On the validity of two-face equivalent source approximations

Preliminary Report

Leonid A. Kunyansky and Oscar P. Bruno Applied and Computational Mathematics CalTech, Pasadena, CA 91125

Abstract A family of fast surface scattering solvers developed recently [1, 2] is based on approximation of the surface field by the field of so-called equivalent sources. Use of certain spatially sparse distributions of equivalent sources is advantageous for reducing the operation count of the algorithms. It turns out, however, that certain types of sparse distributions cannot produce the required approximations. In the present work we prove that use of the two-face source distributions of equivalent sources we introduced in [1] is indeed sufficient to produce approximations of required accuracy.

Introduction

Numerical evaluation of wave scattering from acoustically large bodies remains one of the most challenging computational problems. One of the main difficulties here is related to the (large) size of the discretization grid necessary to provide a satisfactory accuracy of the solution. Typically, some kind of acceleration scheme has to be used to make possible such large scale computations. A family of acceleration schemes developed recently [1, 2] utilizes approximation of the surface field by the field of so-called equivalent sources. These sources, being placed at the nodes of 3D Cartesian grid, allow for the acceleration of computations through the use the 3D Fast Fourier Transform.

Use of certain spatially sparse distributions of equivalent sources is advantageous for reducing operation count of the algorithms. It turns out, however, that certain types of sparse distributions cannot produce the required approximations, as shown by a counterexample we present in this paper. In present work we prove that the use of so-called two-face source distributions of equivalent sources introduced in [1] is indeed sufficient to produce approximations of required accuracy.

According to the prescriptions of the algorithm [1], one subdivides the volume occupied by the scatterer into a number of cubic cells. Then, equivalent sources are placed on the faces of each non-empty cell, i.e. each cell containing some part of the scattering surface. The intensities of these sources are chosen to approximate the field scattered by the part of the surface contained inside the cell. In order to reduce the number of operations required by the algorithm, sources are placed only on two parallel faces of each cell. Both types of singular sources: monopoles (as would arise from a discretized single layer distribution) and dipoles (which would result from discretization of a double layer distribution), are utilized in the algorithm.

The main purpose of the present work is to provide a mathematical proof of the fact that the two-face approximations introduced in [1] can indeed produce accurate approximations to the field generated by the original surface sources contained inside the cell. Further, we show that use of monopoles or dipoles alone does not give rise to convergent approximations.

Convergence of various two-face approximations

We show first that it is not possible, in general, to approximate the field of sources located inside of a cubic cell by the field of monopoles located on two parallel disks containing two faces of the cell. We prove this statement by means of the following counterexample.

Let us assume that it is possible to approximate a field of a unit singular source located in the origin by a field of a single layer potential distributed over the surface of two disks D_h and D_{−h} of radius R placed parallel to the plane Oxy with the centers in the points r_h = (0, 0, h) and r_{−h} = (0, 0, −h). Then, due to the symmetries of the problem, the required density distributions will be necessarily radially symmetric and equal on both disks; thus, we denote both the corresponding density by φ(ρ), where ρ is the distance from the center of a disk. The far-field u_∞(x̂) in the direction x̂ created by charges of density ϕ(y) distributed over a region Ω is defined by the formula u_∞(x̂) ≡ lim_{t→∞} te^{−ikt} ∫ Ω Φ(tx̂, y)ϕ(y)dy = 1 4π ∫ Ω e^{−ikx̂·y}ϕ(y)dy, x̂ ∈ S^1. Thus, the far field u_{∞,D0} (x̂) of a disk D_0 of radius R centered at the origin with the single layer density φ(ρ) is given by the following expression:

u_{∞,D0} (x̂)= 1 4π ∫ D_0 e^{−ikx̂·y}φ(|y| )dy. Now the combined far field u_{∞,Dh∪D−h} (x̂) of the disks D_h and D_{−h} can be expressed through u_{∞,D0} (x̂) as follows: u_{∞,Dh∪D−h} (x̂) = ( e^{−ikx̂·rh} + e^{−ikx̂·r−h} ) u_{∞,D0} (x̂) = 2u_{∞,D0} (x̂) cos(kh cos ς),

where ς is the angle between x̂ and the z-axis. Obviously, if kh ≥ π/2 (i.e., if the distance between the disks D_h and D_{−h} is greater than a half of wavelength λ) then there exist at least one solution ς_0 to the equation kh cos ς = π/2. In other words, the far field u_{∞,Dh∪D−h} (x̂) vanishes for all directions x̂ such that the angle between x̂ and the z-axis is equal to ς_0. However, the far-field created by a unit singular source located in the origin is equal, simply, to unity. Therefore, the field of monopoles distributed over two parallel disks located more than half-wavelength apart cannot be, in general, used to approximate the field of sources located in between the disks. (Remarkably, the radius R of the disks does not play any role in this statement.) We, therefore, have proved the following

Proposition 1 If the side of a cubic cell C is larger than λ/2, then outside the cell the field created by sources cointained in C cannot be, in general, approximated by a single layer potential with density supported on two parallel faces of C.

Let us now try to use for the approximation the field of monopoles supported on L equally spaced parallel disks (where L is even) placed symmetrically with respect to the origin. A consideration similar to the one presented above shows that if the distance between the disks is greater than λ/2, the approximation of a general field is, again, not possible. The same is true, of course, for the odd number of disks L, since, if the field cannot be approximated using L disks, it obviously cannot be approximated using L − 1 disks. This immediately implies the following

Proposition 2 The field created by singular sources (monopoles) located at the nodes of the 3D Cartesian grid inside a cubic cell C, cannot, in general, approximate the field of arbitrary sources contained in the cell C, if the spacing of the Cartesian grid is larger than λ/2. The above Proposition shows that it is impossible, in general, to speed up FFT acceleration schemes (behind some limit) by coarsening the grid.on which equivalent sources are placed. According to Proposition prop1, the approximation fails if the grid spacing is larger than λ/2. (Actual grid spacings used in [2] range from λ/10 to λ/6.)

As the above analysis shows, construction of spatially sparse equivalent source approximations is not a trivial task. In what follows we will show that it is possible to approximate the field created by sources contained inside a sphere by a field of both double- and single layer potentials supported on a concentric disk located inside that sphere. Such an approximation, valid outside of a larger concentric sphere, can be of any given finite accuracy. In order to prove this statement we will first construct an arbitrarily accurate approximation to a single term of spherical wave expansion.

Theorem 3 A spherical wave function W^m_n (r) ≡ Y^m_n (r/ |r|)h^{(1)}n (k |r|) (with arbitrary m, n ∈ Z, n ≥ 0, |m| ≤ n) can be approximated outside a sphere S_b of radius b within arbitrary accuracy ε > 0 by a field of a layer potential with densities supported on an open disk D = {(x, y, z)| z = 0, x^2 + y^2 < a^2}, .with a < b.

Proof. For fixed m, n, let us define the following function

H(r, r^′) = W^m_n (r − r^′).

Introduce vectors r_0(δ), r_1(δ), and r_2(δ) defined as

r_0 = (0, 0, 0), r_1 = (0, 0, −δ), r_2 = (0, 0, δ),

see Figure 1. Obviously, H(r, r_0(δ)) coincides with W^m_n (r), whereas H(r, r_1(δ)) and

Figure 1: Illustration to the Theorem 3

H(r, r_2(δ)) are obtained by shifting function W^m_n (r) along z-axis by −δ and δ respectively. Let us approximate W^m_n (r) by a combination H̆_δ(r) = H(r, r_1(δ)) + H(r, r_2(δ)) − H(r, r_0(δ)). (1)

Since W^m_n (r) is uniformly continuous outside of any fixed sphere centered in the origin, for any ε > 0 there exist such δ_0 that | |W^m_n (r) − H̆δ(r) | | < ε/2, (2) for any δ < δ_0 and for any r outside S_b.

Consider a closed ball B_0 of radius a centered at the origin. Let us denote the lower and upper halves of the ball B_0 by B_1 and B_2 respectively. Introduce sphere S_0 of radius a and its open lower and upper halves S_1 and S_2. Obviously, ∂B_0 = S_0 = S_1 ∪ S_2 ∪ ∂D, ∂B_1 = S_1 ∪ D ∪ ∂D, and ∂B_2 = S_2 ∪ D ∪ ∂D, where ∂D denotes the boundary of disk D (i.e. intersection of S_0 and the plane Oxy).

Let us now define ν_i to be exterior normals to the domains B_i; normals ν_i are well defined at any point of S_i and D. By construction, the following equalities hold

ν_1(r) = ν_0(r), ∀r ∈ S_1, (3) ν_2(r) = ν_0(r), ∀r ∈ S_2, ν_1(r) = −ν_2(r), ∀r ∈ D.

Since each one of the functions H(r, r_i), i = 1, 2, 3 is a radiating solution to the Helmholtz equation outside of the domain B_i, one can represent these functions (using Green’s identity) as a sum of double- and single- layer potentials with densities supported on the boundaries of the domains B_i, i.e.

H(r, r_i(δ)) = ∫ ∂B_i ( H(r^′, r_i(δ))

∂Φ(r, r^′) ∂ν_i(r^′) − ∂H(r^′, r_i(δ)) ∂ν_i(r^′)

Φ(r, r^′) ) ds(r^′), i = 1, 2, 3, (4) where Φ(r, r^′) = exp(ik|r − r^′|)/|r − r^′| is the fundamental solution to the Helmholtz equation. All representations (4) are valid, in particular, outside of sphere S_b.

Let us substitute identities (4) into Equation (1). Then, using Equations (3) to combine integrals over surfaces S_1, S_2, and D we arrive at the following expression for H̆_δ(r) H̆_δ(r) = I_1(r,δ) + I_2(r,δ) + I_3(r,δ) + I_4(r,δ),

where

I_1(r,δ) = ∫ S_1

(H(r^′, r_1(δ)) − H(r^′, r_0(δ)))

∂Φ(r, r^′) ∂ν_1(r^′) ds(r^′)

− ∫ S_1

Φ(r, r^′)

∂ (H(r^′, r_1(δ)) − H(r^′, r_0(δ))) ∂ν_1(r^′) ds(r^′),

I_2(r,δ) = ∫ S_2

(H(r^′, r_2(δ)) − H(r^′, r_0(δ)))

∂Φ(r, r^′) ∂ν_2(r^′) ds(r^′) −

− ∫ S_2

Φ(r, r^′)

∂ (H(r^′, r_2(δ)) − H(r^′, r_0(δ))) ∂ν_2(r^′) ds(r^′),

I_3(r,δ) = ∫ D (H(r^′, r_1(δ)) − H(r^′, r_2(δ)))

∂Φ(r, r^′) ∂ν_1(r^′) ds(r^′)

I_4(r,δ) = ∫ D ∂(H(r^′, r_2(δ)) − H(r^′, r_1(δ))) ∂ν_1(r^′)

Φ(r, r^′)ds(r^′)

Since functions H(r, r_i(δ)) and their gradients are uniformly continuous for |r − r_i(δ)| > a/2, and since Φ(r, r^′) and ∇Φ(r, r^′) are bounded when |r − r^′| > a/2, integrals I_1(r,δ) and I_2(r,δ) vanish in the limit δ → 0. Therefore, there exist such δ_1 that |I_1(r,δ) + I_2(r,δ)| < ε/2, ∀δ < δ_1. (5) Choosing δ_2 equal to min(δ_0, δ_1) and combining inequalities (2) and (5), one shows that for any non-zero δ < δ_2 and |r| > a

|W^m_n (r) − (I_3(r,δ) + I_4(r,δ))| < ε. (6)

Integral I_3(r,δ) can be viewed as a double layer potential with a density supporter on the disk D, whereas I_4(r,δ) can be understood as a single layer potential. Thus, Equation (6) shows that function W^m_n (r) is approximated by a combination of a potential of single- and double- layer densities continuously distributed over disk D. Moreover, notice that W^m_n (r) is an even function of z if m + n is even, and an odd function otherwise. Therefore if m+n is even, I_3(r,δ) vanishes and, thus, required approximation is given by a single-layer potential I_4(r,δ). Otherwise, if m+n is odd, function W^m_n (r) is approximated by a double layer potential I_3(r,δ).

Remark 4 Notice that we use potentials I_3(r,δ) and I_3(r,δ) which correspond to finite values of δ, thus, avoiding hypersingular integrations which would arise in the case δ = 0.

Figure 2: Illustration to the Theorem 5

Theorem 5 The field u_{S0} (r) created by sources contained in a sphere S_0 can be approximated outside a larger concentric sphere S_b within arbitrary finite accuracy ε by a sum of a single- and a double- layer potentials with densities supported on a planar unit disk D = {(x, y, z)| z = 0, x^2 + y^2 < a^2}.

Proof. According to the Theorem 2.14 [3] the field u_{S0} (r) can be represented outside S_b by a spherical wave expansion which in our notation has the following form

u_{S0} (r) = ∞∑ n=0 n∑ m=−n a^m_n W^m_n (r).

This expansion converges absolutely and uniformly on an arbitrary compact subsets of R^3 \ S_b. Therefore, there exists such a value of a truncation parameter n_t(ε) that the truncated spherical wave expansion n_t∑

n=0 n∑ m=−n a^m_n W^m_n (r).

approximates u_{S0} (r) with a given finite accuracy ε/2. According to the previous Theorem, one can, in turn, approximate each one of W^m_n (r) with an arbitrary accuracy by a singleand double- layer potentials supported on a disk D, in such a way that the total accuracy of approximation of u_{S0} (r) by the layer potentials is less than ε

Let us now establish the possibility of the two-face approximations. Consider a square cell C of side 2h and spheres S_1 and S_2 of radius √ 3h centered at the centers of the left and right faces of the cell C, as shown in Figure 2. Now, all the sources contained in the left half of the cell C are also contained inside the sphere S_l. Therefore, according to the statement of Theorem 5, the field of these sources can be approximated by a double- and single- layer potentials with densities supported on a disk D_l contained in the left face of the cell C. This approximation will be valid, in particular, outside the sphere S_b of radius 3h centered in the origin. The error of this approximation can be made less than ε/2 for arbitrary positive ε. Similarly, the field of sources contained in the right half of cell C can be approximated within accuracy ε/2 by double- and single- layer potentials distributed over the right face of the cell. Hence, the combined potentials of the densities supported on the left and right faces of the cell C approximate within accuracy ε the field created by all sources contained inside C, and this approximation is valid everywhere outside sphere S_b. We have, therefore, proven the following

Theorem 6 The field created by sources contained inside a cubic cell of side 2h can be approximated with arbitrary finite accuracy by single- and double- layer potentials with densities distributed over any two parallel faces of the cell; such approximation is valid, in particular, outside of the sphere of radius 3h concentric with the cell.

Acknowledgment and Disclaimer

Effort sponsored by the Air Force Office of Scientific Research, Air Force Materials Command, USAF, under grant numbers F49620-96-1-0008, F49620-99-1-0010. OB gratefully acknowledges support from NSF (through an NYI award and through contracts No. DMS- 9523292 and DMS-9816802), and from the Powell Research Foundation. The US Government is authorized to reproduce and distribute reprints for governmental purposes notwithstanding any copyright notation thereon. The views and conclusions contained herein are those of the authors and should not be interpreted as necessarily representing the official policies or endorsements, either expressed or implied, of the Air Force Office of Scientific Research or the US Government.

References

[1] O. P. Bruno and L. A. Kunyansky, Surface scattering in 3-D: an accelerated high order solver, submitted to Proceedings A of the Royal Society.

[2] E. Bleszynski, M. Bleszynski, and T. Jaroszewicz, AIM: Adaptive integral method for solving large-scale electromagnetic scattering and radiation problems, Radio Science 31, 5, pp. 1225–1251 (1996).

[3] D. Colton and R. Kress, Inverse acoustic and electromagnetic scattering theory, Springer-Verlag, 1992.