Quantum diffusion and generalized fractal dimensions: The continuous case L^2(R^d).

Jean-Marie Barbaroux^∗

UMR 6629 du CNRS, UFR de Mathématiques, Université de Nantes, 2 rue de la Houssinière, F-44072 Nantes Cédex 03, France E-mail: Jean-Marie.Barbaroux@math.univ-nantes.fr

François Germinet

UMR 8524 CNRS, UFR de Mathématiques, Université de Lille 1, F-59655 Villeneuve d’Ascq Cédex, France E-mail: germinet@gat.univ-lille1.fr

Serguei Tcheremchantsev

UMR 6628 - MAPMO, Université d’Orléans, B.P. 6759, F-45067 Orléans Cédex, France E-mail: serguei.tcherem@labomath.univ-orleans.fr

June 2000, revised version September 2000

Abstract We estimate the spreading of the solution of the Schrödinger equation asymptotically in time, in term of the fractal properties of the associated spectral measures. For this, we exhibit a lower bound for the moments of order p at time T , for the state ψ, defined by 1 T Z_T 0 k jXj^{p/2}e�^{itH} ψk^2 dt .

We show that this lower bound can be expressed in term of the generalized fractal dimensions of the spectral measure μ_ψ associated to the Hamiltonian H and the state ψ. We especially focus on continuous models.

Keywords: Schrödinger operators, quantum dynamics, spectral measures, fractal dimensions. 1991 Mathematics Subject Classification. Primary: 81Q10, 28A80; Secondary: 35J10.

1 Introduction and brief review

The dynamical properties of quantum electrons in solid media are given by the spreading of the wave packet ψ_t, solution at time t of the Schrödinger equation i∂_tψ_t = Hψ_t with initial

∗J.M.-B. gratefully acknowledged GDR 1151 du CNRS and the M.E.N.R.T. through the project ACI Blanche for financial support.

condition ψ_{t=0} = ψ. The Hamiltonian H of the system is a self-adjoint operator acting on a separable Hilbert space H, and ψ is fixed in H. In our case, we consider H to be equal either to L^2(R^d ) for continuous models or ℓ^2(Z^d) for discrete one (tight-binding approximation).

A good estimate of the spreading of ψ_t is given by the averaged moments of order p, (p > 0) ⟨⟨|X|^p⟩_ψ⟩(T ) := 1 T ∫_T 0 ‖ |X|^{p/2}e^{−itH} ψ‖^2 dt , (1) and its increasing exponents, the so-called lower and upper diffusion exponents

β^−_p (ψ) := lim inf_{T →∞} log⟨⟨|X|^p⟩_ψ⟩(T ) log T and β^+_p (ψ) := lim sup_{T →∞} log⟨⟨|X|^p⟩_ψ⟩(T ) log T . In the particular case p = 2, a behaviour ⟨⟨|X|^p⟩_ψ⟩(T ) ∼ T^2 is representative of a ballistic motion, i.e. the motion of a free electron; if ⟨⟨|X|^p⟩_ψ⟩(T ) ∼ T , we have a diffusive dynamics, whereas sup_{T >0}⟨⟨|X|^p⟩_ψ⟩(T ) < ∞ is characteristic of the dynamical localization.

The first rigorous result connecting the moments of order p and the fine properties of spectral measures is due to Guarneri ([11]) for discrete models and was extended by Combes [7] to continuous one. In the case H = ℓ^2(Z^d), the result can easily be stated.

Guarneri-Combes Theorem [11, 7]. Let H = H^∗ be a self-adjoint operator on ℓ^2(Z^d). Let ψ ∈ ℓ^2(Z^d) be the initial state, ‖ψ‖ = 1. If the spectral measure μ_ψ associated to ψ and H verifies

There exists α ∈ [0, 1] such that sup_{x∈} R ( sup ε∈(0,1) ( μ_ψ(x − ε, x + ε) ε^α )) < ∞ , (2) then β^−_p (ψ) ≥ α p d . (3)

The proof of this result is simple. We sketch it here since more recent results, including those presented in this paper, use similar approaches. It is based on a Strichartz estimate ([17]) connecting the local properties (2) of the spectral measure μ_ψ with the Fourier transform of measures absolutely continuous with respect to μ_ψ, with density in L^2(R, dμ_ψ). Namely, if μ_ψ verifies (2), then there exists C < ∞ such that for any f ∈ L^2(R, dμ_ψ), ‖f‖_2 ≤ 1, and for all T > 1 1 T ∫_T 0 |“_{fdμψ|}^2_{(t) dt :=}^1_T^{∫ T}_0^|^∫_{R e}^{−itx}_{f(x) dμψ(x)}^|^2_{dt ≤ CT}^{−α}_{. (4)}

A very short proof of this result can be found in [15].

For a given N > 1, one now estimates the time averaged probability B_ψ(T, N) of finding the electron at time T in the ball centered at the origin and of radius N B_ψ(T, N) := 1 T ∫_T 0 ∑ |n|≤N |⟨ψ_t, e_n⟩|^2 dt , where (e_n)_{n∈}Zd is the canonical basis of ℓ^2(Z^d) (remark that for technical reasons, B_ψ(T, N) is defined slightly differently in (29) of Section 4). Noting that for all n ∈ Z^d there exists f_n ∈ L^2(R, dμ_ψ), ‖f_n‖_2 ≤ 1, such that ([1]) ⟨ψ_t, e_n⟩ = ∫ R e^{−itx}f^n(x) dμ^ψ(x), we get by using (4) the following rough estimate

B_ψ(T, N) ≤ 2^dCN^dT^{−α} . (5)

Now, the idea is to pick N not too large so that B_ψ(T, N) remains “small enough”. Therefore, a “sufficiently large”part of the wave packet ψ_t “lives” at a distance at least N of the origin, and contributes significantly to ⟨⟨|X|^p⟩_ψ⟩(T ). More precisely ⟨⟨|X|^p⟩_ψ⟩(T )^{ℓ2(} Z^d) = 1 T ∫_T 0 ∑ n∈Z^d |n|^p|⟨ψ_t, e_n⟩|^2 dt

≥ 1 T ∫_T 0 N^p ∑ |n|>N |⟨ψ_t, e_n⟩|^2 dt = N^p (1 − B_ψ(T, N)) . (6)

Choosing N = (T^α/2^{d+1}C)^{1/d} in (5) gives 1 − B_ψ(T, N) ≥ 1/2, therefore, from (6), we obtain ⟨⟨|X|^p⟩_ψ⟩(T ) ≥ cT^{αp/d} and thus (3) follows.

The first major improvement of this result is due to Last ([15]) and leads under the same assumption as in the previous Theorem to

Last Theorem [15]. For H = H^∗ on ℓ^2(Z^d), ψ ∈ ℓ^2(Z^d), ‖ψ‖ = 1.

β^−_p (ψ) ≥ dim_H (μ_ψ) p d , (7)

where dim_H (μ_ψ) is the Hausdorff dimension of the spectral measure μ_ψ ([10]

This theorem improves the previous one since the Hausdorff dimension of μ_ψ is not smaller than the largest α such that (2) holds true. A statement for continuous models is also provided in [15].

The basic strategy to prove (7) remains essentially the same as above, especially the “trick” (6). The main improvement comes from the estimate of 1 − B_ψ(T, N); dividing spectraly ψ into two orthogonal states φ and χ, i.e. φ = E(I)ψ, χ = E(R \ I)ψ, for E( . ) spectral family of H and I some Borel set, one estimates 1 − B_ψ(T, N) by 1 − B_φ(T, N). In other words, the spreading of ψ is roughly given by the one of a piece of ψ. The aim is thus to extract the most relevant spectral information of ψ for the dynamics, by fixing a state φ = E(I)ψ such that it spreads “fast”, i.e., such that μ_φ verifies (2) with a larger α than the one for μ_ψ.

This optimal choice for φ finally leads to an α equals to dim_H (μ_ψ), which is a dimension that characterizes only the “most continuous”part of μ_ψ (the reader should refer to [15] or [2] for details).

There exists a similar result to (7) established by Guarneri and Schulz-Baldes concerning the upper oscillations of ⟨⟨|X|^p⟩_ψ⟩(T ) stating that (see [12, 6])

β^+_p (ψ) ≥ dim_P (μ_ψ) p d , (8)

where dim_P (μ_ψ) ≥ dim_H (μ_ψ) is the packing dimension of μ_ψ ([19]).

The bounds (7) and (8) ought to be very satisfactory since apparently, very refined properties of μ_ψ are involved. However, we are forced to conclude that in some cases, these bounds are far from being optimal. This remark is based upon two different observations. First it is known from examples in [9] and [2] that β^+_p (ψ) and β^−_p (ψ) can be strictly positive whereas μ_ψ is pure point and thus its packing and Hausdorff dimensions equal zero. Second, some numerics performed by Mantica in [16] for one dimensional models of Julia matrices suggest that the variation of the exponents β^±_p (ψ) may increase in p faster than a linear function, whereas the given bounds (7) and (8) are both linear in p. This nonlinear behaviour is sometimes called “intermittency”.

The lower bounds we have established for ⟨⟨|X|^p⟩_ψ⟩(T ) in [3] for discrete models, and that we present here in details for continuous one, actually appear to be “intermittent”. These bounds reads as follow (see Theorem 1 and Theorem 2 for a precise statement) β^−_p (ψ) ≥ D^−_{μψ} ( 1 1 + p/d ) p d and β^+_p (ψ) ≥ D^+_{μψ} ( 1 1 + p/d ) p d , (9)

where D^±_{μψ} are the so called generalized Rényi dimensions of the measure μ_ψ. The monotonicity property D^±_{μψ} (q) ≥ D^±_{μψ} (q^′), if q < q^′, implies that the lower bounds (9) are intermittent. Furthermore since for all q ∈ (0, 1), D^−_{μψ} (q) ≥ dim_H (μ_ψ) and D^+_{μψ} (q) ≥ dim_P (μ_ψ), the result (9) improves notably (7) and (8). In particular it is possible to construct a self-adjoint operator H on ℓ^2(Z) and a state ψ ∈ ℓ^2(Z) such that μ_ψ is pure point and D^±_{μψ} (^1_{1+p/d} ) > 0 for all p > 1, giving rise to a nontrivial lower bound in (9).

The proof is essentially performed in two steps. We sketch it here in the discrete case; in the continuous case it is basically the same and it is detailed in the next sections.

The first step (Lemma 1 and 2) consists in estimating sharply 1 − B_ψ(T, N) by an integral expression involving μ_ψ and μ_φ, where φ = E(I)ψ for some Borel set I. The estimate is roughly 1 − B_ψ(T, N) ≥ ‖φ‖^2 − CN^{d/2} (∫ R ∫ R e^{−(x−y)2T 2/4} dμ_ψ(x)dμ_ψ(y) )_{1/2} . Actually, this is a more complicated function than the gaussian e^{−(x−y)2T 2/4} that enters the game, due to the fact that the time averaged in (1) is between 0 and T instead of −T and T . Picking the largest N so that 1 − B_ψ(T, N) ≥ ‖φ‖^2/2, using the “trick” given in (6) and optimizing the obtained result at fixed T over all possible φ, leads to the lower bound stated in Lemma 2 ⟨⟨|X|^p⟩_ψ⟩(T ) ≥ CL_ψ(T ) , where L_ψ(T ) is a function depending on p, d, ψ and T and involving local properties of the measure μ_ψ (see (26) for the exact definition).

Compared to above methods, the new idea in this step is to optimize in φ at a given time T as in [6], instead of optimizing in φ uniformly in T as done in [15, 2].

The second step is the most intricated one. It amounts to prove that the increasing exponents of L_ψ(T ) are D^±_{μψ} (^1_{1+p/d} )^p_d . This is done by performing a fine analysis of L_ψ(T ) and with a good understanding of what part of the measure μ_ψ contributes essentially to the dimensions D^±_{μψ} (q) for q ∈ (0, 1) (see Lemma 3 and 4).

The paper is organized as follows: in Section 2 we define the generalized Rényi dimensions D^±_μ (q) of a measure μ and state our two main results. The first one is an extension of Theorem 2.1 in [3] in the case of spectral measures whose support is not necessarily compact and when H = ℓ^2(Z^d). Theorem 2 is a statement of Theorem 2.1 in [3] for continuous Schrödinger operators on L^2(R^d ). In this case, the proof given in [3] needs some modifications presented here. In Section 3, we give some general properties for the generalized Rényi dimensions that will be used in the proof of the main results. Most of them are not proven here since details can be found in [3] and [4]. The last section is devoted to technical but crucial lemmas needed to prove the theorems of Section 2.

2 Main results

We start with the definition of the main object we need to state our theorems, namely the generalized Rényi dimensions. Definition.

Let μ be a (positive) Borel probability measure. Let q ∈ (0, 1) and ε ∈ (0, 1). We consider the following function with values in (0, ∞] I_μ(q, ε) = ∫ suppμ μ([x − ε, x + ε))^{q−1}dμ(x). The lower and upper generalized Rényi dimensions of μ are respectively defined as

D^−_μ (q) = 1 1 − q lim inf ε→0 log I_μ(q, ε) − log ε and D^+_μ (q) = 1 1 − q lim sup ε→0 log I_μ(q, ε) − log ε

. (10)

with the understanding that both are +∞, if for some ε > 0, I_μ takes the value +∞. Remark.

i) Strictly speaking, the Rényi dimensions are defined with a discrete sum instead of an integral for I_μ(q, ε). However, this leads to the same result since q > 0 (see [4]). ii) Actually, these dimensions can be defined for all q ∈ R\{1}. For our purpose, it is sufficient to discuss the case q ∈ (0, 1).

Theorem 1. Let H be a self-adjoint operator acting on ℓ^2(Z^d). Let ψ ∈ ℓ^2(Z^d), ‖ψ‖ = 1, and let q̃_μ := inf{q > 0 | D^+_μ (q) < +∞}. Then, for all p ∈ (0, d(1 − q̃_μ)/q̃_μ), we have

lim inf T →∞ log⟨⟨|X|^p⟩⟩_{ψ,T} log T ≥ p d D^−_{μψ} ( 1 1 + p/d ) , and lim sup T →∞ log⟨⟨|X|^p⟩⟩_{ψ,T} log T ≥ p d D^+_{μψ} ( 1 1 + p/d ) .

Remark. If μ_ψ has compact support, then q̃_μ = 0 and the above result is thus valid for all p > 0 (Proposition 1, iv)).

In the next theorem, we consider continuous models. In this case, a similar result as Theorem 1 holds if we restrict ourselves to Schrödinger operators H = −Δ + V and under some assumptions on the potential V .

Remind that a real-valued measurable function W on R^d is said to lie in the Kato class K_d if and only if ([18])

If d ≥ 3 lim_{α↘0} [ sup_{X∈}Rd ∫ |X−Y |≤α |X − Y | −(d−2)|W (Y )| dY ] = 0 ,

if d = 2 lim_{α↘0} [ sup_{X∈}R2 ∫ |X−Y |≤α ln(|X − Y | −1)|W (Y )| dY ] = 0 ,

if d = 1 sup_{X∈}R ∫ |X−Y |≤1 |W (Y )| dY < ∞ . We say that W is in K^{loc}_d if an only if W χ_l is in K_d for all l > 0, where χ_l is the characteristic function of the ball in R^d of radius l centered at the origin .

The theorem is as follows

Theorem 2. Let H = −Δ + V be a self-adjoint Schrödinger operator acting on L^2(R^d ). We assume that the positive part and the negative part of the potential V verify V_+ ∈ K^{loc}_d and V_− ∈ K_d. Pick a state ψ ∈ L^2(R^d ), ‖ψ‖ = 1, such that for some bounded interval

I ⊂ R, E(I)ψ = ψ (where E( . ) is the spectral family of H), or equivalently μψ is compactly

supported. Then, for all p > 0, we have

lim inf T →∞ log⟨⟨|X|^p⟩_ψ⟩(T ) log T ≥ p d D^−_{μψ} ( 1 1 + p/d ) , (11) and lim sup T →∞ log⟨⟨|X|^p⟩_ψ⟩(T ) log T ≥ p d D^+_{μψ} ( 1 1 + p/d ) . (12)

Remark.

i) The assumption on bounded support for the spectral measure μ_ψ is crucial in the continuous case H = L^2(R^d ) since we use the Lemma 2 in the proof of Theorem 2. Therefore, we need the Hilbert-Schmidt norm estimate (31). Very likely, this assumption can be weakened as soon as a similar relation to (31) holds (see e.g. [7] for other assumptions). In the other lemmas (1, 3 and 4), the compact support assumption is not necessary.

ii) There are not many time-independent Schrödinger operators for which we know that the diffusion exponents β^±_p are not trivial (i.e. different from 0, 1 and 2). To our best knowledge, there exist only two.

The first is a model of Julia matrix H on ℓ^2(N) treated in [5]. For this model, the upper and lower fractal dimensions D^±_μ (q) are equal (:=D_μ(q)), and continuous for q ∈ (0, 1). Theorem 1 of [5] states that there exists p_c > 2 such that for all 0 < p < p_c, β^+_p (δ_0) ≤ D_{μδ0} (1−p), where δ_0 is the state in ℓ^2(N) located at n = 0. Furthermore, we have D_μ(1/(1 + p)) = D_μ(1 − p) + o(p) (see [5] and references therein). Therefore, putting together the above Theorem 1 and Theorem 1 of [5], we get, for the exponents of any moment of order 0 < p < p_c and for the initial state δ_0, that D_{μδ0} ( 1 1 + p ) ≤ β^−_p (δ_0) ≤ β^+_p (δ_0) ≤ D_{μδ0} (1 − p) .

and thus for small p > 0,

D_{μδ0} (1 − p) + o(p) ≤ β^−_p (δ_0) ≤ β^+_p (δ_0) ≤ D_{μδ0} (1 − p) .

This is the first model treated rigorously for which intermittency is now established, at least for small p.

The second models form a class of discrete Schrödinger operators of the form H = −Δ_d+V acting on ℓ^2(N \ {0}), where Δ_d stands for the discrete Laplacian and V is a sparse barrier potential. Roughly speaking, sparse potentials are positive potentials equal zero on very large regions and are very high in between these regions. The interplay between the distribution and width of “zero regions” and the height of V on “nonzero regions”, give rise in some cases to non trivial spectra.

The fine spectral properties of such models where analyzed by Last and Jitomirskaya in [14] who proved that for all α ∈ (0, 1), one can construct a sparse potential V and an initial state ψ in ℓ^2(N \ {0}) such that dim_H (μ_ψ) = α. Recent results due to Combes and Mantica pushed further the analysis. They established that dim_P (μ_ψ) = 1, and a direct estimate of the lower diffusion exponents: For all p ∈ (0, 2], β^−_p (ψ)/p ≤ α p + 1 αp + 1 . According to these results and the above theorems it turns out that α ≤ β^−_p (ψ)/p < β^+_p (ψ)/p = 1, and if p is small enough (α being fixed), we are sure that α + O(p) = β^−_p (ψ)/p. Furthermore if one consider e.g. p = 2, we get β^−_2 (ψ) ∈ (2α, 6α/(2α + 1)) ⊂ (0, 1/2) if α < 1/4, giving rise, for the lower oscillations of ⟨⟨|X|^2⟩_ψ⟩(T ), to subdiffusive transport, and therefore to anomalous transport.

iii) A result similar to Theorem 1 was proved simultaneously and independently in [13] under stronger assumptions. The approach is also interesting since in this case, the main tool is the so-called function f_{μψ} , singularity spectrum of μ_ψ. However, due to their assumptions, the result allows only to treat a restricted class of Hamiltonian H, and is presented in the specific case H = ℓ^2(N).

Proof. The proof of Theorem 1 can be found in [3], and can also be easily recovered from the one of Theorem 2 which is as follows: Let p be in (0, ∞). We fix the function h to be equal to h(x) = aχ_{]0,1[}e^{−1/(x(x−1))2} , with a = (

∫_1 0 e^{−1/(x(x−1))2} dx)^{−1}, so that h ∈ C^∞_0 ([0, 1]) and ∫_1 0 h(z)dz = 1. Under the assumptions on H and ψ, we know from Lemma 2 that there exists a strictly positive constant C = C(p, h, d) such that for all T > 0 ⟨⟨|X|^p⟩_ψ⟩(T ) ≥ CL_ψ(T ) . (13) (Note that L_ψ(T ) depends on a function R defined by using h as in (27). Now remind that ψ is such that E(I)ψ = ψ, for I bounded interval. Therefore, the spectral measure μ_ψ associated to ψ and H is compactly supported, and thus q̃_μ := inf{q ∈ (0, 1) | D^+_μ (q) < ∞} = 0 (see iv) of Proposition 1), and Lemma 4 holds for all p ∈ (0, ∞), with R defined by (27). This implies the existence of c^′ = c^′(ψ, p, R) > 0 such that for all ε ∈ (0, 1)

L_ψ(ε^{−1}) ≥ c^′ | log ε|^{1+p/d} K^{(R)}_{μψ} ( 1 1 + p/d , ε )_{1+p/d} , (14) where K^{(R)}_{μψ} is defined by (16) in Proposition 2. We conclude by using Proposition 2 giving an equivalent definition of the generalized Rényi dimensions by help of the function K^{(R)}_{μψ} ; more precisely, we get for some constant c(q) > 0 and for all T > 0 K^{(R)}_{μψ} ( 1 1 + p/d , ε ) ≥ c(q)^{−1}I_{μψ} ( 1 1 + p/d , ε ) . (15)

Inequalities (13)-(15) together with the definition (10) of D^±_{μψ} (q) with q =^1_{1+p/d} gives (11) and (12).

3 Properties of generalized Rényi dimensions

We first state some basic properties of the generalized Rényi dimensions. As already mentionned in the introduction, properties ii) and iii) show that our results in Section 1 are improvement of previous one ([11, 15, 2, 12]). Property i) emphasizes the possible nonlinear variation in p of the diffusion exponents β^±_p .

Proposition 1. Let μ be a Borel probability measure.

i) D^−_μ (q) and D^+_μ (q) are nonincreasing continuous functions of q ∈ (0, 1). ii) For all q ∈ (0, 1), D^−_μ (q) ≥ d_H (μ) . iii) For all q ∈ (0, 1), D^+_μ (q) ≥ d_P (μ).

iv) If μ has a bounded support, then for all q ∈ (0, 1), 0 ≤ D^−_μ (q) ≤ D^+_μ (q) ≤ 1.

The next propostion gives an equivalent definition of the dimension D^±_μ (q), by replacing the characterictic function χ_{[−1,1]} in μ(x − ε, x + ε) = ∫ R χ^{[−1,1]}((x − y)/ε) dμ(y) by a function R constant on [−1, 1] and decaying fast at infinity. This result allows us to deal with timeaveraged between 0 ans T in the definition of ⟨⟨|X|^p⟩_ψ⟩(T ), instead of time averaged between −T and T as e.g. in [13].

Proposition 2. Let R be a real function on R such that for all x ∈ [−1, 1], R(x) = 1, sup_{x∈}R |R(x)| ≤ 1, and R decays faster than any polynomials at infinity. We define the following function

K^{(R)}_μ (q, ε) = ∫ suppμ (∫ R R((x − y)ε^{−1})dμ(y) )_{q−1} dμ(x) , (16)

then there exists a constant c(q) such that for all ε ∈ (0, 1), we have c(q)^{−1}K^{(R)}_μ (q, ε) ≤ ∫ suppμ μ([x − ε, x + ε))^{q−1}dμ(x) ≤ c(q)K^{(R)}_μ (q, ε) .

The proof of this result is based on an equivalent definition of (10) proven in [4] using the function ∑ k∈Zμ([kε, (k + 1)ε))^q instead of I^μ(q, ε). See also [3] for an alternative proof in the case of measure μ with compact support.

The last proposition is a technical one used in the proof of Lemma 3 and Lemma 4.

Proposition 3. Given a probability measure μ, fix a real q ∈ (0, 1) and a function R with the same properties as in Proposition 2. Denote by b(x, ε) := ∫ suppμ R((x − y)ε^{−1})dμ(y) . Assume that there exists q^′ < q such that D^+_μ (q^′) < ∞; then there exists two constants α = α(q, q^′, R) > 0 and C = C(q, q^′, R) < ∞ dependins only on q, q^′ and R, such that for all ε ∈ (0, 1) ∫ {x∈suppμ | b(x,ε)≤ε^α} b(x, ε)^{q−1}dμ(x) ≤ Cε . (17)

Proof of proposition 3. By definition of D^+_μ (q^′) and with Proposition 2, for all ε small enough, we have ∫

suppμ b(x, ε)^{q′−1}dμ(x) ≤ ε^{32 (q′−1)D+μ} . Therefore, for all ε small enough ∫ {x∈suppμ | b(x,ε)≤ε^α} b(x, ε)^{q−1}dμ(x) = ∫ {x∈suppμ | b(x,ε)≤ε^α} b(x, ε)^{q′−1}b(x, ε)^{q−q′} dμ(x) ≤ ε^{(q−q′)α+ 32 (q′−1)D+μ (q′)} ≤ ε , for α = (1 − 3/2(q^′ − 1)D^+_μ (q^′))(q − q^′).

4 Technicalities

This section is devoted to technical lemmas needed in the proof of Theorem 1 and Theorem 2. The first two lemmas deal with estimates for ⟨⟨|X|^p⟩_ψ⟩(T ) and B_ψ(T, N) in term of a function L_ψ involving local properties of the measure μ_ψ. Lemmas 3 and 4 show how this function L_ψ is connected with the generalized Rényi dimensions D^±_{μψ} .

Lemma 1. Let H be a self-adjoint operator acting on a separable Hilbert space H. Let A be a Hilbert-Schmidt operator in H. For all given vectors ψ, φ in H and for all function h in L^1(R), we define for T > 0 the two quantities

D^{(h)}_{φ,ψ}(T ) = 1 T ∫ R ⟨Ae^{−itH} φ, e^{−itH} ψ⟩h(t/T )dt , (18)

U^{(h)}_{φ,ψ}(T ) = ∫ R ∫ R |ĥ((x − y)T )|^2 dμ_φ(x)dμ_ψ(y). (19) Then, for all T > 0, we have |D^{(h)}_{φ,ψ}(T )| ≤ ‖A‖_2 ( U^{(h)}_{φ,ψ}(T ) ) 1_2 , where ‖A‖_2 is the Hilbert-Schmidt norm of A.

Proof of Lemma 1. Since A is Hilbert-Schmidt, there exist two orthonormal bases {ζ_n}_{n∈}N and {ξ_n}_{n∈}N of H and a decreasing sequence {E_n}_{n∈}N, E_n ≥ 0, such that ∑_∞ n=1 E^2_n = ‖A‖^2 < +∞ and A = ∑_∞ n=1 E_n⟨·, ζ_n⟩ξ_n. Therefore,

D^{(h)}_{φ,ψ}(T ) = 1 T ∫_{+∞} −∞ ∞∑ n=1 E_n⟨e^{−itH} φ, ζ_n⟩⟨ξ_n, e^{−itH} ψ⟩h(t/T )dt. (20) Furthermore, there exists f_n ∈ L^2(R, dμ_φ ) and g_n ∈ L^2(R, dμ_ψ ) such that ([1]) ⟨e^{−itH} φ, ζ_n⟩ = ∫ R e^{−itx}f_n(x) dμ_φ(x) , and ⟨ξ_n, e^{−itH} ψ⟩ = ∫ R e^{itx}g_n(x)dμ_ψ(x) . (21)

Thus D^{(h)}_{φ,ψ}(T ) = ∫ R ∫ R ĥ((x − y)T )S(x, y) dμ_φ(x)dμ_ψ(y) , (22) where S(x, y) = ∞∑ n=1 E_nf_n(x)g_n(y). The sum converges in L^2(R^2 , μ_φ × μ_ψ). Applying the Cauchy-Schwarz inequality to (22), one gets |D^{(h)}_{φ,ψ}(T )|^2 ≤ U^{(h)}_{φ,ψ}(T )‖S‖^2_L2_(R2_{, dμφ ×dμψ )} . (23) One has ‖S‖^2_L2_(R2_{,dμφ×dμψ )} = ∞∑ n,k=1 E_nE_ka_{nk}b_{nk} , where a_{nk} = ∫ R f_k(x)f_n(x) dμ_φ(x) = ⟨P_φζ_k, ζ_n⟩_H , (24) where P_φ is the projection onto the cyclic subspace H_ψ spanned by H and φ; similarly, we have b_{nk} = ⟨P_ψξ_k, P_ψξ_n⟩_H = ⟨ξ_k, P_ψξ_n⟩_H. We have also used the fact that both P_φ and P_ψ are orthogonal projections. By Parseval equality,_∞ ∑ n=1 |a_{nk}|^2 = ‖P_φζ_k‖^2 and ∞∑ k=1 |b_{nk}|^2 = ‖P_ψξ_n‖^2 .

Therefore, as ‖ζ_k‖ = ‖ξ_n‖ = 1 for all k, n,

‖S‖^4_L2_(R2_{,dμφ×dμψ )} ≤ ∞∑ k=1 E^2_k‖P_φζ_k‖^2 ∞∑ n=1 E^2_n‖P_ψξ_n‖^2 ≤ (_∞ ∑ n=1 E^2_n

)_2 = ‖A‖^4_2 . (25)

The statement of the Lemma follows from (23) and (25).

For R being a function as in Proposition 2, and for p > 0 we define the function L_ψ(T ) as

L_ψ(T ) := sup { L_ψ(φ, T ) | φ ∈ H_ψ, ⟨ψ, φ⟩ ≠ 0 } , with L_ψ(φ, T ) := |⟨φ, ψ⟩|^{2+2p/d} ‖φ‖^2Ũ^{(R)}_{φ, ψ}(T )^{p/d} and Ũ^{(R)}_{φ, ψ}(T ) := ∫ R ∫ R R((x − y)T )dμ(x)dμ(y) , (26) and where H_ψ is the cyclic subspace spanned by ψ and H Lemma 2. Let H be a self-adjoint Schrödinger operator defined on H = L^2(R^d ) or H = ℓ^2(Z^d), and let ψ be a vector in H, ‖ψ‖ = 1. If H = L^2(R^d ) we further assume that H = −Δ + V , where V fulfil the same assumptions as in Theorem 2, and we assume that there exists a bounded interval I such that E(I)ψ = ψ, with E( . ) being the spectral family of H. The function ⟨⟨|X|^p⟩_ψ⟩(T ) is defined by (1). Let h ∈ C^∞_0 ([0, 1]) be a given positive function such that

∫_1 0 h(z)dz = 1. We suppose that R verifies R(w) = { 1 if |w| ≤ 1 |ĥ(w)|^2 if |w| > 1, (27)

where ĥ stands for the Fourier transform of h. Then there exists a strictly positive constant C(ψ, p, h) such that for all T > 1 ⟨⟨|X|^p⟩⟩_ψ(T ) ≥ C L_ψ(T ) .

Proof of Lemma 2. Pick a positive function h ∈ C^∞_0 ([0, 1]) such that

∫_1 0 h(z)dz = 1.

The role of h is to supply a fast decaying function |ĥ(w)|^2. Note that one trivially has, for any z ∈ [0, 1], h(z) ≤ ‖h‖_∞χ_{[0,1]}(z). Furthermore, denoting by F_{≤N} (respectively F_{>N} ) the multiplication operator by the characteristic function of the closed ball of center 0 and radius N (resp. of the complementary of the closed ball of center 0 and radius N), and noting that for all vector ϕ ∈ H we have ‖ϕ‖^2 = ‖F_{≤N} ϕ‖^2 + ‖F_{>N} ϕ‖^2, we get ⟨⟨X^p⟩_ψ⟩(T ) ≥ 1 ‖h‖_∞ ∫ R ‖ |X|^{p/2}e^{−itH} ψ‖^2h ( t T ) dt T ≥ 1 ‖h‖_∞ ∫ R ‖ F_{>N} |X|^{p/2}e^{−itH} ψ‖^2h ( t T ) dt T ≥ N^p ‖h‖_∞ ∫ R ‖ F_{>N} e^{−itH} ψ‖^2h ( t T ) dt T = N^p ‖h‖_∞ ( ‖ψ‖^2 − B_ψ(T, N) ) , (28)

with B_ψ(T, N) defined by B_ψ(T, N) := 1 T ∫ R h(t/T )‖ F_{≤N} e^{−itH} ψ‖^2dt . (29)

We now need to control this quantity B_ψ(T, N) which represents the time-averaged behaviour of the wave-packet in a ball of radius N. Decompose the vector ψ into φ + χ, with ⟨φ, χ⟩ = 0 and φ ≠ 0. Thus B_ψ(T, N) = −B_φ(T, N) + B_χ(T, N) + 2 T Re ∫ R ⟨F_{≤N} e^{−itH} φ, F_{≤N} e^{−itH} ψ⟩h ( t T ) dt . Taking into account that 1/T ∫_∞ 0 h(t/T )dt = 1 and h(z) ≥ 0, we have B_χ(T, N) ≤ ‖χ‖^2 = ‖ψ‖^2 − ‖φ‖^2. Then, since −B_φ(T, N) < 0, B_ψ(T, N) ≤ ‖ψ‖^2 − ‖φ‖^2 + 2ReD^{(h)}_{φ,ψ}(T, N) , where D^{(h)}_{φ,ψ}(T, N) is defined as in Lemma 1, with A = F_{≤N} if H = ℓ^2(Z^d), and A = E(I)F_{≤N} if H = L^2(R^d ). The statement of Lemma 1 gives immediately B_ψ(T, N) ≤ ‖ψ‖^2 − ‖φ‖^2 + CN^{d2} ( U^{(h)}_{φ,ψ}(T ) ) 1_2 , (30)

where U^{(h)}_{φ,ψ}(T ) is also defined in Lemma 1.

In inequality (30) we have used the important fact that there exists a constant C such that for all N ∈ N, ‖A‖_2 ≤ CN^{d/2} , (31) where ‖A‖_2 is the Hilbert-Schmidt norm of the operator A. This estimate is easy to check in the case H = ℓ^2(Z^d), and is valid in the continuous case H = L^2(R^d ) due to the assumptions we made on the potential V and the fact that E(I)ψ = ψ (see [15, Lemma 6.1] and [18] for details).

As |ĥ(w)| ≤ 1 for all w and by definition (27) of R, we clearly have R(w) ≥ |ĥ(w)|^2 for all w. Therefore U^{(h)}_{φ,ψ}(T ) ≤ Ũ^{(R)}_{φ,ψ} (T ) := ∫ R ∫ R R((x − y)T ) dμ^φ(x)dμ^ψ(y), and the inequality (30) is valid if we replace U^{(h)}_{φ,ψ}(T ) = by Ũ^{(R)}_{φ,ψ} (T ), that is with the function R instead of |ĥ|^2.

We are now in position to finish the proof. Recall that T is fixed. The basic strategy is standard: let N be the largest integer such that CN^{d/2}Ũ^{(R)}_{φ,ψ} (T )^12 ≤ ‖φ‖^2/2, it yields B_ψ(T, N) ≤ ‖ψ‖^2 − ‖φ‖^2 2 . (32)

The inequalities (32) and (28) yield with some positive constant C(ψ, p, h) ⟨⟨|X|^p⟩⟩_{ψ,T} ≥ C(ψ, p, h) ‖φ‖^{2+4p/d} Ũ^{(R)}_{φ,ψ} (T )p/d . (33)

In the more general case (i.e. φ is any function of H with ⟨ψ, φ⟩ ≠ 0), one gets the bound with L_ψ(φ, T ) := |⟨φ, ψ⟩|^{2+2p/d} ‖φ‖^2Ũ^{(R)}_{φ,ψ} (T )^{p/d} . (34)

Indeed take such a φ, and then define φ̃ = (⟨φ, ψ⟩‖φ‖^{−2})φ. One checks that if χ = ψ − φ̃, then ⟨φ̃, χ⟩ = 0 and thus (33) is valid with φ̃ instead of φ. Taking into account that ‖φ̃‖ =

|⟨φ, ψ⟩|‖φ‖^{−1} and that Ũ^{(R)}_{φ̃,ψ} (T ) = |⟨φ, ψ⟩|^2‖φ‖^{−4}Ũ^{(R)}_{φ,ψ} (T ), one finds the announced expression (34). To optimize the lower bound, we take the supremum of L_ψ(φ, T ) for a given T over all possible φ, and this ends the proof.

Lemma 3 Let μ be a probability Borel measure. Fix q ∈ (0, 1) and a function R as in Proposition 2. Let N be in N^∗ . We assume that for some q^′ < q, we have D_μ(q^′) < ∞; then there exists an r_0, a set Ω(r_0) := {x ∈ suppμ | ε^{r0+α/N} < b(x, ε) ≤ ε^{r0} }, where α is the constant given by Proposition 3, and an ε_0 ∈ (0, 1) such that for all ε ∈ (0, ε_0) 1 2N ∫ suppμ b(x, ε)^{q−1}d_μ(x) ≤ ∫ Ω(r0)

b(x, ε)^{q−1} dμ(x) (35)

Proof of Lemma 3. Denote by B_α := {x ∈ suppμ | b(x, ε) ≤ ε^α} and B^α := {x ∈ suppμ | b(x, ε) > ε^α}. Then using Proposition 3 we get ∫ b(x, ε)^{q−1}dμ(x) = ∫ Bα + ∫ B^α b(x, ε)^{q−1}dμ(x) ≤ ∫ B^α b(x, ε)^{q−1}dμ(x) + Cε , (36) where C is the constant given by Propositon 3. Now, if we consider the partition of B^α into N sets Ω(kα/N) := {x ∈ suppμ | ε^{(k+1)α/N} < b(x, ε) ≤ ε^{kα/N} } (k ∈ {0, 1, . . . , N}), we can pick a k_0 ∈ {0, 1, . . . , N} such that ∫ Ω(k0α/N) b(x, ε)^{q−1}d_μ(x) ≥ 1 N ∫ B^α b(x, ε)^{q−1}d_μ(x) . (37) Since b(x, ε) ≤ 1 and q ∈ (0, 1), we have ∫ b(x, ε)^{q−1}d_μ(x) ≥ 1. Therefore, from (37) and (36), we get inequality (35) for all 0 ≤ ε ≤ ε_0 := 1/(2C), with r_0 = k_0α/N.

Lemma 4. Let H be a self-adjoint operator on the separable Hilbert space H = L^2(R^d ) or H = ℓ^2(Z^d). Pick a normalized state ψ ∈ H and denote by μ_ψ the spectral measure associated to H and ψ. Let R be a given function as in Proposition 2. Then for all p ∈ (0, ∞) such that q̃_μ := inf{q > 0 | D^+_μ (q) < +∞} <^1_{1+p/d} , there exists a constant c^′ > 0 such that for all ε ∈ (0, 1), c^′ | log ε|^{1+p/d} K^{(R)}_{μψ} ( 1 1 + p/d , ε )_{1+p/d} ≤ L_ψ(ε^{−1}) ,

where the function L_ψ is defined in Lemma 2 by (26), and K^{(R)}_{μψ} is defined in Proposition 2 Proof of Lemma 4. Let α(q^′, q, R) be defined as in Proposition 3, N := [− log ε] be the integer part of − log ε, R(z) := |ĥ(z)|^2, q be such that q =^1_{1+p/d} , and φ := χ_{Ω(r0)}(H)ψ (r_0 given in Lemma 3). We have, by definition of Ũ^{(R)}_{φ, ψ} given in Lemma 3

Ũ^{(R)}_{φ, ψ}(ε^{−1}) = ∫ Ω(r0)

b(x, ε)dμ_ψ(x) ≤ ε^{r0} μ_ψ(Ω(r_0)) .

Therefore we have

L_ψ(ε^{−1}) ≥ |⟨φ, ψ⟩|^{2+2p/d} ‖φ‖^2U_{φ, ψ}(ε^{−1})^{p/d} ≥ μ(Ω(r_0))^{1+p/d}ε^{−r0p/d}

≥ ε^{−r0(1+2p/d)} (∫ Ω(r0) b(x, ε)dμ_ψ(x) )_{1+p/d}

≥ ε^{−r0(1+2p/d)} (∫ Ω(r0) b(x, ε)^{−p/d1+p/d} b(x, ε)^{1+2p/d1+p/d} dμ_ψ(x) )_{1+p/d}

≥ ε^{−r0(1+2p/d)+r0(1+2p/d)+(1+2p/d)α/N} ( b(x, ε)^{−p/d1+p/d} )_{1+p/d}

≥ ε^{(1+2p/d)α/N} K^{(R)}_{μψ} ( 1 1 + p/d , ε ) ≥ c^′ | log ε| K^{(R)}_{μψ} ( 1 1 + p/d , ε ) , where in the last inequality we used Lemma 3 with N being the integer part of − log ε.

References

[1] I.N. Akhiezer, I.M. Glazman, Theory of linear Operators in Hilbert spaces Vol II, Ungar, New-York, 1963.

[2] J.-M. Barbaroux, J.-M. Combes, R. Montcho, Remarks on the relation between quantum dynamics and fractal spectra, J. Math. Anal and Appl. 213 (1997), 698-722.

[3] J.-M. Barbaroux, F. Germinet, S. Tcheremchantsev, Nonlinear variation of diffusion exponents in quantum dynalics, C.R. Acad. Sci., Paris t.330 Série I (1999), 409-414. Fractal dimensions and the phenomenon of intermittency in quantum dynamics, to appear in Duke Math. J..

[4] J.-M. Barbaroux, F. Germinet, S. Tcheremchantsev, Generalized fractal dimensions:

equivalences and basic properties , Preprint (2000).

[5] J.-M. Barbaroux, H. Schulz-Baldes, Anomalous quantum transport in presence of selfsimilar spectra, Ann. Inst. Henri Poincaré Vol 71, Numero 5 (1999), 1-21.

[6] J.-M. Barbaroux, S. Tcheremchantsev, Universal Lower Bounds for Quantum Diffusion, J. Funct. Anal. 168 (1999), 327-354.

[7] J.-M. Combes, Connection between quantum dynamics and spectral properties of time evolution operators in “Differential Equations and Applications in Mathematical Physics”, Eds. W.F. Ames, E.M. Harrel, J.V. Herod (Academic Press 1993), 59-69.

[8] J.-M. Combes, G. Mantica, A sparse potential test of Guarneri bounds, to appear in the Proceeding of the Conference on Asymptotics Properties of Time Evolutions in Classical and Quantum Systems, Bologna, 1999.

[9] Del Rio R., Jitomirskaya S., Last Y., Simon B., Operators with singular continuous spectrum IV: Hausdorff dimensions, rank one pertubations and localization, J. d’Analyse Math. 69 (1996), 153-200 .

[10] K.-J. Falconer, The Geometry of Fractal Sets, Cambridge Tracts in Mathematics, No 85, Cambridge Univ. Press, UK, 1985.

[11] I. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhys. Lett.

10 (1989), 95-100; On an estimate concerning quantum diffusion in the presence of a fractal spectrum, Europhys. Lett. 21 (1993), 729-733.

[12] I. Guarneri, H. Schulz-Baldes, Lower bounds on wave packet propagation by packing dimensions of spectral measures, Math. Phys. Elec. J. 5, paper 1 (1999).

[13] I. Guarneri, H. Schulz-Baldes, Intermittent lower bound on quantum diffusion, Lett.

Math. Phys. 49 (1999), 317-324.

[14] S. Jitomirskaya, Y. Last: Dimensional Hausdorff properties of singular continuous spectra Phys. Rev. Letters 76 (1996), 1765-1769.

[15] Y. Last, Quantum Dynamics and Decomposition of Singular Continuous Spectrum, J.

Funct. Anal 142 (1996), 406-445.

[16] G. Mantica. Quantum intermittency in almost periodic systems derived from their spectral properties, Physica D 103 (1997), 576-589; Wave Propagation in Almost-Periodic Structures, Physica D 109 (1997), 113-127.

[17] R.S. Strichartz: Fourier asymptotics of fractal measures, J. Funct. Anal. 89 (1990), 154- 187.

[18] B. Simon, Schrödinger semi-groups, Bull. Amer. Math. Soc. Vol.7, n^o3 (1982), 447-526 .

[19] S.J. Taylor, C. Tricot, Packing Measure, and its Evaluation for a Brownian Path, Trans.

Amer. Math. Soc. 288 (1985), 679-699.