On complex functions analyticity

S.B. Karavashkin and O.N. Karavashkina

Special Laboratoryfor FundamentalE laboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine

Phone: +38 (0572) 276624; e-mail: selflab@go.com, selflab@mail.ru

Web site ofLaboratorySELF: http://angelfir e. lycos.com/la3/SELFlab

Web site ofthe electronic journalSELF Transactions: http://angelfire. lycos.com/la3/selftrans

This is the second paper ofthe cycle devoted to the new theoryo fnon-confor mal mapping. It intr o - duces an important for further investigations concept ofdynamicalnon-confor mal mapping and by a simple example shows some new scope available now for the dynamical researchers. This paper was published fir st in our electronic journalSELF Transact ions, 2 (2002), No 1, pp.101-110. We would like to mark for mp_arch readers that here we cannot present the dynamicalnon-confor mal mapping animated, i.e., in its realappearance. Allinterested are invited to visit our journaland a r - chive at http://angelfire. lycos.com/la3/selftrans We will be pleased if you find there a response to your thoughts and research interests. We willbe grateful, receiving your opinio n ofour results. We are willing to answer your questions and discuss wit h you any problems having so mething in co m - mo n with our develo p ments.

Abstract

We analyse here the conventional definitions of analyticity and differentiability of functions of co m - plex variable. We reveal the possibility to extend the conditions of analyticity and differentiability to the functions implementing the non-conformal mapping. On this basis we formulate more general definitions of analyticity and differentiability covering those conventional. We present some exa m - ples of such functions. By the example of a horizontal belt on a plane Z mapped non-conformally onto a crater-like harmonic vortex, we study the pattern of trajectory variation of a body motion in such field in case of field power function varying in time. We present the technique to solve the problems of such type with the help of dynamical functions of complex variable implementing the an a lytical non-conformal mapping.

Classnames by MSC 2000: 30C62; 30C75; 30C99; 30G30; 32A30; 93A30

Classification by PASC 2001: 02.90.+p; 05.45.-a; 05.45.Ac; 05.45.Jc; 47.32.-y; 47.32.Cc

Keywords: Analyt icalfunct ions; Theor yofcomplex var iable; Dynamicalnon-confor mal mapping; Quasi-confor mal mapping; Bodytrajectory

1. Intr oduction

In [1] we analysed the ways to find the der ivat ive ofthe funct ion ofcomplex var iable in case when the funct ion does not satisfy the Caushy - Riemann condit io ns, but is continuous and onevalued in the invest igated domain. We showed that the broadening concept of funct ions different i - abilit yopens new unexpected scope to solve different ial equat ions. However we made no correl a - tion with other classes of funct ions o fa complex var iable - implementing, e.g., the quasi-confor mal mapping. At the same time we should mark that some o fapproaches presented in [1] were used b e - fore in the formalism o fquasi-confor malmapping (see, e.g., [2], [3], [4]). As we will show in this paper, a generalised class ofmappings, being one-valued and cont inuous in the studied do main but not satisfying the Caushy - Riemann condit ions, is well wider and can be limited byno specific r e - lat ionship like Kar leman condit io n. Because in any specific relationship containing an equalit y, it willbe sufficient to change a litt le the condit ion, to yield a new class o f funct ions being also onevalued and continuous in the domain ofa funct ion but satisfying neit her Caushy - Riemann cond i - tions nor the init ial relat ionship. And up to infinit y. To avoid such situat ion, it is desir able to esta b - lish a relat ionship or a systemofrelat ionships whom allclasses ofsuch functions will obey, in that number the classes of funct ions implementing the confor maland quasi-co nfor malmapping.

2. The limitation of the class of functions impleme nting the quasi-c onf or mal mapping

Conventionally, the Kar leman system

;

u v u v au bv cu dv x y y x

¶ ¶ ¶ ¶

= + + = - + +

¶ ¶ ¶ ¶

( 1 ) is the basis o fquasi-confor malmapping. "The system(1) is the generalisat ion ofCaushy - Ri e - mann condit ions (with 0 a b c d = = = = we yield these condit ions); so me problems o felast ic shells, gas dynamics and other sections ofcont inuous media mechanics are reduced to it" [2, p.316].

There is so me other concept ofsuch type o fmappings, in the for mof"systemo fthe elliptic fir st-order linear differentialequat ions

;

,

f f f f

v u u a b y x y v u u c d x x y

¶ ¶ ¶ = +

¶ ¶ ¶

¶ ¶ ¶

- = +

¶ ¶ ¶

( 2 ) where , , , f f f f

a b c d are the known functions with respect to variables x and y, for which ever y - where in the studied domain D the condit ion ofellipticit y

Fig. 1

( ) exp sin w ax j b cx py é ù ë û

= + + , whe re a , b , c , p are the coeffic ie nts

x

y

u v

V. 2 No 1 pp. 101 - 110 On complex functions analyticity 3

2

0

2 f f

f f b d

A a c

+ æ ö

= - > ç ÷

è ø

( 3 )

is true" [2, p.320]. "Compose ofthe solut ion ( , )u x y and ( , )v x y ofthe system(2) a funct ion of

complex var iable ( ) f z u iv

= + . We willname the mapping that it implements the quasi-conformal

mapping connected with this system " [2, p.321].

We can prove easythat the condit ions defining the classes of funct ions that implement the co n -

for mal and quasi-confor mal mapping are incomplete to define the generalset ofanalyt icalfun c -

tions. In such waywe show in Fig. 1 the mapping implemented by the funct ion

( ) exp sin , w ax j b cx py

= + + é ù ë û ( 4 )

where , , , a b c p are some constants. As we see fro mthe construction, this funct ion implements the

one-valued cont inuous mapping o fa semi- finite belt ofa plane Z onto outside ofthe circumference

ofthe plane W (the negative semi- finite belt will map inside this circumference, and in this do main

the mapping willbe also one-valued and continuous). Ofcourse, (4) does not satisfythe Caushy -

Riemann condit io ns.

Applythe above condit io ns of"quasi- confor mit y" (2) and (3) to (4). The first particular der iv a -

tives o f w with respect to x and y willhave the fo llowing for m:

( cos cos sin ) ; sin ;

( sin cos cos ) ; cos ; sin .

ax ax

ax ax u u e a bc cx pe

x y

v v e a bc cx pe b cx py

x y

x x x x x x x

¶ ¶ = - =

¶ ¶

¶ ¶ = + = = +

¶ ¶

( 5 )

Subst ituting (5) into (2), we can determine the coeffic ients that still were unknown:

2 2

2 cos ; cos ;

; cos .

f f f f

bc a b c a cx b cx a p ap p bc c d cx a a

æ ö

= = - + ç ÷ è ø

= - =

( 6 )

And subst ituting (6) into (3), we yield

2 2 2 4 4 2 4

2 2 2 2 2 2

2

( cos cos cos ) .

2 2 2

a bcp a p b c

A cx cx cx p a a p a p

+

= - + + + ( 7 )

We see from(7) that the condit ion (3) is not true for (4). With definite values ofparameters and coefficients included in A, its value can be negat ive or sign-alternative. At the same t ime the co n - struction in Fig. 1 displays that the mapping is one-valued and cont inuous; hence, it satisfies the analyt icit y condit ions. Alo ng with the fact that (4) does not satisfy(3), we can easy show that (4) maps the infinitesimal circumferences ofthe plane Z into the infinitesimal ellipses of W, which is typical just for quasi-confor malmappings. Actually, for any d-vicinit yo fthe point

0 0 0

z x jy = + in the domain o fthe plane Z being mapped into the e-vicinit yo fthe point

0 0 0

w u jv = + ofthe plane

W, we can write for (4) as fo llows:

( ) ( )

0 0 0

0 0 0

0 0 0

( cos cos sin ) sin ;

( sin cos cos ) cos ;

sin ; , ; , .

ax ax ax ax

u e a bc cx x pe y v e a bc cx x pe y b cx py x y O u v O

x x x x x x x d e

D = - D + D

D = + D + D

= + D D Î D D Î

( 8 )

For anyfixed po int ofthe domain the system(8) is equivalent to the system

1 1

1 1

;

,

u A x B y v C x D y

D = D + D

D = D + D

( 9 ) where

1 1 1 1

, , ,

A B C D are the constants var ying onlywit h the changing co-ordinates ofthe selected point on the plane Z. But (9) maps ( in case ofthe studied function) a circumference into ellipse, because, in accord with (8), allabove coefficients in the do main Z are limited funct ions; therefore one always can find such small ( ) , x y r d D D Î that willsatisfythe condit ion ( ) wr e Î . This just proves the stated.

Thus we see that on one hand the studied funct ion (4) satisfies neit her conformit y nor quasiconformit y condit ions. But onthe other hand, it maps the infinitesimalcircumferences o f Z into i n - finit esimalellipses of W, which is typicaljust for quasi-confor mal mappings. We can easygene r - alise this last for the case ofanyfunct ion ofa complex var iable having continuous fir st particular der ivat ives wit h respect to x and y in the studied point vicinit y. To generalise (8) and its obvious transit ion to (9) will suffice for it, because in the transit ion to smallincrements ofthe funct ion in the point vicinit y, we willneglect allpowers ofan increment higher than the first. Hence, with the finite increment we willalways yield the mapping onto the circumference or ellipse. This result is impo r - tant, as (4) is far fro mbeing the only, and the more, it is not an except ion fro mthe commo n rule. To

x

y v u

Fig. 2

( ) 2 1 w x ay jy = - + whe re a is the coeff i c ie nt x

y v u

Fig. 3

( ) 1 th w x ay jy = + + whe re a is the coeff i c ie nt illustrate the said, we show in Figures 2 and 3 two alike funct ions implement ing the mappings of other types. And while in Fig. 2 as a result ofmapping the transformation ofthe ent ire mapping domain o f W took place, in Fig. 3 only quite narrow its part transfor ms, remaining the conformit y in the rest part ofmapping domain wit h accuracyto infinitesimal values. The second corollar yo f the generalisat ion is that the main theorems ofco mplex funct ion presentation having been proved for quasi-confor malmapping (see, in particular, [2, pp.316-317]) are applicable in a more general case.

At the same time, this corroborates the statement ofintroduction that the condit ion of funct ion analyt icit y cannot be stated as an equalit y. This condit io n can be found only on the basis o fso me more generalpr inciples similar to those which are used when the real-var iable funct ions different i - abilit ywas defined. The further studying willbe devoted to this.

3. Analysis of curre nt definitions of analyticity and differentiability of a fun c - tion of comple x variable

Definition 1. "The one-valued funct ion f(z) is named analytical (regular, holo morphic) at the point z = a , ifit is differentiable in some vicinity of the point a " [5, p.197].

In its turn,

Definition 2. "The funct ion w= f(z) is named differentiable at the point z = a , ifthe limit

( )

( ) ( )

0

lim z

f z z f z dw f z dz z D ®

+ D -

¢ = =

D

( 10 ) exists at z a = and does not depend on the wayin which zD tends to zero " [5, p.197, under lined by us - authors].

Note that in the definit ion o fanalyt icit y ofa co mplex-var iable function onlythe requirement, it to be different iable, is present. The requirement, the limit of(10) to be independent ofthe wayin which z D tends to zero, being the basis to derive the Caushy - Riemann condit io ns (and in the transformed formalso the Kar leman condit io ns (1)), appears onlyin the definit ion 2. Hence, if some funct ion sat isfied the condit ion that defines the existence ofthe different ial offunct ion and requires this funct ion to be one-valued and cont inuous in the studied point vicinit y, but did not sa t - isfythe condit ion, the limits o f(10) to be equalwith zD tending to zero along different direct ions, then, in the view ofbasic definit ion o fanalyt icit y, this function is analyt ical too. It means that both funct ions considered above and such as x

y v u

Fig. 4. Mapping ofthe point z

1

in the d -vic inity of z

0

ofthe pla ne Z into the point w

1

, located in the e -vic inity ofthe point w

0

ofthe pla ne W .

z

0

z

1 j z

r z w

0

w

1 j w

r w

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

, , ,

, ,

w u x y jv x w u x jv y w u y jv x y w u y jv x

= + = +

= + = +

( 11 ) etc., which generally satisfy neit her Caushy - Riemann nor Kar leman condit ions, but have onevalued and continuous der ivat ives with respect to x and y, are analyt icaltoo.

The possibilit yitself to generalise the definit io n ofdifferent iabilit y ofco mplex-var iable fun c - tions, with the analyt icit y definit io n retaining, means not onlybroadening the domain in which the definit ion 1 is true, but reflects the essent ialtransformation o fthe concept ofdifferent ialand d e - r ivat ive ofcomplex funct ion. To explain, consider so me point 1 z in the d-vicinit yo fthe point 0 z and its mapping into the point 1 w located in the e-vicinit yo fthe point 0 w (see Fig. 4). Basing on this construction, we can wr ite as follows:

1 0

1 0

;

.

z w

j z j w

z z z x j y e w w w u jvy e

j j

r r

D = - = D + D = D

D = - = D + = D

( 12 )

Then

( ) ( )

0 0

lim lim .

w z w z j j w w z z z z

d dw w e e dz z d

j j j j r r r r

- -

D ® D ®

D D = = =

D D

( 13 )

The expressio n (13) shows that when mapping in the co mplex plane, the der ivat ive does not define the tangent of inclination angle of the tangent line at the studied point , as it was in case of realvar iable, but character ises the geometr icaltransfor mat ion ofa path with the mapping. And this naturallymust reflect in the formulat ion ofdefinit ions.

At the same time, we can easytrace the reason, whythe limit s in the definit io n 2 must be equal.

This definit io n was constructed byanalogy wit h the different iabilit y condit io n of funct ions o fone realvar iable, where the requirement, the limit s to be equal, was for mulated in the fo llowing way:

Definition 3. "The number b is the limit value of the function ( ) y f x

= at the point x a

= (or the limit of a function at x a ® ) , if for anysequence

1 2 , , ... , , ... n x x x ofargument x converging to a , whose elements n x dist inguish fro m a ( n x a ¹), the corresponding sequence ( )

1 f x, ( )

2 f x, �,

( ) n f x, � ofthe funct ion values converged to b" [5, p.98, with our italicisation - authors]. Shilo v confir ms: "This definit io n ((2) - authors) ofa der ivat ive ofa co mplex-var iable function is byits for malike the definit ion ofa real- funct ion der ivat ive in a realdo main. The definit io n ofa der ivat ive ofa real-var iable function is a particular case ofthis presented� However with the externalsim i - lar it ybetween the derivatives in realand co mplex domains, there is a number ofessentialdist in c - tions" [6, p.397].

For real- var iable funct ions this sever it yo fdefinit ion 3 is quite just ified, due to the fact that in this case by the concept ofanyconverging sequence one means some countable set

1 2

, , ... , , ... n x x x mapped onto the supposed smooth curve in the e-vic init y ofa po int ( ) b f a

= . Due to it one can saythat the set S constituted ofthe elements ofa sequence 1 2 , , ... , , ... n x x x is ever ywhere dense and nested for the countable set C ofall sequences converging at the point a.

In case ofco mplex funct ions we deal with 2D mapping o fthe domain Z onto 2D domain o f values W. With it each arc in the d-vicinit yo fthe point

0

z has its only( in case of1D mapping) image in the e-vicinit yo fthe point 0 w, and the d- and e-vicinit ies themselves beco me 2D.

Hence, the set S constituted ofelements ofthe sequence 1 2 , , ... , , ... n z z z , though it remains nested into the set ofsequences Cconverging to 0 z , stops be ever ywhere dense in the set C, as it is co n - stituted onlyo felements belonging to one arc ofa set ofarcs crossing at the point 0 z . This feature requires to take into account both the convergence o fallsequences alo ng one direct ion and alld i - rections ofcontraction. However this last does not effect on the substant iat ion ofthe limit itself for each sequence, since theyall converge to the commo n point 0 z , and their images - to 0 w. But the contraction velocit ies in different direct ions can be generallydifferent.

In the view oftransfor mat ion ofa path about the point 0 z with its mapping into W, the co n - traction velocit y gains the fir st-order importance, because just relation o fthe velocit yo fcontraction to the point 0 w on the plane W to that to the point 0 z on the plane Z determines the value ofa d e - r ivat ive along the picked out domain. With it, the different velocit ies in different direct ions do not mean yet the break, ifit was (and for an analyt icalfunct ion must be) a smooth funct ion wit h respect to angle z

j. This is just our task to find the condit ions which might select frommult itude funct ions the classes having the above properties.

For it, consider in a plane Z some small d-vicinit y ofthe point

0

z . In this vicinit y give par a - metr icallysome arc ( ) ( ) , x y V V passing through the point

0 z . Then for the funct ion which maps the d-vicinit yo f 0 z into e

-vicinit yo fthe point ( )

0 w z , we can write in the most generalfor mso:

( ) ( ) ( ) ( ) ( ) , , .

w x y w x y w V V V

= = ( 14 )

In other words, we presented the studied function ( ) , w x y as a complex funct ion with respect to V.

Now ifwe different iate this funct ion with respect to V, we yield

.

w w w x y x y V V V

¶ ¶ ¢ ¢ ¢ = +

¶ ¶

( 15 )

In its turn,

.

w dw dz z

V

V

¢

=

¢ ( 16 )

We can see from(15) and (16) that, ifthe chosen arc (or rather a set ofarcs) was regular in the studied d-vicinit y, then in (15) allparticular der ivat ives x and y with respect to V exist, and ge n - eraldifferentiabilit y ofthe funct ion ( ) , w x y is defined bythe existence ofparticular der ivat ives with respect to x and y. In this case it suffices simplyto use the definit io n ofthe existence and continuit yo fthe particular der ivat ive, to substant iate the differ entiabilit y ofthe funct ion ( ) , w x y i t - self. But ifthe arc was irregular, one cannot conclude, is or is not this funct ion different iable. This proves that the regular it yofan arc in the d-vicinit y ofthe point 0 z offers one to find, is the fun c - tion ( ) , w x y different iable alo ng the given arc (or a family o farcs).

Noting the proved, the funct ion to be differentiable in d-vicinit y of 0 z , it is sufficient, it to be different iable for any regular arcs in the d-vicinity of the point 0 z . Ifin the d-vicinit ythere is at least one arc along which the funct ion ( )

0 w z is non-different iable, then naturally, this funct ion on the who le cannot be thought differentiable along the selected direction (though it can be thought a partiallydifferent iable alo ng the selected direct ion or in the sector). And vice versa, if a regular arc along which the function ( )

0 w z is non-different iable is absent, then anyfamilies o fcurves being smooth in the d-vicinit y of

0

z map one- valuedlyinto the families of ( )

0 w z being smooth in the e -vicinit y. Noting the proved statement ofregular arcs, it speaks ofthe fulldifferent iabilit yo f

( )

0 w z at the point 0 z .

On the basis ofthe carr ied out investigat ion and taking into account the convent ionaldefinit io n

2, we can for mulate the definit ion o fgeneral different iabilit yso:

Definition 4. The funct ion ofco mplex var iable ( ) w f z

= is differentiable in general sense at the point z a =, ifthe limit

( )

( ) ( )

0

lim z

f z z f z dw f z dz z D ®

+ D -

¢ = =

D

( 17 ) existed at z a = for any regular arc in the -vicinit y ofthe point z a =passing through the point z a =.

We can easymake sure that the convent ionalcondit io n ofthe funct ion differentiabilit y after

Caushy - Riemann is a particular case ofdefinit ion 4 wit h addit ional condit io n, the limits alo ng all regular arcs to be equal.

Having defined the conditions ofdifferent iabilit y in generalsense, we in fact generalised the condit ions offunct ions analyt icit yin generalsense, because, according to the convent ional defin i - tion 1, the different iabilit ycondit io n is the principal cr iter ion ofthe funct ion analyt icit y. So, fo l - lowing the divisio n ofthe different iabilit ydefinit ion into that generaland that after Caushy - Ri e - mann, the funct ion analyt icit ycan be also defined now in generalsense and after Caushy - Ri e - mann. Wit h it the class of funct ions analyt ical in general sense will be naturallycover ing for that analyt ical after Caushy - Riemann. And the analyticit ydefinit io n itself willremain invar iable, with accuracyto the refinements connected with the funct ion different iabilit y.

Finally, our new definit io n ofco mplex-var iable functions analyt icit ycan be easy extended fro m the d-vicinit yo fthe point

0

z to some connect ive domain ofthe plane Z. And it does not require a new proof, because we did not transfor mthe concept ofboth d- and e-vicinit ies. In this conne c - tion, "the function is analytical in an open domain D , ifit was analytical at each point ofthis d o - main" [1, p.197].

Note however that far fro mever yextensio n ofthe analyt icit yconcept in generalsense willbe so simple. In particular, there will be problems with the analyt ical cont inuation through the border.

But this is the subject ofanother large invest igat ion.

4. Dynamical f unctions of comple x variable

As one ofimportant applicat ions ofanalyt ical non-confor malmapping, we can refer to the mapping with the help o fdynamical functions ofco mplex var iable. To illustrate, in Fig. 5 we show the dynamicalanalogue ofthe mapping shown before in Fig. 1:

( ) exp sin( ) , w ax j b cx t pyw

= + + + é ù ë û ( 18 ) where t is a time parameter, and w is the circular frequency o fdynamical transfor mat ions ofa complex funct ion.

In Fig. 5 the Readers ofSELF Transact ion can see animated, and the Readers of Mathphys A r - chive can imagine that the time mult iplier appearance in the r ight-hand part of(18) has led to the translat ional shift in time ofthe field lines ofpower in the plane W into the centralregion ofa field.

Wit h it the location oftheir prototypes in the plane Z remains time-invar iable, and therefore they still correspond to the stationar yprocess. This feature just dist inguishes the fields descr ipt ion by dynamical functions fromthe convent ionaldescr iption wit h which the funct ion descr ibing the power field character ist ics depends direct lyon the studied domain co-ordinates. As the result, to d e - scr ibe co mpletelythe process in such fields, one needs using not one but two non-confor malma p - pings, both stationar yand dynamical. The first ofthemintroduces a one-valued analytical corr e - spondence between the domain, where the plane Z is determined, and do main o fvalues ofthe plane W. The second shows the power field t ime-transfor mat ion degree, so this is intended to d e - scr ibe the dynamicalpower fun c t ion.

Despite the necessit y to use two mappings at the same t ime, the propertyofdynamicalco mplex funct ions to describe the field power funct ion in a plane enables us to solve the dynamicalproblems in complex dynamical fields which one meets often in hydro- and aerodynamics, electrophysics, acoustics, geophysics and so on. With it, naturally, the necessit y ofusing the double mapping br ings its peculiar it ies; we willtr yshowing thembya simple specific example, determining the motion trajectoryfor a bodyhaving the mass m within the fie ld of forces descr ibed by(18) and Fig. 5.

Suppose that at the init ial time mo ment 0t= the bodywas located at the point

0 0 0

( , ) w x y . A s - sociate the stationar y mapping between the planes Z and W with this mo ment. In our case this mapping will be descr ibed by (4). Since the problem is plane, suppose that the force field amplitude decreases along the lines of force (which is ver ycomplicated to be taken into account byconve n - tionalmethods in case ofcomplex configuration ofthe lines of force) and is proportionalto the first power ofdistance to the field centre, also along the lines of force.

Since in the considered problem the lines const x = ofthe plane Z correspond to the lines of force ofthe plane W, the attenuation degree is proportionalto 2 2 2

1 /a c b x + . The constant mult i - plier in the deno minator was introduced to correlate the metr ics ofplanes W and Z along the field line of force . It is determined convent ionally:

2 2

2 2 2 const const y y

dw u v a c b dz x x

x

= =

¶ ¶ æ ö æ ö

= = + = + ç ÷ ç ÷ ¶ ¶ è ø è ø

( 19 )

The force direct ion at each point is known to be determined by the direct ion ofa tangent to the power line o f force. Noting also that in our problem the field acts on the bodytowards the field centre, the tangent of force inclinat ion y can be deter mined as fo llows:

( ) const const

/ tan .

/

y y

v x dv du u x

y p =

=

¶ ¶

+ = =

¶ ¶

( 20 )

This last transfor mat ion is caused by, in the considered problem in the plane Z the equation const y = corresponds to the lines of force. Substituting (18) into (20), we yield

Fig. 5

( ) exp sin( ) w ax j b cx t pyw é ù ë û

= + - + , whe re a , b , c , p, w are the coe ffic ie nts

x

y u

v

2 2 2

2 2 2

cos cos( ) sin cos ;

sin cos( ) cos sin ,

a cb cx t a c b a cb cx t a c b

w y w y

Q - + Q

=

+

Q + + Q =

+

( 21 ) where ( ) sin b cx t py w Q = + + .

Taking into account the addit ionaldefinit io n which we have made for the power field, we may wr ite the different ialequation o fthe bodymotion so:

( ) 2

2

, j j F F d w K K m e e dt x x

y p y x x

+ = = - ( 22 ) where F K is the coefficient determining the amplitude offield act ion on the studied body.

In (22) the dependence ( ) w z corresponds to the stationar ynon-confor mal mapping, because we completelytook into account the features ofthe dynamics ofprocess, when defined the power field addit ionally. At the same time, for a correct approach to solving (22) we have to note that d e - spite the stationar ypattern ofmapping of ( ) w z, the var iat ion o fa prototype co-ordinates in the plane Z will correspond to the time shift ofthe bodyin the plane W. So in finding the solut ion of the different ialequation (22) we have to note that the time dependence exists not onlyfor the points ofthe bodytrajectoryin the plane W, but for their prototypes in the plane Z such dependence also takes place.

Thus, to find the bodytrajectorywithin the studied power field, we have to solve the following systemofequat ions:

( )

( )

2

2

2 2 2

;

sin cos( ) cos sin ;

sin ;

exp sin( ) .

j F d w K m e dt x a cb cx t a c b b cx t py w ax j b cx t py

y x w y w w

ì

= - ï ï ï Q + + Q ï = í + ï

Q = + + ï ï

= + + + é ù ï ë û î

( 23 )

As we made without anyassumptions all pre-condit ions which take into account the features of bodymotion in the studied power field, convenientlyso lve (23) numer ically.

To compose the calculat ion scheme, divide the studied time intervalinto a large number n of equalsections t D. Then, using the simplest Euler method, integrate the right-hand part of(22) and yield

1

1 10

0

; 1, 2, ..., , i

k j F k i i

K I e t C k n x

y x

-

=

= D + = å ( 24 ) where i

y, i x , i y are taken in the beginning of i- th time interval, in that number 0 x , 0 y are the coordinates ofthe prototype ofthe bodyinit ial locat ion at 0t=, and 10 C is the integration constant determining the init ial velocit yo fa body.

The second integralover the time we can found the same:

2 1 20

1

; 1, 2, ..., ,

r r k k

I I t C r n

=

= D + = å ( 25 ) where the constant 20 C is determined bythe co-ordinates ofinit ial locat ion ofthe bodyin the plane

W.

In fact, the recurrent relat ionships (24) and (25) determine the velocity and locat ion ofthe body in the plane W in the end ofeach small t ime interval. To make themworking, we have to establish the relat ion between the prototype and image co-ordinates ofthe point location in the beginning of each small t ime interval. Convenient ly use the stationar ynon-confor mal mapping (the last expre s - sion of(23)). As the selected intervalis small, we can wr ite enough accurately:

2 2 ( 1) 20 20

2 2 ( 1)

Re( ) ;

Im( ) .

r r r r

u u I I u x y I C x y v v I I v x y x y

-

-

¶ ¶ - = D = D + D =

¶ ¶

¶ ¶ - = D = D + D

¶ ¶

( 26 )

Passing sequent iallythe t ime intervals, at each ofthemdetermine the left-hand part of(26), ca l - culat ing (24) and (25). We can determine the particular der ivat ives ofthe r ight-hand part ofthe system, different iat ing the last expressio n ofthe system(26) with respect to x and y and subst i - tuting the values, corresponding to the beginning ofeach time interval. So, solving (26) with respect to x D and y D, we determine the corresponding shifts ofthe point prototype and make (24) and (25) recurrent.

Fig. 6. The motion trajectory ofthe body having the mass m =1,0 kg in a d y - na mica l centra l sink fie ld (the inte nsity ofaction

D F = 20 N) presented in Fig.

5, with differe nt freque nc ies w ofthis fie ld time va riation

0,8

0,4

0,6

0,2*

0,35

1,0

2,0

4,0 8,0

0,3*

0,325*

0

0,025*

In Fig. 6 we show the bodymotion trajectories calculated with respect to the field transform a -

tion frequency w for the problem stated in the beginning ofthis item. The init ialdata for the ca l -

culat ions were taken the following: 20 N F K= ; 1, 0 kg m= ;

0

14 m x = ;

0

0 y =; -1 0, 2 m a = ;

/ 3 bp = ; -1 1 m c = ; -1 / 4 m pp = ;

0 0 t =; -1 / 1200 s tp D = ; 9600 n = (four periods ofthe field time

var iat ion). The length ofall shown trajectories, except asterisked, corresponds to three periods of

the field time var iat ion. To make a visualrelat ion to the field characterist ics, we show the init ial l o -

cation ofthe field equipotentialand force lines.

We see that in a stationar ypower field ( 0 w=) the bodymo ves alo ng the tangent to the line o f

force on which it located at the init ial mo ment. In the motion the bodydisplaces fromthe sink axis

towards the weak field region; the field action falls and is able onlyto bend the trajectoryinsuff i -

cient ly.

Wit h the time transfor mat ion ofthe field, the trajectorydisplaces to the sink axis (clockwise),

and its length diminishes, but the pattern complicates. The trajectories corresponding to

1 0, 2; 0, 25; 0, 3; 0, 325 s w - = have been calculated for four periods ofthe field var iat ion. At these

frequencies, before passing to the field per ipher y, the bodyundergoes a few repulsio ns whose pa t -

tern is determined first ofallby the field var iat ion frequency. At 10, 2s w - = the bodymoves within

a "corridor", being four times repulsed bythe lines of force. At 10, 25 s w - = , after a complicated

Fig. 7. The motion trajectory ofthe body having the mass m =0,25 kg in a

dyna mica l centra l s ink fie ld (the inte ns ity of action D F = 20 N) presented

in Fig. 5, with differe nt freque nc ies w ofthis fie ld time va riation

0

0,2

0,4 0,5

0,6

0,65

0,7

0,8

1,0

2,0

4,0

8,0 double repulsio n, the bodymo ves alo ng the field equipotentiallines, unt il, repulsing again, it leaves

the centraldomain. At 1

0, 3s w - = the bodyfir st bends around the field centre fromthe r ight, then

repulses by the lines of force, goes on moving reverse alo ng the equipotentialline, repulses again

towards the centraldo main, passes closelynear the core and leaves to the peripher yfro mthe left of

the field centre. And at 1

0, 325 s w - = the bodymoves along the tangent towards the field centre, r e -

pulses abruptly towards the centre and leaves to the peripher y. However we see that the bodyis

never drawn into the field "crater", which is caused by the non-centralpattern ofthe field act ion,

with the centralpattern ofthe field as a who le. We can expect alike pheno mena in other fields, such

as an exponent ial vortex sink.

In the fo llowing frequency raising, the trajectorylength grows again and the trajectoryitself

goes on turning clockwise, but onlyup to 10, 4s w -

� . Further the trajectoryturns, but the body

braking grows (though it already has not a formofrepulsio ns bythe lines of force, as it was at the

previous band). The trajectorydiminishes in length wit h it. Finally, at frequencies higher than

Fig. 8. The motion trajectory ofthe body having the mass m =0,0025 kg in

a dyna mica l ce ntra l sink fie ld (the inte ns ity ofaction D F = 20 N) pr e -

sented in Fig. 5, with diffe re nt freque nc ies w ofthis fie ld time variation

0

5,0

8,0

10,0

20,0

2,5

6,0

7,0

40,0

30,0

1 0, 6s w - = , not only the trajectorylength diminishes, but it turns reverse. The bodyfirst actively

responses to the field var iat ion by the small transversaloscillat ion motions, but as frequency grows,

these oscillations smooth and the trajectorysmoothlybends the field core along the tangent line.

Wit h diminishing mass, the bodymot ion in a crater-like har mo nic field retains its descr ibed

regular it ies, though becomes more chaotical and the lines o f force repulse the bodymore often.

In Fig. 7 we show the bodytrajectories in the same fie ld, only the bodymass is four times less,

0, 25 kg m= . The same as above, the frequency range can be schemat ically divided into four

bands.

Wit hin that first ofa quasi-stationar yfield, the bodymo ves along the tangent to the line of force

at the init ialt ime mo ment. Ifthe field var ied in t ime slowly ( 10, 2s w - = ), the trajectorydisplaces

clockwise and bends a little, due to smalldeviation bythe lines o f force.

Wit hin the second band, the bodymoves first as ifin a channel for med bythe fie ld lines of

force ( 1

0, 4s w - = ); then along the equipotentiallines wit h an abrupt repulsio n to the field per ip h -

er y( 1

0, 5s w - = ); then it changes the direct ion ofpassing bythe field core ( 10, 6sw -= ), and finally

it passes bythe core fromthe r ight along the equipotentiallines, abrupt lyrepulsing to the weak-

field domain ( 1

0, 65 s w - = ). Thus, with the smaller mass but other frequencies ofthe field var iat ion

we trace the same typical trajectories.

Wit hin the third band ( 1

0, 7 2, 0 s w - = ¸ ) the chaotic motion effects on the trajectorymuch

more. At 1

2, 0s w - = we can trace an abrupt turn and the motion towards a stronger field. However

the main regular it ies retain here. The init ialsect ions ofthe trajectorydisplace clockwise with the

frequencygrowing.

6

2001 3001 4001

1001

25

20

15

10

5

-2

4

2

0

1

8

12

10

14

y x

Fig. 9. The time depende nc y of

o - and

m -compone nts (with respect to the

step ofnume rica l inte gration i ) for Z -prototype ofthe tra jectory pr e -

sented in Fig. 8 ( -1 40 s w= ) i

And at the fourth band ( 1

2, 0s w - > ) the trajectorydisplacement direction reverses, and the

bodytransversal oscillat ions graduallysmooth. The naturalfeature ofthe motion at this band and

with the diminishing bodymass is that the bodyrepulsio ns emerge, when leaving to the weak field;

we can trace it byboth shown trajectories ofthis band.

Note that even ifwe take the mass ver ysmall, the above features ofmotion in a crater-like field

willretain as a who le, though the repulsio ns bythe lines of force willimpact in this case. To illu s -

trate, we show in Fig. 8 the trajectoryofa bodyhaving a mass 0, 0025 kgm= , 100 times lighter

than that previous. Its motion in the fourth band ( 120, 0 s w - ³ ) is the most chaotic. However, d e -

spite the complicated pattern oftrajectories being much alike the Brownian motion, their shape also

has some order and regular it y. There are clear lyseen allfour bands descr ibed above. As to chaotic

pattern oftrajectories shown in Fig. 8, it would be int erest ing to correlate their shape with the pr o -

totype - for example, for the case 1

40, 0 s w - = . We show the parametricalfor moft ime regular it y

ofthe x

- and y

-co-ordinates ofthe prototype in Fig. 9, and the trajectoryprototype in the plane Z

is shown in Fig. 10. In Fig. 9 and especiallyin Fig. 10 we see quite regular motion ofthe studied

bodyprototype. The trajectoryprototype in Fig. 10 is a terraced ascending curve, so me distorted at

the lower level. Notable that in the end o fthe first levelthe trajectoryprototype passes downwards,

outside the belt ofthe init ial one-sheet mapping. The second levelis located between the init ialbelt

and that located above, and the third levelis located completelyin the above belt. Thus we see that

the complicated trajectoryofthe bodymotion in the plane W at 140, 0 s w - = is an analyt icalthree-

sheet continuat ion ofthe trajectoryprototype in the plane Z. This enables us saying o fpossibilit y

ofanalyt icalcont inuat ion ofmany- sheet prototypes when using the dynamical non-confor malma p -

pings.

0 5 10 15 20 25 30

x

-2,0

0,0

2.0

4,0

6,0

8,0

10,0

12,0

14,0

16,0

j y

Fig. 10. The prototype ofthe tra jectory prese nted in Fig. 8 ( -1 40 s w= ) in the

pla ne Z

Speaking ofa bodychaotical motion in the sink field, note, how the field lines of force effect on

the direct ion ofthis motion. In the reverse changing ofthis motion ( i.e., in the sink field transfo r -

mat ion into the source field), the motion becomes wellless chaotical, because in this case the force

radialpro ject ion will be directed to the weak field. The construction ofthe Fig. 11 in which we

show the bodymotion trajectoryin the source field corroboratethis. We see in this construction that

in compar ison with Fig. 7 the motion trajectories beco me much more smooth and the lines of force

do not repulse the body.

At the same time, we see also that the trajectoryst ill turns with the growing frequency, but now

reverse. The same as it retains the transfor mat ion direct ion var iat ion at 11, 0sw - = occurring at the

same field frequency. This corroborates that the trajectorydisplacement pattern with the field i n -

crease is a generalregular it yo fthe bodymotion in such fields.

As we see, stationar yand dynamical non-confor malmappings can be helpful in studying the

processes in co mplex dynamical power fields ofthe most different nature. In this connect ion, the

proved above definit io ns ofanalyt icit yo f funct ions implement ing the non-confor malmapping can

serve a reliable toolhelping to approach more accurately, and the main, more correctlyto the

studying the processes in which these funct ions are used.

5. Conclusions

0

8.0

0.8

0,4

0.6

4,0

0,2 2,0

1,0

Fig. 11. The motion trajectories ofthe body ha ving the mass m =0,25 kg in

a dyna mica l ce ntra l source fie ld (the inte ns ity ofaction D F = 20 N) pr e -

sented in Fig. 5, with diffe re nt freque nc ies w ofthis fie ld time variation

In the carried out invest igat ion we have revealed that the requirement, the limit s to be equalfor

allsequences converging to the d-vicinit y ofthe point 0 z , is excessive for the definit ion o fdiffe r -

ent iabilit yo fa funct ion ofcomplex var iable. It suffices, the limits along allarcs regular in the d-

vicinit yo fthe point 0 z and passing through 0 z to exist.

General definit io n ofdifferent iabilit ycan be presented in the for moftwo definit io ns - in ge n -

eralsense and after Caushy - Riemann correspondingly. The definit io n after Caushy - Riemann

adds to the requirement, the limits for all arcs regular in the d-vicinit y ofthe point 0 z to exist, the

requirement, theyto be equal. The condit ion o fdifferent iabilit yin generalsense covers that after

Caushy - Riemann. The class offunct ions differentiable in generalsense covers that after Caushy -

Riemann.

In accord with the broadening definit io n ofthe funct ions differentiabilit y, the definit io n oftheir

analyt icit y broadens too. The generaldefinit io n ofanalyt icit y is presentable in the for moftwo def i -

nit io ns - in general sense and after Caushy - Riemann correspondingly. The condit ion o fanalyt i c -

it yin generalsense covers that after Caushy - Riemann. The class of funct ions analyt ical in general

sense covers that after Caushy - Riemann.

To investigate the processes in co mplex dynamical fields, one needs to use two types ofma p -

pings, stationar yand dynamical. This fir st serves to introduce the one-valued correspondence b e -

tween the domain, where the funct ion is determined, and the domain o fvalues ofnon-confor mal

mapping, and the second ser ves to descr ibe the pattern ofthe field power funct ion var iation in t ime.

Wit h it the structure of functions used for stationary and dynamicalmapping must be the same.

In this studying we have revealed that when the bodymoves in co mplex centralfields whose

lines o f force have a tangent ialcomponent, with the growing in t ime frequency oftransfor mat ion,

the bodytrajectorydisplaces to the field centre (in case ofa sink field) and vice versa ( in case ofa

source field). Up to a definite frequencyo fthe field, the trajectorydisplacement retains its direct ion

even after it crosses the radialaxis o fthe field. At the frequencies higher than that the displacement

direct ion reverses.

As in case o fsource as in case ofsink, if the field had a tangent ialco mponent, under the field

force action the bodyrepulses to the peripher y, to the weak field.

References

1. Karavashkin, S.B. Some peculiarities of derivative of complex function with respect to co m -

plex variable . SELF Transact ions, 1 (1994), pp. 77-94. Eney, Ukraine, 118 pp.

2. Lavrentiev, M.A. and Shabat, B.V. The methods of theory of functions of complex variable .

Nauka, Moscow, 1973, 736 pp. (Russian)

3. Vekua, I.I. Generalised analytical functions . Physmat hgiz, Moscow, 1959 (Russian)

4. Volkovisky, L.I. Quasi-conformal mappings . L’viv Universit yPublishing, 1954 (Russian)

5. I lyin, V.A. and Poznyak, E.G. Foundations of mathematical analysis , part 1. Nauka, Mo s -

cow, 1971, 559 pp. (Russian)

6. Shilo v, G.Ye. Mathemat ical analysis. Funct ions ofone var iable. Vol. 1-2 (two in one),

Nauka, Moscow, 1969, 528 pp. (Russian)