C^k INVARIANT MANIFOLDS FOR MAPS OF BANACH SPACES

MOHAMED SAMI ELBIALY

Abstract. In this work we give a unified proof for the existence, under the appropriate gap conditions, of the standard invariant manifolds for

a C^k map of a Banach space near a fixed point where k ˘ 1 is an integer.

1. Introduction

In [4] we proved a fixed point theorem for a class of C^{k,δ}, 0 < δ ≤ 1, selfmaps of a Banach space of functions. We used the theorem we proved to give a unified proof for the existence, under the appropriate gap conditions, of pseudo-stable, pseudo-unstable, centre-stable, centre-unstable weak-stable, weak-unstable, strong-stable, strong-unstable, stable and unstable manifolds for C^{k,δ}, 0 < δ ≤ 1, maps of a Banach space. In this work we consider the case δ = 0.

The case δ = 0 needs to be considered separately because the standard fiber contraction theorem [12] does not apply when δ = 0. We still have a fiber contraction and we have a candidate for the k^{th}-derivative but we cannot conclude that it is a unique attractive fixed point because, when δ = 0, the fiber contraction is not necessarily continuous in the base points, a condition needed for applying the fiber contraction theorem. As a result, if we use the fiber contraction theorem we can only show that these invariant manifolds are C^{k−1,1}. The only places in the literature, known to the author, where the possible loss of differentiability of an invariant manifold when the map is C^k, k ∈ N is avoided are [2], [5], [9] and [17].

Since in this article we use the results of [4] , we keep the style notation and definitions of [4] . For the sake of completeness we include all definitions and notation. Moreover, ([4] 5.2) will mean equation (5.2) in [4] . Also, Lemma [4] 3.5 will mean Lemma 3.5 of [4] .

In Section 2 we give some definitions and state our main theorem. In Section 3 we give all the definitions, notation and setup used in [4] and indicate which conclusions in [4] are still valid when δ = 0. We also reduce the main theorem to Proposition 3.3 which we prove in Section 4.

The idea of the proof is as follow: By applying the results in [4] we know that we have a C^{k−1,1} map y = w(x) which is an attractive fixed point for a transformation Γ defined on the appropriate function space. We also

Date: May 19, 2000.

Key words and phrases. Invariant manifolds, Linearization. 1

know that Δ^{k−1}w := (w, Dw, · · · , D^{k−1}w) is an attractive fixed point for the (k − 1)^{st} lift of Γ which we denote by Γ_{k−1}. Moreover, we know that k^{st} lift Γ_k is a fiber contraction which is not necessarily continuous in the base points. Thus, we can apply the standard contraction theorem to the invariant fiber above Δ^{k−1}w and obtain a fixed point, say μ. This μ is our candidate for D^kw. We cannot use the fiber contraction theorem to conclude that D^kw = μ because Γ_k is not necessarily continuous in the base points. To show that D^kw = μ, it suffices to show that given x and h D^{k−1}w(x + h) − D^{k−1}w(x) = ∫_1 0 μ(x + th)hdt (*) Now let u_o be any C^k function (such that Δ^ku_o is in the function space defined below) and let u_n = Γ u_n, n ≥ 1. Now, ‖Δ^{k−1}u_n − Δ^{k−1}w‖ → 0 and

D^{k−1}u_n(x + h) − D^{k−1}u_n(x) =

∫_1 0 D^ku_n(x + th)hdt (#) The left hand side of (#) converges uniformly (everywhere) to the left hand side of (*). Let I = {x + th | 0 ≤ h ≤ 1}. To show that the right hand side of (#) converges uniformly on I to the right hand side of (*) we restrict the fiber contraction Γ to a set W which consists of the line segment I and its images under D^iu_n, 1 ≤ i ≤ k −1, n ≥ 0 and a few other sets given explicitly in Lemma 4.4 where we show that W is in fact compact. We all know that a continuous function on a compact set is uniformly continuous. We use this fact to show that the restriction of Γ_k to W is continuous in the restrictions of the base points. Then we can apply the fiber contraction theorem to the restricted Γ_k and conclude that D^ku_n |_I → μ |_I as n → ∞.

1.1. Remarks. We refer the reader to [4] for the details on how to obtain the various invariant manifolds at a fixed point of a map from our main Theorem 1 below. We would like to recall a few points from [4] here:

1. In [4, Section 1.7, page 235] we show how to obtain what we call the PU invariant manifolds from our main Theorem 1. The PU manifolds are the pseudo-unstable, centre-unstable, unstable, strong-stable and weak-stable manifolds. The last one is for contracting maps. Each of these invariant manifolds corresponds to part of the spectrum (of the linear part of the map at the fixed point) that lies outside a circle of radius ρ in the complex plane C . To define the graph transform for PU manifolds we need to use the Lipschitz inverse function theorem [22, page 49], [4, Lemma 1.8 page 236].

2. In [4, Section 1.9, page 238] we show how to obtain what we call the PS invariant manifolds from our main Theorem 1. The PS manifolds are the pseudo-stable, centre-stable, stable, strong-stable and weakunstable manifolds. The last one is considered for expanding maps. Each of these invariant manifolds corresponds to part of the spectrum (of the linear part of the map at the fixed point) that lies inside a circle of radius ρ in C . We do not need to use the Lipschitz inverse function theorem to define the graph transform for PS manifolds.

3. In [4, Section 1.10, page 239] we discuss local invariant manifolds.

There, we divide these invariant manifolds into two groups: S-manifolds and W-manifolds. There is a fundamental difference between these two groups when it comes to the issue of local manifolds. First we explain what they are: S-manifolds are the strong-stable, strong-unstable, stable and unstable manifolds. Notice the the part of the spectrum that corresponds to each these manifolds does not include the unit circle. They satisfy condition (S) in Definition 2.1.2 below and hypothesis (H1) of Theorem 1 below. W-manifolds are the pseudo-unstable, centre-stable, centre-unstable, weak-stable and weak-unstable manifolds. The part of the spectrum that correspond to a W-manifolds either include the unit circle (the first 3) or lies in an annulus with radii 1 and ρ (the weak ones). They satisfy condition (W).

4. The fundamental difference between S-manifolds and W-manifolds is that the graph transform for S-manifolds can be formulated on the unit sphere B_1(0) ⊂ X. Thus, the smallness assumption needed can be obtained by replacing the original map say Φ by

Φ_λ(x) = 1 λ Φ(λx) Notice that the linear part does not change. Moreover, y = w_λ(x)|x| ≤ 1, is invariant under Φ_λ iff y = w(x) := λw_λ(x/λ), |x| ≤ λ, is invariant under Φ.

On the other hand, the graph transform for a W-manifold has to be studied on all of the Banach space X. In this case one would like to obtain the smallness assumptions on the nonlinear part of the map by means of a smooth cut-off functions. And this is where trouble starts: Infinite dimensional Banach spaces does not always admit smooth cutoff functions. In [15], it is shown that the space of continuous functions on an interval does not admit a C^1 cut-off function. In [19], it is shown that a separable Banach space admits a Fréchet differentiable cut-off function iff its dual space is separable.

Now we can see that for W-manifolds, the smallness assumptions are very restrictive because they truly have to satisfied globally.

2. Main Result

We start by recalling some definitions from [4] and restating Theorem [4] C with ”0 < δ ≤ q” replaced by ”0 ≤ δ ≤ q”.

2.1. Definition. 1. Let X and Y be Banach spaces. Let Z = X ⊕ Y be endowed with the box norm. For a linear operator L, ‖L‖ will denote the operator norm of L.

2. Let X_o ⊂ X and q = 0, 1. We will consider two cases:

(W): X_o = X and q = 0.

(S): X_o = B_1(0) and q = 1, where B_1(0) is the closed unit ball in X centred at the origin 3. Let C^{0,1}(X_o, Y ) the space of uniformly Lipschitz functions. Let

‖u‖_∗ = sup_{x≠0} |u(x)| |x|^q , u ∈ C^{0,1}(X_o, Y ) 4. Let id_{Xo} : X_o → X_o be given by id_{Xo} (x) = x. Consider a map Q : C^{0,1}(X_o, Y ) → C^{0,1}(X_o, X_o), u → Q_u. If Q_u = id_{Xo} for all u ∈ C^{0,1}(X_o, Y ) we say that Q is of type (a) and write Q ≡ id_{Xo} .

5. Let T : X → X be linear and continuous and h ∈ C^{0,1}(Z, X). Suppose that for all u ∈ C^{0,1}(X_o, Y ) we can solve the implicit relation z = T x + h(z, u(z)) uniquely in z in terms of x ∈ X_o. Thus, for all u ∈ C^{0,1}(X_o, Y ), we have a function Q_u : X_o → X_o, x → z = Q_u(x) Q_u = T + h ∘ (id, u) ∘ Q_u Assume that for all u ∈ C^{0,1}(X_o, Y ), Q_u ∈ C^{0,1}(X_o, X_o). Thus we have a map Q : C^{0,1}(X_o, Y ) → C^{0,1}(X_o, X_o), u → Q_u. In this case we say that Q is of type b(T, h).

The following lemma is straightforward.

2.2. Lemma. Let Q : C^{0,1}(X_o, Y ) → C^{0,1}(X_o, X_o) be of type b(T, h). Assume that Lip(h) < 1 and h(0, 0) = 0. Let u ∈ C^{0,1}(X_o, Y ) be such that u(0) = 0 and Lip(u) ≤ 1. Then Lip((id, u)) = 1, Q_u(0) = 0 and Lip(Q_u) ≤ ‖T ‖ 1 − Lip(h) . 2.3. Definition. Let E_1 and E_2 be Banach spaces and X_o ⊂ E_1. For a function h ∈ C^k(X_o, E_2) define the following for 0 ≤ j ≤ k and 0 < γ ≤ 1: ‖D^jh‖ := sup { ‖D^jh(x)‖ | x ∈ X_o } β_{j,γ}(h) := β_γ (D^jh) := sup { ‖D^jh(x) − D^jh(x^′)‖ |x − x^′|^γ | x ≠ x^′, x, x^′ ∈ X_o } , Δ^jh(x) := (h(x), Dh(x), · · · , D^jh(x)). If β_{k,δ}(h) < ∞, we say that h ∈ C^{k,δ}(X_o, E_2).

Notice that for 0 ≤ j ≤ k − 1, β_{j,1}(h) ≤ ‖D^{j+1}h‖. In this work we prove the following Theorem 1:

Theorem 1. Let X, Y, Z and X_o be as in definition 2.1. Let k = 1, 2, · · · and 0 ≤ δ ≤ 1, Assume the following:

(H1): Let M : Y → Y ; B_1, B_2, C : X → X be continuous linear maps such that ‖M‖ ‖C‖ < 1 and assume that either (W) or (S) holds: (W): ‖M‖ ≤ 1. (Thus ‖M‖ ‖C‖^q < 1 since q = 0). (S): ‖C‖ < 1. (Thus ‖M‖ ‖C‖^q < 1, since q = 1).

(C1): Let F = (f, g, h_1, h_2) where f, h_1, h_2 ∈ C^{k,δ}(Z, X), g ∈ C^{k,δ}(Z, Y ), F (0, 0) = 0 and DF (0, 0) = 0. (C2): ‖D^jF ‖ ≤ ϵ, j = 0, 1, · · · , k. (C3): β_{j,1}(F ) := Lip(D^jF ) < ϵ, j = 0, 1, · · · , k −1. If 0 < δ ≤ 1, assume that β_{k,δ}(D^jF ) < ϵ.

(H2): Let J : C^{k,δ}(X_o, Y ) → C^{k,δ}(X_o, X_o) be of type (a) or b(B_1, h_1). Let H : C^{k,δ}(X_o, Y ) → C^{k,δ}(X_o, X_o) u → H_u := C + S_F u S_F u := f ∘ (id, u) ∘ J_u. (H3): Let K : C^{k,δ}(X_o, Y ) → C^{k,δ}(X_o, X_o) be of type (a) or b(B_2, h_2). Let R_F : C^{k,δ}(X_o, Y ) → C^{k,δ}(X_o, X_o) u → R_F u := g ∘ (id, u) ∘ K_u. For u ∈ C^{k,δ}(X_o, Y ) let Γ_F u := Mu ∘ H_u + R_F u. (2.1)

Then, for sufficiently small ϵ > 0, Γ_F has a fixed point w ∈ C^{k,δ}(X_o, Y ) which is unique in the class of functions that satisfies w(0) = 0 ‖w‖_∗ ≤ 1 ‖D^jw‖ ≤ 1, 0 ≤ j ≤ k β_1(D^jw) ≤ 1, 0 ≤ j ≤ k − 1 If 0 < δ ≤ 1, w also satisfies β_δ(D^kw) ≤ 1 In [4] we proved Theorem 1 for 0 < δ ≤ 1. Therefore we know that Theorem 1 is true for C^{k−1,1} maps. In this work we consider the case δ = 0.

In what follows we need the fiber contraction theorem which is proved in [12, page 136].

2.4. The Fiber Contraction Theorem. Let B be a metric space and

ϕ : B → B a map having an attractive fixed point p (i.e. ∀u ∈ B : ϕ^n(u) → p

as n → ∞.) Let Y be a metric space and {ψ^u | u ∈ B} a family of maps ψ^u : Y → Y such that the formula Γ (u, σ) = (ϕ(u), ψ^u(σ)) defines a continuous map Γ : B × Y → B × Y. Let q ∈ Y be a fixed point for ψ^p. Then, (p, q) is an attractive fixed point for Γ provided that lim sup n→∞ Lip(ψ^{ϕn(u)}) < 1, ∀u ∈ B. (2.2)

3. The Setup In this section we give all the definitions, notation and setup used in [4] which we need for the case δ = 0. We also indicate which conclusions in [4] are still valid when δ = 0.

3.1. Definition. 1. Let ‖u‖_∗ be as in Definition 2.1 and define the following spaces: X^o = {u ∈ C^0(Xo, Y ) | ‖u‖∗ < ∞}, Y^o = {u ∈ X^o(Xo, Y ) | u(0) = 0, ‖u‖∗ ≤ 1, Lip(u) ≤ 1}. Let Γ_o := Γ_F : Y^o → Y^o be given by (2.1).

2. For 1 ≤ j ≤ k, let L(X^j, Y ) be the Banach space of symmetric continuous j-multilinear maps from X^j to Y with the standard norm

‖A‖ := sup { |Aξ| |ξ| | 0 ≠ ξ ∈ X } . For σ ∈ C^0(X_o, L(X^j, Y )) and 0 < γ ≤ 1, let ‖σ‖ := sup_{x∈Xo} ‖σ(x)‖, β_γ (σ) := sup { ‖σ(x) − σ(x^′)‖ |x − x^′|^γ | x ≠ x^′, x, x^′ ∈ X_o } . Notice that β_1(σ) = Lip(σ).

3. For 1 ≤ j ≤ k, let X^j :=^{σj ∈ C^0(Xo, L(X^j, Y ) | ‖σj‖ < ∞^} , Y^j :=^{σj ∈ X^j | ‖σj‖ ≤ 1, β1(σj) ≤ 1^} , 1 ≤ j ≤ k − 1 Y^k :=^{σk ∈ X^k | ‖σk‖ ≤ 1^} ,

Σ_o := (u) = σ_o, Σ_j := (u, σ_1, · · · , σ_j), 1 ≤ j ≤ k − 1, Σ := Σ_{k−1}, ‖Σ_j‖_∗ := max{‖u‖_∗, ‖σ_1‖, · · · , ‖σ_j‖}, 1 ≤ j ≤ k − 1. It is obvious that each (X^j, ‖ · ‖) is a Banach space and that Y^j is a closed subset.

4. Let z := H_u(x), ζ := J_u(x) and ξ := K_u(x).

5. Let k = 1 and σ_1 ∈ Y^1. Let J^1_Σσ_1(x) := J^1_u σ_1(x) where

J^1_Σσ_1(x) := { I, J is of type (a), [I − Dh_1(ζ, u(ζ))(I, σ_1(ζ))]^{−1} B_1, J is of type b(B_1, h_1) Let K^1_Σσ_1(x) := K^1_uσ_1(x) where

K^1_Σσ_1(x) := { I, K is of type (a), [I − Dh_2(ξ, u(ξ))(I, σ_1(ξ))]^{−1} B_2, K is of type b(B_2, h_2) Let H^1_Σσ_1(x) := H^1_uσ_1(x) := C + S^1_uσ_1(x) := C + Df(ζ, u(ζ))(I, σ_1(ζ))J^1_u σ_1(x). Let Γ_1 : Y^o × Y^1 → Y^o × Y^1,

(3.1) Γ_1(u, σ_1) := Γ_{ΔF} (u, σ_1) := (Γ_ou, Γ^u_1 σ_1), Γ^u_1 σ_1(x) := Mσ_1(z)H^1_uσ_1(x) + Dg(ξ, u(ξ))(I, σ_1(ξ))K^1_uσ_1(x).

6. Let k ≥ 2 and σ_k ∈ Y^k. Let

J^k_Σσ_k(x) := { I, J is of type (a), [I − Dh_1(ζ, u(ζ))(I, σ_1(ζ))]^{−1} A(x) J, is of type b(B_1, h_1) A(x) := Dh_1(ζ, u(ζ))(0, σ_k(ζ))[J^1_Σσ_1(x)]^k + Q^{h1;J}_k (Σ, x)

K^k_Σσ_k(x) := { I K is of type (b), [I − Dh_2(ξ, u(ξ))(I, σ_1(ξ))]^{−1} B(x) K, is of type b(B_2, h_2) B(x) := Dh_2(ξ, u(ξ))(0, σ_k (ξ))[K^1_Σσ_1(x)]^k + Q^{h2;K}_k (Σ, x) H^k_Σσ_k(x) := Df(ζ, u(ζ))(0, σ_k(ζ))[J^1_Σ(x)σ_1(x)]^k + Df(ζ, u(ζ))(I, σ_1(ζ))J^k_Σ σ_k(x) + Q^{f;J}_k (Σ, x), where

P_k(Σ, x) := P_k(Δ^kf(ζ, u(ζ)), Σ(z), Σ(ζ), H^{(k−1)}_Σ (x)), Q^{h;L}_k (Σ, x) := Q^{h;L}_k (Δ^kh(η, u(η)), Σ_{k−1}(η), N^{(k−1)}_Σ (x)), η := L_u(x), h = f, g, h_1, h_2, L = J, K, N^{(k−1)} Σ (x) := (N^1_Σσ_1(x), · · · , N^{k−1}_Σ σ_{k−1}(x)), N = H, J , K, P_k(0, ·, ·, ·) ≡ 0, P_k(·, 0, ·, ·) ≡ 0, P_k(·, ·, ·, 0) ≡ 0, Q^{h;L}_k (0, ·, ·) ≡ 0, Q^{h;L}_k (·, ·, 0) ≡ 0. Moreover, P_k(t_1, t_2, t_3, t_4) and Q^{h;L}_k (t_1, t_2, t_3) are polynomials in the components of their arguments and linear in the components of t_1.

7. For k ≥ 1, let ρ = σ_k and

Bk−1 :=^{k−1∏}_{i=0} Y^i

Γ_k : B_{k−1} × Y^k → B_{k−1} × Y^k, Γ_k(Σ, ρ) := Γ_Δk_F (Σ, ρ)

:= (Γ_{k−1}(Σ), Γ^Σ_k ρ),

Γ^Σ_k ρ(x) := Mρ(z)[H^1_Σσ_1(x)]^k + Mσ_1(z)H^k_Σρ(x)

+ P_k(Σ, x) + Q^{g;K}_k (Σ, x)

+ Dg(ξ, u(ξ))(0, ρ(ξ))[K^1_Σ σ_1(x)]^k + Dg(ξ, u(ξ))(I, σ_1(ξ))K^k_Σρ(x). 8. Notice that if w is a C^k fixed point for Γ_o, then Γ_k(Δ^kw) = Δ^kw 3.2. Information about Γ_k which can be obtained from [4] . Most of the estimates in [4] are valid for the case δ = 0. The only estimates that are not valid are the ones that lead to the conclusion that Γ^Σ_k ρ is continuous in Σ. These are the estimates in [4, Lemma 4.7]. More precisely we know the following for sufficiently small ϵ > 0:

1. Theorem 1 is proven in [4] for the case 0 < δ ≤ 1. If we apply it, with smoothness C^{k−1,1}, to Γ_{k−1} : B_{k−1} → B_{k−1}, we conclude that Γ_{k−1} is well defined, (i.e. Γ_{k−1} maps B_{k−1} to itself) and has a unique attractive fixed point Σ_∗ = (w, τ_1, · · · , τ_{k−1}) ∈ B_{k−1} and τ_j = D^jw for j = 1, · · · , k − 1. 2. For all Σ ∈ B_{k−1}, the map Γ^Σ_k maps Y^k to itself and hence Γ_k maps

Bk−1 × Y^k to itself. This is shown [4, Lemma 4.4] where the proof is

valid for δ = 0.

3. For sufficiently small ϵ > 0, there is 0 < θ = [‖M‖‖C‖^k + O(ϵ)] < 1 such that for all Σ ∈ B_{k−1}, for all ρ, λ ∈ Y^k ‖Γ^Σ_k ρ − Γ^Σ_k λ‖ ≤ θ‖ρ − λ‖. (3.2)

This is shown in [4, Proposition 4.6] where the proof is valid for δ = 0. 4. It follows that Γ_k : B_{k−1}×Y^k → B_{k−1}×Y^k is well defined and is a fiber contraction which is not necessarily continuous in Σ. Since Σ_∗ ∈ B_{k−1} is fixed under Γ_{k−1}, the fiber F_∗ := {Σ_∗} × Y^k is invariant under Γ_∗ := Γ_{k−1} × Γ^Σ�_k . By (3.2) and the standard contraction mapping theorem, Γ_∗ has a unique attractive fixed point (Σ_∗, μ) ∈ F_∗.

5. However, we do not know that Γ^Σ_k ρ is continuous in Σ, which is one of the hypotheses of the Fiber Contraction Theorem 2.4. Therefore we cannot conclude that (Σ_∗, μ) is a unique attractive fixed point for Γ_k : B_{k−1} × Y^k → B_{k−1} × Y^k, which is essential in showing that μ = D^kw.

6. Despite this temporary setback, we have a candidate for D^kw, namely, μ the fixed point of Γ_∗. We show that μ = D^kw directly using Proposition 3.3 below.

7. Before we proceed to show that in fact μ = D^kw, let’s see why we can prove that Γ^Σ_k ρ is continuous in Σ only when 0 < δ ≤ 1 but not when δ = 0: When 0 < δ ≤ 1, we include the requirement β_δ(σ_k) ≤ 1 in the definition of Y^k. Then, the map F and ρ ∈ Y^k are uniformly δ-Hölder continuous. This precisely what we used in the proof of Lemma 4.7 of [4] to show that Γ^Σ_k ρ is continuous in Σ.

3.3. Proposition. If x and h are in X such that both x and x + h are in X_o, then D^{k−1}w(x + h) − D^{k−1}w(x) = ∫_1 0 μ(x + th)hdt. (3.3)

It follows that D^{k−1}w is continuously differentiable and D^kw = μ.

4. Proof of Proposition 3.3.

4.1. Definition. Let x and h be as in Proposition 3.3 and define the following:

1. Let u_o ∈ Y^o be such that Δ^ku_o ∈ B_{k−1} ×Y^k. Let u_n := Γ_ou_{n−1}, n ≥ 1.

Thus, for n ≥ 0, Δ^ku_n ∈ B_{k−1} × Y^k. Let u_∞ := w.

2. Let U_n := Δ^{k−1}u_n and U_∞ := W := Δ^{k−1}w. Thus, for n ≥ 0, U_n ∈ Bk−1, Un = (Γk−1)^n(Uo), and ‖Un − W ‖∗ → 0 as n → ∞. 3. Let χ : [0, 1] → X_o be given by χ(t) := x + th. Let I := χ([0, 1]). 4. Let ϕ_n := U_n|_I , for n ≥ 0, and ϕ_∞ := W |_I = U_∞|_I . 5. Let V := {ϕn | 0 ≤ n ≤ ∞}, Y := {ρ̂ = ρ|I | ρ ∈ Y^k}, ‖ϕ_n‖_o := ‖U_n|_I ‖_∗, ‖ρ̂‖_1 := ‖ρ|_I ‖ = sup_{χ∈I} ‖ρ(χ)‖, ρ̂ = ρ|_I ∈ Y. 6. Let Λ : V × Y → V × Y be the obvious restriction of Γ_k to V × Y given by: Λ(ϕ_j, ρ̂) := (Λ_oϕ_j , Λ^{ϕj} ρ̂) := [Γ_k(U_j, ρ)]|_I .

(4.1)

Let z_j = H_{uj} (χ), ζ_j = J_{uj} (χ) and ξ_j = K_{uj} (χ). Thus for χ ∈ I, Λ_oϕ_j(χ) := Λ_o(U_j|_I )(χ) := [Γ_{k−1}U_j]|_I (χ),

Λ^{ϕj} ρ̂(χ) := [Γ^{Uj}_k ρ]|_I (χ)

(4.2) = Mρ(z_j)[H^1_{Uj} Du_j(χ)]^k + MDu_j(z_j)H^k_{Uj} ρ(χ)

+ P_k(U_j, χ) + Q^{g;K}_k (U_j, χ) + Dg(ξ_j, u_j(ξ_j))(0, ρ(ξ_j ))[K^1_{Uj} Du_j(χ)]^k

+ Dg(ξ_j, u(ξ_j ))(I, Du_j(ξ_j))K^k_{Uj} ρ(χ). 4.2. Remarks. 1. It is obvious that (V, ‖·‖_o ) is a complete metric space since it consists of one sequence and its limit point. Also (Y, ‖ · ‖_1) is a metric space. Recall that the fiber contraction theorem is stated for metric spaces.

2. Recall that

(Γ_{k−1}U_j , Γ^{Uj}_k D^ku_j) = Γ_k(U_j, D^ku_j) = Γ_k(Δ^ku_j)

(4.3)

= Δ^k(Γ_ou_j) = Δ^ku_{j+1} = (U_{j+1}, D^ku_{j+1}).

Restricting (4.3) to I, we obtain Λ_oϕ_j = [Γ_{k−1}U_j]|_I = U_{j+1}|_I = ϕ_{j+1},

(4.4)

Λ^{ϕj} (D^ku_j|_I ) = [Γ^{Uj} D^ku_j)]|_I = [D^ku_{j+1}]|_I .

4.3. Proposition. The following are true for sufficiently small ϵ > 0:

1. Λ maps V × Y to itself.

2. The fiber Y_∞ := {ϕ_∞} × Y is invariant under Λ.

3. Λ : V × Y → V × Y is a fiber contraction (not necessarily continuous in U_j yet).

4. Λ^ϕ1 : Y_∞ → Y_∞ has a unique attractive fixed point τ. 5. In fact, τ = μ|_I where μ is the unique attractive fixed point of Γ^W_k : {W } × Y^k → {W } × Y^k. Proof. Assertions (1)-(4) follow from Section 3.2. As for (5), it is obvious that μ|_I ∈ Y is a fixed point for Λ^ϕ1 = Γ^w |_I . But τ is the unique fixed point of Λ^ϕ1. Thus τ = μ|_I .

In order to be able to apply the Fiber Contraction Theorem we need to show that Λ(ϕ_j, ρ̂) is continuous in ϕ_j. We need the following elementary but important lemma.

4.4. Lemma. Let 0 ≤ i ≤ k−1, 0 ≤ j ≤ ∞ and L = H, J, K. The following sets are compact subsets of Y :

U_j = u_j(I), Z^L_j = L_{uj} (I), V^{L,i}_j = D^iu_j(L_{uj} (I)), U = j=∞⋃ j=0 U_j, Z^L = j=∞⋃ j=0 Z^L_j , V^{L,i} = j=∞⋃ j=0 V^{L,i}_j ,

V^L = k−1⋃ i=0 V^{L,i},

W = U ∪ Z^H ∪ Z^J ∪ Z^K ∪ V^H ∪ V^J ∪ V^K . Proof. Since a finite union of compact sets is compact, and since a continuous image of the interval [0, 1] is compact, we need to consider only U, Z^L and V^{L,i}. We will prove that V^{L,i} is compact. The other two cases are easier.

Recall that X and Y are Banach. Since V^{L,i}_∞ is compact, for all α > 0 there is a finite set of points {x_1, · · · , x_{nα} } ⊂ V^{L,i}_∞ , such that V^{L,i}_∞ ⊂ O(α) := nα⋃ i=1 O(x_i, α), O(x, α) := {x^′ ∈ X_o | |x^′ − x| < α}. Fix χ ∈ I and let η_j := L_{uj} (χ), 0 ≤ j ≤ ∞. By assertion (1) and (2) of [4, Lemma 2.3], |η_j − η_∞| = |L_{uj} (χ) − L_w(χ)| ≤ O(ϵ)‖u_j − w‖_∗ → 0, (4.5) as j → ∞, uniformly in χ ∈ X_o. Moreover, ‖D^iu_j(η_j) − D^iw(η_∞)‖ ≤ ‖D^iu_j(η_j) − D^iw(η_j )‖ (4.6) + ‖D^iw(η_j ) − D^iw(η_∞)‖ ≤ ‖D^iu_j − D^iw‖ + β_1(w)|η_j − η_∞| ≤ 2‖U_j − W ‖_∗ → 0, as j → ∞, uniformly in χ ∈ X_o.

It follows that for all α > 0, there is j_o such that: If j ≥ j_0, then V^{L,i}_j ⊂ O(α). The finite union of compact sets V^{L,i}_0 ∪ V^{L,i}_1 ∪ · · · ∪ V^{L,i}_{jo−1}, is compact. Thus, for all α > 0, V^{L,i} has a finite cover of open balls of radius α. Since Y is also a metric space, it follows that V^{L,i} is compact. 4.5. Lemma. As above, let L = H, J, K; N = H, J , K; h = f, g, h_1, h_2; A = C, B_1, B_2; and η_j = L_{uj} (χ), χ ∈ I, 0 ≤ j ≤ ∞, where the correspondence between L, N , h and A should be obvious from hypotheses (H1) and (H2). The following are true for sufficiently small ϵ > 0: |η_j − η_n| ≤ O(ϵ)‖(u_j − u_n) |_I ‖_∗ ≤ ‖(u_j − u_n) |_I ‖_∗ (4.7) ≤ ‖ϕ_j − ϕ_n‖_o, |u_j(η_j) − u_n(η_n)| ≤ [‖A‖^q + O(ϵ)]‖(u_j − u_n) |_I ‖_∗ (4.8) ≤ [‖A‖^q + O(ϵ)]‖ϕ_j − ϕ_n‖_o. For all α > 0, there is c > 0 such that: if ‖ϕ_j − ϕ_n‖_o < c, then for all χ ∈ I, the following are true for 1 ≤ j, n ≤ ∞: ‖D^kh(η_j , u_j(η_j)) − D^kh(η_n, u_n(η_n))‖ < α, k ≥ 1 (4.9) ‖ρ(η_j) − ρ(η_n)‖ < α (4.10) ‖L^1_{Uj} ρ(χ) − L^1_{Un} ρ(χ)‖ < α (4.11) ‖P_k(ϕ_j, χ) − P_k(ϕ_n, χ)‖ < α, k ≥ 2 (4.12) ‖Q^{h;L}_k (ϕ_j, χ) − Q^{h;L}_k (ϕ_n, χ)‖ < α, k ≥ 2 (4.13) ‖L^k_{Uj} ρ(χ) − L^k_{Un} ρ(χ)‖ < α, k ≥ 2 (4.14) Proof. Notice that Lemma 2.3 of [4] is applicable for δ = 0, k ≥ 1 since it is proved at the C^{0,1} level. Now, estimate (4.7) follows from [4, Lemma 2.3(1,2)] and estimate (4.8) follows from [4, Lemma 2.3(3)].

To prove estimate (4.9) Let G = D^kh. Since G is continuous and W is compact, it follows that G|_W is uniformly continuous. Thus, for all α > 0, there is d > 0, such that : if ξ, ξ^′, ν, ν^′ ∈ W, |ξ − ξ^′| < d and |ν − ν^′| < d, then |G(ξ, ν) − G(ξ^′, ν^′)| < α. Let c = min{d, d[‖A‖^q + O(ϵ)]^{−1}}. Assume that ‖ϕ_j − ϕ_n‖_o < c. Then, by (4.7),|η_j − η_n| < c < d, and by (4.8), |u_j(η_j) − u_n(η_n)| < [‖A‖^q + O(ϵ)]c < d Thus, G(η_j, u_j(η_j)) − G(η_n, u_n(η_n))| < α.

The proof of estimate (4.10) is similar since ρ is continuous and W is compact. In fact it is simpler since we need only estimate (4.7).

To prove estimate (4.11) notice that all the functions involved in L^1_{Ui} ρ(χ) are continuous and hence uniformly continuous on W. Now the estimate follows from estimates (4.7)-(4.10) using an argument similar to the one used to prove (4.9). Notice that in the case k = 1, Γ^1_u ρ does not include P and Q terms.

As for estimates (4.12) and (4.13), notice that for k ≥ 2, all the terms in P_k(ϕ_i, χ) and Q^{h;L}_k (ϕ_i, χ), except (Δ^kh) ∘ (id, u_i), are at least C^1 and have uniformly bounded first derivatives which implies uniform continuity on all of X_o. The term (Δ^kh) ∘ (id, u_i) is treated in (4.9). Thus, P_k(ϕ_i, χ) and Q^{h;L}_k (ϕ_i, χ) are uniformly continuous on W. In view of estimates (4.7)- (4.10), an argument similar to that used in the proof of estimate (4.9) shows that estimates (4.12) and (4.13) are true.

Now estimate (4.14) follows from estimates (4.7)-(4.13) using an argument similar to that used to prove estimate (4.9).

4.6. Proposition. For sufficiently small ϵ > 0, Λ(ϕ, ρ̂) = (Λ_oϕ, Λ^ϕρ̂) is continuous in ϕ.

Proof. We know that Λ_oϕ is continuous in ϕ. We need to show that Λ^ϕρ̂ is continuous in ϕ. Considering (4.2), we can see that all terms are at least uniformly Lipschitz continuous except the terms ρ(z), , ρ(ξ), H^k_U ρ(χ), P_k(U, χ), Q^{g,K}_k (U, χ) and K^k_U ρ(χ). However, all these terms are continuous and hence uniformly continuous on the compact set W. In view of Lemma 4.5, for all α > 0, there is c > 0, such that: if ‖ϕ − ψ‖_o < c, then ‖Λ^ϕρ̂ − Λ^ϕρ̂‖_1 < α. This shows that Λ^ϕρ̂ is continuous in ϕ.

4.7. Proposition. For sufficiently small ϵ > 0, the fiber contraction Λ :

V × Y → V × Y has a unique attractive fixed point given by (ϕ∞, μ |I ).

Proof. In Proposition 4.3 we showed that Λ : V × Y → V × Y is a fiber contraction and that on the invariant fiber Y_∞, the map Λ^ϕ1 : Y_∞ → Y_∞ has a unique attractive fixed point τ = μ |_I . By Proposition 4.6, Λ^ϕρ̂ is continuous in ϕ. By the fiber contraction theorem, (ϕ_∞, μ |_I ) is a unique attractive fixed point for Λ : V × Y → V × Y.

Proof of Proposition 3.3. Let {u_n | n = 0, 1, 2, · · · } be as in Definition

4.1. Each u_n is C^k. Therefore L_n(x, h) := D^{k−1}u_n(x + h) − D^{k−1}u_n(x)

= ∫_1 0 D^ku_n(x + th)hdt =: R_n(x, h) We also know that ‖D^{k−1}u_n −D^{k−1}w‖ → 0 as n → ∞ on X_o. Thus L_n(x, h) converges uniformly to the left hand side of (3.3) on X_o. It remains to show that R_n(x, h) converges to the right hand side of (3.3).

Recall that (ϕ_∞, μ|_I ) is the unique attractive fixed point of Λ. Thus, by (4.4), ‖μ|_I − D^ku_n|_I ‖ → 0, as n → 0. It follows that, ‖ ∫_1 0 D^ku_n(x + th)h − μ(x + th)hdt‖ ≤ |h|‖D^ku_n|_J − μ|_J ‖ → 0 as n → 0.

This finishes the proof of Proposition 3.3 and Theorem 1.

References

[1] P. W. Bates, K. Lu, C. Zeng, Existence and persistence of invariant manifolds for semi-flows in Banach spaces, preprint [2] S-N Chow, K. Lu, C^k centre unstable manifolds, Proc. Roy. Soc. Edinburgh, 108A, 1988, 303-320.

[3] S-N Chow, K. Lu, Invariant manifolds for flows in Banach spaces, J. Differential Equations, 74, 1988, 285-317.

[4] M. S. ElBialy, On Pseudo-Stable and Pseudo-Unstable Manifolds for Maps, J. Of Mathematical Analysis and Applications 232, 229-258 (1999).

[5] M.S. ElBialy, Sub-stable and weak-stable manifolds associated with finitely nonresonant spectral subspaces, Mathematische Zeitschrift, accepted.

[6] M. S. ElBialy, Embedding lemmas for functions of a Banach space that vanish up to higher order terms, in preparation.

[7] N. Fenichel, Persistence and smoothness of invariant manifolds for flows, Ind. Math.

Journal, 21, 1973, 193-226.

[8] N. Fenichel, Asymptotic stability with rate conditions, Ind. Math. Journal, 23, 1973, 1109-1137.

[9] S. A. van Gils, A. Vanderbauwhede, Center manifolds and contractions on scales of Banach spaces, Journal of Functional Analysis, 72, 1987, 209-224.

[10] J. Hadamard, Sur l’itrération et les solutions asymptotiques des équations differentielles, Bull. Soc. Math, France, 29 1901, 224-228.

[11] D. Henry, Geometric theory of parabolic equations, Lecture Notes in Mathematics 840, Springer, New York, 1981.

[12] M. W. Hirsh, C. C. Pugh, Stable manifolds and hyperbolic sets, Proc. Symp. In Pure Math., vol. 14, AMS, Providence, RI, 1970, 133-164.

[13] M. W. Hirsh, C. C. Pugh, M. Shub, Invariant manifolds Lecture notes in mathematics, vol. 583, Springer Verlag, New York 1977.

[14] M. C. Irwin, A new proof of the pseudo-stable manifold theorem, J. London Math.

Soc. 21 1980, 557-556 [15] N. Kurzweil, On approximation in real Banach spaces, Studia Math. 14, 213-231, 1954.

[16] R. de la Llave, Invariant manifolds associated to non-resonant spectral subspaces, J.

Stat. Phys. 87, No. 1-2, 211-249, 1997.

[17] R. de la Llave, C. E. Wayne, On Irwin’s proof of the pseudo-stable manifold theorem, Mathematische Zeitschrift, 219, 1995 301-321.

[18] R. de la Llave, C. E. Wayne, Invariant manifolds associated to non-resonant invariant subspaces for some non-invertible maps and semi-flows, preprint.

[19] E.B. Leach, J. H. M. Whitfiels, Differentiable functions and rough norms on Banach spaces Proc. A. M. S., 33, 120-126, 1979.

[20] O. Perron, Über Stabilität und asymptotisches Verhalten der Integrale von Differentialgleichungssystemen, Mathematische Zeitschrift, 29, 1928, 129-190.

[21] Ya. B. Pesin, On the existence of invariant fiberings for diffeomorphism of a smooth manifold, USSR Sbornik vol. 20, No. 2, 1973, 213-222.

[22] M. Shub, Global stability of dynamical systems, Springer-Verlag, New York, 1987.

Mathematics Department, University of Toledo, Toledo, Ohio 43606 E-mail address: melbialy@math.utoledo.edu