CRITICAL LARGE DEVIATIONS IN HARMONIC CRYSTALS WITH LONG RANGE INTERACTIONS

P. CAPUTO AND J.-D. DEUSCHEL

Abstract. We continue our study of large deviations of the empirical measures of a massless Gaussian field on Z^d, whose covariance is given by the Green function of a long range random walk, [7]. In this paper we extend techniques and results of [4] to the non-local case of a random walk in the domain of attraction of the symmetric α-stable law, with α ∈ (0, 2 ∧ d). In particular, we show that critical large deviations occur at the capacity scale N^{d−α}, with a rate function given by the Dirichlet form of the embedded α-stable process. We also prove that if we impose zero boundary conditions, the rate function is given by the Dirichlet form of the killed α-stable process.

2000 MSC: 60G15, 60G52, 60F10, 31C25, 82B41 Key words and phrases: Random walks, Gaussian random fields, Gibbs measures, large deviations, symmetric stable processes, Dirichlet forms.

1. Introduction and Results

We consider a field of random heights ϕ_x ∈ R at sites x ∈ Z^d of the d-dimensional integer lattice. The distribution P of the field is Gaussian, with mean zero, and covariance given by the Green function of a lattice random walk, i.e.

P (ϕ_xϕ_y ) = G(x, y) = ∞∑ n=0 p^n(x, y) , (1.1)

where p(x, y) is the probability to jump from x to y, p^n is the corresponding n-th iterate, and the random walk is assumed to be homogeneous, symmetric and transient. If p(·, ·) is the simple random walk in dimension d ⩾ 3, P is known as the massless (lattice) free field. In general, we refer to P as the harmonic crystal with random walk p. We are going to investigate large deviations of the empirical field of P .

1.1. Non-critical large deviations. Let R_N denote the empirical field in a cubic box Λ_N of side N ∈ Z_+

R_N (ϕ) = N^{−d} ∑ x∈Λ_N δ_{θx ϕ} , ϕ ∈ Ω , (1.2)

where Ω = R^{Zd} denotes the set of height configurations equipped with the product topology, δ_ξ stands for the Dirac measure at ξ ∈ Ω and θ_xϕ denotes the shifted configuration ϕ_{·+x}. Let also M_1(Ω) denote the set of probability measures on (Ω, B) where B is the Borel σ-field on Ω, and M^S_1 (Ω) the set of translation invariant elements of M_1(Ω), i.e. invariant under the action of {θ_x, x ∈ Z^d}. M_1(Ω) and M^S_1 (Ω) are equipped with the weak topology. If R_N is seen as a random element of M_1(Ω), by the ergodic theorem P (R_N ∈ Γ) → 1 as N → ∞ for any open set Γ ⊂ M_1(Ω) with P ∈ Γ. We have shown in

Date: February 24, 2000. 1

[7] that R_N satisfies a weak large deviation principle at the volume scale with rate given by the specific relative entropy h(μ|P ) = { lim_{N →∞} N^{−d}H_N (μ|P ) μ ∈ M^S_1 (Ω) +∞ μ ∈ M_1(Ω) \ M^S_1 (Ω)

(1.3)

where H_N (μ|P ) denotes the usual relative entropy functional on the box Λ_N . Then, for any compact F ⊂ M^S_1 (Ω) such that sup_{μ∈F} μ(ϕ^2_x) < ∞,

lim sup N →∞ N^{−d} log P ( R_N ∈ F ) ⩽ − inf_{μ∈F} h(μ|P ) , (1.4) and for any open set G ⊂ M^S_1 (Ω)

lim inf N →∞ N^{−d} log P ( R_N ∈ G ) ⩾ − inf_{μ∈G} h(μ|P ) . (1.5) The (nonnegative) function h(·|P ) was also shown to satisfy the variational principle

h(μ|P ) = 0 ⇐⇒ μ ∈ G^S_2 (1.6)

where G^S_2 denotes the set of Gibbs measures associated to the formal Hamiltonian H(ϕ) = 1 4 ∑ x,y p(x, y) (ϕ_x − ϕ_y )^2 , (1.7)

which are translation invariant and have finite second moments. The lower bound (1.5) together with (1.6) shows that deviations within the set G^S_2 are of order o(N^d) on the exponential scale. We then speak of critical large deviations.

As discussed in [7], we may replace P by P^0_N , the (Gaussian) Gibbs measure on Λ_N with zero boundary conditions, and the bounds (1.4) and (1.5) remain unchanged. In particular, the rate function is the same. Our main results will show that this is not the case for critical large deviations, i.e. boundary conditions play an important role here.

1.2. Critical large deviations. Critical large deviations have been studied for the massless free field, and more generally for any harmonic crystal arising from a finite range irreducible random walk, in the paper [4]. The transience assumption for such random walks requires d ⩾ 3, and by a classical invariance principle capacities scale as N^{d−2}. The authors prove a strong large deviation principle for R_N at the scale N^{d−2}, with rate function given by the Dirichlet form of an embedded brownian motion. In this paper we extend the analysis of [4] to the case of random walks in the domain of attraction of a stable law. In particular, we consider massless fields P_α, α ∈ (0, 2 ∧ d) and d ⩾ 1, defined by (1.1) with p = p_α an homogeneous, isotropic random walk satisfying lim |x|→∞ |x|^{d+α}p_α(0, x) = v_{α,d} , (H1) for some constant v_{α,d} ∈ (0, ∞), where |x| denotes the euclidean norm of x ∈ Z^d. We will sometimes omit the subscript α and simply write P for P_α. By (H1), the lattice process converges to the symmetric α-stable process on R^d, after suitable rescaling. We also assume lim |x|→∞ |x|^{d−α}G(0, x) = ω_{α,d} , (H2) with ω_{α,d} ∈ (0, ∞). Note that (H2) is a kind of local CLT statement, which is known to hold for finite range irreducible random walks (with α = 2), [23]. We show in Appendix

B how to construct examples of random walks satisfying both (H1) and (H2). As we shall see, in this setting the correct scale for critical large deviations is N^{d−α}.

1.3. Main results. In analogy with [4], our first main result establishes a strong large deviation principle for the empirical field of P_α at the capacity scale N^{d−α}, with rate function given by the Dirichlet form of the symmetric α-stable process in R^d, embedded in the “macroscopic” box V = Λ_N /N. Let us describe the result in more detail. Using Theorem 2.1 of [7] we may characterize elements of G^S_2 as mixtures of translates of P_α. In particular, following an idea introduced in [4], we may write G^S_2 in the following convenient way. Let V = [−^1_2 ,^1_2 ]^d, and let L^2(V ) denote the space of real square integrable functions on V . For each t ∈ R, let γ_t be the measure obtained from P_α by translating ϕ_x into ϕ_x +t for every x ∈ Z^d, i.e. γ_t is the Gaussian field with constant mean t and covariance G. We then have

G^S_2 = { γ(φ) , φ ∈ L^2(V ) } , (1.8)

where γ(φ) ≡ ∫ V γ_{φ(x)} dx . (1.9)

We recall that, in the above decomposition, apart from the case of extremal Gibbs states (φ = const. a.e.), the profile φ need not be unique, [4, 7].

The Dirichlet form of the symmetric α-stable process on R^d is given (up to a constant factor) by E(ψ, ψ) = 1 2 ∫ R^d ∫ R^d ( ψ(x) − ψ(y) )_2 |x − y|^{−d−α} dx dy . (1.10) The extended domain of E(·, ·) is denoted D_E , see Appendix A for details. We shall use the notation ψ1_V to denote restriction of ψ to V . For μ ∈ M_1(Ω), the rate function is given by

C_α(μ) = 1 2 inf_{ψ∈DE :} μ=γ(ψ1_V )

E(ψ, ψ) , (1.11)

where the infimum over empty sets is set equal to +∞. Note that, since the constraint on ψ is only relevant to the box V , the above variational problem is naturally linked to the problem of balayage on V . We refer to Appendix A for a thorough discussion, and a proof (see Theorem A.3) of the identification of so called embedded and balayaged Dirichlet forms. The latter is denoted E_V (φ, φ) = inf_{ψ∈DE :} φ=ψ1_V a.e. E(ψ, ψ) , φ ∈ L^2(V ) , (1.12)

so that the rate function C_α may also be written

C_α(μ) = 1 2 inf φ∈L^2(V ): μ=γ(φ) E_V (φ, φ) . (1.13)

We prove the following strong large deviation principle for R_N .

Theorem 1.1. C_α is lower semi-continuous, it has compact level sets, and the following bounds hold

• for any closed set F ⊂ M_1(Ω),

lim sup N →∞ N^{α−d} log P_α ( R_N ∈ F ) ⩽ − inf_{μ∈F} C_α(μ) (1.14)

• for any open set G ⊂ M_1(Ω),

lim inf N →∞ N^{α−d} log P_α ( R_N ∈ G ) ⩾ − inf_{μ∈G} C_α(μ) . (1.15)

Our next result is a strong large deviation principle for the empirical field of P^0_{α,N} , the harmonic crystal on Λ_N with zero boundary conditions outside. This is the centered Gaussian field with covariance Γ_N , the Green function of the stable random walk, killed upon exiting Λ_N , see [7]. The rate function is now expressed in terms of the Dirichlet form of the symmetric α-stable process killed upon exiting the box V . The question of zero b.c. was not addressed in [4]. On the other hand, our result is easily seen to apply to the case of any irreducible, isotropic random walk with finite variance, replacing the stable process by brownian motion (α = 2).

Let D^0_V denote the domain of the Dirichlet form for the killed process, i.e. the set of ψ ∈ D_E such that ψ1_V c = 0 a.e. Then the rate function is given by

C^0_α(μ) = 1 2 inf_{ψ∈D0} V : μ=γ(ψ1_V )

E(ψ, ψ) (1.16)

Writing

E^0_V (φ, φ) = E(ψ, ψ) , ψ ∈ D^0_V , ψ1_V = φ a.e. , (1.17)

we may also express C^0_α as

C^0_α(μ) = 1 2 inf φ∈L^2(V ): μ=γ(φ) E^0_V (φ, φ) . (1.18)

Theorem 1.2. C^0_α is lower semi-continuous, it has compact level sets, and the following bounds hold

• for any closed set F ⊂ M_1(Ω),

lim sup N →∞ N^{α−d} log P^0_{α,N} ( R_N ∈ F ) ⩽ − inf_{μ∈F} C^0_α(μ) (1.19)

• for any open set G ⊂ M_1(Ω),

lim inf N →∞ N^{α−d} log P^0_{α,N} ( R_N ∈ G ) ⩾ − inf_{μ∈G} C^0_α(μ) . (1.20)

Remark. The expressions (1.11) and (1.16) show that C^0_α(μ) ⩾ C_α(μ) for any μ ∈ M_1(Ω). Strict inequality is easily seen to occur. For instance, let us compute the rate at which R_N concentrates around the extremal Gibbs states γ_t, t ∈ R. For the infinite field problem we have

C_α(γ_t) = t^2 2 cap_α(V ) , (1.21)

where cap_α(V ) is the capacity of the unit box V for the symmetric α-stable process. In particular, C_α(γ_t) < ∞. On the other hand we expect that the cost of such a deviation in the case of zero boundary condition is at least on the surface scale N^{d−1} for each t ≠ 0.

This would imply C^0_α(γ_t) = +∞ for α > 1, t ≠ 0. Indeed, if we replace V by a euclidean ball B we have (see Lemma A.4)

E(1_B, 1_B) = { +∞ α ∈ [1, 2) , d ⩾ 2 < ∞ α ∈ (0, 1) , d ⩾ 1 . (1.22)

1.4. Strategy of proofs. We turn to a description of the main ideas involved in the proof of Theorem 1.1 and Theorem 1.2. This will lead us to the analysis of the large deviations of profile measures. The results about profiles, Theorem 1.3 and Theorem 1.4, can be considered of interest in their own right.

Lower bounds. The main idea of the lower bound is to use the convergence pointed out in Appendix B, Lemma B.5, which is seen to yield convergence of relative entropies on capacity scale. Namely, given a smooth profile ψ ∈ C^∞(V ), consider the Gaussian measure γ^{ψN} ∈ M_1(R^{ΛN} ), defined by γ^{ψN} (ϕ_x) = ψ_N (x) = ψ(x/N) , γ^{ψN} (ϕ_xϕ_y) − γ^{ψN} (ϕ_x)γ^{ψN} (ϕ_y ) = G(x, y) , x, y ∈ Λ_N . (1.23) Its Radon-Nykodin derivative w.r.t. P_N , the marginal of P on the box Λ_N , is given by

φ_N (ϕ) = dγ^{ψN} dP_N (ϕ) = exp ( − 1 2 ⟨ ψ_N , G^{−1}_N ψ_N ⟩ Λ_N + ⟨ ψ_N , G^{−1}_N ϕ ⟩ Λ_N ) , (1.24)

where G_N denotes the Green function G restricted to Λ_N and ⟨·, ·⟩_{ΛN} stands for the usual l^2(Λ_N )-scalar product. Therefore

H_N (γ^{ψN} |P ) = γ^{ψN} (log φ_N ) = 1 2 ⟨ ψ_N , G^{−1}_N ψ_N ⟩ Λ_N , (1.25)

and by Lemma B.5

lim_{N →∞} N^{α−d}H_N (γ^{ψN} |P ) = 1 2 E_V (ψ, ψ) . (1.26)

The classical change of measure argument then shows that all we have to do to establish the lower bound is check that lim_{N →∞} γ^{ψN} ( R_N ∈ G ) = 1 ,

for any open set G containing the measure γ(ψ).

Upper bounds: Profile measures. The proof of the upper bounds is based on the following analysis of ergodic properties of level 2 profiles. We define the profile measures Y_N (ϕ) = N^{−d} ∑ x∈Λ_N δ_{x/N} ⊗ δ_{ϕx} . (1.27) Y_N is a random variable with values in M_1(V × R), the set of probability measures on the product V × R. We consider the rate function

I_α(ν) =

{_1

2 E_V (φ, φ) if ν = Φ(φ), φ ∈ L^2(V ) +∞ otherwise

(1.28)

where ν ∈ M_1(V × R) and we have defined the map Φ(φ) = dx ⊗ N (φ(x), σ^2) , (1.29) with N (m, σ^2) the normal distribution on R with mean m and variance σ^2 ≡ G(0, 0). We shall prove the following strong large deviations principle for Y_N under the infinite volume field P_α.

Theorem 1.3. The function I_α is lower semi-continuous and has compact level sets. Moreover, the profiles Y_N satisfy the estimates

• for any closed set F ⊂ M_1(V × R),

lim sup N →∞ N^{α−d} log P_α ( Y_N ∈ F ) ⩽ − inf_{ν∈F} I_α(ν) (1.30)

• for any open set G ⊂ M_1(V × R),

lim inf N →∞ N^{α−d} log P_α ( Y_N ∈ G ) ⩾ − inf_{ν∈G} I_α(ν) . (1.31)

Convention. We shall sometimes abbreviate a statement like (1.30) and (1.31) above by saying that Y_N satisfies the strong N^{d−α}-LDP (under the measure P ) with rate function I_α. The LDP is said to be weak if the upper bound (1.30) is restricted to compact sets.

The idea behind the proof of Theorem 1.3 is the same as in [4]. We first consider the signed measures X_N on V , defined by

X_N (ϕ) = N^{−d} ∑ x∈Λ_N ϕ_xδ_{x/N} . (1.32)

Since X_N is a Gaussian variable, a large deviations principle under P is established in a standard way, by computing the logarithmic moment generating function

log P ( exp N^{d−α} ⟨X_N , ψ⟩ ) = 1 2 Var_P (⟨X_N , ψ⟩) = 1 2 N^{−2α} ⟨ψ_N , G_N ψ_N ⟩_{ΛN} ,

for ψ ∈ C(V ), ψ_N (x) = ψ(x/N), x ∈ Λ_N . Thanks to Lemma B.4, we obtain

lim_{N →∞} N^{α−d} log P ( exp N^{d−α} ⟨X_N , ψ⟩ ) = 1 2 (ψ, G_V ψ)_V , (1.33)

wher G_V is the integral operator associated to the Riesz kernel (see Appendix A). The Legendre transform of (1.33), which is precisely the Dirichlet form E_V , is then the good rate function of the (level 1) N^{d−α}-LDP for X_N , see Proposition 2.3.

The main point of the argument is to lift this level 1 LDP to a level 2 LDP for Y_N : we make a continuous transformation which sends X_N into a smooth profile ϕ_{N,ε} ∈ L^2(V ), ε > 0, given by ϕ_{N,ε}(x) = N^{−d} ∑ z∈Λ_N ρ_ε(x − z/N)ϕ_z (1.34)

where ρ_ε ∈ C^∞(R^d) is a smooth probability density which tends to a delta function as ε → 0. We then define the level 2 profile measures

Φ_ε(X_N ) = dx ⊗ N (ϕ_{N,ε}(x), σ^2) ∈ M_1(V × R) . (1.35)

A large deviations principle for Φ_ε(X_N ) is obtained via contraction principle on the variables X_N , for each fixed ε > 0. The crucial point is to show that as ε goes to zero the variables Φ_ε(X_N ) and Y_N are exponentially well approximated on the scale N^{d−α}. The main ingredient in the approximation is a conditioning argument which fully exploits the

Gaussian nature of the problem. Following [4], we choose a sub-lattice L = LZ^d, with scale L > 0 and consider the Gaussian fields

ζ_x = P (ϕ_x|F_L) , τ_x = ϕ_x − ζ_x , x ∈ Z^d , (1.36)

where F_L denotes the σ-algebra generated by the variables ϕ_x, x ∈ L. The fields τ and ζ are independent. Moreover, we have a random walk representation for the τ-field:

P (τ_xτ_y) = G^L(x, y) , x, y ∈ Z^d , (1.37)

where G^L is the Green function of the random walk which is killed upon hitting the sublattice L. In particular, τ is a weakly coupled field, see Lemma C.2. We then choose the scale L = log N and introduce the auxiliary profiles

Z_N (ϕ) = N^{−d} ∑ x∈Λ_N δ_{x/N} ⊗ N (ζ_x, σ^2) . (1.38)

Using the weak coupling property of the field τ we prove that Z_N approximates exponentially both the profiles Y_N and Φ_ε(X_N ), see Proposition 2.2 and Proposition 2.1.

Let us finally discuss the profiles Y_N under the measure P^0_{α,N} , the zero boundary conditions field. We define the rate function

I^0_α(ν) =

{_1

2 E^0_V (φ, φ) if ν = Φ(φ), φ ∈ L^2(V ) +∞ otherwise

. (1.39)

Theorem 1.4. The function I^0_α is lower semi-continuous, it has compact level sets, and • for any closed set F ⊂ M_1(V × R),

lim sup N →∞ N^{α−d} log P^0_{α,N} ( Y_N ∈ F ) ⩽ − inf_{ν∈F} I^0_α(ν) (1.40)

• for any open set G ⊂ M_1(V × R),

lim inf N →∞ N^{α−d} log P^0_{α,N} ( Y_N ∈ G ) ⩾ − inf_{ν∈G} I^0_α(ν) . (1.41)

The proof of Theorem 1.4 will be accomplished through the following main steps. We introduce the measures P^{N,L}_k , L > 0 and k > 1, defined as the harmonic crystal corresponding to a random walk with soft killing proportional to L/N^α in the region W_{k,N} = Λ_{kN} \Λ_N , i.e. dP^{N,L}_k dP (ϕ) = ( Z^L_{k,N} )_{−1} exp ( − 1 2 LN^{−α} ∑ x∈W_{k,N} ϕ^2_x ) .

We denote G^{N,L}_k the corresponding Green function. The first step then consists in proving a large deviations principle for Y_N under P^{N,L}_k , for each fixed L > 0 and k > 1. This will be obtained essentially as an application of Varadhan’s lemma, cf. Proposition 3.1. Note that the choice of the scaling LN^{−α} is precisely the one required. The second step is the exponential approximation between P^{N,L}_k ∘ Y^{−1}_N and P^{N,∞}_k ∘ Y^{−1}_N when L goes to infinity. Here P^{N,∞}_k stands for the harmonic crystal in the large box Λ_{kN} with zero boundary conditions on W_{k,N}^1. The approximation is achieved by means of a probabilistic estimate

1Note that in the local case P^{N,∞}_k is not distinguished from P^0_N as soon as k > 1.

on the top eigenvalue of the difference of covariances Γ^{N,L}_k ≡ G^{N,L}_k − Γ_{k,N} , cf. Proposition 3.2. We have Γ^{N,L}_k (x, y) = E_x ∞∑ n=τ_{k,N} 1_{{y}}(ξ_n) exp ( − log (1 + LN^{−α}) n∑ l=0 1_{Wk,N} (ξ_l) ) , where τ_{k,N} is the hitting time τ_{k,N} = inf {n ⩾ 1 , ξ_n ∈ W_{k,N} } . We use in our proof very explicitly the random walk, in particular Levy’s inequality and the arc-sine law. Finally, we shall prove that, as k → ∞, the field P^{N,∞}_k ∘ Y^{−1}_N is exponentially equivalent to P^0_N ∘ Y^{−1}_N .

1.5. A remark on conditional limit theorems. We conclude this introduction with an application of Theorem 1.3 to conditional limit laws. Let us define the level 3 empirical field Y_N (ϕ) = N^{−d} ∑ x∈Λ_N δ_{x/N} ⊗ δ_{θx ϕ}. This is a random measure with values in M_1(V × Ω). Note that Y_N (ϕ) ∘ π^{−1}_0 = Y_N (ϕ), where π_0 : Ω → R is the canonical projection onto the origin, π_0ϕ = ϕ_0, and, for all F ∈ C_b(Ω), ⟨ R_N (ϕ), F ⟩ = ⟨ Y_N (ϕ), 1_V ⊗ F ⟩ . Next, define the rate function

J_α(Q) =

{_1

2 E_V (ϕ, ϕ) if Q = Ψ(ϕ), ϕ ∈ L^2(V ) +∞ otherwise

where Ψ(ϕ) = dx ⊗ γ_{ϕ(x)}.

Now in view of Theorem 1.3 and using a projective limit argument, it is not too difficult to show that Y_N satisfies the strong N^{d−α}- LDP (under P_α) with rate function J_α.

Let us present a simple application of this result. For m, s^2 > 0, define A(m) = {Q ∈ M_1(V × Ω) : ⟨ Q ∘ π^{−1}_0 , 1_V ⊗ ϕ_0 ⟩ ≥ m}, C(s^2) = {Q ∈ M_1(V × Ω) : ⟨ Q ∘ π^{−1}_0 , 1_V ⊗ ϕ^2_0 ⟩ ≥ s^2}, and set A_N (m) = {Y_N (ϕ) ∈ A(m)} = {ϕ : N^{−d} ∑ x∈Λ_N ϕ_x ≥ m}, C_N (s^2) = {Y_N (ϕ) ∈ C(s^2)} = {ϕ : N^{−d} ∑ x∈Λ_N ϕ^2_x ≥ s^2}.

The asymptotic of the conditional measures P_α( · | A_N (m)) and P_α( · | C_N (s^2)) as N → ∞ are characterized by solutions of the following variational problems: inf{E_V (ψ, ψ) : ψ ∈ D_E , ∫ V ψ(x) dx = m}, (1.42) and inf{E_V (ψ, ψ) : ψ ∈ D_E , ∫ V ψ^2(x) dx = s^2 − σ^2} . (1.43)

The unique solution ψ_m of (1.42) is of the form

ψ_m(x) = m c(V ) G_V 1_V (x), where c(V ) = ∫ V G_V 1_V (x) dx

(see appendix A for a definition of the integral operator G_V ). Next, let e_1 be the L^2(V )- normalized eigenfunction associated to the largest eigenvalue λ_1 of G_V , cf. (A.10), and, for s^2 > σ^2, let ξ_s2 (x) = (√ s^2 − σ^2 ) e_1(x), x ∈ V. Then ξ_s2 and −ξ_s2 are the unique solutions of the variational problem (1.43).

Next, for given ϵ > 0 and x ∈ V let Λ^{ϵ,x}_N = Λ_{[ϵN ]} + [xN] be the cubic box of side [ϵN] centered at [xN] and let R^{ϵ,x}_N denote the corresponding empirical field: R^{ϵ,x}_N (ϕ) = [ϵN]^{−d} ∑ y∈Λ^{ϵ,x}_N δ_{θy ϕ}. Let also B_ρ(μ) denote the Prohorov ball of radius ρ around μ ∈ M_1(Ω). The next convergence result for the conditional laws follows from the above LDP for Y_N : Proposition 1.5. Let m > 0, s^2 > σ^2 and x ∈ V then for each ρ > 0 lim_{ϵ→0} lim_{N →∞} P (R^{ϵ,x}_N /∈ B_ρ(γ_{ψm(x)}) | A_N (m)) = 0 and lim_{ϵ→0} lim_{N →∞} P (R^{ϵ,x}_N /∈ B_ρ(γ_{ξs2 (x)}) ∪ B_ρ(γ_{−ξs2 (x)}) | |C_N (s^2)) = 0

In fact, by symmetry

lim_{ϵ→0} lim_{N →∞} P (R^{ϵ,x}_N ∈ B_ρ(γ_{ξs2 (x)}) | |C_N (s^2)) = lim_{ϵ→0} lim_{N →∞} P (R^{ϵ,x}_N ∈ B_ρ(γ_{−ξs2 (x)}) | |C_N (s^2)) = 1 2 . We expect a stronger result^2, that is a convergence for the measures P (θ_{[N x]}ϕ ∈ · | |A_N (m)) to γ_{ψm(x)} and P (θ_{[N x]}ϕ ∈ · | |C_N (m)) to 1 2 γ_{ξs2 (x)} + 1 2 γ_{−ξs2 (x)}, without having to take macroscopic averages on the box Λ^{ϵ,x}_N .

The standard way to prove such a convergence is to introduce the field with periodic boundary conditions on Λ_N , which in our case does not exist. An alternative way, would be to consider mesoscopic scales as used in the description of the Wulff droplet for the 3-d Ising model, cf. [3] or [8]. Thus replace the macroscopic box Λ^{ϵ,x}_N by the mesoscopic box Λ^{ϵ(N ),x} N of side ϵ(N)N with lim_{N →∞} ϵ(N) = 0. We believe that Proposition 1.5 holds for such scaling, but this would require a non-trivial improvement of Theorem 1.3.

2The result for local interactions as stated in Theorem 0.13 of [4] is wrong, one should instead consider the conditional measure of the empirical field RN .

The rest of the paper is devided into 3 main sections. In section 2 we study the infinite volume problem, Theorem 1.1 and Theorem 1.3, adapting the proof of [4]. In section 3 we consider the case of zero boundary conditions, Theorem 1.2 and Theorem 1.4. In the Appendix we collect a few basic facts dealing with the α-stable process and α-stable random walk. In particular we show the convergence of the properly rescaled capacity of the random walk to the capacity of the stable process. Our main result here is Theorem A.3, which gives the variational formula (1.12).

Acknowledgments. We are grateful to Ofer Zeitouni for the proof of Lemma B.3. P.C. acknowledges partial support by DFG.

2. Infinite volume field

In this section we prove Theorem 1.3 and Theorem 1.1. Since the proofs follow very closely the ideas of [4], we shall sometimes omit details of those arguments which carry over unchanged to our setting. A more extensive treatment of the matter may be found in [6], Chapter 7.

2.1. Proof of Theorem 1.1. Observe first that compactness of level sets of C_α, and therefore also lower semi-continuity, simply follow from (1.12), the continuity of the map

L^2(V ) ∋ φ → γ(φ) ∈ M_1(Ω) . (2.1)

and Lemma A.2, see Appendix B.

In view of (1.12), to prove the lower bound (1.15) it is sufficient to show

lim inf N →∞ N^{α−d} log P ( R_N ∈ G ) ⩾ − 1 2 E_V (ψ, ψ) (2.2)

for any ψ ∈ L^2(V ) such that γ(ψ) ∈ G. Moreover, due to the continuity of the map (2.1) and the semi-continuity of E_V , we may restrict ourselves to ψ ∈ C^∞(V ). Given a smooth profile ψ ∈ C^∞(V ), consider the Gaussian measure γ^{ψN} defined in (1.23). As discussed in the previous section, all one has to check is lim_{N →∞} γ^{ψN} ( R_N ∈ G ) = 1 , (2.3)

for any open set G containing γ(ψ). Note that if ψ is a constant, then (2.3) is a straightforward consequence of the ergodic theorem. Moreover, (2.3) can be extended to piecewise constant functions. Following [4], Theorem 2.9, one proves that (2.3) holds for any ψ ∈ C^∞(V ). We turn to the upper bound of Theorem 1.1. We shall assume the validity of Theorem 1.3, whose proof will be given in the next subsection. We start with a proof of the exponential tightness of R_N . Namely, there exist c > 0, L_0 > 0, such that, for any L > L_0,

lim sup N →∞ N^{α−d} log P ( R_N /∈ K_L ) ⩽ − cL , (2.4) where K_L is the compact set

K_L = { μ ∈ M^S_1 (Ω) , μ(ϕ^2_0) ⩽ L } . (2.5)

In order to prove (2.4), notice that for any a > 0 P ( R_N /∈ K_L ) ⩽ ⩽ exp (−aL) P ( exp aN^{−d} ∑ x∈Λ_N ϕ^2_x ) . (2.6)

From Lemma C.1 we obtain

log P ( R_N /∈ K_L ) ⩽ − aL + aN^{−d} Tr G_N + 2a^2N^{−2d}W (2aN^{−d}, λ_1) Tr G^2_N ,

where λ_1 = λ_1(N) is the maximal eigenvalue of G_N and we have set β = 2aN^{−d} in Lemma C.1. Recalling (B.10) it is easy to check:

λ_1(N) ⩽ max_{x∈ΛN} ∑ y∈Λ_N G(x, y) ⩽ O(N^α) (2.7)

Tr G^2_N = ∑ x,y∈Λ_N G(x, y)^2 ⩽ o(N^{d+α}) . (2.8)

Choosing now a = a(N) = 2cN^{d−α} in (2.1), for c > 0 sufficiently small, we see that W (2aN^{−d}, λ_1) is uniformly bounded in N and the last term in the r.h.s. is o(N^{d−α}). Using Tr G_N = N^dσ^2, we have (2.4) for all sufficiently large L.

To prove (1.14) we may now assume F to be a compact set. Then, the classical Heine- Borel argument shows that to establish (1.14), it is sufficient to prove, for any μ ∈ F ,

lim_{ρ↘0} lim sup N →∞ N^{α−d} log P ( R_N ∈ B_ρ(μ) ) ⩽ − C_α(μ) , (2.9)

where B_ρ(μ) is the Prohorov ball of radius ρ around μ. In view of (1.4) and (1.6), (2.9) is always satisfied for μ /∈ G^S_2 . We may therefore assume μ = γ(ψ) for some ψ ∈ L^2(V ), cf. (2.1). Notice that

μ ∘ π^{−1}_0 = γ(ψ) ∘ π^{−1}_0 = ∫ V N (ψ(x), σ^2) dx . (2.10)

Consider the level 2 empirical measure

L_N (ϕ) = R_N (ϕ) ∘ π^{−1}_0 = N^{−d} ∑ x∈Λ_N δ_{ϕx} ∈ M_1(R) . In particular, ⟨L_N (ϕ), f⟩ = ⟨Y_N (ϕ), 1_V ⊗ f⟩ , f ∈ C_b(R) . Let B^1_ρ denote the Prohorov ball of radius ρ in M_1(R). Then if R_N ∈ B_ρ(μ), there exists ρ^′ > 0 such that L_N ∈ B^1_ρ′ (μ ∘ π^{−1}_0 ), with ρ^′ → 0, as ρ → 0. Applying the contraction principle (see e.g. [10], Theorem 4.2.1) to the variables Y_N and using Theorem 1.3, we see that

lim_{ρ↘0} lim sup N →∞ N^{α−d} log P ( R_N ∈ B_ρ(μ) ) ⩽ lim_{ρ′ ↘0} lim sup N →∞ N^{α−d} log P ( L_N ∈ B^1_ρ′ (μ ∘ π^{−1}_0 ) ) ⩽ − ~I_α(μ) , where ~I_α(μ) ≡ inf {I_α(ν), ν ∈ M_1(V × R) : ν(1_V ⊗ ·) = μ ∘ π^{−1}_0 }.

By the definition (1.28) of I_α and (2.10), we see that ~I_α(μ) = C_α(μ). This concludes the proof of (2.9).

2.2. The Profile Measures. Here we prove Theorem 1.3. Let us first introduce some notations. For every bounded Lipshitz continuous function f on V or on R, we write ‖f‖_{BL} = ‖f‖_∞ + sup_{x≠y} |f(x) − f(y)| |x − y| . We define the metric d_∗ by

d_∗(μ, ν) = sup { | ⟨ν − μ, f ⊗ g⟩ | , f ∈ C(V ), ‖f‖_{BL} ⩽ 1 , g ∈ C(R), ‖g‖_{BL} ⩽ 1 } , (2.11)

where μ, ν ∈ M_1(V × R) and we have used the notation ⟨μ, f ⊗ g⟩ = ∫ V ∫ R f(x)g(u)μ( dx, du) . Recall that the weak topology is compatible with the Wasserstein metric, which is obtained from (2.11) by replacing f ⊗g with h ∈ C(V ×R) such that ‖h‖_{BL} ⩽ 1. Since the functions f ⊗ g are separating in M_1(V × R), one concludes that d_∗ metrizes the weak topology on M_1(V × R).

The main step in the proof of Theorem 1.3 is a large deviation principle for the profiles Z_N . These are defined by

Z_N (ζ) = N^{−d} ∑ x∈Λ_N δ_{x/N} ⊗ N (ζ_x, σ^2) , (2.12)

where ζ_x = P (ϕ_x|F_L) is the field defined in (1.36) with L = LZ^d. The next step is to establish the exponential equivalence of Y_N and Z_N .

Proposition 2.1. The profiles Z_N satisfy the strong N^{d−α}-LDP with rate function I_α.

Proposition 2.2. For any β > 0, for any f ∈ C(V ) and g ∈ C(R) such that ‖g‖_{BL} < ∞, we have

lim sup N →∞ N^{α−d} log P ( | ⟨Y_N − Z_N , f ⊗ g⟩ | ⩾ β ) = −∞ . (2.13)

To prove Proposition 2.2 we may repeat the arguments of [4], Proposition 3.10. The crucial point is the weak dependence of the field τ = ϕ−ζ, which in our setting is expressed by the estimates of Lemma C.2. With this new ingredient, the proof given in [4] applies. We do not provide further details.

Assuming the validity of Propositions 2.1, whose proof will be given below, we now complete the proof Theorem 1.3.

Proof of Theorem 1.3. The statements about the rate function I_α follow from the same arguments as for the rate function C_α, and the continuity of the map Φ : L^2(V ) → M_1(V × R) given in (1.29).

Let us show how to prove the upper bound (1.30). To prove that the profiles Y_N are exponentially tight, we may define the compact sets

R_L = { μ ∈ M_1(V × R), ⟨ μ, 1_V ⊗ z^2 ⟩ ⩽ L } , L > 0 , (2.14)

and use the same argument as for (2.4). Then, by the Heine-Borel argument, it is sufficient to show that for any μ ∈ F we can find a sequence U_ρ(μ), ρ > 0, of neighbourhoods of μ such that

lim sup ρ↘0 lim sup N →∞ N^{α−d} log P ( Y_N ∈ U_ρ(μ) ) ⩽ − I_α(μ) . (2.15)

For any ρ > 0, we may choose functions u_i ∈ C_b(V × R), i = 1, . . ., n, and ε > 0 such that U_ρ(μ) = {ν ∈ M_1(V × R) : | ⟨ν − μ, u_i⟩ | < ε , i = 1, . . ., n} and {ν ∈ M_1(V × R) : | ⟨ν − μ, u_i⟩ | < 2ε , i = 1, . . ., n } ⊂ B_ρ(μ) where B_ρ(μ) denotes the ball of radius ρ around μ for a metric which is compatible with the weak topology (e.g. d_∗). Moreover, by a density argument we may further assume the functions u_i to be (a linear combination of functions) of the form f ⊗g, with f ∈ C(V ) and g ∈ C(R) with ‖g‖_{BL} < ∞. At this point it is an easy exercise to show that Proposition 2.2 implies

lim sup N →∞ N^{α−d} log P ( Y_N ∈ U_ρ(μ) ) ⩽ lim sup N →∞ N^{α−d} log P ( Z_N ∈ B_ρ(μ) ) . (2.16)

From (2.16) and the upper bound for Z_N , cf. Proposition 2.1, we arrive at (2.15). The lower bound can be proven in a similar way.

Large deviations for Z_N . We turn to the proof of Proposition 2.1. Here we follow Proposition 3.9 in [4]. We recall below the main steps needed.

Step 1. The first step consists in proving a large deviation principle for level 1 profile measures. The profiles X_N (ϕ) = N^{−d} ∑ x∈Λ_N ϕ_xδ_{x/N} . are Gaussian random variables with values in M(V ), the set of all finite signed measures on V . We equip M(V ) with the locally convex topology generated by the functionals μ → ∫ V f dμ , f ∈ C(V ) . With this choice, the sets M_r(V ) = { μ ∈ M(V ), ‖μ‖_{var} ⩽ r } , r > 0 , are compact (‖ · ‖_{var} denotes the total variation norm).

Proposition 2.3. The measures X_N satisfy the strong N^{d−α}-LDP with rate function J(μ) = 1 2 sup f ∈C(V ) { 2μ(f) − (f, G_V f)_V } , (2.17)

where G_V is the integral operator defined in (A.9).

Proof. The function J is clearly convex and lower semi-continuous. Moreover, using Lemma A.2, one checks the identity J(μ) = {_1

2 E_V (ψ, ψ) if μ( dx) = ψ(x) dx , ψ ∈ L^2(V ) + ∞ otherwise

. (2.18)

Lemma A.2 also implies compactness of the level sets of J. The argument used for (2.2) then implies the lower bound lim inf N →∞ N^{α−d} log P_α ( X_N ∈ G ) ⩾ − inf_{μ∈G} J(μ) , (2.19)

for any open set G ⊂ M(V ).

To prove the upper bound we use the asymptotics of the logarithmic moment generating function (1.33). The Legendre transform of (1.33) coincides, by definition with the function

J, and by the standard argument (cf. e.g. Theorem 4.5.3 of [10]) this leads to the upper bound lim sup N →∞ N^{α−d} log P_α ( X_N ∈ F ) ⩽ − inf_{μ∈F} J(μ) , (2.20)

for any compact set F ⊂ M(V ). In order to remove the compactness restriction observe that by the same argument used for (2.4) we have lim sup N →∞ N^{α−d} log P ( X_N /∈ M_r(V ) ) ⩽ − cr^2 , r > 0 , for some contant c > 0.

Step 2. In the second step we lift the LDP of step 1 to an LDP for smooth level 2 profiles. Let ρ be a smooth probability density with support contained in the unit ball of R^d, and define ρ_ε(x) = ε^{−d}ρ(x/ε), ε > 0. For each μ ∈ M(V ), ε > 0, we form the function μ_ε ∈ C(V ), μ_ε(x) = ρ_ε ∗ μ(x) = ∫ V ρ_ε(x − y)μ( dy) . We define Φ_ε : M(V ) → M_1(V × R) , Φ_ε(μ) = Φ(μ_ε) , where Φ is defined by (1.29). Then Φ_ε is continuous for each ε > 0. From Step 1 and the contraction principle we see that the bounds of Theorem 1.3 are satisfied for each ε > 0 if we replace Y_N with Φ_ε(X_N ) and the rate function I with J_ε(ν) = inf { J(μ) , μ ∈ M(V ) : Φ_ε(μ) = ν } . (2.21)

Step 3. The next step is to prove exponential approximation of Φ_ε(X_N ) and Z_N , as ε ↘ 0. Recall the definition of the metric d_∗, see (2.11). Lemma 2.4. For any β > 0, lim_{ε↘0} lim sup N →∞ N^{α−d} log P ( d_∗(Φ_ε(X_N ), Z_N ) ⩾ β ) = −∞ . (2.22)

Proof. Let f ∈ C(V ), g ∈ C(R) be given, with ‖f‖_{BL} ⩽ 1, ‖g‖_{BL} ⩽ 1. By definition, ⟨f ⊗ g, Φ_ε(X_N ) − Z_N ⟩ = ∫ V f(x)g_σ (ϕ_{N,ε}(x)) dx − N^{−d} ∑ x∈Λ_N f(x/N)g_σ (ζ_x) , (2.23)

where g_σ(m) is the function g_γ (m) ≡ ∫ R g(r) N (m, γ^2)( dr) , and we have introduced the random profile ϕ_{N,ε}(x) = N^{−d} ∑ y∈Λ_N ρ_ε(x − y/N)ϕ_y , x ∈ V , ϕ ∈ Ω . (2.24) We can rewrite (2.23) as N^{−d} ∑ z∈Λ_N ∫ V dx [ f(x/N + z/N)g_σ(ϕ_{N,ε}(x/N + z/N)) − f(z/N) g_σ (ζ_z) ] .

Using the assumptions on f, g and the smoothness of g_σ , one easily checks the following estimates, valid uniformly on x ∈ V and z ∈ Λ_N : |g_σ (ϕ_{N,ε}(x/N + z/N))| |f(x/N + z/N) − f(z/N)| ⩽ N^{−1} , |f(z/N)| |g_σ(ϕ_{N,ε}(x/N + z/N)) − g_σ(ϕ_{N,ε}(z/N))| ⩽ Cε^{−d−1}N^{−d−1} ∑ y∈Λ_N |ϕ_y | , |f(z/N)| |g_σ(ϕ_{N,ε}(z/N)) − g_σ(ζ_z )| ⩽ C|η^ε_z| , where C < ∞ is independent of N, ε, and we have defined the field η^ε_z = ζ_z − ϕ_{N,ε}(z/N) , z ∈ Z^d . (2.25) Thanks to these bounds we have d_∗(Φ_ε(X_N ), Z_N ) ⩽ N^{−1} + CN^{−d} ∑ z∈Λ_N ( |η^ε_z| + N^{−1}ε^{−d−1}|ϕ_z | ) (2.26)

We first observe that for any β > 0, lim sup N →∞ N^{α−d} log P ( N^{−d−1} ∑ z∈Λ_N |ϕ_z| ⩾ β ) = −∞ . (2.27)

This is an obvious consequence of the argument used in the proof of (2.4). The proof of the lemma will then be completed by showing lim_{ε↘0} lim sup N →∞ N^{α−d} log P ( N^{−d} ∑ z∈Λ_N |η^ε_z| ⩾ β ) = −∞ , β > 0 . (2.28) Let Γ^ε_N (y, z) = P (η^ε_y η^ε_z) , y, z ∈ Λ_N , denote the covariance of the centered Gaussian field η^ε on Λ_N , and let λ_1(N, ε) be its largest eigenvalue. By Chebyshev’s inequality and Lemma C.1, for any a > 0 we have the bound

log P ( N^{−d} ∑ z∈Λ_N |η^ε_z| ⩾ β )

⩽ − a β^2 + a N^{−d} Tr Γ^ε_N + 2a^2 N^{−2d} Tr (Γ^ε_N )^2 W (2aN^{−d}, λ_1) , (2.29) where W is defined by (C.2). We first claim that, for each ε > 0, lim_{N →∞} N^{−d} Tr Γ^ε_N = 0 . (2.30) Indeed, Tr Γ^ε_N = ∑ z∈Λ_N P (η^ε_z^2) ⩽ 2 ∑ z∈Λ_N P (ζ^2_z ) + 2 ∑ z∈Λ_N P (ϕ_{N,ε}(z/N)^2) . The second term above is easily seen to be at most O(N^α), while from Lemma C.2 with L = log N, we have N^{−d} ∑ z∈Λ_N P (ζ^2_z ) = N^{−d} ∑ z∈Λ_N [ G(z, z) − G^L(z, z) ] → 0 , N → ∞ . This proves (2.30). It is also not difficult, cf. (2.8), to see that Tr (Γ^ε_N )^2 ⩽ o(N^{d+α}) . (2.31)

Let us define, for each ε > 0 γ(ε) = lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ z∈Λ_N |Γ^ε_N (x, z)| . (2.32)

We claim that lim_{ε↘0} γ(ε) = 0 . (2.33) We postpone for a moment the proof of this last fact, and show that (2.33) is in fact sufficient to complete the proof of Lemma 2.4. Let us assume γ(ε) > 0 for each ε > 0 (the proof is simpler otherwise) and fix a = a(N, ε) = γ(ε)^{−1/2}N^{d−α} . (2.34) With this choice of a, we see that (2.33) implies, for large N, a N^{−d} λ_1(N, ε) ⩽ γ(ε)^{−1/2} N^{−α} max_{x∈ΛN} ∑ z∈Λ_N |Γ^ε_N (x, z)| ⩽ 2γ(ε)^{1/2} , which shows that W (2aN^{−d}, λ_1(N, ε)) is uniformly bounded in (2.29). Inserting (2.34) in (2.29) and using (2.30) and (2.31), we have the upper bound lim sup N →∞ N^{α−d} log P ( N^{−d} ∑ z∈Λ_N |η^ε_z | ⩾ β ) ⩽ − γ(ε)^{−1/2}β^2 , which implies (2.28).

It remains to prove (2.33). Let us define the field η̃^ε_z = ζ_z − N^{−d} ∑ y∈Λ_N ρ_ε(z/N − y/N)ζ_y = η^ε_z + N^{−d} ∑ y∈Λ_N ρ_ε(z/N − y/N)τ_y where τ = ϕ−ζ is the centered Gaussian field with covariance G^L. From the independence of ζ and τ we have

Γ^ε_N (x, y) = P (η̃^ε_xη̃^ε_y) + N^{−2d} ∑ z,z^′ ∈Λ_N ρ_ε(x/N − z/N)ρ_ε(y/N − z^′/N)G^L(z, z^′) . Moreover, we easily see from Lemma C.2 that lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ y∈Λ_N |G^L(x, y)| = 0 and therefore (2.33) will follow from lim_{ε↘0} lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ y∈Λ_N |P (η̃^ε_xη̃^ε_y)| = 0 . (2.35)

Letting G^ζ = G − G^L, and using P (ζ_xζ_y ) = G^ζ (x, y), we have P (η̃^ε_xη̃^ε_y ) = G^ζ (x, y) − N^{−d} ∑ z∈Λ_N [ ρ_ε(y/N − z/N)G^ζ(x, z) + ρ_ε(x/N − z/N)G^ζ (y, z) ]

+ N^{−2d} ∑ z,z^′ ∈Λ_N ρ_ε(x/N − z/N)ρ_ε(y/N − z^′/N)G^ζ(z, z^′) (2.36)

Again we may neglect the contribution of G^L to this sums. It is therefore sufficient to prove (2.35) by replacing G^ζ with G in (2.36). At this point we use (B.10) to write G(x, y) = g_α(x − y) + R(x − y) with g_α(x) = ω_{α,d}|x|^{α−d}, and lim |x|→∞ |x|^{d−α}|R(x)| = 0 . In particular lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ y∈Λ_N |R(x − y)| = 0 , and we are left with the contribution of g_α alone in (2.36). By Riemann integration (see Lemma B.4),

lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ y∈Λ_N |Γ^ε_N (x, y)| ⩽ max_{x∈V} ∫ V | g_α(x − y) − 2ρ_ε ∗ g_α(x − y) + ρ_ε ∗ ρ_ε ∗ g_α(x − y) | dy . Since the densities ρ_ε converge to the Dirac mass, a dominated convergence argument implies the claim (2.35). This completes the proof of (2.33).

Step 4. From Step 2 and Step 3 above together with the exponential approximation lemma (see e.g. Theorem 4.2.16 of [10]) we see that Z_N satisfies the weak N^{d−α}-LDP with rate function given by J̃(ν) = sup δ>0 lim inf ε↘0 inf ν^′ ∈B_δ(ν) J_ε(ν^′) , (2.37)

where B_δ (ν) is the ball of radius δ around ν w.r.t. the d_∗ metric in M_1(V ×R). To extend the upper bound to all closed sets we observe that the variable Z_N are exponentially tight (choose e.g. the compact sets (2.14)). In order to conclude Proposition 2.1 we only have to check that (2.37) yields the correct rate function. The final step consists then in proving that I(ν) = J̃(ν) , ν ∈ M_1(V × R) . (2.38) The above identity can be obtained as in Lemma 3.13 of [4].

3. Zero boundary conditions field 3.1. Proof of Theorem 1.2. We proceed in analogy with the proof of Theorem 1.1. To prove the lower bound in Theorem 1.2 we have to replace (1.25) with

H_N (γ^{ψN} |P^0_{α,N} ) = 1 2 ⟨ ψ_N , Γ^{−1}_N ψ_N ⟩ Λ_N . (3.1)

By Lemma B.4 and (A.28)

lim_{N →∞} N^{α−d}H_N (γ^{ψN} |P^0_{α,N} ) = 1 2 E^0_V (ψ, ψ) . (3.2)

As before, the lower bound now follows from standard arguments. Moreover, assuming that the profiles Y_N satisfy Theorem 1.4 the upper bound in Theorem 1.2 can be proven by the same argument used for the infinite volume field in Section 2.

3.2. Profiles with zero boundary conditions. Here we prove Theorem 1.4. Before starting we need a slight extension of the results of the previous section on the infinite volume field. Let k > 0 and define V_k = [−k/2, k/2]^d , Λ_{kN} = NV_k ∩ Z^d . Let also Y^{(k)}_N (ϕ) = N^{−d} ∑ x∈Λ_{kN} δ_{x/N} ⊗ δ_{ϕx} . (3.3)

Y^{(k)}_N is a F_{ΛkN} -measurable random variable with values in M^{(k)}(V_k × R), the space of nonnegative measures on the product V_k × R with total variation norm bounded by k^d, equipped with the weak topology. Then the proof of Theorem 1.3 shows that for each integer k ⩾ 1, the profiles Y^{(k)}_N satisfy the strong N^{d−α}-LDP with rate function

I^{(k)}(μ) =

{_1

2 E_{Vk} (φ, φ) if μ = dx ⊗ N (φ(x), σ^2), φ ∈ L^2(V_k) +∞ otherwise

(3.4)

where now μ is a measure in M^{(k)}(V_k ×R), and E_{Vk} stands for the Dirichlet form embedded in V_k, i.e. E_{Vk} (φ, φ) = inf {E(ϕ, ϕ), ϕ ∈ D_E , ϕ = φ a.e. on V_k} , φ ∈ L^2(V_k) . Soft killing measures. For each L > 0, k ⩾ 1, define the measure P^{L,N}_k by dP^{N,L}_k dP (ϕ) = ( Z^{N,L}_k )_{−1} exp −1 2 LN^{−α} ∑ x∈Λ_{kN} \Λ_N ϕ^2_x

. (3.5)

Then P^{N,L}_k is the centered Gaussian field with covariance G^{N,L}_k , given by the Green function of the stable random walk on Z^d, with soft killing on the set Λ_{kN} \ Λ_N only, G^{N,L}_k (x, y) = E_x ∞∑ n=0 1_y (ξ_n) exp ( − log (1 + LN^{−α}) n∑ l=0 1_{Wk,N} (ξ_l) ) , (3.6)

with W_{k,N} ≡ Λ_{kN} \ Λ_N . The expression (3.6) can be easily obtained by explicit computations, see e.g. [7], Lemma 4.5, for similar derivations.

Proposition 3.1. For each L > 0, k > 1, the profiles Y_N satisfy the strong N^{d−α}-LDP under the measure P^{N,L}_k with rate function I_{k,L}(μ) = {_1

2 J_{k,L}(ψ, ψ) if μ = Φ(ψ), ψ ∈ L^2(V ) +∞ otherwise

(3.7)

where μ ∈ M_1(V × R) and J_{k,L}(ψ, ψ) ≡ inf_{φ∈L2(Vk):} φ1_V =ψ a.e. { E_{Vk} (φ, φ) + L ∫ V_k \V φ(x)^2 dx } . (3.8)

Proof. The proof uses the LDP for Y^{(k)}_N and Varadhan’s Lemma. Note in fact that 1 2 LN^{−α} ∑ x∈W_{k,N} ϕ^2_x = 1 2 LN^{d−α} ⟨ Y^{(k)}_N , f ⟩ , (3.9)

with f(x, r) = 1_{Vk \V} (x) ⊗ r^2 , x ∈ V_k , r ∈ R . (3.10) However, a straightforward application of Varadhan’s Lemma is not allowed since the function (3.10) is not continuous. We first have to deal with the following approximation.

Let ε > 0 and define the sets V^{ε,±} = [−(1 ± ε)/2, (1 ± ε)/2]^d , Λ^{ε,±}_N = NV^{ε,±} ∩ Z^d . Let f^{ε,−}_0 ∈ C(V_k) be the function which is zero on V , 1 on V_k \ V^{ε,+} and interpolates linearly in the set V^{ε,+} \ V . Let also f^{ε,+}_0 ∈ C(V_k) be the function which is zero on V^{ε,−}, 1 on V_k \ V and interpolates linearly in V \ V^{ε,−}. We define

f^{ε,±}(x, r) = f^{ε,±}_0 (x) ⊗ r^2 , x ∈ V_k , r ∈ R . (3.11)

We also define the probability measures P^{N,L}_{ε,±} on Ω by dP^{N,L}_{ε,±} dP = ( Z^{N,L}_{ε,±} )_{−1} exp ( − 1 2 LN^{d−α} ⟨ Y^{(k)}_N , f^{ε,±} ⟩) . (3.12)

From Varadhan’s Lemma (see e.g. Theorem 4.3.1 in [10]) we have^3 lim_{N →∞} N^{α−d} log Z^{N,L}_{ε,±} = − inf_{μ∈M1(V ×R)} { I^{(k)}(μ) + L 2 ⟨ μ, f^{ε,±}_0 ⟩}

= − σ^2L 2 ∫ V_k f^{ε,±}_0 (x) dx + 1 2 inf φ∈L^2(V_k) { E_{Vk} (φ, φ) + L ∫ V_k f^{ε,±}_0 (x)φ(x)^2 dx }

= − σ^2L 2 ∫ V_k f^{ε,±}_0 (x) dx (3.13)

Also, it follows that for each L > 0 and ε > 0, the profiles Y_N satisfy the strong N^{d−α}-LDP under the measure P^{N,L}_{ε,±} with rate I^{ε,±}_{k,L} (μ) = 1 2 inf φ∈L^2(V_k): μ=Φ(φ1_V ) { E_{Vk} (φ, φ) + L ∫ V_k f^{ε,±}_0 (x)φ(x)^2 dx } . (3.14)

To complete the proof of the proposition, note that ⟨ Y_N , f^{ε,−} ⟩ ⩽ ⟨Y_N , f⟩ ⩽ ⟨ Y_N , f^{ε,+} ⟩ . In order to prove the large deviations upper bound, let F ⊂ M_1(V × R) be a closed set. We have P^{N,L}_k ( Y_N ∈ F ) ⩽ Z^{N,L}_{ε,−} Z^{N,L}_{ε,+} P^{N,L}_{ε,−} ( Y_N ∈ F ) . (3.15)

3Note that the functions f^{ε,±} are not bounded, but the exponential tightness of the sets (2.14) shows that there is no difficulty in applying Varadhan’s Lemma.

Therefore, lim sup N →∞ N^{α−d} log P^{N,L}_k ( Y_N ∈ F )

⩽ − inf_{μ∈F} I^{ε,−}_{k,L} (μ) + σ^2L 2 ∫ V_k ( f^{ε,+}_0 (x) − f^{ε,−}_0 (x) ) dx . (3.16)

Since the last term in the r.h.s. of (3.16) vanishes as ε → 0, in order to prove the upper bound we only have to show inf_{μ∈F} I^{ε,−}_{k,L} (μ) ↗ inf_{μ∈F} I_{k,L}(μ) , ε → 0 . (3.17) Let φ ∈ L^2(V_k) be the minimizer in (3.14). With μ = Φ(φ1_V ) ∈ F , we have I^{ε,−}_{k,L} (μ) = 1 2 E_{Vk} (φ, φ) + L 2 ∫ V_k f^{ε,−}_0 (x)φ(x)^2 dx ⩾ 1 2 E_{Vk} (φ, φ) + L 2 ∫ V_k\V φ(x)^2 dx − L 2 ∫ V^{ε,+} \V φ(x)^2 dx . (3.18)

An application of the Sobolev inequality of [24], Theorem 1 in chapter 5 (see also [14], Example 1.5.2) shows that there exists a constant K < ∞ such that, if p_0 = 2d/(d − α), ‖φ‖^2_{p0,Vk} = (∫ V_k φ(x)^{p0} dx )_{2/p0} ⩽ K E_{Vk} (φ, φ) , (3.19) for any φ ∈ L^2(V_k). Let v(ε) denote the volume of V^{ε,+} \V . Hölder’s inequality and (3.19) imply ∫ V^{ε,+} \V φ(x)^2 dx ⩽ v(ε)^{1/q}‖φ‖^2_{p0,Vk} ⩽ v(ε)^{1/q}KE_{Vk} (φ, φ) , (3.20) where q = p_0/2/(p_0/2 − 1). Letting c(ε) = v(ε)^{1/q}KL, by (3.18) and (3.20) we have I^{ε,−}_{k,L} (μ) ⩾ (1 − c(ε))I_{k,L}(μ) , (3.21) for any μ such that μ = Φ(φ1_V ) for some φ ∈ L^2(V_k). Taking the infimum over such μ ∈ F , (3.17) follows from c(ε) → 0 as ε → 0. The lower bound can be proven by the same argument (inverting the role of the functions f^{ε,±}).

Exponential approximation. Let us consider the field ω_x = ω(ϕ)_x = ϕ_x − P^{N,L}_k (ϕ_x|F_{Wk,N} ) , x ∈ Λ_N , k > 1 . (3.22)

Observe that P^{N,L}_k ∘ ω^{−1} is the centered Gaussian field on R^{ΛN} with covariance Γ_{k,N} , the Green function of the random walk which is killed upon hitting W_{k,N} . We define the profiles of the ω-field, W_N (ϕ) = Y_N (ω) = N^{−d} ∑ x∈Λ_N δ_{x/N} ⊗ δ_{ωx} . (3.23) Then P^{N,L}_k ∘ W^{−1}_N = P^{N,∞}_k ∘ Y^{−1}_N , L > 0 , k > 1 , (3.24)

where P^{N,∞}_k is the centered Gaussian measure on R^{ΛN} with covariance Γ_{k,N} . The zero boundary condition field P^0_N = P^0_{α,N} of Theorem 1.4 shall be recovered by letting k → ∞ in the end. Recall the definition (2.11) of the metric d_∗.

Proposition 3.2. For any k > 1, β > 0 lim_{L→∞} lim sup N →∞ N^{α−d} log P^{N,L}_k ( d_∗(Y_N , W_N ) ⩾ β ) = −∞ . (3.25)

Proof. Let η_x be the field η_x = ϕ_x − ω_x = P^{N,L}_k (ϕ_x|F_{Wk,N} ) , x ∈ Λ_N . (3.26) As in the proof of Lemma 2.4, the claim (3.25) will follow from lim_{L→∞} lim sup N →∞ N^{α−d} log P^{N,L}_k ( N^{−d} ∑ x∈Λ_N |η_x| ⩾ β ) = −∞ , β > 0 . (3.27)

Observe that η is the centered Gaussian field with covariance Γ^{N,L}_k = G^{N,L}_k − Γ_{k,N} (see (3.6)), i.e. for x, y ∈ Λ_N Γ^{N,L}_k (x, y) = E_x ∞∑ n=τ_{k,N} 1_y (ξ_n) exp ( − log (1 + LN^{−α}) n∑ l=0 1_{Wk,N} (ξ_l) ) , (3.28)

where τ_{k,N} = inf {n ⩾ 1 , ξ_n ∈ W_{k,N} } . (3.29) Then from the proof of Lemma 2.4 we see that it will be enough to prove that, for each k > 1, lim_{N →∞} N^{−d−α} Tr ( Γ^{N,L}_k )_2

= 0 , L > 0 , (3.30) lim_{L→∞} lim sup N →∞ N^{−d} ∑ x∈Λ_N Γ^{N,L}_k (x, x) = 0 , (3.31)

lim_{L→∞} lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ y∈Λ_N Γ^{N,L}_k (x, y) = 0 . (3.32)

Since Γ^{N,L}_k (x, y) ⩽ G(x, y), it is clear that (3.30) simply follows from (2.8). In order to prove (3.31) and (3.32) we may proceed as follows. For each δ ∈ (0, 1/4), recall the boxes Λ^{δ,−}_N = Λ_{(1−2δ)N} , Λ^{δ,+}_N = Λ_{(1+2δ)N} so that a site in Λ^{δ,−}_N has a distance at least δN from any site in Λ^c_N . We also choose δ > 0, such that Λ^{δ,+}_N ⊂ Λ_{kN} . It is clear that it is sufficient to prove (3.27) with Λ_N replaced by Λ^{δ,−}_N , for any δ > 0. In particular, it will be sufficient to replace (3.31) and (3.32) by lim_{L→∞} lim sup N →∞ N^{−d} ∑ x∈Λ^{δ,−}_N Γ^{N,L}_k (x, x) = 0 , (3.33)

lim_{L→∞} lim sup N →∞ N^{−α} max_{x∈Λδ,−} N ∑ y∈Λ^{δ,−}_N Γ^{N,L}_k (x, y) = 0 , δ > 0 . (3.34)

Consider the random walk ξ_0, ξ_1, ξ_2, . . . starting at ξ_0 = x ∈ Λ^{δ,−}_N , and let τ_{k,N} be as in (3.29). Define also the function

Ψ_{N,L}(ξ, n) = log (1 + LN^{−α}) n∑ l=0 1_{Wk,N} (ξ_l) , n ∈ Z_+ . (3.35)

Figure 1. The sets Λ^{δ,−}_N ,Λ^{δ,+}_N and Wk,N = ΛkN \ ΛN .

Then by (3.6) and (3.28), using the strong Markov property we have, Γ^{N,L}_k (x, y) = E_x E_{ξτk,N} [_∞ ∑ n=0 1_{{y}}(ξ_n) exp (−Ψ_{N,L}(ξ, n)) ]

= E_x G^{N,L}_k (ξ_{τk,N} , y) , x, y ∈ Λ^{δ,−}_N . (3.36) Let us call s_N the time of first come back to Λ^{δ,−}_N after exiting Λ_N . By the strong Markov property, from (3.36) we have Γ^{N,L}_k (x, y) = E_x E_{ξτk,N} [ exp (−Ψ_{N,L}(ξ, s_N − 1))G^{N,L}_k (ξ_{sN} , y) ] (3.37) Using G^{N,L}_k (z, y) ⩽ σ^2, this shows that Γ^{N,L}_k (x, x) ⩽ σ^2 E_x E_{ξτk,N} exp (−Ψ_{N,L}(ξ, s_N − 1)) , x ∈ Λ^{δ,−}_N . (3.38) On the other hand, letting Γ^{N,L}_k (x, Λ^{δ,−}_N ) ≡ ∑ y∈Λ^{δ,−}_N Γ^{N,L}_k (x, y) , G^{N,L}_k (z, Λ^{δ,−}_N ) ≡ ∑ y∈Λ^{δ,−}_N G^{N,L}_k (z, y) we see from (3.37) that Γ^{N,L}_k (x, Λ^{δ,−}_N ) = E_x E_{ξτk,N} [ exp (−Ψ_{N,L}(ξ, s_N − 1))G^{N,L}_k (ξ_{sN} , Λ^{δ,−}_N ) ] . Since (cf. (B.10)) sup_N max x∈Λ^{δ,−}_N N^{−α}G(x, Λ^{δ,−}_N ) < ∞ , using G^{N,L}_k ⩽ G, there exists a constant C < ∞ such that for any N ∈ Z_+ we have N^{−α}Γ^{N,L}_k (x, Λ^{δ,−}_N ) ⩽ C E_x E_{ξτk,N} exp (−Ψ_{N,L}(ξ, s_N − 1)) , x ∈ Λ^{δ,−}_N . (3.39) We may restrict to the case ξ_{τk,N} ∈ Λ^{δ,+}_N ∩ W_{k,N} in (3.39), i.e. we may exclude that the walk enters W_{k,N} by hitting W_{k,N} \ Λ^{δ,+}_N . Indeed, for any k > δ, the probability of a single jump from inside Λ_N to W_{k,N} \ Λ^{δ,+}_N is bounded by (k − δ)^{−α} N^{−α}, therefore max x∈Λ^{δ,−}_N P_x ( ξ_{τk,N} ∈ W_{k,N} \ Λ^{δ,+}_N ) → 0 , N → ∞ . In particular, (3.38) and (3.39) show that both claims (3.33) and (3.34) will follow from the following lemma.

Lemma 3.3. For any δ > 0,

lim_{L→∞} lim sup N →∞ max z∈Λ^{δ,+}_N ∩W_{k,N} E_z exp (−Ψ_{N,L}(ξ, s_N − 1)) = 0 . (3.40)

Proof. We are going to exploit the fact that z ∈ W_{N,L} is at least at distance δN from any site x ∈ Λ^{δ,−}_N . Let us define the first exit time for the euclidean ball B_{δN} (ξ_0) of radius δN around ξ_0

s^δ_N = inf {n ⩾ 1 : |ξ_n − ξ_0| ⩾ δN} (3.41)

Note that by construction B_{δN} (z) ∩ Λ^{δ,−}_N = ∅ if ξ_0 = z ∈ Λ^{δ,+}_N ∩ W_{k,N} , therefore in this case s_N ⩾ s^δ_N . We claim that

lim sup N →∞ P_0 ( s^δ_N < εN^α ) → 0 , ε → 0 . (3.42)

Assuming the validity of (3.42), we may (by the arbitrariness of ε) rule out the possibility that ξ_n visits Λ^{δ,−}_N ∪ Λ^c_{kN} up to time [εN^α]. In particular the lemma will follow from

lim_{L→∞} lim sup N →∞ sup_{z∈Λc} N E_z exp ( − 1 2 LN^{−α} [εN^α]−1 ∑ n=0 1_Λc_N (ξ_n) ) = 0 (3.43)

for all ε > 0, where we use the fact that for LN^{−α} ⩽ 1, log (1 + LN^{−α}) ⩾^1_2 LN^{−α}. To prove (3.43), it is sufficient to show that for all ε > 0,

lim sup N →∞ sup_{z∈Λc} N P_z ( N^{−α} [εN^α]−1 ∑ n=0 1_Λc_N (ξ_n) ⩽ γ ) → 0 , γ → 0 . (3.44)

We are left with the proof of (3.42) and (3.44).

Proof of (3.42). By a well known inequality of Levy (cf. e.g. [25], Theorem 1.4.15), we have

P_0 ( s^δ_N < εN^α ) = P_0 ( max 1 ⩽ n ⩽ [εN^α] |ξ_n| ⩾ δN )

⩽ 2d P_0 ( |ξ_{[εN} α_]| ⩾ δN/d ) (3.45)

Let ξ̄(n) = n^{−1}ξ_{[n}α_]. Then (3.45) implies

P_0 ( s^δ_N < εN^α ) ⩽ 2dP_0 ( |ξ̄(ε^{1/α}N)| > δε^{−1/α}/d ) . (3.46)

We now use the invariance principle ξ̄(n) →^{(d)} U_α, cf. (B.8), to write

lim sup N →∞ P_0 ( s^δ_N < εN^α ) ⩽ 2d P ( |U_α| > δ ε^{−1/α}/d ) ⩽ ε c(d, δ) , (3.47) for some finite constant c(d, δ), where P ∈ M_1(R^d) is the distribution of the symmetric α-stable variable U_α, with density q_α(1, x), cf. (A.1). This proves (3.42).

Proof of (3.44). We first observe that the probability appearing in (3.44) is maximized when z ∈ ∂^+Λ_N , with ∂^+Λ_N denoting the set of sites x /∈ Λ_N at euclidean distance d(x, Λ_N ) = 1 from Λ_N . By symmetry, the situation may be further simplified as follows. Let (ξ_n) = (ξ^1_n, . . ., ξ^d_n) be the d−dimensional random walk vector and let J_T , T ∈ Z_+, be the time spent up to time T on the half space corresponding to nonnegative values of the first coordinate, i.e. J_T = ∑_T n=0 1_{Z+}(ξ^1_n). Then, for any z ∈ Λ^c_N , letting T = [εN^α] − 1 P_z ( N^{−α} [εN^α]−1 ∑ n=0 1_Λc_N (ξ_n) ⩽ γ ) ⩽ P_0 (J_T /T ⩽ γ/ε) . (3.48)

We now apply to ξ^1_n the arcsine law for an arbitrary one-dimensional, symmetric random walk (cf. [13], chapter XII). Namely, the distribution of J_T /T converges, as T → ∞, to the arcsine function P_0 (J_T /T ⩽ γ/ε) → 2 π arcsin √ γ/ε , T → ∞ . (3.49) From this and (3.48) the claim (3.44) follows immediately.

Proposition 3.4. For each k ⩾ 1, the profiles Y_N satisfy the strong N^{d−α}-LDP under the measure P^{N,∞}_k with rate function

I_k(μ) =

{_1

2 J_{k,∞}(ψ, ψ) if μ = Φ(ψ), ψ ∈ L^2(V ) +∞ otherwise

(3.50)

where μ ∈ M_1(V × R) and J_{k,∞}(ψ, ψ) ≡ E_{Vk} (ψ̃, ψ̃) , ψ̃ ∈ L^2(V_k) , ψ̃ = { ψ on V 0 on V_k \ V a.e. (3.51)

Proof. We see from (3.24) and Propositions 3.1 and 3.2, that as L → ∞, the measures P^{N,L}_k are an exponentially good approximation of the measure P^{N,∞}_k . Therefore, using the classical exponential approximation lemma (cf. Theorem 4.2.16 of [10]), we have that Y_N satisfies the weak N^{d−α}-LDP under the measure P^{N,∞}_k , with rate given by

Ĩ_k(μ) = sup δ>0 lim inf L→∞ inf ν∈B_δ(μ) I_{k,L}(ν) , (3.52)

where I_{k,L} is the rate function defined in (3.7). As in the previous section, there is no difficulty in turning the weak LDP into a strong LDP. The proposition then follows if we prove

I_k(μ) = Ĩ_k (μ) , μ ∈ M_1(V × R) . (3.53)

From (3.7) and (3.8) it is easily seen that I_{k,L}(μ) ⩽ I_k(μ) and I_{k,L}(μ) is increasing in L for fixed μ. It follows I_k(μ) ⩾ Ĩ_k(μ), μ ∈ M_1(V × R). To prove the converse, assume μ ∈ M_1(V × R) and Ĩ_k(μ) < ∞. By lower semi-continuity, for all ε > 0, there exists δ > 0 such that I_{k,L}(ν) ⩾ I_{k,L}(μ) − ε, for any ν ∈ B_δ (μ). In particular, there exists ψ ∈ L^2(V ) such that μ = Φ(ψ) and by (3.8)

Ĩ_k(μ) ⩾ 1 2 lim inf L→∞ J_{k,L}(ψ, ψ) − ε . (3.54)

By compactness we may now find a sequence φ_{k,L} ∈ L^2(V_k), L > 0, such that φ_{k,L}1_V = ψ a.e. and J_{k,L}(ψ, ψ) = E_{Vk} (φ_{k,L}, φ_{k,L}) + L ∫ V_k \V φ_{k,L}(x)^2 dx

This implies φ_{k,L}1_{Vk\V} → 0 as L → ∞, in L^2(V_k), and therefore φ_{k,L} → φ_{k,∞} in L^2(V_k) where φ_{k,∞}1_V = ψ a.e. and φ_{k,∞}1_{Vk\V} = 0 a.e. By lower semi-continuity we then have lim inf L→∞ J_{k,L}(ψ, ψ) ⩾ lim inf_{L→∞} E_{Vk} (φ_{k,L}, φ_{k,L}) ⩾ E_{Vk} (φ_{k,∞}, φ_{k,∞}) = J_{k,∞}(ψ, ψ) . From (3.54) and the arbitrariness of ε, this implies I_k(μ) ⩽ Ĩ_k(μ).

Proof of Theorem 1.4. We are now in the position to conclude the proof of Theorem 1.4. We first prove that P^{N,∞}_k is an exponentially good approximation of P^0_N as k → ∞. In order to do so, observe that (cf. Proposition 3.2) it is sufficient to prove lim_{k→∞} lim sup N →∞ N^{−d} ∑ x∈Λ_N Γ̃_{k,N} (x, x) = 0 , (3.55)

lim_{k→∞} lim sup N →∞ N^{−α} max_{x∈ΛN} ∑ y∈Λ_N Γ̃_{k,N} (x, y) = 0 , (3.56)

where we have defined Γ̃_{k,N} (x, y) ≡ Γ_{k,N} (x, y) − Γ_N (x, y) . (3.57) Recall that Γ_{k,N} is the Green function of the random walk with killing on W_{k,N} = Λ_{kN} \Λ_N , while Γ_N is the Green function of the random walk with killing on Λ^c_N . We then have Γ̃_{k,N} (x, y) = E_x ∞∑ n=τ_{k,N} 1_y (ξ_n) ; τ_{k,N} > σ_{k,N} , (3.58)

where σ_{k,N} = inf {n ⩾ 1 , ξ_n ∈ W_{k,N} } , τ_{k,N} = inf {n ⩾ 1 , ξ_n /∈ Λ_{kN} } . Using the strong Markov property we can write Γ̃_{k,N} (x, y) ⩽ E_x E_{ξτk,N} G(ξ_{τk,N} , y) ⩽ sup z /∈Λ_{kN} G(z, y) , x, y ∈ Λ_N . Then using assumption H2, cf. (B.10), we have N^{−d} ∑ x∈Λ_N Γ̃_{k,N} (x, x) ⩽ sup x∈Λ_N sup z /∈Λ_{kN} G(x, z) ⩽ C [(k − 1)N]^{α−d} , for some C < ∞ as N → ∞. This obviously implies (3.55). On the other hand, by the same argument, N^{−α} max_{x∈ΛN} ∑ y∈Λ_N Γ̃_{k,N} (x, y) ⩽ N^{d−α} C [(k − 1)N]^{α−d} = C (k − 1)^{α−d} , for all sufficiently large N, and (3.56) follows by letting k → ∞.

From the preceding observations we know (cf. the proof of Proposition 3.4) that Y_N satisfies the strong N^{d−α}-LDP under the measure P^0_N , with rate function given by Ĩ_∞(μ) = sup δ>0 lim inf k→∞ inf ν∈B_δ(μ) I_k(ν) , (3.59)

where I_k has been defined in (3.50). We are left with the proof of Ĩ_∞(μ) = I^0_α(μ) μ ∈ M_1(V × R) , (3.60)

where I^0_α is the rate function defined in (1.39). Observing that J_{k,∞}(ψ, ψ) ⩽ E^0_V (ψ, ψ), for any ψ ∈ L^2(V ) (cf. (3.51) and (A.28)), it is clear that I^0_α(μ) ⩾ Ĩ_∞(μ), μ ∈ M_1(V × R). To prove the converse, as in Proposition 3.4, it is sufficient to show that if ψ ∈ L^2(V ) is such that J_{k,∞}(ψ, ψ) < ∞, then (cf. (3.51)) lim_{k→∞} J_{k,∞}(ψ, ψ) = lim_{k→∞} E_{Vk} (ψ̃, ψ̃) = E^0_V (ψ, ψ) . (3.61)

Moreover, by a density argument, we may restrict to ψ ∈ C^1(V ). In this case, using Lemma B.4 and Lemma B.5, we see that (3.61) follows if we can show lim_{k→∞} lim_{N →∞} N^{α−d} ∑ x,y∈Λ_N ψ(x/N)ψ(y/N) | G^{−1}_{kN} (x, y) − G^{−1}(x, y) | = 0 , (3.62)

where G^{−1}(x, y) = δ(x, y) − p(x, y) and G_{kN} stands for the matrix {G(x, y)}_{x,y∈ΛkN} . We recall that (cf. [7], Lemma A.1 and Proposition 3.1) ∑ y∈Λ_N | |G^{−1}_{kN} (x, y) − G^{−1}(x, y) | | ⩽ P_x (ξ_1 /∈ Λ_{kN} ) .

The r.h.s. above is the probability that, starting in x ∈ Λ_N , the first jump brings the particle outside Λ_{kN} , and is easily seen to be bounded by C[(k − 1)N]^{−α}, for sufficiently large N, with C < ∞ independent of k and N. Going back to (3.62), we then see that N^{α−d} ∑ x,y∈Λ_N ψ(x/N)ψ(y/N) | |G^{−1}_{kN} (x, y) − G^{−1}(x, y) | | ⩽ ‖ψ‖^2_∞ N^α sup_{x∈ΛN} P_x (ξ_1 /∈ Λ_{kN} ) ⩽ C ‖ψ‖^2_∞ (k − 1)^{−α} ,

for all sufficiently large N. This proves (3.62) and completes the proof of Theorem 1.4.

Appendix A. The symmetric α-stable process The Appendix is divided in three parts: Appendix A deals with the symmetric α-stable process, Appendix B is devoted to the stable random walk model and Appendix C contains a few useful estimates for Gaussian expectations.

A.1. Free process. Let α ∈ (0, 2). The symmetric α−stable process is defined as the Markov process on R^d whose transition kernel has density q_α(t, x − y) = 1 (2π)^d ∫ R^d e^{−i(x−y)·ξ} e^{−t|ξ|α} dξ . (A.1) The case α = 2 is singular, it gives brownian motion in R^d with q_2(t, x) the centered Gaussian density with variance 2t. On the other hand, for α < 2 one shows that lim |x|→∞ |x|^{d+α}q_α(1, x) = c_{α,d} ≡ ( ∫ R^d 1 − cos ξ̂ · x |x|^{d+α} dx )_{−1} , (A.2) with ξ̂ a unit vector in R^d, see e.g. [2]. We shall assume α < d in order to have a transient process. In particular, we may define the resolvent kernel

g_α(x) = ∫_∞ 0 q_α(t, x) dt = ω_{α,d} |x|^{α−d} , ω_{α,d} = Γ(^{d−α}_2 ) 2^απ^{d/2}Γ(^α_2 )

. (A.3)

A detailed account of the potential theory associated to the kernel g_α, also known as the M. Riesz kernel, can be found in the treatise [15].

The Dirichlet Form of the symmetric α-stable process is given by E(ψ, ψ) = 1 2 ∫ R^d ∫ R^d g_{−α}(x − y) ( ψ(x) − ψ(y))^2 dx dy , (A.4)

where we have introduced the kernel g_{−α}(x) ≡ c_{α,d}|x|^{−d−α}, with c_{α,d} the constant given in (A.2), cf. chapter 1 of [15]. Its domain is given by

D̃_E = { ψ ∈ L^2(R^d) : ∫ R^d ∫ R^d g_{−α}(x − y) ( ψ(x) − ψ(y))^2 dx dy < ∞ } . (A.5)

In terms of Fourier transforms we have E(ψ, ψ) = ∫ R^d |ψ̂(ξ)|^2 |ξ|^α dξ (A.6)

where ψ̂ denotes the Fourier transform of ψ. Following Example 1.5.2 of [14] we can describe the extended domain of E as the range of the integral operator given by g_{α/2}, D_E = { ψ = g_{α/2} ∗ φ , φ ∈ L^2(R^d) } and, for ψ = g_{α/2} ∗ φ we have E(ψ, ψ) = (φ, φ) , (A.7) where (·, ·) denotes scalar product in L^2(R^d). Notice that D̃_E ⊂ D_E , but ψ ∈ D_E is not necessarily in L^2(R^d), because g_α is only locally in L^1(R^d). In fact, D_E is the space of ψ ∈ L^1_{loc}(R^d) such that ψ is a tempered distributions and ψ̂(ξ) is square integrable w.r.t. |ξ|^α. Since the process is transient, the Dirichlet space D_E with inner product E(·, ·) is a Hilbert space, [14].

The capacity of a compact set Γ ⊂ R^d is defined by the variational formula cap_α(Γ) = inf { E(ψ, ψ), ψ ∈ D_E , ψ = 1 a.e. on Γ } . (A.8)

A.2. Embedded process. Let us consider the α−stable process embedded in the unit cube V ≡ [0, 1]^d. We first introduce the integral operator on L^2(V ) given by

G_V ϕ(x) = ∫ V g_α(x − y)ϕ(y) dy , x ∈ V . (A.9) By approximating the singular kernel g_α by a sequence of non-singular kernels one proves: Lemma A.1. The operator G_V : L^2(V ) → L^2(V ) is compact and nonnegative.

By the above lemma, G_V has eigenvalues {λ_1 ⩾ λ_2 ⩾ . . .} ⊂ R^+. We call {e_n} the corresponding L^2(V )-normalized eigenfunctions, and denote (·, ·)_V the scalar product in L^2(V ). Let also G^{1/2}_V denote the square root of the operator G_V , i.e. G^{1/2}_V ϕ = ∑ n λ^{1/2}_n (ϕ, e_n)_V e_n , ϕ ∈ L^2(V ) . (A.10)

Note that G^{1/2}_V is also nonnegative and compact.

The embedded Dirichlet form E_V is defined by E_V (ψ, ψ) = ∑ n 1 λ_n (ψ, e_n)^2_V , ψ ∈ L^2(V ) (A.11)

with domain D_V = { ψ ∈ L^2(V ) : E_V (ψ, ψ) < ∞ } . (A.12) Lemma A.2. We have D_V = { ψ = G^{1/2}_V ϕ, ϕ ∈ L^2(V ) } , E_V (ψ, ψ) = (ϕ, ϕ)_V , ϕ = G^{−1/2}_V ψ . (A.13) Moreover, for any ψ ∈ D_V and any dense subset S_V of L^2(V ), E_V (ψ, ψ) = sup_{f ∈SV} {2 (f, ψ)_V − (f, G_V f)_V } = sup_{f ∈SV} { (f, ψ)^2_V (f, G_V f)_V } . (A.14)

Finally, the function ϕ → E_V (ϕ, ϕ) is lower semi-continuous and has compact level sets in L^2(V ).

Proof. First observe that (A.13) is an easy consequence of the spectral representations (A.11) and (A.10). Using again the spectral theorem, the first line in (A.14) follows from non-negativity of G_V and the fact that the function x(2a − λx), for fixed a ∈ R and λ > 0, is maximized at x = a/λ. Moreover, by the continuity of G_V , the choice of the dense set S_V is arbitrary. The second variational formula in (A.14) follows by changing f into βf in the first line of (A.14) and optimizing over β ∈ R. The lower semi-continuity of E_V is a straightforward consequence of (A.14). In particular, the level sets

Φ_L = { G^{1/2}_V φ , φ ∈ L^2(V ) , (φ, φ)^2_V ⩽ L } , are closed. But since G^{1/2}_V is compact, Φ_L is also relatively compact in L^2(V ), and thus compact.

The following theorem shows the deep connection between the problem of balayage (or sweeping out) on V and the embedded Dirichlet form E_V . In particular, it shows that E_V coincides with the so-called balayaged Dirichlet form introduced in [19]. Also, it will turn out to be essential to prove convergence of capacities as discussed in the next section. We introduce the hitting distribution kernel H_V (x, E) = P̃_x (ω(σ_V ) ∈ E) , (A.15)

where P̃_x denotes the distribution of the symmetric α-stable process on the space of right continuous paths with left limits ω : [0, ∞) → R^d, such that ω(0) = x, E is any measurable set and σ_V denotes the hitting time of V σ_V = inf {t ⩾ 0, ω(t) ∈ V } . (A.16) Then H_V defines a probability kernel on R^d and, for a measurable f we write

H_V f(x) = ∫ R^d f(y)H_V (x, dy) . (A.17)

Then, for any f ∈ D_E , H_V f is a function which agrees with f on V and is α−harmonic outside of V , in the sense that (see Theorem 4.3.2 in [14]) E(H_Γf, g) = 0 , f, g ∈ D_E , g = 0 q.e. on Γ , where q.e. stands for “quasi everywhere” (i.e. everywhere apart from sets of zero capacity).

We shall use the following notation. Let M denote the set of (signed) Radon measures on R^d, and U^μ_α the potential of μ ∈ M, i.e. U^μ_α (x) = ∫ R^d g_α(x − y)μ( dy) . To μ ∈ M we associate the quadratic functional (the energy of μ) E_α(μ, μ) = ∫ R^d ∫ R^d g_α(x − y)μ( dx)μ( dy) . (A.18) Measures of finite energy are denoted M_0 = {μ ∈ M : E_α(|μ|, |μ|) < ∞ } , where |μ| = μ^+ + μ^− is the total variation of μ = μ^+ − μ^−. For μ, ν ∈ M_0, we use (A.18) to define E_α(μ, ν), by polarization. If μ ∈ M_0, then by [14], Theorem 2.2.2, U^μ_α ∈ D_E and E(U^μ_α , U^μ_α ) = E_α(μ, μ) . (A.19) Theorem A.3. For any f ∈ D_V , we have E_V (f, f) = E(H_V f, H_V f) = inf {E(ψ, ψ), ψ ∈ D_E , ψ = f a.e. on V } (A.20) Proof. Let us define E_V (f) = inf {E(ψ, ψ), ψ ∈ D_E , ψ = f a.e. on V } . Let ψ ∈ D_E such that ψ = g_{α/2} ∗φ, with φ ∈ L^2(R^d) as in (A.7). Then, for any h ∈ L^2(R^d) E(ψ, ψ) = (φ, φ) ⩾ 2(φ, h) − (h, h) . By choosing h = g_{α/2} ∗ ϕ, ϕ ∈ L^2(R^d), since g_{α/2} ∗ g_{α/2} = g_α, we obtain E(ψ, ψ) ⩾ sup_ϕ {2(ψ, ϕ) − (ϕ, g_α ∗ ϕ)} , (A.21) where the supremum is taken over ϕ ∈ L^2(R^d) such that g_{α/2} ∗ ϕ is in L^2(R^d). Restricting (A.21) to ϕ’s vanishing out of V and using (A.14), we see that E(ψ, ψ) ⩾ E_V (f, f) , ψ = f a.e. on V, (A.22) and therefore E_V (f) ⩾ E_V (f, f).

Since H_V f = f q.e. (and therefore a.e.), we always have E_V (f) ⩽ E(H_V f, H_V f) . To finish the proof of the theorem it is then sufficient to show E(H_V f, H_V f) = E_V (f, f) . (A.23) Let us first prove (A.23) when f is a potential, i.e. assume there exists μ ∈ M_0 such that f = U^μ_α a.e. on V (this is the case if e.g. f ∈ C^{d+2}(V ) by Lemma 1.1 in [15]). In this case, by Theorem 4.3.2 in [14], H_V f is known to be the reduced function of f on V , i.e. the potential H_V f = U^ν_α , for some ν ∈ M_0 with Supp[ν] ⊂ V^4. Then, by (A.19) E(H_V f, H_V f) = E(U^ν_α , U^ν_α) = E_α(ν, ν) . (A.24) Observe now that for any λ ∈ M_0, E_α(ν − λ, ν − λ) ⩾ 0, and therefore E_α(ν, ν) = sup {2E_α(ν, λ) − E_α(λ, λ) , λ ∈ M_0, Supp[λ] ⊂ V } . Any λ ∈ M_0 supported on V can be approximated by absolutely continuous measures λ_n( dx) = ϕ_n(x) dx, ϕ_n ∈ C(V ), (cf. [15], Lemma 1.2), so that 2E_α(ν, λ_n) − E_α(λ_n, λ_n) = 2(U^ν_α, ϕ_n)_V − (ϕ_n, G_V ϕ_n)_V → 2E_α(ν, λ) − E_α(λ, λ) , n → ∞ . Thus, using U^ν_α = f a.e. on V and the variational principle (A.14), we see that E_α(ν, ν) = sup_{ϕ∈C(V )} {2(f, ϕ)_V − (ϕ, G_V ϕ)_V } = E_V (f, f) . (A.25)

This, together with (A.24), proves the claim when f is a potential. In order to treat the general case, we use the results on spectral synthesis described in [14]. Namely, by Theorem 2.3.2 of [14], H_V f can be approximated by a sequence of potentials U^{νn}_α such that Supp[ν_n ] ⊂ V and U^{νn}_α converges to H_V f in the Hilbert space (D_E , E(·, ·)). Then, by (A.22) we see that the functions f_n = U^{νn}_α 1_V are E_V -converging to f and by (A.25) we have E(H_V f, H_V f) = lim_{n→∞} E(U^{νn}_α , U^{νn}_α ) = lim_{n→∞} E_α(ν_n, ν_n) = lim_{n→∞} E_V (f_n, f_n) = E_V (f, f) . (A.26) This concludes the proof of (A.23).

A.3. Killed process. Let D([0, ∞), R^d) be the space of right continuous paths with left limits, equipped with the Skorokhod topology and the corresponding Borel σ-algebra of measurable sets. If ω(·) ∈ D([0, ∞), R^d) denotes the coordinate process generated by the symmetric α-stable density (A.1), we define the killed process by

ω^V (t) = { ω(t) if t < τ_V ∂ if t ⩾ τ_V , (A.27)

where ∂ is an extra point (the cemetery) and τ_V is the exit time τ_V = inf{t ⩾ 0, ω(t) /∈ V } . The process ω^V is called the symmetric α-stable process killed upon exiting V . Its Dirichlet form is given by (cf. e.g. [20]) E^0_V (ψ, ψ) = E(ψ̃, ψ̃) , ψ ∈ L^2(V ) , (A.28) where ψ̃ ∈ D_E agrees with ψ on V and vanishes on V^c, with domain D^0_V = {ψ ∈ D_E : ψ = 0 a.e. on V^c} . (A.29) The corresponding semigroup is defined by P^V_t ψ(x) = Ẽ_x [ψ(ω(t)) ; t < τ_V ] , ψ ∈ C_b(V ) , t ⩾ 0 , (A.30)

4The measure ν is called the balayage of μ on V . We refer to chapter 4 of [15] for an alternative construction.

where Ẽ_x denotes expectation w.r.t. the symmetric α-stable process in R^d started in x ∈ V . P^V_t can be extended to L^2(V ) and, following Theorem 2.5 in [9], one shows that it is a compact operator with eigenvalues e^{−μk t}, k = 1, 2, . . . and 0 < μ_1 < μ_2 < . . . . In particular, the Green operator G^0_V = ∫_∞ 0 P^V_t dt (A.31) is a bounded, compact operator in L^2(V ), with eigenvalues μ^{−1}_1 > μ^{−1}_2 > . . . ⩾ 0. We may then repeat Lemma A.2 by replacing G_V with G^0_V . In particular, the Dirichlet form E^0_V has compact level sets in L^2(V ).

We close this section with a computation of E(f, f) when f is the indicator function of a euclidean ball.

Lemma A.4. Let f = 1_{Bδ} , δ > 0, B_δ = {x ∈ R^d : |x| < δ}. Then, E(f, f) < ∞ , if α ∈ (0, 1) , d ⩾ 1 , (A.32) while E(f, f) = ∞ , if α ∈ [1, 2) , d ⩾ 2 , or α = 2 , d ⩾ 3 . (A.33) Proof. We first consider the case α ∈ (0, 1), d = 1. Then the Fourier transform of f is given by f̂(ξ) = ∫_δ −δ cos xξ dx = 2 sin δξ ξ , ξ ∈ R. From (A.6) we see that E(f, f) < ∞, and therefore (A.32) follows for d = 1. Let now d ⩾ 2 and α ∈ (0, 2). Then, for any ξ ∈ R^d, using the Bessel function (B.21), we have f̂(ξ) = ∫ B_δ e^{iξ·x} dx = ∫_δ 0 ρ^{d−1} 1 (ρ|ξ|)^{d−2}2 J d−2_2 (ρ|ξ|) dρ

= |ξ|^{−d} ∫_{δ|ξ|} 0 s^{d/2}J d−2_2 (s) ds . From the asymptotic expansion for Bessel functions (cf. e.g. [12], chapter 15) one has, for large t ∫_t 0 s^{d/2}J d−2_2 (s) ds = √ 2 π t^{d−12} cos (t − (d + 1)π/4) + O(t^{max( d−32 ,0)}) . (A.34) For large |ξ| we then have |ξ|^{d+1}|f̂(ξ)|^2 = 2δ^{d−1} π cos^2 (δ|ξ| − (d + 1)π/4) + o(1) . (A.35) Then both claims follow from (A.35) and (A.6).

Appendix B. The stable RW For each α ∈ (0, 2 ∧ d), we consider the jump process on Z^d defined by a symmetric, homogeneous stochastic matrix p_α, p_α(x, y) = p_α(0, y − x) = p_α(y, x) , x, y ∈ Z^d , ∑ x∈Z^d p_α(0, x) = 1 , (B.1)

satisfying the following assumptions. Assumption H1.

• there exists a function ρ_α : [0, ∞) → [0, 1] such that p_α(0, x) = ρ_α(|x|) x ∈ Z^d . (B.2) • there exists a constant v_{α,d} ∈ (0, ∞) such that lim_{t→∞} t^{d+α}ρ_α(t) = v_{α,d} . (B.3) Note that if p_α satisfies H1 then it is automatically irreducible. Let p̂_α be the characteristic function of p_α, i.e. p̂_α(θ) = ∑ x∈Z^d p_α(0, x) e^{i x·θ} , θ ∈ T^d , (B.4)

where T^d stands for (−π, π]^d. The Green function associated to p_α is given by G(x, y) = ∞∑ n=0 p^n_α(x, y) = 1 (2π)^d ∫ T^d e^{i (y−x)·θ} 1 − p̂_α(θ) dθ . (B.5)

Lemma B.1. Let d ⩾ 1, α ∈ (0, 2 ∧ d). Assume p_α satisfies H1. Then the random walk p_α is transient and (B.5) is well defined. Moreover, letting γ_{α,d} = v_{α,d}/c_{α,d}, cf. (A.2) and (B.3), we have lim_{|θ|→0} |θ|^{−α}(1 − p̂_α(θ)) = γ_{α,d} . (B.6)

Proof. The transience follows from integrability of (1 − p̂_α)^{−1}, cf. [23], which in turn is a consequence of (B.6) since α < d. To prove (B.6) we follow Example 2 in section 8 of [23], in which the claim was proven for d = 1. Let ε > 0 and set θ = εθ̂, with |θ̂| = 1. We write |θ|^{−α}(1 − p̂_α(θ)) = ε^d ∑ x∈Z^d |x|^{d+α}p_α(0, x) 1 − cos εx · θ̂ |εx|^{d+α} . From Riemann integration, (B.3) and (A.2), we see that the above expression converges, as ε → 0, to v_{α,d} ∫ R^d (1 − cos θ̂ · x) |x|^{−d−α} dx = v_{α,d}/c_{α,d} . Remark. Let ξ_1, ξ_2, . . . be the random walk generated by p_α, and denote ϕ_{α,n} the characteristic function of the R^d-valued random variable ξ̄_n = n^{−1/α}ξ_n. By (B.6) we have ϕ_{α,n}(θ) = p̂_α(n^{−1/α}θ)^n → exp (−γ_{α,d}|θ|^α) , n → ∞ , (B.7) which implies the invariance principle ξ̄_n →^{(d)} U_α , n → ∞ , (B.8) where (d) stands for convergence in distribution and U_α is an R^d-valued random variable distributed according to the symmetric α-stable density q_α(t = γ_{α,d}, x), cf. (A.1). In this sense we say that the random walk p_α is in the domain of attraction of the symmetric α-stable law^5.

Convention. From now on we shall also assume

γ_{α,d} = 1 . (B.9)

This is done merely for notational convenience. Indeed (B.9) amounts to fix v_{α,d} = c_{α,d} in H1 or, equivalently, it corresponds to a different tuning of the time scale for the limiting stable process. It is immediate to see that the constant γ_{α,d} enters in the rate functions C_α, C^0_α and I_α, I^0_α only as a prefactor in front of the Dirichlet form E. We also need:

Assumption H2.

• Let g_α(z) = ω_{α,d}|z|^{α−d}, z ∈ R^d, be the Riesz kernel defined in (A.3). Then, for any η ∈ R^d with |η| = 1, we have lim |x|→∞ |x|^{d−α}G(0, x) = g_α(η) . (B.10)

Remark. It might appear at first sight that the result (B.10) simply follows from (B.6), since a change of variables in (B.5) yields G(0, x) = |x|^{α−d} 1 (2π)^d ∫ |x|T^d e^{i ξ·x/|x|} (1 − p̂_α(ξ/|x|))|x|^α dξ . (B.11)

But the passage to the limit under the integral is not obvious. For symmetric irreducible random walks in dimension d = 3 (B.10) is known to hold (with α = 2) as soon as the variance is finite, see Proposition 26.1 in [23]. In our setting we shall rely on the analogous results of [26] for stable random walks. The interested reader is also referred to section 5 of [18] where (B.10) is proven for a general class of stable random walks in the regime α > (d − 1)/2. In the next subsection we discuss several examples for which (B.10) can be shown to hold.

The case α = 2. The case α = 2, d ⩾ 3, is often not treated explicitly in this work, but the techniques we use certainly apply to it. Namely, one defines the stable random walk p_2 assuming that (B.2) is satisfied and replacing (B.3) by the finite variance condition ∑ x∈Z^d |x|^2p_2(0, x) < ∞ . (B.12)

Provided H2 is satisfied^6, all results contained in this paper hold. The finite range case (a special case of (B.12)) was studied in [4].

5One can also prove the convergence of the random walk to the symmetric α-stable process on the space of right continuous paths with left limits, when the latter is given the Skorokhod topology, see [21]. We shall not need this stronger result in the following.

6As we mentioned above, (B.12) implies H2 (with α = 2 and g2 the Newtonian potential) when d = 3. It has been shown that for d = 4, ∑ x∈Zd |x| 2 log |x| p2(0, x) < ∞ is sufficient to prove H2, see [16]. On the other hand for d ⩾ 5 H2 is known to follow from ∑ x∈Zd |x| d−1p2 (0, x) < ∞, see [17].

B.1. Examples. We shall be working under assumptions H1 and H2 for the rest of the paper. In order to check assumption H2 in specific cases, we recall a basic result of [26]. Given a function f : Z^d → R, denote ∇_if, i = 1, . . ., d, its discrete gradient, ∇_if(x) = f(x + e_i) − f(x) , where e_i is the unit vector in the positive i-th direction. From Corollary 3-A and 3-B of [26] we obtain:

Lemma B.2. Let d ⩾ 1, α ∈ (0, 2 ∧ d). Assume p_α satisfies H1 and assume there exists a constant c ∈ (0, ∞) such that for any x ∈ Z^d_+ with |x| > c, we have (−1)^d∇_1 · · · ∇_d p_α(0, x) ⩾ 0 . (B.13) Then (B.10) holds.

Note that in dimension d = 1 the condition (B.13) simply means that p_α(0, x) is monotone decaying after a certain distance. Let us discuss some more examples: 1. Let d ⩾ 1, α ∈ (0, 2 ∧ d), and define p_α(0, x) = b(a + |x|^2)^{−(d+α)/2} , x ∈ Z^d , (B.14) with positive constants a, b compatible with (B.1). Assumption H1 is obviously satisfied. In order to check condition (B.13) let us consider p_α(0, x) in (B.14) as a function defined for any x ∈ R^d. Let r = |x| and p_α(r) = p_α(0, x). Then ∂^d ∂x_1 · · ·∂x_d p_α(0, x) = x_1 · · · x_d D^d_r p_α(r) (B.15)

where we have introduced the differential operator D_r =^1_r^d_{dr} . It is easily seen that

D^d_r p_α(r) = (−1)^d2^{−d} b(a + r^2)^{−(3d+α)/2} d−1∏ k=0 (d + α + 2k) .

Restricting to R^d_+ and integrating along each coordinate x_i, i = 1, . . ., d on an interval of length 1 we obtain (B.13). By lemma B.2 this implies p_α satisfies H2. 2. Example 1 can be generalized by letting b depend (smoothly) on r = |x| in (B.14). Let b(r) ⩾ 0, b(r) → b > 0 as r → ∞ and assume d^k dr^k b(r) → 0 , r → ∞ , k = 1, . . ., d . (B.16) To see that (B.16) is sufficient for p_α to satisfy H2, we observe that

D^d_r p_α(r) = d∑ k=0 ( d k ) ( D^{d−k}_r (a + r^2)^{−(d+α)/2} ) ( D^k_r b(r) ) . (B.17)

Now from (B.16) we see that r^k D^k_r b(r) → 0 when r → ∞ for any k = 1, . . ., d. Therefore the first term (k = 0) in (B.17) dominates when r is large. As before, this implies that for sufficiently large |x| (B.13) is satisfied, and H2 follows from Lemma B.2. 3. Let d ⩾ 1, α ∈ (0, 2 ∧ d), and consider the discretized α-stable process p_α(0, x) = Z^{−1}q_α(1, x) . (B.18)

Here q_α(1, x) is the symmetric α-stable density at time t = 1, cf. (A.1), and Z = ∑ x∈Z^d q_α(1, x) , p̂_α(θ) = Z^{−1} ∑ y∈Z^d exp (−|θ + 2πy|^α) . In this case H1 follows from (A.2) with γ_{α,d} = Z^{−1}. In the case d = 1, H2 follows from Lemma B.2 and the monotonicity of q_α, or directly from the method of [18]. For d ⩾ 2, H2 holds as a consequence of Lemma B.2 and the following identity for stable densities. Lemma B.3. Let d ⩾ 2 and α ∈ (0, 2). Let q^{(d)}_α be the isotropic stable density (A.1) in dimension d. Then, for any x ∈ R^d, ∂^d ∂x_1 · · · ∂x_d q^{(d)}_α (1, x) = (−1)^d x_1 · · · x_d (2π)^d q^{(3d)}_α (1, x) . (B.19)

Proof. Let r = |x| and set q^{(d)}_α (r) = q^{(d)}_α (1, x). From (B.15) it is clear that the claim (B.19) will follow from the identity D_r q^{(d)}_α (r) = −(2π)q^{(d+2)}_α (r) . (B.20) To prove (B.20) we write q^{(d)}_α (r) = (2π)^{−d/2} ∫_∞ 0 ρ^{d−1}e^{−ρα} 1 (rρ)^{d−2}2 J d−2_2 (rρ) dρ where we have introduced the usual Bessel function of first kind J_ν (z) = (z/2)^ν √ π Γ(ν +^1_2 )

∫_1 −1 (1 − t^2)^{ν− 12} e^{itz} dt . (B.21)

Using the known identity (see e.g. [1], 9.1.30) D_zz^{−ν} J_ν (z) = −z^{−(ν+1)}J_{ν+1}(z) , we conclude D_r q^{(d)}_α (r) = (2π)^{−d/2} ∫_∞ 0 ρ^{d+1}e^{−ρα} D_{rρ} 1 (rρ)^{d−2}2 J d−2_2 (rρ) dρ = −2π q^{(d+2)}_α (r) .

Remark. In the above lemma the function e^{−ρα} plays no essential role. In particular, this means that any probability density q which is given by the Fourier transform of a (sufficiently rapidly decaying) radial function will satisfy (B.19). Now, if this density also satisfies q(x) ∼ |x|^{−d−α} then we may set p_α(0, x) = const. × q(x), and both H1 and H2 are satisfied.

B.2. Limit theorems. In the rest of this section we exploit the convergence (B.10) to prove that certain quadratic forms associated to the lattice random walk converge, after rescaling, to the forms of the corresponding stable process in R^d (see previous section). The following convergence results were first obtained in [4], for the local case. The generalization of Lemma B.4 to our setting is straightforward. On the other hand, the capacity-order result of Lemma B.5 appears to be non trivial, since Theorem A.3 is essential.

We denote G_N the matrix G_N = {G(x, y)}_{x,y∈ΛN} (B.22)

We also use the notation G^{−1}(x, y) = δ(x, y)−p_α(x, y). Recall that Γ^{−1}_N = G^{−1}1I_N , i.e. the Green function of the random walk killed upon exiting Λ_N coincides with the restriction of G^{−1} to Λ_N . For any subset Λ of Z^d we let ⟨·, ·⟩_Λ denote the scalar product in l^2(Λ). We refer to (A.6) and (A.9) for the definition of the Dirichlet form E(·, ·) and the integral operator G_V respectively.

Lemma B.4. Let f be a Riemann integrable function on V and let h ∈ C^1(R^d) ∩ L^2(R^d). Define f_N (x) = f(x/N), for x ∈ Λ_N , and h_N (x) = h(x/N), for x ∈ Z^d, then

lim_{N →∞}N^{−d−α} ⟨f_N , G_N f_N ⟩_{ΛN} = (f, G_V f)_V , lim_{N →∞}N^{−d+α} ⟨ h_N , G^{−1}h_N ⟩ Z^d = E(h, h) . In particular, for any h ∈ L^2(R^d), such that h1_V c = 0 a.e., and h1_V ∈ C^1(V ), we have lim_{N →∞} N^{−d+α} ⟨ h_N , Γ^{−1}_N h_N ⟩ Λ_N = E(h, h) . Proof. From Riemann integration and (B.10) lim_{N →∞}N^{−d−α} ⟨f_N , G_N f_N ⟩_{ΛN} = lim_{M →∞} lim_{N →∞} N^{−2d} ∑ x,y∈ΛN : |x−y|>M f(x/N)N^{d−α}G(x − y)f(y/N)

= lim_{N →∞} N^{−2d} ∑ x,y∈Λ_N ,x≠y f(x/N)g_α(x/N − y/N)f(y/N) = (f, G_V f)_V .

To prove the second identity we write lim_{N →∞}N^{−d+α} ⟨ h_N , G^{−1}h_N ⟩ Z^d = 1 2 lim M →∞ lim_{N →∞} N^{−2d} ∑ x,y∈Zd : |x−y|>M N^{d+α}p_α(0, x − y) ( h(x/N) − h(y/N) )_2

= 1 2 c_{α,d} lim_{N →∞} N^{−2d} ∑ x,y∈Z^d,x≠y |x − y|^{−d−α} ( h(x/N) − h(y/N) )_2

= E(h, h) , where we have used (B.3) with v_{α,d} = c_{α,d}, cf. (B.9), and the expression (A.4) for E(·, ·).

Finally, the last assertion is an immediate consequence of the previous one, since if h1_V c = 0 a.e. we have ⟨ h_N , Γ^{−1}_N h_N ⟩ Λ_N = ⟨ h_N , G^{−1}h_N ⟩ Z^d

Lemma B.5. Let f ∈ C^1(V ) and define f_N (·) = f(·/N) on Λ_N . Then lim_{N →∞} N^{−d+α} ⟨ f_N , G^{−1}_N f_N ⟩ Λ_N = EV (f, f) (B.23)

Proof. Recall that ⟨ f_N , G^{−1}_N f_N ⟩ Λ_N = sup { 2 ⟨f_N , ϕ_N ⟩_{ΛN} − ⟨ϕ_N , G_N ϕ_N ⟩_{ΛN} , ϕ_N ∈ R^{ΛN} }

Therefore N^{−d+α} ⟨ f_N , G^{−1}_N f_N ⟩ Λ_N ⩾ 2N −d ⟨f_N , ϕ_N ⟩_{ΛN} − N^{−d−α} ⟨ϕ_N , G_N ϕ_N ⟩_{ΛN} , for any ϕ ∈ C(V ), with ϕ_N (·) = ϕ(·/N). By Lemma B.4 and (A.14), we see that lim inf N →∞ N^{−d+α} ⟨ f_N , G^{−1}_N f_N ⟩ Λ_N ⩾ EV (f, f). On the other hand, for each h ∈ C^1(R^d) ∩ L^2(R^d), with h = f on V ⟨ f_N , G^{−1}_N f_N ⟩ Λ_N ⩽ sup ϕ∈ ℓ^2 (Z^d) { 2 ⟨h_N , ϕ⟩_Zd − ⟨ϕ, Gϕ⟩_Zd }

= ⟨ h_N , G^{−1}h_N ⟩ Z^d . Using Lemma B.4 and Theorem A.3, we see that lim sup N →∞ N^{−d+α} ⟨ f_N , G^{−1}_N f_N ⟩ Λ_N

⩽ inf { E(h, h) , h ∈ C^1(R^d) ∩ L^2(R^d) , h = f a.e. on V } = inf { E(h, h), h ∈ D_E , h = f a.e. on V } = E_V (f, f) .

Remark. As a consequence of Lemma B.5 we obtain the convergence of capacity. Choosing f = 1_V , we have lim_{N →∞} N^{−d+α}cap_N (Λ_N ) = cap_α(V ) (B.24) where cap_N (Λ_N ) = ⟨ 1_N , G^{−1}_N 1_N ⟩ Λ_N

is the capacity of the box Λ_N for the random walk (cf. e.g. chapter 25 of [23]), while cap_α(V ) = E_V (1_V , 1_V ) is the capacity of V for the α-stable process, cf. (A.8) and Theorem A.3.

Appendix C. Some Gaussian tools Let μ be the centered Gaussian law on R^n, n ∈ Z_+, with positive definite covariance matrix Γ = Γ (i, j)_{i,j=1,...,n}, and denote by λ_1 ⩾ λ_2 ⩾ . . . ⩾ λ_n > 0 the eigenvalues of Γ. Lemma C.1. For any β > 0 such that βλ_1 < 1, we have

log μ ( exp 1 2 β n∑ i=1 ϕ^2_i ) ⩽ 1 2 β Tr Γ + 1 2 β^2W (β, λ_1) Tr Γ^2 (C.1)

where W (β, λ_1) = 1 2 − log (1 − βλ_1) . (C.2)

Proof. Direct computation yields μ ( exp 1 2 β n∑ i=1 ϕ^2_i ) = det ( 1 − βΓ )_− 1_2 = n∏ j=1 ( 1 − βλ_j )_− 1_2 . Using n∑ j=1 λ_j = Tr Γ , n∑ j=1 λ^2_j = Tr Γ^2 ,

and the definition (C.2) of W , we have

log μ ( exp 1 2 β n∑ i=1 ϕ^2_i ) = − 1 2 n∑ j=1 log ( 1 − βλ_j ) = 1 2 n∑ j=1 ∞∑ k=1 (βλ_j )^k k = 1 2 β Tr Γ + 1 2 n∑ j=1 ∞∑ k=2 (βλ_j)^k k ⩽ 1 2 β Tr Γ + 1 2 β^2 ∞∑ k=0 (βλ_1)^k k + 2

Tr Γ^2 ⩽ 1 2 β Tr Γ + 1 2 β^2W (β, λ_1) Tr Γ^2 .

C.1. Conditioning on a sub-grid. Let p_α be the transition of the stable random walk defined in section 2. Denote ξ_0 = x, ξ_1, ξ_2, . . . the paths with starting point x ∈ Z^d and let P_x and E_x denote the corresponding probability and expectation respectively. Let L > 0 and define τ_L = inf{n ⩾ 0 , ξ_n ∈ LZ^d} (C.3) Define the transition p^L_α(x, z) = P_x(ξ_{τL} = z) , x ∈ Z^d , z ∈ LZ^d . (C.4) The Green function of the random walk which is killed upon hitting the sub-grid LZ^d is given by G^L(x, y) = E_x [_{τL−1} ∑ n=0 1_{ξn=y} ] , x, y ∈ Z^d . (C.5) We define the ζ-field ζ_x = P_α(ϕ_x|F_{LZ}d) , x ∈ Z^d , (C.6)

where F_{LZ}d denotes the σ-algebra generated by the variables ϕ_x, x ∈ LZ^d. We have the following random walk representation. If τ_x = ϕ_x − ζ_x, for any L > 0, x, y ∈ Z^d,

ζ_x = ∑ z∈LZ^d p^L_α(x, z)ϕ_z , P_α(τ_xτ_y ) = G^L(x, y) . (C.7)

Moreover, the fields ζ and τ are independent.

The following has been proven in [5], Proposition A.12.

Lemma C.2. Assume the random walk p_α satisfies H1. Then lim_{L→∞} G^L(x, x) = G(x, x) = σ^2 , x ∈ Z^d . (C.8)

Moreover, there exist constants a, b > 0 such that for any L > 0, any x, y ∈ Z^d with x ≠ y, G^L(x, y) ⩽ aL^b(log |x − y|)^{d+2+α}|x − y|^{−d−α} . (C.9) References

[1] M. Abramowitz, I. Stegun, Handbook of mathematical functions with formulas, graphs, and mathematical tables. Wiley, 1984 (reprint), [2] Blumenthal, Getoor, Theorems on the stable process, Trans. American Math. Soc. 95, 1960 [3] T. Bodineau, D. Ioffe, Y. Velenik, Rigorous Probabilistic Analysis of Equilibrium Crystal Shapes, to appear in J. Math. Phys. special issue on Probabilistic Methods in Statistical Physics, March 2000 [4] E. Bolthausen, J.-D. Deuschel, Critical large deviations for Gaussian fields in the phase transition regime, Ann. Probab. 21,1876-1920, 1993 [5] E. Bolthausen, J.-D. Deuschel, O. Zeitouni, Entropic repulsion of the lattice free field, Commun. Math.

Phys. 170, 417-443, 1995 [6] P. Caputo, Harmonic Crystals: Statistical Mechanics and Large Deviations, PhD Thesis, TU-Berlin 2000, http://edocs.tu-berlin.de/diss/index.html [7] P. Caputo, J.-D. Deuschel, Large deviations and variational principle for harmonic crystals, Commun.

Math. Phys. 209, 595-632, 2000 [8] R. Cerf, A. Pistzora, On the Wulff crystal in the Ising model, preprint 1999 [9] Z.-Q. Chen, R. Song, Intrinsic ultracontractivity and conditional gauge for symmetric stable processes, J. Funct. Anal. 150, 204-239, 1997 [10] A. Dembo, O. Zeitouni, Large deviations, Jones and Burtlett publishers, Boston 1993 [11] J.D. Deuschel, D.W. Stroock, Large deviations, Pure and Applied Math. 137, Academic Press 1989 [12] J. Dieudonne, Calcul Infinitesimal, Hermann, 1980 [13] W. Feller, An introduction to probability theory and its applications, vol. 2, Wiley, 1971 [14] M. Fukushima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric Markov Processes, de Gruyter Studies in Math. 19, 1994 [15] N.S. Landkof, Foundations of Modern Potential Theory, Springer-Verlag, 1970 [16] G. Lawler, A note on the Green’s function for random walk in four dimensions, unpublished notes. [17] J.F. Le Gall, Properties of intersection of random walks. I: Convergence to local time intersection, Commun. Math. Phys. 104, 471-507, 1986 [18] J.F. Le Gall, J. Rosen, The range of stable random walks. Ann. Probab. 19, 1991 [19] Y. LeJan, Balayage et formes de Dirichlet, Z. Wahrscheinlichkeitstheorie verw. Gebiete 37, 297-319, 1977 [20] M.L. Silverstein, Symmetric Markov Processes, Lecture Notes in Mathematics 426, Springer 1974 [21] A.V. Skorokhod, Limit theorems for stochastic processes with independent increments, Th. Prob.

Appl. 2, 1957 [22] F. Spitzer, Introduction aux processus de Markov à paramètre dans Z^d, Lecture Notes in Mathematics 390, Springer 1974 [23] F. Spitzer, Principles of random walks, Springer 1976 [24] E.M. Stein, Singular integrals and differentiability properties of functions, Princeton Univ. Press 1970 [25] D.W. Stroock, Probability theory: an analytic view, Cambridge Univ. Press 1993 [26] J.A. Williamson, Random walks and Riesz kernels, Pacific J. Math. 25, 393–415, 1968

Fachbereich Mathematik, Sekr. MA 7-4, TU-Berlin, Straße des 17. Juni 136, D-10623 Berlin, Germany

E-mail address: caputo@math.tu-berlin.de

Fachbereich Mathematik, Sekr. MA 7-4, TU-Berlin, Straße des 17. Juni 136, D-10623 Berlin, Germany

E-mail address: deuschel@math.tu-berlin.de