NATIONAL ACADEM Y OF SCIENCES OF B E LARUS

STATE COMM ITTEE ON SCIENCE AND TECHNOLOGIES OF

REPUBLIC OF B E LARUS

ASSOTIATION «NOM ATECH»

INSTITUTE OF RESOURCE SAVING PROBLEM S

V.A.BELYI METAL-POLYM ER RESEARCH INSTITUTE OF NASB

M ATERIALS. TECHNOLOGIES. TOOLS

Volume 6 (2001) , #4, pp. 13-19

M ECHANICS OF STRESSEDLY-DEFORM ED STATE

The features of inclined force acting on 1D homog eneous elastic lu mped line and corresponding modernisation of the w ave equ a tions

SergeyB. Karavashkin

Special Laboratoryfor FundamentalE laboration SELF

187 apt., 38 bldg., Prospect Gagarina, Kharkov 61140, Ukraine

Phone 38 (0572) 276624; e-mail: selflab@go.com , selflab@mail.ru

Website oflaboratorySELF: http://angelfir e. lycos.com/la3/SELFlab

Website ofSELF Transact ions: http://angelfir e. lycos.com/la3/selflab

This paper was published fir st in the journalo fNationalAcademy o fSciences ofBelarus "M a - terials. Techno logies. Tools", 6 (2001), 4, pp.13-19 (in Russian). This is the fourth ofa large cycle devoted to the new method to obtain the exact analyt icalsolut ions for vibrant elast ic systems, both lumped and distr ibuted. Though the material stated in it is quite simple, as well as the invest igated problems, you can make sure fromthe presented solutions that in the exact analyt icalfor mand in alltheir co mpleteness these so lut ions were not obtained up to now.

It is important that the obtained so lut ions match wellto the generalising so lut ion ofthe wave equation which we present in this paper. Also important is that these results are basic for the further investigat ions which we carr yout for much more complicated models. There we often refer to this introducing paper, so we decided to load it also to the Archive, to make its English versio n available for English- language readers. You can read some ofour further papers, visit ing for free our electronic journal "SELF Transact ion" at the URL http://angelfire. lycos.co m/la3/selftrans .

We willbe thankfulif you express us your opinio n and the more grateful for your wish to go on with us in the invest igat ion ofthis huge and prospective theme.

Abstract

We analyse the exact analytical solutions for 1D elastic lumped lines under action of an exte r - nal force inclined to the line axis. We showthat in this case an inclined wave being described by an implicit function propagates along the line. We extend this conclusion both to free vibrations and to distributed lines. We prove that the presented solution in the form of implicit function is a genera l - izing for the wave equ a tion.

V. 6 (2001), No 4 The features of inclined force acting 2

When taken into consideration exactly, the dynamical processes pattern leads to the conclusion that the divergence of a vector in dynamical fields is not zero but proportional to the scalar product of the partial derivative of the given vector with respect to time into the wave propagation direction vector.

Keywords: Mathematicalphysics, Wave physics, Dynamics, E last ic lumped lines, Inclined force action, Generalso lut ion ofthe wave equation, Vector flgebra, Divergence ofvector in dynamical fields, ODE systems

Classification by MSC 2000: 30E25; 70E55; 70J35; 70J60; 70K40; 70F40

Classification by PASC 2001: 02.60.Lj; 05.10.-a; 05.45.-a; 45.30.+s; 46.15.-x; 46.25.Cc;

46.40.-f; 46.40.Fr

1. Intr oduction

In the previous papers ofthis cycle, [1]-[3], we have considered the longitudinalvibrat ions in a

1D elast ic lumped line. However, in such line the vibr ations ofmore generalfor mare possible, if we attribute the concept ofone-dimensio nalit yonly to the generalshape ofa line but not to the d e - gree of freedo mofthe line elements vibrat ion. In this paper we will studythe features ofexact analyt ical so lut ions for this class ofpro b lems.

We willalso present some results developing the vector algebra for dynamical fields, as well as some essent ial improvements ofgeneralso lut ion ofthe wave equation. Though these results seem simple, their impact on the further concept ofbasic models willbe essent ialenough, theyto be fo r - mulated especially. This is why, targeting to formulate the most completelythe basis o fthe exact analyt ical so lut ions for dynamicalmany- bodysystems, we do not care, are the considered problems complicated or simple, but draw our attention to the importance ofsuch or other aspect in general context ofthe studied ph e no menon.

2. Vibrations in a semi-finite elastic line under an inclined e xter nal force acting on the line start

In the view ofstated above, supposing an elastic line elements having two degrees ofvibrat ion freedo m, we can present the modelas shown in Fig. 1. In case ofsmall vibr ation amplitude ( linear vibrations), this modelcan be descr ibed by two systems ofequations ˘ with respect to x- and yproject ions ofthe externalforce action corr e spondingly:

                                                     a            a               a

                  F ( t )

                                                     y

                                                        1
                                                                              y

                                                                                  2
                                                                                                          y

                                                                                                             3
y

4
y
n

                                        1 2 3 4
D
n

Fig.1. The model of inclined vibrat ions in a 1D elast ic lumped line

MATERIALS. TECHNOLOGIES. TOOLS
    S. B. Karavashkin

3

                                 2

                                         1

                                                                                                          2 1

                                      2

                                 2

                                          2

                                                                   3 1 2

                                      2

                                 2

                                                                          1 1

                                      2

                                                            ( ) cos ( )

                                                          ( 2 )

                   ........................................ ...

                                                          ( 2 )

                   ........................................ .......

                                          n

                                                                   n n n

                           d

                    m F t s

                              dt

                           d

                    m s

                               dt

                           d

                    m s

                               dt

                                                                                 a

                                                                       + -

               ì

                                    D

                                               = + D - D

               ï

               ï

               ï

                                    D

               ï

                                                = D + D - D

               ï

               ï

               í

               ï

                                    D

               ï

                                                 = D + D - D

               ï

               ï

               ï

               ï

               î

                                                    ( 1 )
and

                                 2

                                        1

                                                                                                       2 1

                                     2

                                 2

                                         2

                                                                 3 1 2

                                      2

                                 2

                                                                        1 1

                                      2

                                                           ( ) sin ( )

                                                          ( 2 )

                   ........................................

                                                          ( 2 )

                   ........................................ ...... ,

                                         n

                                                                 n n n

                           d y

                    m F t s y y

                              dt

                           d y

                    m s y y y

                              dt

                           d y

                    m s y y y

                              dt

                                                                               a

                                                                     + -

               ì

                                              = + -

               ï

               ï

               ï

               ï

                                               = + -

               ï

               ï

               í

               ï

               ï

                                                = + -

               ï

               ï

               ï

               ï

               î

( 2 )
where a is the angle of an external force inclinat ion to the line axis.

              Each of these systems is similar to those considered in [1]. Hence, we can wr ite at once the e x -
act analyt ical so lut ions for each of them, as fo llows:

for the x

                               -component of vibr ation:

in the per iodical regime ( 1
                                                                                      b

                                                                                             <)

                                                                                 [ ( 2 1) ]

                                                 0

                                                      cos

                                                                                                                        ,
                                                                               j t n

                     n

                                            F

                                        j e

                                                          sm

                                                                                   w t
                                                                 a

                                              w

                                                                                          - -

               D = - ( 3 )
in the aper iodical regime ( 1
                                                                                         b

                                                                                                 >)

                                                                                           ( 2 1)

                                                          0
                                                               cos

                                 ( 1)
                                                                                                 n

                                               n j t

                     n

                                                      F

                                                                                                               e

                                                                    sm

                                                                                                                      w
                                                                          a

                                                                                  g

                                                       w

                                                                                                     -

                                                                                       -

               D = - ( 4 )
and in that crit ical ( 1
                                                                   b

                                                                          =)

                                                          0

                                                               cos

                                 ( 1) .

                                                               2

                                               n j t

                     n

                                                     F

                                                                                   e

                                                                   s

                                                                                         w
                                                                          a

               D = - ( 5 )

For the y-component of vibr ations we yield correspondingly:

in the per iodical regime ( 1
                                                                                      b

                                                                                             <)

                                                                            [ ( 2 1) ]

                                               0

                                                   sin

                                                                                                            ,
                                                                           j t n

                    n

                                           F

                y j e

                                                        sm

                                                                              w t

                                                             a

                                           w

                                                                                   - -

                         = - ( 6 )
in the aper iodical regime ( 1
                                                                                         b

                                                                                                 >)

                                                                                         ( 2 1)

                                                         0

                                                              sin

                                ( 1)
                                                                                               n

                                              n j t

                    n

                                                    F

                y e

                                                                  sm

                                                                                                                   w
                                                                        a

                                                                                g

                                                      w

                                                                                                  -

                                                                                     -

                          = - ( 7 )
and in that crit ical ( 1
                                                                   b

                                                                          =)

                         V. 6 (2001), No 4           The features of inclined force acting 4

                                                                                 0
                                                                                      sin

                                                         ( 1)

                                                                                      2

                                                                       n j t

                                            n

                                                                             F

                                         y e

                                                                                          s

                                                                                                                w
                                                                                                 a

                                                  = - ( 8 )

                                       As a result of the superposition, there for ms an inclined wave propagating in the positive dire c -

                         tion of the axis x; this is corroborated by the vibr ation diagram shown in Fig. 2.

                                       T ypically, the inclined pattern of vibrat ions remains both with free vibrat ions in a lumped line

                         and wit h the limit ing process to a distr ibuted line.

                                       Basing on results presented in [1], the solution, e.g., for free vibrat ions has the fo llowing for m:

                         for the x

                                                        - component of vibrat ions

                                                                       cos( 2 1)

                                                               cos( 2 1)

                                                                                                                    j t

                                                                 k

                                             n

                                                           X i

                                                                                                               e

                                                                                  k

                                                                                                                     w
                                                                                                       t

                                                                                                  t

                                                                                             -

                                        D =

                                                                                        -

( 9 )

                          and for the y-component

                                                                   cos( 2 1)

,

                                                             cos( 2 1)

                                                                                                                j t

                                                             k

                                            n

                                                         Y i

                                         y e

                                                                               k

                                                                                                                 w
                                                                                                   t

                                                                                                t

                                                                                         -

                                                  =

                                                                                     -

( 10 )

                         where

                                                       k
                                                 X and

                                                                                 k
                                                                             Y are the x- and y- components of vibrat ion amplitude of the kth element whose

                         p a rameters are specified, and k  is the element number whose vibrat ion is specified.

                                       In case of limit ing process to a distr ibuted line we can present

0

                                                               ; ; ,

x

                                                       m T

                                                                                 s n

                                                       a a a

                                        r

                                               = = =

                         where r is the densit y; T is the line st iffness;

0
x

 is the distance fro m the line start to the point of

                         rest of the considered line element; m is the line element s mass. Wit h it the solutions (3)-(8) tran s -

                         for m into the fo llowing system:

F ( t )

F ( t )
w
t

                                                           Fig.2.The diagram o f vibrat ions in a semi- finite line being under action  o f

                                                           a force inclined to the line axis. The line parameters: m = 0,01

d]

�V�

                                                           �

                                                                         G

                                                                           �

                                                             f

�D� � f � a  = 60

� �

=p

                         MATERIALS. TECHNOLOGIES. TOOLS

    S. B. Karavashkin
5

                                                                                                              ( )

                                                                                                             ( )

0

0

                                                                        0

0

                                                                         0

                                                                             cos

                                                                              sin

                                                                                                      j t x T

                                                                                                      j t x T

                                                                    F

                                             x j e x

                                                                                 T

                                                                    F

                                             y j e

                                                                                 T

                                                                                                         w r

                                                                                                        w r

                                                                                         a

                                                                     w r

                                                                                        a

                                                                     w r

                                                                                                                   -

                                                                                                                  -

                                        ì

                                                  = - +
                                        ï

                                        ï

                                        í

                                        ï
                                                   = -
                                        ï

                                        î

( 11 )

                                       The obtained system descr ibes parametrically an inc lined wave propagation along the axis x,

                         as is shown in Fig. 3.

                                       From the carr ied out br ief invest igat ion we can see that far from always inclined vibrat ions

                         ar ise as a consequence of non- linear processes in an elastic system, as it was supposed before. I n -

                         clined waves can ar ise quite naturally under action of a force inclined to the wave propagation d i -

                         rection. And this conclusio n can be quite simply extended to a most wide spectrum o f the vibrat ion

                         processes.

                                       3. The line eleme nts motion trajec tory

                                       Drawing our attention to a considered line elements motion trajectory, we see that this traje c -

                         tory has a form of an ellipse circumscr ibed around the point of rest of an element. And the wave i n -

                         clinat ion for ms due to the shift phase o f the element-to-element motion along these elliptic traject o -

                         r ies. The presented vibrat ion structure is well-known in phys ics, particular ly in wave processes in

                         unbounded vo lumes of liquid. ^In a wave, the motion of liquid is non-stationar y. So the separate

                         particles trajectories are far from being time-co inciding with the lines of current. They have abs o -

                         lutely other for m. Wit h the small amplitudes they are circumferences in a great approximation. We

                         find these circular trajectories both on a surface and in depth of liquid. Only in the most upper la y -

                         ers the d i ameters of circular ways are the most large~ [4, pp. 300-301].

                                       Indeed, the spatial vibrat ion processes have their peculiar it ies. None the less, it is typical that

                         the basic regular it ies can be run down already in a 1D model. It also fo llows from the obtained s o -

                         lut ions that the elements vibr ation ellipso idal pattern retains as in the cr it ical as in aper iodical r e -

                         gimes. Due to it, in this last case there in the line for ms a co mplex wave fast-damping alo ng the

                         line, and this is one more feature that the exact analyt ical solut ions demonstrate.

                                       4.

                                               The ne w class of func tions being the s olution of the wave equ a tion [5]

                                       We can extend the above generalisation also to the solut ion of the wave equation on the who le.

                                       It is known that the hyperbo lic-t ype differential equat ion

                                                                                                             10

                                                                                                             20

F
0

                                                                                                        -20

                                                                                                        -10

                                                                                                                  0

                                                                                                                  Y

20 40 60 80
- X

2

G

� G

� G

                                                  Fig.3. Vibrat ions in a distr ibuted line under action of the  external inclined

                                                  force on the line start . The angle of force inclinat ion a =60

      h

X

V. 6 (2001), No 4           The features of inclined force acting 6

                              ( ) ( )
                    2 2
                                                            2

                                 2 2 2

                                     , ,

                                                                                                           0

                         y x t y x t
                                                       k

                             x t

                                                      w

                ¶ ¶

                                                - =

                         ¶ ¶

( 12 )

has general so lut ion [6, p. 300]

                      ( ) ( ) ( )

                                                     1 2

                              , ,

                          x t kx t kx t

                                                                           w w

               F = F - + F + ( 13 )

where c k

                                   w

                             =  is the wave propagation velocit y -  i.e., in the form o f two explicit funct ions with r e -

spect to

                              ( )

                                  x ct

                                       -  and

                                                                           ( )

                                                                               x ct

                                                                                    +  correspondingly. Up to now this so lution was thought the only and

complete, due to the theorem of uniqueness o f solut ion of different ial equat ion. None the less, there

exists one more class o f funct ions being the solut ion of (12) but not taken into account by the sol u -

tion (13). We can present the general for m o f this class of functions as

                                                                                                ( )

                                                      ( )
( )

( )

                                                  1 1 2 2

                    ( , ) ,

                y x t kx t y kx t y

                                                                        w f w f

                                     = F - + + F + + ( 14 )

here

                         ( )

                     1

                              y

                 f  and

                                                                ( )

                                                           2

                                                                     y

                                                       f  are some double-differentiable funct ions. In other words, (14) belongs to the

class of implicit functions whose regular it ies o f behaviour and technique of different iat ion and int e -

gration essent ially differ from such for explicit funct ions. It is important that, while for explicit

funct ions definite systemat isat ion of different ial equations has been created and for definite class of

these equations the regular it ies and schemes to obtain so lut ions have been defined, for implicit

funct ions all these developments are absent. Naturally, for today the correspondence of (14) to (12)

can be checked only by the most simple way ˘ by direct subst itution (14) into (12).

              For it, basing on the known laws of implicit functions different iat ion, find fir st and second pa r -

ticular der ivat ives of (14) with respect to x and t. To simplify the calculat ion, consider a half of

the right part of (14)

                                                                                                ( )

                                                      ( )
( )

                                                  1 1 1

                    ( , ) ,

                y x t kx t y A

                                                                        w f

                                     = F - + = F ( 15 )

where

                                                                   ( )

                                                               1

                                                                                 .

                A kx t y

                                           w f

                       = - +

              The fir st derivat ives have the for m

                                                            1 1

                                                    1 1 1 1

                                                                            ; .

                                1 1

                                                 d d

                                           k

                    y y
                                                    dA dA

                                            d d d d
                    x t

                                              dy dA dy dA
w

                                                f f

                                                      F F

                ¶ ¶

                          = = -

                                                               F F
                ¶ ¶

                                     - -

( 16 )

The second der ivat ives after transfor mat ion and subst itution of expressio ns (16) take the for m

3
                                                          2 2

                                           2 1 1 1

                                                                2 2
                    2

                        2 3

                                                                                 1 1

3
                                                           2 2

                                            2 1 1 1

                                                                  2 2
                    2

                        2 3

                                                                                 1 1

                                                             1

.

                                                              1

                                                    d d d

                                      k

                                                                                                          dA
                                                       dA dy
                         y

                    x
                                                                        d d

                                                                          dy dA

                                                      d d d

                                                                                                           dA
                                                        dA dy
                         y

                     t
                                                                         d d

                                                                           dy dA

                                                                                         f

                                                                             f

                                                                                          f

                                      w

                                                                             f

                                                é ù

                                                             F F
                                                                                                  æ ö

                                                                          +
                                                ê ú
                                                                                                  ç ÷

                                                                                                  è ø
                                                ê ú
                ¶
                                                ë û

                               =

                ¶
                                                         æ ö
                                                                                            F

                                                                  -

                                                         ç ÷

                                                         è ø

                                                  é ù

                                                               F F
                                                                                                    æ ö

                                                                           +
                                                  ê ú
                                                                                                    ç ÷

                                                                                                    è ø
                                                  ê ú
                ¶
                                                  ë û

                               =

                 ¶
                                                          æ ö
                                                                                             F

                                                                   -

                                                          ç ÷

                                                          è ø

( 17 )

              Subst ituting (17) into (12), we obtain the required. Similar ly we can prove the second part of

expressio n (14) to be corresponding to the equation (12).

              Thus, the solut ion (17) determines a whole class of implic it funct ions sat isfying the linear wave

equation. And the presence of a new class o f funct ions being the solut ion of different ial equat ion

                       MATERIALS. TECHNOLOGIES. TOOLS

    S. B. Karavashkin
7

                       (12) does not vio late a least the theorem of uniqueness of so lut ion of different ial equat ion, because

                       under definite condit ions

                                              ( ) ( )

                                          1 2

                                                                  0 ; 0

                                                  y y

                                      f f

                                                           º º

                       the expression (14) degenerates into (13). Hereby it is proved that the solut ion known before is a

                       particular case of more general class of funct ions.

                                     The found class of implicit funct ions deter mines a non-linear wave; its degree of defor mat ion

                       depends on the type o f funct ions

( )

1
y
f  and

( )

2
y
f . For example, in the fo llowing part icular case of

                       expre s sio n (14) (see Fig. 4)

                                                                   ( )
                                                        sin ctg

                                       y c kx t y

                                                                                     w a

                                             = - + ( 18 )

                       the solut ion of a wave equat ion (12) descr ibes a progressive wave propagating alo ng the axis x and

                       inclined by the angle a, which completely corresponds to the inclined vibrat ion in an 1D line co n -

                       si d ered above.

                                     4. The diverge nce the ore m c hanging in dynamical fields

                                     Studying the changes appear ing in the wave physics solut ions, we must touch br iefly the

                       changes in the vector algebra equat ions appear ing when taking into account the dynamical pro c -

                       esses in power fields.

                                     The main conservat ion laws related to the vector flux are known to be for mulated on the basis

                       of Ostrogradsky-Gauss theorem about the flux of vector through a picked out space region. The

                       Ostrogradsky-Gauss theorem is known in its turn to be for mulated for stationar y fie lds, i.e., for the

                       case when the vector of flux does not depend on time directly. In dynamical fields the pattern e s -

                       sentially changes.

                                     Actually, let in so me bounded, connect ive, free o f sources spatial regio n W propagate a plane-

                       parallel wave whose power vector

( )
,

F x t

                                                                                                                   JG

 has a standard form

                      ( ) ( )

                                                    0

                              , sin .

               F x t F t kx

                                                                      w

                                        = - ( 19 )

              P ick out of this region four surfaces
0 1 2 3

, , ,
a a a a  perpendicular to the wave propagation d i -

rection, and for m with their help three picked out volumes
01 02 03

, ,

V V V bounded by the corr e -

sponding sur faces and lateral sur face connecting them. Noting that the wave is 1D and

( )
,

F x t

JG

 is

parallel to the lateral sur face of the picked out regions, in the further consideration we will not take

into account the lateral sur faces.

                                                                                            a
                                                                                                  2

                                                                                            a

                                                                                                  1

                                                                       1

                                                                       -1

- X

                                    Fig.4. The inclined vibr ations descr ibed by the  implic it funct ion being the

                                    solut ion of a wave equat ion at  a
1

=45 ° ;  a
2

=60 °

                                                                       Y

X

V. 6 (2001), No 4           The features of inclined force acting 8

              On the basis of this model, consider a convent ional definit io n of the divergence of vector (see,

e.g., [5, p.166])

                                 ( )

( )

                                                                                            0

                                        , lim ,

                                                                                                 S

                                                                                                           V

                                                                                                      ds F s

               div F r t F

                                                                                                                 dv
                                                                                 d

                                                                                      ®

                                                                                                               ×

                                                  = Ñ × =

                                                                                                 ò

                                                                                                            ò

                                                                                                       JJG JG

                          JG JG JG

( 20 )

where V is the studied regio n containing the point

( )

r

G

; S  is the closed-loop surface limit ing the r e -

gion V ; d here denotes the most distance from the point

( )

r

G

 to the points of the surface S .

              S ince the picked out regions
                                                                                                                   01 02 03

, ,

                                                                                                               V V V were finite, study fir st the expressio n

                                                        ( )

                                                                                                   0
                                                                                                           ,

                                S i

                    i

                                          V V

                                     ds F s

               G

                                                dv dv

                                              ×

                                                                            F - F

                         = =

                                 ò

                                           ò ò

                                      JJG JG

( 21 )

where i =1, 2, 3. For it, plot the time-spat ial var iation o f

( )
,

F x t

JG

, noting the wave process progre s -

sive pattern, and determine
                                                                                                          0 0

                                                                                                             i i

                                                                                              DF = F - F  for all picked out regions. This will be easy, noting the

wave front plane pattern and that the flux of vector is 1D. Therefore the integration is reduced to a

simple mult iplying of the vector parameters at the fixed mo ment at the studied point into the square

of corresponding sur face of the picked out region. The obtained results are shown in Fig. 5 (bottom

and r ight). As we see,
                                                                                        0

                                                                                           i

                                                                            DF  var ies in t ime for all picked out regions and is different for all sur faces

     0 1 2 3

          , , ,

 a a a a , though we calculate relat ively to the surface
0
acommo n for all regio ns. Furthe r -

more, if we plot the regular it y
                                                                                                                    0

( )
                                                                                                                       i
t

                                                                                                        DF  on the basis o f obtained values
0
i

DF , we will see that both

amplitudes and phases of the fluxes difference var iation
0
i

DF  are different for all picked out r e -

gions, the same as these parameters are different for
i

G. Moreover, with the diminishing size of the

                                                   Fig . 5 . The time-dependent diagram for the invest igat ion of vector flux

                                                   through the picked out space

                                                                                             F ( x , t )

                                                                                                                     0

                                                                                                           t t

                                                                                                              =

                                                                                                      0
                                                                                                              6

                                                                                            t t

                                                                                                                p

                                                                                                                 w

                                                                                               = +

                                                                                                      0
                                                                                                               3

                                                                                            t t

                                                                                                                p

                                                                                                                  w

                                                                                                = +

                                                                                                      0
                                                                                                               2

                                                                                            t t

                                                                                                                p

                                                                                                                 w

                                                                                               = +

W
a
0

    a
1

 a
2

 a
3

                                                                                                   ( )
                                                                                                         ,

                                                                                             F x t