SL_2(R), EXPONENTIAL HERGLOTZ REPRESENTATIONS, AND SPECTRAL AVERAGING

FRITZ GESZTESY AND KONSTANTIN A. MAKAROV

Abstract. We revisit the concept of spectral averaging and point out its origin in connection with one-parameter subgroups of SL_2(R) and the corresponding Möbius transformations. In particular, we identify exponential Herglotz representations as the basic ingredient for the absolute continuity of average spectral measures with respect to Lebesgue measure and the associated spectral shift function as the corresponding density for the averaged measure. As a by-product of our investigations we unify the treatment of rank-one perturbations of self-adjoint operators and that of self-adjoint extensions of symmetric operators with deficiency indices (1, 1). Moreover, we derive separate averaging results for absolutely continuous, singularly continuous, and pure point measures and conclude with an averaging result of the κ-continuous part (with respect to the κ-dimensional Hausdorff measure) of singularly continuous measures.

1. Introduction

Spectral averaging is usually concerned with integrating the spectral measure of a one-parameter family of self-adjoint operators with respect to a parameter, typically a coupling constant or a boundary condition parameter. One then proceeds to proving the absolute continuity of the integrated (averaged) spectral measure with respect to Lebesgue measure. Actually, one is usually more ambitious and tries to establish the universality of spectral averaging, provided that averaging is carried out over the whole parameter space. That is, one intends to prove that the averaged measure does not depend upon the concrete choice of the one-parameter family of operators and that it is mutually equivalent to Lebesgue measure.

In this paper we revisit this circle of ideas and present a discussion of the following topics:

• The intimate connection between spectral averaging, SL_2(R), and Möbius transformations.

• The exponential Herglotz representation theorem is shown to be the underlying reason for absolute continuity of averaged spectral measures with respect to Lebesgue measure. In particular, this identifies the spectral shift function as the density in the absolutely continuous averaged spectral measure. • Various existing results on (universality of) spectral averaging are extended. In particular, we don’t assume the existence of a spectral gap (or boundedness from below) in the associated self-adjoint operators.

Date: April 19, 2002.

1991 Mathematics Subject Classification. Primary: 34B20; 47A11. Secondary: 34L05, 47A10. Key words and phrases. spectral averaging, SL_2(R), Möbius transformations, Herglotz representations.

St. Petersburg Math. J. (to appear). 1

• Conditions for (non)universality of spectral averaging to hold are identified. • A unified treatment of self-adjoint rank-one perturbations of a self-adjoint operator and self-adjoint extensions of a densely defined closed symmetric operator with deficiency indices (1, 1) is presented.

• Separate averaging for point spectra, absolutely continuous, and singularly continuous spectra are discussed.

• A partial result for averaging the κ-continuous part (with respect to the κdimensional Hausdorff measure) of singularly continuous measures is derived.

We next illustrate these ideas in two canonical cases: the case of rank-one perturbation theory and that of the theory of self-adjoint extensions of symmetric operators with deficiency indices (1, 1).

Let A be a self-adjoint operator in a separable complex Hilbert space H and P an orthogonal rank-one projection in H. We introduce two Herglotz functions, M and N, associated with the pair (A, P ) M(z) = tr(P (A − z)^{−1}P ), z ∈ C_+ (1.1) and N(z) = tr(P (zA + I)(A − z)^{−1}P ), z ∈ C_+ , (1.2) with C_+ the open upper complex half-plane. One then has the Herglotz representations, M(z) = ∫ R dμ(λ) λ − z , z ∈ C_+ , (1.3)

with μ a probability measure on R, μ(R) = 1, and

N(z) = B + ∫ R dν(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+ , (1.4)

with B ∈ R and ν a Borel measure satisfying ∫ R dν(λ) 1 + λ^2

< ∞. (1.5)

Actually, a short computation reveals that N(z) = z + (1 + z^2)M(z) (1.6) and dν(λ) = (1 + λ^2)dμ(λ), B = Re(N(i)) = 0. (1.7) Thus, (1.4) simplifies to N(z) = ∫ R (1 + λ^2)dμ(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+ . (1.8)

If A is unbounded and ran(P ) ∩ dom(A) = {0}, then the measure ν is infinite. Lemma 1.1. Consider the one-parameter family of self-adjoint operators, A_t = A + tP, t ∈ R, (1.9) with resolvents (A_t − z)^{−1} = (A − z)^{−1} − 1 M(z) + (1/t) (A − z)^{−1}P (A − z)^{−1}, (t, z) ∈ R × C_+ , (1.10) and M given by (1.1). Moreover, introduce

M_t(z) = M(z) tM(z) + 1 , (t, z) ∈ R × C_+ . (1.11)

Then M_t is the corresponding M-function associated with the pair (A_t, P ) (cf. (1.1)). Denote by μ_t the measure in (1.3) associated with M_t and by Δ a bounded Borel set on R. Then averaging μ_t yields an absolutely continuous measure with respect to Lebesgue measure, ∫_{t2} t_1

dt μ_t(Δ) = ∫ Δ dλ [ξ(λ; A_{t2} , A) − ξ(λ; A_{t1} , A)], (1.12)

where ξ(·, B, A) is the spectral shift function associated with the pair (B, A) of selfadjoint operators. Moreover, spectral averaging is universal in the sense that ∫_∞ −∞ dt μ_t(Δ) = |Δ|, (1.13)

with | · | denoting Lebesgue measure on R.

Remark 1.2. The proof of the lemma is well-known and can be found in [25] and [42]. In fact, (1.12) is a particular case of the Birman–Solomyak spectral averaging formula [6] proven in the mid-seventies.

Lemma 1.3. Assume that A is an unbounded self-adjoint operator and ran(P ) ∩ dom(A) = 0. (1.14) Then the one-parameter family of operator-valued functions

R_t(z) = (A − z)^{−1} − 1 N(z) + (1/t) (A − i)(A − z)^{−1}P (A + i)(A − z)^{−1}, (1.15) (t, z) ∈ R × C_+ , with N given by (1.2), are the resolvents of a one-parameter family of self-adjoint operators {A_t}_{t∈R}. Introducing,

N_t(z) = N(z) − t tN(z) + 1 , (t, z) ∈ R × C_+ , (1.16)

then N_t is the N-function (in the sense of (1.15)) of the pair (A_t, P ) (cf. (1.8)). The family {A_t}_{t∈R} is a one-parameter family of self-adjoint extensions of a closed symmetric densely defined operator Ȧ with deficiency indices (1, 1), Ȧ = A | |_{dom(Ȧ)}, dom(Ȧ) = ⋂ t∈R dom(A_t). (1.17)

In particular, lim_{t→0} A_t = A in the strong resolvent sense. Denote by ν_t the measure in (1.8) associated with N_t and by Δ a bounded Borel set on R. Then averaging ν_t yields an absolutely continuous measure with respect to Lebesgue measure, 1 π ∫_{t2} t_1 dt 1 + t^2 ν_t(Δ) = ∫ Δ dλ [ξ(λ; A_{t2} , A) − ξ(λ; A_{t1} , A)]. (1.18)

Moreover, spectral averaging is universal in the sense that 1 π ∫_∞ −∞ dt 1 + t^2 ν_t(Δ) = |Δ|. (1.19)

Remark 1.4. The resolvent formula (1.15) is due to Krein [34] and Naimark [37]. The proof of the transformation law (1.16) can be found, for instance, in [21]. The spectral averaging formula (1.18) in the case of boundary condition dependence for a semibounded Schrödinger operator is due to Javrjan [29]. Javrjan’s method can easily be adapted to the case of arbitrary self-adjoint operators A having a spectral gap. The treatment of the general case of A with spec(A) = R needs some additional information on the spectral shift function theory in the case of relatively trace class perturbation. In this case the spectral shift function should be viewed as a path-dependent homotopy invariant characteristics of the perturbation (see, [47, Ch. 8, Sect. 8]) and the proof of (1.18) requires minor additional efforts.

In the case of perturbation theory the transformation (1.11) can be represented in the form M_t(z) = g_t(M(z)), (1.20)

where {g_t}_{t∈R} is a one-parameter group of automorphisms of the open upper halfplane C_+ g_t ∘ g_s = g_{t+s}, s, t ∈ R, (1.21) where g_t(z) = z tz + 1 , (t, z) ∈ R × C_+ . (1.22)

In the case of self-adjoint extension theory the transformation (1.16) can be written as N_t(z) = f_t(N(z)), (1.23)

where {f_t}_{t∈R} is a one-parameter family of automorphisms of C_+

f_t(z) = z − t tz + 1 , (t, z) ∈ R × C_+ . (1.24)

The family of transformations {f_t}_{t∈R} is not a one-parameter subgroup of SL_2(R). However, by a change of parametrization t → tan(t), the group law (1.21) can be restored with g_t(z) = f_{arctan(t)}(z), (t, z) ∈ R × C_+ . (1.25)

In either case, the one-parameter family {g_t}_{t∈R} of automorphisms of C_+ gives rise to a dynamical system on a certain “phase space” of measures as discussed in Section 3.

We continue with an intuitive explanation of how exponential Herglotz representations, and hence spectral shift functions, naturally enter the averaging process (1.12), (1.18). In both cases, Lemma 1.1 and 1.3, M_t, respectively, N_t (the latter after reparametrizing t → tan(t)) are of the type,

M_t(z) = a_tM_0(z) + b_t c_tM_0(z) + d_t = d dt Ln(c_tM_0(z) + d_t), (t, z) ∈ R × C_+ . (1.26)

Here M_0 represents M and N in Lemmas 1.1 and 1.3, respectively, Ln(·) denotes the logarithm on the standard infinitely sheeted Riemann surface branched at zero and infinity (and some care taking appropriate sheets must be exercised), and the coefficients a_t, b_t, c_t, d_t are all real-valued satisfying ( a_t b_t c_t d_t ) | | |_{t=0} = ( 1 0 0 1 ) and a_td_t − b_tc_t = 1, t ∈ R. (1.27)

Since M_0 is a Herglotz function, so is M_t for each t ∈ R. Similarly, c_tM_0 + d_t is a Herglotz or anti-Herglotz function and thus M_t and c_tM_0 + d_t admit Herglotz and exponential Herglotz representations of the type,

M_t(z) = B_t + ∫ R d ω_t(λ) ( 1 λ − z − λ 1 + λ^2 ) , (1.28)

Ln(c_tM_0(z) + d_t)) = C_t + ∫ R dλ ξ_t(λ) ( 1 λ − z − λ 1 + λ^2 ) , (1.29)

where B_t, C_t ∈ R,

ω_t((λ_1, λ_2]) = lim_{δ↓0} lim_{ε↓0} 1 π ∫_{λ2 +δ} λ_1 +δ

dλ Im(M_t(λ + iε)), (1.30)

ξ_t(λ) = 1 π lim_{ε↓0} Im ( Ln(c_tM_0(λ + iε) + d_t) ) for a.e. λ ∈ R, (1.31) and ∫ R dω_t(λ) 1 + λ^2 < ∞, ξ_t(·) ∈ L^∞(R), t ∈ R. (1.32) Thus, one formally obtains for any bounded Borel set Δ ⊂ R, ∫_{t2} t_1

dt ω_t(Δ) = 1 π ∫ Δ dλ ∫_{t2} t_1 dt lim_{ε↓0} d dt Im ( Ln(c_tM_0(λ + iε) + d_t) )

= ∫ Δ dλ ∫_{t2} t_1 dt d dt ξ_t(λ) = ∫ Δ dλ [ξ_{t2} (λ) − ξ_{t1} (λ)], (1.33)

freely interchanging integrals, limits, and differentiation. Once rigorously established, (1.33) proves that averaging ω_t over the interval [t_1, t_2] yields a measure absolutely continuous with respect to Lebesgue measure on R and density related to the spectral shift function ξ = ξ_{t2} − ξ_{t1} . Moreover, in the case of perturbations discussed in Lemma 1.1, one can show that

ξ_{t2} (λ) − ξ_{t1} (λ) → 1 as t_1 ↓ −∞ and t_2 ↑ ∞ (1.34)

and hence the universal behavior (1.13) ∫_∞ −∞ dt ω_t(Δ) = |Δ| (1.35)

emerges. The case of self-adjoint extensions discussed in Lemma 1.3 requires some additional periodicity considerations with respect to t but in the end also yields the universality in (1.19). However, a third case of one-parameter subgroups of SL_2(R) considered in the following sections shows that universality cannot be taken for granted and may in fact fail. The material in Sections 2 and 3 will justify the formal procedures in (1.33).

Before describing the contents of each section we briefly review the historical development of this subject, which appears to be less well-known. To the best of our knowledge, the credit for the first paper on spectral averaging belongs to Javrjan [28] (see also the subsequent [29]), who considered half-line Schrödinger operators on (0, ∞) and averaged over the boundary condition parameter at x = 0 as early as 1966. The next step is due to Birman and Solomyak [6] in 1975. They considered trace class perturbations of self-adjoint operators and averaged over the coupling constant parameter (using the differentiation formula for operator-valued functions by Daleckiĭ and S. Kreĭn [14]). Aleksandrov [1] appears to be the first to consider spectral averaging of a measure and separately averaging of its singular part in connection with the boundary behavior of inner functions in the unit disk in 1987. More recent treatments of spectral averaging can be found in Birman and Pushnitski [5], Gesztesy and Makarov [23], Gesztesy Makarov, and Naboko [22] (the latter references discuss an operator-valued version of the Birman–Solomyak averaging formula), Gesztesy, Makarov, and Motovilov [24], and Simon [42], [43].

The concept of spectral averaging became an important tool in investigations of disordered systems, in particular, in connection with random Schrödinger and Jacobi operators in the early eighties. In 1983, Carmona [8] (see also [9]), apparently unaware of previous results by Javrjan and Birman and Solomyak, used spectral averaging over boundary condition parameters to prove the existence of an absolutely continuous (a.c.) component in random and deterministic Schrödinger operators (he also proved that the rest of the spectrum consists of eigenvalues dense in certain intervals with exponentially localized eigenfunctions in some random cases). Kotani also used this approach to link the existence of pure point spectrum and exponentially decaying eigenfunctions with the positivity of the Lyapunov exponent in 1984 [32] (published in 1986). Kotani’s work inspired new proofs of exponential localization by Delyon, Lévy, and Souillard [18], [19], Simon and Wolff [44], Simon [41], Delyon, Simon and Souillard [20], and Kotani and Simon [33] for one- and quasi-one-dimensional as well as multi-dimensional Anderson models (the latter for large disorder or sufficiently high energy) and one-dimensional random Schrödinger operators. In all these references spectral averaging over coupling constants plays a crucial role. This is especially transparent in the paper by Simon and Wolff [44], which uses results by Aronszajn [2] and Donoghue [21] as their point of departure to study the variation of singular spectra under rank-one perturbations of self-adjoint operators. This is also discussed in Simon’s review [42]. (For textbook presentations of spectral averaging in this context we refer to [10, Sect. VIII.2], [38, Sect. 13].) Subsequently, Gordon [26], [27] used spectral averaging in his studies of eigenvalues embedded in the essential spectrum. Spectral averaging has also been used to prove exponential localization for the one-dimensional Poisson model by Stolz [46]. A more general approach, involving two-parameter spectral averaging, has recently been employed to prove exponential localization in the Poisson and random displacement models in one dimension by Buschmann and Stolz [7]. The latter approach was again used by Sims and Stolz [45] in their discussion of exponential localization of the one-dimensional random displacement model and in a one-dimensional model of wave propagation in a random medium. Combes and Hislop [11] use averaging of spectral families to prove a Wegner-type estimate for a family of Anderson and Poisson-like multi-dimensional random Hamiltonians. Moreover, Combes, Hislop, and Mourre [12] in their discussion of perturbations of singular spectra and exponential localization for certain multi-dimensional random Schrödinger operators, and Combes, Hislop, Klopp, and Nakamura [13] in their study of the Wegner estimate and the integrated density of states, discuss spectral averaging in the spirit of Birman and Solomyak.

In Section 2 we collect basic facts on SL_2(R), Möbius transformations, and the infinitely sheeted Riemann surface of the logarithm, as needed in the subsequent sections. Section 3, the principal section of this paper, then develops spectral averaging for spectral measures as well as for the associated absolutely continuous, singularly contionuous, and pure point parts (with respect to Lebesgue measure). Finally, Section 4 obtains a partial result concerning spectral averaging of the κcontinuous part (with respect to the κ-dimensional Hausdorff measure) of the singularly continuous part of measures.

2. Preliminaries on SL_2(R) and on Möbius transformations

SL_2(R) denotes the group of 2 × 2 real matrices with determinant equal to 1. By definition, its Lie algebra, sl_2(R), consists of those matrices X such that e^{tX} ∈ SL_2(R) for all t ∈ R (cf., e.g., [35, Ch. VI]). Therefore, sl_2(R) consists of all 2 × 2 real matrices X with zero trace, tr(X) = 0. The following three matrices then form a basis for sl_2(R)

X_1 = ( 0 1 0 0 ) , X_2 = ( 1 0 0 −1 ) , X_3 = ( 0 0 1 0 ) , (2.1)

and one verifies the following commutation relations

[X_2, X_1] = 2X_1, [X_1, X_3] = X_2, [X_3, X_2] = 2X_3. (2.2)

If X ∈ sl_2(R) then the map t → e^{tX} , t ∈ R is a one-parameter subgroup of SL_2(R) and all one-parameter subgroups can be obtained in that way.

For future reference we recall the notion of automorphisms of the open complex upper half-plane C_+ , denoted by Aut(C_+ ):

Aut(C_+ ) = {g : C_+ → C_+ | g is biholomorphic (i.e., a conformal self-map of C_+ )}. (2.3)

Aut(C_+ ) becomes a group with respect to compositions of maps. For simplicity, this group is denoted by the same symbol.

To fix the notational setup we now introduce the following hypothesis.

Hypothesis 2.1. Given α, β, γ ∈ R, represent an element X = X(α, β, γ) ∈ sl_2(R) as

X = αX_1 + βX_2 + γX_3 = ( β α γ −β ) (2.4)

and denote by

g_t(z) = a_tz + b_t c_tz + d_t , (t, z) ∈ R × C_+ , g_0(z) = z, z ∈ C_+

(2.5)

the corresponding one-parameter group of automorphisms of the open upper-half plane C_+ such that ( a_t b_t c_t d_t ) = e^{tX} ∈ SL_2(R), t ∈ R. (2.6) We briefly recall a few facts in connection with Möbius (i.e., linear fractional) transformations (2.5). Let M be a Möbius transformation of the type M(z) = az + b cz + d , z ∈ C ∪ {∞}, a, b, c, d ∈ C , ad − bc ≠ 0. (2.7)

Then, (i) M maps R ∪ {∞} onto itself if and only if M admits a representation where a, b, c, d ∈ R and |ad − bc| = 1. (ii) M maps C_+ onto itself if and only if M admits a representation where a, b, c, d ∈ R and ad − bc = 1. (iii) Aut(C_+ ) is isomorphic to SL_2(R)/{I_2 , −I_2} (I_2 the identity matrix in R^2 ). (iv) Assuming det(M) = ad − bc = 1 in (2.7), one uses tr(M) = (a + d) to classify M as

elliptic, if (a + d) ∈ R and |a + d| < 2 parabolic, if (a + d) = ±2 hyperbolic, if (a + d) ∈ R and |a + d| > 2 loxodromic, if (a + d) ∈ C \R.

On the other hand, assuming (_{at bt} c_t d_t ) = e^{tX} , t ∈ R, with tr(X) = 0 and X = (_{β α} γ −β ) , one can use det(X) = −αγ − β^2 to classify the one-parameter subgroups of Möbius transformations in (2.5) and distinguish three cases:

Case I: det(X) > 0 (cyclic subgroup) Case II: det(X) = 0 Case III: det(X) < 0 (hyperbolic subgroup).

Lemma 2.2. Assume Hypothesis 2.1 and let (t, z) ∈ R × C_+ . (i) If det(X) > 0, then

g_t(z) = ( cos(ωt) +^β_ω sin(ωt) ) z +^α_ω sin(ωt) (_γ ω sin(ωt) ) z + cos(ωt) −^β_ω sin(ωt)

, (2.8)

where ω = √ det(X) > 0.

(ii) If det(X) = 0, then

g_t(z) = ( 1 + βt ) z + αt γtz + (1 − βt) . (2.9)

(iii) If det(X) < 0, then

g_t(z) = ( cosh(ωt) +^β_ω sinh(ωt) ) z +^α_ω sinh(ωt) (_γ ω sinh(ωt) ) z + cosh(ωt) −^β_ω sinh(ωt)

, (2.10)

where ω = √ | det(X)| > 0.

Proof. Since tr(X) = 0, every entry a_t, b_t, c_t, and d_t of the matrix e^{tX} in (2.6) is a solution of the initial value problem

ÿ + det(X)y = 0, (2.11)

y(0) = 1, ẏ(0) = β for y(t) = a_t, (2.12)

y(0) = 0, ẏ(0) = α for y(t) = b_t, (2.13)

y(0) = 0, ẏ(0) = γ for y(t) = c_t, (2.14)

y(0) = 1, ẏ(0) = −β for y(t) = d_t, (2.15)

where the dot · denotes d/dt. Solving the initial value problems (2.11), (2.12)–(2.15) proves (2.8)–(2.10).

Remark 2.3. If γ = 0 in (2.4) the subgroup g_t is a group of linear transformations of C_+ . If γ ∈ R\{0}, the subgroup g_t corresponds to the case of linear fractional transformations of C_+ . If γ ∈ R\{0}, the automorphism g_t(z) is a linear function in z if and only if t ∈ (π/ω)Z in case I and t = 0 in cases II and III, respectively. In other words,

γ ∈ R\{0} if and only if c_t ≠ 0 for { t ∈ R\{(π/ω)Z} in case I, t ∈ R\{0} in cases II, III.

(2.16)

Moreover, suppose that t ∈ R\{(π/ω)Z}, that is, g_t is not the identity transformation (g_t(z) ≠ z). Then case I consists of elliptic Möbius transformations. Case II always corresponds to parabolic Möbius transformations, and as long as t ≠ 0, case III corresponds to hyperbolic Möbius transformations.

Remark 2.4. The case of self-adjoint rank-one perturbations tP of self-adjoint operators A discussed in Lemma 1.1, corresponds to the case det(X) = 0 with α = β = 0, γ = 1 as one readily verifies upon comparison with (1.11). Similarly, the case of self-adjoint extensions of a closed symmetric densely defined operator Ȧ with deficiency indices (1, 1) discussed in Lemma 1.3 corresponds to the case det(X) = 1, ω = 1 with α = −1, β = 0, γ = 1 upon comparison with (1.16) and the change of parametrization t → tan(t) in (1.25).

Remark 2.5. The geometry of the trajectories ⋃ t∈R{g_t(z)}, z ∈ C_+ of the oneparameter groups of automorphisms (2.8)–(2.10) can be understood in terms of the trajectories ⋃ t∈R{F_t(z)}, z ∈ C_+ , of the map F_t given by

F_t(z) = ( 1 + βt ) z + αt γtz + (1 − βt) , (α, β, γ) ∈ R^3 . (2.17)

In fact, one has the following representations (X = X(α, β, γ), cf. (2.4))

g_t(z) =

F_{tan(}√_{det(X)t)/}√_{det(X)}(z) if det(X) = −αγ − β^2 > 0,

F_t(z) if det(X) = −αγ − β^2 = 0, F_{tanh(}√_{| det(X)|t)/}√_{| det(X)|}(z) if det(X) = −αγ − β^2 < 0.

(2.18)

Therefore, the trajectories of the groups (2.8)–(2.10) can be described by ⋃ t∈R {g_t(z)} = ⋃ t∈R {F_t(z)} in cases I and II (2.19) and ⋃ t∈R {g_t(z)} = ⋃ |t|<| det(X)|^{−1/2} {F_t(z)} ⫋ ⋃ t∈R {F_t(z)} in case III. (2.20)

One observes that F_t is a one-parameter group of transformations of C_+ with respect to t, that is, F_{t+s} = F_t ∘ F_s for all s, t ∈ R, if and only if αγ + β^2 = 0.

Next, we denote by log(·) the branch of the logarithm on the cut plane Π = C \[0, ∞) assuming

0 < arg(log(z)) < 2π for z ∈ Π, (2.21)

extending log(·) to the upper rim, ∂_+Π, of Π by

lim_{ε↓0} log(x + iε) ∈ R, x > 0 (2.22) and hence Im(log(x)) = π, x < 0. (2.23) Analytic continuation of the the branch log(·) defined above then leads to the infinitely sheeted Riemann surface R of the logarithm with branch points of infinite order at zero and infinity. We denote the resulting analytic function on R by Ln(·). For future reference we also introduce the nth sheet, S_n, of R. We use the convention S_0 = Π ∪ ∂_+Π. Ln: v → w = Ln(v) then maps the interior, int(S_n), of each sheet S_n biholomorphically onto the strip 2πn < Im(z) < 2π(n + 1) and v ∈ S_n if and only if 2πn ≤ arg(w) < 2π(n + 1), n ∈ Z. (2.24) Assuming Hypothesis 2.1 with γ ≠ 0, we will in the following

denote by ←−−−→ c_tz + d_t the lift of the trajectory t → c_tz + d_t to R,

with ←−−−−→ c_0z + d_0 = d_0 = 1 ∈ ∂S_0, z ∈ C_+ .

(2.25)

Lemma 2.6. Assume Hypothesis 2.1 with γ ∈ R\{0} (cf. (2.16)), let −∞ < t_1 < t_2 < ∞, z ∈ C_+ , and recall our convention (2.25). Then, ∫_{t2} t_1

dt Im(g_t(z)) = 1 γ Im ( Ln( ←−−−−−→ c_{t2} z + d_{t2} ) − Ln( ←−−−−−→ c_{t1} z + d_{t1} ) ) . (2.26)

Proof. Since the entries of the matrix (2.6) solve the system of differential equations d dt ( a_t b_t c_t d_t ) = ( β α γ −β ) ( a_t b_t c_t d_t ) , t ∈ R, (2.27) the following relations hold ċ_t = γa_t − βc_t, ḋ_t = γb_t − βd_t, (2.28) implying

a_t = ċ_t + βc_t γ and b_t = ḋ_t + βd_t γ . (2.29)

Thus,

a_tz + b_t = β γ (c_tz + d_t) + 1 γ (ċ_tz + ḋ_t), (2.30)

and hence

g_t(z) = a_tz + b_t c_tz + d_t = β γ + 1 γ ċ_tz + ḋ_t c_tz + d_t = β γ + 1 γ d dt Ln( ←−−−→ c_tz + d_t). (2.31)

Integrating (2.31) from t_1 to t_2 and taking imaginary parts of the resulting expression proves (2.26).

3. Dynamical systems on a space of measures As shown below, each one-parameter subgroup {e^{tX} }_{t∈R} of SL_2(R), or, what is the same, each one-parameter group {g_t}_{t∈R} of automorphisms of the open upperhalf plane C_+ , generates a dynamical system {g^∗_t }_{t∈R} on the (phase) space M = [0, ∞) × R × Ω. Here Ω denotes the space of Borel measures μ on R with the property ∫ R dμ(λ) 1 + λ^2

< ∞. (3.1)

Let {g_t}_{t∈R} be a one-parameter subgroup of Aut(C_+ ), the group of automorphisms of C_+ ,

g_t(z) = a_tz + b_t c_tz + d_t , (t, z) ∈ R × C_+ . (3.2)

Given a point (A_0, B_0, μ_0) ∈ M, introduce the Herglotz function

M_0(z) = A_0z + B_0 + ∫ R d μ_0(λ) ( 1 λ − z − λ 1 + λ^2 ) , z ∈ C_+ , (3.3)

where

μ_0((λ_1, λ_2)) + 1 2 μ_0({λ_1}) + 1 2 μ_0({λ_2}) = 1 π lim_{ε↓0} ∫_{λ2} λ_1

dλ Im(M_0(λ + iε)). (3.4)

Since for each t ∈ R, g_t ∈ Aut(C_+ ), the one-parameter family of functions M_t(z) = g_t(M_0(z)), (t, z) ∈ R × C_+ (3.5) is a one-parameter family of Herglotz functions. Therefore, M_t admits the representation

M_t(z) = A_tz + B_t + ∫ R d μ_t(λ) ( 1 λ − z − λ 1 + λ^2 ) , (t, z) ∈ R × C_+ (3.6)

for a unique triple (A_t, B_t, μ_t) ∈ M. Define the map g^∗_t : M → M, (A_0, B_0, μ_0) → (A_t, B_t, μ_t), t ∈ R. (3.7) Then, g^∗_{t+s} = g^∗_t ∘ g^∗_s , s, t ∈ R. (3.8) That is, {g^∗_t }_{t∈R} defines a dynamical system on M as claimed.

We note that

M_t(i) = A_ti + B_t + i ∫ R d μ_t(λ) 1 + λ^2

(3.9)

and thus,

A_t = ∫ R d μ_t(λ) 1 + λ^2

− Im(M_t(i)), B_t = Re(M_t(i)), t ∈ R. (3.10)

Moreover, if c_t ≠ 0 in (3.2), then A_t = 0, and hence ∫ R d μ_t(λ) 1 + λ^2

= Im(M_t(i)) if c_t ≠ 0. (3.11)

For the remainder of this section it is convenient to introduce the following assumptions.

Hypothesis 3.1. Assume Hypothesis 2.1 and

γ ∈ R\{0}, or equivalently, c_t ≠ 0 for { t ∈ R\{(π/ω)Z} in case I, t ∈ R\{0} in cases II, III. (3.12) The following statement is a variant of the exponential Herglotz representation theorem due to Aronszajn-Donoghue [3] (see also [4]).

Lemma 3.2. Assume Hypothesis 3.1, let (z, t) ∈ C_+ ×R, and recall our convention (2.25). Given a Herglotz function M_0 with M_0(i) ≠ 0, introduce the function

N_t(z) = Ln( ←−−−−−−−→ c_tM_0(z) + d_t). (3.13) Then N_t(·) is analytic on C_+ and the following representation holds

N_t(z) = Re(N_t(i)) + ∫ R dλ ξ_t(λ) ( 1 λ − z − λ 1 + λ^2 ) , (3.14)

where

ξ_t(λ) = 1 π lim_{ε↓0} Im ( Ln( ←−−−−−−−−−−−→ c_tM_0(λ + iε) + d_t) ) for a.e.λ ∈ R. (3.15)

Proof. Since M_0(i) ≠ 0, the expression c_tM_0(z) + d_t never vanishes, and hence the lift ←−−−−−−−→ c_tM_0(z) + d_t is well-defined as a point on R. To set the stage, we assume that ←−−−−−−−→ c_tM_0(z) + d_t is a point on the nth sheet S_n of R for some (and hence for all) z ∈ C_+ , that is,

2πn ≤ arg( ←−−−−−−−→ c_tM_0(z) + d_t) < 2π(n + 1), n ∈ Z. (3.16) Then, by the definition of Ln(·) on R, one obtains N_t(z) = log(c_tM_0(z) + d_t) + 2πin, (3.17) where log(·) denotes the branch (2.21), (2.22) on S_0 = Π ∪ ∂_+Π.

Given t ∈ R, there are three possible outcomes for N_t depending on whether c_t > 0, c_t < 0, and c_t = 0. If c_t > 0, the function c_tM_0(z) + d_t is a Herglotz function and thus,

N_t(z) = Re(N_t(i)) + ∫ R dλ η_t(λ) ( 1 λ − z − λ 1 + λ^2 ) + 2πin, (3.18)

where

η_t(λ) = 1 π Im ( log(c_tm_0(λ) + d_t) ) for a.e.λ ∈ R (3.19) and m_0(λ) = lim_{ε↓0} M_0(λ + iε) for a.e.λ ∈ R. (3.20)

Since 1 π ∫ R dλ ( 1 λ − z − λ 1 + λ^2 ) = i, z ∈ C_+ , (3.21)

one can rewrite (3.18) in the form (3.14) with ξ_t(λ) = η_t(λ) + 2n = 1 π Im ( log(c_tm_0(λ) + d_t) + 2πni )

= 1 π lim_{ε↓0} Im ( Ln( ←−−−−−−−−−−−→ c_tM_0(λ + iε) + d_t) ) , (3.22)

proving (3.14), (3.15) in the case c_t > 0.

If c_t < 0 one obtains N_t(z) = log(c_tM_0(z) + d_t) + 2πin = log(|c_t|M_0(z) − d_t) + 2πin + πi. (3.23)

Using the Herglotz representation theorem for |c_t|M_0(z) − d_t one arrives at

N_t(z) = Re(N_t(i)) + ∫ R dλ η_t(λ) ( 1 λ − z − λ 1 + λ^2 ) + 2πin + πi, (3.24)

where

η_t(λ) = 1 π Im(log(|c_t|m_0(λ) − d_t)) for a.e.λ ∈ R (3.25)

and (3.20) results again. Thus, (3.14) holds with

ξ_t(λ) = η_t(λ) + 2n − 1 = = 1 π lim_{ε↓0} Im ( log(c_tM_0(λ + iε) + d_t) + 2πni )

= 1 π Im ( Ln( ←−−−−−−−→ c_tm_0(λ) + d_t) ) . (3.26)

Finally, if c_t = 0, N_t(z) is a constant with respect to z

N_t(z) = log(d_t) + 2πi(n − 1) = log |d_t| + i(2π(n − 1) + arg(d_t)), Im(z) > 0, (3.27)

which proves (3.14) with

ξ_t(λ) = 2(n − 1) + π^{−1} arg(d_t) ∈ Z, (3.28)

a λ-independent integer constant.

Now we can prove the absolute continuity of the measure associated with the Herglotz representation of the integrated (averaged) Herglotz function

M_{t1,t2} (z) = ∫_{t2} t_1

dt M_t(z), Im(z) > 0, t_1, t_2 ∈ R, t_1 < t_2. (3.29)

Theorem 3.3. Assume Hypothesis 3.1, let z ∈ C_+ , t_j ∈ R, j = 1, 2, t_1 < t_2, and recall our convention (2.25). Then the integrated Herglotz function

M_{t1 ,t2} (z) = ∫_{t2} t_1

dt M_t(z) (3.30)

admits the Herglotz representation

M_{t1,t2} (z) = B_{t1,t2} + ∫ R dμ_{t1 ,t2} (λ) ( 1 λ − z − λ 1 + λ^2 ) . (3.31)

Here B_{t1 ,t2} ∈ R and the measure μ_{t1 ,t2} is absolutely continuous with respect to Lebesgue measure on R with Radon–Nikodym derivative (density) a bounded function^{dμt1 ,t2}_{dλ} = ξ_{t1 ,t2} ∈ L^∞(R). In fact,

ξ_{t1,t2} (λ) = 1 γ ( ξ_{t2} (λ) − ξ_{t1} (λ) ) , (3.32)

where

ξ_t(λ) = lim_{ε↓0} 1 π Im ( Ln( ←−−−−−−−−−−−→ c_tM_0(λ + iε) + d_t) ) , t ∈ R. (3.33)

Proof. By Lemma 2.6, Im(M_{t1 ,t2} ) admits the representation

Im(M_{t1,t2} (z)) = ∫_{t2} t_1

dt Im(g_t(M_t(z))) = 1 γ Im ( Ln( ←−−−−−−−−−→ c_{t2} M_0(z) + d_{t2} ) − Ln( ←−−−−−−−−−→ c_{t1} M_0(z) + d_{t1} ) ) . (3.34)

Hence, Im(M_{t1,t2} ) is uniformly bounded on C_+ , which proves that M_{t1,t2} has no linear term in its Herglotz representation. Moreover, by Fatou’s theorem, the boundedness of Im(M_{t1,t2} ) on C_+ ensures the absolute continuity of the measure μ_{t1 ,t2} in (3.31) with respect to Lebesgue measure on R. Hence, (3.32) is a consequence of (3.34).

Corollary 3.4. Assume in addition to the hypotheses of Theorem 3.3 that γ > 0, and t_1 < 0 < t_2. If det(X) > 0, assume in addition that − π 2 √ det(X)

< t_1 < 0 < t_2 < π 2 √ det(X)

. (3.35)

Then the density (3.32) has the form

ξ_{t1 ,t2} (λ) = 1 γ + 1 γπ Im ( log ( Θ(t_2)m_0(λ) + 1 −Θ(t_1)m_0(λ) − 1 )) for a.e. λ ∈ R, (3.36)

where m_0(λ) = lim_{ε↓0} (γM_0(λ + iε) − β) for a.e.λ ∈ R, (3.37) and

Θ(t) = lim s→ √_{det(X)} tan(st) s = tan(

√_{det(X)t)} √_{det(X)} if det(X) > 0,

t if det(X) = 0,

tanh( √_{| det(X)|t)} √_{| det(X)|} if det(X) < 0, t ∈ R. (3.38)

Remark 3.5. Define

T_1(X) = { −^π 2 √_{det(X)} , det(X) > 0, −∞, det(X) ≤ 0, , T_2(X) = {_π 2 √_{det(X)} , det(X) > 0, ∞, det(X) ≤ 0, , (3.39) then the density (3.32) has the form

ξ_{T1 (X),T2(X)}(λ) = 1 γ + 0 if det(X) ≥ 0, 1 γπ Im ( log (_{πm0(λ)+2}√_{| det(X)|}

πm_0 (λ)−2 √_{| det(X)|} )) if det(X) < 0. (3.40) Next, we discuss the following technical result.

Lemma 3.6. Assume Hypothesis 3.1, let t_j ∈ R ∪ {−∞, ∞}, j = 1, 2, t_1 < t_2, and denote by μ_{t1,t2} the Borel measure in the Herglotz representation (3.31) of the integrated Herglotz function (3.30). Then for any bounded Borel set Δ ⊂ R the function t → μ_t(Δ) is measurable and one has ∫_{t2} t_1

dt μ_t(Δ) = μ_{t1,t2} (Δ). (3.41)

Proof. The proof is based on the following representation ∫_{t2} t_1 dt ∫ R dμ_t(λ) f(λ) = ∫ R dμ_{t1 ,t2} (λ) f(λ), (3.42)

which holds for a wide function class of f to be specified below. We split the proof into four steps. First, we establish (3.42) for functions f of the following type f(λ) = ϕ_ε(λ − δ), ε > 0, δ ∈ R, (3.43) where ϕ_ε(λ) is an approximate identity,

ϕ_ε(λ) = ε^{−1}ϕ(ε^{−1}λ), with ϕ(λ) = 1 π 1 1 + λ^2 , λ ∈ R. (3.44) Second, we prove (3.42) for the functions f that can be represented as a convolution of ϕ_ε with a C^∞_0 -function k, f(λ) = (ϕ_ε ∗ k)(λ), k ∈ C^∞_0 (R), ε > 0. (3.45)

Third, we prove the validity of representation (3.42) for f ∈ C^∞_0 (R). Finally, we establish (3.42) for characteristic functions of finite intervals, implying assertion (3.41).

Step I. Let z = δ + iε ∈ C_+ . By representation (3.6) Im ( g_t(M_0(δ + iε)) ) = A_tε + ε ∫ R dμ_t(λ) (λ − δ)^2 + ε^2

. (3.46)

Since γ ≠ 0, A_t = 0 for almost all t ∈ R by (2.16) and hence ∫_{t2} t_1 dt Im ( g_t(M_0(δ + iε)) ) = ε ∫_{t2} t_1 dt ∫ R dμ_t(λ) (λ − δ)^2 + ε^2

. (3.47)

On the other hand, by Theorem 3.3 one infers ∫_{t2} t_1 dt Im ( g_t(M_0(δ + iε)) ) = ε ∫ R dμ_{t1 ,t2} (λ) (λ − δ)^2 + ε^2

. (3.48)

Comparing (3.47) and (3.48) proves (3.42) for the functions of the type (3.43), (3.44).

Step II. Let k ∈ C^∞_0 (R) and supp(k) ⊂ [δ_1, δ_2] for some −∞ < δ_1 < δ_2 < ∞. We start with two observations. Given ε > 0, the function k_ε(λ, δ) = ϕ_ε(λ − δ)k(δ), (λ, δ) ∈ R × [δ_1, δ_2], is summable with respect to the product measures dμ_t × dδ, t ∈ [t_1, t_2] as well as with respect to the product measure dμ × dδ, that is, k_ε ∈ L^1(R × [δ_1, δ_2]; dμ_t × dδ), t ∈ [t_1, t_2] (3.49) and k_ε ∈ L^1(R × [δ_1, δ_2]; dμ × dδ). (3.50)

Moreover, we claim that the function F_ε (cf. (3.45)), F_ε(t, δ) = ∫ R dμ_t(λ) ϕ_ε(λ − δ)f(δ), t ∈ [t_1, t_2], (3.51)

is summable on [t_1, t_2] × [δ_1, δ_2], that is, F_ε ∈ L^1([t_1, t_2] × [δ_1, δ_2]; dt × dδ). (3.52)

In order to prove (3.52), one notes that by representation (3.6), (3.46) holds again. Thus, given ε > 0, the function h, h(t, δ) = A_tε + ε ∫ R dμ_t(λ) (λ − δ)^2 + ε^2

, (3.53)

is continuous on [t_1, t_2] × [δ_1, δ_2]. Hence h(t, δ)f(δ) is also continuous on [t_1, t_2] × [δ_1, δ_2] and thus bounded. Since A_t = 0 a.e., F_ε(t, δ) is measurable and essentially bounded on [t_1, t_2] × [δ_1, δ_2]. This proves (3.52).

Now the validity of (3.42) for the function class (3.45) follows from the following chain of equalities ∫_{t2} t_1 dt ∫ R dμ_t (λ) (ϕ_ε ∗ k)(λ) = ∫_{t2} t_1 dt ∫ R dμ_t(λ) ∫_{δ2} δ_1

dδ ϕ_ε(λ − δ)k(δ) (since supp(k) ⊂ [δ_1, δ_2]) = ∫_{t2} t_1 dt ∫_{δ2} δ_1 dδ ∫ R dμ_t(λ) ϕ_ε(λ − δ)k(δ) (by (3.49) using Fubini’s theorem) = ∫_{δ2} δ_1 dδ ∫_{t2} t_1 dt ∫ R dμ_t(λ) ϕ_ε(λ − δ)k(δ) (by (3.52) using Fubini’s theorem) = ∫_{δ2} δ_1 dδ ∫ R dμ_{t1 ,t2} (λ) ϕ_ε(λ − δ)k(δ) (by step I) = ∫ R dμ_{t1,t2} (λ) ∫_{δ2} δ_1

dδ ϕ_ε(λ − δ)k(δ) (by (3.50) using Fubini’s theorem) = ∫ R dμ_{t1,t2} (λ) (ϕ_ε ∗ k)(λ) (since supp(k) ⊂ [δ_1, δ_2]). (3.54)

Step III. Let f ∈ C^∞_0 (R) with supp(f) ⊂ [δ_1, δ_2]. One infers

lim_{ε↓0} (ϕ_ε ∗ f)(λ) = lim_{ε↓0} ∫_{δ2} δ_1 dδ ϕ_ε(λ − δ)f(δ) = f(λ), (3.55) uniformly with respect to λ as long as λ varies in a compact set Λ ⊂ R. With Λ = [δ_1 − 1, δ_2 + 1], one obtains the estimate | | | | ∫_{δ2} δ_1 dδ ϕ_ε(λ − δ)f(δ) | | | | ≤ max

δ∈supp(f )

|f(δ)|(δ_2 − δ_1) 1 π ε dist^2(λ, [δ_1, δ_2]) , λ ∈ R\Λ. (3.56)

Thus, there exists a constant C = C(δ_1, δ_2) such that |(ϕ_ε ∗ f)(λ)| = | | | ∫_{δ2} δ_1 dδ ϕ_ε(λ − δ)f(δ) | | | ≤ C ε 1 + λ^2 , λ ∈ R\Λ. (3.57) Taking into account that sup t∈[t_1,t_2] ∫ R dμ_t(λ) 1 + λ^2

< ∞, (3.58)

the uniform convergence (3.55) combined with the estimate (3.57) and the result of Step II proves (3.42) for f ∈ C^∞_0 (R).

Step IV. Let Δ be a finite interval and f_1(λ) ≥ f_2(λ) ≥ . . . a monotone sequence of non-negative functions, f_n ∈ C^∞_0 (R), n ∈ N converging pointwise to the characteristic function of the interval Δ as n approaches infinity, that is lim_{n→∞} f_n(λ) = χ_Δ(λ), λ ∈ R. (3.59)

By the dominated convergence theorem one then obtains lim_{n→∞} ∫ R dμ_{t1 ,t2} (λ) f_n(λ) = ∫ R dμ_{t1 ,t2} (λ) χ_Δ(λ) = μ_{t1 ,t2} (Δ) (3.60) and lim_{n→∞} ∫ R dμ_t(λ) f_n(λ) = ∫ R dμ_t(λ) χ_Δ(λ) = μ_t(Δ), t ∈ [t_1, t_2]. (3.61)

Since 0 ≤ ∫ R dμ_t(λ) f_n(λ) ≤ ∫ R dμ_t(λ) f_1(λ)

≤ max

s∈supp(f_1 ) ( (1 + s^2)f_1(s) ) ∫ R dμ_t(λ) 1 + λ^2

≤ max

s∈supp(f_1 ) ( (1 + s^2)f_1(s) ) sup_{t∈R} ( ∫ R dμ_t(λ) 1 + λ^2 ) , (3.62)

one obtains lim_{n→∞} ∫_{t2} t_1 dt ∫ R dμ_t(λ) f_n(λ) = ∫_{t2} t_1 dt lim_{n→∞} ∫ R dμ_t(λ) f_n(λ) = ∫_{t2} t_1

dt μ_t(Δ), (3.63)

using the dominated convergence theorem again. By Step III and by taking into account (3.60), this proves (3.42) for f(λ) = χ_Δ(λ).

The extension from the case of bounded intervals Δ to the case of bounded Borel sets Δ is now straightforward, completing the proof.

Given a general Herglotz function M of the type M(z) = Az + B + ∫ R dμ(λ) ( 1 λ − z − λ 1 + λ^2 ) , A ≥ 0, B ∈ R, z ∈ C_+ , (3.64) we next introduce the following subsets of R, A(M) = { λ ∈ R | | | lim_{ε↓0} M(λ + iε) ∈ C + } , (3.65) P(M) = { λ ∈ R | | lim_{ε↓0} ε Im(M(λ + iε)) ∈ (0, ∞) } (3.66) ⋃ { λ ∈ R | | | lim_{ε↓0} ε^{−1}Im(M(λ + iε)) ∈ (0, ∞) } , S(M) = R\{A(M) ∪ P(M)}. (3.67) By results of Aronszajn [2], Donoghue [21], and Simon and Wolff [44], the subsets (3.65)–(3.67) are invariant with respect to the whole family {g ∘ M}_{g∈Aut(C+ )} of Herglotz functions, that is, A(M) = A(g ∘ M), P(M) = P(g ∘ M), S(M) = S(g ∘ M), g ∈ Aut(C_+ ). (3.68) Strictly speaking, these results were obtained for Herglotz functions being the Stieltjes transforms of finite Borel measures. For the sake of completeness we prove this invariance in the case of general Herglotz functions. The invariance of the set A(M) is obvious from (2.8)–(2.10). The invariance of the set S(M) is then a corollary of the one of P(M). In order to prove the invariance of the set P(M) one needs some additional considerations.

We start by recalling the following well-known result.

Lemma 3.7 (see, e.g., [2], [3], [44]). Let M be a Herglotz function with representation (3.64). Then, for any λ_0 ∈ R, lim_{ε↓0} (−iε)M(λ_0 + iε) = μ({λ_0}), (3.69) in particular, lim_{ε↓0} εIm(M(λ_0 + iε)) = μ({λ_0}) (3.70) and lim_{ε↓0} εRe(M(λ_0 + iε)) = 0. (3.71)

Definition 3.8. A Herglotz function M of the type (3.64) is said to have a normal derivative at the point λ ∈ R if the following two limits exist (finitely). (i) M(λ) = lim_{ε↓0} M(λ + iε) ∈ C . (ii) M^′(λ) = lim_{ε↓0}(M(λ + iε) − M(λ))/(iε) ∈ C . Lemma 3.9. Let M be a Herglotz function with representation (3.64). Assume, in addition, that lim_{ε↓0} ε^{−1}Im(M(λ_0 + iε)) ∈ (0, ∞) (3.72) for some point λ_0 ∈ R. Then M has a real normal boundary value at λ_0 and M has a strictly positive normal derivative at λ_0, that is, M(λ_0) = lim_{ε↓0} M(λ_0 + iε) ∈ R, (3.73)

M^′(λ_0) = lim_{ε↓0}

M(λ_0 + iε) − M(λ_0) iε ∈ (0, ∞). (3.74)

Proof. Let I be a finite open interval containing λ_0 and decompose M as M = M_1 + M_2, where

M_1(z) = Az + B + ∫ R\I dμ(λ) ( 1 λ − z − λ 1 + λ^2 ) − ∫ I dμ(λ) λ 1 + λ^2

, (3.75)

M_2(z) = ∫ I dμ(λ) λ − z . (3.76) Clearly, M_1(λ_0) = lim_{ε↓0} M_1(λ_0 + iε) ∈ R (3.77) and M^′_1(λ_0) = { lim_{ε↓0}^{M1(λ0 +iε)−M1 (λ0 )} iε > 0 if A ≠ 0 or μ(R\I) ≠ 0, 0 if A = 0 and μ(R\I) = 0.

(3.78)

Hypothesis (3.72) and (3.76) imply lim_{ε↓0} ε^{−1}Im(M_1(λ_0 + iε)) = 0 (3.79) and hence

lim_{ε↓0} ε^{−1}Im(M(λ_0 + iε)) = lim_{ε↓0} ε^{−1}Im(M_2(λ_0 + iε)) = lim_{ε↓0} ∫ I dμ(λ) (λ − λ_0)^2 + ε^2 = ∫ I dμ(λ) (λ − λ_0)^2

∈ [0, ∞), (3.80) using the monotone convergence theorem in the last step. Since I is a finite interval and ∫ I dμ(λ)(λ − λ_0)^{−2} < ∞ by (3.72) and (3.80), applying the dominated convergence theorem yields

lim_{ε↓0} Re(M_2(λ_0 + iε)) = lim_{ε↓0} ∫ I dμ(λ) (λ − λ_0) (λ − λ_0)^2 + ε^2 = ∫ I dμ(λ) λ − λ_0 ∈ R. (3.81) Thus, M_2(λ_0) = lim_{ε↓0} M_2(λ_0 + iε) ∈ R, (3.82) and combining (3.77) and (3.82) then proves (3.73). Applying the dominated convergence theorem again yields

M^′_2(λ_0) = lim_{ε↓0}

M_2(λ_0 + iε) − M_2(λ_0) iε = lim_{ε↓0} ∫ I dμ(λ) (λ − λ_0 − iε)(λ − λ_0) = {∫ I dμ(λ) (λ−λ_0 )^2 > 0 if μ(I) ≠ 0,

0 if μ(I) = 0.

(3.83)

Taking into account that by hypothesis (3.72), either A > 0 or μ(R) ≠ 0 in the Herglotz representation (3.64) of M, combining (3.78) and (3.83) proves (3.74). Lemma 3.10. Let M be a Herglotz function of the type (3.64). Then P(M) = P(g ∘ M), g ∈ Aut(C_+ ). (3.84) Proof. It sufficies to prove the inclusion P(M) ⊂ P(g ∘ M), g ∈ Aut(C_+ ). (3.85) Moreover, any automorphism g ∈ Aut(C_+ ) admits the representation g = g_1 ∘ f ∘ g_2, (3.86) where g_j ∈ Aut(C_+ ), j = 1, 2 are linear transformations of the upper half-plane, and f(z) = − 1 z , z ∈ C_+ . (3.87) Since P(M) is obviously invariant for linear transformations of C_+ , it suffices to establish the inclusion P(M) ⊂ P(f ∘ M). (3.88) Let λ ∈ P(M). By definition of P(M) either lim_{ε↓0} εIm(M(λ + iε)) ∈ (0, ∞) (3.89) or lim_{ε↓0} ε^{−1}Im(M(λ + iε)) ∈ (0, ∞). (3.90)

If (3.89) holds, then

lim_{ε↓0} ε^{−1}Im(f ∘ M(λ + iε)) = lim_{ε↓0} ε^{−1}

Im(M(λ + iε)) |M(λ + iε)|^2 ∈ (0, ∞), (3.91)

using (3.69)–(3.71). Therefore, λ ∈ P(f ∘ M). Next, assume that (3.90) holds. By Lemma 3.9 M(λ) = lim_{ε↓0} M(λ + iε) ∈ R and M(z) has a positive normal derivative at the point λ. If M(λ) ≠ 0 , then

lim_{ε↓0} ε^{−1}Im((f ∘ M)(λ + iε)) = lim_{ε↓0} ε^{−1}Im ( 1 M(λ) − 1 M(λ + iε) ) = M^′(λ) (M(λ))^2 > 0. (3.92) If M(λ) = 0, then

lim_{ε↓0} εIm((f ∘ M)(λ + iε)) = lim_{ε↓0} εIm ( − 1 M(λ + iε) ) = 1 M^′(λ)

> 0, (3.93)

that is, (3.90) implies λ ∈ P(f ∘ M). Therefore, in both cases (3.89) and (3.90), λ ∈ P(f ∘ M), which proves (3.88) and hence (3.84).

The following result provides a spectral characterization of the invariant sets A(M), S(M), and P(M) (see [44] for a strategy of the proof). We recall that a measure μ on R is supported by the set T ⊆ R if μ(R\T ) = 0.

Lemma 3.11. Let M be a Herglotz function of the type (3.64), g ∈ Aut(C_+ ), μ_g the measure in the Herglotz representation of g ∘ M, and μ_g = μ^{ac}_g + μ^{sc}_g + μ^{pp}_g , g ∈ Aut(C_+ ) (3.94) the Lebesgue decomposition of μ_g into its absolute continuous, singularly continuous, and pure point parts, respectively. Then μ^{ac}_g , μ^{sc}_g , and μ^{pp}_g are supported by A(M), S(M) and P(M), respectively.

Moreover, for any point λ ∈ P(M) there exists an automorphism g ∈ Aut(C_+ ) such that μ^{pp}_g ({λ}) > 0. (3.95)

Remark 3.12. Originally, the set P(M) has been introduced in the context of rank one perturbations in [44] by P(M) = { λ ∈ R | | μ({λ}) > 0} ⋃ {λ ∈ R | | ∫ R dμ(s) (s − λ)^2 < ∞ } . (3.96)

Naively one might think that the set R\A(M) coincides (modulo Lebesgue null sets) with the complement of the support of the absolutely continuous component μ^{ac} of the measure μ associated with the Herglotz function M. Thus, one might erroneously conclude that |supp(μ^{ac}) ∩ (R\A(M))| = 0. (3.97) The following counterexample illustrates the situation.

Example 3.13. Let K ⊂ [0, 1] be a closed nowhere dense set of a positive Lebesgue measure and let M(z) = ∫ R dμ(λ) λ − z , dμ(λ) = χ_{[0,1]\K} (λ) dλ, (3.98) where χ_Λ denotes the characteristic set of a set Λ ⊂ R. Then supp(μ) = supp(μ^{ac}) = [0, 1], (3.99) but |supp(μ^{ac}) ∩ (R\A(M))| = |K| > 0. (3.100) Thus, (3.97) does not hold in general.

Combining the results of Corollary 3.4, Remark 3.5, and Lemma 3.6, we can now formulate the following spectral averaging theorems.

Theorem 3.14. Assume Hypothesis 3.1 and let t_j ∈ R ∪ {−∞, ∞}, j = 1, 2, t_1 < t_2. Suppose M_0 is a Herglotz function of the type (3.64) and M_t, t ∈ R, is the one-parameter family of Herglotz functions given by (3.5) and (3.6). Denote by μ^{ac}_t , μ^{sc}_t , and μ^{pp}_t the absolutely continuous, singularly continuous, and pure point parts in the Lebesgue decomposition of μ_t in (3.6), μ_t = μ^{ac}_t + μ^{sc}_t + μ^{pp}_t , t ∈ R. (3.101) Then the following averaged measures ∫_{t2} t_1 dt dμ_t, ∫_{t2} t_1 dt dμ^{ac}_t , ∫_{t2} t_1 dt dμ^{sc}_t , ∫_{t2} t_1

dt dμ^{pp}_t (3.102)

are absolutely continuous with respect to Lebesgue measure on R. More precisely, given a bounded Borel set Δ ⊂ R, the functions t → μ_t(Δ), t → μ^{ac}_t (Δ), t → μ^{sc}_t (Δ), and t → μ^{pp}_t (Δ) are measurable and ∫_{t2} t_1 dt μ_t(Δ) μ^{ac}_t (Δ) μ^{sc}_t (Δ) μ^{pp}_t (Δ) = μ_{t1 ,t2} (Δ) μ_{t1 ,t2} (Δ ∩ A) μ_{t1 ,t2} (Δ ∩ S) μ_{t1 ,t2} (Δ ∩ P)

(3.103)

where μ_{t1,t2} is the absolutely continuous measure in the Herglotz representation (3.31) of the integrated Herglotz function (3.30) in Theorem 3.3 and A(M_0), P(M_0), and S(M_0) are the invariant sets (3.65)–(3.67) associated with the Herglotz function M_0. In particular, |{t ∈ R | μ^{sc}_t (R) ≠ 0}| = 0 if |S(M_0)| = 0, (3.104) |{t ∈ R | μ^{pp}_t (R) ≠ 0}| = 0 if |P(M_0)| = 0. (3.105) Proof. Equation (3.41) implies the result (3.103) since μ_t(Δ ∩ A(M_0)) =μ^{ac}_t (Δ ∩ A(M_0)), μ_t(Δ ∩ S(M_0)) =μ^{sc}_t (Δ ∩ S(M_0)), (3.106) μ_t(Δ ∩ P(M_0)) =μ^{pp}_t (Δ ∩ P(M_0)), and A(M_0), S(M_0), and P(M_0) are known to be Borel sets.

Remark 3.15. The “life-time” |{t ∈ R | μ^{sing}_t (R\A(M_0 )) ≠ 0}| is never zero whenever |S(M_0) ∪ P(M_0)| ≠ 0. Here μ^{sing}_t = μ^{sc}_t + μ^{pp}_t . (3.107) As concrete examples show (cf. [15]), it may be finite or infinite depending upon the choice of the Herglotz function M_0.

Remark 3.16. Example 3.13 shows that the sets supp(μ^{ac}_t ) and R\A may have nontrivial intersection of positive Lebesgue measure and that |{t ∈ R | μ^{sing}_t (supp(μ^{ac}_t )) ≠ 0}| ≠ 0 (3.108) in general.

As a corollary of the previous theorem we get the following global result. Theorem 3.17. Assume the hypotheses of Theorem 3.14 and let A(M_0), S(M_0), and P(M_0) be the invariant sets associated with the Herglotz function M_0. Then for any bounded Borel set Δ ⊂ R the following holds. (i) If det(X) > 0 then,

|γ| ∫_π/(_2√_{det(X)}) −π /(_2√_{det(X)}) dt μ_t(Δ) μ^{ac}_t (Δ) μ^{sc}_t (Δ) μ^{pp}_t (Δ) = |Δ| |Δ ∩ A(M_0)| |Δ ∩ S(M_0)| |Δ ∩ P(M_0)| (3.109)

(ii) If det(X) = 0 then,

|γ| ∫_∞ −∞ dt μ_t(Δ) μ^{ac}_t (Δ) μ^{sc}_t (Δ) μ^{pp}_t (Δ) = |Δ| |Δ ∩ A(M_0)| |Δ ∩ S(M_0)| |Δ ∩ P(M_0)| (3.110)

(iii) If det(X) < 0 then, |γ| ∫_∞ −∞ dt μ_t(Δ) = ∫ Δ dλ ξ(λ), (3.111) |γ| ∫_∞ −∞ dt μ^{ac}_t (Δ) = ∫ Δ∩A dλ ξ(λ), (3.112)

with

ξ(λ) = 1 + 1 π Im ( log ( πm_0(λ) + 2 √ | det(X)| πm_0(λ) − 2 √ | det(X)| )) for a.e. λ ∈ R (3.113)

and m_0 given by (3.37). Moreover, |γ| ∫_∞ −∞ dt μ^{sc}_t (Δ) = |Δ ∩ S(M_0) ∩ R(M_0)| (3.114) and |γ| ∫_∞ −∞ dt μ^{pp}_t (Δ) = |Δ ∩ P(M_0) ∩ R(M_0)|, (3.115)

where

R(M_0) = { λ ∈ R | | | lim_{ε↓0} M0(λ + iε) ∈ R and |m0(λ)| < (2/π) √ | det(X)| } . (3.116) Remark 3.18. Theorem 3.14 shows, in particular, the universality of the averaging on the whole parameter space in the case of cyclic groups g_t (associated with the one-parameter subgroups e^{tX} of SL_2(R)), where det(X) > 0, and in their limiting cases corresponding to det(X) = 0. However, the theorem also shows that averaging in the case of hyperbolic one-parameter subgroups g_t, with det(X) < 0, depends on the initial Herglotz function M_0.

Remark 3.19. An analogous result concerning the decomposition of Lebesgue measure | · | restricted to A and | · | restricted to R\A into integrals of the measures μ^{ac}_t and μ^{sing}_t = μ^{sc}_t + μ^{sing}_t on the unit circle first appeared in [1]. In the case of self-adjoint rank-one perturbations of self-adjoint operators (which is a special case of (3.110) as observed in Remark 2.4), (3.110) appeared in [17].

4. Spectral averaging and Hausdorff measures

Lebesgue’s decomposition of measures (3.101) is a particular case of a more general result in the theory of decomposing measures with respect to Hausdorff measures. This result states, in particular, that for each κ ∈ [0, 1], a Borel measure μ can be decomposed uniquely as μ = μ^{κ-c} + μ^{κ-s}, (4.1) where μ^{κ-c} is κ-continuous with respect to the κ-dimensional Hausdorff measure h^κ (i.e., μ^{κ-c} gives zero weight to sets with zero κ-dimensional Hausdorff measure h^κ) and μ^{κ-s} is κ-singular with respect to the κ-dimensional Hausdorff measure (i.e., μ^{κ-s} is supported on a set with of zero κ-dimensional Hausdorff measure h^κ). For more details on the decomposition (4.1) we refer to [36], [39], [40].

We recall that the κ-dimensional Hausdorff (outer) measure h^κ, κ ∈ [0, 1] of a set S ⊂ R is defined as h^κ(S) = lim_{δ↓0} inf_{δ−covers} ∑ n∈N |I_n(δ)|^κ, (4.2)

where the infimum is taken over countable collections of intervals {I_n(δ)}_{n∈N}, the δ-covers, such that S ⊂ ⋃ n∈N I_n(δ) and |I_n(δ)| < δ for all n ∈ N. (4.3)

We also recall that the Hausdorff dimension of a set S is defined by dim_H (S) = inf{κ ∈ [0, 1] | h^κ(S) = 0}. (4.4) The goal of this section is to obtain partial results concerning spectral averaging of the κ-continuous part μ^{sc,κ-c}_t with respect to h^κ, κ ∈ (0, 1) of the singular continuous part μ^{sc}_t (with respect to Lebesgue measure) (3.101) of the measure μ_t associated with the family of Herglotz functions M_t = g_t(M_0), μ^{sc}_t = μ^{sc,κ-c}_t + μ^{sc,κ-s}_t , t ∈ R, (4.5)

where g_t is a one-parameter group of automorphisms of Aut(C_+ ).

We introduce the following hypothesis.

Hypothesis 4.1. Let M_0 be a Herglotz function of the type (3.64), κ ∈ (0, 1),

S_κ(M_0) = { λ ∈ R | | | lim inf_{ε↓0} ε^{κ−1}Im(M0(λ + iε)) ∈ (0, ∞) } , (4.6)

and assume that the set A_κ(M_0), defined by

A_κ(M_0) = ⋃ κ^′∈[κ,1) S_κ′ (M_0), (4.7)

is a Borel set of positive Lebesgue measure.

We note that by Hypothesis 4.1, A_κ(M_0) ⊆ S(M_0), (4.8) where S(M_0) is the invariant set (3.67) associated with the Herglotz function M_0. Lemma 4.2. Assume Hypothesis 4.1 and the hypotheses of Theorem 3.14. Let μ^{sc}_t = μ^{sc,κ-c}_t + μ^{sc,κ-s}_t , t ∈ R (4.9) be the decomposition of the measure μ^{sc}_t (3.101) such that μ^{sc,κ-c} is κ-continuous and μ^{sc,κ-s} is κ-singular (with respect to the κ-dimensional Hausdorff measure h^κ). Then, for any bounded Borel set Δ ⊂ R and 0 ≠ |t| < π /( 2 √ det(X) ) in case I, and 0 ≠ t ∈ R in cases II and III, μ^{sc}_t (Δ ∩ A_κ(M_0)) = μ^{sc,κ-c}_t (Δ ∩ A_κ(M_0)). (4.10) Proof. We note that

0 < lim inf_{ε↓0} ε^{κ−1}Im(M_0(λ + iε)) (possibly equal to +∞) for λ ∈ A_κ(M_0). (4.11) Using the estimate Im(M_t(z)) =

Im(M_0(z)) |c_tM_0(z) + d_t|^2 ≤ 1 c^2_t Im(M_0(z))

, z ∈ C_+ (4.12) (we recall that c_t ≠ 0 and d_t ∈ R by hypothesis), one infers 0 ≤ lim sup_{ε↓0} ε^{1−κ}Im(M_t(λ + iε)) < ∞, λ ∈ A_κ(M_0). (4.13)

It is known (cf. [16, Lemma 3.2]) that (4.13) implies 0 ≤ lim sup_{δ↓0} μ_t(λ − δ, λ + δ) δ^κ < ∞, λ ∈ A_κ(M_0). (4.14)

Hence, by a result of Rogers-Taylor [39], [40] (also see [16, Theorem 2.1]) the measure μ_t ↾ A_κ(M_0) is a κ-continuous measure, which proves (4.10), since μ_t ↾ A_κ(M_0) = μ^{sc}_t ↾ A_κ(M_0) (4.15) by (4.8).

Remark 4.3. In general, we can neither state that A_κ(M_0) is a Borel set (cf. Hypothesis 4.1), nor that μ^{sc}_t (Δ) = μ^{sc,κ-c}_t (Δ ∩ A_κ(M_0)), t ≠ 0. (4.16) It was pointed out to us by Barry Simon that a different but not unrelated discussion of singular continuous measures for continuous and discrete half-line Schrödinger operators, based on asymptotic behavior of solutions, was recently provided in [31] (following a previous result in [30]).

As a corollary we get the following result.

Corollary 4.4. Assume the hypotheses of Lemma 4.2. Then for any bounded Borel set Δ ⊂ R the following hold. (i) If det(X) > 0 then, |γ| ∫_π/(_2√_{det(X)}) −π /(_2√_{det(X)}) dt μ^{sc,κ-c}_t (Δ ∩ Aκ(M0)) = |Δ ∩ Aκ(M0)|. (4.17)

(ii) If det(X) = 0 then, |γ| ∫_∞ −∞ dt μ^{sc,κ-c}_t (Δ ∩ A_κ(M_0)) = |Δ ∩ A_κ(M_0)|. (4.18)

(iii) If det(X) < 0 then, |γ| ∫_∞ −∞ dt μ^{sc,κ-c}_t (Δ ∩ A_κ(M_0)) = |Δ ∩ A_κ(M_0) ∩ R(M_0)|, (4.19)

where

R(M_0) = { λ ∈ R | | | lim_{ε↓0} M0(λ + iε) ∈ R and | | lim_{ε↓0} (γM_0(λ + iε) − β) | | < (2/π) √ | det(X)| } . (4.20)

Even though Corollary 4.4 appears to be a new result, it cannot be considered a complete analog of (3.103), since first of all we have no results for the singular part μ^{sc,κ−s} t , and secondly, we were not able to remove the set A_κ(M_0) on the left-hand sides of (4.17)–(4.19). We hope our present attempt will encourage future work in this direction.

Acknowledgments. We are indebted to Vadim Kostrykin, Yuri Latushkin, and Barry Simon for stimulating discussions and hints to pertinent literature and grateful to the referee for a careful reading of the manuscript.

References

[1] A. B. Aleksandrov, The multiplicity of the boundary values of inner functions, Sov. J. Contemp. Math. Anal. 22, No. 5, 74–87 (1987).

[2] N. Aronszajn, On a problem of Weyl in the theory of singular Sturm–Liouville equations, Amer. J. Math. 79, 597–610 (1957).

[3] N. Aronszajn and W. F. Donoghue, On exponential representations of analytic functions in the upper half-plane with positive imaginary part, J. Analyse Math. 5, 321-388 (1956–57).

[4] N. Aronszajn and W. F. Donoghue, A supplement to the paper on exponential representations of analytic functions in the upper half-plane with positive imaginary parts, J. Analyse Math. 12, 113–127 (1964).

[5] M. Sh. Birman and A. B. Pushnitski, Spectral shift function, amazing and multifaceted, Integr. Eq. Operator Theory 30, 191–199 (1998).

[6] M. Sh. Birman and M. Z. Solomyak, Remarks on the spectral shift function, J. Sov. Math. 3, 408–419 (1975).

[7] D. Buschmann and G. Stolz, Two-parameter spectral averaging and localization for nonmonotoneous random Schrödinger operators, Trans. Amer. Math. Soc. 353, 635–653 (2001).

[8] R. Carmona, One-dimensional Schrödinger operators with random or deterministic potentials: new spectral types, J. Funct. Anal. 51, 229–258 (1983).

[9] R. Carmona, Absolute continuous spectrum of one-dimensional Schrödinger operators, in Differential Equations, I. W. Knowles and R. T. Lewis (eds.), North-Holland, Amsterdam, 1984, pp. 77–86.

[10] R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Birkhäuser, Boston, 1990.

[11] J.-M. Combes and P. D. Hislop, Localization for continuous random Hamiltonians in ddimensions, J. Funct. Anal. 124, 149–180 (1994).

[12] J. M. Combes, P. D. Hislop, and E. Mourre, Spectral averaging, perturbation of singular spectrum, and localization, Trans. Amer. Math. Soc. 348, 4883–4894 (1996).

[13] J. M. Combes, P. D. Hislop, F. Klopp, and S. Nakamura, The Wegner estimate and the integrated density of states for some random operators, preprint, 2001.

[14] Yu. L. Daleckiĭ and S. G. Kreĭn, Formulas of differentiation according to a parameter of functions of Hermitian operators, Doklady Akad. Nauk SSSR 76, 13–16 (1951). (Russian.)

[15] R. del Rio, S. Fuentes, and A. Poltoratski, Coexistence of spectra in rank-one perturbation problems, preprint, 2001.

[16] R. del Rio, S. Jitomirskaya, Y. Last, and B. Simon, Operators with singular continuous spectrum. IV. Hausdorff dimensions, rank one perturbations, and localization, J. Analyse Math. 69, 153–200 (1996).

[17] R. del Rio, B. Simon, and G. Stolz, Stability of spectral types for Sturm-Liouville operators, Math. Res. Lett. 1, 437–450 (1994).

[18] F. Delyon, Y. Lévy, and B. Souillard, Anderson localization for multi-dimensional systems at large disorder or large energy, Commun. Math. Phys. 100, 463–470 (1985).

[19] F. Delyon, Y. Lévy, and B. Souillard, Anderson localization for one- and quasi-one-dimensional systems, J. Stat. Phys. 41, 375–388 (1985).

[20] F. Delyon, B. Simon, and B. Souillard, Localization for off-diagonal disorder for continuous Schrödinger operators, Commun. Math. Phys. 109, 157–165 (1987).

[21] W. Donoghue, On the perturbation of spectra, Commun. Pure Appl. Math. 18, 559–579 (1965).

[22] F. Gesztesy, K. A. Makarov, and S. N. Naboko, The spectral shift operator, in Mathematical Results in Quantum Mechanics, J. Dittrich, P. Exner, and M. Tater (eds.), Operator Theory: Advances and Applications, Vol. 108, Birkhäuser, Basel, 1999, pp. 59–90.

[23] F. Gesztesy and K. A. Makarov, Some applications of the spectral shift operator, in Operator Theory and its Applications, A. G. Ramm, P. N. Shivakumar, and A. V. Strauss (eds.), Fields Institute Communication Series, Amer. Math. Society, Providence RI, 25, 267–292 (2000).

[24] F. Gesztesy, K. A. Makarov, and A. K. Motovilov, Monotonicity and concavity properties of the spectral shift function, in Stochastic Processes, Physics and Geometry: New Interplays, II. A Volume in Honor of Sergio Albeverio, F. Gesztesy, H. Holden, J. Jost, S. Paycha, M. Röckner, and S. Scarlatti (eds.), CMS Conference Proc, Vol. 29, Amer. Math. Soc., Providence, RI, 2000, 207–222.

[25] F. Gesztesy and B. Simon, Rank one perturbations at infinite coupling, J. Funct. Anal. 128, 245–252 (1995).

[26] A. Ya. Gordon, Pure point spectrum under 1-parameter perturbations and instability of Anderson localization, Commun. Math. Phys. 164, 489–505 (1994).

[27] A. Ya. Gordon, Eigenvalues of a one-dimensional Schrödinger operator located on its essential spectrum, St. Petersburg Math. J. 8, 85–91 (1997).

[28] V. A. Javrjan, On the regularized trace of the difference between two singular Sturm-Liouville operators, Sov. Math. Dokl. 7, 888–891 (1966).

[29] V. A. Javrjan, A certain inverse problem for Sturm-Liouville operators, Izv. Akad. Nauk Armjan. SSR Ser. Math. 6, 246–251 (1971). (Russian.)

[30] S. Jitomirskaya and Y. Last, Power law subordinacy and singular spectra I. Half-line operators, Acta Math. 183, 171–189 (1999).

[31] A. Kiselev, Y. Last, and B. Simon, Stability of singular spectral types under decaying perturbations, preprint, 2001.

[32] S. Kotani, Lyapunov exponents and spectra for one-dimensional random Schrödinger operators. Random matrices and their applications, Contemp. Math. 50, 277–286 (1986).

[33] S. Kotani and B. Simon, Localization in general one-dimensional random systems. II. Continuum Schrödinger operators, Commun. Math. Phys. 112, 103–119 (1987).

[34] M. G. Krein, On Hermitian operators with deficiency indices one, Dokl. Akad. Nauk SSSR 43, 339–342 (1944). (Russian.)

[35] S. Lang, SL_2(R), Reprint of the 1975 edition, Graduate Texts in Mathematics, 105. Springer- Verlag, New York, 1985.

[36] Y. Last, Quantum dynamics and decompositions of singular continuous spectra, J. Funct.

Anal. 142, 406–445 (1996).

[37] M. A. Naimark, On spectral functions of a symmetric operator, Izv. Akad. Nauk SSSR 7, 285–296 (1943). (Russian.)

[38] L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators, Springer, Berlin, 1992.

[39] C. A. Rogers and S. J. Taylor, The analysis of additive set functions in Euclidean space, Acta Math. 101, 273–302 (1959).

[40] C. A. Rogers and S. J. Taylor, Additive set functions in Euclidean space. II, Acta Math. 109, 207–240 (1963).

[41] B. Simon, Localization in general one dimensional random systems, I. Jacobi matrices, Commun. Math. Phys. 102, 327–336 (1985).

[42] B. Simon, Spectral analysis of rank one perturbations and applications, CRM Proceedings and Lecture Notes 8, 109–149 (1995).

[43] B. Simon, Spectral averaging and the Krein spectral shift, Proc. Amer. Math. Soc. 126, 1409–1413 (1998).

[44] B. Simon and T. Wolff, Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians, Commun. Pure Appl. Math. 39, 75–90 (1986).

[45] R. Sims and G. Stolz, Localization in one dimensinal random media: a scattering theoretic approach, Commun. Math. Phys. 213, 575–597 (2000).

[46] G. Stolz, Localization for random Schrödinger operators with Poisson potential, Ann. Inst.

H. Poincare 63, 297–314 (1995).

[47] D. R. Yafaev, Mathematical Scattering Theory, Amer. Math. Soc., Providence, RI, 1992.

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: fritz@math.missouri.edu URL: http://www.math.missouri.edu/people/fgesztesy.html

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: makarov@math.missouri.edu URL: http://www.math.missouri.edu/people/kmakarov.html