | b(N, j^′ , β^′ ) |^2 (60)

and A_i is defined as follows

A_1 = {β^′ ∈ Γ_δ : β^′ + τ /∈ R_δ(4ρ)}, A_2 = {β^′ ∈ Γ_δ : β^′ + τ ∈ R_δ(4ρ)\R_δ(H +^1_9 ρ^{a−1})}, A_3 = {β^′ ∈ Γ_δ : β^′ + τ ∈ (R_δ(H +^1_9 ρ^{a−1})\R_δ(H + ρ^{αd−1})), | β − β^′ |≥ ρ^{a−2α}}, A_4 = {β^′ ∈ Γ_δ : β^′ + τ ∈ (R_δ(H +^1_9 ρ^{a−1})\R_δ(H + ρ^{αd−1})), | β − β^′ |< ρ^{a−2α}}, A_5 = {β^′ ∈ Γ_δ : β^′ +τ ∈ (R_δ(H +ρ^{αd−1})\R_δ(H −ρ^{2αd−1})), | β −β^′ |≥ ρ^{αd} }, A_6 = {β^′ ∈ Γ_δ : β^′ +τ ∈ (R_δ(H +ρ^{αd−1})\R_δ(H −ρ^{2αd−1})), | β −β^′ |< ρ^{αd} } A_7 = {β^′ ∈ Γ_δ : β^′ + τ ∈ R_δ(H − ρ^{2αd−1})}, where H =| β + τ | . First we prove that

C_i = O(ρ^{2−2a}), ∀i = 1, 2, 4, 6 (61)

It follows from (46) that (61) holds for i = 1. For β^′ ∈ A_2 using the obvious relations | β^′ + τ |^2 − | β + τ |^2>^2_9 ρ^a, ( see the definition of A_2 and take into account that H =| β + τ |> ρ for β ∈ S_2) μ_j = O(ρ^{2α1} ) = o(ρ^a) ( see (3) and take into account that j ∈ S_1, a > 2α_1) and (32) we obtain

Λ_N =| β + τ |^2 +O(ρ^{2α1} ), ρ <| β + τ |= H < 2ρ, λ_j′_{,β}′ − Λ_N (t) > 1 9 ρ^a (62)

This with (26) give the prove of (61) for i = 2. To prove (61) for i = 4 we write C_4 < c_{15}ρ^2(C_{4,1} + C_{4,2}), where

C_{4,1} = ∑ β^′ ∈A_4 ( ∑ j^′ :|j^′ δ|≥^1_{30} ρ^a2

| b(N, j^′ , β^′ ) |^2),

C_{4,2} = ∑ β^′ ∈A_4 ( ∑ j^′ :|j^′ δ|<^1_{30} ρ^a2

| b(N, j^′ , β^′ ) |^2),

and prove that

C_{4,i} = O(ρ^{−2a}), ∀i = 1, 2. (63)

For β^′ ∈ A_4, | j^′ δ |≥^1_{30} ρ^a2 the inequality λ_j′_{,β}′ − Λ_N (t) > c_{16}ρ^a holds ( see the first relation in (62)). Therefore (26) give the proof of (63) for i = 1. Similarly for β^′ ∈ A_4, | j^′ δ |< ρ^a2 the inequality λ_j′_{,β}′ − Λ_N (t) > c_{17}ρ^{αd} holds, becouse α_d > 2α_1. Therefore using the inequality (3) we obtain ∑ j^′ :|j^′ δ|<^1_{30} ρ^a2 1 | Λ_N (t) − λ_j′_{,β}′ |^2

= O(1), ∀β^′ ∈ A_4. (64)

Using this, (26), (27), (29) and denoting | (Ψ_N , (q(x) − Q(s))Φ_{n(β}′_{),β}′ (x)) |= max_j′_{:|j}′_{δ|<} 1_{30 ρ}^a_2 | (Ψ_N , (q(x) − Q(s))Φ_j′_{,β}′ (x)) | (if max is taken for several indeks n(β^′ ), then we take one of them) we get ∑ β^′ ∈A_4 ( ∑ j^′ :|j^′ δ|<^1_{30} ρ^a2

| b(N^′ , j^′ , β^′ ) |^2=

∑ β^′ ∈A_4 ( ∑ j^′ :|j^′ δ|<^1_{30} ρ^a2

| (Ψ_N (x), (q(x) − Q(s))Φ_j′_{,β}′ (x)) |^2 | Λ_N (t) − λ_j′_{,β}′ |^2 ≤

c_{18} ∑ β^′ ∈A_4 | (Ψ_N (x), (q(x) − Q(s))Φ_{n(β}′_{),β}′ (x)) |^2≤ c_{19}ρ^{−pα} + c_{20} ∑ β^′ ∈A_4 | b(N, n(β^′ ) + j_1(β^′ ), β^′ + β_1(β^′ )) |^2= (65)

c_{19}ρ^{−pα} + c_{20} ∑ β^′ ∈A_4 | (Ψ_N , (q(x) − Q(s))Φ_{n(β}′_{)+j1(β}′_{),β}′_{+β1(β}′_)(x)) |^2 | Λ_N − λ_{n(β}′_{)+j1(β}′_{),β}′_{+β1(β}′_) |^2 ,

where

| b(N, n(β^′ )+j_1(β^′ ), β^′ +β_1(β^′ )) |= max_{j1,β1} | b(N, n(β^′ )+j_1, β^′ +β_1) | and maximum is taken under conditions (j_1, β_1) ∈ Q(ρ^α, 9^1_{30} ρ^a2 ). This inclusion ant the condition | j^′ δ |<^1_{30} ρ^a2 imply that | n(β^′ )δ + j_1(β^′ )δ |<^1_3 ρ^a2 and | μ_{n(β}′_{)+j1(β}′_) |<^1_8 ρ^a. This, || β^′ + τ |^2 − | β + τ |^2|<^1_2 ρ^a (see definition of A_4 and use the inequality H < 2ρ), and

|| β^′ + τ |^2 − | β^′ + β_1 + τ |^2|> 7 8 ρ^a, ∀β^′ ∈ A_4, β_1 ∈ Γ_δ(pρ^α) (66)

which can be easily obtained from the conditions β /∈ ⋃ b∈Γ_δ (pρ^α) V δ b (ρ^a) and | β − β^′ |< ρ^{a−2α} ( see (30), definition of A_4, and use

| β^′ + τ |^2 − | β^′ + β_1 + τ |^2= −2⟨β^′ + τ, β_1⟩− | β_1 |^2= −2⟨β, β_1⟩− | β_1 |^2 −2⟨β^′ − β + τ, β_1⟩ = −(| β + β_1 |^2 − | β |^2) + o(ρ^a) ) imply that || β + τ |^2 − | β^′ + β_1 + τ |^2|>^3_8 ρ^a and

| Λ_N − λ_{n(β}′_{)+j1(β}′_{),β}′_{+β1(β}′_) |> 1 8 ρ^a, (67)

( see the first relation in (62)). Note that if β^′ ∈ A_4, β^{′′} ∈ A_4 and β^′ ≠ β^{′′} then β^′ + β_1(β^′ ) ≠ β^{′′} + β_1(β^{′′} ) ( otherwise we have β^{′′} = β^′ + b, b ∈ Γ_δ(2ρ^α), || β^′ + τ |^2 − | β^{′′} + τ |^2|<^1_2 ρ^a which controdicts (66)). Therefore using (67), in (65) and Bessel inequality we obtain the proof of (63) for i = 2. So (61) is proved for i = 4.

Now we prove (61) for i = 6. First we note that A_6 = {β}. If β^′ ≠ β and β^′ ∈ A_6 then we have β^′ = β + b, where b ∈ Γ_δ(ρ^{αd} ), and from the relations β /∈ V^δ_b (ρ^12 ), ( see (20) and the definition of S_2) | β + τ |= H, we obtain that || β^′ + τ |^2 −H^2 |>^1_2 ρ^12 which controdicts β^′ + τ ∈ R_δ(H + ρ^{αd−1})). Hence

C_6 = ∑ j^′ ∈Z (β + τ, β + τ) | b(N, j^′ , β) |^2= H^2 ∑ j^′ ∈Z | b(N, j^′ , β) |^2= H^2 3∑ i=1 C_{6,i}, where C_{6,1} =| b(N, j, β) |^2, C_{6,2} = ∑ |j^′ δ|≥^1_{30} ρ^a2 | b(N, j ′ , β) |^2, C_{6,3} = ∑ |j^′ δ|<^1_{30} ρ^a2 ,j^′ ≠j | b(N, j ′ , β) |^2 . To prove (61) for i = 6 we show

C_{6,i} = O(ρ^{−2a}), ∀i = 1, 2, 3 (68)

By (55) and Parseval equality with respect to the basis {Φ_{j,β}(x)} we have | b(N(j, β), j, β) |^2= 1 + O(ρ^{−2a}). Therefore (68) for i = 1 follows from the Parseval equality with respect to the basis {Ψ_N (x)}. For | j^′ δ |≥^1_{30} ρ^a2 the inequality λ_j′_{,β} − Λ_N (t) > c_{21}ρ^a holds ( see the first relation in (62)). Therefore (26) give the proof of (68) for i = 2. The proof of (68) for i = 3 is similar to the proof of (63) for i = 2. Using (34) and (3) we obtain ∑ |j^′ δ|<^1_{30} ρ^a2 ,,j^′ ≠j 1 | Λ_N (t) − λ_j′_{,β} |^2

= O(1) (69)

Now we repeat the proof of (63) for i = 2 as follows. In (65) instead of β^′ and A_4 taking β and instead of (64) using (69) and denoting

| (Ψ_N , (q(x) − Q(s))Φ_{n(β),β} (x)) |= max_{j′ ≠j,|j′ δ|< 1} 30 ρ^a2

| (Ψ_N , (q(x) − Q(s))Φ_j′_{,β}) |

we get

C_{6,3} = c_{19}ρ^{−pα} + c_{20}

| (Ψ_N , (q(x) − Q(s))Φ_{n(β)+j1(β),β+β1(β)}(x)) |^2 | Λ_N − λ_{n(β)+j1(β),β+β1(β)} |^2 (70)

where the indeks (n(β) + j_1(β), β + β_1(β)) is defined from the relation | b(N, n(β) + j_1(β), β + β_1(β)) |= max_{j1,β1} | b(N, n(β) + j_1, β + β_1) | . Here maximum is taken under conditions (j_1, β_1) ∈ Q(ρ^α, 9^1_{30} ρ^a2 ). Clearly under these conditions on index (n(β) + j_1(β), β + β_1(β)) we have | n(β)δ |<^1_{30} ρ^a2 (see definition of n(β)), | n(β) + j_1(β) |<^1_3 ρ^a2 , | μ_{n(β)+j1(β)} |<^1_8 ρ^a, | β + τ |^2 − | β + β_1(β) + τ |^2|≥^7_8 ρ^a (see (30)). The last two inequality and the first relation in (62) imply that

| Λ_N − λ_{n(β)+j1(β),β+β1(β)} |> 1 2 ρ^a, This with (70) give the proof of (68) for i = 3. So (61) is proved for i = 6.

Now we prove that

C_i = ∑ β^′ ∈A_i ( ∑ j^′ ∈Z ⟨β + τ, β^′ + τ⟩ | b(N, j^′ , β^′ ) |^2) ≤ (71) ∑ β^′ ∈A_i ( ∑ j^′ ∈Z | b(N, j^′ , β^′ ) |^2 (H^2 − 1 3 ρ^{2αd} ))

for i = 3, 5, 7. Consider the triangle genereted by vectors β + τ, β^′ + τ, β − β^′ . For β^′ ∈ A_3 we have | β + τ |= H, H + ρ^{αd−1} ≤| β^′ + τ |≤ H +^1_9 ρ^{a−1}, | β − β^′ |≥ ρ^{a−2α}. Let θ be the angle between the vectors β + τ, and β^′ + τ. If | θ |≤^π_2 then using the cosine theorem we get

| ⟨β + τ, β^′ + τ⟩ |=^1_2 (| β + τ |^2 + | β^′ + τ |^2 − | β − β^′ |^2) ≤ H^2 −^1_3 ρ^{2a−4α} < H^2 −^1_3 ρ^{2αd} , since a − 2α > α_d. Using this and taking into account that ⟨β + τ, β^′ + τ⟩ < 0 for^π_2 <| θ |≤ π we get the proof of (71) for i = 3. Similarly if β^′ ∈ A_5, | θ |≤^π_2 then | ⟨β + τ, β^′ + τ⟩ |≤ H^2 −^1_3 ρ^{2αd} and hence (71) holds for i = 5. If β^′ ∈ A_7 then | β^′ + τ |≤ H − ρ^{2αd−1}, | ⟨β + τ, β^′ + τ⟩ |≤ H^2 − ρ^{2αd} and hence (71) holds for i = 7 too. Now (71) and Parseval equality imply that S_3 +S_5 +S_7 ≤ H^2 −^1_3 ρ^{2αd} =| β+τ |^2 −^1_3 ρ^{2αd} . This, (59), (61) give the proof of (58), since 2 − 2a < 2α_d♦

Let M be a positive constant. Denote by W^l_2(F, M) the set of q(x) ∈ W^l_2(F ) satisfying sup | q(x) |≤ M.

Lemma 5. Let ρ_k = 3^kρ, b ∈ Γ_δ

S^′_2(ρ_k) = {(V^δ_b (4ρ^a_k)\V^δ_b (ρ^a_k))\(D_1(ρ^{12}_k ) ∪ D_2(ρ^{a+2α}_k ))} ∩ D_3, where D_3 = (R(2ρ_k − d_δ − 1)\R(ρ_k + d_δ + 1)), D_1(ρ^{12}_k ) = ⋃ b^′ ∈Γ_δ (ρ^{αd}_k ) V δ b^′ (ρ 1 2 k ), D_2(ρ^{a+2α}_k ) = ⋃ b^′ ∈Γ_δ (pρ^α_k )\bR V δ b^′ (ρ a+2α k ). a) For all k = 1, 2, ..., the set S^′_2(ρ_k) ∩ Γ_δ is nonempty set. b) For β_k ∈ S^′_2(ρ_k)∩Γ_δ, the set S^′_3 = (^1_{10} ,^4_{10} )∪(^6_{10} ,^9_{10} )\(∪_kA^′ (β_k, ρ_k)) does not depend on q(x) ∈ W^l_2(F, M) ( depends only on W^l_2(F, M)) and

μ(S^′_3) > 1 2 (72) c) If β_k ∈ S^′_2(ρ_k), τ ∈ F_δ then 1 2 |ρ_k|^a <| ⟨β_k + τ, b⟩ |< 3|ρ_k|^a, (73) | ⟨β_k + τ, γ⟩ |> 1 2 |ρ_k|^a, ∀γ ∈ S(δ, b)\δR (74) | ⟨β_k + τ, γ⟩ |> 1 2 |ρ_k|^{a+2α}, ∀γ ∉ S(δ, b), | γ |< |ρ_k|^α (75) ∫ F |f_{δ,βk+τ,ρk} (x)|^2 | |φ^δ_{n,v} | |^2 dx < c_{22}ρ^{−2a}_k (76)

where S(δ, b)is defined in introduction.

Proof. a) Suppose β + τ ∈ D(ρ_k), where β ∈ Γ_δ, τ ∈ F_δ , D(ρ_k) = {(V^δ_b (3ρ^a_k)\V^δ_b (2ρ^a_k))\(D_1(2ρ^{12}_k ) ∪ D_2(2ρ^{a+2α}_k ))} ∩ D_4, D_4 = (R_δ(2ρ_k − 1)\R_δ(ρ_k + 1)). Then it is easy to show that β ∈ S^′_2(ρ_k).

Therefore the sets β + F_δ for β ∈ S^′_2(ρ_k) is cover of D(ρ_k). Hence

| S^′_2(ρ_k) ∩ Γ_δ |≥ (μ(F_δ))^{−1}μ(D(ρ_k)), (77)

where | S^′_2(ρ_k) ∩ Γ_δ | is the number of elements of S^′_2(ρ_k) ∩ Γ_δ. Now we calculate μ(D(ρ_k)). It is clear that

μ((V^δ_b (3ρ^a_k)\V^δ_b (2ρ^a_k)) ∩ D_4) > c_{23}ρ^{d−2+a} ( see Remark 1 of [4]). To calculate the measure of V^δ_b (3ρ^a_k) ∩ V^δ_b′ (2ρ^{12}_k ) ∩ D_4 for b^′ ∈ Γ_δ(ρ^{αd}_k ) we turn the coordinate axes so that the derection of (1, 0, 0, ..., 0) coinsides with the direction b^′ , that is b^′ = (| b^′ |, 0, 0, ..., 0) and the plane generated by b, b^′ coinsides with the plane (x_1, x_2, 0, ...0), that is, b = (b_1, b_2, 0, ..., 0).Then the condition x ∈ V^δ_b (3ρ^a_k) ∩ V^δ_b′ (2ρ^{12}_k ) ∩ D_4 imply that

x_1 | b^′ |= O(ρ^{12}_k ), x_1b_1 + x_2b_2 = O(ρ^a_k) x^2_1 + x^2 + ... + x^2_{d−1} = O(ρ^2_k)

Therefore V^δ_b (3ρ^a_k) ∩ V^δ_b′ (2ρ^{12}_k ) ∩ D_4 is subset of

[−c_{24}ρ^{12}_k , c_{24}ρ^{12}_k ]×[−c_{24}ρ^{a+αd}_k , c_{24}ρ^{a+αd}_k ]×([−c_{24}ρ_k, c_{24}ρ_k])^{d−3} which has the measure O(ρ^{d−3+ 1}2^{+a+αd} ). This with | Γ_δ(ρ^{αd} ) |= O(ρ^{(d−1)αd} ) give μ((V^δ_b (3ρ^a_k)∩D_1(2ρ^{12}_k )∩D_4) = O(ρ^{d−3+ 1}2^{+a+dαd} ) = o(ρ^{d−2+a}) since dα_d <^1_2 .

In the same way we get the estimation

μ((V^δ_b (3ρ^a_k) ∩ D_2(ρ^{a+2α}_k ) ∩ D_4) = O(ρ^{d−3+a+(d+3)α}) = o(ρ^{d−2+a}), since (d + 3)α < 1. These with (77) give the proof of a). The statement b) follows from (18).

c) The inequalities in (73) follow from the inclusion β_k ∈ V^δ_b (4ρ^a_k)\V^δ_b (ρ^a_k), ( see definition of S^′_2(ρ_k)). If γ ∈ S(δ, b)\δR then γ = nb + aδ, n ≠ 0, n ∈ Z, a ∈ R, | ⟨γ, b⟩ |=| n || b |^2≥| b |^2 . (78) This with the relations ⟨β_k +τ, δ⟩ = 0, β_k /∈ V^δ_b (ρ^a_k)give | ⟨β_k +τ, γ⟩ |=| n⟨β_k + τ, b⟩ |>^1_2 |ρ_k|^a. So (74) is proved. If γ ∉ S(δ, b), | γ |< |ρ_k|^α then γ = b^′ + aδ, where a ∈ R, b^′ ∈ Γ_δ(ρ^α_k )\bR. Therefore the relation β_k /∈ V^δ_b′ (ρ^{a+2α}_k ), ( see definition of S^′_2(ρ_k)) imply that | ⟨β_k +τ, γ⟩ |=| ⟨β_k +τ, b^′ ⟩ |>^1_2 |ρ_k|^{a+2α}. Thus (75) is proved. The inequality (76) follows from the definition of f_{δ,β+τ,ρk} (x) ( see Theorem 3), (73), (74), (75), and from the obvious relation ∑ γ∈Γ | γ || q_γ |< c_{25}, ∀q(x) ∈ W^l_2(F, M). (79)

Theorem 6. Suppose q(x) ∈ W^l_2(F, M) and the band functions Λ_1(t), Λ_2(t), ... of L(q) are known. Then the spectral invariants (2), (6), (7), (11) can be constructively determined.

Proof. Take any integer n satisfying | n |>^{10M}_{|δ|2} + 2 (see (21)), β_k from S^′_2(ρ_k), v from S^′_3, τ from F_δ and consider the functions Λ_N (β_k +τ +(n+v)δ) for N = 1, 2, .... Let A_k be the set of all τ ∈ F_δ for which there is N satisfying the conditions:

Con.1. | Λ_N (β_k + τ + (n + v)δ)− | β_k + τ |^2 −(n + v)^2 |< M Con.2. Λ_N (β_k + τ + (n + v)δ) is a simple eigenvalue Con.3. | β_k + τ |^{∂ΛN (βk +τ +(n+v)δ)}_{∂h} =| β_k + τ |^2 +O(ρ^{2−2a}_k ), where h =^{βk+τ}_{|βk+τ |} . For τ ∈ A_k take one of eigenvalue Λ_N (β_k + τ + (n + v)δ) satisfying Con.1.−Con.3. and calculate the integral

J(A_k) = 1 μ(F_δ) ∫ A_k (Λ_N (β_k + τ + (n + v)δ)− | β_k + τ |^2)dτ (80)

We write these integral as sum of J(S_4) and J(A_k\S_4). If τ ∈ S_4(β_k, j, v, ρ_k) then by Theorem 3 Λ_N (λ_{j,βk} (v, τ)) satisfies the Con.1.-Con.3 and by Lemma

4 the other eigenvalues does not satisfy the conditions Con.1.-Con.3. Hence in integral J(S_4) instead of Λ_N (β_k +τ +(j+v)δ) we must take Λ_N (λ_{j,βk} (v, τ)). Therefore using (14) and μ(S_4(β_k, j, v, ρ_k)) = μ(F_δ)(1 + O(ρ^{−α}_k )) ( see (19)) we obtain

J(S_4(β_k, j, v, ρ_k)) = μ_n(v) + O(ρ^{−α}_k ). (81)

On the other hand using μ(A_k\S_4) ≤ μ(F_δ\S_4) = O(ρ^{−α}_k ) and the Con.1. we get J(A_k\S_4) = O(ρ^{−α}). This and (81) imply that

J(A_k) = μ_n(v) + O(ρ^{−α}_k ). (82)

Now tending k to ∞ we find the eigenvalue μ_n(v) of T_v(Q(s)) for all v ∈ S^′_3 ( see (72)). Since the μ_n(v) for v ≠ 0,^1_2 is simple zero of F (μ) = 2 cos v, where the Lyapunov function F (μ) is entire function, we can determine the F (μ) and the eigenvalues μ_n(v) of T_v(Q(s)).

Now let B_k be the set of τ ∈ F_δ for which there is N satisfying Con.2., Con.3., and Con.4. : | Λ_N (β_k + τ + (n + v)δ)− | β_k + τ |^2 −μ_n(v) |< 2c_{22}ρ^{−2a}_k ( see (76)). For τ ∈ B_k take one of eigenvalue

Λ_N (β_k + τ + (n + v)δ) satisfying Con.2.−Con.4. and calculate the integral

J^′ (B_k) = | ⟨β_k + τ, b⟩ |^2 μ(F_δ)|b|^4 ∫ B (Λ_N (β_k + τ + (n + v)δ)− | β_k + τ |^2 −μ_n(v))dτ.

(83)

We write these integral as sum of J^′ (S_4) and J^′ (B_k\S_4). If τ ∈ S_4 then by Theorem 3 and Lemma 4 only Λ_N (λ_{n,βk} (v, τ)) satisfies Con.2.-Con.4. Hence in integral J^′ (S_4) instead of Λ_N (β_k+τ +(n+v)δ) we must take Λ_N (λ_{n,βk} (v, τ)). Therefore using (48), (73) we get

J^′ (S_4) = | ⟨β_k + τ, b⟩ |^2 μ(F_δ)|b|^4 ∫ S_4 ∫ F | f_{δ,βk+τ,ρk} (x)φ^δ_{n,v} |^2 dxdτ + O(ρ^{−2+2a−ε}_k ). (84)

Now using Con.4., (73), and μ(B_k\S_4) = O(ρ^{−α}) ( see (19)) we obtain

J^′ (B_k\S_4) = O(ρ^{−α}_k ). (85)

Substituting the decomposition |δ|^{−2}⟨γ, δ⟩δ + |b|^{−2}⟨γ, b⟩b of γ for γ ∈ S(δ, b), | γ |< |ρ_k|^α into the denominator of fraction in f_{δ,βk+τ,ρk} (x) ( for definition of this function see Theorem 3) and using (73), (75) we have lim_{k→∞} |b|^{−2}⟨β_k + τ, b⟩f_{δ,βk+τ,ρk} (x) = ∑ γ∈S(δ,b)\δR γ ⟨γ, b⟩ q_γ e^{⟨γ,x⟩} ≡ q_{δ,b}(x), (86)

(see (4)). This with (84) and (85) implies that

lim_{k→∞} J^′ (B_k) = ∫ |q_{δ,b}(x)|^2 | |φ^δ_{n,v} | |^2 dx ≡ J. (87)

The convergence of the series (4) follows from (78) and (79). In (87) tending n to infinity and using (5) we get the invariant J_0 ( see (6)). Then we find the invariants J_1, J_2, ..., as follows

J_1 = lim_{n→∞}(J − J_0)n, J_2 = lim_{n→∞}((J − J_0)n^2 − J_1n), ...,

Thus we find the invariants (6), (7), and (11)♦

4 Appendix 1. The proof of (42)

Here we prove that S_1(j^′ , λ_{j,β}) = O(ρ^{−2a}r^2), where (see (42))

S_1(j^′ , λ_{j,β}) ≡ ∑ β_1 ( ∑ j_1

A(j^′ , β, j^′ + j_{1,}β + β_1)A(j^′ + j_{1,}β + β_1, j, β) λ_{j,β} − λ_j′_{+j1,β+β1} (88)

The conditions on indices j^′ , j_1, j (see (42)) and (3) imply that μ_j′_{+j1} = O(r^2), μ_j = O(r^2). These with β /∈ V^δ_{β1} (ρ^a))) for β_1 ∈ Γ_δ(pρ^α) ( see (30)) give λ_{j,β} − λ_j′_{+j1,β+β1} = −2⟨β, β_1⟩ + O(r^2), | ⟨β, β_1⟩ |> 1 3 ρ^a (89)

Using (29) and (89) we get

S_1(j^′ , λ_{j,β}) = ∑ β_1 S^′ −2⟨β, β_1⟩ + O(ρ^{−2a}r^2), (90)

where S^′ = ∑ j_1 A(j

′ , β, j^′ + j_{1,}β + β_1)A(j^′ + j_{1,}β + β_1, j, β). Here ( see [4])

A(j^′ , β, j^′ + j_{1,}β + β_1) = ∑ n_1:(n_1,β_1)∈Γ^′ (ρ^α)

c(n_1, β_1)a(n_1, β_1, j^′ , β, j^′ + j_{1,}β + β_1),(91)

A(j^′ + j_{1,}β + β_1, j, β) = ∑ n_2:(n_2,−β_1)∈Γ^′ (ρ^α)

c(n_2, −β_1)a(n_2, −β_1, j^′ + j_{1,}β + β_1, j, β),

where Γ(ρ^α) = {γ ∈ Γ : 0 <| b |< ρ^α},

Γ^′ (ρ^α) = {(n_1, β_1) : β_1 ∈ Γ_δ\0, n_1 ∈ Z, β_1 + (n_1 −^{⟨β1,δ∗⟩}_{2π} )δ ∈ Γ(ρ^α)},

c(n_1, β_1) = q_{γ1} , γ_1 = β_1 + (n_1 − ⟨β_1, δ^∗⟩ 2π )δ ∈ Γ(ρ^α), (92)

a(n_1, β_1, j^′ , β, j^′ + j_{1,}β + β_1) = (e^{i(n1− ⟨β1,δ∗⟩}2π^{)s}φ_j′_{,v(β)}(s), φ_j′_{+j1,v(β+β1)}(s)),

a(n_2, −β_1, j^′ + j_{1,}β + β_1, j, β) = (e^{i(n2− ⟨−β1,δ∗⟩2π )s}φ_j′_{+j1,v(β+β1)}, φ_{j,v(β)}) (93) = (φ_j′_{+j1,v(β+β1)}, e^{−i(n2− ⟨−β1,δ∗⟩}2π^{)s}φ_{j,v(β)}) = (e^{−i(n2− ⟨−β1,δ∗⟩}2π^sφ_{j,v(β)}, φ_j′_{+j1,v(β+β1)}). To calculate S^′ we prove that ∑ j_1

a(n_1, β_1, j^′ , β, j^′ + j_{1,}β + β_1)a(n_2, −β_1, j^′ + j_1, β + β_1, j, β) (94) = a(n_1 + n_2, 0, j^′ , β, j, β) + O(ρ^{−pα}). By definition a(n_1 + n_2, 0, j^′ , β, j, β) = (e^{i(n1+n2)s}φ_j′_{,v(β)}(s), φ_{j,v(β)}(s)) = (e^{i(n1−(2π)−1 (β1,δ∗))s}φ_j′_{,v(β)}(s), e^{−i(n2−(2π)−1(−β1,δ∗))s}φ_{j,v(β)}(s)) This with the formulas ( see Lemma 4 and (57), (65) of [4], and (93)) e^{i(n1−(2π)−1(β1,δ∗))s}φ_j′_{,v(β)}(s) = ∑ |j_1δ|<9r a(n_1, β_1, j^′ , β, j^′ + j_{1,}β + β_1)φ_j′_{+j1,v(β+β1)}(s) + O(ρ^{−pα}), (95)

e^{−i(n2−(2π)−1(−β1,δ∗))s}φ_{j,v(β)}(s) = ∑ |j_1δ|<9r a(n_2, −β_1, j^′ , β, j^′ + j_{1,}β + β_1)φ_j′_{+j1,v(β+β1)} + O(ρ^{−pα}), (96)

∑ j_1

| a(n_1, β_1, j^′ , β, j^′ + j_{1,}β + β_1) |= O(1) (97)

give the proof of (94). Now from (88), (90), (91), (94) we obtain

S_1(j^′ , λ_{j,β}) = ∑ β_1 ( ∑ n_1 ( ∑ n_2

c(n_1, β_1)c(n_2, −β_1)a(n_1 + n_2, 0, j^′ , β, j, β) −2⟨β, β_1⟩ +O(ρ^{−2a}r^2) Grouping the terms with indices (β_1, n_1, n_2) and (−β_1, n_2, n_1) and using 1 ⟨β,β_1⟩ + 1 ⟨β,−β_1⟩ = 0 we get S1(j ′ , λ_{j,β}) = O(ρ^{−2a}r^2). 5 Appendix 2. The proof of (54)

Using (91), we obtain

S_3(λ_{j,β}) = ∑ β_1,β_2 ( ∑ n_1,n_2,n_3 ( ∑ j_1 ∑ j_2

c(n_1, β_1)c(n_2, β_2)c(n_3, −β_1 − β_2) (λ_{j,β} − λ_{j+j1,β+β1} )(λ_{j,β} − λ_{j+j}2_{,β+β}2 ) × a(n_1, β_1, j, β, j + j_{1,}β + β_1) × a(n_2, β_2, j + j_1, β + β_1, j + j_1 + j_2, β + β_1 + β_2) × a(n_3, −β_1 − β_2, j + j_1 + j_2, β + β_1 + β_2, j, β), where (j_1, β_1) ∈ Q(ρ^α, 9r_1), (j_2, β_2) ∈ Q(ρ^α, 90r_1), j ∈ S_1, β_1 + β_2 ≠ 0. Applying (94) two times and using (97) we get ∑ j_1

a(n_1, β_1, j, β, j + j_{1,}β + β_1) × ( ∑ j_2

a(n_2, β_2, j + j_1, β + β_1, j + j_1 + j_2, β + β_1 + β_2) ×

a(n_3, −β_1 − β_2, j + j_1 + j_2, β + β_1 + β_2, j, β)) = ∑ j_1 a(n1, β1, j, β, j + j1,β + β1)(a(n2 + n3, −β1, j + j1, β + β1, j, β)+ O(ρ^{−pα})) = a(n_1 + n_2 + n_3, 0, j, β, j, β) + O(ρ^{−pα}) Using this in above expression for S_3(λ_{j,β}) and taking into account that λ_{j,β} − λ_{j+j1,β+β1} = −2⟨β, β_1⟩ + O(ρ^{2α1} ), | ⟨β, β_1⟩ |> 1 3 ρ^a λ_{j,β} − λ_{j+j}2_{,β+β}2 = −2⟨β, β_1 + β_2⟩ + O(ρ^{2α1} ), | ⟨β, β_1 + β_2⟩ |> 1 3 ρ^a, which can be proved as (89) we have S_3(λ_{j,β}) = O(ρ^{−3a})+ ∑ β_1,β_2 ( ∑ n_1,n_2,n_3

c(n_1, β_1)c(n_2, β_2)c(n_3, −β_1 − β_2)a(n_1 + n_2 + n_3, 0, j, β, j, β) 4⟨β, β_1⟩⟨β, β_1 + β_2⟩ Grouping in the last sum terms with the multiplicand c(n_1, β_1)c(n_2, β_2)c(n_3, −β_1 − β_2) = c(n_2, β_2)c(n_1, β_1)c(n_3, −β_1 − β_2) =

c(n_1, β_1)c(n_3, −β_1 − β_2)c(n_2, β_2) = c(n_2, β_2)c(n_3, −β_1 − β_2)c(n_1, β_1) =

c(n_3, −β_1 − β_2)c(n_1, β_1)c(n_2, β_2) = c(n_3, −β_1 − β_2)c(n_2, β_2)c(n_1, β_1) and using^1 ⟨β,β_1⟩⟨β,β_1+β_2⟩ + 1 ⟨β,β_2⟩⟨β,β_2+β_1⟩ + 1 ⟨β,β_1⟩⟨β,−β_2⟩ 1 ⟨β,β_2⟩⟨β−,β_1) + 1 ⟨β,−β_1−β_2⟩⟨β,−β_2⟩ + 1 ⟨β,−β_1−β_2⟩⟨β,−β_1⟩ = 0 we see that this sum is zero, that is, S_3(λ_{j,β}) = O(ρ^{−3a}) = O(ρ^{−2−ε}).

6 Appendix 3. The proof of (53)

Here we prove (53), where

S_1(j, λ_{j,β}) ≡ ∑ β_1 ( ∑ j_1 A(j, β, j + j_{1,}β + β_1)A(j + j_{1,}β + β_1, j, β) λ_{j,β} − λ_{j+j1,β+β1} , (98)

(j_1, β_1) ∈ Q(ρ^α, 9r_1), j ∈ S_1, ( see (88), (51)) and by (91) S_1(j, λ_{j,β}) = ∑ β_1 ( ∑ n_1:(n_1,β_1)∈Γ^′ (ρ^α) ( ∑ n_2:(n_2,−β_1)∈Γ^′ (ρ^α) ( ∑ j_1

c(n_1, β_1)c(n_2, −β_1) λ_{j,β} − λ_{j+j1,β+β1} × (99)

a(n_1, β_1, j, β, j + j_{1,}β + β_1)a(n_2, −β_1, j + j_1, β + β_1, j, β).

Replasing λ_{j,β} − λ_{j+j1,β+β1} by −(2⟨β + τ, β_1⟩+ | β_1 |^2 +μ_{j+j1} (v(β + β_1)) − μ_j(v(β))) and using (94) for j^′ = j we have S_1(j, λ_{j,β}) = ∑ β_1 ( ∑ n_1 ( ∑ n_2

c(n_1, β_1)c(n_2, −β_1)a(n_1 + n_2, 0, j, β, j, β) −2⟨β + τ, β_1⟩ +

∑ β_1 ( ∑ n_1 ( ∑ n_2 ( ∑ j_1

c(n_1, β_1)c(n_2, −β_1)a(n_1, β_1, j, β, j + j_{1,}β + β_1) 2⟨β + τ, β_1⟩(2⟨β + τ, β_1⟩+ | β_1 |^2 +μ_{j+j1} − μ_j) ×

a(n_2, −β_1, j + j_1, β + β_1, j, β)(| β_1 |^2 +μ_{j+j1} (v(β + β_1)) − μ_j (v(β))), where in the first sum the terms with indices (β_1, n_1, n_2) and (−β_1, n_2, n_1) eliminate each other. Thus we need to calculate the second sum. For this we use the following relation

μ_{j+j1} (v(β + β_1))a(n_1, β_1, j, β, j + j_1, β + β_1) = (e^{i(n1 −(2π)−1⟨β1,δ∗⟩)s}φ_{j,v(β)}(s), T_vφ_{j+j1,v(β+β1)}(s) = (T_v (e^{i(n1−(2π)−1⟨β1,δ∗⟩)s}φ_{j,v(β)}(s)), φ_{j+j1,v(β+β1)}(s) = ((| n_1 − (2π)^{−1}⟨β_1, δ^∗⟩ |^2| δ |^2 +μ_j(v)) × (e^{i(n1 −(2π)−1⟨β1,δ∗⟩)s}φ_{j,v(β)}(s)), φ_{j+j1,v(β+β1)}(s)) −2i(n_1 − (2π)^{−1}⟨β_1, δ^∗⟩) | δ |^2 (e^{i(n1−(2π)−1⟨β1,δ∗⟩)s}φ^′_{j,v(β)}(s)), φ_{j+j1,v(β+β1)}(s)) ¿From this, (94), and the formula ∑ j_1 (e^{i(n1−(2π)−1⟨β1,δ∗⟩)s}φ^′_{j,v(β)}(s)), φ_{j+j1,v(β+β1)}(s))a(n_2, −β_1, j + j_1, β + β_1, j, β) = (e^{i(n1+n2)s}φ^′_{j,v(β)}(s)), φ_{j,v(β)}(s)) + O(ρ^{−pα}), which can be proved as (94), it follows that ∑ j_1

μ_{j+j1} (v(β + β_1))a(n_1, β_1, j, β, j + j_1, β + β_1) × (100)

a(n_2, −β_1, j + j_1, β + β_1, j, β)

= (| n_1 − (2π)^{−1}⟨β_1, δ^∗⟩ |^2) | δ |^2 +μ_j (v))a(n_1 + n_2, 0, j, β, j, β)− 2i(n_1 − (2π)^{−1}⟨β_1, δ^∗⟩) | δ |^2 (e^{i(n1+n2)s}φ^′_{j,v(β)}(s)), φ_{j,v(β)}(s)), where the last term can be calculated as follows μ_j(v)(φ_{j,v(β)}(s), e^{i(n1+n2)s}φ_{j,v(β)}(s)) = (φ_{j,v(β)}(s), T_v(e^{i(n1+n2)s}φ_{j,v(β)}(s))) = (n_1 + n_2)^2 | δ |^2 (φ_{j,v(β)}(s), e^{i(n1+n2)s}φ_{j,v(β)}(s)) + 2i(n_1 + n_2) | δ |^2 (φ_{j,v(β)}(s), e^{i(n1+n2)s}φ^′_{j,v(β)}(s)) + μ_j(v)(φ_{j,v(β)}(s), e^{i(n1+n2)s}φ_{j,v(β)}(s)), and hence (e^{i(n1+n2)s}φ^′_{j,v(β)}(s)), φ_{j,v(β)}(s)) = n_1 + n_2 2i (e^{i(n1+n2)s}φ_{j,v(β)}(s)), φ_{j,v(β)}(s)) Using this, (100), and (94) we get ∑ j_1

(a(n_1, β_1, j, β, j + j_{1,}β + β_1)a(n_2, −β_1, j + j_1, β + β_1, j, β)) ×

( | β_1 |^2 +μ_{j+j1} (v(β + β_1)) − μ_j (v(β))) = a(n_1 + n_2, 0, j, β, j, β) ×

( | β_1 |^2 + | n_1 − ⟨β_1, δ^∗⟩ 2π |^2| δ |^2 −(n_1 − ⟨β_1, δ^∗⟩ 2π ) | δ |^2 (n_1 + n_2))

= (| β_1 |^2 + | δ |^2 (n_1 − ⟨β_1, δ^∗⟩ 2π )(−n_2 − ⟨β_1, δ^∗⟩ 2π ))a(n_1 + n_2, 0, j, β, j, β), Thus S_1(j, λ_{j,β}) = S + O(ρ^{−2−ε}), where S = ∑ β_1,n_1,n_2

c(n_1, β_1)c(n_2, −β_1)a(n_1 + n_2, 0, j, β, j, β) 4 | ⟨β + τ, β_1⟩ |^2 × (101)

( | β_1 |^2 +(n_1 − ⟨β_1, δ^∗⟩ 2π )(−n_2 − ⟨β_1, δ^∗⟩ 2π ) | δ |^2)

Now we consider ∫ F |f_{δ,β+τ,ρ}(x)|^2 | φ^δ_{n,v}(⟨δ, x⟩) |_2 dx = J, (102) where f_{δ,β+τ,ρ}(x) = ∑ γ∈Γ\δR, |γ|<ρ^α γ ⟨β+τ,γ⟩ qγ e i⟨γ,x⟩ and by (92)

f_{δ,β+τ,ρ}(x) = ∑ (n_1,β_1)∈Γ^′_δ (ρ^α)

β_1 + (n_1 −^{⟨β1,δ∗⟩}_{2π} )δ ⟨β + τ, β_1⟩ c(n_1, β_1)e^{i⟨β1+(n1− ⟨β1,δ∗⟩2π )δ,x⟩}

Here for fixed x the f_{δ,β+τ,ρ}(x) is a vector of R^d and |f_{δ,β+τ,ρ}(x)| is a norm of this vector, hence using ⟨β, δ⟩ = 0 for β ∈ Γ_δ we obtain |f_{δ,β+τ,ρ}(x)|^2 = ∑ (n_1,β_1),(n_2,β_2)∈Γ^′_δ (ρ^α)

⟨β_1, β_2⟩ + (n_1 −^{⟨β1,δ∗⟩}_{2π} )(n_2 −^{⟨β2,δ∗⟩}_{2π} ) | δ |^2 ⟨β + τ, β_1⟩⟨β + τ, β_2⟩ × c(n_1, β_1)c(−n_2, −β_2)e^{i⟨β1−β2+(n1−n2−(2π)−1⟨β1−β2,δ∗⟩)δ,x⟩}

Since φ^δ_{j,v}(⟨δ, x⟩) is a function of ⟨δ, x⟩ we have ∫ F e^{i⟨β1−β2+(n1−n2−(2π)−1 ⟨β1−β2,δ∗⟩)δ,x⟩} | |φδ_{j,v}(⟨δ, x⟩) | |^2 dx = 0 for β_1 ≠ β_2. Therefore ∫ F |f_{δ,β+τ,ρ}(x)|^2 | |φ^δ_{j,v}(⟨δ, x⟩) | |^2 dx = ∑ β_1,n_1,n_2

c(n_1, β_1)c(−n_2, −β_1) | (β + τ, β_1) |^2 ×

(| β_1 |^2 +(n_1 − ⟨β_1, δ^∗⟩ 2π )(n_2 − ⟨β_1, δ^∗⟩ 2π ) | δ |^2 a(n_1 − n_2, 0, j, β, j, β). Replasing n_2 by −n_2 we get ∫ F |f_{δ,β+τ,ρ}(x)|^2 | |φδ_{n,v}(⟨δ, x⟩) | |^2 dx = 4S ( see (101)). Thus the requared estimation is obtained.

7 Appendix 4. The asymptotic of | |φδ_{n,v}(s) | |^2

Here we calculate the asymptotic of eigenfunction φ_{n,v}(s) of the operator T_v(p(s)) where v ≠ 0,^1_2 and p(s) = ∑ m=1,−1 p_me^{ims}. (103) The eigenvalues and eigenfunctions of T_v(0) are (n + v)^2 | δ |^2 and e^{i(n+v)s}, for n ∈ Z. Since the eigenvalues of T_v(p) are simple for v ≠ 0,^1_2 by well-known perturbation formula (φ_{n,v}(s), e^{i(n+v)s})φ_{n,v}(s) = e^{i(n+v)s}+ ∑ k=1,2,... (−1)^{k+1} 2iπ ∫ C (T_v(0) − λ)^{−1}p(x))^k(T_v(0) − λ)^{−1}e^{i(n+v)s}dλ, (104)

where C is contour containing only the eigenvalue (n + t)^2 | δ |^2. Using (103) and (T_v(0) − λ)^{−1}e^{i(n+v)s} = e^{i(n+v)s} (n + v)^2 | δ |^2 −λ , we see that k-th (k = 1, 2, 3, 4) term F_k of series (104) has form

F_1 = 1 2iπ ∫ C ∑ m=1,−1 p_me^{i(n+m+v)s} ((n + v)^2 | δ |^2 −λ)((n + m + v)^2 | δ |^2 −λ) dλ

F_2 = −1 2iπ ∫ C ∑ m,l=1,−1 p_mp_le^{i(n+m+l+v)s} ((n + v)^2 | δ |^2 −λ) ×

1 ((n + m + v)^2 | δ |^2 −λ)((n + m + l + v)^2 | δ |^2 −λ) dλ,

F_3 = 1 2iπ ∫ C ∑ m,l,k=1,−1 p_mp_lp_ke^{i(n+m+l+k+v)s} ((n + v)^2 | δ |^2 −λ)((n + m + v)^2 | δ |^2 −λ) ×

1 ((n + m + l + v)^2 | δ |^2 −λ)((n + m + l + k + v)^2 | δ |^2 −λ) dλ,

F_4 = −1 2iπ ∫ C ∑ m,l,k,r=1,−1 p_mp_lp_kp_re^{i(n+m+l+k+r+v)s} ((n + m + l + k + r + v)^2 | δ |^2 −λ) × 1 ((n + m + v)^2 | δ |^2 −λ)((n + m + l + v)^2 | δ |^2 −λ) × 1 ((n + m + l + k + v)^2 | δ |^2 −λ)((n + v)^2 | δ |^2 −λ) dλ. Since the distance between (n + v)^2 | δ |^2 and (n + m + v)^2 | δ |^2 more than 2c_{26}n , we can choose the contour C such that the modulus of all k + 1 multiplicants ((s + v)^2 | δ |^2 −λ) in expression of F_k more than c_{27}n, and the length of C less than c_{28}. Therefore ∑ k=5,6,... F_k = O( 1 n^5 ). Now we calculate the integrals in F_1, F_2, F_3, F_4 by Cauchy integral formula and then decompose the obtained expression in power of^1_n . Thus

F_1 = e^{i(n+v)s}((p_1e^{is} − p_{−1}e^{−is}) 1 | δ |^2 ( −1 2n + v 2n^2 − 4v^2 + 1 8n^3

+ O( 1 n^4 ))+

(p_1e^{is} + p_{−1}e^{−is}) 1 | δ |^2 ( v 4n^2 − v 2n^3 + 12v^2 + 1 16n^4

+ O( 1 n^5 ))) We see that F_2 = F_{2,1} + F_{2,2}, where F_{2,1} and F_{2,2} are the sum of terms in F_2 for which respectively m + l = ±2 and m + l = 0. Thus

F_{2,1} = e^{i(n+v)s}(((p_1)^2e^{2is} + (p_{−1})^2e^{−2is}) 1 | δ |^4 ( −1 8n^2 + −s 4n^3 − 12s^2 + 7 32n^4

+ O( 1 n^5 ))+

((p_1)^2e^{2is} − (p_{−1})^2e^{−2is}) 1 | δ |^4 ( −3 16n^3

+ O( 1 n^4 ))) and F_{2,2} = e^{i(n+v)s} |p_1|^2 ( c_{29} n^2 + + c_{30} n^3 + c_{31} n^4

+ O( 1 n^5 )), where c_{29}, c_{30}, ...,are knowh constants. As above we write F_3 = F_{3,1} + F_{3,2}, where F_{3,1} and F_{3,2} are the sum of terms in F_3 for which respectively m + l + k = ±3 and m + l + k = ±1. So

F_{3,1} = e^{i(n+v)s}((p^3_1e^{3is} − p^3_{−1}e^{−is}) 1 | δ |^6 ( −1 48n^3

+ O( 1 n^4 ))+

(p^3_1e^{3is} + p^3_{−1}e^{−3is}) 1 | δ |^6 ( 1 16n^4

+ O( 1 n^5 ))) and F_{3,2} = e^{i(n+v)s}((p_1e^{is} − p_{−1}e^{−is}) |p_1|^2 ( c_{32} n^3 + c_{33} n^4

+ O( 1 n^5 ))+

(p_1e^{is} + p_{−1}e^{−is}) |p_1|^2 ( c_{34} n^4

+ O( 1 n^5 ))) Similarly we can write F_4 = F_{4,1} +F_{4,2} +F_{4,3}, where F_{4,1}, F_{4,2}, F_{4,3} are the sum of terms in F_4 for which respectively m + l + k + r = ±4, m + l + k + r = ±2, m + l + k + r = 0. Hence

F_{4,1} = e^{i(n+v)s}(p^4_1e^{4is} + p^4_{−1}e^{−4is}) 1 | δ |^8 ( 1 384n^4

+ O( 1 n^5 )),

F_{4,2} = e^{i(n+v)s}(p^2_1e^{2is} + p^2_{−1}e^{−2is}) |p_1|^2 ( c_{35} n^4

+ O( 1 n^5

))),

F_{4,3} = e^{i(n+v)s} |p_1|^4 ( c_{36} n^4

+ O( 1 n^5

))).

Since p^k_{−1}e^{−iks} is conjugate of p^k_1 e^{iks} the real and imaginary parts of F_ke^{−i(n+v)s} consist respectively of terms with multiplicant p^k_1 e^{iks} + p^k_{−1}e^{−kis} and p^k_1 e^{iks} − p^k_{−1}e^{−iks}. Taking into account it, and using the above calculation we get |(φ_{n,v}(s), e^{i(n+v)s})φ_{n,v}(s)|^2 = 2( ∑ k=1,2,3,4 ReF_k + ReF_1F_2 + ReF_1F_3)

+|F_1|^2 + |F_2|^2 + O(n^{−5})

= 1 + 1 2n^2 1 | δ |^2 (p_1e^{is} + p_{−1}e^{−is} + c_{37}|p_1|^2) + 1 n^3

((p_1e^{is} + p_{−1}e^{−is})c_{38}

+c_{39}|p_1|^2) + 1 n^4

((p_1e^{is} + p_{−1}e^{−is})c_{40} + c_{41}|p_1|^2 + c_{42}|p_1|^4

+c_{43}|p_1|^2(p_1e^{is} + p_{−1}e^{−is}) + (c_{44} + c_{45}|p_1|^2)(p^2_1e^{2is} + p^2_{−1}e^{−2is})) + O( 1 n^5 ). On the other hand

|(φ_{n,v}(s), e^{i(n+v)s})|^2 = (c_{46} 1 n^2

+ c_{47} 1 n^3

+ c_{48} 1 n^4

)|p_1|^2 + c_{49} 1 n^4

|p_1|^4 + O( 1 n^5 ). So the formula (10) is proved ■

References

[1] Eastham M.S.P. The Spectral Theory of Periodic Differential Equations.Edinburgh:Scotting Academic Press 1973.

[2] Eskin, G., Ralston, J., Trubowitz, E.: On Isospectral Periodic Potential in R^n. Comm. on Pure and Appl. Math. 37 (1984),647-676.

[3] Eskin, G., Ralston, J., Trubowitz, E.: On Isospectral Periodic Potential in R^n. II Comm. on Pure and Appl. Math. 37 (1984), 715-753.

[4] Veliev, O.A.: The Periodic Multidimensional Schrödinger Operator, Part 1, Asymptotic Formulae for Eigenvalues, Mathematical Physics Preprint Archive, 01-446, Dec.4, 2001.

[5] Veliev, O.A.: The Periodic Multidimensional Schrödinger Operator, Part 2, Asymptotic Formulae for Bloch Functions and Fermi Surfaces Mathematical Physics Preprint Archive, 01-463, Dec.11, 2001.