MEAN FIELD BOUNDS ON LYAPUNOV EXPONENTS IN Z^d AT THE CRITICAL ENERGY

Wei-Min Wang

UMR 8628 du CNRS Département de mathématiques Université Paris-Sud Batiment 425 91405 Orsay CEDEX, FRANCE

Abstract. We further develop the supersymmetric formalism initiated in [W1] (see also [SjW]). We obtain the optimal mean field bounds at the critical energy for Lyapunov exponents of random walks in random potentials in Zd at weak disorder. This extends some of the results in [W1].

1991 Mathematics Subject Classification. 35P, 60K, 81V. Key words and phrases. supersymmetry, Lyapunov exponents.

Typeset by AMS-TEX 1

I. Introduction

In this paper we continue our quantitative study of Lyapunov exponents for random walks in random potentials started in [W1]. We use the analytical framework introduced there. Let (1.1) H = Δ + γV, on ℓ^2(Z^d),

where

(1.2)

Δ_{ij} = 1 |i − j|_ℓ1 = 1 = 0 otherwise;

γ is a positive parameter, the potential function V is a diagonal matrix: V = diag(v_j ), j ∈ Z^d, where {v_j } is a family of independently identically distributed (iid) real random variables with distribution dg. (dg is only assumed to be a measure.) From now on, we write | | for | |_ℓ1 . ℓ^2 norms will be denoted by ‖ ‖. The probability measure is taken to be P = ∏ j∈Z^{d dg(v}j^{). We use the notation ⟨ ⟩ to}

denote the expectation value with respect to P . For hypercubes Λ: Λ = [−L, L]^d (L ∈ N), we define

(1.3) H_Λ = Δ_Λ + γV, on ℓ^2(Λ),

where the matrix elements of Δ_Λ are defined as in (1.2) for i, j ∈ Λ and 0 otherwise. As is well known, the spectrum σ(Δ) is [−2d, 2d]. (Note that the Laplacian defined here differs from the one usually used by the probabilists by the constant 2d times the identity. So the spectrum differs by 2d.) Let supp dg be the support of dg, then we have the well established fact (See e.g., [CFKS,PF].) that

(1.4) σ(H) = [−2d, 2d] + γ supp dg

almost surely. For all Λ, we also have

(1.5) σ(H_Λ) ⊂ [−2d, 2d] + γ supp dg

For E /∈ σ(H), we define G(E) = (E − H)^{−1} and its kernel (1.6) G(E, i, j) = (δ_i, (E − H)^{−1}δ_j ), i, j ∈ Z^d, to be the Green’s function of H at energy E. Similarly we define

(1.7) G_Λ(E, i, j) = (E − H_Λ)^{−1}(i, j), E /∈ σ(H_Λ),

to be the finite volume Green’s function.

As elaborated in [W1], H defines a random walk in the random potential γV . For a given realization of V , G(E, μ, ν) is the probability of finding the random walk at site ν conditioned that it starts at μ. If dist(E, σ(H)) > 0, then the corresponding random walk is the so called “killed” random walk in the random potential γV . 2

We assume dg has semi-bounded support with finite first and second moments, i.e., (H1) supp dg ⊆ (−∞, 0] or supp dg ⊆ [0, +∞); (H2) | ∫ vdg(v)| < ∞, ∫ v^2dg(v) < ∞. (Due to the presence of the parameter E, we could assume (H1) without loss of generality.)

Under the assumption (H1), σ(H) ⊆ (−∞, 2d] or σ(H) ⊆ [−2d, ∞). We call E = 2d or −2d, the critical energy. They are respectively the supremum or infimum of σ(H). In [W1], assuming E /∈ σ(H), (H1) and in addition some regular variation conditions on dg, we computed the asymptotics of ⟨G(E, μ, ν)⟩ as |μ − ν| → ∞ for γ << 1. In this paper we study ⟨G(E, μ, ν)⟩ and G(E, μ, ν) for almost all realizations of V , as |μ − ν| → ∞ for γ << 1, at the critical energy E = 2d or −2d. The estimates obtained here can be further used to deduce spectral properties of H near E = 2d or −2d. (See [W2].)

The appropriate mathematical notion for studying long distance behavior of Green’s functions is the notion of Lyapunov exponents as introduced by Sznitman in [Sz]. By using the FKG inequality [FKG, Li] as stated in Remark 3.2 on p. 241-242 of [Sz] and subadditivity ergodic theorem, it can be shown, similar to [Sz, Z] that for all E ≥ 2d or E ≤ −2d, the limit

(1.8) β_E (j) = lim_{n→∞} − log⟨G(E, 0, nj)⟩ n , exists. Moreover by patching of limits:

(1.9) lim_{j→∞} |β_E (j) + log⟨G(E, 0, j)⟩| ‖j‖ = 0.

The β_E (j) are called the annealed Lyapunov exponents. For a fixed E, β_E defines a norm on R^d [Sz, Z].

Similarly it is shown in [Z] that for all E ≥ 2d or E ≤ −2d, the limit

(1.10) α_E (j) = lim_{n→∞} − log G(E, 0, nj) n , exists a.s. and that

(1.11) lim_{j→∞} |α_E (j) + log G(E, 0, j)| ‖j‖ = 0,

a.s. The α_E (j) are called the quenched Lyapunov exponents. Like β_E , for a fixed E, α_E defines a norm on R^d [Sz, Z].

As mentioned earlier, in [W1] for E /∈ σ(H) we computed the asymptotics of β_E for γ << 1. Our main tools were supersymmetry and Witten Laplacians. (For previous uses of supersymmetry in the context of localization, see e.g., [BCKP,KS]. See also [K].) However we were unable to let E → 2d^+ or E → −2d^− due to the loss of convexity and the occurance of degeneracy at infinity. Their absence is crucial for the Witten Laplacian formulation. (For more details, see sect. III of [W1]. See also [BJS,Jo,Sj1,2].)

In this paper, by further exploiting the supersymmetric structure and replacing the (so far) single scale Witten Laplacian approach by a simple multi-scale induction process, we prove 3

Theorem 4.2’. Let ĵ =^j_{‖j‖} ∈ S^{d−1}. Assume dg satisfies (H1,2). For sufficiently small γ, α_E (ĵ), β_E (ĵ) satisfy the mean field bound i.e.,

(1.12) α_E (ĵ), β_E (ĵ) > a √ γ (a > 0) for all E ≥ 2d if supp dg ⊆ (−∞, 0]; for all E ≤ −2d if supp dg ⊆ [0, ∞).

Remark. Previous general bounds established in [Sz,Z], which are valid for all γ > 0 gives only α_E (ĵ), β_E (ĵ) > aγ, (a > 0) in the case γ << 1. Theorem 4.2’ is the same as Theorem 4.2 in sect. IV, except that the a appearing in Theorem 4.2’ is not made as explicit as in Theorem 4.2.

If we further assume that dg has compact support, then

Corollary. Assume dg has compact support. For sufficiently small γ,

(1.13) (1/O(1)) √ γ ≤ α_E (ĵ), β_E (ĵ) ≤ O(1) √ γ, where E = 2d if supp dg ⊆ (−∞, 0], and E = −2d if supp dg ⊆ [0, ∞).

Remark. The condition that dg has compact support can in fact be weakened, see [W3].

Without loss of generality, we may assume supp dg ⊆ (−∞, 0]. This is because the replacement of V by −V followed by the unitary map u(n) → (−1)^{|n|}u(n) takes H into −H. The Corollary follows from Theorem 4.2’ and the observation that for all hypercubes Λ, deterministically: (1.14) |(E − Δ_Λ − γV )^{−1}_{μν} | > (E + γ|v|_∞ − Δ_Λ)^{−1}_{μν} ∼ e^−O^{(1)√γ|μ−ν|}, E ≥ 2d, γ << 1 |(E − Δ_Λ)^{−1}_{μν} | ∼ e^−O^{(1)√γ|μ−ν|}, E ≤ −2d − γ|v|_∞, γ << 1.

Theorem 4.2’ shows that at E = 2d or −2d and as |μ − ν| → ∞, ⟨G(E, μ, ν)⟩ and almost surely G(E, μ, ν) behave in a distinctly different way from the free Green’s function (γ = 0). Recall that at E = ±2d,

(1.15) 0 < |(E − Δ)^{−1}_{ij} | not defined d ≤ 2 ≤ O_d(1) (|i − j| + 1)^{d−2} d ≥ 3, for all i, j ∈ Z^d, and in hypercubes Λ = [−L, L]^d ⊂ Z^d (L ∈ N),

(1.16) 0 < |(E − Δ_Λ)^{−1}_{ij} | ≤

O(L), d = 1

O(log( L |i − j| + 1 )) d = 2

O_d(1) (|i − j| + 1)^{d−2} d ≥ 3, for all i, j ∈ Λ and O_d(1) is uniform in L. So Theorem 4.2’ is not a result of perturbation theory about the free Laplacian. In fact the resolvent expansion of (E − Δ_Λ − γV )^{−1} about (E − Δ_Λ)^{−1} is almost surely divergent. 4

Theorem 4.2’ should be interpreted as stating that the probability of finding an eigenvalue in an interval of O(γ) about E = 2d or −2d is “very” small, uniformly in Λ. Since the eigenvalues of H_Λ = Δ_Λ + γV strongly depends on the configurations of V , this is a problem which has an important combinatorial aspect.

In terms of resolvent series and in view of (1.13), the above observation means that one should perturbe about (E − Δ_Λ − γ⟨v⟩)^{−1} instead. But pointwise (in ω) the perturbation series of (E − Δ_Λ − γV )^{−1} about (E − Δ_Λ − γ⟨v⟩)^{−1} is not convergent either, all the terms being of the same order. By developing further the supersymmetric formalism introduced in [W1], we show that ⟨(E − Δ_Λ − γV )^{−1}_{μν} ⟩ can be expressed as an asymptotic series in γ about (E − Δ_Λ − γ⟨v⟩)^{−1} with an explicit control over the remainder. This is achieved in Proposition 3.1 by using certain Jacobian-free “integration by parts” special to supersymmetry, determinant estimates of the free Laplacian: E − Δ_Λ (E ≥ 2d or ≤ −2d), and an induction on the order of γ.

We note that Proposition 3.1 has direct control over the Green’s function and is the main reason why we obtain the optimal mean-field bound in (1.12). Estimates on Green’s functions as detailed as in Proposition 3.1 were not known before. The strategy used in the proof is novel. It completely avoids the difficult counting problem which would arise from a possible direct combinatorial estimate a la cluster expansion. This is because by using supersymmetry, only certain algebraic combinations of terms appear in the expansion. They are the determinants of various co-matrices in the problem. We never need to estimate term by term and count the number of terms in each order. (See the proof of Poposition 3.2.)

Using Proposition 3.1 for a sufficiently large (depending on γ) but fixed Λ, we devise a simple induction process over the scale L and prove Theorem 4.2’ (Theorem 4.2). (Proposition 3.1 is not sufficient as |μ − ν| → ∞, as it is only an asymptotic series in γ.) This last induction process is inspired by a talk of Aizenman on [AFHS].

II. The supersymmetric representation

For definitiveness, we assume supp dg ⊆ (−∞, 0]. The other case clearly works in the same way by the remark made earlier in the introduction. Let E = 2d. Let Λ = [−L, L]^d, L ∈ N. We define H_Λ, G_Λ as in (1.3), (1.7). It is well known that for all cubes Λ in Z^d,

(2.1) E − Δ_Λ = 2d − Δ_Λ > 0

as an operator. Hence

(2.2) E − Δ_Λ − γV > 0

when supp dg ⊆ (−∞, 0]. The finite volume Green’s function

(2.3) G_Λ = (E − Δ_Λ − γV )^{−1}

is well defined at E = 2d. 5

Our aim in this section is to use supersymmetry to express ⟨G_Λ(E, μ, ν) = ⟨(E − Δ_Λ − γV )^{−1}_{μν} ⟩, μ, ν ∈ Λ, in a convenient form, paving the way for the estimate in sect. III. The supersymmetric representation of ⟨G_Λ⟩ was previously derived in [W1]. Below we recall its derivation.

We start by presenting a brief introduction to the supersymmetric formalism, culmulating in the representation for ⟨G_Λ⟩ in (2.29). This is essentially a reorganization of sect. II of [W1]. For a general proper formulation, see e.g., [Be,V]. For any symmetric n×n matrix A with ℜA > 0, we recall the following well-known formula

(2.4) A^{−1}_{μν} = ∫ x_μ · x_ν det Ae^{− ∑ni,j=1 Aij xi·xj} n∏ i=1 d^2x_i π , where x_i ∈ R^2 and x_i · x_j is the usual scalar product in R^2. Substituting E − H_Λ for A in the above formula, and drop the subscript Λ for simplicity, we then have (2.5) G(E, μ, ν) = ∫ x_μ · x_ν det(E − H)e^{− ∑i,j∈Λ (E−H)ij xi·xj} ∏ i∈Λ d^2x_i π . (In this section, since we only work in Λ, if it is convenient, we will continue to drop the subscript Λ without further notice.)

Let |Λ| be the number of points in Λ. We use the Grassmann algebra of 2|Λ| generators to express det[E − H]. This algebra is generated by 2|Λ| anticommuting variables ξ_i, η_i, i ∈ Λ satisfying the relations:

(2.6)

[ξ_i, η_j ] = ξ_iη_j + η_j ξ_i = 0, [ξ_i, ξ_j] = ξ_iξ_j + ξ_jξ_i = 0, [η_i, η_j ] = η_iη_j + η_j η_i = 0,

where we write [a, b] = ab+ba for the anti-commutator. It is denoted by Λ[ξ_1, η_1, .., ξ_{|Λ|}, η_{|Λ|}] (if we identify Λ with {1, .., |Λ|}). From (2.4), we see in particular that ξ^2_i = η^2_i = 0. We write these anticommutative variables collectively as ξ, η. To make connections with better known objects, ξ_j , η_j can be thought of as the two 1-forms on the j^{th} copy of R^2. “C^∞ functions” F (ξ_i, η_j) of these anticommuting variables are defined by Taylor’s formula at (0, 0) which contains a finite number of terms because of nilpotency. In this way F (ξ, η) becomes an element of the Grassmann algebra. For example if (2.7) F (ξ, η) = e^{Aij ξiηj} , then

(2.8) F (ξ, η) = 1 + A_{ij}ξ_iη_j .

This is the function that we need in writing the determinant. We also need to define the notions of differentiation and integration. Define:

(2.9) ∂ ∂ξ_i (ξ_i) = 1, ∂ ∂η_i (η_i) = 1. 6

We require further that these differentiations be linear operators and that Leibnitz’ rule hold. We can then define integrals (with respect to ∂) as follows:

(2.10) ∫ 1dξ_i = 0, ∫ ξ_idξ_i = 1, ∫ 1dη_i = 0, ∫ η_idη_i = 1. A multiple integral is defined to be a repeated integral. For example,

(2.11) ∫ ξ_iη_j dξ_idη_j = − ∫ η_j ξ_idξ_idη_j = − ∫ η_j dη_j = −1. Using (2.7, 2.8), (2.10, 2.11), we obtain

(2.12) det(E − H) = ∫ e^{− ∑j,k∈Λ (E−H)jk ηj ξk} ∏ j∈Λ (dη_j dξ_j),

(2.13) (E − H)^{−1}_{μν} det(E − H) = ∫ ξ_μη_ν e^{− ∑j,k∈Λ(E−H)jk ηj ξk} ∏ j∈Λ (dη_j dξ_j ),

We illustrate (2.12) in the case where (E − H) = M is a 2 × 2 matrix. The integrand in the RHS of (2.12) is (2.14) e^{− ∑j,k=1,2 Mjkηj ξk} = ∏ j,k=1,2 (1 − M_{jk}η_j ξ_k),

where we used the commutativity of e^{−Mjk ηj ξk} and (2.7, 2.8). Doing the integral in the RHS of (2.14) upon using (2.10) and (2.11), we obtain

(2.15) RHS = M_{11}M_{22} − M_{12}M_{21} = det M,

as expected. Similarly, we obtain for the RHS of (2.13):

(2.16) RHS = (−1)^{|μ|+|ν|} det(M^{μν} ) = M^{−1}_{μν} det M, μ, ν = 1, 2,

where M^{μν} is the co-matrix with the μth row and νth column removed. (In the 2 × 2 case it is just the one matrix element that is left.)

Combining (2.5) with (2.12), we obtain the following expression:

(2.17) G(E, μ, ν) = ∫ x_μ · x_ν e^{− ∑j,k∈Λ(E−H)jk Xj ·Xk} ∏ j∈Λ d^2X_j π , where

(2.18) x_j ∈R^2,

X_j^{def}= (x_j, ξ_j, η_j ),

X_j · X_k^{def}= x_j · x_k + 1 2 (η_j ξ_k + η_kξ_j ),

d^2X_j^{def}= d^2x_j dη_j dξ_j, 7

and we used that (E − H) is a symmetric matrix. Let ĝ be the Laplace transform of dg:

(2.19) ĝ(t) = ∫ e^{tv}dg(v), t ≥ 0 Write

(2.20) ĝ(t) = e^{k(t)},

as ĝ > 0. For example, for the Bernoulli measure:

(2.21) dg(v) = δ(v + 1) + δ(v) 2 , ĝ(t) = e^{−t/2} cosh(t/2). Using (2.17) and taking the expectation value with respect to dg, we obtain

(2.22) ⟨G(E, μ, ν)⟩ = ∫ x_μ · x_ν e^{−(} ∑_{j∈Λ} EX_j ·X_j − ∑_{j,k∈Λ,|j−k|} 1=1 X_j ·X_k −γ ∑_{j∈Λ} v_j X_j ·X_j ) ∏ j∈Λ dg(v_j) ∏ j∈Λ d^2X_j π = ∫ x_μ · x_ν e^{−(} ∑_{j∈Λ} EX_j ·X_j − ∑_{j,k∈Λ,|j−k|} 1=1 X_j ·X_k− ∑_{j∈Λ} k(γX_j ·X_j )) ∏ j∈Λ d^2X_j π def= ∫ x_μ · x_ν e^{−2Φ(X)} ∏ j∈Λ d^2X_j π ,

where

(2.23) k(γX_j · X_j) = k(γx_j · x_j + γη_j ξ_j) = k(γx_j · x_j ) + γk^′(x_j · x_j)η_j ξ_j,

by using (2.8) to expand e^{γvj ξj ηj} and direct computations, and

(2.24) 2Φ(X)^{def}= ∑ j∈Λ EX_j · X_j − ∑ i,j∈Λ,|i−j|_1=1 X_i · X_j − ∑ j∈Λ k(γX_j · X_j ).

(Strictly speaking the LHS of (2.23) is defined only for k’s which are C^∞ functions. Under (H1,2), k is only C^2. This is, however, sufficient to define “functions” of the form k(X_i ·X_j), as the formal Taylor series terminates at order 2 due to nilpotency.) We notice in (2.22), (2.24) that apart from the factor x_μ · x_ν , the integrand is only a “function” of X_j · X_k. More precisely, we consider the algebra C^∞(R^{2|Λ|}) ⊗ Λ[ξ_1, η_1, .., ξ_{|Λ|}, η_{|Λ|}]. We call elements of this algebra, (super)functions. Clearly,

D(X) = X_i · X_j = x_i · x_j + 1 2 (η_iξ_j + η_j ξ_i) ∈ C^∞(R^{2|Λ|}) ⊗ Λ[ξ_1, η_1, .., ξ_{|Λ|}, η_{|Λ|}], 8

and is hence a (super)function. We call the scalars (which are functions in C^∞(R^{2|Λ|})) in front of the Grassmann generators ξ, η, coefficients. In the case of X_i · X_j , the coefficients are x_i · x_j and 1/2. Those (super)functions which are only functions of X_i · X_j (i, j ∈ Λ) are called supersymmetric functions. More precisely, supersymmetries are defined to be the set of transformations (in the alegebraic sense) that leave the dot products X_i · X_j (i, j ∈ Λ) invariant. Two obvious transformations that leave the dot product invariant are the usual rotations O in R^2, x_i = x^′_iO (i = 1, · · · , n) and the transformations A ∈ Sp(2) acting on ξ_i, η_i (i = 1, · · · , n) such that (ξ_i, η_i) = (ξ^′_i, η^′_i)A, where {x^′_i, ξ^′_i, η^′_i}^n_{i=1} is another set of coordinates, x^′_i being the even ones and ξ^′_i, η^′_i the odd ones. We put X^′_i = (x^′_i, ξ^′_i, η^′_i) (i = 1, · · · , n). Aside from these two linear transformations, supersymmetries also include transformations generated by (super)vector fields of the type: V = ∑ i V_i = ∑ i (ξ_ia + η_ib) ∂ ∂x_i + 2(b · x_i) ∂ ∂ξ_i − 2(a · x_i) ∂ ∂η_i , where a, b ∈ R^2, and a ∂ ∂x_i def= a^{(1)} ∂ ∂x^{(1)}_i

+ a^{(2)} ∂ ∂x^{(2)}_i , b ∂ ∂x_i def= b^{(1)} ∂ ∂x^{(1)}_i

+ b^{(2)} ∂ ∂x^{(2)}_i . (Note that it is the same transformation in all the X_i.) The above transformation is to be understood in the algebraic sense. We check that V D(X_i, X_j) = 0. Analogous to the usual change of variables, the (super) change of variables also generates a Jacobian, which is called a Berezinian. We will not go into the details, except mentioning that the Berezinian here is 1.

Let τ be a supersymmetric transformation. Let X_i = τX^′_i (i = 1, · · · , n).

Definition. A superfunction F is supersymmetric if it is invariant under all supersymmetries: F (X_1, · · · , X_n) = F (X^′_1, · · · , X^′_n), for all τ supersymmetric transformations.

Clearly, supersymmetric functions belong to a rather restricted class of functions. For example, in R^2, with two generators ξ, η, F is supersymmetric if and only if there exists f: [0, ∞) → R of class C^∞, such that (2.25) F (X) = f(X · X) = f(x · x) + f^′(x · x)ηξ. For the general case, see e.g., [KS].

Define dX_i = (d^2x_i/π)dη_idξ_i (i = 1, · · · , n). One of the most useful properties of the supersymmetric functions, which we rely on for the proof of Proposition 2.4, is the following: 9

Proposition 2.1. If F is supersymmetric with all of its coefficients in S(R^{2n}), then

(2.26) ∫ F (X_1, · · · , X_n)dX_1 · · · dX_n = F (0, · · · 0). For a proof, see e.g., [K,KS]. Proposition 2.1 is related to the so called “localization formula” in geometry, see e.g., [BGV].

Proposition 2.2.

(2.27)

⟨G(E, μ, ν)⟩ = ⟨(E − Δ − γV )^{−1}_{μν} ⟩ = ∫ ξ_μη_ν e^{−2Φ} ∏ j∈Λ d^2X_j

= ∫ (E − Δ − γ diag k^′)^{−1}_{μν} e^{−2ϕ} ∏ j∈Λ d^2x_j π , where (2.28) ϕ(x) = 1 2 [ ∑ i,j (E − Δ)_{ij} x_i · x_j − ∑ j∈Λ k(γx_j · x_j) − log det(E − Δ − γ diag k^′(γx_j · x_j ))],

x_i ∈ R^2,

k is as defined in (2.20), and diag k^′ denotes the diagonal matrix with entries (diag k^′)_{jj} = k^′(γx_j · x_j).

Remark. It is instructive to compare the first and the third equalities in (2.27).

Proof. Let F (X) = X_μ · X_ν e^{−2Φ}. Using Proposition 2.1, (2.23), F (0) = 0, (2.18), (2.24) and integrating over the anti-commuting variables as in (2.13), we have:

(2.29)

⟨G(E, μ, ν)⟩ = ∫ x_μ · x_ν e^{−2Φ} ∏ j∈Λ d^2X_j = ∫ ξ_μη_ν e^{−2Φ} ∏ j∈Λ d^2X_j

= ∫ (E − Δ − γ diag k^′)^{−1}_{μν} e^{−2ϕ} ∏ j∈Λ d^2x_j π . � We end this section by remarking that the measure e^{−2ϕ} with ϕ defined in (2.28) is normalized:

(2.30) ∫ e^{−2ϕ} = 1 for all Λ, as ∏ j∈Λ dg(v_j) is normalized. This can also be verified by using (2.24,2.26) and Proposition 2.1

III. An asymptotic series for ⟨G_Λ(E, μ, ν)⟩

Using the representation in Proposition 2.2, we arrive at our main estimate of this section:

Proposition 3.1. Assume dg satisfies (H1,2). There exists γ_0 > 0, such that for all 0 < γ < γ_0, all n ∈ N, all cubes Λ = [−L, L]^d in Z^d, all μ, ν ∈ Λ,

(3.1)

⟨(E − Δ_Λ − γV )^{−1}_{μν} ⟩ =(E − Δ_Λ − γ⟨v⟩)^{−1}_{μν} + O(γγ̃)(E − Δ_Λ − γ⟨v⟩)^{−2}_{μν} + O(γγ̃)^2(E − Δ_Λ − γ⟨v⟩)^{−3}_{μν} + · · · + O(γγ̃)^{n−1}(E − Δ_Λ − γ⟨v⟩)^{−n}_{μν} + O_n(γ̃^n)L^2 ≤(E − Δ_Λ − γ⟨v⟩ + O_n(γγ̃))^{−1}_{μν} + O_n(γ̃^n)L^2, (E ≥ 2d), where

(3.2) γ̃ = γL d = 1 γ log L d = 2 γ d ≥ 3.

Remark. We note that the error term is independent of |μ − ν|. (Compare with Theorem 7.2 of [W1].) (3.1) is therefore useful only for fixed Λ and μ, ν. The dependence of γ̃ on the spatial dimension d reflects the well known dependence of the free Green’s function (E − Δ_Λ)^{−1}_{ij} (E ≥ 2d), on d. See Lemma 3.3 below. To prove Proposition 3.1, we use the third equality in (2.27). Using the resolvent equation, we expand the integrand about the constant potential k^′(0) = ⟨v⟩: (3.3) (E − Δ_Λ−γ diag k^′)^{−1}_{μν}

=(E − Δ_Λ − γk^′(0))^{−1}_{μν} + γ ∑ j_1∈Λ

(E − Δ_Λ − γk^′(0))^{−1}_{μj1} (k^′(γx_{j1} · x_{j1} ) − k^′(0))(E − Δ_Λ − γk^′(0))^{−1}_{j1ν}

+ γ^2 ∑ j_1,j_2∈Λ

(E − Δ_Λ − γk^′(0))^{−1}_{μj1} (k^′(γx_{j1} · x_{j1} ) − k^′(0))(E − Δ_Λ − γk^′(0))^{−1}_{j1j2}

(k^′(γx_{j2} · x_{j2} ) − k^′(0))(E − Δ_Λ − γk^′(0))^{−1}_{j2ν} + · · · + γ^n ∑ j_1···j_n∈Λ (E − Δ_Λ − γk^′(0))^{−1}_{μj1} (k^′(γx_{j1} · x_{j1} ) − k^′(0)) · · ·

(E − Δ_Λ − γk^′(0))^{−1}_{jn−1jn} (k^′(γx_{jn} · x_{jn} ) − k^′(0))(E − Δ_Λ − γ diag k^′)^{−1}_{jnν} .

Note that the last factor in (3.3) is (E − Δ_Λ − γ diag k^′)^{−1} itself. In view of (3.3), the proof of the Proposition 3.1 depends on the following: 11

Proposition 3.2. For all m ∈ N, if dg satisfies (H1,2), then

(3.4)

∫_m∏ i=1 (k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π = ∫ m∏ i=1 |(k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0))|e^{−2ϕ} ∏ j∈Λ d^2x_j π

=O_m(1)

(γL)^m d = 1 (γ log L)^m d = 2 γ^m d ≥ 3. def= O_m(1)γ̃^m.

The proof of Proposition 3.2 uses Proposition 2.1, induction and the following standard estimate on the free Green’s function, which we state without proof. See e.g., [La]. Let Λ = [−L, L]^d as before. Lemma 3.3. For E ≥ 2d,

(3.5) 0 < (E − Δ_Λ)^{−1}_{ij} ≤

O(L), d = 1 O(log( L |i − j| + 1 )) d = 2 O_d(1) (|i − j| + 1)^{d−2} d ≥ 3, for all i, j ∈ Λ and O_d(1) is uniform in L.

Corollary 3.4. (maximum principle) Let S ⊆ Λ, be any subset of Λ = [−L, L]^d. Define

(3.6) Δ̃_Λ(i, j) = { Δ_Λ(i, j), i, j ∈ Λ\S, 0 otherwise;

M̃ = E − Δ̃_Λ − γ diag k^′ (E ≥ 2d). Then

(3.7) 0 < M̃^{−1}_{ij} ≤

O(L), d = 1 O(log( L |i − j| + 1 )) d = 2 O_d(1) (|i − j| + 1)^{d−2} d ≥ 3, for all i, j ∈ Λ\S and O_d(1) is uniform in L. Proof. By the definition (2.20), (3.8) ĝ(t) = ∫ e^{tv}dg(v) = e^{k(t)} (t ≥ 0, supp dg ⊆ (−∞, 0]).

So (3.9) k^′(t) = ∫ ve^{tv}dg(v) ∫ e^{tv}dg(v) def= ⟨v⟩_t. From (H2), (3.10) −∞ < ⟨v⟩_0 = ⟨v⟩ < 0, and since

(3.11) d⟨v⟩_t dt = ⟨v^2⟩_t − ⟨v⟩^2_t ≥ 0,

we have that (3.12) −∞ < k^′(t) < 0 for all t ≥ 0 by using (3.9-3.11). We first prove the lower bound. Since

(3.13) ∂ ∂E M̃^{−1}(E)_{ij} = ∂ ∂E (E − Δ̃_Λ − γ diag k^′)^{−1}_{ij} = −(E − Δ̃_Λ − γ diag k^′)^{−2}_{ij} ,

in order to prove M̃(E)^{−1}_{ij} > 0, for all E ≥ 2d, it suffices to prove M̃(E)^{−1}_{ij} > 0 for some sufficiently large E. For such large E, we obtain by using the resolvent equation:

(3.14)

(E − Δ̃_Λ − γ diag k^′)^{−1} =(E − γ diag k^′)^{−1} + (E − γ diag k^′)^{−1}Δ̃_Λ(E − γ diag k^′)^{−1} + · · · + [(E − γ diag k^′)^{−1}Δ̃_Λ]^n(E − γ diag k^′)^{−1} + · · · The above series is convergent for E sufficiently large. Since Δ̃_Λ has non-negative entries, we obtain that (3.15) (E − Δ̃_Λ − γ diag k^′)^{−1}_{ij} > 0 for large E. Using (3.13), we then obtain the lower bound in (3.7) for E ≥ 2d. Set δ_S = Δ_Λ − Δ̃_Λ. δ_S has non-negative entries. Using the resolvent equation again, we have (3.16) (E − Δ̃_Λ − γ diag k^′)^{−1} =(E − Δ_Λ + δ_S − γ diag k^′)^{−1} =(E − Δ_Λ)^{−1} − (E − Δ_Λ)^{−1}(δ_S − γ diag k^′)(E − Δ̃_Λ − γ diag k^′)^{−1}.

Since δ_S has non-negative entries and −∞ < k^′(t) < 0 from (3.12), we obtain (3.17) (E − Δ̃_Λ − γ diag k^′)^{−1}_{ij} < (E − Δ_Λ)^{−1}_{ij} . 13

Using Lemma 3.3, we obtain the upper bound in (3.7). �

Proof of Proposition 3.2. We first show that under (H1,2)

(3.18) 0 ≤ k^{′′}(t) < ∞ (t ≥ 0),

which implies that k^′(t) − k^′(0) ≥ 0 (t ≥ 0) and hence prove the first equality in (3.4). Since

(3.19) ĝ(t) = ∫ e^{tv}dg(v) = e^{k(t)}, ĝ^′(t) = ∫ ve^{tv}dg(v) = k^′(t)e^{k(t)}, ĝ^{′′}(t) = ∫ v^2e^{tv}dg(v) = (k^{′2}(t) + k^{′′}(t))e^{k(t)},

(3.20) k^{′′}(t) = ∫ v^2e^{tv}dg(v) ∫ e^{tv}dg(v) − ( ∫ ve^{tv}dg(v) ∫ e^{tv}dg(v) )_2 = ⟨v^2⟩_t − ⟨v⟩^2_t ≥ 0. We therefore obtain the lower bound in (3.18). From (H2), ⟨v^2⟩ < ∞. Since

(3.21) d dt ⟨v^2⟩_t = ⟨v^3⟩_t − ⟨v^2⟩_t⟨v⟩_t ≤ 0

by a trivial application of the FKG inequality [FKG,Li], as v^2, v are monotone in v, we obtain that k^{′′} is bounded.

We now use induction to prove the estimate in (3.4). For m = 1, write ℓ for ℓ_1. Recall from (2.25) that

(3.22) k^′(γX_ℓ · X_ℓ) = k^′(γx_ℓ · x_ℓ) + γk^{′′}(γx_ℓ · x_ℓ)η_ℓξ_ℓ

and that k^′(γX_ℓ · X_ℓ)e^{−2Φ} is a supersymmetric function. Using Proposition 2.1, we therefore have

(3.23)

∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π = ∫ (k^′(γx_ℓ · x_ℓ) − k^′(γX_ℓ · X_ℓ))e^{−2Φ} ∏ j∈Λ d^2X_j π = ∫ γk^{′′}(γx_ℓ · x_ℓ)ξ_ℓη_ℓe^{−2Φ} ∏ j∈Λ d^2X_j π ,

where Φ is as in (2.24), d^2X_j is as defined in (2.18) and we used (3.22). Note the change of ϕ, d^2x_j to Φ, d^2X_j in the second and third line of (3.23). 14

Integrating over the anticommuting variables ξ, η in (3.23), we obtain

(3.24)

∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π =γ ∫ k^{′′}(γx_ℓ · x_ℓ)(E − Δ_Λ − γ diag k^′)^{−1}_{ℓℓ} e^{−2ϕ} ∏ j∈Λ d^2X_j π

=O(1) γL d = 1 γ log L d = 2 γ d ≥ 3. =O(γ̃), where we used (3.18), (2.30) and Corollary 3.4.

To illustrate the mechanism, we also work out the case m = 2 explicitly. For simplicity of notation, we write ℓ for ℓ_1, n for ℓ_2. From Proposition 2.1, we have

(3.25)

∫ (k^′(γX_ℓ · X_ℓ) − k^′(0))(k^′(γX_n · X_n) − k^′(0))e^{−2Φ} ∏ j∈Λ d^2X_j π = ∫ (k^′(γx_ℓ · x_ℓ) − k^′(0) + γk^{′′}(γx_ℓ · x_ℓ)η_ℓξ_ℓ)

(k^′(γx_n · x_n) − k^′(0) + γk^{′′}(γx_n · x_n)η_nξ_n)e^{−2Φ} ∏ j∈Λ d^2X_j π =0. Hence

(3.26)

∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))(k^′(γx_n · x_n) − k^′(0))e^{−2Φ} ∏ j∈Λ d^2X_j π = ∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))(k^′(γx_n · x_n) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π =γ ∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))k^{′′}(γx_n · x_n)ξ_nη_ne^{−2Φ} ∏ j∈Λ d^2X_j π + γ ∫ (k^′(γx_n · x_n) − k^′(0))k^{′′}(γx_ℓ · x_ℓ)ξ_ℓη_ℓe^{−2Φ} ∏ j∈Λ d^2X_j π − γ^2 ∫ k^{′′}(γx_ℓ · x_ℓ)k^{′′}(γx_n · x_n)ξ_ℓη_ℓξ_nη_ne^{−2Φ} ∏ j∈Λ d^2X_j π Writing Δ for Δ_Λ, we perform the Grassmann integrations:

(3.27)

∫ ξ_ℓη_ℓe^{−2Φ} ∏ j∈Λ dη_j dξ_j = det(E − Δ − γ diag k^′)^{ℓℓ}e^{−2ϕ0} = det(E − Δ − γ diag k^′)^{ℓℓ} det(E − Δ − γ diag k^′) e^{−2ϕ0} det(E − Δ − γ diag k^′)

=(E − Δ − γ diag k^′)^{−1}_{ℓℓ} e^{−2ϕ}, 15

where (E−Δ−γ diag k^′)^{ℓℓ} is the minor obtained from (E−Δ−γ diag k^′) by deleting the ℓ^{th} row and the ℓ^{th} column,

(3.28) ϕ_0 = 1 2 [ ∑ i,j (E − Δ)_{ij} x_i · x_j − ∑ j∈Λ k(γx_j · x_j )],

and we used (2.28) to reach the last equality in (3.27); and (3.29)∫ ξ_ℓη_ℓξ_nη_ne^{−2Φ} ∏ j∈Λ dη_j dξ_j =(1 − δ_{nℓ}) det(E − Δ − γ diag k^′)^{nn,ℓℓ}e^{−2ϕ0}

=(1 − δ_{nℓ}) det(E − Δ − γ diag k^′)^{nn,ℓℓ} det(E − Δ − γ diag k^′)^{nn} det(E − Δ − γ diag k^′)^{nn} det(E − Δ − γ diag k^′) e^{−2ϕ0} det(E − Δ − γ diag k^′)

=(1 − δ_{nℓ})(E − Δ^{(n)} − γ diag k^′)^{−1}_{ℓℓ} (E − Δ − γ diag k^′)^{−1}_{nn} e^{−2ϕ},

where (E − Δ − γ diag k^′)^{nn,ℓℓ} is the minor obtained from (E − Δ − γ diag k^′) by deleting the n^{th} row, n^{th} column and the ℓ^{th} row, ℓ^{th} column, (The order is irrelevant.) and

(3.30) Δ^{(n)}_{ij} = { Δ_{ij} i, j ∈ Λ\{n}, 0 otherwise,

The Kronecker δ function originates from anti-commutativity. Substituting (3.27) (3.29) in (3.26), we obtain (3.31)∫

(k^′(γx_ℓ · x_ℓ) − k^′(0))(k^′(γx_n · x_n) − k^′(0))e^{−2Φ} ∏ j∈Λ d^2X_j π =γ ∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))k^{′′}(γx_n · x_n)(E − Δ − γ diag k^′)^{−1}_{nn} e^{−2ϕ} ∏ j∈Λ d^2x_j π + γ ∫ (k^′(γx_n · x_n) − k^′(0))k^{′′}(γx_ℓ · x_ℓ)(E − Δ − γ diag k^′)^{−1}_{ℓℓ} e^{−2ϕ} ∏ j∈Λ d^2x_j π − γ^2(1 − δ_{nℓ}) ∫ k^{′′}(γx_ℓ · x_ℓ)k^{′′}(γx_n · x_n)(E − Δ^{(n)} − γ diag k^′)^{−1}_{ℓℓ}

(E − Δ − γ diag k^′)^{−1}_{nn} e^{−2ϕ} ∏ j∈Λ d^2x_j π =O(γ̃) ∫ (k^′(γx_ℓ · x_ℓ) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π + O(γ̃) ∫ (k^′(γx_n · x_n) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π + O(γ̃^2)

=O_2(γ̃^2)

where we used (3.18,3.24,3.7) to reach the last estimate. 16

Assume (3.4) holds up to m, for m + 1 we have from Proposition 2.1

(3.32)

∫ m+1∏ i=1 (k^′(γX_{ℓi} · X_{ℓi} ) − k^′(0))e^{−2Φ} ∏ j∈Λ d^2X_j π = ∫ m+1∏ i=1 (k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0) + γk^{′′}(γx_{ℓi} · x_{ℓi} )η_{ℓi} ξ_{ℓi} )e^{−2Φ} ∏ j∈Λ d^2X_j π =0. So

(3.33)

− ∫ m+1∏ i=1 (k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0))e^{−2Φ} ∏ j∈Λ d^2X_j π = − ∫ m+1∏ i=1 (k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0))e^{−2ϕ} ∏ j∈Λ d^2x_j π =γ m∑ α=1 ∫ ∏ i≠α (k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0))k^{′′}(γx_{ℓα} · x_{ℓα} )η_{ℓα} ξ_{ℓα} e^{−2Φ} ∏ j∈Λ d^2X_j π + γ^2 m∑ α=1 m∑ β=1, β≠α ∫ ∏ i≠α, i≠β (k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0))k^{′′}(γx_{ℓα} · x_{ℓα} )η_{ℓα} ξ_{ℓα}

k^{′′}(γx_{ℓβ} · x_{ℓβ} )η_{ℓβ} ξ_{ℓβ} e^{−2Φ} ∏ j∈Λ d^2X_j π + · · · + γ^{m+1} ∫ m+1∏ i=1 k^{′′}(γx_{ℓi} · x_{ℓi} )η_{ℓi} ξ_{ℓi} e^{−2Φ} ∏ j∈Λ d^2X_j π .

We make the important observation that in the last equality of (3.33), there are at most m factors of k^′(γx_{ℓi} · x_{ℓi} ) − k^′(0) under the product sign ∏ . Combining with the estimate (3.34) ∫ ξ_{ℓ1} η_{ℓ1} · · · ξ_{ℓp} η_{ℓp} e^{−2Φ} ∏ j∈Λ dη_j dξ_j = det(E − Δ − γ diag k^′)^{ℓ1ℓ1,···ℓpℓp} e^{−2ϕ0} = det(E − Δ − γ diag k^′)^{ℓ1ℓ1 ,···ℓpℓp} det(E − Δ − γ diag k^′)^{ℓ1ℓ1 ,···ℓp−1ℓp−1} det(E − Δ − γ diag k^′)^{ℓ1ℓ1,···ℓp−1ℓp−1} det(E − Δ − γ diag k^′)^{ℓ1ℓ1,···ℓp−2ℓp−2} · · · det(E − Δ − γ diag k^′)^{ℓ1ℓ1} det(E − Δ − γ diag k^′) det(E − Δ − γ diag k^′)e^{−2ϕ0}

=(E − Δ^{(ℓ1···ℓp−1)} − γ diag k^′)^{−1}_{ℓpℓp} · · · (E − Δ − γ diag k^′)^{−1}_{ℓ1ℓ1} e^{−2ϕ} ≤(E − Δ − γ diag k^′)^{−1}_{ℓpℓp} · · · (E − Δ − γ diag k^′)^{−1}_{ℓ1ℓ1} e^{−2ϕ} =O(γ̃^p), where p ≤ |Λ|, ℓ_1 ≠ ℓ_2 · · · ≠ ℓ_p (otherwise the integral is identically 0), the various notations invoving the superscrips ℓ_1, · · · , ℓ_p are just the natural extensions of the 17

corresponding notations used in (3.27), (3.29). (3.34) is the p^{th} repeated version of (3.27), (3.29). We obtain (3.4), by (3.33), (3.34) and induction. � Proof of Proposition 3.1. Since (3.35) ⟨v⟩ = ∫ vdg(v) = k^′(0), the first n terms follow by using (3.4). To estimate the last term, we use the bound (3.36) (E − Δ_Λ − γ diag k^′)^{−1}_{jnν} < (E − Δ_Λ)^{−1}_{jnν} , we have (3.37) γ^n ∑ j_1···j_n∈Λ ∫ (E − Δ_Λ − γk^′(0))^{−1}_{μj1} (k^′(γx_{j1} · x_{j1} ) − k^′(0)) · · · (E − Δ_Λ − γk^′(0))^{−1}_{jn−1jn} (k^′(γx_{jn} · x_{jn} ) − k^′(0))(E − Δ_Λ − γ diag k^′)^{−1}_{jnν} e^{−2ϕ} ∏ ℓ∈Λ d^2X_ℓ π ≤γ^n[(E − Δ_Λ − γk^′(0))^{−n}(E − Δ_Λ)^{−1}](μ, ν) · O_n(γ̃^n) ≤γ^nO_n(γ̃^n)‖(E − Δ_Λ − γk^′(0))^{−n}‖_ℓ2 ‖(E − Δ_Λ)^{−1}‖_ℓ2 =O_n(γ̃^n)L^2, where we used (3.38) ‖(E − Δ_Λ − γk^′(0))^{−n}‖_ℓ2 = O(γ^{−n}) and (3.39) ‖(E − Δ_Λ)^{−1}‖_ℓ2 = O(L^2).

The last inequality in (3.1) is obtained by comparing the resolvent expansion of (E −Δ_Λ −γ⟨v⟩+O_n(γγ̃))^{−1}_{μν} with the preceding series. Note that O_n(γγ̃) < 0 here. �

IV. Mean field lower bounds on the Lyapunov exponents Let L_0, L ∈ N, Λ_0 = [−L_0, L_0]^d, Λ̃_0 = [−(L_0 + 2), L_0 + 2]^d, Λ = [−L, L]^d. Define ∂Λ_0 = {j| |j|_∞ = L_0} and similarly ∂Λ̃_0. We also extend the notation Δ_S to denote the operator with

(4.1) { Δ_{i,j} =1, i, j ∈ S, or i, j ∈ Z^d\S 0 otherwise.

(Assume L >> L_0.) We have the following decoupling lemma: 18

Lemma 4.1. Assume μ ∈ Λ_0, ν /∈ Λ̃_0.

(4.2)

⟨(E − Δ_Λ − γV )^{−1}_{μν} ⟩ ≤L̄L^{2(d−1)} 0 sup j∈∂Λ_0, j^′∈∂Λ̃_0 ⟨(E − Δ_{Λ0} − γV )^{−1}_{μj} ⟩⟨(E − Δ_Λ − γV )^{−1}_j′_ν ⟩,

where E ≥ 2d and

(4.3) L̄ =

O(1)L, d = 1 O(1) log L d = 2 O_d(1) d ≥ 3, Proof. ∂Λ_0 separates μ from ν, so by the resolvent equation we have (4.4) (E − Δ_Λ − γV )^{−1}_{μν} = ∑ <jj^{′′}> (E − Δ_{Λ0} − γV )^{−1}_{μj} (E − Δ_Λ − γV )^{−1}_j′′_ν ,

where < jj^{′′} > denotes the set {j ∈ ∂Λ_0, j^{′′} /∈ ∂Λ_0| |j^{′′} − j|_1 = 1}. Since ∂Λ̃_0 separates ν from j^{′′}, using the resolvent equation on the second factor in the sum in (4.4), we have

(4.5)

(E − Δ_Λ − γV )^{−1}_{μν} = ∑ <jj^{′′}><j^′ j^{′′′}> (E − Δ_{Λ0} − γV )^{−1}_{μj} (E − Δ_Λ − γV )^{−1}_j′′_j′′′ (E − Δ_{Λ̃0} − γV )^{−1}_j′_ν ≤L̄ ∑ j∈∂Λ_0, j^′∈∂Λ̃_0 (E − Δ_{Λ0} − γV )^{−1}_{μj} (E − Δ_{Λ̃0} − γV )^{−1}_j′_ν ,

where L̄ is as defined in (4.3), < j^′j^{′′′} > denotes the set {j^′ ∈ ∂Λ̃_0, j^{′′′} /∈ ∂Λ̃_0| |j^{′′′} − j^′|_1 = 1} and we used Lemma 3.3 to bound (E − Δ_Λ − γV )^{−1}_j′′_j′′′ . Since (E − Δ_{Λ̃0} − γV )^{−1}_j′_ν is independent of {v_i}_{i∈Λ}, we have

(4.6)

⟨(E − Δ_Λ − γV )^{−1}_{μν} ⟩ ≤L̄ ∑ j∈∂Λ_0 ⟨(E − Δ_{Λ0} − γV )^{−1}_{μj} ⟩ ∑ j^′∈∂Λ̃_0

⟨(E − Δ_{Λ̃0} − γV )^{−1}_j′_ν ⟩ ≤L̄L^{2(d−1)} 0 sup j∈∂Λ_0, j^′∈∂Λ̃_0 ⟨(E − Δ_{Λ0} − γV )^{−1}_{μj} ⟩⟨(E − Δ_Λ − γV )^{−1}_j′_ν ⟩,

where we used Corollary 3.4 to reach the last inequality and absorbed some d dependent constant into L̄. � Let (4.7) L_0 = [| log γ^p| √ γ ] + 1 (γ << 1), where [ ] denotes the integer part, and p > const. d to be determined later. Define Λ_0(μ) = μ + [−L_0, L_0]^d. (To be consistent with the previous notation, we set Λ_0(0) = Λ_0. ) Taking large enough n (depending on p) in (3.1), we have for some a_0 > 0, which only depends on ⟨v⟩ and d, (4.8) ⟨(E − Δ_{Λ0(μ)} − γV )^{−1}_{μν} ⟩ ≤ e^{−a0√γ|μ−ν|ℓ∞} ≤ ( γ^{pa0} )^{|μ−ν|ℓ}∞_{L0} (γ << 1, E ≥ 2d), where ν ∈ Λ_0 is such that |μ − ν|_ℓ∞ ≥ L_0/3. Using Lemma 4.1, we then arrive at our main theorem: 19

Theorem 4.2. Let ĵ =^j_{‖j‖} ∈ S^{d−1}. Assume dg satisfies (H1,2). For sufficiently small γ, α_E (ĵ), β_E (ĵ) satisfy the mean field bound i.e.,

(4.9) α_E (ĵ), β_E (ĵ) > a √ γ, for any a ∈ (0, c_da_0)

where c_d > 0 only depends on the dimension d, and a_0 on ⟨v⟩ and d, for all E ≥ 2d if supp dg ⊆ (−∞, 0]; for all E ≤ −2d if supp dg ⊆ [0, ∞).

Proof. The lower bound on α_E follows from that of β_E . To prove the lower bound on β_E , we use Lemma 4.1 and induction. (For d ≥ 3, we do not even need to use induction. The lower bound follows directly from Lemma 4.1.) Assume γ << 1. Take L_0 as in (4.7) and L_1 = L^2_0, Λ_1(μ) = μ + [−L_1, L_1]^d. Let ν ∈ Λ_1(μ) be such that |μ − ν|_ℓ∞ ≥ L_1/3. Using Lemma 4.1 with Λ_0(μ) replacing Λ_0, Λ̃_0(μ) replacing Λ̃_0, Λ_1(μ) replacing Λ, we have for γ << 1, (4.10)

⟨(E − Δ_{Λ1(μ)} − γV )^{−1}_{μν} ⟩

≤L̄_1L^{2(d−1)}

0 sup

j_1∈∂Λ_0(μ), j^′_1∈∂Λ̃_0(μ)

⟨(E − Δ_{Λ0(μ)} − γV )^{−1}_{μj1} ⟩⟨(E − Δ_{Λ1(μ)} − γV )^{−1}_j′_{1ν} ⟩

≤(C_dL_0)^{2d}e^{−a0√γL0} sup

j^′_1∈∂Λ̃_0(μ)

⟨(E − Δ_{Λ1(μ)} − γV )^{−1}_j′_{1ν} ⟩,

where C_d is some constant which only depends on the dimension d. We now use Lemma 4.1 on ⟨(E − Δ_{Λ1(μ)} − γV )^{−1}_j′_{1ν} ⟩ with Λ_0(j^′_1) in place of Λ_0(μ)... etc., so that we “pave” a path from μ toward ν using cubes congruent to Λ_0(μ), centered at j^′_1 ... etc. This iteration process can be repeated at least n = [_{|μ−ν|ℓ∞} L_0+2 − 1 ] times before dist(j^′_n, ∂Λ_1(μ)) < L_0. We therefore obtain

(4.11)

⟨(E − Δ_{Λ1(μ)} − γV )^{−1}_{μν} ⟩ ≤L̄_1 ( (C_dL_0)^{2d}e^{−a0 √γL0} )^{[ |μ−ν|ℓ∞} L0+2 ] −1 ≤e^{−a1 √γ|μ−ν|ℓ∞} , where L̄_1 comes from the apriori estimate on (E − Δ_{Λ1(μ)} − γV )^{−1}_j′_{nν} and

(4.12) a_1 √ γ = (a_0 √ γ − 2d log(C_dL_0)

L_0

)(1 − 5 L_0 ) − 6 L^2_0 log(C_dL_0).

So for γ << 1, a_1 ≥ a_0 − (d + 1)/p > 0 with the choice of L_0 in (4.7), (assuming p > (d + 1)/a_0) Let L_n = L^2_{n−1} (n ≥ 1), Λ_n = [−L_n, L_n]^d. Repeating the above iteration procedure with the scale L_{n−1} replacing L_0 and the scale L_n replacing L_1, we obtain (4.13) ⟨(E − Δ_{Λn(μ)} − γV )^{−1}_{μν} ⟩ ≤ e^{−an√γ|μ−ν|ℓ∞} , (|μ − ν|_{ℓ∞} ≥ L_n/3) with (4.14) a_n √ γ = (a_{n−1} √ γ − 2d log(C_dL_{n−1}) L_{n−1} )(1 − 5 L_{n−1} ) − 6 L^2_{n−1} log(C_dL_{n−1}) (n ≥ 1). 20

Since L_n = L^2_{n−1}, and L_0 is as in (4.7), it is easy to see that for all n ≥ 1, a_n ≥ a_0 − 2(d + 1)/p > 0, (assuming p > 2(d + 1)/a_0).

To prove the theorem, assume j ∈ Λ_n for some n, |j|_ℓ∞ ≥ L_n/3 and dist(j, ∂Λ_n) ≥ |j|_ℓ∞ . Let G_n(E, i, j) = (E − Δ_{Λn} − γV )^{−1}_{ij} . We write

(4.15) G_{n+1}(E, 0, j) = G_n(E, 0, j) + ∑ <j^′j^{′′}> G_n(E, 0, j^′)G_{n+1}(E, j^{′′}, j),

where < j^′j^{′′} > is the set {j^′ ∈ ∂Λ_n, j^{′′} /∈ ∂Λ_n| |j^{′′} − j^′|_1 = 1}. From (4.13), (4.16) ⟨G_n(E, 0, j)⟩ ≤ e^{−an √γ|μ−ν|ℓ∞} . Using (4.16) in (4.15),

(4.17) ⟨G_{n+1}(E, 0, j)⟩ − ⟨G_n(E, 0, j)⟩ ≤e^{−an √γLn} L_{n+1}(C_dL_n)^{d−1} ≤e^{−an √γLn/2} for large enough L_n (and hence |j|_{ℓ∞} ). Similarly

(4.18) ⟨G_{n+2}(E, 0, j)⟩ − ⟨G_{n+1}(E, 0, j)⟩ ≤e^{−an+1√γLn+1/2} ... etc. So ⟨G_n(E, 0, j)⟩ form a Cauchy sequence and (4.19) ⟨G(E, 0, j)⟩ = lim_{n→∞}⟨G_n(E, 0, j)⟩ ≤ e^{−a∞ √γ|j|ℓ∞} for some a_∞ > 0. Hence for γ << 1,

(4.20) β_E (ĵ) ≥ a √ γ for any a ∈ (0, c_da_0), where c_d comes from changing the ℓ^∞ norm to ℓ^2 norm and a_∞ to a_0.

The lower bound on α_E follows from (4.20), since (4.20) implies that for all ã ∈ (0, c_da) ⟨ ∑ j (E − Δ − γV )^{−1}_{0j} e^{ã√γ‖j‖ℓ2} ⟩ < ∞.

So α_E (ĵ) ≥ a √ γ for any a ∈ (0, c_da_0). �

References

[AFHS] M. Aizenman, R. Friedrich, D. Hundertmark, S. Shankar, Finite-volume criteria for Anderson localization, Math-Ph/9910022 v2 (Preprint) (1999).

[BJS] V. Bach, T. Jecko and J. Sjöstrand, Correlation asymptotics of classical lattice spin systems with nonconvex Hamilton function at low temperature, Preprint (1998).

[Be] F. A. Berezin, The Method of Second Quantization, Academic Press, New York, 1966. [BGV] N. Berline, E. Getzler and M. Vergne, Heat kernels and Dirac operators, Springer- Verlag, 1992.

[BCKP] A. Bovier, M. Campanino, A. Klein, and F. Perez, Smoothness of the density of states in the Anderson model at high disorder, Commun. Math. Phys. 114 (1988), 439-461.

[CFKS] H. L. Cycon, R. G. Froese, W. Kirsch and B. Simon, Schrödinger Operators, Springer- Verlag, 1987.

[FKG] C. M. Fortuin, P. W. Kasteleyn, J. Ginibre, Correlation inequalities on some partially ordered sets, Commun. Math. Phys. 22 (1971), 89-103.

[Jo] J. Johnsen, On spectral properties of Witten-Laplacians, their range projections and Brascamp-Lieb inequality, Integr. equ. oper. theory 36 (2000), 288-324.

[K] A. Klein, The supersymmetric replica trick and smoothness of the density of states for the random Schrödinger operators, Proceedings of Symposium in Pure Mathematics 51 (1990).

[KS] A. Klein, A. Spies, Smmothness of the density of states in the Anderson model on a one-dimensional strip, Ann. of Phys. 183 (1988), 352-398.

[La] G. F. Lawler, Intersection of Random Walks, Birkhäuser, 1991. [Li] T. M. Liggett, Interacting Particle Systems, Springer-Verlag, 1985. [PF] L. Pastur and A. Figotin, Spectra of Random and Almost Periodic Operators, Springer, 1992.

[Sj1] J. Sjöstrand, Correlation asymptotics and Witten Laplacians, Algebra and Analysis 8 (1996).

[Sj2] J. Sjöstrand, Complete asymptotics for correlations of Laplace integrals in the semiclassical limit, (To appear in) Bull. SMF.

[SjW] J. Sjöstrand and W. M. Wang, Supersymmetric measures and maximum priciples in the complex domain–decay of Green’s functions, Ann. Scient. Éc. Norm. Sup. 32 (1999).

[Sz] A. S. Sznitman, Brownian motion, Obstacles and Random media, Springer Monograph in Mathematics, 1998.

[V] T. Voronov, Geometric Integration Theory on Supermanifolds, Mathematical Physics Review, USSR Academy of Sciences, Moscow, 1993.

[W1] W. M. Wang, Supersymmetry, Witten complex and asymptotics for directional Lyapunov exponents in Zd, Orsay Preprint (1999).

[W2] W. M. Wang, Localization and universality of Poisson statistics near Anderson transition, Orsay Preprint (1999).

[W3] W. M. Wang, Mean field upper and lower bounds on Lyapunov exponents, Orsay Preprint (2000).

[Z] M. P. W. Zerner, Directional decay of the Green’s function for a random nonnegative potential on Zd, The Annals of Applied Probability (1998), 246-280.