The Algebra of Observables in a Magnetic Field

Marius Mǎntoiu, Radu Purice

Institute of Mathematics “Simion Stoilow” of the Romanian Academy P.O. Box 1-764; RO-70700 Bucharest, Romania

1 Introduction

We shall introduce a C^∗-algebra containig the functional calculus of a large class of Schrödinger operators with variable magnetic fields. This is motivated by some recent operator algebraic methods for analyzing the essential spectrum and the regions of non-propagation ([AMP], [GI1], [GI2], [M1], [M2]) and in the same time by the interest of elaborating a gauge-invariant pseudodifferential calculus in the presence of a variable magnetic field ([N], [CN], [P]).

Our results (Theorems 3.9 and 3.10) are the main technical ingredients for the type of developments mentioned above and we shall elaborate them in some future works. For reasons of space we shall not aim at optimal results, the arguments will be rather condensed and we send to references for some justifications and for further details. The concept and use of observables affiliated to C^∗-algebras are borrowed from [ABG], [GI1], [GI2]. In this setting magnetic fields, especially constant ones, are considered in [GI2]. In this paper, for the variable magnetic fields the authors propose the use of group extensions, but we feel that twisted crossed products are better suited both from the technical and the conceptual points of view. The general theory of twisted crossed products has been developped mainly in ([PR1], [PR2]). It is well known that C^∗-algebraic methods lead to very interesting results in the case of periodic Hamiltonians with a constant magnetic field; for this and many related topics we refer to [B], [BES] (and the refferences therein).

In X = R^n we consider a non-relativistic particle subject to a potential V and a magnetic field B, both assumed to be bounded and uniformly continuous. We intend to study the Schrödinger Hamiltonian H := (Π^A)^2 + V in H := L^2(X); here A is a vector potential for B and Π^A := −i∇ − A is the magnetic momentum. It is well known that H can be defined as a self-adjoint operator and that C^∞_0 (X) is a core for it ([AHS], [LS]). We shall define a C^∗-algebra of bounded operators in H containing the resolvent family {(H −z)^{−1} | z ∈ C \R} and thus the entire C_∞-class functional calculus of H (we denote by C_∞(R) the set of continuous functions on R vanishing at infinity). This C^∗-algebra has a remarkable structure. We consider the natural action by translations θ of X on BC_u(X) (the C^∗-algebra of bounded, uniformly continuous functions on X) and the imaginary exponential of the flux of the magnetic field, that defines a cocycle ω_B on X × X with values in the group of unitary elements in BC_u(X). From these one can define the C^∗-algebra C := BC_u(X) ⋊^{ωB}_θ X (the twisted crossed product) that mixes in a subtle non-commutative way BC_u(X) and L^1(X). Then any representation of C contains at the same time multiplication operators (by functions of class BC_u(X)) and C_∞- functions of the magnetic momenta, the commutation formulae: i[Q_j , Q_k] = 0, i[Π^A_j , Q_k] = δ_{jk} , i[Π^A_j , Π^A_k ] = B_{kj} being taken into account. We prove in this paper that any such representation also contains the resolvent family of the magnetic Schrödinger Hamiltonian H.

2 The Twisted Crossed Product Algebra Associated to a Magnetic Field

We consider a magnetic field as being defined by a bounded, uniformly continuous, matrix-valued function B : X → M_{n,n} (R) satisfying the conditions: B_{jk} = −B_{kj} , ∂_j B_{kl} + ∂_kB_{lj} + ∂_lB_{jk} = 0.

The physical description of a particle moving in a magnetic field B is obtained by replacing the usual momentum p of the particle by the expression π := p − A(x) where A is a vector potential for our magnetic field, i.e. a vector function A : X → X satisfying: B_{jk} = ∂_j A_k − ∂_kA_j . Under our hypothesis on the function B such a vector potential always exists but is not unique (for example any gradient of a regular scalar function can be added to A).

The unitary groups associated to the self-adjoint operators Π^A_j are the magnetic translations [S], [Z]. They do not commute and their composition puts into evidence the following imaginary exponential of the flux of the magnetic field:

ω_B(x, y; q) := exp { −i ∫ <q,q+x,q+x+y> B(ξ)dσ(ξ) } , where < q, q + x, q + x + y > is the triangle defined by the points: q, q + x, q + x + y. We consider this function as a mapping X × X ∋ (x, y) → ω_B (x, y; .) ∈ C_u(X; T^1) (where T^1 is the multiplicative group of complex numbers of modulus one) and observe that: ω_B (x, y)ω_B (x + y, z) = θ(x){ω_B (y, z)}ω_B(x, y + z), (2.1) ω_B(x, 0) = ω_B (0, x) = 1, (2.2) ω(x, −x) = ω(−x, x) = 1, (2.3) where (θ(x)f)(y) := f(y + x) denotes the action of X by translations on BC_u(X).

Definition 2.1. We shall call a Twisted Quantum Dynamical System, shortened TQDS, a quadruplet {X, A, θ, ω} where: X is a second-countable locally compact abelian group, A is a separable abelian unital C^∗-algebra, θ : X → Aut(A) is a continuous group homomorphism (taking the topology of simple convergence on Aut(A)) and ω : X × X → U(A) is a continuous mapping into the group of unitary elements of A satisfying conditions (2.1, 2.2). We say that ω is a θ-2-cocycle. If the θ-2-cocycle ω also satisfies (2.3) we say that we have a Magnetic Quantum Dynamical System, shortened a MQDS.

Definition 2.2. A covariant representation of a TQDS {X, A, θ, ω} is a triple {H, U, ρ} where H is a Hilbert space, U : X → U(H) is a strongly continuous mapping into the group of unitary operators on H and ρ : A → B(H) a non-degenerate representation of A on H such that: U(x)U(y) = ρ[ω(x, y)]U(x + y), U(x)ρ(A)U(x)^∗ = ρ[θ(x)A] (by non-degenerate we mean that the linear space generated by the family {ρ(A)u | ∀A ∈ A, ∀u ∈ H} is dense in H).

The Twisted Convolution Algebra. Let us fix a Haar measure dx on X and consider the complex linear space L^1(X; A) of Bochner integrable vector functions on X with values in A, with the L^1-norm ‖f‖_{1,A} := ∫ X dx‖f(x)‖_A. We define the composition given by the following ’twisted convolution’:

(f ⋆^ω_θ g)(x) := ∫ X dy { θ ( y − x 2 ) [f(y)] } { θ (y 2 ) [g(x − y)] } { θ ( − x 2 ) ω(y, x − y) }

and an involution defined by f^⋆(x) := f(−x)^∗. We shall denote the structure thus defined by L^1_θ(X; A)^ω and call it the twisted convolution algebra associated to the TQDS; it is not difficult to verify that it forms a Banach^∗-algebra. Let us observe that we use an isomorphic form of the usual twisted crossed product, that in the absence of the magnetic field leads to the Weyl form of the symbolic calculus. Given a Banach^∗-algebra B, any C^∗-seminorm on it is bounded by the given norm, so that the supremum of these C^∗-seminorms exists and satisfies the same bound. We call the C^∗-algebra obtained by separation and completion its enveloping C^∗-algebra [D], denoted by C^∗[B]; let j : B → C^∗[B] be the natural morphism thus obtained. Then C^∗ [ L^1_θ(X; A)^ω ] ≡ A ⋊^ω_θ X is called the twisted crossed product of A by X.

In this case the application j is injective so that L^1_θ(X; A)^ω is isomorphic to a dense^∗-subalgebra of A ⋊^ω_θ X. Let us observe that in the literature there are equivalent definitions of this structure but we do not want to insist upon this point. It is known that the non-degenerate representations of A ⋊^ω_θ X are in a one-to-one correspondence with the covariant representations of the TQDS {X, A, θ, ω}. For a covariant representation {H, U, ρ} we denote by ρ ⋊ U the associated representation of the twisted crossed product and we have: (ρ ⋊ U)(f) := ∫ X dx ρ ( θ( x 2 )f(x) ) U(x), ∀f ∈ L^1(X; A). Proposition 2.3. For any TQDS:

1. The representation U : X → U(H) induces a linear contraction Ũ : L^1(X) → B(H), with L^1(X) considered as a complex Banach space Ũ(ϕ) := ∫ X dx ϕ(x)U(x);

2. The image (ρ ⋊ U){A ⋊^ω_θ X} is equal to the norm closure of the linear space generated by the set {ρ(a)Ũ(ϕ) | ∀a ∈ A, ∀ϕ ∈ L^1(X)}. The statement remains true for the linear space generated by the set of products taken in the reversed order.

The first point is obvious; the second one follows by rephrasing the proof in [GI1] for the untwisted case.

The Schrödinger Representation. The arguments below may be generalized to any TQDS due to the triviality of the θ-2-cohomology group discussed in [GI2], but for space reasons we shall concentrate on the physical case of interest.

To a quantum particle in a magnetic field one can associate in a natural way a MQDS and, once a vector potential A is chosen, a covariant representation of it. In fact one takes: X := R^n the group of translations; A := BC_u(R^n ) the algebra of observables associated to the position operator; (θ(x)a)(y) := a(y + x) the standard representation of translations on this algebra; ω := ω_B the θ-2-cocycle defined by the magnetic field; H := L^2(R^n ), (ρ(a)u)(x) ≡ (a(Q)u)(x) := a(x)u(x), U_A(x) = Λ_A(x)T (x) (the magnetic translation), where: (T (x)u)(y) := u(y +x), Λ_A(x) := exp{−iΓ_A[Q, Q+x]} ∈ B(H) with Γ_A[x, y] := ∫ [x,y] A(ξ)·dξ (the circulation of A along the line segment [x, y]). We call this covariant representation the Schrödinger representation with vector potential A. We denote R_A ≡ ρ ⋊ U_A and we have

R_A(f)u := ∫ X dxf ( x, Q + x 2 ) Λ_A(x)T (x)u. (2.4)

It is easy to verify that this representation is injective and the following ’gauge covariance’ relation holds: ρ(e^{iλ})R_A(f)ρ(e^{−iλ}) = R_{A+∇λ}(f), ∀λ ∈ C^1(X; R). 3 The Resolvent of the Magnetic Schrödinger Hamiltonian

Let us denote by h : X → R the analytic function h(p) := ∑_n j=1 p^2_j and let h := Fh be its Fourier transform that defines a compactly supported distribution of second order. Given a magnetic field B and an associated vector potential A, the operator h(Π^A) gives the corresponding Schrödinger Hamiltonian on L^2(X). Our aim is to show that its resolvent belongs to the image through the Schrödinger representation of C = A ⋊^{ωB}_θ X with A = BC_u(X). This is an instance of the following abstract setting.

Let C be a C^∗-algebra; we call an observable affiliated to C [ABG] a morphism Φ : C_∞(R) → C. If C is a C^∗-subalgebra of B(H), a self-adjoint operator H on H defines an observable affiliated to C iff η(H), defined by functional calculus, belongs to C for any η ∈ C_∞(X). By an usual density argument this follows if one has (H − z)^{−1} ∈ C for any z with ℑz ≠ 0.

Let z ∈ C \R be fixed and let us define: h_z := h−z1, h_z := Fh_z and G_z := Fh^{−1}_z . Then G_z is a function that solves the equation (−Δ − z)G_z = δ or equivalently h_z ∗ G_z = δ (with ∗ the usual convolution of distributions). Our aim is to ’deform’ this equation in order to obtain an inverse of h_z for the ⋆^{ωB}_θ -operation and prove that it is in fact an element of the algebra BC_u(X) ⋊^{ωB}_θ X and thus the affiliation of h to this algebra. In order to do this we have to extend ⋆^{ωB}_θ to a slightly larger class of distributions.

First of all let us observe that any function f ∈ L^1_θ(X, A)^{ωB} defines a linear continuous map S(X) → A by the formula < f, φ >:= ∫ X dxf(x)φ(x), ∀φ ∈ S(X). In a similar way, any h ∈ L^1(X) defines a map S(X; A) → A that we shall denote by << ., . >> the associated pairing. Then, taking g and h elements of L^1(X), one has the relations: < h ⋆^{ωB}_θ g, φ >=<< h, Ψ^B_g (φ) >> and < g ⋆^{ωB}_θ h, φ >=<< h, Ψ̃^B_g (φ) >> with

Ψ^B_g (φ)(y) := ∫ X dx g(x)φ(x + y) { θ ( − x + y 2 ) ω_B(y, x) } (3.5)

Ψ̃^B_g (φ)(y) := ∫ X dx g(x)φ(x + y) { θ ( − x + y 2 ) ω_B(x, y) } . (3.6)

These formulae allows us to extend the ⋆^{ωB}_θ -operation to the Dirac measure δ in 0 ∈ X that becomes a unit for the algebra L^1_θ(X; A)^{ωB} . Let L^1_θ(X; A)^{ωB} ⊕ C δ be the minimal unital extension of L^1_θ(X; A)^{ωB} and we shall continue to denote by ⋆^{ωB}_θ the associative operation on this larger algebra. By the same formula (3.5) we may extend the ⋆^{ωB}_θ -operation to the pair (h_z , f) with f ∈ L^1_θ(X; A)^{ωB} , under some regularity assumptions on the magnetic field B.

Hypothesis 3.4. The magnetic field is given by a bounded matrix-valued C^2-function with bounded derivatives up to second order.

It is evident that for ℑz ≠ 0 the function h^{−1}_z is a symbol of class S^{−2} (in the sense defined in $1.1 of [ABG]) and that for z = ±iσ, with σ > 0, we have h_{±iσ}(p)^{−1} = σ^{−1}h_{±i}(p/σ^{1/2})^{−1}.

Lemma 3.5. For m > 0 suppose given a familly of functions {f_σ}_{σ>0} ⊂ S^{−m}(R^n ), satisfying the homogeneity condition f_σ (p) = σ^af_1(p/σ^b). Then Ff_σ ∈ L^1(R^n ) for any σ and we have the estimate ‖Ff_σ‖_L1 = σ^a‖Ff_1‖_L1 .

This lemma follows easily from Proposition 1.3.6 of [ABG] and the fact that for n < 2m any symbol of class S^{−m} is in L^2, so that its Fourier transform is also in L^2 ⊂ L^1_{loc}. A straightforward computation leads from the homogeneity of f_σ to that of the L^1-norm of its Fourier transform.

Using the Lemma above for {x^α∂^βG_{iσ} }_σ (with |α| ≤ 1, |β| ≤ 1) we get: ‖x^α∂^βG_{iσ} ‖_L1 ≤ σ^{−1−(|α−|β|)/2}‖x^α∂^βG_i‖_L1 . (3.7) For space reasons we shall continue the arguments in a minimal version, suitable for our explicit form of h and leave the general problem of extending the ⋆^{ωB}_θ -operation for a forthcoming paper. We shall consider a mollifier family {h^ϵ_z}_{ϵ>0} for h ∈ E^′_2(X) (the space of second order compactly supported distributions on X). Then for any g ∈ L^1(X) we define for φ ∈ S(X):

< h_z ⋆^{ωB}_θ g, φ >:= lim_{ϵ→0} << h^ϵ_z , Ψ^B_g (φ) >>,

< g ⋆^{ωB}_θ h_z , φ >:= lim_{ϵ→0} << h^ϵ_z , Ψ̃^B_g (φ) >> .

For g = G_z we have lim_{ϵ→0} << h^ϵ_z , Ψ^B_g (φ) >>= φ(0)+ < μ_z, φ >,

lim_{ϵ→0} << h^ϵ_z , Ψ̃^B_g (φ) >>= φ(0)+ < ν_z, φ >,

where μ_z (x) := − (∇G_z ) (x) · [( ∇_1 − ∇_2 ) ω_B ] (0, x) + G_z(x) [( ∇_1 − ∇_2

)_2 ω_B ] (0, x),

ν_z (x) := − (∇G_z ) (x) · [( ∇_2 − ∇_1 ) ω_B ] (x, 0) + G_z(x) [( ∇_2 − ∇_1

)_2 ω_B ] (x, 0) as maps in B(S(X); A) (here ∇_j signifies the gradient with respect to the j-th argument). For a magnetic field B

satisfying the Hypothesis 3.4, all the factors containing derivatives of the θ-2-cocycle ω_B in the above formulae are continuous functions from X × X into BC_u(X), bounded by quadratic polynomials in the variable x. Using these facts and the estimate (3.7) we obtain:

Lemma 3.6. We have h_z ⋆^{ωB}_θ G_z = δ + μ_z, G_z ⋆^{ωB}_θ h_z = δ + ν_z. For any z ∈ C \ R the two maps μ_z and ν_z belong to L^1_θ(X; A)^{ωB} and we have the estimates: ‖μ_{±iσ}‖_L1 ≤ σ^{−1}C, ‖ν_{±iσ}‖_L1 ≤ σ^{−1}C. Let us define: r_{±iσ} := G_{±iσ} ⋆^{ωB}_θ ∞∑ j=0 (μ_{±iσ} )^{⋆j} ; r̃_{±iσ} := ∞∑ j=0 (ν_{±iσ} )^{⋆j} ⋆^{ωB}_θ G_{±iσ} . (3.8)

Here f^{⋆j} means the ⋆^{ωB}_θ -product of j factors f. We define h_{±iσ} ⋆^{ωB}_θ r_{±iσ} and r̃_{±iσ} ⋆^{ωB}_θ h_{±iσ} by the same regularization method as above. Using the associativity property of the ⋆^{ωB}_θ -product and some obvious algebraic manipulations, we get: h_{±iσ} ⋆^{ωB}_θ r_{±iσ} = δ, r̃_{±iσ} ⋆^{ωB}_θ h_{±iσ} = δ, r̃_{±iσ} = r̃_{±iσ} ⋆^{ωB}_θ h_{±iσ} ⋆^{ωB}_θ r_{±iσ} = r_{±iσ} , r_{iσ} = r^⋆_{−iσ} and r_{iσ} − r_{−iσ} = 2iσr_{iσ} r_{−iσ} . By the Neumann series, Lemma 3.6 and the last two formulae above, we can define by analytic extension a resolvent function C \ R ∋ z → r_z ∈ C (extending r_{±iσ} ). This gives the following: Theorem 3.7. Let B be a magnetic field satisfying our Hypothesis 3.4. There exists an observable Φ_h affiliated to BC_u(X)⋊^{ωB}_θ X, such that for the extended operation defined above we have h_z ⋆^{ωB}_θ Φ_h(r_z ) = Φ_h(r_z )⋆^{ωB}_θ h_z = δ with r_z (t) := (t − z)^{−1}.

It is easy to see that for a magnetic field satisfying Hypothesis 3.4 one can always choose a vector potential satisfying Hypothesis 3.8. The vector potential A is in L^4_{loc}(X) and divA is in L^2_{loc}(X).

Theorem 3.9. For any magnetic field B satisfying Hypothesis 3.4 and for any associated vector potential satisfying Hypothesis 3.8, the formula (2.4) defining the Schrödinger representation may be extended to the distribution h, giving an essentially self-adjoint operator R_A(h) on C^∞_0 (X) ⊂ L^2(X). Its closure H^A satisfies:

H^A = n∑ j=1 (Π^A_j )^2, R_A(r_z) = (H^A − z)^{−1}.

Conclusion. The magnetic Schrödinger Hamiltonian defines an observable affiliated to the C^∗-algebra R_A {BC_u(X) ⋊^{ωB}_θ X}. P r o o f o f P r o p o s i t i o n 3.9. Let u ∈ C^∞_0 (X) and v ∈ L^2(X); we have u ∈ D(Π^A_j ), u ∈ ∩^n_{j=1}D((Π^A_j )^2) [LS] and −Δ_x < v, U^A(x)u >= ∑_n j=1 < v, (Π^A_j )^2u >. Using the mollifier family for h and the Dominated Convergence Theorem we extend formula (2.4) to obtain R_A(h) = ∑_n j=1(π^A_j )^2 on the domain C^∞_0 (X). Using once again the results in [LS] we obtain the essential self-adjointness of R_A(h) and thus the first stated equality. Observing that R_A extends naturally to the minimal unital extension of L^1_θ(X; A)^{ωB} and that R_A(δ) = 1 (the identity operator on L^2(X)), once again by a mollifier family for h and the remarks above we obtain the second stated equality. ■ Theorem 3.10. Let V ∈ BC_u(X) and V (Q) the operator of multiplication by V in L^2(X). Then H := H^A + V (Q) defines a self-adjoint operator on D(H^A) and an observable affiliated to R_A {BC_u(X) ⋊^{ωB}_θ X}.

Proof. The sum H := H^A + V (Q) is obviously self-adjoint on D(H^A) and for ℑz large enough the Neumann series for its resolvent (H − z)^{−1} = (H_A − z)^{−1} ∑ j≥0(−1)^j [ V (Q)(H_A − z)^{−1} ]_j is convergent in norm. Thus the conclusion of the Theorem follows once we know that the product V (Q)(H_A − z)^{−1} = ρ(V )R_A(r_z ) belongs to the C^∗-algebra C and this follows from the second point of Proposition 2.3. ■

A comparison of our formulae (3.8) and relation (5.30) from [N] shows that our method leads to a nonperturbative, representation independent definition of the resolvent of a large class of magnetic Schrödinger Hamiltonians.

Acknowledgements: The authors are grateful to the Physics Department of the University of Geneva and to Professor Werner Amrein for their kind hospitality during the preparation of a preliminary version of this manuscript.

References

[ABG] W. O. Amrein, A. Boutet de Monvel and V. Georgescu: “C_0-Groups, Commutator Methods and Spectral Theory of N-Body Hamiltonians”, Birkhäuser-Verlag, Basel-Boston-Berlin, 1996.

[AHS] J. Avron, I. Herbst, B. Simon: “Schrödinger operators with magnetic fields, I. General interactions, Duke Math. J., vol. 45 (1978), 847-883.

[AMP] W.O. Amrein, M. Măntoiu, R. Purice: “Propagation Properties for Schrödinger Operators Affiliated to Certain C*-Algebras”, preprint 2001

[B] J. Bellissard: “Gap labelling theorems for Schrödinger’s operators”, (in “From Number Theory to Physics”, eds. J.M. Luck, P. Moussa, M. Waldschmidt) Springer 1993; 538-630.

[BES] J. Bellissard, A. van Elst, H. Schulz-Baldes: “The non commutative geometry of the quantum Hall effect”, J. Math. Phys. 35 (1994), 5373-5471.

[CN] H. Cornean, G. Nenciu: “On Eigenfunction Decay for Two Dimensional Magnetic Schrödinger Operators”, Comm. Math. Phys. 192 (1998), 671-685.

[D] J. Dixmier: “C^∗-algebras”, North Holland, Amsterdam, 1977.

[GI1] V. Georgescu and A. Iftimovici: “C*-Algebras of Energy Observables: I. General Theory and Bumps Algebras”, preprint 00-520 at http://www.ma.utexas.edu/mp-arc/

[GI2] V. Georgescu and A. Iftimovici: “C*-Algebras of Energy Observables: II. Graded Symplectic Algebras and Magnetic Hamiltonians’, preprint 01-99 at http://www.ma.utexas.edu/mp-arc/

[LS] H. Leinfelder, C.G. Simader: “Schrödinger operators with singular magnetic vector potentials”, Math.

Z., 176 (1981), 1-19.

[M1] M. Mǎntoiu: “C^∗-Algebras, Dynamical Systems at Infinity and the Essential Spectrum of Generalized Schrodinger Operators”, preprint 01-298 at http://www.ma.utexas.edu/mp-arc/, to appear in J. Reine Angew. Math.

[M2] M. Mǎntoiu: “C^∗-Algebras and Topological Dynamics in Spectral Analysis”, preprint 01-476 at http://www.ma.utexas.edu/mp-arc/, to appear in the Proceedings of the Conference “Operator Algebras and Mathematical Physics”, Constantza 2001 (eds. J.M. Combes, J. Cuntz, G. Elliott, G. Nenciu, H. Siedentop, S. Stratila

[N] G. Nenciu: “On asymptotic perturbation theory for Quantum Mechanics: Almost invariant subspaces and gauge invariant magnetic perturbation theory”, preprint 00-96 at http://www.ma.utexas.edu/mparc/

[PR1] J.A. Packer, I. Raeburn: “Twisted crossed products of C^∗-algebras”, Math. Proc. Camb. Phil. Soc., 106 (1989), 293-311.

[PR2] J.A. Packer, I. Raeburn: “Twisted crossed products of C^∗-algebras. II”, Math. Annalen, 287 (1990), 595-612.

[P] M. Pascu: “On the essential spectrum of the relativistic magnetic Schrödinger operator”, preprint

[S] J. Sjöstrand: “Microlocal analysis for the periodic magnetic Schrödinger equation and related questions”, (in “Microlocal analysis and applications “ Lect. 2-nd sess., CIME 1989), LNM 1495, Springer-Verlag, Berlin-Heidelberg-New York.

[Z] J. Zak: “Magnetic translation group”, Phys. Rev. 134(6A), 1964