Multidimensional Inverse Scattering for the Nonlinear Klein-Gordon Equation with a Potential^{�y}

Ricardo Weder^z Instituto de Investigaciones en Matemáticas Aplicadas y en Sistemas, Universidad Nacional Autónoma de México, Apartado Postal 20-726. México D.F. 01000.

E-Mail: weder@servidor.unam.mx

Abstract

In this paper we solve the multidimensional inverse scattering problem for the nonlinear Klein-Gordon equation on R^n, n ≥ 2:

∂^2 ∂t^2 u(x, t) − Δu(x, t) + u(x, t) + V_0(x)u(x, t) + ∞∑ j=1 V_j(x)|u|^{2(j0+j)}u(x, t) = 0. We prove that the small-amplitude limit of the scattering operator determines uniquely all the V_j, j = 0, 1, · · ·. Our proof gives, as well, a method for the reconstruction of the V_j, j = 0, 1, · · ·.

∗ams classification 35P, 35Q, 35R and 81U.

†Research partially supported by Proyecto PAPIIT-DGAPA IN 105799. ‡Fellow Sistema Nacional de Investigadores.

1 Introduction

Let us consider the following nonlinear Klein-Gordon equation with a potential

∂^2 ∂t^2 u(x, t) − Δu(x, t) + u(x, t) + V_0u(x, t) + F (x, u) = 0, u(x, 0) = f_1, ∂ ∂t u(x, 0) = f_2, (1.1)

where u(x, t) is a complex-valued funcion of x ∈ R^n, t ∈ R, and F (x, u) is a complex-valued function. Moreover, Δ := ∑n j=1 D^2_j . We use the standard notation, D_j :=^∂_{∂xj} and for α := (α_1, · · · , α_n), D^α := D^{α1}_1 · · · D^{αn}_n , with |α| := ∑n j=1 α_j. We introduce some assumptions and definitions that we need to construct the scattering operator for the nonlinear Klein-Gordon equation (1.1). Assumption A Let p satisfy: ρ < p ≤^{n+3}_{n−1} , where ρ is the positive root of^n_2^{ρ−1}_{ρ+1} =^1_ρ . Let k be an integer such that k >^n_{p+1} . Let F = F_1 + iF_2 with F_1, F_2 real-valued, and u = r_1 + ir_2, r_1, r_2 ∈ R. We suppose that F (0) = 0 and that for all integers β with 1 ≤ β ≤ k + 1 and all α with β + |α| ≤ k + 1, we have that, 2∑ j=1 | | | | ∂^β ∂r^{β1}_1 ∂r^{β2}_2 D^αF_j(x, u) | | | | ≤ C|u|^{max[0,p−β]}, for |u| ≤ γ, (1.2) for some γ > 0, and for all nonnegative integers, β_1, β_2, with β = β_1 + β_2.

We denote by H_0 the self-adjoint realization of −Δ in L^2(R^n) with domain the Sobolev space W_{2,2}. For the definition of the Sobolev spaces W_{j,p}, j = 1, 2, · · · , 1 ≤ p ≤ ∞ see [1]. Assumption B We assume that V_0 is real valued and that, (a)If n ≥ 3 we suppose that for some δ > (3n/2) + 1,

sup_{x∈} R^{n(1 + |x|)δ} (∫ |x−y|≤1 |D^αV_0(y)|^{p0} dy )1/p_0 < ∞, (1.3) for all |α| ≤ k + 2 + k_0, with k as in Assumption A . If n = 3, p_0 = 2 and k_0 = 0, and if n ≥ 4, p_0 > n/2 and k_0 := [(n − 1)/2], where [σ] denotes the integral part of σ. (b)if n = 2 we suppose that |D^αV_0(x)| ≤ C(1 + |x|)^{−δ}, (1.4) for some δ > 6 and for all |α| ≤ k + 2 with k as in Assumption A. Furthermore, we suppose that ∫ V_0(x) dx ≠ 0.

Moreover, we assume that zero is neither an eigenvalue nor half-bound state ( a resonance) of H := H_0 + V_0, for n ≥ 2.

For n ≥ 3, zero is a half-bound state (a resonance) of H if the equation Hϕ = 0 has a solution ϕ ∉ L^2(R^n), such that (1 + |x|)^{−1−ϵ}ϕ ∈ L^2(R^n) for all ϵ > 0 [23], [24]. In the case n = 2, zero is a half-bound state (a resonance), [25] if Hϕ = 0 has a nontrivial solution that is locally in W_{2,2} and that has the following asymptotic behaviour at infinity, ∂^α ∂x^α ( ϕ − a − b_1x_1 + b_2x_2 |x|^2 ) = O ( |x|^{−1−|α|−ϵ} ) , |α| ≤ 1, (1.5) for some ϵ > 0, and where at least one of the constants a, b_1, b_2, is different from zero.

Under Assumption B H is self-adjoint with domain W_{2,2} and it has no singular-continuous spectrum and no positive eigenvalues [6]. Moreover, the wave operators

W_± := s − lim_{t→±∞} e^{itH} e^{−itH0} , (1.6) exist and RangeW_± = H_c, the subspace of continuity of H. In fact, these results are true under more general conditions. The crucial issue is that Yajima has proven that under Assumption B the wave operators and the adjoints, W^∗_±, are bounded operators on W_{l,p}, l = 0, 1, · · · , k + 2, where if n ≥ 3, 1 ≤ p ≤ ∞ and if n = 2, 1 < p < ∞. Moreover, there is a constant C such that for all Borel functions f

1 C ‖f(H_0)‖_B(_{Wl,p,Wĺ,ṕ}) ≤ ‖f(H)P_c‖_B(_{Wl,p,Wĺ,ṕ}) ≤ C ‖f(H_0)‖_B(_{Wl,p,Wĺ,ṕ}) , (1.7) for the same p, l, ĺ, as above and where P_c is the projector onto the subspace of continuity of H. For this result with n ≥ 3 see Theorem 1.2 of [24] and also [23] and for the case n = 2 see [25]. For similar results on the case n = 1 see [18]. Equation (1.7) allows us [23] to obtain L^p − L^ṕ estimates for the linear Klein-Gordon equation with a potential from the corresponding results when the potential is zero. More precisely, let us consider the Klein-Gordon equation,

∂^2 ∂t^2 u(x, t) − Δu(x, t) + u(x, t) + V_0u(x, t) = 0, u(x, 0) = 0, ∂ ∂t u(x, 0) = f. (1.8) We denote by T_t the operator f → u(·, t). For any pair of Banach spaces X, Y , B (X, Y ) denotes the Banach space of all bounded operators from X into Y . Then by (1.7) and Theorems B and C of [8], ‖T_tP_c‖_{B(Wl,p,Wl,q )} ≤ C|t|^a, l = 0, 1, · · · , k + 2, |t| ≥ 1, (1.9) where,^1_p +^1_q = 1 and for^{2(n+1)}_{n+3} ≤ p ≤^{2(n+2)}_{n+4} , a := −^2_q . For^{2(n+2)}_{n+4} ≤ p ≤ 2, a :=^n_2 −^n_p . Moreover, ‖T_tP_c‖_{B(Wl,p,Wl,q )} ≤ C|t|^b, where b := n + 1 − 2n p , l = 0, 1, · · · , k + 2, (1.10)

2(n+1) n+3 ≤ p ≤ 2. Estimates (1.9) (1.10 allows us to extend to the case of n ≥ 2 the method for the construction of the scattering operator for (1.1) and for the solution of the inverse scattering problem, that we gave in [20] in the case of n = 1.

We write (1.1) as a first order system in the usual way: ∂ ∂t U = AU + P (U), where U := [ u_1 u_2 ] ; A := [ 0 1 Δ − V_0 − 1 0 ] ; P (U) := [ 0 −F (x, u_1) ] , U(x, 0) = [ f_1 f_2 ] . (1.11) The equation (1.1) is equivalent to (1.11) if we take u = u_1, and^∂_{∂t} u = u_2.

Let us consider the following spaces: H := W_{k,2} ⊕ W_{k−1,2}, X := W_{k,p+1} ⊕ W_{k−2,p+1}, p ≥ 1, (1.12) with k and p as in Assumption A and

M := { U ∈ C(R, X) : sup_{t∈} R^{(1 + |t|)d‖U‖X < ∞} } , with norm: ‖U‖_M := sup_{t∈} R^{(1 + |t|)d‖U‖X ,}_{(1.13)}

where if 1 ≤ p ≤ 1 +^4_n , d :=^n_2^{p−1}_{p+1} and if 1 +^4_n ≤ p ≤^{n+3}_{n−1} , d :=^2_{p+1} . Finally, if n ≥ 3, or n = 2 and p ≤ 3,we define

N := W_{k+2,1+} 1_p ⊕ W_{k,1+} 1_p , (1.14) and if n = 2 and p > 3,

N := W_{k+2,1+} 1_p ∩ W_{k+2,2} ⊕ W_{k,1+} 1_p ∩ W_{k,2}. (1.15) Note that by Sobolev’s imbedding theorem [1], N ⊂ H with a continuous imbedding. For functions U(x, t) defined on R^n × R we write U(t) for U(·, t). Let us denote by V(t) the operator that gives the solution to the linear initial value problem (1.11) with P = 0, i.e., U(t) = V(t)U(0). The operators V(t), t ∈ R, form a strongly-continuous group on H that is uniformly bounded in t ( see (2.9) in Section 2). Let us denote [14], N_δ(V_0) := sup_{x∈}

R^n [∫ |x−y|<δ |V (y)|^{p0}dy ]1/p_0 . (1.16) In the following theorem we construct the scattering operator.

THEOREM 1.1. Suppose that Assumptions A, and B are satisfied,that H has no eigenvalues and that, lim_{δ→0} N_δ(D^αV_0) = 0, where |α| ≤ k, with k and p_0 as in Assumption B. Then, there is a δ > 0 such that for all ϕ_− ∈ N with ‖ϕ_−‖_N ≤ δ there is a unique solution, U, to (1.11) such that U ∈ C(R, H) ∩ M and lim t→−∞ ‖U(t) − V(t)ϕ−‖H = 0. (1.17) Moreover, there is a unique ϕ_+ ∈ H such that lim_{t→∞} ‖U(t) − V(t)ϕ_+‖_H = 0. (1.18) Furthermore, V(t)ϕ_± ∈ M and ‖U(t) − V(t)ϕ_±‖_M ≤ C ‖V(t)ϕ_±‖^p_M , (1.19) and ‖ϕ_+ − ϕ_−‖_H ≤ C ‖ϕ_−‖^p_N . (1.20) The scattering operator, S_{V0} : ϕ_− → ϕ_+ is injective on N.

Note that for n = 2, ρ ≈ 2.41, for n = 3, ρ = 2, and that lim_{n→∞} ρ = 1. Moreover, observe that in Theorem 1.1 we do restric F in such a way that energy is conserved.

Let us denote B_1 := √ H + 1 and B_0 := √ H_0 + 1. Under the conditions of Theorem 1.1 the wave operators W_{1,±} := s − lim_{t→±∞} e^{itB1} e^{−itB0} (1.21) exist and are unitary operators on L^2. The limits in the right-hand side of (1.21) are taken in the strong topology in L^2. Also, the invariance principle holds, and

W_{1,±} = W_±. (1.22)

For these results see [13]. We denote by V_0(t) the solution operator for the initial value problem (1.11) with F = 0 and V = 0. It is given by (2.9) in Section 2 with H_0 instead of H. By J we denote the identification operator from H onto H_{V0} (see (2.8)): JU := U. The wave operators for the linear Klein-Gordon equation are given by,

Ω_± := s − lim_{t→±∞} V(−t) J V_0(t). (1.23)

The limits in the right-hand side of (1.28) are taken in the strong topology in H_{V0} . It follows from Theorems XI.75 and XI.76 in [13] that Ω_± exist and that they are unitary from H onto H_{V0} . Moreover, by (1.22), the proof of Theorem XI.75 and Theorem XI.76 of [13]:

Ω_± = T^{−1}

W_± 0 0 W_∓ ; T := 1 √ 2 [ B_1 i B_1 −i ] . (1.24)

The scattering operator for the linear Klein-Gordon equation is defined as:

S_L := Ω^{−1}_+ Ω_−. (1.25)

By (1.25), S_L = [ S_L 0 0 S^∗_L ] , (1.26) where S_L is the scattering operator for the linear Schrödinger equation on the line:

S_L := W^∗_+W_−. (1.27)

By (1.26) and (1.27) S_L is bounded on X and on H. In order to reconstruct the potential V_0 we introduce below the scattering operator that relates asymptotic states that are solutions to the linear Klein-Gordon equation with potential zero: S := Ω^{−1}_+ S_{V0} Ω_−. (1.28) We now reconstruct S_L from S.

THEOREM 1.2. Suppose that the assumptions of Theorem 1.1 are satisfied. Then for every ϕ ∈ N, d dϵ S(ϵϕ) | | | | | ϵ=0 = S_Lϕ, (1.29) where the derivative in the left-hand side of (1.29) exists in the strong convergence in H. COROLLARY 1.3. Under the conditions of Theorem 1.1 the scattering operator, S, determines uniquely the potential V_0.

Proof: By Theorem 1.2 S determines uniquely S_L. Then, from (1.26) we obtain S_L. From S_L we uniquely reconstruct V_0 using any of the standard methods (see for example [5]).

Let us now consider the case where F (x, u) = ∑∞ j=1 V_j(x)|u|^{2(j0+j)}u. As we prove below we can also reconstruct the V_j, j = 1, 2, · · ·.

For λ ≥ 1 and x́ ∈ R^n we denote by H_λ the following self-adjoint operator in L^2: H_λ := H_0 + V_λ(x), where V_λ(x) = 1 λ^2

V_0( x λ + x́). (1.30) As we assume that H has no eigenvalues, we have that H_λ has no eigenvalues, i.e., H_λ > 0. Let Φ ∈ C^∞_0 (R \ 0).

LEMMA 1.4. Suppose that the conditions of Theorem 1.1 are satisfied with p :=^{n+3}_{n−1} , and moreover, that F (x, u) = ∑∞ j=1 V_j(x)|u|^{2(j0+j)}u, for |u| ≤ γ, for some γ > 0, where j_0 is an integer such that j_0 ≥ (p−3)/2, and where V_j ∈ W_{k,∞} with ‖V_j‖_{Wk,}1 ≤ C^j, j = 1, 2, · · ·, for some constant C. Then, for any ϕ such that if n = 2, ϕ ∈ W_{k,1+1/p}∩W_{max(k,2),2} and if n ≥ 3, ϕ ∈ W_{k,1+1/p}∩W_{k+1,2}, there is an ϵ_0 > 0 such that for 0 < ϵ < ϵ_0:

((S_{V0} − I)(ϵU_0), V_0)_{HV} = ∞∑ j=1 ϵ^{2j+1} [∫ ∞ −∞ dt dx V_j(x) |(V(t)U_0)_1|^{2(j+j0+1)} + Q_j ] , with (1.31)

U_0 := [ 0 ϕ ] , V_0 := [ (H + I)^{−1}ϕ 0 ] , (1.32) where Q_{j0} = 0, and Q_j, j > j_0, depends only on ϕ ,and on V_k with k < j. Moreover, for any x́ ∈ R, and any λ ≥ 1, we denote, ϕ_λ(x) := λ (Φ(H_λ)ϕ) (λ(x − x́)). Then, if Φ(H_0)ϕ ≠ 0:

V_j(x́) = lim_{λ→∞} λ^{n+1} ∫ ∫ dt dx V_j(x) |(V(t)U_λ)_1|^{2(j0+j+1)} ∫ ∫ dt dx |(V(t)U_∞)_1|^{2(j0+j+1)} , (1.33)

where,

U_λ := [ 0 ϕ_λ ] , U_∞ := [ 0 Φ(H_0)ϕ ] . (1.34)

COROLLARY 1.5. Under the conditions of Lemma 1.4 the scattering operator, S, determines uniquely the potentials, V_j, j = 0, 1, · · ·.

Proof : By Corollary 1.3 S determines uniquely V_0. Then, the Ω_± are uniquely determined, and by (1.28) S_{V0} is uniquely determined by S. Finally, by (1.31), (1.33) each one of the V_j is uniquely determined.

Remark that our method is constructive and that it allows us to reconstruct, in a recursive way, each one of the V_j, j = 0, 1, · · ·. The results above extend to the case of R^n, n ≥ 2, our previous results, in the case of n = 1, that we obtained in [20]. A result as in Corollary 1.5 in three dimensions and with V_0 = 0 was proven by Morawetz and Strauss in [10] (see also Morawetz [9]) and by Bachelot in [2] and [3]. They reconstruct the V_j from a skew form. Morawetz and Strauss consider the case where V_j j = 1, · · · are constant. For references in the large literature in direct scattering for the nonlinear Klein-Gordon equation in the case when V_0 = 0 see [20].

2 Scattering

In this section we always assume that that H has no eigenvalues. It follows that H > 0. By Theorem 3 in page 135 of [15],

‖F^{−1}(1 + q^2)^{k/2}(F f)(q)‖_Lp , (2.1) is a norm that is equivalent to the norm of W_{k,p}, 1 < p < ∞. Then, by (1.7) there are constants

C_1, C_2, such that,

C_1 ‖ϕ‖_{Wl,p} ≤ ‖ ‖(I + H)^{l/2}ϕ ‖ ‖ L^p ≤ C2 ‖ϕ‖W^{l,p} , (2.2) for l = 1, · · · , k + 2, 1 < p < ∞. Below we will use this equivalences without further comments.

To prove Theorem 1.1 we need a L^p − L^q estimate for^∂_{∂t} u(x, t), where u(x, t) is the solution

to the initial value problem (1.8). This estimate follows easily from (1.9) and (1.10).Denote, T́_t :=^∂_{∂t} T_t. Suppose that f ∈ C∞_0 . By Taylor’s expansion,

u(x, t_0) = u(x, t) + (t_0 − t) ∂ ∂t u(x, t) + R(t_0, t), with

R(t_0, t) =

(t_0 − t)^2 2 ∂^2 ∂t^2 u(x, t + θ(t_0 − t)), 0 < θ < 1. (2.3)

For |t| ≥ 1 we take t_0 − t = 1/2. Then, by (1.8) and (2.3)

| ∂ ∂t u(x, t)| ≤ 2 [ |u(x, t_0)| + |u(x, t)| + 1 8 |(H + 1)u(x, t + θ(t_0 − t))| ] . (2.4)

Since C^∞_0 is dense in L^p, it follows from (1.9) and (2.4) that ‖ ‖ ‖T́_t ‖ ‖ ‖ B(W_{l,p},W_l�2_{,q} ) ≤ C|t| a, |t| ≥ 1, l = 0, 1, 2, · · · , k + 2, (2.5) where,^1_p +^1_q = 1 and for^{2(n+1)}_{n+3} ≤ p ≤^{2(n+2)}_{n+4} , a := −^2_q . For^{2(n+2)}_{n+4} ≤ p ≤ 2, a :=^n_2 −^n_p .For |t| ≤ 1

we proceed as follows,

∂ ∂t u(x, t) = f(x) + ∫ t 0 ∂^2 ∂s^2 u(x, s) ds. (2.6) By (1.8), (1.10) and (2.6), and since by Sobolev’s imbedding theorem [1] L^q ⊂ W_{2,p}, p ≥^{2n}_{n+2} , ‖ ‖ ‖T́_t ‖ ‖ ‖ B(W_{l,p},W_l�2_{,q}) ≤ C, |t| ≤ 1, l = 0, 1, 2, · · · , k + 2, (2.7) where,^1_p +^1_q = 1 and^{2(n+1)}_{n+3} ≤ p ≤ 2. Note that (2.5) and (2.6) hold for T́_tP_c in the case when H

has eigenvalues. This follows from the result in the case V_0 = 0 and (1.7).

We denote by H_{V0} the space H endowed with the scalar product

(U, D)_{HV0} := ((I + H)^{k/2}U_1, (I + H)^{k/2}D_1)_L2 + ((I + H)^{(k−1)/2}U_2, (I + H)^{(k−1)/2}D_2)_L2 . (2.8)

The norm defined by (2.8) is equivalent to the norm of H. The solution operator, V(t), to the initial value problem (1.11) with F = 0 is given by

V(t) [ f_1 f_2 ] = cos(t √ I + H)f_1 +^{sin(t} √ I+H) √ I+H f_2 − sin(t √ I + H) √ I + Hf_1 + cos(t √ I + H)f_2

. (2.9)

The V(t) are a strongly-continuous unitary group of operators on H_{V0} . It follows that they are uniformly bounded on H for t ∈ R.

Proof of Theorem 1.1: By Sobolev’s theorem L^∞ is continuously imbedded in W_{k,p+1}, and it follows from standard arguments ( see [7])that U ∈ C(R, H) ∩ M is a solution to (1.11) with lim_{t→−∞} ‖U(t) − V(t)ϕ‖_H = 0, for some ϕ ∈ H, if and only if U is a solution to the following integral equation U(t) = V(t)ϕ + ∫ t −∞ V(t − τ)P (U(τ)) dτ. (2.10) As we will see below the integral in the right-hand side of (2.10) converges absolutely in H and in M. For U ∈ M we denote, QU(t) := ∫ t −∞ V(t − τ)P (U(τ)) dτ. (2.11) We designate, M_R := {U ∈ M : ‖U‖ ≤ R}. It follows from Assumption A, (1.9), (1.10), (2.5), (2.7) and since L^∞ is continuously imbedded in W_{k,p+1} that there is an R_0 > 0 such that if, U, D ∈ M_{R0} , then,

‖QU(t) − QD(t)‖_X ≤ C (1 + |t|)^{−d}(‖U‖_M + ‖D‖_M )^{p−1}‖U − D‖_M , (2.12) where we used that p d > 1. Hence, by (2.12) with D = 0 and since V(t) is unitary on H_{V0} : ‖QU(t)‖^2_{HV0} = 2ℜ ∫ t −∞ dτ (P (U(τ)), QU(τ))_{HV} ≤ C ∫ t −∞ dτ ‖P (U)(τ)‖_{Wk}�_{2,1+ 1p} (1 + |τ|)^{−d} ‖U‖^p_M

≤ C ∫ t −∞ dτ ‖u_1‖^p_{Wk}�_{2,1+p} (1 + |τ|)^{−d}‖U‖^p_M ≤ C ∫ t −∞ dτ (1 + |τ|)^{−d(p+1)} ‖U‖^{2p}_M ≤ C(1 + max[0, −t])^{−(d+dp−1)} ‖U‖^{2p}_M . (2.13) By (2.12) with D = 0, the integral in the right-hand side of (2.10) converges in M and by (2.13) it converges in H. Let us prove the uniqueness. Let U and D be two solutions to (2.10) that satisfy (1.17). Then, U(t) − D(t) = QU(t) − QD(t). (2.14) Let us denote U_T := χ_{(−∞,T )}(t) U(t), where χ_{(−∞,T )}(t) is the characteristic function of (−∞, T ), T ∈ R. Arguing as in (2.12) it follows from (2.14) that

‖U_T (t) − D_T (t)‖_M < 1/2‖U_T (t) − D_T (t)‖_M , for some T negative enough. (2.15) It follows that U(t) = D(t) for t ≤ T . Hence, the standard uniqueness result implies that U = D. The uniqueness of ϕ_+ is obvious by the unitarity of V(t) in H_{V0} . By (1.9) and (2.5),

‖V(t)ϕ_−‖_X ≤ C ‖ϕ_−‖_N , |t| ≥ 1. (2.16) If n ≥ 3, By Sobolev’s theorem and (2.9), ‖V(t)ϕ_−‖_X ≤ C [ ‖(V(t)ϕ_−)_1‖_{Wk+1,2} + ‖(V(t)ϕ_−)_2‖_{Wk}�_{1,2} ] ≤ C‖ϕ_−‖_N . (2.17) If n = 2 and p ≤ 3, it follows from (1.10) and (2.7) that ‖V(t)ϕ_−‖_X ≤ C‖ϕ_−‖_N , |t| ≤ 1. (2.18) Moreover, if n = 2 and p > 3, using again (2.9) and Sobolev’s theorem we obtain that,

‖V(t)ϕ_−‖_X ≤ C [ ‖(V(t)ϕ_−)_1‖_{Wk+2,2} + ‖(V(t)ϕ_−)_2‖_{Wk,2} ] ≤ C‖ϕ_−‖_N . (2.19) By (2.16), (2.17), (2.18) and (2.19),

‖V(t)ϕ_−‖_M ≤ C‖ϕ_−‖_N . (2.20)

Let us take R ≤ R_0 so small that C(2R)^{p−1} ≤ 1/2, with C as in (2.12), and δ > 0 such that Cδ ≤ R/4, with C as in (2.20). Then, by (2.12) and (2.20) the map U → V(t)ϕ_− + QP (U) is a contraction from M_R into M_R for all ϕ_− with ‖ϕ_−‖_N ≤ δ. By the contraction mapping theorem (see Theorem V.18 in page 151 of [11]) this map has a unique fixed point that is a solution to (2.10) in M_R, and moreover,

‖U‖_M ≤ C ‖V(t)ϕ_−‖_M + 1 2 ‖U‖_M . (2.21) Then, ‖U‖_M ≤ C ‖V(t)ϕ_−‖_M . (2.22) Equation(1.19) for ϕ_− follows from (2.10), (2.12) with D = 0 and (2.22). By (2.10) and (2.13) U ∈ C(R, H) and (1.17) holds.

We define ϕ_+ = ϕ_− + ∫ ∞ −∞ V(−τ)P (U(τ)) dτ. (2.23) By (1.9), (1.10), (2.5)and (2.7) ‖ ‖ ‖ ∫ ∞ −∞ V(−τ)P (U(τ)) dτ ‖ ‖ ‖ X ≤ C ∫ ∞ −∞ (1 + |τ|)^{−d(p+1)}‖U‖^p_M dτ ≤ C‖U‖^p_M . (2.24) Hence, ϕ_+ ∈ X. Estimating as in (2.13) we prove that ϕ_+ ∈ H and that

‖ϕ_+ − ϕ_−‖_H ≤ C ‖U‖^p_M . (2.25)

Equation (1.20) follows from (2.22) and (2.25). By (2.23) and (2.10):

U(t) = V(t)ϕ_+ − ∫ ∞ t V(t − τ)P (U(τ)) dτ, (2.26) and we prove (1.18) estimating as in (2.13). Moreover, estimating as in (2.12) we obtain that ‖ ‖ ‖ ∫ ∞ t V(t − τ)P (U(τ)) dτ ‖ ‖ ‖ M ≤ C ‖U‖^p_M . (2.27) By (2.26) and (2.27), V(t)ϕ_+ ∈ M. Using again (2.26) and arguing as in the proof of (2.22) we obtain the following estimate: ‖U‖_M ≤ C ‖V(t)ϕ_+‖_M . (2.28)

Equation (1.19) for ϕ_+ follows from (2.26), (2.27) and (2.28).

If ϕ_+ = S_{V0} ϕ_− = 0, it follows from (2.26) that U(t) = − ∫ ∞ t V(t − τ)P (U(τ)) dτ. (2.29) Let us denote: U_T (t) := χ_{(T,∞)}(t)U(t) . Arguing as in (2.15) it follows from (2.29) that ‖U_T (t)‖_M ≤ 1 2 ‖U_T (t)‖_M , for some T positive enough. (2.30)

Hence, (2.30) implies that U(t) = 0 for t ≥ T , and by standard uniqueness, U(t) = 0. Then, by (1.17) ϕ_− = 0, proving that S_{V0} is injective.

Proof of Theorem 1.2: As S(0) = 0 it is enough to to prove that s − lim_{ϵ↓0} 1 ϵ (S_{V0} (ϵϕ) − ϵϕ) = 0. (2.31)

By (2.20) and (2.22) with ϕ_− replaced by ϵϕ: ‖U‖_M ≤ Cϵ‖ϕ‖_N . (2.32) Hence, by (2.23) and (2.24) ‖ ‖ ‖ 1 ϵ (S_V (ϵϕ) − ϵϕ) ‖ ‖ ‖ X ≤ C ϵ ‖U‖^p_M ≤ Cϵ^{p−1}‖ϕ‖^p_N , (2.33) and (2.31) follows in X. We prove (2.31) in H estimating the integral in the right-hand side of (2.23) as in (2.13) and using (2.32).

Proof of Lemma 1.4 By the contraction mapping theorem, [11]

U(t) = V(t)ϵU_0 + ∞∑ n=1 Q^nV(t)ϵU_0. (2.34)

Then, (1.31) follows from (2.23) and 2.34).

As N_δ(D^αV_λ) ≤ N_δ(D^αV_0) for λ ≥ 1, equations (2.2)with p = 2 hold with H_λ instead of H with the same C_1, C_2 for all λ ≥ 1 (see [22] for a proof of this fact). Let us consider the following initial value problem ∂ ∂t U = A_λU, where U := [ u_1 u_2 ] ; A_λ := [ 0 1 Δ − V_λ −^1_λ 0 ] ,

U(x, 0) = [ f_1 f_2 ] . (2.35)

Let us denote by V_λ(t) the operator that gives the solution to the linear initial value problem,

(2.35), i.e., U(t) = V_λ(t)U(0). Note that if f_1 = 0 the first component of the solution to (2.35) is

given by,

u_1(x, t) = sin ( t(H_λ +^1_λ )^{1/2} ) ( H_λ +^1_λ

)1/2 f2. (2.36)

We designate, t̃ := λt and x̃ := λ(x − x́). Then, ( V_λ(t̃) V_λ ) (x̃, t̃) = (V(t) U_λ) (x, t), where V_λ := [ 0 Φ(H_λ)ϕ ] , (2.37)

where U_λ is given by (1.34). By (2.37),

I_j := λ^{n+1} ∫ ∫ dt dx V_j(x) |(V(t)U_λ)_1|^{2(j0+j+1)} (x) = ∫ ∫ dt̃ dx̃ V_j( x̃ λ +x́)) | | | ( V_λ(t̃)V_λ ) 1 | | | 2(j0+j+1) (x̃). (2.38)

By Theorem VIII.20 in page 286 of [11] and (2.36)

s − lim_{λ→∞} ( V_λ(t̃)V_λ ) 1 = ( V_∞(t̃)U_∞ ) 1 , (2.39)

where if n = 2 the limit exists in the strong topology on W_{max(k,2),2} and if n ≥ 3 the limit exists in

the strong topology on W_{k+1,2}. V_∞ is the solution operator for the wave equation, i.e., the solution

operator for the initial value problem (2.35) with −V_λ −^1_λ replaced by zero. Sobolev’s imbedding

theorem implies that the limit exists also on the strong topology on L^q, 2 ≤ q ≤ ∞. Furthermore, ‖ ‖ ‖ ( V_λ(t̃)V_λ ) 1 ‖ ‖ ‖ L1^{≤ C ‖ϕ‖}Wr,2^{, (2.40)} where if n = 2, r = 2 and if n ≥ 3, r = k + 1. By (1.9) and (2.37),

‖ ‖ ‖ ( V_λ(t̃)V_λ ) 1 ‖ ‖ ‖ p+1 L^p+1 = λ

n ‖(V(t)U_λ)_1‖^{p+1}_{Lp+1} ≤ C 1 t^2 λ^n ‖ϕ_λ‖^{p+1}_{L1+1/p} = C 1 t̃2 ‖ϕ‖ p+1 L1+1^{/p} . (2.41)

Equation (1.33) follows from (2.38) -(2.41),and the dominated convergence theorem. Note that 2(j_0 + j + 1) ≥ p + 1 and that V_j is continuous.

References

[1] R.A. Adams, “Sobolev Spaces”, Academic Press, New York, 1975.

[2] A. Bachelot, Problème inverse de diffusion non linéaire, C. R. Acad. Sci. Paris Série I 293 (1981), 121-124.

[3] A. Bachelot, Convergence dans L^p (R^{n+1}) de la solution de l’ équation de Klein-Gordon vers celle de l’ équation des ondes, Ann. Fac. Scien. Toulouse VIII (1987), 37-60.

[4] K. Chadam and P.C. Sabatier, “Inverse Problems in Quantum Scattering Theory. Second Edition”, Springer–Verlag, Berlin, 1989.

[5] V. Enss and R. Weder, The geometrical approach to multidimensional inverse scattering, J.

Math. Phys. 36 (1995), 3902-3921.

[6] R. Froese and I. Herbst, Exponential bounds and absence of positive eigenvalues for N-body Schrödinger operators, Commun. Math. Phys. 87, (1982/83) 429-447.

[7] T. Kato, Nonlinear Schrödinger equations, in “Schrödinger Operators”, pp. 218–263, H.

Holden and A. Jensen, eds., Lecture Notes in Physics 345, Springer–Verlag, Berlin, 1989.

[8] B. Marschall, W. Strauss and S. Wainger, L^p − L^q estimates for the Klein–Gordon equation, J. Math. Pures et Appl. 59 (1980), 417-440.

[9] C. Morawetz, ”Notes in Time Decay and Scattering for Some Hyperbolic Problems”, Regional Series in Applied Mathematics, SIAM, Philadelphia, 1975.

[10] C.S. Morawetz and W. Strauss, On a nonlinear scattering operator, Comm. Pure Appl. Math.

XXVI (1973), 47-54.

[11] M. Reed and B. Simon, “Methods of Modern Mathematical Physics I: Functional Analysis”, Academic Press, New York, 1972.

[12] M. Reed and B. Simon, “Methods of Modern Mathematical Physics II: Fourier Analysis, Self–Adjointness”, Academic Press, New York, 1975.

[13] M. Reed and B. Simon, “Methods of Modern Mathematical Physics III: Scattering Theory”, Academic Press, New York, 1978.

[14] M. Schechter, “Spectra of Partial Differential Operators, second edition”, North Holland, Amsterdam, 1986.

[15] E.M. Stein, “Singular Integrals and Differentiability Properties of Functions”, Princeton Univ.

Press, Princeton, New Jersey, 1970.

[16] E.M. Stein, “Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals”, Princeton Univ. Press, Princeton, New Jersey, 1993.

[17] R. Weder, Inverse scattering for the nonlinear Schrödinger equation, Commun. Part. Diff.

Equations 22,(1997) 2089-2103.

[18] R. Weder, The W_{k,p}-continuity of the Schrödinger wave operators on the line, Comm. Math.

Phys. 208, (1999) 507-520 .

[19] R. Weder, L^p − L^ṕ estimates for the Schrödinger equation on the line and inverse scattering for the nonlinear Schrödinger equation with a potential, J. Funct. Analysis 170, (2000) 37-68.

[20] R. Weder, Inverse scattering on the line for the nonlinear Klein-Gordon equation with a potential. Preprint, 1999, 23 pages. To appear in Journal of Mathematical Analysis and Applications.

[21] R. Weder, Inverse scattering for the nonlinear Schrödinger equation. Reconstruction of the potential and the nonlinearity. Preprint, 1999, 14 pages.

[22] Inverse scattering for the nonlinear Schrödinger equation II. Reconstruction of the potential and the nonlinearity in the multidimensional case. Preprint 2000, 13 pages. to appear in Proceedings of the American Mathematical Society.

[23] K. Yajima,The W^{k,p}-continuity of the wave operators for Schrödinger operators, J. Math.

Soc. Japan 47 (1995), 552-581.

[24] K. Yajima, The W^{k,p}-continuity of the wave operators for Schrödinger operators III, even dimensional cases m ≥ 4, J. Math. Sci. Univ. Tokyo 2 (1995), 311-346.

[25] K. Yajima, L^p-boundedness of wave operators for two dimensional Schrödinger operators.

Commun. Math. Phys. 208 (1999), 125-152.