Unspecified Book Proceedings Series

Internal Lifshitz tails for random Schrödinger operators

Frédéric Klopp and Thomas Wolff

Abstract. We present new results on Lifshitz tails at internal band edges for the density of states of random Schrödinger operators on R^2. In particular, we show the existence and compute the value of the Lifshitz exponent in the case when the band edge is simple.

0. Introduction

In the early 60’s (see [16, 18]), I.M. Lifshitz produced a heuristic showing that, at the fluctuational band edges of the spectrum of a random Schrödinger operator, the density of states decays exponentially fast. This differs dramatically from the behavior of the density of states of a periodic Schrödinger operator : in this case, the band edge decay is polynomial. One of the major consequences of this difference is that the band edge spectral behaviors for these two classes of operators are radically different: in the random case, the spectrum is localized and, in the periodic case, the spectrum is extended.

To be more specific, let us turn to the random model we will study. As our results will only be valid in dimension 2, we will restrict everything to this case. Moreover to simplify the exposition, we will not give optimal assumptions (see [13] for details).

1. The continuous Anderson model

Let W be a Z^2-periodic potential in L^2_{loc}(R^2 ) and consider the periodic Schrödinger operator H = −Δ+W acting on L^2(R^2 ). It is essentially self-adjoint on C^∞_0 (R^2 ); let Σ_p be its spectrum.

The continuous Anderson model is defined to be the random Schrödinger operator

H_ω = H + V_ω = H + ∑ γ∈Z^2 ω_γ V_γ , (1.1)

where V_γ (·) = V (· − γ), V : R^2 → R is a potential and (ω_γ )_{γ∈Z}2 are independent identically distributed random variables. We assume that (H.1)

1. 0 ≢ V is continuous and compactly supported. 2. V is non-negative.

3. The i.i.d. random variables (ω_γ )_{γ∈Z}2 are bounded and their support is the interval [ω^−, ω^+]. Let us recall a few well known facts from the theory of random Schrödinger operators (see e.g. [24, 5] or [2]). For all ω, H_ω is essentially self-adjoint on C^∞_0 (R^2 ), and we denote by H_ω its self-adjoint extension. There exists Σ, a closed subset of R such that, for almost all ω, the spectrum of H_ω coincides with Σ. This set is called the (almost sure) spectrum of H_ω . Our assumptions on V_ω and H imply that Σ is lower semi-bounded.

It follows from the Bethe-Sommerfeld conjecture (see e.g. [28, 4]) and the standard characterization of Σ using admissible periodic operators (see e.g.[6, 24]) that Σ is a finite union of intervals (see figure 1).

© 0000 (copyright holder)

The connected components of R\Σ will be the gaps of Σ. The edges on the gaps are the points in Σ∩R \ Σ.

Figure 1. A typical Σ

One defines the integrated density of states of H_ω in the following way. Let H^{l,D}_ω to be the Dirichlet restriction of H_ω to the cube C_l centered in 0 of side length l. The operator H^{l,D}_ω has only discrete spectrum. For E ∈ R, we define

N^l_ω(E) = 1 Vol(C_l)

♯{eigenvalues of H^{l,D}_ω ≤ E}

(1.2)

where ♯E denotes the number of points of the set E and Vol(C_l), the volume of C_l.

Then, ω-almost surely, N^l_ω(E) has a limit when l → +∞. This limit is independent of the realization of ω. It is the integrated density of states or IDS of H_ω . We will denote it by N(E). Physically, it represents the number of states per unit of volume below energy E for a system governed by H_ω . The function N is non random, non decreasing and right continuous. Its set of increasing points is Σ.

The integrated density of states is the main object of our study. Consider a gap in Σ, say (E_+, E_−) (see figure 1). Typically, if the random perturbation V_ω is not too large, this gap will be obtained by shrinking slightly a gap of Σ_p, say (e_+, e_−). Σ_p

Σ e_+ e_−

E_+ E_−

Figure 2. The band edges for Σ and Σ_p

Our main question then is:

(Q) how does N(E) behave near E_±?

Before we state our result, let us review some of the known results on this question. Doing so, we will assume that we are working in dimension d; all the definitions and results we gave above can be generalized to this case.

2. Known results

Whether answers to (Q) are known or not depends crucially on the band edge one considers. One can distinguish essentially two cases : the bottom of the spectrum and internal band edges.

2.1. The bottom of the spectrum. This is the case that has been studied the most. Let us assume that E_− = inf(Σ). Translating the periodic potential by a constant, we may also assume that E_− = 0.

In [16, 17], Lifshitz showed his heuristics not for the continuous Anderson model but for the Poisson model (the random potential is obtained by placing a nonnegative single site potential at every point of a Poisson process). He obtained the Lifshitz tails, namely

log(N(E) − N(0)) = log N(E) ∼_{E→0+} −CE^{−d/2}.

(2.1)

Mathematical work on Lifshitz tails only appeared much later; the results were not obtained following the original Lifshitz heuristic but using Wiener integrals and the Donsker-Varadhan technique to estimate the Laplace transform of N (see [22, 23]). This point of view is directly related to the study of Brownian motion among Poissonian obstacles (see [30]).

Proofs of Lifshitz tails at the bottom of the spectrum for the continuous Anderson model following the original heuristic of Lifshitz were developed in the 80’s (see [7, 8, 19, 29]). One does not obtain an asymptotic as precise as (2.1) but only the weaker version

log | log N(E)| ∼_{E→0+} − d 2 log E. (2.2)

2.2. Internal band edges. In this case, much fewer results are known. We will only describe results for the continuous Anderson model (the Poisson model does not have any internal gaps).

In dimension 1, in [20], (2.2) is proved at all band edges. In dimension larger than 1, much less is known. To fix ideas, let us assume that we work at the upper edge of a gap i.e. at the edge E_−. A lower edge can dealt with in the same way. Without restriction of generality, we will also assume E_− = 0. In [14], it is proved that (2.2) occurs if and only if N_p(E), the density of states of a well chosen underlying periodic Schrödinger operator (see section 3.2.1) satisfies

log N_p(E) ∼_{E→0+} d 2 log E. (2.3)

This result also holds at the bottom of the spectrum; it recovers all the cases previously described as it is known that the density of states of any periodic Schrödinger operator satisfies (2.3) at the bottom of the spectrum in any dimension and at all edges in dimension 1.

3. The results

We will start with the less precise but more general result.

3.1. The density of states decays exponentially at band edges. We prove

Theorem 3.1. Assume (H.1). For any edge of a gap of Σ, say E_0, one has

lim sup E→E_0 E∈Σ log | log |N(E) − N(E_0)|| log |E − E_0| < 0. (3.1)

Theorem 3.1 says that the integrated density of states decays at least exponentially fast at any band edge of Σ. This is one of the ingredients necessary to prove band-edge localization for H_ω (see section 6).

3.2. The Lifshitz exponent. Under more restrictive assumptions on the random operator, we are able to compute the rate of exponential decay of the integrated density of states. Therefore, we consider a random Schrödinger operator of the form (1.1) satisfying (H.1’)

1. 0 ≢ V is a continuous function with compact support. 2. V is non-negative.

3. (ω_γ )_{γ∈Z}2 is a collection of independent identically distributed random variables; the support of these random variables is the interval [ω^−, ω^+].

4. The common distribution of the (ω_γ )_{γ∈Z}2 satisfies

lim_{ε→0} log | log P{|ω_0 − ω^±| ≤ ε}| − log ε = 0 We need one more assumption. To state it, we will need to introduce some notations.

3.2.1. The background operator. The Lifshitz exponent is computed using a well chosen background periodic operator that can but need not be H. This background operator depends on the spectral edge E_0 one is considering. More precisely it depends on whether E_0 is the upper (resp. lower) edge (i.e. maximum (resp. minimum)) of a gap. Recall that the essential infimum (resp. supremum) of the random variables (ω_γ )_γ is ω_+ (resp. ω_−). Let H^+ (resp. H^−) be the periodic Schrödinger operator defined by H^− = H + ω_− ∑ γ∈Z^2 Vγ (resp. H

+ = H + ω_+ ∑ γ∈Z^2 Vγ ). Then, one writes Hω = H − + V^−_ω (resp. H_ω = H^+ + V^+_ω ) where V^−_ω = ∑ γ∈Z^2 ω + γ V_γ and ω^+_γ = ω_γ − ω_− (resp. V^+_ω = ∑ γ∈Z^2 ω − γ V_γ and ω^−_γ = ω_γ − ω_+). The random variables (ω^+_γ )_γ (resp. (ω^−_γ )_γ ) are i.i.d. and non-negative (resp. non-positive). The results of [6] imply

• E_0 is the upper edge of a gap of Σ if and only if E_0 is the upper edge of a gap of the spectrum of H^−.

• E_0 is the lower edge of a gap of Σ if and only if E_0 is the lower edge of a gap of the spectrum of H^+.

For the sake of definiteness, let us assume that E_0 is the upper edge of a gap of Σ. Then, the correct background operator will be H^−.

3.2.2. Floquet theory. We recall some facts on the Floquet spectrum of H^− (see e.g. [26, 15, 27]). The Floquet spectrum of H^− is the spectrum of the differential operator H^− acting on L^2_{loc}(R^2 ) with quasi-periodic boundary conditions. For θ ∈ T^∗ = R^2 /(Z^2)^∗ (here (Z^2)^∗ = 2πZ^2 is the dual lattice of Z^2 i.e. for γ ∈ Z^2 and γ^∗ ∈ (Z^2)^∗, one has γγ^∗ ∈ 2πZ), consider the following eigenvalue problem on L^2_{loc}(R^2 ) { H^−φ = Eφ φ(x + γ) = e^{iγθ}φ(x), ∀x ∈ R^2 , ∀γ ∈ Z^2. (3.2)

As H^− is elliptic, one knows that the eigenvalues of (3.2) are discrete; when repeated according to multiplicity, we denote them by E_0(θ) ≤ E_1(θ) ≤ · · · ≤ E_n(θ) ≤ . . . . They are called the Floquet eigenvalues of H^−. These functions are Lipschitz continuous in the variable θ; when simple, they are even analytic in θ. Moreover, Weyl’s law tells us that

E_n(θ) → +∞ as n → +∞ (uniformly in θ).

(3.3)

The spectrum of H^− is given by σ(H^−) = ∪_{n≥0}E_n(T^∗). Let E be in the spectrum of H^−. E will be simple if the set {p ∈ N; ∃θ ∈ T^∗, E_p(θ) = E} is reduced to a single integer. Note that, by (3.3), this set of integers is always finite. An edge of a gap of Σ will be called simple if it is simple for H^− (resp. H^+) and it is the upper edge (resp. the lower edge) of a gap of Σ. By [12], we know that for a generic periodic potential, edges of gaps are simple.

3.2.3. The result. We prove

Theorem 3.2. Let E_0 be an edge of a gap of Σ that is simple. Then, there exists 0 < α ≤ +∞ such that lim E→E_0 E∈Σ log | log |N(E) − N(E_0)|| log |E − E_0| = −α. (3.4)

The exponential decay on the integrated density of states at the edges of the spectrum Σ is known as “Lifshitz tails” for the IDS. The exponent α is called the Lifshitz exponent. The computation of α is not obvious; section 4 is devoted to its description.

4. How to compute the Lifshitz exponent

We now assume that (H.1’) is satisfied. For the sake of definiteness, let us assume that E_0 is the upper edge of a gap of Σ. Assume E_0 is simple. Let E_{n0} (·) be the unique Floquet eigenvalue taking the value E_0. Define the set S = {θ ∈ T^∗; E_{n0} (θ) = E_0}. Then, there exists η > 0 such that • For n < n_0, for all θ ∈ T^∗, E_n(θ) < E_0 − η. • For n > n_0, for all θ ∈ T^∗, E_n(θ) > E_0 + η.

This implies that, for θ in some neighborhood of S, the Floquet eigenvalue E_{n0} (θ) is simple, hence, the function θ → E_{n0} (θ) is real analytic in some neighborhood of S. The Lifshitz exponent will depend on the way E_{n0} vanishes at S and on the curvature of S.

To describe it precisely, we need to introduce some objects from analytic geometry. If E is a set contained in the closed first quadrant in R^2 then its exterior convex hull is the convex hull of the union of the rectangles R_{xy} = [x, ∞) × [y, ∞), where the union is taken over all (x, y) ∈ E.

Pick θ_0 ∈ S and consider the Newton diagram of E_{n0} at θ_0, i.e., 1. Express E_{n0} as a Taylor series at θ_0, E_{n0} (θ^1, θ^2) = ∑ ij a_{ij} (θ^1 − θ^1_0)^i(θ^2 − θ^2_0)^j , θ = (θ^1, θ^2).

2. Form the exterior convex hull of the points (i, j) with a_{ij} ≠ 0. This is a convex polygon, called the Newton polygon.

3. The boundary of the polygon is the Newton diagram.

The Newton decay exponent is then defined as follows. The Newton diagram consists of certain line segments. Extend each to a complete line and intersect it with the diagonal line θ^1 = θ^2. This gives a collection of points (a_k, a_k), one for each boundary segment. Take the reciprocal of the largest a_k and call this number α̃(E_{n0} , θ_0); it is the Newton decay exponent. Define α(E_{n0} , θ_0) = min{α̃(E_{n0} ∘ T_0, θ_0) : T_0(·) = θ_0 + T (· − θ_0), T ∈ SL(2, R)}.

Similarly, define α(E_{n0} , θ) if θ is any other point in S, the zero set of E_{n0} . Then, the Lifshitz exponent α is defined by α = min_{θ∈S} α(E_{n0} , θ). (4.1)

The Lifshitz exponent α is positive as θ → α(E_{n0} , θ) is a positive, lower semi-continuous function and S is compact.

To conclude this subsection, let us compare N to N_p, the density of states of the underlying periodic operator H. Up to a constant factor, N_p(E_0 + ε) − N_p(E_0) is the volume of {θ ∈ T^∗; E_{n0} (θ) ≤ E_0 + ε}. From the equivalence between (2.2) and (2.3) (see section 2.2), one may have conjectured that, at band edges N behaves roughly like e^{−1/Np} (if one takes the double logarithm of both terms). We see here that this will not be true in general if the set S has some curvature. For example, if we assume that E_{n0} (θ)−E_0 vanishes to constant order q on a curve, and if the maximum order of vanishing of the curvature of the curve is m (thus non-vanishing curvature means m = 0) then α =^{m+3}_{q(m+2)} and the volume will have the exponent^1_q .

5. The main ideas of the proof

To fix ideas let us assume that we work at the upper edge of a gap i.e. at the edge E_−. A lower edge can dealt with in the same way. Without restriction of generality, we will also assume E_− = 0 First, following the ideas developed in [14], we show that the study of the density of states of H_ω near E_− can be reduced to the study of the density of states of a discrete random operator. This discrete Hamiltonian is the sum of a kinetic energy part and a potential energy part. The kinetic energy part is made of the Floquet eigenvalues giving rise to the band starting at E_− for the background periodic operator H^−. The potential energy part is the random potential projected onto the space of states generating the band starting at E_−. This discrete Hamiltonian, that we will call the reduced operator, can be realized as an operator acting on the torus T^∗. To perform this reduction, one needs to know that the edge E_− of Σ corresponds to an edge of a single periodic realization (namely H^−). Therefore we first need the positivity assumption of V and, second, we need to know that, when switching on the random potential (remember that H^− is now the unperturbed Hamiltonian), none of the spectrum below E_− passes above E_−. In the present exposition, this is ensured by the fact that the gap below E_− is open in Σ and by the assumption that the random variables have connected support. Another natural setting where there cannot be any crossing is when one assume that H^− has a gap and that the random perturbation V^−_ω is smaller than the length of the gap.

The next step is to show that, with good enough precision, we can estimate the integrated density of states of the reduced operator between E_0 and E_0 + ε by the probability that the reduced operator (restricted to some large cube) has an eigenvalue in the interval [E_0, E_0 + ε]. If the band edge is simple, we then have to estimate the probability that, for δ > 0 small, there exists u ∈ L^2(T) such that such that the Fourier coefficients of u are supported in [−M, M] × [−M, M] ⊂ Z^2 and such that

⟨E_{n0} · u, u⟩_L2_{(T}∗_) + ⟨v_ωu, u⟩_L2_{(T}∗_) ≤ δ

(5.1)

Here E_{n0} · u denotes the multiplication by the Floquet eigenvalue E_{n0} and v_ω denotes the reduced potential. Notice that both terms in (5.1) are non-negative. In the general case, the situation is somewhat complicated by the possible multiplicities.

At last, we estimate these probabilities. Carrying out this estimation is essentially a problem in random Fourier series; indeed, thanks to assumption (H.1’.4), for our purpose, we can replace the random variables (ω_γ )_γ by i.i.d. Bernoulli random variables.

Let f be a nonnegative real analytic function on T^∗, let δ > 0 and M < ∞ be parameters, let S be a random subset of the square [−M, M] × [−M, M] (in Z^2) with (say) density^1_2 and let P (M, δ) be the probability that there is a function u ∈ L^2(T) such that ∫ T^2

f(θ)|u(θ)|^2 < δ‖u‖^2 and supp(û) ⊂ S.

Thus the Fourier coefficients of u are to be supported on the random set, and u is to be mostly supported near the zero set of f. We will study the behavior of the probability P (M(δ), δ) as δ → 0, letting M = M(δ) go to ∞ in an appropriate manner. It turns out that P (M(δ), δ) behaves roughly like e^−δ^{−α} .

One can apply this bound taking f to be roughly the Floquet eigenvalue E_{n0} to complete the proofs of Theorems 0.1 and 0.2, in a manner analogous to the one dimensional case treated in [11].

A Newton decay exponent similar to the one introduced above arises in problems concerning estimation of oscillatory integrals - see [31] and [25] - and we show here that it also controls the behavior of certain random Fourier series, in a way which to some extent is suggested by the results of [31] and [25].

Though in [13] we only study the case of random Schrödinger operators, the methods we develop can be applied too many other families of random operators: acoustic operators, random magnetic fields, etc (see e.g. [21, 3]).

6. Application to localization

Our results can be applied to study band edge localization for the continuous Anderson model. Therefore, in addition to assumption (H.1), we need to assume that the random operator satisfies a Wegner estimate i.e that for some β > 0 and ν > 0, for E ∈ R, for l ≥ 1 and 0 < ε < 1, there exists C(E) > 0 such that one has P ( dist(σ(H^θ_{ω,Cl} , E) ≤ ε ) ≤ C(E)Vol(C_l)^β ε^ν

(6.1)

where the constant C(E) is locally uniform in energy. Here l is an integer and H^θ_{ω,Cl} is the operator H_ω restricted to the cube C_l with boundary conditions: φ(x + γ) = e^{iθγ} φ(x) for any γ ∈ 2lZ^2. We prove

Theorem 6.1. Let H_ω be a random operator described by (1.1) such that (H.1) and estimate (6.1) are satisfied. Then, for every band edge of Σ, the almost sure spectrum of H_ω, there exists a neighborhood of that band edge where the spectrum of H_ω is purely punctual. Moreover the eigenfunctions associated to energies in that neighborhood are exponentially localized.

This result is a direct application of Theorem 3.1 and the multi-scale analysis developed in [10] (see also [1, 9]).

References

[1] J. M. Barbaroux, J. M. Combes, and P. D. Hislop. Localization near band edges for random Schrödinger operators.

Helv. Phys. Acta, 70(1-2):16–43, 1997. Papers honouring the 60th birthday of Klaus Hepp and of Walter Hunziker, Part II (Zürich, 1995).

[2] R. Carmona and J. Lacroix. Spectral Theory of Random Schrödinger Operators. Birkhäuser, Basel, 1990. [3] F. Ghribi. Asymptotique de Lifshitz pour des opérateurs de Schrödinger à champ magnétique aléatoire. Thesis Université Paris 13, 2000. in preparation.

[4] Bernard Helffer and Abderemane Mohamed. Asymptotic of the density of states for the Schrödinger operator with periodic electric potential. Duke Math. J., 92(1):1–60, 1998.

[5] W. Kirsch. Random Schrödinger operators. In A. Jensen H. Holden, editor, Schrödinger Operators, number 345 in Lecture Notes in Physics, Berlin, 1989. Springer Verlag. Proceedings, Sonderborg, Denmark 1988.

[6] W. Kirsch and F. Martinelli. On the spectrum of Schrödinger operators with a random potential. Communications in Mathematical Physics, 85:329–350, 1982.

[7] W. Kirsch and F. Martinelli. Large deviations and Lifshitz singularities of the integrated density of states of random hamiltonians. Communications in Mathematical Physics, 89:27–40, 1983.

[8] W. Kirsch and B. Simon. Lifshitz tails for the Anderson model. Journal of Statistical Physics, 38:65–76, 1985. [9] Werner Kirsch, Peter Stollmann, and Günter Stolz. Anderson localization for random Schrödinger operators with long range interactions. Comm. Math. Phys., 195(3):495–507, 1998.

[10] Werner Kirsch, Peter Stollmann, and Günter Stolz. Localization for random perturbations of periodic Schrödinger operators. Random Oper. Stochastic Equations, 6(3):241–268, 1998.

[11] F. Klopp. Band edge behaviour for the integrated density of states of random Jacobi matrices in dimension 1. Journal of Statistical Physics, 90(3-4):927–947, 1998.

[12] F. Klopp and J. Ralston. Endpoints of the spectrum of periodic operators are generically simple. Preprint, 2000. [13] F. Klopp and T. Wolff. Lifshitz tails for 2-dimensional random Schrödinger operators. in preparation, 2000. [14] Frédéric Klopp. Internal Lifshits tails for random perturbations of periodic Schrödinger operators. Duke Math. J., 98(2):335–396, 1999.

[15] P. Kuchment. Floquet theory for partial differential equations, volume 60 of Operator Theory: Advances and Applications. Birkhäuser, Basel, 1993.

[16] I. M. Lifshitz. Structure of the energy spectrum of impurity bands in disordered solid solutions. Soviet Physics JETP, 17:1159–1170, 1963.

[17] I. M. Lifshitz. Energy spectrum structure and quantum states of disordered condensed systems. Soviet Physics Uspekhi, 7:549–573, 1965.

[18] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur. Introduction to the theory of disordered systems. Wiley, New-York, 1988.

[19] G. Mezincescu. Lifshitz singularities for periodic operators plus random potentials. Journal of Statistical Physics, 49:1081–1090, 1987.

[20] G. Mezincescu. Internal Lifshits singularities for one dimensional Schrödinger operators. Communications in Mathematical Physics, 158:315–325, 1993.

[21] H. Najar. Asymptotique de la densité d’états intégrée des modèles aléatoires continus. Thesis Université Paris 13, 2000.

in préparation.

[22] S. Nakao. On the spectral distribution of the Schrödinger operator with random potential. Japan Journal of Mathematics, 3:117–139, 1977.

[23] L. Pastur. Behaviour of some Wiener integrals as t → +∞ and the density of states of the Schrödinger equation with a random potential. Teor.-Mat.-Fiz, 32:88–95, 1977. (in russian).

[24] L. Pastur and A. Figotin. Spectra of Random and Almost-Periodic Operators. Springer Verlag, Berlin, 1992. [25] D. H. Phong and E. M. Stein. The Newton polyhedron and oscillatory integral operators. Acta Math., 179(1):105–152, 1997.

[26] M. Reed and B. Simon. Methods of Modern Mathematical Physics, Vol IV: Analysis of Operators. Academic Press, New-York, 1978.

[27] J. Sjöstrand. Microlocal analysis for periodic magnetic Schrödinger equation and related questions. In Microlocal analysis and applications, volume 1495 of Lecture Notes in Mathematics, Berlin, 1991. Springer Verlag.

[28] M. M. Skriganov. Proof of the Bethe-Sommerfeld conjecture in dimension 2. Dokl. Akad. Nauk SSSR, 248(1):39–42, 1979.

[29] Peter Stollmann. Lifshitz asymptotics via linear coupling of disorder. Math. Phys. Anal. Geom., 2(3):279–289, 1999. [30] Alain-Sol Sznitman. Brownian motion, obstacles and random media. Springer-Verlag, Berlin, 1998. [31] V. Varchenko. Newton polyhedra and estimations of oscillatory integrals. Functional Analysis and its Applications, 8:175–196, 1976.

(Frédéric Klopp) Département de Mathématique, Institut Galilée, U.M.R. 7539 C.N.R.S, Université de Paris-Nord, 99 avenue J.-B. Clément, F-93430 Villetaneuse, France

E-mail address: klopp@math.univ-paris13.fr

(Thomas Wolff) Department of Mathematics, 253-37 Caltech, Pasadena, CA 91125 USA E-mail address: wolff@its.caltech.edu