ULM-TP/02-3 April 2002

A semiclassical Egorov theorem and quantum ergodicity for matrix valued operators

Jens Bolte^1 and Rainer Glaser^2

Abteilung Theoretische Physik Universität Ulm, Albert-Einstein-Allee 11 D-89069 Ulm, Germany

Abstract

We study the semiclassical time evolution of observables given by matrix valued pseudodifferential operators and construct a decomposition of the Hilbert space L^2(R^d ) ⊗ C^n into a finite number of almost invariant subspaces. For a certain class of observables, that is preserved by the time evolution, we prove an Egorov theorem. We then associate with each almost invariant subspace of L^2(R^d )⊗C^n a classical system on a product phase space T^∗R^d × O, where O is a compact symplectic manifold on which the classical counterpart of the matrix degrees of freedom is represented. For the projections of eigenvectors of the quantum Hamiltonian to the almost invariant subspaces we finally prove quantum ergodicity to hold, if the associated classical systems are ergodic.

1E-mail address: jens.bolte@physik.uni-ulm.de 2E-mail address: rainer.glaser@physik.uni-ulm.de

Introduction

The relation between dynamical properties of a quantum system and its classical limit is a central subject in the field of quantum chaos. In this context quantum ergodicity is a wellestablished concept [Zel87, CdV85, HMR87, Zel96]. It states for quantisations of ergodic classical systems that the phase space lifts of almost all eigenfunctions of the quantum Hamiltonian converge in the semiclassical limit to an equidistribution on the level surfaces of the classical Hamiltonian. The principal goal of this paper is to establish quantum ergodicity in systems whose degrees of freedom can be divided into two classes such that they are represented in the Hilbert space L^2(R^d ) ⊗ C^n . The semiclassical limit shall be performed in terms of a parameter ℏ → 0 which is primarily linked to the (translational) degrees of freedom that are described by the infinite-dimensional factor L^2(R^d ). The finite dimension n of the other factor is fixed. Examples for systems where this description can be applied are relativistic particles with spin 1/2 in slowly varying external fields governed by a Dirac-Hamiltonian, or adiabatic situations modelled with a Born-Oppenheimer Hamiltonian.

This setting leads to a representation of quantum mechanical observables as matrix valued pseudodifferential operators acting on L^2(R^d ) ⊗ C^n , whose symbols are suitable matrix valued functions on the phase space T^∗R^d = R^d × R^d with an expansion in ℏ. In particular, the principal symbol H_0 of the selfadjoint quantum Hamiltonian H is a hermitian matrix valued function on T^∗R^d . Its spectral resolution requires to introduce several classical dynamics on T^∗R^d , each of them generated by one eigenvalue of H_0. Lifted to the quantum level, this structure results in a decomposition of the Hilbert space L^2(R^d )⊗ C^n into almost invariant subspaces with respect to the dynamics generated by the quantum Hamiltonian H that is directly associated with the spectral resolution of H_0. Recently the case of matrix valued operators for certain quantum Hamiltonians with scalar principal symbol, such that on the classical side one still has to deal with a single system, has been considered in [BG00, BGK01]. Here we extend this approach to the general setting of matrix valued operators where one has to define suitable classical systems corresponding to each almost invariant subspace of the Hilbert space.

So far it appears that the semiclassical limit has only been performed with respect to one type of the degrees of freedom. For a complete (semi-)classical description of the quantum systems under consideration one would also require the second type of degrees of freedom, that are represented by the factor C^n of the Hilbert space L^2(R^d ) ⊗ C^n , to be transferred to a classical level. It turns out, however, that for this purpose no further semiclassical parameter is needed and the dimension n of the second factor can be held fixed. Indeed, a suitable Stratonovich-Weyl calculus [Str57] allows to map the principal symbols (with respect to the parameter ℏ) of observables and their dynamics in a one-to-one manner to genuinely classical systems associated with the decomposition of L^2(R^d ) ⊗ C^n into almost invariant subspaces. On this classical level the hierarchy of the two types of degrees of freedom is reflected in the structure of the classical dynamics: these are skew-product flows built over the Hamiltonian dynamics generated by the eigenvalues of H_0.

Apart from classical ergodicity the proof of quantum ergodicity typically requires two essential inputs. The first one is a suitable version of an Egorov theorem [Ego69] that allows to express the time evolution of quantum observables in the semiclassical limit in terms of a classical dynamics of principal symbols. We achieve this in two steps: beginning with matrix valued principal symbols, we proceed to a completely classical level by exploiting the Stratonovich-Weyl calculus in the form developed in [FGV90]. It is in the last step where the skew-product flows become relevant. The second input is a Szegö-type limit formula that relates averaged expectation values of observables to classical phase space averages. This can be obtained by a straight-forward generalisation of previous results [HMR87, BG00].

Our main results are the Egorov theorem in section 3 and the quantum ergodicity theorem in section 6. In order to formulate the Egorov theorem we first identify a subalgebra in the class of bounded semiclassical pseudodifferential operators that is invariant under the time evolution. The operators in this subalgebra have to be block-diagonal with respect to the projections onto the almost invariant subspaces of L^2(R^d ) ⊗ C^n . Theorem 3.2 then asserts that the (matrix valued) principal symbol of each block is evolved with the Hamiltonian flow associated with that block. In addition, it is conjugated with unitary transport matrices that describe the time evolution of the matrix degrees of freedom along the trajectories of the Hamiltonian flow.

We next identify the dynamics provided by the transport matrices with a coadjoint action of a certain Lie group. Kirillov’s method of orbits [Kir76] then enables us to connect the apparently quantum mechanical dynamics with a genuinely classical dynamics on a certain coadjoint orbit O, which is a symplectic manifold. This relation can be constructed explicitly with the help of the Stratonovich-Weyl calculus developed in [FGV90]. As a result we obtain that after a Stratonovich-Weyl transform the principal symbol of each block of an observable is evolved with a skew-product dynamics on the combined symplectic phase space T^∗R^d × O. This observation restores the general picture behind Egorovtype theorems: in leading semiclassical order the quantum mechanical time evolution is determined by classical dynamics.

The decomposition of L^2(R^d ) ⊗ C^n into almost invariant subspaces and the corresponding set of classical flows force quantum ergodicity to be concerned with projections of the eigenvectors of H to the subspaces, since only these are associated with unique classical systems. The projected eigenvectors, however, are no longer genuine eigenvectors of H, but only provide approximate solutions to the eigenvalue problem and thus yield, after normalisation, quasimodes (see [Laz93]). For the latter we prove quantum ergodicity to hold in the usual sense. In this context the relevant version of the Egorov theorem introduces on the classical side the skew-product flow associated with the given subspace as described above. We show that if this flow is ergodic, the phase space lifts of almost all normalised projected eigenvectors converge to equidistribution on the product phase space.

1 Background on matrix valued pseudodifferential operators

In this section we recall some basic results of pseudodifferential calculus which are well known in the context of operators with scalar symbols. They carry over to the case of matrix valued symbols by only slight modifications of the results known for operators with scalar symbols which can, e.g., be found in [Rob87, DS99]; for the matrix valued case see also [BG00].

The quantities we are primarily concerned with are linear and continuous operators B : S (R^d ) ⊗ C^n → S^′(R^d ) ⊗ C^n with Schwartz kernels K_B taking values in the n × n matrices M_n(C ). Instead of using a kernel K_B ∈ S^′(R^d × R^d ) ⊗ M_n(C ) an operator B can alternatively be represented by its (Weyl) symbol B ∈ S^′(T^∗R^d ) ⊗ M_n(C ) that is related to the Schwartz kernel through K_B(x, y) = 1 (2πℏ)^d ∫ R^d e^{iℏ (x−y)ξ} B (x + y 2 , ξ ) dξ. (1.1)

Here ℏ ∈ (0, ℏ_0], with ℏ_0 > 0, serves as a semiclassical parameter and T^∗R^d := R^d × R^d denotes the cotangent bundle of the configuration space R^d , i.e., T^∗R^d is the phase space of the translational degrees of freedom. Below (see section 4) T^∗R^d will provide one component of a certain combined phase space, which also represents the degrees of freedom described by the matrix character of the symbol in terms of points on a suitable symplectic manifold.

According to the Schwartz kernel theorem every continuous linear map B : S (R^d ) ⊗ C^n → S^′(R^d ) ⊗ C^n can be viewed as an operator with kernel of the above form. However, operators with kernels in S^′(T^∗R^d ) ⊗ M_n(C ) are too general for many purposes; e.g., they can in general not be composed with each other. One therefore has to restrict to smaller sets of kernels and hence to smaller classes of symbols. To achieve this we make use of order functions m : T^∗R^d → (1, ∞), which have to fulfill a certain growth property in the sense that there are positive constants C, N such that m(x, ξ) ≤ C ( 1 + (x − y)^2 + (ξ − η)^2 )_{N/2} m(y, η) for all (x, ξ), (y, η) ∈ T^∗R^d . A typical example for such an order function is given by m(x, ξ) = ( 1 + x^2 + ξ^2 )_M , M ≥ 0. This notion allows us to define the symbol classes which we will employ in the subsequent discussions (see [DS99]).

Definition 1.1. Let m : T^∗R^d → (1, ∞) be an order function. Then define the symbol class S(m) ⊂ C^∞(T^∗R^d ) ⊗ M_n(C ) to be the set of B ∈ C^∞(T^∗R^d ) ⊗ M_n(C ) such that for every (x, ξ) ∈ T^∗R^d and all α, β ∈ N^d_0 there exist constants C_{α,β} > 0 with ‖∂^α_ξ ∂^β_x B(x, ξ)‖_{n×n} ≤ C_{α,β}m(x, ξ). (1.2)

Here ‖ · ‖_{n×n} denotes an arbitrary (matrix) norm on M_n(C ). If in addition the symbol B(x, ξ; ℏ) depends on the parameter ℏ ∈ (0, ℏ_0], we say that B ∈ S(m) if B(·, ·; ℏ) is uniformly bounded in S(m) when ℏ varies in (0, ℏ_0]. In particular, for q ∈ R let S^q(m) consist of B : T^∗R^d × (0, ℏ_0] → M_n(C ) belonging to ℏ^{−q}S(m), i.e., ‖∂^α_ξ ∂^β_x B(x, ξ; ℏ)‖_{n×n} ≤ C_{α,β}ℏ^{−q}m(x, ξ) for all α, β ∈ N^d_0 , (x, ξ) ∈ T^∗R^d , and ℏ ∈ (0, ℏ_0].

An asymptotic expansion of B ∈ S^{q0} (m) is defined by a sequence {B_j ∈ S^{qj} (m)}_{j∈N0} of symbols, where q_j decreases monotonically to −∞ and B − N∑ j=0 B_j ∈ S^{qN+1} (m)

for all N ∈ N_0 . In this case we write B ∼ ∞∑ j=0 B_j . In the following we will often use the class S^q_{cl}(m) of classical symbols, whose elements have asymptotic expansions in integer powers of ℏ, B ∼ ∞∑ j=0 ℏ^{−q+j}B_j, where B_j ∈ S(m) is independent of ℏ. We also use the notation

S^∞(m) := ⋃ q∈R S^q(m) and S^{−∞}(m) := ⋂ q∈R S^q(m).

An operator with a kernel of the form (1.1) and symbol B ∈ S(m) clearly maps both S (R^d ) ⊗ C^n and S^′(R^d ) ⊗ C^n into themselves, whereby according to (1.1) it acts on C^n -valued functions ψ ∈ S (R^d ) ⊗ C^n as (Bψ)(x) = ( op^W [B]ψ ) (x) = 1 (2πℏ)^d ∫∫ T^∗R^d e^{iℏ (x−y)ξ} B (x + y 2 , ξ ) ψ(y) dy dξ. Operators B = op^W [B] of this type are called Weyl operators, and symb^W [B] = B denotes the Weyl symbol of B. If the Weyl symbol of an operator is a classical symbol with asymptotic expansion B ∼ ∑ j∈N_0 ℏ −q+jB j , we also call op^W [B] a semiclassical pseudodifferential operator. The leading order term symb^W_P [B] = B_0 is then referred to as the principal symbol of B, and the subsequent term B_1 as the subprincipal symbol.

The set of Weyl operators with symbols from the classes S(m) is stable under operator multiplication, in the sense that the operator product is again a Weyl operator with symbol in a certain class:

Lemma 1.2. Let m_1, m_2 be order functions. Then for B_j ∈ S(m_j ), j = 1, 2, the product of the corresponding operators B_j = op^W [B_j] is again a Weyl operator that can be expressed in terms of the symbols B_1, B_2 as

B_1B_2 = op^W [B_1] op^W [B_2] = op^W [B_1#B_2],

where the symbol product (B_1, B_2) → B_1#B_2 is continuous from S(m_1)×S(m_2) to S(m_1m_2) in the topology generated by the seminorms associated with the estimate (1.2). In explicit terms the symbol product reads (B_1#B_2)(x, ξ) = e^{iℏ2 σ(∂x ,∂ξ;∂y ,∂η )}B_1(x, ξ)B_2(y, η) | |_{y=xη=ξ} , where σ(v_x, v_ξ; w_x, w_ξ) = v_x · w_ξ − v_ξ · w_x denotes the symplectic two-form on T^∗R^d . Furthermore, B_j ∈ S^0_{cl}(m_j) are mapped to B_1#B_2 ∈ S^0_{cl}(m_1m_2) with (classical) asymptotic expansion

(B_1#B_2)(x, ξ) ∼ ∑ k,j_1,j_2∈N_0 ℏ^{k+j1+j2} k! ( i 2 σ(∂_x, ∂_ξ; ∂_y, ∂_η) )_k B_{1,j1} (x, ξ)B_{2,j2} (y, η) | | | |_{y=xη=ξ} .

The following result, which in its original version is due to Beals [Bea77], is useful in situations where one wishes to identify a given operator as a pseudodifferential operator.

Lemma 1.3. Let B(ℏ) : S (R^d ) ⊗ C^n → S^′(R^d ) ⊗ C^n be a linear and continuous operator depending on the semiclassical parameter ℏ ∈ (0, ℏ_0]. The following statements are then equivalent:

(i) B(ℏ) = op^W [B] is a Weyl operator with symbol B ∈ S^0(1).

(ii) For every sequence l_1(x, ξ), . . . , l_N (x, ξ), N ∈ N, of linear forms on T^∗R^d the operator given by the multiple commutator [op^W [l_N ], [op^W [l_{N−1}], · · · , [op^W [l_1], B] · · · ] is bounded as an operator on L^2(R^d ) ⊗ C^n and its norm is of the order ℏ^N .

The direction (i)⇒(ii) is a simple consequence of the symbolic calculus outlined above. For the reverse direction see [HS88, DS99].

In the discussions below we will basically encounter two types of (Weyl) operators: quantum Hamiltonians H = op^W [H] with symbols H ∈ S^0_{cl}(m) generating the quantum mechanical time evolution, and observables B = op^W [B]. In typical cases a Hamiltonian H is given and one is interested in a suitable algebra of observables that allows to study dynamical properties of the quantum system. For this purpose it is often convenient to consider bounded operators. In the scalar case it is sufficient to know the boundedness of the symbols in order to obtain a bounded Weyl operator. This result, originally going back to Calderón and Vaillancourt [CV71], generalises to the context of pseudodifferential operators with matrix valued symbols without changes.

Proposition 1.4. Let B(ℏ) ∈ S(1), then the Weyl quantisation op^W [B(ℏ)] of this symbol is continuous on L^2(R^d ) ⊗ C^n . Furthermore, for ℏ ∈ (0, ℏ_0] there exists an upper bound for the operator norm of op^W [B(ℏ)].

For a proof of this result in the context of semiclassical pseudodifferential operators (depending on a parameter ℏ) see [Rob87, HS88, DS99].

A quantum Hamiltonian is required to be (essentially) selfadjoint. Thus, in the case of a Weyl operator H = op^W [H] one requires the symbol H to take values in the hermitian n × n matrices. In order to trace back spectral properties of H to properties of the principal symbol H_0 we will have to construct (asymptotic) inverses of H − z and relate them to (H_0 − z)^{−1}. In this context an operator B = op^W [B] is called elliptic, if its symbol B ∈ S(m) is invertible, i.e., if the matrix inverse B^{−1} exists in S(m^{−1}). In such a case one can construct a parametrix Q ∈ S(m^{−1}) which is an asymptotic inverse of B in the sense of symbol products, B#Q ∼ Q#B ∼ 1. To see that such an inverse exists for elliptic operators, consider

op^W [B] op^W [B^{−1}] = 1 − ℏ op^W [R],

with R ∈ S(m). For sufficiently small ℏ the operator 1 − ℏ op^W [R] possesses a bounded inverse and one can define a (left and right) inverse op^W [B^{−1}](1 − ℏ op^W [R])^{−1} for op^W [B]. Furthermore, the Beals characterisation of pseudodifferential operators (Lemma 1.3) implies that this inverse is again a bounded pseudodifferential operator, see also [DS99]. To obtain an asymptotic expansion for the parametrix Q one next defines the operator Q_N := op^W [B^{−1}](1 + ℏR + · · · + ℏ^N R^N ), with R = op^W [R], which is equivalent to Q = op^W [Q] modulo terms of order ℏ^{N+1}. One can hence write

Q ∼ B^{−1} + ℏ(B^{−1}#R) + ℏ^2(B^{−1}#R#R) + · · · , (1.3)

and finally observes:

Lemma 1.5. Let B ∈ S(m) be elliptic in the sense that B^{−1}(x, ξ) exists for all (x, ξ) ∈ T^∗R^d and is in the class S(m^{−1}). Then there exists a parametrix Q ∈ S(m^{−1}) with an asymptotic expansion of the form (1.3) such that B#Q ∼ Q#B ∼ 1. From (1.3) one moreover observes that an elliptic operator with classical symbol has a parametrix that is a classical symbol.

Frequently it is very convenient to have a functional calculus of pseudodifferential operators available. In some places, e.g., we would like to apply the Helffer-Sjöstrand formula, which shows that a smooth and compactly supported function f ∈ C^∞_0 (R) of an essentially selfadjoint operator B with symbol in B ∈ S(m) yields a pseudodifferential operator f(B) = − 1 π ∫ C ∂_zf̃(z)(B − z)^{−1} dz, whose symbol is in S(m^{−N} ) for every N ∈ N. Here f̃ ∈ C^∞_0 (C ) is an almost-analytic extension of f, i.e., f̃(z) = f(z) for z ∈ R and |∂f̃(z)| ≤ C_N |Im z|^N for all N ∈ N_0 . In the scalar case these results were shown in [HS89] (see also [DS99]) and have been extended to the matrix valued situation in [Dim93, Dim98]. A criterion that guarantees the essential selfadjointness of B is that first its symbol B ∈ S(m) is hermitian and, second, that B + i ∈ S(m) is elliptic in the sense described above. If B ∈ S^0_{cl}(m) one can even write down a classical asymptotic expansion for the symbol of the operator f(B) whose principal symbol reads f(B_0), where B_0 denotes the principal symbol of B, see [Rob87, DS99].

2 Semiclassical projections

We motivate the following construction of semiclassical projection operators by considering the time evolution generated by a quantum Hamiltonian H, i.e., the Cauchy problem iℏ ∂ ∂t ψ(t) = Hψ(t) (2.1)

for an essentially selfadjoint operator H defined on a dense domain D(H) in the Hilbert space L^2(R^d ) ⊗ C^n . If one introduces the strongly continuous one-parameter group of unitary operators U(t) := exp(−^i_ℏ Ht), t ∈ R, a solution of (2.1) can be obtained by defining ψ(t) := U(t)ψ_0 for ψ_0 ∈ D(H). Therefore the time evolution B(t) := U(t)^∗BU(t) of a bounded operator B ∈ B(L^2(R^d ) ⊗ C^n ) in the Heisenberg picture has to fulfill the (Heisenberg) equation of motion ∂ ∂t B(t) = i ℏ [H, B(t)]. (2.2)

If one assumes B and H to be semiclassical pseudodifferential operators with symbols in the classes S^q_{cl}(1) and S^0_{cl}(m), respectively, equation (2.2) yields in leading semiclassical order an equation for the principal symbols: ∂ ∂t B_0(t) = i ℏ [H_0, B_0(t)] + O(ℏ^0), ℏ → 0.

If one now requires the time evolution to respect the filtration of the algebra S^∞_{cl} (1) := ⋃ q∈Z S^q_{cl}(1) then, in particular, the principal symbol B_0(t) should stay in its class that derives from the associated grading S^q_{cl}(1)/S^{q−1}_{cl} (1), q ∈ Z. One thus has to restrict to operators whose principal parts B_0 commute with the principal symbol H_0 of the operator H. This condition is equivalent to a block-diagonal form of B_0,

B_0(x, ξ) = l∑ μ=1 P_{μ,0}(x, ξ)B_0(x, ξ)P_{μ,0}(x, ξ), (2.3) with respect to the projection matrices P_{μ,0} : T^∗R^d → M_n(C ), μ = 1, . . . , l, onto the eigenspaces corresponding to the eigenvalue functions λ_μ : T^∗R^d → R of the hermitian principal symbol matrix H_0 : T^∗R^d → M_n(C ). Since (2.3) is the semiclassical limit of the symbol of the operator ℏ^q ∑_l μ=1 op^W [P_{μ,0}]B op^W [P_{μ,0}], when B is a semiclassical Weyl operator with symbol B ∈ S^q_{cl}(1), one can ask how the symbols P_{μ,0}, which are projectors onto the eigenspaces of H_0 in C^n , are related to projection operators onto (almost) invariant subspaces of L^2(R^d ) ⊗ C^n with respect to H = op^W [H]. We are hence looking for quantisations P̃_μ of symbols P_μ ∈ S^0_{cl}(1), with principal symbols P_{μ,0}, which are (almost) orthogonal projections, i.e.,

P̃_μP̃_μ = P̃_μ = P̃^∗_μ mod O(ℏ^∞) (2.4)

in the operator norm. Moreover, in order that these operators map to almost invariant subspaces of L^2(R^d ) ⊗ C^n with respect to the time evolution U(t) = exp(−^i_ℏ Ht) generated by H, we require them to fulfill

‖[H, P̃_μ]‖_L2_{(R}d_{)⊗C} n = 0 mod O(ℏ^∞). (2.5)

As it will turn out, it is even possible to modify the operators P̃_μ in such a way that they satisfy the relation (2.4) exactly, i.e., not only mod O(ℏ^∞).

The above requirements lead us to consider (formal) asymptotic expansions for the symbols P_μ, P_μ(x, ξ) ∼ ∞∑ j=0 ℏ^j P_{μ,j}(x, ξ), which satisfy (2.4) and (2.5) on a (formal) symbol level:

P_μ#P_μ ∼ P_μ ∼ P^∗_μ , (2.6) and [P_μ, H]_# := P_μ#H − H#P_μ ∼ 0. (2.7)

The solutions of the above equations will be called semiclassical projections and can be constructed by two different methods. The first one is based on solving the recursive problem arising from (2.6) and (2.7) by employing asymptotic expansions of P_μ and H in S^0_{cl}(1) and S^0_{cl}(m), respectively, using the symbolic calculus outlined in section 1 and finally equating equal powers of the semiclassical parameter ℏ. For this procedure cf. [EW96, BN99]. The second method employs the Riesz projection formula in the context of pseudodifferential calculus [HS88, NS01]. In the following we will pursue the latter method.

To this end we consider the matrix valued hermitian principal symbol H_0 ∈ S(m) of the operator H, and in the following we assume:

(H0) The (real) eigenvalues λ_μ, μ = 1, . . . , l, of H_0 have constant multiplicities k_1, . . . , k_l and fulfill the hyperbolicity condition |λ_ν(x, ξ) − λ_μ(x, ξ)| ≥ Cm(x, ξ) for ν ≠ μ and |x| + |ξ| ≥ c.

This requirement is analogous to a condition imposed in [Cor82] on the eigenvalues of the symbol of an operator in a strictly hyperbolic system, i.e., where the eigenvalues are nondegenerate. In particular, the problem of mode conversion that arises from points where multiplicities of eigenvalues change is avoided. Since the eigenvalues are solutions of the algebraic equation det ( H_0(x, ξ) − λ ) = n∑ ν=0 η_ν (x, ξ)λ^ν = 0, (2.8)

they are smooth functions on T^∗R^d . Moreover, since H_0 is supposed to be hermitian, the eigenvalues are bounded by the matrix norm of H_0. Using the smoothness of the eigenvalues and the hyperbolicity condition (H0), one obtains:

Proposition 2.1. Let H ∈ S^0_{cl}(m) be hermitian and let the hyperbolicity condition (H0) be fulfilled. Then there exist symbols P_μ ∈ S^0_{cl}(1) with asymptotic expansions P_μ ∼ ∞∑ j=0 ℏ^jP_{μ,j} , μ = 1, . . . , l, (2.9) that fulfill the conditions (2.6) and (2.7). In particular, the coefficients P_{μ,j}, j ∈ N_0 , are unique, i.e., the symbols P_μ are uniquely determined modulo S^{−∞}(1).

Furthermore, the corresponding almost projection operators P̃_μ = op^W [P_μ] provide a semiclassical resolution of the identity on L^2(R^d ) ⊗ C^d ,

P̃_1 + · · · + P̃_l = id_{L2(Rd)⊗C n} mod O(ℏ^∞).

Proof. We use the technique of [HS88, NS01] and consider the Riesz projections P_μ(x, ξ) := 1 2πi ∫ Γ_μ(x,ξ) Q(x, ξ, z) dz, (2.10) where Γ_μ(x, ξ) is a simply closed and positively oriented regular curve in the complex plane enclosing the, and only the, eigenvalue λ_μ(x, ξ) ∈ R of H_0(x, ξ). Moreover, Q(x, ξ, z) denotes a parametrix for H −z, i.e., (H −z)#Q ∼ Q#(H −z) ∼ 1 that will be constructed below. For technical considerations one may choose the contour as Γ_μ(x, ξ) = {λ_μ(x, ξ) + ρ_μ(x, ξ) e^{iφ}, 0 ≤ φ ≤ 2π} with 0 < c ≤ ρ_μ <^1_2 min_{ν≠μ}{|λ_μ − λ_ν |}. Since H_0 is hermitian with eigenvalues λ_ν , ν = 1, . . . , l, one can estimate the matrix norm of (H_0 − z)^{−1} for z ∈ Γ_μ(x, ξ) as ‖(H_0(x, ξ) − z)^{−1}‖_{n×n} ≤ C ρ_μ(x, ξ) . The condition (H0) then allows to choose ρ_μ(x, ξ) ≥ cm(x, ξ), so that H_0 − z is elliptic for z ∈ Γ_μ. If then ℏ is sufficiently small, also H − z = H_0 − z + O(ℏ) is elliptic and the relation ( H − z ) # ( H_0 − z )_{−1} = 1 − ℏR enables one to construct a parametrix Q(x, ξ, z) ∈ S^0_{cl}(m^{−1}) for H − z with asymptotic expansion Q(x, ξ, z) ∼ ∞∑ j=0 ℏ^jQ_j (x, ξ, z) in the same manner as in (1.3), see also [Rob87, DS99]. Plugging this expansion into (2.10) one obtains P_μ(x, ξ) = 1 2πi ∫ Γ_μ(x,ξ) Q(x, ξ, z) dz ∼ ∞∑ j=0 ℏ^j 1 2πi ∫ Γ_μ(x,ξ) Q_j (x, ξ, z) dz =: ∞∑ j=0 ℏ^jP_{μ,j} (x, ξ) (2.11)

by using the Borel construction to sum asymptotic series of symbols. According to the properties of the Riesz integral the symbols P_μ therefore fulfill (2.6) and (2.7). Since these equations have unique solutions modulo O(ℏ^∞) [EW96], the coefficients P_{μ,j} are unique.

We now consider more general z ∈ C , and by inspecting the above construction notice that the parametrix Q(z) is well-defined as long as z has a sufficiently large distance from the eigenvalues of H_0. According to equation (1.3) its asymptotic expansion then reads

Q(z) ∼ (H_0 − z)^{−1} + ℏ(H_0 − z)^{−1}#R(z)#(id_C n + ℏR(z) + ℏ^2R(z)#R(z) + · · · ).

Since R(z) = 1 ℏ ( 1 − (H − z)#(H_0 − z)^{−1} ) , it follows according to the composition formula of Lemma 1.2 that R(z) contains a factor (H_0 − z)^{−1}, and therefore the only singularities of Q(z) are caused by the eigenvalues of H_0. Thus, according to the Cauchy formula the expression

P_1 + · · · + P_l = 1 2πi ∫ ⋃_l μ=1 Γ_μ Q(z) dz can be replaced by 1 2πi ∫ Γ(r) Q(z) dz, where Γ(r) is a contour with minimal distance r from the origin in C that encloses all eigenvalues of H_0 while keeping a sufficient distance from them. The value of the above integral does not depend on the particular choice of Γ(r) so that one can take the limit r → ∞ and hence obtains lim_{r→∞} 1 2πi ∫ Γ(r) Q(z) dz = lim_{r→∞} 1 2πi ∫ Γ(r)

(H_0 − z)^{−1} dz = id_C n mod O(ℏ^∞).

The so constructed symbols P_μ yield semiclassical almost projection operators

P̃_μ := op^W [P_μ]

which according to Proposition 1.4 are bounded and obviously satisfy the relations (2.4) and (2.5). Following [Nen99] one can even construct pseudodifferential operators P_μ that are semiclassically equivalent to P̃_μ in the sense that ‖P̃_μ − P_μ‖ = O(ℏ^∞), and which fulfill (2.4) exactly. To see this, consider the operator

P_μ := 1 2πi ∫ |z−1|=^1_2

(P̃_μ − z)^{−1} dz,

which is well-defined since the spectrum of P̃_μ is concentrated near 0 and 1. Thus P_μ is an orthogonal projector acting on L^2(R^d ) ⊗ C^n , with ‖[P_μ, H]‖ ≤ c‖[P̃_μ, H]‖ = O(ℏ^∞). Since P_μ is close to P̃_μ in operator norm, Beals’ characterisation of pseudodifferential operators (see Lemma 1.3) yields that P_μ is again a pseudodifferential operator with symbol in the class S^0(1). This has already been noticed in [NS01] and follows from the fact that (P̃_μ − z)^{−1} for |z − 1| = 1/2 is a pseudodifferential operator according to the parametrix construction of Lemma 1.5. Having projectors available, one can also construct (pseudodifferential) unitary transformations of L^2(R^d ) ⊗ C^n which convert H by conjugation in an almost block-diagonal form, see [Cor83b, LF91, BR99, NS01, PST02]. Such unitary transformations are obviously not unique, and since for most purposes it suffices to work with the projectors we hence refrain from using the unitary operators here.

In view of the fact that P_μ is an orthogonal projector on the Hilbert space L^2(R^d )⊗C^n , one can ask if it is possible to satisfy also the relation (2.5) exactly. In other words, to what extent can P_μ be related to a spectral projection of H? (See [HS88, Cor00, Cor01] for examples.) We want to illustrate this question in the case where the principal symbol H_0 of H possesses two well-separated eigenvalues λ_ν < λ_{ν+1} with constant multiplicities k_ν and k_{ν+1}, respectively, among the eigenvalues λ_1, . . . , λ_l. For l = 2 this is exactly the situation that occurs in the case of a Dirac-Hamiltonian that we will discuss in some detail elsewhere [BG]. We also assume that there exists λ ∈ R separated from the spectrum spec(H) of H along with a fixed compact subset W ⊂ T^∗R^d such that λ − λ_ν (x, ξ) > Cm(x, ξ) and λ_{ν+1}(x, ξ) − λ > C^′m(x, ξ) (2.12) for all (x, ξ) ∈ T^∗R^d \ W . It follows from these assumptions that for (x, ξ) ∈ T^∗R^d \ W one can replace the contour Γ_< := ⋃_ν μ=1 Γ_μ in P_<(x, ξ) := ν∑ μ=1 P_μ(x, ξ) = 1 2πi ∫ Γ_< Q(x, ξ, z) dz, (2.13)

see (2.10), by a straight line Γ_+ := {z ∈ C ; z = λ+it, t ∈ R} that avoids the eigenvalues of the principal symbol H_0 as well as the spectrum of H. Correspondingly, Γ_> := ⋃_l μ=ν+1 Γμ

is deformed into Γ_− given by Γ_+ with reversed orientation. Thus, for (x, ξ) ∈ T^∗R^d \ W P<_>(x, ξ) = 1 2πi ∫ Γ_± Q(x, ξ, z) dz. If this relation held true for all (x, ξ) ∈ T^∗R^d , P̃_< = op^W [P<] would be semiclassically equivalent to the spectral projection of H onto the interval (−∞, λ) given by

1_{(−∞,λ)}(H) = 1 2πi ∫ Γ_+ (H − z)^{−1} dz, whereas P̃_> would correspond to 1_{(λ,∞)}(H). For (x, ξ) ∈ W , however, it might happen that Γ_± crosses an eigenvalue of H_0. But the contribution to P<_>(x, ξ) coming from the region W , where the eigenvalue functions have no sufficient distance from λ, can be shown to be semiclassically small. Therefore:

Proposition 2.2. If the eigenvalues λ_1, . . . , λ_l of the principal symbol H_0 are separated according to (H0) and the condition (2.12) is fulfilled, the almost projection operators P̃_{<>} := opW [P_{<>}], whose symbols are defined in (2.13), can be semiclassically identified with the spectral projections 1_{(−∞,λ)}(H) and 1_{(λ,∞)}(H) of the operator H to the intervals (−∞, λ) and (λ, ∞), respectively. This means

‖P̃_< − 1_{(−∞,λ)}(H)‖ = O(ℏ^∞) and ‖P̃_> − 1_{(λ,∞)}(H)‖ = O(ℏ^∞).

A corresponding statement holds for the related orthogonal projectors P<_>,

‖P_< − 1_{(−∞,λ)}(H)‖ = O(ℏ^∞) and ‖P_> − 1_{(λ,∞)}(H)‖ = O(ℏ^∞).

Proof. We use that fact that the contour of integration in the definition of P<_> in (2.13) can be deformed into Γ_± outside the compact region W ⊂ T^∗R^d . To cut off the region W we choose a smooth and compactly supported function χ ∈ C^∞_0 (T^∗R^d ) equal to one on W and use the corresponding partition of unity, 1 = χ + (1 − χ), to write (2πi)P<_>(x, ξ) ∼ χ(x, ξ)# ∫ Γ<_> Q(x, ξ, z)dz + (1 − χ(x, ξ))# ∫ Γ<_> Q(x, ξ, z) dz.

In the second contribution, whose support is contained in T^∗R^d \ W , one can replace Γ<_> by Γ_±. We are thus left with the first term, which represents a symbol p(x, ξ) in S^0_{cl}(1) with compact support supp p ⊂ supp χ. Here we apply a translation on T^∗R^d mapping p(x, ξ) to p̃(x, ξ) := p(x − x_0, ξ − ξ_0), with x_0 and ξ_0 chosen such that ξ = 0 is no longer contained in the support of p̃, i.e., p̃(x, 0) = 0 for all x ∈ T^∗R^d . Using the fact that the Weyl operators corresponding to p and p̃ are unitarily equivalent, see [Fol89], we therefore obtain

‖ op^W [p]‖ = ‖ op^W [p̃]‖.

In order to estimate op^W [p̃] in operator norm, we consider its action on a function ψ ∈ S (R^d ) ⊗ C^n given by ( op^W [p̃]ψ ) (x) = 1 (2πℏ)^d ∫∫ e^{iℏ (x−y)ξ}p̃ (x + y 2 , ξ ) ψ(y) dy dξ. Since the symbol p̃ vanishes in a neighbourhood of ξ = 0, one can perform an integration by parts after having inserted the operator (iℏ|ξ|^{−2}(ξ · ∂_y))^N , N ∈ N. We thus obtain that op^W [p̃]ψ vanishes up to terms of order ℏ^∞ and, since S (R^d ) ⊗ C^n is dense in L^2(R^d ) ⊗ C^n , conclude

‖ op^W [p̃]‖ = ‖ op^W [p]‖ = O(ℏ^∞).

To finish the proof we now have to estimate 1 2πi ∫ Γ_± (H − z)^{−1} dz − 1 2πi ∫ Γ_±

op^W [(1 − χ)#Q(x, ξ, z)] dz

in operator norm. To this end consider for z ∈ Γ_± ( (H − z)^{−1} − op^W [1 − χ] op^W [Q(x, ξ, z)] ) (H − z) = (1 − op^W [1 − χ]) + O(ℏ^∞) = O(ℏ^∞),

which holds since χ has compact support, and thus op^W [χ] can be treated in the same manner as op^W [p] above. At this point the proof is complete, since for z ∈ Γ_± the operator (H − z) is invertible and its inverse has a norm that exceeds O(ℏ^∞).

3 Invariant algebra and Egorov theorem

In this section our aim is to identify a suitable class of operators that is left invariant by the time evolution. Recalling the reasoning from the beginning of section 2, we are interested in a subalgebra of S^∞_{cl} (1) whose filtration is respected by the time evolution generated by the one-parameter group U(t) = exp ( −^i_ℏ Ht ) , where H is an essentially selfadjoint pseudodifferential operator with symbol H in the class S^0_{cl}(m). The following assumptions on the symbol H guarantee the essential selfadjointness of H on S (R^d ) ⊗ C^n (see [DS99]):

(H1) H ∈ S^0_{cl}(m) is hermitian,

(H2) H_0 + i is elliptic in the sense that ‖(H_0(x, ξ) + i)^{−1}‖_{n×n} ≤ cm(x, ξ)^{−1}.

Under the assumptions (H1) and (H2), U(t) therefore defines a strongly-continuous unitary one-parameter group.

We now consider the time evolution of an operator B ∈ B(L^2(R^d ) ⊗ C^n ) given by

B(t) := U(t)^∗BU(t), (3.1) which is, of course, a bounded operator on L^2(R^d ) ⊗ C^n . According to Proposition 1.4 the boundedness of B is guaranteed by choosing B ∈ S^q_{cl}(1). Moreover, a conjugation of (3.1) with ∑_l μ=1 P_μ = id_L2_{(R}d_{)⊗C} n +O(ℏ^∞) results in a bounded operator so that B(t) = l∑ ν,μ=1 P_μe^{iℏ HPμt}Be^{− iℏ HPν t}P_ν = l∑ ν,μ=1 e^{iℏ HPμt}P_μBP_ν e^{− iℏ HPν t} mod O(ℏ^∞) (3.2)

in the operator norm. Here we have used the property e^{− i}ℏ^{Ht}P_ν = e^{− i}ℏ^{HPν t}P_ν modulo O(ℏ^∞) that follows from the Duhamel principle. Now, the principal symbol^3 of HP_μ is a scalar multiple of the identity in the eigenspace P_{μ,0}C^n of H_0 corresponding to λ_μ, i.e., H_0P_{μ,0} = λ_μP_{μ,0}. Thus, for μ = ν the operator exp

(_i ℏ HP_μt ) B exp ( −^i_ℏ HP_ν t ) is a pseudodifferential operator with symbol in the class S^0(1), see [Ivr98, BG00]. But when μ ≠ ν the corresponding expressions are semiclassical Fourier integral operators. In that case the semiclassical limit at time t ≠ 0 is different in nature from that at time zero. For a Dirac-Hamiltonian this phenomenon is related to the so-called “Zitterbewegung” which we will discuss in more detail in [BG]. Therefore, we are here interested in operators B with symbols in B ∈ S^q_{cl}(1) for which U^∗(t)BU(t) is again a semiclassical pseudodifferential operator with symbol B(t) ∈ S^q_{cl}(1). We hence introduce the following notion:

Definition 3.1. A symbol B ∈ S^q_{cl}(1) is in the invariant subalgebra S^∞_{inv}(1) of the algebra S^∞_{cl} (1), if and only if for all finite t the (bounded) operator B(t) = U^∗(t)BU(t), B = op^W [B], is a semiclassical pseudodifferential operator with symbol B(t) ∈ S^q_{cl}(1), i.e.,

S^∞_{inv}(1) := { B ∈ S^q_{cl}(1) ; symb^W [U^∗(t)BU(t)] ∈ S^q_{cl}(1) for t ∈ [0, T ], q ∈ Z } . This means that the invariant algebra S^∞_{inv}(1) has a filtration, induced by the filtration of S^∞_{cl} (1), which is invariant under conjugation of the corresponding operators with U(t). Due to the results of [BG00] we expect that operators which are block-diagonal with respect to the projections P_μ are in the associated invariant operator algebra. This statement is made precise in Theorem 3.2 which is a variant of the Egorov theorem [Ego69] for general hyperbolic systems.

Let us first consider an operator B with symbol B ∈ S^q_{cl}(1) that is block-diagonal with respect to the semiclassical projections, i.e., B ∼ l∑ μ=1 P_μ#B#P_μ in S^q_{cl}(1).

According to the Heisenberg equation of motion (2.2) its time evolution B(t) is governed by ∂ ∂t B(t) ∼ i ℏ [H, B(t)]_#. (3.3)

3We remark that before transferring operators to symbol level one can replace P_μ by P̃_μ and employ the classical asymptotic expansion of the symbol P_μ. This will only amount to an error of order ℏ^∞.

Suppose now that B(t) has a (formal) asymptotic expansion B(t) ∼ ∞∑ j=0 ℏ^{−q+j}B(t)_j and use the composition formula of Lemma 1.2 together with the fact that the blockdiagonal form of an operator B is preserved under the time evolution, see (3.2). On the symbol level the diagonal blocks P_ν B(t)P_ν then obey the following equation: ∂ ∂t ∞∑ j=0 ℏ^{−q+j}B(t)_{νν,j} ∼ ∞∑ l,j=0 ∑ |α|+|β|≥0 γ(α, β)ℏ^{−q+l+j+|α|+|β|−1} ( B(t)_{νν,l}^{(β)}_{(α)} H_{ν,j}^{(α)}_{(β)} − (−1)^{|α|−|β|}H_{ν,j}^{(α)}_{(β)}B(t)_{νν,l}^{(β)}_{(α)} ) .

Here we introduced the notation F^{(α)}_{(β)} := ∂^α_ξ ∂^β_x F for F ∈ C^∞(T^∗R^d ) ⊗ M_n(C ), as well as γ(α, β) := i^{|α|−|β|−1} 2^{|α|+|β|}|α|!|β|! , H_ν := P_ν #H#P_ν ∼ H#P_ν ∼ ∞∑ j=0 ℏ^jH_{ν,j},

B(t)_{νν} := P_ν #B(t)#P_ν ∼ ∞∑ j=0 ℏ^{−q+j}B(t)_{νν,j} .

One hence has to solve, by taking [H_{ν,0}, B(t)_{νν,0}] = 0 into account, [H_{ν,0}, B(t)_{νν,n+1}] = − ∂ ∂t B(t)_{νν,n} − 1 2 ( {B(t)_{νν,n}, H_{ν,0}} − {H_{ν,0}, B(t)_{νν,n}} ) − i[B(t)_{νν,n}, H_{ν,1}] + ∑ 0≤l≤n−1 j+|α|+|β|=n−l+1 γ(α, β) ( B(t)_{νν,l}^{(β)}_{(α)}H_{ν,j}^{(α)}_{(β)} − (−1)^{|α|−|β|}H_{ν,j}^{(α)}_{(β)}B(t)_{νν,l}^{(β)}_{(α)} ) . (3.4)

Upon multiplying this commutator equation with the projection matrices P_{μ,0} from both sides one first realises that it is only solvable, if the diagonal blocks of the right-hand side, that we denote by R_{n,ν} (t), vanish. The off-diagonal blocks on both sides of the relation (3.4) then yield the general structure of the solution, which reads B(t)_{νν,n+1} = l∑ μ=1 P_{μ,0}B(t)_{νν,n+1}P_{μ,0} + ∑ μ≠η P_{μ,0}R_{n,ν} (t)P_{η,0} λ_μ − λ_η , (3.5) see also [Cor95]. This demonstrates that one obtains the off-diagonal parts of B(t)_{νν,n+1} with respect to the projection matrices P_{μ,0} from the preceding coefficients of the asymptotic expansion of B(t)_{νν} . The diagonal parts then have to be determined by the condition that the commutator equation (3.4) must possess a (non-trivial) solution with initial value B(t)_{νν,n+1}|_{t=0} = B_{νν,n+1}. Starting with n = 0, where the sum in (3.4) is empty, one has to solve P_{μ,0} ( ∂ ∂t B(t)_{νν,0} + 1 2 ( {B(t)_{νν,0}, H_{ν,0}} − {H_{ν,0}, B(t)_{νν,0}} ) + i[B(t)_{νν,0}, H_{ν,1}] ) P_{μ,0} = 0.

Expressions of this type have already been considered in [Spo00], where it was shown that the above equation is equivalent to ∂ ∂t (P_{μ,0}B(t)_{νν,0}P_{μ,0}) − δ_{νμ}{λ_ν , P_{μ,0}B(t)_{νν,0}P_{μ,0}} − i[H̃_{νμ,1}, P_{μ,0}B(t)_{νν,0}P_{μ,0}] = 0, (3.6) see also appendix A. Here we have defined the hermitian n × n matrix

H̃_{νμ,1} := i(−1)^δνμ λ^ν 2 P_{μ,0}{P_{ν,0}, P_{ν,0}}P_{μ,0} − iδ_{νμ}[P_{ν,0}, {λ_ν, P_{ν,0}}] + P_{μ,0}H_{ν,1}P_{μ,0} (3.7) according to (A.4) and (A.5) of appendix A. Now, equation (3.6) is trivially fulfilled for ν ≠ μ, and the case ν = μ has already been considered in [Ivr98, BN99, BG00], where it was shown that the solution reads B(t)_{νν,0}(ξ, x) = d^{−1}_{νν} (x, ξ, t)B_{νν,0} ( Φ^t_ν (x, ξ) ) d_{νν} (x, ξ, t). In this expression Φ^t_ν : T^∗R^d → T^∗R^d denotes the Hamiltonian flow generated by the eigenvalue λ_ν of H_0, and the transport matrix d_{νν} is determined by the equation ḋ_{νν} (x, ξ, t) + iH̃_{νν,1}(Φ^t_ν (x, ξ))d_{νν} (x, ξ, t) = 0, d_{νν} (x, ξ, 0) = id_{C n} . (3.8) One has thus fixed the coefficients B(t)_{νν,0} = P_{ν,0}B(t)_0P_{ν,0}, i.e., the principal symbol of B(t), since the off-diagonal terms B(t)_{νμ,0} = P_{ν,0}B(t)_0P_{μ,0} vanish and therefore trivially fulfill (3.4). According to (3.5) we hence have also determined the off-diagonal parts of the subprincipal term B(t)_{νν,1}, which vanish as well. The diagonal contributions P_{μ,0}B(t)_{νν,1}P_{μ,0} with respect to the projection matrices obey [P_{η,0}, P_{μ,0}B(t)_{νν,1}P_{μ,0}] = 0 and thus can be determined from the relation (3.4). As in [Ivr98, BG00], we hence obtain a recursive Cauchy problem for the coefficients B(t)_{νν,n} and are now in a position to state:

Theorem 3.2. Let H ∈ S^0_{cl}(m) be hermitian with the property

‖H_j^{(α)}_{(β)}(x, ξ)‖_{n×n} ≤ C_{α,β} for all (x, ξ) ∈ T^∗R^d and |α| + |β| + j ≥ 2 − δ_{j0}, (3.9) and such that the conditions (H0) and (H2) are fulfilled. Furthermore, suppose that B ∈ S^q_{cl}(1) is block-diagonal with respect to the semiclassical projections defined in (2.9), B ∼ l∑ μ=1 P_μ#B#P_μ.

Then B is in the invariant algebra S^∞_{inv}(1) introduced in Definition 3.1, i.e., B(t) is again a semiclassical pseudodifferential operator with symbol B(t) ∈ S^q_{cl}(1). Furthermore, the principal symbol of B(t) is given by

B(t)_0(x, ξ) = l∑ ν=1 d^∗_{νν} (x, ξ, t)B_{νν,0} ( Φ^t_ν (x, ξ) ) d_{νν} (x, ξ, t), (3.10) where Φ^t_ν is the Hamiltonian flow generated by the eigenvalue λ_ν of H_0, and d_{νν} is a unitary n × n matrix which is determined by the transport equation (3.8).

Proof. As in [Ivr98, BG00] we start by rewriting (3.4) for the diagonal block of B(t)_{νν,n} with respect to P_{μ,0} in the form d dt [ d^{−1}_{νμ} (x, ξ, −t)(P_{μ,0}B(t)_{νν,n}P_{μ,0}) ∘ Φ^{−tδνμ}_ν (x, ξ)d_{νμ}(x, ξ, −t) ] = ∑ 0≤l≤n−1 j+|α|+|β|=n−l+1 γ(α, β)P_{μ,0} ( B(t)_{νν,l}^{(β)}_{(α)}H_{ν,j}^{(α)}_{(β)} − (−1)^{|α|−|β|}H_{ν,j}^{(α)}_{(β)} B(t)_{νν,l}^{(β)}_{(α)} ) P_{μ,0}, (3.11)

where d_{νμ} is determined by the transport equation ḋ_{νμ}(x, ξ, t) + iH̃_{νμ,1}(Φ^{tδ}νμ_ν (x, ξ))d_{νμ}(x, ξ, t), d_{νμ}(x, ξ, 0) = id_{C n} , that generalises (3.8) also to the off-diagonal transport. And since H̃_{νμ,1} is hermitian, the solution d_{νμ} is a unitary n × n matrix, which in the case ν ≠ μ is obviously given by d_{νμ}(x, ξ, t) = e^{−iH̃νμ,1(x,ξ)t}. In order to obtain estimates on the derivatives of the symbols P_{μ,0}B(t)_{νν,n}(t)P_{μ,0} one has to control the behaviour of the flow Φ^t_ν generated by the eigenvalue λ_ν of H_0. To this end we first notice that H_0 ∈ S(m) implies the bound |λ_ν (x, ξ)| ≤ cm(x, ξ) on its eigenvalues. Furthermore, due to the hyperbolicity condition (H0) the projections P_{ν,0} onto the eigenspaces of H_0 are in S(1). We then consider the first order derivatives (|α| + |β| = 1) of the relation H_0(x, ξ)P_{ν,0}(x, ξ) = λ_ν (x, ξ)P_{ν,0}(x, ξ), which exist since the eigenvalues λ_ν are smooth functions on the phase space T^∗R^d , see equation (2.8). One thus obtains λ_ν^{(α)}_{(β)}(x, ξ)P_{ν,0}(x, ξ) = ( H_0(x, ξ)P_{ν,0}(x, ξ) )_{(α)} (β) − λ_ν (x, ξ)P_{ν,0}^{(α)}_{(β)}(x, ξ). Now, since P_{ν,0}(x, ξ)P_{ν,0}^{(α)}_{(β)}(x, ξ)P_{ν,0}(x, ξ) = 0, a multiplication of the above equation with P_{ν,0}(x, ξ) from both sides yields

λ_ν^{(α)}_{(β)} (x, ξ)P_{ν,0}(x, ξ) = P_{ν,0}(x, ξ)H_0(x, ξ)^{(α)}_{(β)}P_{ν,0}(x, ξ), (3.12)

and hence | |λ_ν^{(α)}_{(β)} | | = c ‖ ‖λ_ν^{(α)}_{(β)}P_{ν,0} ‖ ‖_{n×n} = c ‖ ‖P_{ν,0}H_0^{(α)}_{(β)}P_{ν,0} ‖ ‖_{n×n} ≤ c̃ ‖ ‖H_0^{(α)}_{(β)} ‖ ‖_{n×n}. H_0 ∈ S(m) therefore implies that the first order derivatives of λ_ν are bounded by the order function m. One can continue this argument by successively differentiating equation (3.12), and concludes that λ_ν id_C n ∈ S(m) for all ν = 1, . . . , l. In particular, the property ‖ ‖H_0^{(α)}_{(β)} (x, ξ) ‖ ‖_{n×n} ≤ C_{α,β} for |α| + |β| ≥ 1, which follows from (3.9), transfers to a corresponding growth property of the eigenvalues of H_0: | λ_ν^{(α)}_{(β)}(x, ξ) | ≤ C_{α,β} for |α| + |β| ≥ 1. Therefore, the Hamiltonian flows Φ^t_ν exist globally on T^∗R^d such that |Φ^t_ν^{(α)}_{(β)}(x, ξ)| ≤ C_{α,β} for all α, β ∈ N^d_0 and for all finite times t ∈ [0, T ], see [Rob87]. This property guarantees that B ∘ Φ^t_ν ∈ S(1) for all B ∈ S(1). Concerning the unitary matrices d_{νμ} the following is true:

Lemma 3.3. If the subprincipal symbol H_1 of H satisfies ‖H_1^{(α)}_{(β)}‖_{n×n} ≤ C_{α,β} for all |α| + |β| ≥ 1, then ‖d_{νμ}^{(α)}_{(β)}(x, ξ, t)‖_{n×n} ≤ C^′_{α,β} for all t ∈ [0, T ], |α| + |β| ≥ 1 and ν, μ = 1, . . . , l. For the proof of this lemma see [Ivr98]. With these properties at hand one can integrate equation (3.11) and solve for P_{μ,0}B(t)_{νν,n}P_{μ,0} by conjugating with d_{νμ}(x, ξ, −t) and shifting the arguments by Φ^{δνμ t}ν (which only amounts to an actual shift in the case ν = μ). For the principal symbol of B(t) one thus obtains B(t)_{νν,0}(x, ξ) = d_{νν} (Φ^t_ν (x, ξ), −t)B_{νν,0}(Φ^t_ν (x, ξ))d^{−1}_{νν} (Φ^t_ν (x, ξ), −t), which is the only block of B(t)_{νν,0} with respect to P_{μ,0}, μ = 1, . . . , l, that is different from zero. Using d_{νμ}(Φ^{tδνμ}_ν (x, ξ), −t) = d^{−1}_{νμ} (x, ξ, t) = d^∗_{νμ}(x, ξ, t), (3.13) see [BN99], one finally obtains (3.10). For the higher coefficients B(t)_{νν,n}, n ≥ 1, one employs the Duhamel principle and uses that fact that the sum in (3.11) is taken over indices with |α| + |β| + j ≥ 2, and thus involves terms in S(1), in order to conclude that B(t)_{νν,n} ∈ S(1). This shows that one has found an asymptotic expansion in S^q_{cl}(1) for the symbol of U^∗(t)BU(t) that can be summed with the Borel method to yield a complete symbol.

This theorem shows that, for finite times t, one can associate to a (semiclassically) blockdiagonal symbol B ∈ S^q_{cl}(1) a symbol B(t) ∈ S^q_{cl}(1) whose quantisation op^W [B(t)] is semiclassically close to B(t) = U^∗(t)BU(t), i.e.,

‖B(t) − op^W [B(t)]‖ = O(ℏ^∞) for all t ∈ [0, T ].

This is a semiclassical version of the Egorov theorem [Ego69], which was originally formulated for the case of scalar symbols. A weaker version that is also sometimes referred to as an Egorov theorem (see, e.g., [PST02]) would only assert that one can evolve the principal symbol B_0 of B into a symbol B(t)_0, as given in (3.10), such that its quantisation op^W [B(t)_0] is ℏ-close to the time-evolved operator B(t), i.e.,

‖B(t) − op^W [B(t)_0]‖ = O(ℏ).

This statement is clearly covered by Theorem 3.2, since the quantisation of the difference B(t)−B(t)_0 ∈ S^{q−1}_{cl} (1) yields a bounded operator with norm of order ℏ, see Proposition 1.4.

We will now show (generalising results of Cordes [Cor83a, Cor00, Cor01]) that the semiclassical block-diagonal operators exhaust all operators with symbols in the invariant algebra S^∞_{inv}(1).

Proposition 3.4. The invariant subalgebra S^∞_{inv}(1) of S^∞_{cl} (1) consists of precisely those B ∈ S^q_{cl}(1) which are semiclassically block-diagonal with respect to the projections P_μ, μ = 1, . . . , l, defined in (2.11) of Proposition 2.1, i.e.,

B ∈ S^∞_{inv} ⊂ S^∞_{cl} (1) ⇔ B ∼ l∑ μ=1 P_μ#B#P_μ. Proof. Consider an operator B with symbol B ∈ S^∞_{cl} (1), whose equation of motion is given by (3.3). For the symbol of the time-evolved operator we now assume an asymptotic expansion B(t) ∼ ∞∑ j=0 ℏ^{−q+j}B(t)_j in S^q_{cl}(1). Furthermore, one can use (2.7) to separate (3.3) into blocks with respect to P_μ, μ = 1, . . . , l. For the off-diagonal blocks (ν ≠ μ) one therefore obtains ∂ ∂t B(t)_{νμ} ∼ i ℏ [H, B(t)_{νμ}]_#, (3.14) where B(t)_{νμ} := P_ν #B(t)#P_μ ∼ ∑_∞ j=0 ℏ^{−q+j}B(t)_{νμ,j}. In leading semiclassical order the factor ℏ^{−1} on the right-hand side of equation (3.14) enforces the condition

[H_0, B(t)_{νμ,0}] = (λ_ν − λ_μ)B(t)_{νμ,0} = 0.

Since λ_μ ≠ λ_ν for μ ≠ ν, this immediately yields B(t)_{νμ,0} = 0. Furthermore, ∂ ∂t ∞∑ j=1 ℏ^{−q+j}B(t)_{νμ,j} ∼ i [ H, ∞∑ j=1 ℏ^{−q+j−1}B(t)_{νμ,j} ] # . Again the leading order on the right-hand side has to vanish, i.e.,

[H_0, B(t)_{νμ,1}] = 0.

This means that the symbol B(t)_{νμ,1} must be block-diagonal with respect to the projection matrices P_{μ,0} ∈ S(1). But

P_{λ,0}B(t)_{νμ,1}P_{λ,0} = symb^W_P [ ℏ^{−1} (P_λ#(B(t)_{νμ} − B(t)_{νμ,0})#P_λ) ] = 0,

since B(t)_{νμ,0} = 0 for ν ≠ μ. Iterating the above procedure we see that if B ∈ S_{inv}(1), then it has to be block-diagonal with respect to P_μ, μ = 1, . . . , l. This proves one direction asserted in the proposition. The other direction, that the block-diagonal operators form a subset of the invariant algebra, is contained in the Egorov theorem 3.2.

At this point we want to add a comment on the transport equation (3.8) that not only occurs in connection with an Egorov theorem, but also in a WKB-type framework. In this context Littlejohn and Flynn [LF91] introduced a splitting of the analogue to H̃_{νν,1} (defined in equation (3.7)) into two contributions, one of which is related to a Berry connection [Ber84]. Subsequently Emmrich and Weinstein [EW96] generalised the approach of [LF91] and gave a geometrical interpretation for the second contribution, which they related to a Poisson curvature. We now want to identify the two contributions in the present situation, i.e., in H̃_{νν,1}. To this end we calculate H_{ν,1} = P_{ν,1}H_0 + P_{ν,0}H_1 +^i_2 {P_{ν,0}, H_0} using

−P_{ν,0}P_{ν,1}P_{ν,0} + (1 − P_{ν,0})P_{ν,1}(1 − P_{ν,0}) = i 2 {P_{ν,0}, P_{ν,0}}, which follows from the condition P_ν #P_ν ∼ P_ν and the composition formula in Lemma 1.2. Thus

P_{ν,0}H_{ν,1}P_{ν,0} = P_{ν,0}H_1P_{ν,0} + i λ_ν 2 P_{ν,0}{P_{ν,0}, P_{ν,0}}P_{ν,0} + i 2 l∑ η=1 λ_ηP_{ν,0}{P_{ν,0}, P_{η,0}}P_{ν,0}. The relation P_{ν,0}{P_{ν,0}, P_{η,0}}P_{ν,0} = −P_{ν,0}{P_{η,0}, P_{η,0}}P_{ν,0} and the spectral representation H_0 = ∑ μ λ_μP_{μ,0} now allow to rewrite the expression (3.7) for H̃_{νν,1} as

H̃_{νν,1} = H_{ν,Berry} + H_{ν,Poisson} + P_{ν,0}H_1P_{ν,0} with H_{ν,Berry} := −i[P_{ν,0}, {λ_ν , P_{ν,0}}], H_{ν,Poisson} := i 2 ( λ_ν P_{ν,0}{P_{ν,0}, P_{ν,0}}P_{ν,0} + P_{ν,0}{P_{ν,0}, H_0 − λ_ν P_{ν,0}}P_{ν,0} ) . This corresponds exactly to the splitting discussed in [EW96], see also [Spo00].

4 Dynamics in the eigenspaces

According to the Egorov theorem 3.2, the semiclassical calculus outlined above results not only in a transport of the principal symbols of observables by the Hamiltonian flows Φ^t_ν , but also in a conjugation by the (unitary n × n) transport matrices d_{νν} . The latter define the dynamics of those degrees of freedom that on the quantum mechanical level are described by the factor C^n of the total Hilbert space L^2(R^d ) ⊗ C^n . Our intention in this section now is to develop combined classical dynamics of both types of degrees of freedom, i.e., those described by the Hamiltonian flows and those that are represented by the conjugations. In this context the fact that the conjugations enter along integral curves of the Hamiltonian flows introduces a hierarchy among the two types of degrees of freedom.

In a first step we confirm that the dynamics represented by the transport matrices d_{νν} take place in the eigenspaces of the principal symbol H_0 in C^n . To this end we notice that since at every point (x, ξ) ∈ T^∗R^d the projection matrices P_{ν,0}(x, ξ) yield an orthogonal splitting of C^n and have constant rank k_ν , they define k_ν -dimensional subbundles π_ν : E^ν → T^∗R^d of the trivial vector bundle T^∗R^d × C^n over phase space. The fibre E^ν_{(x,ξ)} = π^{−1}_ν (x, ξ) over (x, ξ) ∈ T^∗R^d is given by the range of the projection, i.e., E^ν_{(x,ξ)} = P_{ν,0}(x, ξ)C^n . Furthermore, the canonical hermitian structure of C^n induces a hermitian structure on the fibres. We now intend to interpret the conjugation by d_{νν} as a dynamics in the eigenvector bundle E^ν , and for this purpose notice:

Lemma 4.1. The restricted transport matrices d_{νν} (x, ξ, t)P_{ν,0}(x, ξ) provide unitary maps between the fibres E^ν_{(x,ξ)} and E^ν_Φt_{ν (x,ξ)}.

Proof. In order to see that d_{νν} (x, ξ, t)P_{ν,0}(x, ξ) maps E^ν_{(x,ξ)} into E^ν_Φt_{ν (x,ξ)} we show P_{ν,0}(Φ^t_ν (x, ξ))d_{νν}(x, ξ, t)P_{ν,0}(x, ξ) = d_{νν} (x, ξ, t)P_{ν,0}(x, ξ). (4.1) This relation is certainly true for t = 0 where both sides yield P_{ν,0}. Moreover, the derivative with respect to t of the left-hand side reads {λ_ν , P_{ν,0}}(Φ^t_ν (x, ξ))d_{νν}(x, ξ, t)P_{ν,0}(x, ξ) − iP_{ν,0}(Φ^t_ν (x, ξ))H̃_{νν,1}(Φ^t_ν (x, ξ))d_{νν}(x, ξ, t)P_{ν,0}(x, ξ),

which equals −iH̃_{νν,1}(Φ^t_ν (x, ξ))P_{ν,0}(Φ^t_ν (x, ξ))d_{νν}(x, ξ, t)P_{ν,0}(x, ξ), since the commutator [P_{ν,0}, H̃_{νν,1}] can be calculated as (see equation (3.7)) −i[P_{ν,0}, [P_{ν,0}, {λ_ν, P_{ν,0}}]] = −i (P_{ν,0}{λ_ν , P_{ν,0}} + {λ_ν , P_{ν,0}}P_{ν,0}) = −i{λ_ν, P_{ν,0}}; here we have used (A.2) and P^2_{ν,0} = P_{ν,0}. Thus, P_{ν,0}(Φ^t_ν (x, ξ))d_{νν}(x, ξ, t)P_{ν,0}(x, ξ) fulfills the same differential equation with respect to t as d_{νν} (x, ξ, t)P_{ν,0}, and this finally implies the validity of equation (4.1).

In order to see the unitarity, one has to show that d_{νν} (x, ξ, t)P_{ν,0}(x, ξ) is an isometry whose range is the complete fibre E^ν_Φt_{ν (x,ξ)}. The first point is clear since d_{νν} is unitary on C^n and the fibres inherit their hermitian structures from C^n . The second point follows from the observation that the transport provided by d_{νν} can be reversed: Given v(Φ^t_ν (x, ξ)) ∈ E_Φt_{ν (x,ξ)}, the vector P_{ν,0}(x, ξ)d_{νν} (Φ^t_ν (x, ξ), −t)v(Φ^t_ν (x, ξ)) lies in E^ν_{(x,ξ)} and is mapped to v(Φ^t_ν (x, ξ)) by d_{νν} (x, ξ, t)P_{ν,0}(x, ξ), see (3.13).

According to the above, the action of d_{νν} (x, ξ, t) on a section in E^ν can be viewed as a parallel transport along the integral curves of the flow Φ^t_ν . If one now introduces sections of E^ν that yield orthonormal bases {e_1(x, ξ), . . . , e_{kν} (x, ξ)} of the fibres E^ν_{(x,ξ)}, the representations of d_{νν} (x, ξ, t) in these bases are unitary k_ν × k_ν matrices D_ν (x, ξ, t). Since the principal symbol H_0 of the operator H is hermitian (on C^n ), a preferred choice for the sections {e_1, . . . , e_{kν} } would consist of orthonormal eigenvectors of H_0. However, this choice is obviously not unique because it amounts to fixing an isometry V_ν (x, ξ) : C^{kν} → E^ν_{(x,ξ)}, such that V_ν (x, ξ)V^∗_ν (x, ξ) = P_{ν,0}(x, ξ) and V^∗_ν (x, ξ)V_ν(x, ξ) = id_C kν . Here one still has a freedom to change the isometry by an arbitrary unitary automorphism of C^{kν} . Having chosen an isometry V_ν (x, ξ) for every fibre E^ν_{(x,ξ)} in a smooth way, the n × n transport matrices d_{νν} (x, ξ, t) are mapped to unitary k_ν × k_ν matrices D_ν (x, ξ, t) := V^∗_ν ( Φ^t_ν (x, ξ) ) d_{νν} (x, ξ, t)V_ν (x, ξ). (4.2) Their dynamics follows from the transport equation (3.8) as

Ḋ_ν (x, ξ, t) + iH̃_ν (Φ^t_ν (x, ξ))D_ν (x, ξ, t) = 0 with D_ν (x, ξ, 0) = id_{C kν} , (4.3)

where the hermitian k_ν × k_ν matrix H̃_ν is derived from (3.7) for μ = ν,

H̃_ν = −iλ^ν 2 V^∗_ν {P_{ν,0}, P_{ν,0}}V_ν + i{λ_ν, V^∗_ν }V_ν + V^∗_ν H_{ν,1}V_ν . What is of more importance for later purposes than the non-uniqueness of this representation, however, is the fact that the above construction allows to introduce a skew-product flow over the Hamiltonian flow Φ^t_ν , thus reflecting the hierarchy of the two types of degrees of freedom. See [CFS82] for a definition of skew-product flows and cf. [BK99b] where these occur in the context of a semiclassical trace formula for matrix valued operators. At this stage now provisionally consider

Ŷ^t_ν : T^∗R^d × U(k_ν ) → T^∗R^d × U(k_ν ), defined by Ŷ^t_ν (x, ξ, g) := (Φ^t_ν (x, ξ), D_ν (x, ξ, t)g), which yields a flow on the product space T^∗R^d × U(k_ν ) due to the cocycle relation D_ν (x, ξ, t + t^′) = D_ν (Φ^t_ν (x, ξ), t^′)D_ν (x, ξ, t). Later we are interested in ergodic properties of such skew-product flows, and these are independent of the particular choice of the sections {e_1, . . . , e_{kν} }. Here we remark that in some cases the point of view advertised above might turn out too general. It can indeed happen that the fibre part of the skew-product flow does not require the complete group U(k_ν ). E.g., in [BGK01] a situation was considered where k_ν = 2j + 1, j ∈^1_2 N, and the transport matrices D_ν were operators in a 2j + 1-dimensional unitary irreducible representation of SU(2). This fact could be identified by the observation that when (x, ξ) ranges over T^∗R^d , the skew-hermitian matrices iH̃_ν(x, ξ) generate a Lie subalgebra of u(2j + 1) which is isomorphic to su(2).

In the general case one therefore should not necessarily expect that the transport matrices D_ν generate all of U(k_ν ), but only a certain Lie subgroup. In order to identify this group we consider the Lie subalgebra ⟨ iH̃_ν(x, ξ); (x, ξ) ∈ T^∗R^d ⟩ ⊂ u(k_ν ) (4.4)

generated by the skew-hermitian matrices iH̃_ν(x, ξ). Via exponentiation of this subalgebra one hence obtains a Lie subgroup G ⊂ U(k_ν ) that is compact and connected. To be more precise, the result of the exponentiation is a k_ν -dimensional unitary representation ρ of G. Its Lie algebra g then is embedded in (4.4) via the derived representation dρ. In this setting the transport matrices D_ν are operators in the representation ρ, i.e., D_ν (x, ξ, t) = ρ(g_ν (x, ξ, t)). Hence we are now in a position to define the skew-product flows Ỹ^t_ν : T^∗R^d × G → T^∗R^d × G (4.5)

through Ỹ^t_ν (x, ξ, g) = (Φ^t_ν (x, ξ), g_ν(x, ξ, t)g). (4.6) These flows leave the product measure dx dξ dg on T^∗R^d × G invariant, which consists of Lebesgue measure dx dξ on T^∗R^d and the normalised Haar measure dg on G. Moreover, if one restricts the Hamiltonian flows Φ^t_ν to compact level surfaces of the eigenvalue functions λ_ν at non-critical values E,

Ω_{ν,E} := λ^{−1}_ν (E) = { (x, ξ) ∈ T^∗R^d ; λ_ν (x, ξ) = E } , the restrictions of the skew-product flows Ỹ^t_ν to Ω_{ν,E} × G leave the measures dℓ(x, ξ) dg invariant, where dℓ(x, ξ) denotes the normalised Liouville measure on Ω_{ν,E}.

Below we are interested in the question under which conditions imposed on suitable classical dynamics quantum ergodicity holds, see section 6. In analogy to [BG00] one approach to this problem would be to consider the restriction of the skew-product flow Ŷ^t_ν to Ω_{ν,E} ×U(k_ν ): its ergodicity with respect to the product measure that consists of Liouville measure on Ω_{ν,E} and Haar measure on U(k_ν ) implies quantum ergodicity. Since, however, the dynamics in the eigenspaces is completely fixed by a restriction to the group G, the dynamical behaviour of the flow Ŷ^t_ν is determined by that of Ỹ^t_ν . One hence concludes that in order to proof quantum ergodicity one requires the following condition (see Remark 6.3):

(Irr_ν ) The representation ρ : G → U(k_ν ) is irreducible.

In the sequel we always assume this to be the case.

Our intention now is to relate the dynamics in the eigenspaces, given by the conjugation with the transport matrices d_{νν}, to proper classical dynamics. To this end we require a symplectic manifold with the dynamics realised in a Hamiltonian fashion. For this purpose Kirillov’s orbit method [Kir76] provides the necessary tools: it relates the unitary irreducible representation (ρ, C^{kν} ) to a coadjoint orbit O of G, which is a symplectic manifold. Moreover, the conjugation dynamics is realised in terms of the coadjoint action of G on O. As in the case of G = SU(2) considered in [BGK01], this setting then also allows to introduce a Moyal-type quantisation such that hermitian matrix valued symbols can be uniquely related to real valued functions on the symplectic product phase space T^∗R^d × O.

Let us now recall some properties of coadjoint orbits [Kir76]: The adjoint representation Ad : G → aut(g), g → (T_e I)(g), of a Lie group G on its Lie algebra g ∼= T_e G is defined as the differential T_e I of the inner automorphism I(g) : G → G, x → gxg^{−1}, g ∈ G, at the identity e ∈ G. The coadjoint representation of G on the dual Lie algebra g^∗ is then provided by the dual Ad^∗_g := (Ad_g−1 )^∗ of the linear map Ad_g−1 , i.e.,

(Ad^∗_g(λ), X) = (λ, Ad_g−1 X),

for X ∈ g and λ ∈ g^∗; here ( , ) : g^∗ × g → R denotes the dual pairing between the vector spaces g and g^∗. A coadjoint orbit O_λ through λ ∈ g^∗ then is an orbit of this group action,

O_λ := {Ad^∗_g(λ); g ∈ G} ⊂ g^∗.

If G is compact, O_λ is a smooth embedded and compact submanifold of g^∗. One of the main features of coadjoint orbits is their symplectic structure [Kir76].

Proposition 4.2. Let G be a connected Lie group and O ⊂ g^∗ a coadjoint orbit. Then O is a symplectic manifold and there exist unique symplectic forms σ^± on O such that σ^±(λ) ( ad^∗_X λ, ad^∗_Y λ ) = ± ( λ, [X, Y ] ) for all λ ∈ O and X, Y ∈ g. Here ad^∗ denotes the differential of the coadjoint action and [ , ] is the Lie bracket on g. The forms σ^± are referred to as the coadjoint orbit symplectic structures.

Furthermore, let G_λ := {g ∈ G; Ad^∗_g λ = λ} denote the isotropy subgroup of λ ∈ g^∗ under the coadjoint action. Then this is a closed subgroup of G, and so the quotient G/G_λ is a smooth manifold with smooth projection π : G → G/G_λ such that one can identify G/G_λ ∼= O_λ via the diffeomorphism κ : gG_λ → Ad^∗_g λ. Moreover, since the coadjoint action on O_λ preserves its symplectic structure and is obviously transitive, O_λ is a symplectic homogeneous space. In the following we only need one symplectic structure that turns O_λ into a symplectic homogeneous space and therefore now fix σ := σ^+.

Our next goal is to construct a certain quantisation of the symplectic manifold O_λ. On the classical side one considers suitable functions on the phase space O_λ as observables;

here we choose functions that are integrable with respect to the volume form dη that arises as the maximal exterior power of the symplectic form σ. A Hamiltonian dynamics is then generated by a smooth real valued function h on O_λ through the association of a Hamiltonian vector field X_h according to σ(X_h, ·) = dh. On the quantum side observables are hermitian endomorphisms of the representation space V with inner product ⟨·, ·⟩_V . A Moyal quantiser now assigns to a hermitian A ∈ L(V ) a function a ∈ L^1(O_λ) such that ρ(g)Aρ(g^{−1}) is mapped to a ∘ Ad^∗_g−1 . This covariance property then ensures that the dynamics given by the conjugation with D_ν = ρ(g_ν ) is represented on the phase space O_λ through the coadjoint action of g_ν . Quantisations of this type were constructed by Simon [Sim80], who introduced suitable Berezin symbols representing A ∈ L(V ). However, here we will closely follow [FGV90], where it is demonstrated that one can obtain a quantisation with an additional tracial property that turns out to be useful later.

In the present context G is a matrix Lie group, i.e., a closed subgroup of GL_n(C ), and its Lie algebra g is a subalgebra of M_n(C ) with the matrix commutator as Lie bracket. Thus there also exists a non-degenerate symmetric bilinear form B on g, given by B(X, Y ) = Re tr(XY ), that allows to identify g with its dual g^∗. Consider now the unitary irreducible representation (ρ, V ) of G and fix a highest (real) weight λ ∈ t^∗ corresponding to this representation, where t is the Lie algebra of a suitable maximal torus T ⊂ G. Since one can identify g and g^∗ via the bilinear form B, one can regard the highest weight as λ ∈ g^∗. Up to a phase, to this highest weight there corresponds a unique normalised weight vector w_λ ∈ V . Now define the map J : V → g^∗ by (J(v), X) := ⟨v, dρ(X)v⟩_V , such that in particular J(w_λ) = λ. This map is equivariant in the sense that J(ρ(g)v) = Ad^∗_g J(v). Since the weight space of the maximal weight is one-dimensional one obtains J^{−1}(λ) = {zw_λ; z ∈ C , |z| = 1}, and therefore J^{−1}(O_λ) = {ρ(g)w_λ; g ∈ G}. This setting now allows to associate to points η ∈ O_λ vectors v_η ∈ V that are unique up to a phase. For this purpose one chooses a measurable section η → g_η in G → G/G_λ with Ad^∗_{gη} (λ) = η and g_λ = e, which is possible due to the fact that O_λ ∼= G/G_λ is an orbit of the coadjoint action. Then define for every η ∈ O_λ a vector v_η := ρ(g_η)w_λ, which can also be viewed as a coherent state [Per86]. The equivariance of the map J now implies that J(v_η) = η, such that v_η is unique up to a phase. This finally allows to define for every A ∈ L(V ) the unique covariant symbol

Q_A(η) := ⟨v_η, Av_η⟩_V . (4.7)

In fact, Q_A : O_λ → C is continuous. We denote the space of covariant symbols that are constructed according to the above scheme by S_λ := {Q_A; A ∈ L(V )} and recall from [FGV90]

Lemma 4.3. The map L(V ) → S_λ defined in equation (4.7) is one-to-one.

Now consider a normalised vector w ∈ V and the associated orthogonal projector Π_w onto C w ⊂ V . Since, in the language of quantum mechanics, expectations of an observable A ∈ L(V ) in the state w read ⟨w, Aw⟩_V = tr(AΠ_w), one would like a Moyal quantisation to represent tr(AB) as ∫ O_λ Q_A(η)Q_B(η) dη. This relation, however, does not hold. Considering L(V ) as a (finite-dimensional) Hilbert space with inner product tr(A^∗B), we are hence looking for an isometry L(V ) → L^2(O_λ). To this end one notices that S_λ being a finite dimensional subspace of L^2(O_λ), the Riesz representation theorem ensures for every A ∈ L(V ) that the linear form L_A : S_λ → C given by L_A(Q_B ) := tr(A^∗B) can be represented in terms of a unique function P_A ∈ S_λ such that

L_A(Q_B ) = tr(A^∗B) = ∫ O_λ P_A(η)Q_B(η) dη. Since according to Lemma 4.3 the spaces L(V ) and S_λ have the same (finite) dimension, the map L(V ) ∋ A → P_A ∈ S_λ is a (linear) bijection that can as well serve as a symbol map; P_A is then called contravariant symbol. We remark that in order to satisfy the natural condition P_{idV} = 1, the volume form on O_λ has to be normalised such that vol(O_λ) = dim V . Both the covariant and the contravariant symbol of A ∈ L(V ) fulfill the covariance condition

Q_{ρ(g)Aρ(g}−1_)(η) = Q_A(Ad^∗_g−1 η), P_{ρ(g)Aρ(g}−1_)(η) = P_A(Ad^∗_g−1 η),

for all g ∈ G and all η ∈ O_λ. However, in order to obtain the desired isometry from L(V ) into L^2(O_λ), one is forced to introduce a symbol map that in a certain sense lies in between Q and P .

In [FGV90] it is shown that the operator K on S_λ that maps Q_A to P_A is bijective and positive. It therefore allows for a (positive) square-root K^{1/2} which can be used to define a symbol map with all desired properties:

Definition 4.4. For A ∈ L(V ) the Stratonovich-Weyl symbol symb^{SW} [A] ∈ S_λ is given by symb^{SW} [A] := K^{1/2}Q_A = K^{−1/2}P_A.

Summarising the above finally yields [FGV90]:

Proposition 4.5. The symbol map A → symb^{SW} [A] has the following properties:

(i) It is a linear one-to-one map from L(V ) to S_λ,

(ii) symb^{SW} [A^∗] = symb^{SW} [A],

(iii) symb^{SW} [id_V ] = 1,

(iv) symb^{SW} [ρ(g)Aρ(g^{−1})](η) = symb^{SW} [A](Ad^∗_g−1 η) for all η ∈ O_λ, g ∈ G, (v) ∫ O_λ symb^{SW} [A](η) symb^{SW} [B](η) dη = tr(AB).

In order to make the relation between A ∈ L(V ) and its symbol symb^{SW} [A] explicit, one introduces a (hermitian) quantiser Δ_λ : O_λ → L(V ) such that

symb^{SW} [A] = tr ( AΔ_λ ) and A = ∫ O_λ symb^{SW} [A](η)Δ_λ(η) dη. (4.8)

As shown in [FGV90], the quantiser can be expressed in terms of generalised spherical harmonics associated with those unitary irreducible representations that appear in the regular representation (τ(g)f)(η) = f(Ad^∗_g−1 η) of G on S_λ.

With this formalism at hand one can now transfer the dynamics of a (hermitian) B ∈ L(V ) given by a conjugation with D(t) = ρ(g(t)), B → B(t) = D^{−1}(t)BD(t), to the coadjoint action of g(t) on the symplectic manifold O_λ via the relation symb^{SW} [B(t)](η) = symb^{SW} [B](Ad^∗_{g(t)} η). The symplectic structure on O_λ defined by the form σ, furthermore, allows to identify the dynamics η → Ad^∗_{g(t)} η as being Hamiltonian. To see this assume that D(t) is determined by

Ḋ(t) + iHD(t) = 0 with D(0) = id_V , (4.9)

where H ∈ L(V ) is hermitian; compare equation (4.3). On the one hand now, a Hamiltonian flow η → η(t) can be introduced on O_λ that is generated by the Stratonovich-Weyl symbol of H. The associated Hamiltonian vector field X_{symb}SW_{[H]} is then defined through

σ(X_{symb}SW_{[H]}, ·) = d symb^{SW} [H],

so that the time evolution f(t)(η) = f(η(t)) of a function f ∈ C^∞(O_λ) is governed by the equation

ḟ(t) = {symb^{SW} [H], f(t)} = σ(X_{symbSW [H]}, X_{f(t)}) = −df(t)(X_{symbSW [H]}). (4.10)

On the other hand, differentiating Ad^∗_{g(t)} η with respect to t yields d dt Ad^∗_{g(t)} η | |_{t=0} = − ad^∗_{XH} η, (4.11)

where X_H ∈ g is the generator of the curve g(t) in G which, according to equation (4.9), is related to H via dρ(X_H ) = −iH. A comparison of (4.10) and (4.11) then shows that the dynamics provided by the coadjoint action Ad^∗_{g(t)} coincides with the Hamiltonian flow generated by the symbol symb^{SW} [H].

As an ultimate outcome of the above formalism we are now in a position to introduce a skew-product flow on the symplectic phase space T^∗R^d × O_λ that completely determines the time evolution of the ν-th diagonal block of an observable on the level of its principal symbol. Explicitly, this flow is given by

Y^t_ν : T^∗R^d × O_λ → T^∗R^d × O_λ (4.12)

with Y^t_ν (x, ξ, η) := ( Φ^t_ν (x, ξ), Ad^∗_{gν (x,ξ,t)} η ) ; (4.13)

it leaves the product measure dx dξ dη invariant.

Consider now a semiclassical pseudodifferential operator B with symbol B ∈ S^∞_{cl} (1). Mod O(ℏ^∞) the quantum dynamics preserves the diagonal structure of its blocks P_ν BP_ν . According to the Egorov theorem 3.2, together with the definition (4.2), the principal symbol of P_ν B(t)P_ν hence reads V_ν (x, ξ)D^∗_ν(x, ξ, t) ( V^∗_ν B_0V_ν )( Φ^t_ν (x, ξ) ) D_ν (x, ξ, t)V^∗_ν (x, ξ). (4.14) We now exploit the possibility, explicitly provided by (4.8), to uniquely represent the value of V^∗_ν B_0V_ν : T^∗R^d → L(C^{kν} ) in terms of a Stratonovich-Weyl symbol, b_{0,ν} (x, ξ, η) := symb^{SW} [ (V^∗_ν B_0V_ν )(x, ξ) ] (η). (4.15)

The dynamics of the principal symbol in this representation is now summarised in the following variant of the Egorov theorem:

Proposition 4.6. The Stratonovich-Weyl symbol b(t)_{0,ν} associated with the principal symbol of the operator P_ν B(t)P_ν is the time evolution of b_{0,ν} under the skew-product flow Y^t_ν defined in equations (4.12)–(4.13), i.e., b(t)_{0,ν} (x, ξ, η) = b_{0,ν} ( Y^t_ν (x, ξ, η) ) . Proof. According to (4.14) and (4.15), b(t)_{0,ν} is given by b(t)_{0,ν} (x, ξ, η) = symb^{SW} [ ρ(g^{−1}_ν (x, ξ, t)) ( V^∗_ν B_0V_ν )( Φ^t_ν (x, ξ) ) ρ(g_ν (x, ξ, t)) ] (η), which due to the covariance property (iv) of Proposition 4.5 reads b(t)_{0,ν} (x, ξ, η) = symb^{SW} [( V^∗_ν B_0V_ν )( Φ^t_ν (x, ξ) )] (Ad^∗_{gν (x,ξ,t)} η) = b(t)_{0,ν} ( Φ^t_ν (x, ξ), Ad^∗_{gν (x,ξ,t)} η ) .

5 Trace asymptotics and a limit formula for averaged expectation values

A fundamental ingredient in the asymptotics of eigenvectors we are aiming at is a semiclassical limit formula for the expectation values of bounded operators B on L^2(R^d ) ⊗ C^n . Below we will obtain a Szegö-type formula which connects semiclassically averaged expectation values with objects that can be calculated from the principal symbol B_0 of the operator B and therefore allow for a classical interpretation. On the so defined classical side we fix a value E for all eigenvalue functions λ_ν , ν = 1, . . . , l, of the principal symbol H_0 with the following properties:

(H3_ν ) There exists some ε > 0 such that all λ^{−1}_ν ([E − ε, E + ε]) ⊂ T^∗R^d are compact.

(H4_ν ) The functions λ_ν shall possess no critical values in [E − ε, E + ε].

(H5_ν ) Among the level surfaces Ω_{ν,E} = λ^{−1}_ν (E), ν = 1, . . . , l, at least one is non-empty.

In addition to (H1) and (H2), which imply the essential selfadjointness of the operator H, these conditions guarantee as in the scalar case [DS99] that for sufficiently small ℏ the spectrum of H is discrete in any open interval contained in [E − ε, E + ε]. This setting now allows us to generalise the constructions made in [BG00] to Hamiltonians with nonscalar principal symbols: The expectation values of an operator B will be considered in normalised eigenvectors ψ_j of H with corresponding eigenvalues E_j in an interval I(E, ℏ) = [E − ℏω, E + ℏω], ω > 0, such that I(E, ℏ) ⊂ [E − ε, E + ε] if ℏ is small enough. On the classical side the Hamiltonian flows Φ^t_ν generated by the eigenvalue functions λ_ν will enter on the level surfaces Ω_{ν,E}. Regarding these we assume:

(H6_ν ) The periodic points of Φ^t_ν with non-trivial periods form a set of Liouville measure zero in Ω_{ν,E}.

The quantities appearing on the classical side of the limit formula turn out to be averages of smooth matrix valued functions B ∈ C^∞(T^∗R^d ) ⊗ M_n(C ) over Ω_{ν,E} with respect to Liouville measure, for which we introduce the notation ℓ_{ν,E} (B) := ∫ Ω_{ν,E} B(x, ξ) dℓ(x, ξ). The main result of this section is now summarised in the following Szegö-type limit formula:

Proposition 5.1. Let H be a semiclassical pseudodifferential operator with symbol H ∈ S^0_{cl}(m), such that the principal symbol H_0 satisfies the assumptions (H0)–(H2) and (H3_ν )– (H6_ν ) for all ν = 1, . . . , l. Furthermore, let B be an operator with symbol B ∈ S^0_{cl}(1) and principal symbol B_0. Then the limit formula

lim_{ℏ→0} 1 N_I ∑ E_j ∈I(E,ℏ) ⟨ψ_j , Bψ_j ⟩ = ∑_l ν=1 vol Ω_{ν,E} tr ℓ_{ν,E}(P_{ν,0}B_0P_{ν,0}) ∑_l ν=1 k_ν vol Ω_{ν,E}

(5.1)

holds.

Proof. Adapted to the spectral localisation mentioned above we choose a smooth and compactly supported function g ∈ C^∞_0 (R) such that g(λ) = λ on a neighbourhood of [E − ε, E + ε]. Furthermore, we apply the semiclassical splitting of the Hilbert space L^2(R^d ) ⊗ C^n given by the projection operators P_ν ,

L^2(R^d ) ⊗ C^n = ran P_1 ⊕ · · · ⊕ ran P_l mod ℏ^∞, (5.2)

and the corresponding decomposition H = ∑_l ν=1 HP_ν (mod O(ℏ^∞)) of the Hamiltonian.

By employing the generalisation of the Helffer-Sjöstrand formula to matrix valued operators developed in [Dim93, Dim98], we represent g(H) = ∑_l ν=1 g(HP_ν )P_ν (mod O(ℏ^∞)) with g(HP_ν )P_ν = − 1 π ∫ C ∂_zg̃(z)(H − z)^{−1}P_ν dz, where g̃ is an almost-analytic extension of g. Since the principal symbol H_0P_{ν,0} of HP_ν is scalar, H_0P_{ν,0} = λ_ν P_{ν,0}, when considered to act on sections in the eigenvector bundle E^ν , one can use the methods of [DS99] to show that on λ^{−1}_ν ([E − ε, E + ε]) the asymptotic expansions of symb^W [g(HP_ν )] and of symb^W [HP_ν ] coincide. Below we will always employ the spectral localisation to the interval I(E, ℏ), and since symb^W [g(HP_ν )] ∈ S^0_{cl}(1), one can therefore now assume that H ∈ S^0_{cl}(1). Furthermore, the decomposition (5.2) allows us to employ the techniques of [DS99] in the same manner as in [BG00]. Hence, if χ ∈ C^∞_0 (R) with χ ≡ 1 on I(E, ℏ) and supp χ ⊂ [E − ε, E + ε], the operator

U_χ(t) := e^{− iℏ Ht}χ(H) l∑ ν=1 P_ν = l∑ ν=1 e^{− iℏ HPν t}χ(HP_ν )P_ν mod O(ℏ^∞),

has a pure point spectrum. Moreover, each of the operators e^{− i}ℏ^{HPν t}χ(HP_ν ) can be approximated in trace norm up to an error of O(ℏ^∞) by a semiclassical Fourier integral operator with a kernel of the form K_ν (x, y, t) = 1 (2πℏ)^d ∫ R^d a_ν (x, y, t, ξ)e^{iℏ (Sν (x,ξ,t)−ξy)} dξ. (5.3) Here, as in [BK99a], the phases S_ν have to fulfill the Hamilton-Jacobi equations λ_ν ( x, ∂_xS_ν (x, ξ, t) ) + ∂_tS_ν (x, ξ, t) = 0, S_ν (x, ξ, 0) = xξ. The amplitudes a_ν ∈ S^0_{cl}(1) with asymptotic expansions a_ν ∼ ∑_∞ j=0 ℏ^ja_{ν,j} are determined as solutions of certain transport equations [BK99a] with initial conditions a_ν |_{t=0} = χ(λ_ν )P_{ν,0}+ O(ℏ). Following [BG00] further, we choose test functions ρ ∈ C^∞(R) with compactly supported Fourier transforms ρ̂ ∈ C^∞_0 (R) such that Tr 1 2π ∫ R ρ̂(t)e^{iℏ Et}BU_χ(t) dt = ∑ j χ(E_j )⟨ψ_j , Bψ_j ⟩ρ ( E_j − E ℏ ) , where Tr denotes the operator trace on the Hilbert space L^2(R^d ) ⊗ C^n . Using the semiclassical approximation (5.3) one now has to calculate 1 2π(2πℏ)^d ∫ R ∫ R^d ∫ R^d ρ̂(t) l∑ ν=1 tr ( B_0(x, ∂_xS_ν )a_{ν,0}(x, x, t, ξ) ) e^{iℏ (Sν (x,ξ,t)−xξ+Et)} dξ dx dt (5.4) in leading semiclassical order. This can be done with the method of stationary phase, where the stationary points (x_{ν,st}, ξ_{ν,st}, t_{ν,st}) of the phase S_ν (x, ξ, t) − xξ + Et determine periodic points (x_{ν,st}, ξ_{ν,st}) ∈ Ω_{ν,E} of the Hamiltonian flow Φ^t_ν with periods t_{ν,st}. Since the eigenvalue function λ_ν is supposed to be non-critical at E, the periods t_{ν,st} of the flow Φ^t_ν cannot accumulate at zero, see [Rob87]. One can hence split ρ̂ = ρ̂_1 + ρ̂_2 in such a way that ρ̂_1 is supported only in a small neighbourhood of zero and ρ̂_2 = 0 in the vicinity of zero, so that the only period in supp ρ̂_1 is the trivial one, t_{ν,st} = 0. The contribution coming from ρ̂_1 to (5.4) is therefore determined by the periodic points with t_{ν,st} = 0. These build up the entire level surface Ω_{ν,E} which, according to assumption (H3_ν ), is compact. The result then reads (see [DS99, BG00]) ∑ j χ(E_j )⟨ψ_j , Bψ_j ⟩ρ_1 ( E_j − E ℏ ) = χ(E) ρ̂_1(0) 2π l∑ ν=1 vol Ω_{ν,E} (2πℏ)^{d−1} ( tr ℓ_{ν,E}(P_{ν,0}B_0P_{ν,0}) + O(ℏ) ) . (5.5)

Coming to the contribution of the term with ρ̂_2 to the expression (5.4), we recall that ρ̂_2 has been chosen to vanish in a neighbourhood of zero. The relevant stationary points are hence related to periodic orbits of the flow Φ^t_ν with non-vanishing periods. The condition (H6_ν ) now allows us to employ the methods of [DS99], leading to the estimate ∑ j χ(E_j)⟨ψ_j , Bψ_j ⟩ρ_2 ( E_j − E ℏ ) = o(ℏ^{1−d}). (5.6)

The relations (5.5) and (5.6) together therefore imply that for every test function ρ ∈ C^∞(R) with Fourier transform ρ̂ ∈ C^∞_0 (R) the estimate (5.5) holds with ρ_1 replaced by ρ. Hence, the Tauberian argument developed in [BPU95] can be applied to yield ∑ E_j ∈I(E,ℏ) ⟨ψ_j , Bψ_j ⟩ = ω π l∑ ν=1 vol Ω_{ν,E} (2πℏ)^{d−1} tr ℓ_{ν,E}(P_{ν,0}B_0P_{ν,0}) + o(ℏ^{1−d}). (5.7)

In this relation one can set the operator B equal to the identity and thus obtains a semiclassical expression for the number N_I of eigenvalues of H in I(E, ℏ), N_I := #{E_j ∈ I(E, ℏ)} = ω π l∑ ν=1 k_ν vol Ω_{ν,E} (2πℏ)^{d−1} + o(ℏ^{1−d}), (5.8)

where k_ν = tr P_{ν,0} denotes the dimension of the fibre ran P_{ν,0} = E^ν corresponding to the eigenvalue λ_ν of H_0. The proof is now finished by combining the expressions (5.7) and (5.8).

Let us add two comments:

1. Under the additional assumption (Irr_ν ) the Stratonovich-Weyl calculus discussed in section 4 can be applied. It allows to express tr(P_{ν,0}B_0P_{ν,0}) = tr(V^∗_ν B_0V_ν ) in terms of the symbol b_{0,ν} introduced in (4.15). This then leads to the representation 1 k_ν tr ℓ_{ν,E}(P_{ν,0}B_0P_{ν,0}) = 1 vol O_λ ∫ Ω_{ν,E} ∫ O_λ b_{0,ν} (x, ξ, η) dη dℓ(x, ξ) =: M_{E,ν,λ} ( b_{0,ν} ) (5.9)

as an integral over the product space Ω_{ν,E} × O_λ. Here the relation k_ν = vol O_λ, introduced in section 4, enables one to give the right-hand side of (5.1) a genuinely classical interpretation.

2. The operators B considered in the limit formula (5.1) have not been restricted to those with symbols in the invariant subalgebra S^0_{inv}(1) ⊂ S^0_{cl}(1). Nevertheless, only the diagonal blocks of their principal symbols B_0 with respect to the projection matrices P_{ν,0} enter on the right-hand side of (5.1). In particular, this implies that for an operator B with a purely off-diagonal principal symbol, i.e., P_{μ,0}B_0P_{μ,0} = 0 for all μ = 1, . . . , l, the semiclassical average vanishes. Thus one can replace an operator B with symbol B ∈ S^0_{cl}(1) by its diagonal part ∑ μ P̃_μBP̃_μ, whose symbol is in the invariant algebra S^0_{inv}(1), without changing the value of the limit on the right-hand side of (5.1).

So far we have considered expectation values in normalised eigenvectors of H. Our intention now is to discuss the projections P_ν ψ_j of the eigenvectors of H to a fixed almost invariant subspace of L^2(R^d ) ⊗ C^n . One thus expresses averaged expectation values in the projected eigenvectors in terms of classical quantities related to the single Hamiltonian flow Φ^t_ν . In order to achieve this one applies Proposition 5.1 to operators P_ν BP_ν and exploits the selfadjointness of P_ν . This results in

Corollary 5.2. Under the assumptions stated in Proposition 5.1, for each ν ∈ {1, . . . , l} the restricted limit formula

lim_{ℏ→0} 1 N_I ∑ E_j ∈I(E,ℏ) ⟨P_ν ψ_j , BP_ν ψ_j ⟩ = vol Ω_{ν,E} tr ℓ_{ν,E} (P_{ν,0}B_0P_{ν,0}) ∑_l μ=1 k_μ vol Ω_{μ,E}

. (5.10)

holds.

Thus the semiclassical average of the projected eigenvectors P_ν ψ_j , with E_j ∈ I(E, ℏ), localises on the corresponding level surface Ω_{ν,E} ⊂ T^∗R^d . If one considers (5.10) for different ν, the relative weights of the corresponding projections are determined by the relative volumes of the associated level surfaces and the dimensions of the eigenspaces E^ν , which equal the volumes of the coadjoint orbits O_λ.

In general, however, the projected eigenvectors P_ν ψ_j are neither normalised, nor are they genuine eigenvectors of H. We therefore now introduce the normalised vectors ϕ_{j,ν} := P_ν ψ_j ‖P_ν ψ_j ‖ . (5.11)

Since the projectors P_ν only commute with H up to a term of O(ℏ^∞), the pairs (E_j, ϕ_{j,ν}) are quasimodes with discrepancies r_{j,ν}, i.e., ( H − E_j ) ϕ_{j,ν} = [H, P_ν ]ψ_j ‖P_ν ψ_j ‖ and r_{j,ν} = ‖[H, P_ν ]ψ_j ‖ ‖P_ν ψ_j ‖ . This observation only ensures the existence of an eigenvalue of H in the interval [E_j − r_{j,ν}, E_j + r_{j,ν}], which is a trivial statement; it does not imply that ϕ_{j,ν} is close to an eigenvector of H, see [Laz93]. It therefore is of somewhat more interest to consider the operator HP_ν , whose spectrum inside the interval [E − ε, E + ε] ⊃ I(E, ℏ) is as well purely discrete. Following the above reasoning, one then concludes that (E_j , ϕ_{j,ν}) is a quasimode with discrepancy r_{j,ν} also for this operator. Thus, if ‖P_ν ψ_j ‖ ≥ cℏ^N for some N ≥ 0 and hence r_{j,ν} = O(ℏ^∞), the operator HP_ν has an eigenvalue with distance O(ℏ^∞) away from E_j . Since there are N_I eigenvalues E_j ∈ I(E, ℏ) one finds as many quasimodes for HP_ν . But this operator has only

N^ν_I = k_ν ω π vol Ω_{ν,E} (2πℏ)^{d−1} + o(ℏ^{1−d})

eigenvalues in I(E, ℏ), compare (5.8). This observation might suggest that only approximately N^ν_I of the N_I projected eigenvectors P_ν ψ_j are of considerable size, such that the discrepancies of the associated quasimodes are smaller than the distance of E_j to neighbouring eigenvalues of H. This expectation can be strengthened by an application of the limit formula (5.10) with the choice B = id,

lim_{ℏ→0} 1 N_I ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2 = k_ν vol Ω_{ν,E} ∑_l μ=1 k_μ vol Ω_{μ,E}

, (5.12)

which implies that

N^ν_I = ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2 + o(1), ℏ → 0. (5.13)

One could thus expect that roughly N^ν_I of the projected eigenvectors P_ν ψ_j are close to ψ_j , and the rest is such that ‖P_ν ψ_j ‖ is semiclassically small. However, (5.13) does not rule out the other extreme situation, provided by projected eigenvectors P_ν ψ_j , ν = 1, . . . , l, equidistributing in the sense that their squared norms are asymptotic to N^ν_I /N_I as ℏ → 0. In that case the discrepancies of the associated quasimodes for the operators HP_ν can be estimated as r_{j,ν} = O(ℏ^∞). In order now that these quasimodes do not produce more than N^ν_I eigenvalues of HP_ν in I(E, ℏ), a finite fraction of the eigenvalues E_j of H must possess spacings to their nearest neighbours of the order ℏ^∞. Since in general there exist no sufficient lower bounds on eigenvalue spacings, none of the two extreme situations discussed above can be excluded so far.

What is possible, however, is to derive from (5.12) an upper bound for the fraction of the projected eigenvectors P_ν ψ_j that are close in norm to ψ_j ,

lim_{ℏ→0} 1 N_I # { E_j ∈ I(E, ℏ); ‖P_ν ψ_j − ψ_j ‖ = o(1) } ≤ k_ν vol Ω_{ν,E} ∑_l μ=1 k_μ vol Ω_{μ,E} , see also [Sch01]. To obtain lower bounds is notoriously more difficult. The limit formula (5.12) only allows to estimate the fraction of projected eigenvectors with norms that tend to a finite limit as ℏ → 0. One conveniently measures this fraction in units of the value that is expected for equidistributed projections. Therefore, with δ := δ̃^{kν vol Ων,E}∑_{lμ=1 kμ vol Ωμ,E} , we consider

N^δ_{ν,I} := # { E_j ∈ I(E, ℏ); ‖P_ν ψ_j ‖^2 ≥ δ } . Since 1 N_I ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2 ≤ 1 N_I ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2≥δ 1 + 1 N_I ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2<δ ‖P_ν ψ_j ‖^2

≤ N^δ_{ν,I} N_I + δ N_I (N_I − N^δ_{ν,I} ), the relative fraction of projected eigenvectors with finite semiclassical limit can be estimated from below as

lim_{ℏ→0} N^δ_{ν,I} N_I ≥ (1 − δ̃)k_ν vol Ω_{ν,E} ∑_l μ=1 k_μ vol Ω_{μ,E}

. (5.14)

6 Quantum ergodicity

Our intention in this section is to consider quantum ergodicity for the normalised eigenvectors ψ_j , E_j ∈ I(E, ℏ), of the quantum Hamiltonian H. In the case of scalar pseudodifferential operators one denotes by quantum ergodicity a weak convergence of the phase space lifts of almost all eigenfunctions to Liouville measure on the level surface Ω_E = H^{−1}_0 (E), and proves this to hold if the flow generated by the principal symbol H_0 of the quantum Hamiltonian is ergodic on Ω_E . In the present situation of operators with matrix valued symbols, however, each eigenvalue λ_ν of H_0 defines its own classical dynamics. One hence can only expect quantum ergodicity to be concerned with statements about the projections P_ν ψ_j of the eigenvectors to the different almost invariant subspaces of L^2(R^d ) ⊗ C^n in relation to the behaviour of the associated classical systems. In the preceding section we discussed the question of identifying those projected eigenvectors whose norms are not semiclassically small. Since presently this problem cannot be resolved directly, quantum ergodicity can only be formulated by restricting to those eigenvectors whose squared norms exceed a value of δ in the semiclassical limit, without specifying them further.

Conventionally the convergence of quantum states determined by the eigenvectors ψ_j of H is discussed in terms of expectation values of observables in these states. Explicit lifts of the eigenfunctions to phase space are then, e.g., provided by their Wigner transforms. The choice of the projected eigenvectors P_ν ψ_j leads to consider expectation values of diagonal blocks P_ν BP_ν of operators B with symbols B ∈ S^q_{cl}(1). On the symbol level the time evolution of these blocks is covered by the Egorov theorem 3.2. Representing then the blocks of the principal symbols by Stratonovich-Weyl symbols as described in section 4, according to Proposition 4.6 we are faced with the skew-product flows Y^t_ν on the product phase spaces T^∗R^d × O_λ. Since the Stratonovich-Weyl symbols b_{0,ν} defined in equation (4.15) that are associated with symbols B ∈ S^q_{cl}(1) are clearly integrable with respect to the measures dℓ dη on the (compact) manifolds Ω_{ν,E} × O_λ, the (assumed) ergodicity of the flow Y^t_ν implies that lim_{T →∞} 1 T ∫_T 0 ( b_{0,ν} ∘ Y^t_ν ) (x, ξ, η) dt = 1 vol O_λ ∫ Ω_{ν,E} ∫ O_λ b_{0,ν} (x^′, ξ^′, η^′) dη^′ dℓ(x^′, ξ^′) = M_{E,ν,λ}(b_{0,ν} ) (6.1)

holds for almost all initial conditions (x, ξ, η) ∈ Ω_{ν,E} × O_λ. In particular, one immediately realises that the supposed ergodicity of Y^t_ν implies ergodicity for the flow Φ^t_ν on Ω_{ν,E} with respect to Liouville measure dℓ. As a consequence the condition (H6_ν ) is automatically fulfilled.

For the subsequent formulation and proof of quantum ergodicity we choose to follow in principle the approach of [Zel96, ZZ96]. This means that we investigate the variance of expectation values about their mean in the semiclassical limit. In order to avoid the problem of explicitly estimating the norms of projected eigenvectors we here consider the normalised vectors ϕ_{j,ν}, defined in (5.11), which have been identified as quasimodes for both the operators H and HP_ν . Moreover, we concentrate on vectors corresponding to projected eigenvectors with norms that do not vanish semiclassically, i.e., with ‖P_ν ψ_j ‖^2 ≥ δ for some fixed δ ∈ (0, 1). This approach is similar to the one introduced by Schubert [Sch01] in the context of local quantum ergodicity, where an equidistribution was shown for quasimodes associated with ergodic components of phase space. In section 5 we estimated the relative number N^δ_{ν,I} /N_I of the associated eigenvectors among all eigenvectors of H in the semiclassical limit from below, see (5.14). A non-trivial bound could only be obtained for δ̃ < 1 corresponding to

δ < δ_ν := k_ν vol Ω_{ν,E} ∑_l μ=1 k_μ vol Ω_{μ,E} . Therefore, from now on we confine δ to the interval δ ∈ (0, δ_ν ), and are thus in a position to state our main result.

Theorem 6.1. Let H be a pseudodifferential operator with hermitian symbol H ∈ S^0_{cl}(m) whose principal part H_0 fulfills the conditions (H1) and (H2) of section 3. The eigenvalues λ_1, . . . , λ_l of H_0 are required to have constant multiplicities and shall obey the conditions (H3_ν )–(H5_ν ) of section 5 for all ν ∈ {1, . . . , l}. Moreover, they shall be separated according to the hyperbolicity condition (H0), |λ_ν (x, ξ) − λ_μ(x, ξ)| ≥ Cm(x, ξ) for ν ≠ μ and |x| + |ξ| ≥ c. Assume now that the symbol H ∼ ∑_∞ j=0 ℏ^j H_j satisfies the growth condition

‖H_j^{(α)}_{(β)}(x, ξ)‖_{n×n} ≤ C_{α,β} for all (x, ξ) ∈ T^∗R^d and |α| + |β| + j ≥ 2 − δ_{j0}, (3.9)

and that the condition (Irr_ν ) of section 4 holds. If then the flow Y^t_ν defined in (4.13) is ergodic on Ω_{ν,E} × O_λ with respect to the invariant measure dℓ dη, in every sequence of normalised projected eigenvectors {ϕ_{j,ν}}_{j∈N}, with ‖P_ν ψ_j ‖^2 ≥ δ, δ ∈ (0, δ_ν ) fixed, one finds a subsequence {ϕ_{jα,ν} }_{α∈N} of density one, i.e.,

lim_{ℏ→0} #{α; ‖P_ν ψ_{jα} ‖^2 ≥ δ} #{j; ‖P_ν ψ_j ‖^2 ≥ δ} = 1,

such that for every operator B with symbol B ∈ S^0_{cl}(1) and principal symbol B_0 lim_{ℏ→0}⟨ϕ_{jα,ν} , Bϕ_{jα,ν} ⟩ = M_{E,ν,λ}(b_{0,ν} ), (6.2) where b_{0,ν} denotes the Stratonovich-Weyl symbol associated with P_{ν,0}B_0P_{ν,0}. Furthermore, the density-one subsequence {ϕ_{jα,ν} }_{α∈N} can be chosen to be independent of the operator B.

Proof. We start with considering expectation values of the operator B taken in the quasimodes {ϕ_{j,ν}} and denote their variance about the mean M_{E,ν,λ}(b_{0,ν} ) of the corresponding Stratonovich-Weyl symbol b_{0,ν} defined in (4.15) as S^δ_{2,ν} (E, ℏ) := 1 N^δ_{ν,I} ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2≥δ | |⟨ϕ_{j,ν}, Bϕ_{j,ν}⟩ − M_{E,ν,λ}(b_{0,ν} ) | |^2.

Due to the definition (5.11) of the normalised vectors ϕ_{j,ν}, this variance can also be written as S^δ_{2,ν} (E, ℏ) = 1 N^δ_{ν,I} ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2≥δ | |⟨ϕ_{j,ν}, (B − M_{E,ν,λ}(b_{0,ν} ))ϕ_{j,ν}⟩ | |^2

= 1 N^δ_{ν,I} ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2≥δ ‖P_ν ψ_j ‖^{−2} | |⟨ψ_j , P_ν (B − M_{E,ν,λ}(b_{0,ν} ))P_ν ψ_j ⟩ | |^2 .

Allowing for an error of O(ℏ^∞), in this expression the expectation values can be replaced by those of the operator P̃_ν (B − M_{E,ν,λ}(b_{0,ν} ))P̃_ν whose symbol is in the invariant subalgebra S^0_{inv}(1) ⊂ S^0_{cl}(1). Therefore, since all further requirements are also met, the Egorov theorem 3.2 applies and yields that for finite times t ∈ [0, T ] the evolution U^∗(t)P̃_ν (B − M_{E,ν,λ}(b_{0,ν} ))P̃_ν U(t) of this operator is again a pseudodifferential operator with symbol in the class S^0_{cl}(1). Taking into account that the ψ_j s are eigenvectors of H with eigenvalues E_j, the above expression can be rewritten as S^δ_{2,ν} (E, ℏ) = 1 N^δ_{ν,I} ∑ E_j ∈I(E,ℏ) ‖P_ν ψ_j ‖^2≥δ | |⟨ψ_j, B_{ν,T} ψ_j ⟩ | |^2‖P_ν ψ_j ‖^{−2},

where we have defined the auxiliary operator B_{ν,T} := 1 T ∫_T 0 U^∗(t)P̃_ν ( B − M_{E,ν,λ}(b_{0,ν} ) )~ P_ν U(t) dt. (6.3)

Furthermore, by using using the Cauchy-Schwarz inequality and the lower bound on the norms ‖P_ν ψ_j ‖^2 ≥ δ > 0 we obtain as an upper bound S^δ_{2,ν} (E, ℏ) ≤ 1 δ N_I N^δ_{ν,I} 1 N_I ∑ E_j ∈I(E,ℏ) ⟨ψ_j, B^2_{ν,T} ψ_j ⟩.

According to equation (5.14) the factor N_I /N^δ_{ν,I} can be estimated from above in the semiclassical limit. We hence now consider the semiclassical limit of the expression 1 N_I ∑ E_j ∈I(E,ℏ) ⟨ψ_j , B^2_{ν,T} ψ_j ⟩,

to which Proposition 5.1 can be applied. To this end one requires the principal symbol B_{ν,T,0} of the auxiliary operator B_{ν,T} , which follows from Theorem 3.2 as B_{ν,T,0} = 1 T ∫_T 0 d^∗_{νν} ( (P_{ν,0}B_0P_{ν,0}) ∘ Φ^t_ν ) d_{νν} dt − M_{E,ν,λ}(b_{0,ν} )P_{ν,0}. Given this, the limit formula (5.1) and the estimate (5.14) yield

lim_{ℏ→0} S^δ_{2,ν} (E, ℏ) ≤ 1 δ ∑_l μ=1 k_μ vol Ω_{μ,E} (1 − δ̃)k_ν vol Ω_{ν,E} vol Ω_{ν,E} tr ℓ_{ν,E} (B^2_{ν,T,0}) ∑_l μ=1 k_μ vol Ω_{μ,E} = 1 δ 1 1 − δ̃ M_{E,ν,λ} ( (symb^{SW} [B_{ν,T,0}])^2 ) , (6.4)

when employing the tracial property (v) of Proposition 4.5.

According to Proposition 4.6 the Stratonovich-Weyl symbol of B_{ν,T,0} can now be easily calculated as

symb^{SW} [B_{ν,T,0}(x, ξ)](η) = 1 T ∫_T 0 ( b_{0,ν} ∘ Y^t_ν ) (x, ξ, η) dt − M_{E,ν,λ}(b_{0,ν} ). Since we assume the skew-product flow Y^t_ν to be ergodic with respect to dℓ dη, the relation (6.1) implies that symb^{SW} [B_{ν,T,0}(x, ξ)](η) vanishes in the limit T → ∞ for almost all points (x, ξ, η) ∈ Ω_{ν,E} × O_λ. Now, on the right-hand side of (6.4) the square of symb^{SW} [B_{ν,T,0}] enters integrated over Ω_{ν,E} × O_λ, so that this expression vanishes as T → ∞. We hence conclude that

lim_{ℏ→0} S^δ_{2,ν} (E, ℏ) = 0.

This, in turn, is equivalent to the existence of a subsequence {ϕ_{jα,ν}}_{α∈N} ⊂ {ϕ_{j,ν}}_{j∈N} of density one, such that equation (6.2) holds. Finally, by a diagonal construction as in [Zel87, CdV85] one can extract a subsequence of {ϕ_{jα,ν} }_{α∈N} that is still of density one in {ϕ_{j,ν}}_{j∈N}, such that (6.2) holds independently of the operator B.

The version of quantum ergodicity asserted in Theorem 6.1 means that in the semiclassical limit the lifts of almost all quasimodes ϕ_{j,ν} to the phase space T^∗R^d × O_λ equidistribute in the sense that suitable Wigner functions (weakly) converge to an invariant measure on Ω_{ν,E} × O_λ that is proportional to dℓ dη. In order to identify the proper Wigner transform consider ⟨ϕ_{jα,ν} , Bϕ_{jα,ν} ⟩ = 1 (2πℏ)^d ∫∫ T^∗R^d tr ( W [ϕ_{jα,ν}](x, ξ)P_ν (x, ξ)B(x, ξ)P_ν(x, ξ) ) dx dξ + O(ℏ^∞),

with the matrix valued Wigner transform W [ψ](x, ξ) := ∫ R^d e^{− iℏ ξy}ψ(x −^y_2 ) ⊗ ψ(x +^y_2 ) dy

defined for ψ ∈ L^2(R^d ) ⊗ C^n . We now exploit the Stratonovich-Weyl calculus to conclude that on the level of principal symbols tr ( W [ϕ_{jα,ν} ]P_{ν,0}B_0P_{ν,0} ) = tr (( V^∗_ν W [ϕ_{jα,ν} ]V_ν )( V^∗_ν B_0V_ν )) = ∫ O_λ symb^{SW} [V^∗_ν W [ϕ_{jα,ν} ]V_ν ](η) symb^{SW} [V^∗_ν B_0V_ν ](η) dη.

The second factor in the integral has been defined as b_{0,ν} in (4.15). In analogy to this we therefore introduce for ψ ∈ L^2(R^d ) ⊗ C^n the scalar Wigner transform (see also [BGK01]) w_ν [ψ](x, ξ, η) := symb^{SW} [V^∗_ν (x, ξ)W [ψ](x, ξ)V_ν(x, ξ)](η), that indeed provides a lift of ψ to the phase space T^∗R^d ×O_λ. The statement of Theorem 6.1 can thus be rephrased in that under the given conditions one obtains (in the sense of a weak convergence),

lim_{ℏ→0} 1 (2πℏ)^d w_ν [ϕ_{jα,ν} ](x, ξ, η) dx dξ dη = 1 vol O_λ dℓ(x, ξ) dη along the subsequence of density one. However, since in ϕ_{j,ν} the normalisation of P_ν ψ_j is hidden, an equivalent equidistribution for the lifts of the projected eigenvectors is only shown up to a constant. In analogy to the discussion in [Sch01] this means that in the sequence {ψ_j ; E_j ∈ I(E, ℏ)} there exists a subsequence {ψ_{jα} } of density one such that as ℏ → 0, ⟨ψ_{jα} , P_ν BP_ν ψ_{jα} ⟩ = ‖P_ν ψ_{jα} ‖^2M_{E,ν,λ}(b_{0,ν} ) + o(1), with a corresponding statement for the scalar Wigner transforms w_ν[P_ν ψ_{jα} ]. Notice that the factor ‖P_ν ψ_{jα} ‖^2 is independent of the operator B so that the subsequence can again be chosen independently of B. Therefore, a non-vanishing semiclassical limit only exists for those subsequences along which the norms ‖P_ν ψ_{jα} ‖ do not tend to zero as ℏ → 0. These subsequences are excluded in the formulation of Theorem 6.1 since δ is fixed and positive.

The difficulties with estimating norms of the projected eigenvectors P_ν ψ_j arise from the presence of several level surfaces Ω_{ν,E} on which the lifts of eigenfunctions potentially condense in the semiclassical limit. The situation simplifies considerably, if at the energy E all of the l level surfaces except one are empty.

Corollary 6.2. If under the conditions stated in Theorem 6.1 only the level surface Ω_{ν,E} ⊂ T^∗R^d is non-empty, there exists a subsequence {ψ_{jα} } of density one in {ψ_j; E_j ∈ I(E, ℏ)}, independent of the operator B, such that lim_{ℏ→0}⟨ψ_{jα} , P_μBP_μψ_{jα} ⟩ = δ_{μν} M_{E,ν,λ}(b_{0,ν} ). In this situation the norms ‖P_μψ_{jα} ‖ converge to one for μ = ν and to zero otherwise as ℏ → 0 along the subsequence. The lifts of the eigenvectors therefore condense on the only available level surface in T^∗R^d , as one clearly would have expected.

Remark 6.3. As a condition for quantum ergodicity to hold we have assumed the skewproduct flow Y^t_ν on Ω_{ν,E} × O_λ to be ergodic. The reason for introducing this flow was to formulate a genuinely classical criterion in terms of a dynamics on the symplectic phase space T^∗R^d × O_λ. The formulation will be somewhat simpler, if one refrains from insisting on a completely classical description and employs the skew-product flow Ỹ^t_ν defined on T^∗R^d × G, see (4.6), instead. Then the use of the Stratonovich-Weyl calculus can be avoided. Such a formulation is based on a hybrid of the classical Hamiltonian flow Φ^t_ν on T^∗R^d and the dynamics represented by the conjugation with the unitary matrices D_ν , which appears to be quantum mechanical in nature. Both formulations, however, are equivalent in the sense that, first, the Stratonovich-Weyl calculus relates the quantum dynamics in the eigenspace to a classical dynamics on the coadjoint orbit in a one-to-one manner. Second, in appendix B we show that the skew-product Y^t_ν on Ω_{ν,E} × O_λ is ergodic, if and only if the skew-product Ỹ^t_ν is ergodic on Ω_{ν,E} × G. One can therefore formulate Theorem 6.1 without recourse to the Stratonovich-Weyl calculus once the limit M_{E,ν,λ}(b_{0,ν} ) is expressed as M_{E,ν,λ} ( b_{0,ν} ) = 1 k_ν tr ℓ_{ν,E}(P_{ν,0}B_0P_{ν,0}), see (5.9). Up to equation (6.4) the proof of Theorem 6.1 proceeds in the same manner as shown. From this point on one can then basically follow the method of [BG00], and to this end represents the principal symbol B_{ν,T,0} of the auxiliary operator (6.3) in terms of the isometries V_ν , V^∗_ν B_{ν,T,0}V_ν = 1 T ∫_T 0 D^∗_ν ( (V^∗_ν B_0V_ν ) ∘ Φ^t_ν ) D_ν dt − 1 k_ν tr ℓ_{ν,E}(V^∗_ν B_0V_ν ).

We now suppose that the flow Ỹ^t_ν is ergodic on Ω_{ν,E} ×G and choose the function F (x, ξ, g) := ρ(g)^∗(V^∗_ν B_0V_ν )(x, ξ)ρ(g) ∈ L^1(Ω_{ν,E} × G) ⊗ M_{kν} (C ) to exploit the ergodicity. This yields for almost all initial values (x, ξ, g) ∈ Ω_{ν,E} × G that lim_{T →∞}ρ(g)^∗V^∗_ν (x, ξ)B_{ν,T,0}(x, ξ)V_ν(x, ξ)ρ(g) = ∫ Ω_{ν,E} ∫ G ρ(h)^∗(V^∗_ν B_0V_ν )(y, ζ)ρ(h) dh dℓ(y, ζ) − 1 k_ν tr ℓ_{ν,E}(V^∗_ν B_0V_ν ).

Furthermore, since the representation (ρ, C^{kν} ) is assumed to be irreducible and the integral in the above expression is invariant under conjugation with arbitrary elements of U(k_ν ), Schur’s lemma implies that this integral is a multiple of the identity in C^{kν} , leading to ∫ Ω_{ν,E} ∫ G ρ(h)^∗(V^∗_ν B_0V_ν )(y, ζ)ρ(h) dh dℓ(y, ζ) = 1 k_ν tr ℓ_{ν,E}(V^∗_ν B_0V_ν ).

Due to the way the principal symbol B_{ν,T,0} enters on the right-hand side of (6.4), the conjugation with V_ν (x, ξ)ρ(g) as well as the restriction to almost all (x, ξ, g) is inessential, so that again one concludes a vanishing of S^δ_{2,ν} (E, ℏ) as ℏ → 0.

Acknowledgment

We would like to thank M. Klein for drawing our attention to the paper [Sim80]. Financial support by the Deutsche Forschungsgemeinschaft (DFG) under contract no. Ste 241/15-1 is gratefully acknowledged.

Appendices A Relations for Poisson brackets of matrix valued functions

In this appendix we collect some relations for Poisson brackets of matrix valued functions on the phase space T^∗R^d that are needed in section 3. These relations are already stated in [EW96, GMMP97, Spo00] and can be verified by straightforward calculations.

Our convention for the Poisson bracket of smooth matrix valued functions A, B ∈ C^∞(T^∗R^d ) ⊗ M_n(C ) is {A, B} := ∂_ξA ∂_xB − ∂_xA ∂_ξB. The first general relation then reads A{B, C} − {A, B}C = {AB, C} − {A, BC}. (A.1) Furthermore, for the projection matrices P = P P one finds P {λ, P }P = 0, (A.2) where λ is any smooth scalar function on T^∗R^d .

For B ∈ C^∞(T^∗R^d ) ⊗ M_n(C ) commuting with P one then derives P {λ, B}P = {λ, P BP } − [P BP, [P, {λ, P }]], (A.3) In particular, using (A.1) for projection matrices one obtains P {P, B} − {P, P }B = {P, B} − {P, P B} and B{P, P } − {B, P }P = {BP, P } − {B, P }. Using these relations together with the condition [B, P ] = 0 one gets P ( {B, P } − {P, B} ) P = [B, P {P, P }P ]. Furthermore, for different projection matrices P_μ and P_ν with P_μP_ν = 0 for ν ≠ μ the general relation (A.1) implies P_μ{P_ν , P_ν } = −{P_μ, P_ν }(1 − P_ν ) and {P_ν , P_ν }P_μ = −(1 − P_ν ){P_ν, P_μ}.

In the case [P_ν , B] = 0 = [P_μ, B] one finds P_ν {P_μ, B} − {P_ν , P_μ}B = −{P_ν , P_μB}, B{P_μ, P_ν } − {B, P_μ}P_ν = {BP_μ, P_ν }. These equations imply P_ν ( {B, P_μ} − {P_μ, B} ) P_ν = −[B, P_ν {P_μ, P_μ}P_ν]. One can now apply the above relations to expressions of the type arising in section 3, i.e., P_μ ( ∂ ∂t B(t) + 1 2 ( {B(t), λ_νP_ν } − {λ_ν P_ν , B(t)} ) + i[B(t), H_1] ) P_μ = ∂ ∂t P_μB(t)P_μ − δ_{νμ}{λ_ν , P_μB(t)P_μ} + [ λ_ν 2 (−1)^{δνμ} P_μ{P_ν , P_ν }P_μ − δ_{νμ}[P_ν , {λ_ν , P_ν}] − iP_μH_1P_μ, P_μB(t)P_μ ] . Therefore, the definition

H̃_1 := i(−1)^δνμ λ^ν 2 P_μ{P_ν , P_ν }P_μ − iδ_{νμ}[P_ν , {λ_ν, P_ν }] + P_μH_1P_μ (A.4)

allows to conclude that ∂ ∂t P_μBP_μ − δ_{νμ}{λ_ν , P_μBP_μ} − i[H̃_1, P_μBP_μ] = 0. (A.5)

B A relation between the ergodicity of two skew-pro-duct flows

In section 4 we considered two types of skew-product dynamics built over the Hamiltonian flows Φ^t_ν on T^∗R^d . Both derive from the dynamics in the eigenvector bundles E^ν → T^∗R^d given by conjugating the diagonal blocks of principal symbols with the transport matrices d_{νν} along integral curves of the Hamiltonian flows. After having fixed local orthonormal bases in the fibres, or isometries V_ν (x, ξ) : C^{kν} → E^ν (x, ξ), respectively, the transport matrices d_{νν} have been represented by unitary k_ν × k_ν matrices D_ν , leading to the skewproduct flows Ŷ^t_ν on T^∗R^d × U(k_ν ). We then noticed that the dynamics in the fibres might not exhaust the whole group U(k_ν ), but only some subgroup G, which is then represented in U(k_ν ). This led us to consider the skew-product flows Ỹ^t_ν on T^∗R^d × G, given as Ỹ t_ν (x, ξ, g) = (Φt_ν (x, ξ), g_ν(x, ξ, t)g), see (4.5) and (4.6). Assuming that the representation ρ of G in U(k_ν ) is irreducible, we constructed a representation of the fibre dynamics on the coadjoint orbit O_λ of G determined by ρ. We thus arrived at the skew-product flows Y^t_ν on the symplectic phase spaces T^∗R^d × O_λ, with Y^t_ν (x, ξ, η) = (Φ^t_ν (x, ξ), Ad^∗_{gν (x,ξ,t)} η), see (4.12) and (4.13). In section 6 we required either the flows Ỹ^t_ν or Y^t_ν , restricted to the level surfaces Ω_{ν,E} ⊂ T^∗R^d in the base manifold, to be ergodic relative to the respective invariant measures dℓ dg or dℓ dη. We now show:

Proposition B.1. The flow Ỹ^t_ν : Ω_{ν,E} × G → Ω_{ν,E} × G is ergodic with respect to dℓ dg, if and only if the associated flow Y^t_ν : Ω_{ν,E} × O_ν → Ω_{ν,E} × O_ν is ergodic with respect to dℓ dη.

Proof. A convenient characterisation for the ergodicity of a flow Φ^t on a probability space (Σ, dm) with invariant measure dm employs the flow-invariant subsets of Σ: The flow is ergodic with respect to dm, if and only if every measurable flow-invariant set has either measure zero or full measure. We now first consider the ‘if’ direction asserted in the proposition and to this end assume that Y^t_ν on Ω_{ν,E} × O_λ is ergodic with respect to dℓ dη. Hence every measurable Y^t_ν -invariant set B ⊂ Ω_{ν,E} × O_λ has either measure zero or full measure. In order to relate these sets with subsets of Ω_{ν,E} × G we recall the composed map G^π→ G/G_λ^κ→ O_λ from section 4, where π denotes the canonical projection of G onto G/G_λ and κ is the diffeomorphism that identifies G/G_λ with O_λ. One then realises that the following diagram commutes: (x, ξ, g) ( Φ^t_ν (x, ξ), g_ν(x, ξ, t)g )

(x, ξ, gG_λ) (Φ^t_ν (x, ξ), g_ν(x, ξ, t)gG_λ)

(x, ξ, η) ( Φ^t_ν (x, ξ), Ad^∗_{gν (x,ξ,t)}(η) )

� � Ỹ t_ν �

� � � � � id_{T∗Rd} ×π �

� � � � � id_{T∗Rd} ×π � � Y^t_ν �

� � � � � id_{T∗Rd} ×κ �

� � � � � id_{T∗Rd} ×κ � � Y^t_ν

, (B.1)

where Y^t_ν is induced by Y^t_ν under id_T∗_Rd ×π. According to this diagram a Ỹ^t_ν -invariant set A ⊂ Ω_{ν,E} × G projects to a Y^t_ν -invariant subset (id_T∗_Rd ×κ ∘ π)(A) of Ω_{ν,E} × O_λ. The assumed ergodicity of Y^t_ν then implies that the measure of (id_T∗_Rd ×κ∘π)(A) is zero or one. Now the normalised Haar measure dg on G projects under κ ∘ π to the volume measure dη on the coadjoint orbit O_λ. This can be obtained from the Fubini theorem (cf. [BtD85]) which states for every f ∈ L^1(O_λ) that ∫ G (π^∗κ^∗f)(g) dg = ∫ G/G_λ (∫ G_λ (κ^∗f) ∘ π(gh) dh ) d(gG_λ) = ∫ G/G_λ (κ^∗f)(gG_λ) d(gG_λ). (B.2)

Here dh denotes the normalised Haar measure on G_λ and d(gG_λ) is the normalised left invariant volume form on G/G_λ arising from the volume form on the coadjoint orbit under the pullback κ^∗. Hence, the sets A and (id_T∗_Rd ×κ∘π)(A) have identical measures and thus the measure of A is either zero or one. Therefore, the assumed ergodicity of Y^t_ν implies ergodicity of Ỹ^t_ν .

In order to prove the opposite direction one simply reverses the above argument: Starting with Y^t_ν -invariant subsets of Ω_{ν,E} ×O_λ, one lifts these to Ω_{ν,E} ×G. Due to the commuting diagram (B.1) these lifts are Ỹ^t_ν -invariant and therefore, according to the assumed ergodicity of Ỹ^t_ν , have measure zero or one. Again the Fubini theorem (B.2) implies equal measures of the sets and their lifts. Hence Y^t_ν is ergodic.

References

[Bea77] R. Beals, Characterization of pseudodifferential operators and applications, Duke Math. J. 44 (1977), 45–57.

[Ber84] M. V. Berry, Quantal phase factors accompanying adiabatic changes, Proc. R. Soc. London A 392 (1984), 45–57.

[BG] J. Bolte and R. Glaser, in preparation.

[BG00] J. Bolte and R. Glaser, Quantum ergodicity for Pauli Hamiltonians with spin 1/2, Nonlinearity 13 (2000), 1987–2003.

[BGK01] J. Bolte, R. Glaser, and S. Keppeler, Quantum and classical ergodicity of spinning particles, Ann. Phys. (NY) 293 (2001), 1–14.

[BK99a] J. Bolte and S. Keppeler, A semiclassical approach to the Dirac equation, Ann. Phys. (NY) 274 (1999), 125–162.

[BK99b] J. Bolte and S. Keppeler, Semiclassical form factor for chaotic systems with spin 1/2, J. Phys. A: Math. Gen. 32 (1999), 8863–8880.

[BN99] R. Brummelhuis and J. Nourrigat, Scattering amplitude for Dirac operators, Commun. Part. Diff. Equations 24 (1999), 377–394.

[BPU95] R. Brummelhuis, T. Paul, and A. Uribe, Spectral estimates around a critical level, Duke Math. J. 78 (1995), 477–530.

[BR99] V. Bruneau and D. Robert, Asymptotics of the scattering phase for the Dirac operator: high energy, semi-classical and non-relativistic limits, Ark. Mat. 37 (1999), 1–32.

[BtD85] T. Bröcker and T. tom Dieck, Representations of Compact Lie Groups, Graduate Texts in Mathematics, vol. 98, Springer-Verlag, New York, Berlin, Heidelberg, 1985.

[CdV85] Y. Colin de Verdière, Ergodicité et fonctions propres du laplacien, Commun. Math. Phys. 102 (1985), 497–502.

[CFS82] I. P. Cornfeld, S. V. Fomin, and Ya. G. Sinai, Ergodic Theory, Grundlehren der mathematischen Wissenschaften, vol. 245, Springer-Verlag, Berlin, Heidelberg, New York, 1982.

[Cor82] H. O. Cordes, A version of Egorov’s theorem for systems of hyperbolic pseudodifferential equations, J. Funct. Anal. 48 (1982), 285–300.

[Cor83a] H. O. Cordes, A pseudo-algebra of observables for the Dirac equation, Manuscripta Math. 45 (1983), 77–105.

[Cor83b] H. O. Cordes, A pseudodifferential-Foldy-Wouthuysen transform, Commun. Part. Diff. Equations 8 (1983), 1475–1485.

[Cor95] H. O. Cordes, The Technique of Pseudodifferential Operators, London Mathematical Society Lecture Note Series, no. 202, Cambridge University Press, Cambridge, 1995.

[Cor00] H. O. Cordes, On Dirac observables, Progr. Nonlinear Differential Equations Appl. 42 (2000), 61–77.

[Cor01] H. O. Cordes, Dirac algebra and Foldy-Wouthuysen transform, Evolution Equations and their Applications in Physical and Life Sciences, Lecture Notes in Pure and Applied Mathematics, vol. 215, Dekker, New York, 2001, pp. 335–346.

[CV71] P. Calderón and R. Vaillancourt, On the boundedness of pseudo-differential operators, J. Math. Soc. Japan 23 (1971), 374–378.

[Dim93] M. Dimassi, Développements asymptotiques des perturbations lentes de l’opérateur de Schrödinger périodique, Commun. Part. Diff. Equations 18 (1993), 771–803.

[Dim98] M. Dimassi, Trace asymptotics formulas and some applications, Asymptot. Anal. 18 (1998), 1–32.

[DS99] M. Dimassi and J. Sjöstrand, Spectral Asymptotics in the Semi-Classical Limit, London Mathematical Society Lecture Notes, vol. 268, Cambridge University Press, Cambridge, 1999.

[Ego69] Y. V. Egorov, The canonical transformations of pseudodifferential operators, Usp. Mat. Nauk 25 (1969), 235–236.

[EW96] C. Emmrich and A. Weinstein, Geometry of the transport equation in multicomponent WKB approximations, Commun. Math. Phys. 176 (1996), 701–711.

[FGV90] H. Figueroa, J. M. Gracia-Bondía, and J. C. Várilly, Moyal quantization with compact symmetry groups and noncommutative harmonic analysis, J. Math. Phys. 31 (1990), 2664–2671.

[Fol89] G. B. Folland, Harmonic Analysis in Phase Space, Annals of Mathematics Studies, vol. 122, Princeton University Press, Princeton, New Jersey, 1989.

[GMMP97] P. Gérard, P. A. Mauser, A. Markowich, and F. Poupaud, Homogenization limits and Wigner transforms, Comm. Pure Appl. Math. 50 (1997), 323–379, Erratum in: Comm. Pure Appl. Math. 53 (2000), 280–281.

[HMR87] B. Helffer, A. Martinez, and D. Robert, Ergodicité et limite semi-classique, Commun. Math. Phys. 109 (1987), 313–326.

[HS88] B. Helffer and J. Sjöstrand, Analyse semi-classique pour l’équation de Harper (avec application à l’équation de Schrödinger avec champ magnétique), Mém. Soc. Math. France (N.S.) 116 (1988), no. 34, 113 pp.

[HS89] B. Helffer and J. Sjöstrand, Équation de Schrödinger avec champ magnétique et équation de Harper, Springer Lecture Notes in Physics, vol. 345, Springer-Verlag, Berlin, 1989, pp. 118–197.

[Ivr98] V. Ivrii, Microlocal Analysis and Precise Spectral Asymptotics, Springer Monographs in Mathematics, Springer-Verlag, Berlin, Heidelberg, New York, 1998.

[Kir76] A. A. Kirillov, Elements of the Theory of Representations, Grundlehren der mathematischen Wissenschaften, vol. 220, Springer-Verlag, Berlin, Heidelberg, New-York, 1976.

[Laz93] V. F. Lazutkin, KAM Theory and Semiclassical Approximation to Eigenfunctions, Ergebnisse der Mathematik und ihrer Grenzgebiete, vol. 24, Springer-Verlag, Berlin, Heidelberg, New York, 1993.

[LF91] R. G. Littlejohn and W. G. Flynn, Geometric phases in the asymptotic theory of coupled wave equations, Phys. Rev. A 44 (1991), 5239–5256.

[Nen99] G. Nenciu, On asymptotic perturbation theory for quantum mechanics, Ser. Concr. Appl. Math. 1 (1999), 238–256.

[NS01] G. Nenciu and V. Sordoni, Semiclassical limit for multistate Klein-Gordon systems: almost invariant subspaces and scattering theory, preprint, 2001.

[Per86] A. Perelomov, Generalized Coherent States and Their Applications, Texts and Monographs in Physics, Springer-Verlag, Berlin, Heidelberg, New York, 1986.

[PST02] G. Panati, H. Spohn, and S. Teufel, Space-adiabatic perturbation theory, preprint, 2002.

[Rob87] D. Robert, Autour de l’Approximation Semi-Classique, Progress in Mathematics, vol. 68, Birkhäuser, Boston, Basel, Stuttgart, 1987.

[Sch01] R. Schubert, Semiclassical localization in phase space, Ph.D. thesis, Universität Ulm, 2001.

[Sim80] B. Simon, The classical limit of quantum partition functions, Commun. Math. Phys. 71 (1980), 247–276.

[Spo00] H. Spohn, Semiclassical limit of the Dirac equation and spin precession, Ann. Phys. (NY) 282 (2000), 420–431.

[Str57] R. L. Stratonovich, On distributions in representation space, Soviet Physics JETP 4 (1957), 891–898.

[Zel87] S. Zelditch, Uniform distribution of eigenfunctions on compact hyperbolic surfaces, Duke Math. J. 55 (1987), 919–941.

[Zel96] S. Zelditch, Quantum ergodicity of C^∗ dynamical systems, Commun. Math. Phys. 177 (1996), 502–528.

[ZZ96] S. Zelditch and M. Zworski, Ergodicity of eigenfunctions for ergodic billiards, Commun. Math. Phys. 175 (1996), 673–682.